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ABSTRACT
In textile-reinforced concrete (TRC), the steel bars of conventional reinforced concrete
(RC) are replaced by non-corroding fiber textiles. Compared to RC, TRC requires less
concrete cover, eliminates corrosion-related maintenance, and provides higher specific
strength and stiffness.

Analyzing and designing TRC structures, however, is challenging due to the complex
interaction between the yarns and the surrounding concrete, as well as the brittle behavior
of the yarns. The latter limits the possibility for stress redistribution and, consequently,
the applicability of plastic limit analysis. Most existing studies use smeared representations
that capture average effects but sacrifice explicit access to subscale behavior. In contrast,
computational homogenization averages the subscale response while maintaining a direct
link between the scales. In this framework, calibration is only required at the subscale,
making it independent of the structural geometry. Despite its computational cost, this
approach facilitates accurate predictions of structural response while providing access
to subscale quantities such as crack widths, crack spacing, and reinforcement stresses.
Moreover, it opens the door to holistic optimization, where both structural parameters
(e.g., topology and shape) and material-level features (e.g., concrete properties and
reinforcement layout) can be optimized within a consistent framework.

Building on these considerations, the present work introduces a multiscale framework
for the design and analysis of TRC shells. A two-scale shell model is derived from
the single-scale problem using Variationally Consistent Homogenization (VCH) with
Kirchhoff-Love kinematics. The subscale simulations are performed on Representative
Volume Elements (RVEs), where the effect of partial yarn activation is captured using
efficiency factors. A second-order expansion of the out-of-plane displacement is also
shown to be required for kinematic consistency. While suitable for generating offline
data, upscaling through computational homogenization is often too time-consuming for
online simulations. To overcome this, a surrogate model acting directly at the sectional
level was introduced for use in the online stage of structural analysis. This model is
thermodynamically consistent, accounts for tensile and compressive damage, and can be
trained on multiscale simulation data. Further, it generalized well beyond the training
data, accurately predicting responses under cyclic loading. Compared with a fully resolved
single-scale simulation of a one-way slab, the proposed approach achieved comparable
numerical results while being two orders of magnitude faster.

Together, these contributions represent significant progress toward the long-term goal
of a practical multiscale framework for the design and optimization of TRC shells. The
framework balances accuracy and computational efficiency and lays the foundation for
integration into multiscale optimization workflows.
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1. Introduction

This chapter provides the background and motivation for the research, establishes the
context for the thesis, and outlines the research aim, objectives, and scope.

1.1 Background and motivation

Cement-based composites such as concrete are by far the most widely used construction
materials, with an annual production exceeding ten billion tons [1]. The cement industry
alone accounts for approximately 6% of global COy emissions [2]. Consequently, reducing
emissions in the construction industry requires the development of alternative materials
to conventional reinforced concrete (RC). One such material is textile-reinforced concrete
(TRC), a cement-based composite in which the reinforcement consists of textiles, typically
made of glass or carbon fibers. Structures made of TRC can be made thinner than RC,
since the textiles are not susceptible to corrosion and therefore do not require a thick
protective cover. The higher mass-specific strength of the reinforcement reduces the
required reinforcement mass, which in turn lowers the self-weight of the structure [3].
Several studies have shown significant reductions in COs-equivalent emissions, despite the
higher emission intensity per unit mass of both the concrete matrix and the reinforcement
compared to RC. Reported examples include a pedestrian bridge with a 26% reduction and
fagade elements with a 30% reduction [4, 5]. Beyond these potential reductions in CO5-
equivalent emissions, the flexibility of textiles makes TRC well suited for curved structures,
enabling designs that optimize load-transfer mechanisms. For instance, research indicates
that if floors are constructed as thin concrete shells carrying loads primarily through
membrane action, COz-equivalent emissions could be reduced by up to 65% [6].
Although TRC offers clear structural and environmental advantages, fully realizing
its potential requires addressing modeling challenges arising from its complex material
response. The yarns consist of hundreds to thousands of filaments, leading to complex
interactions with the concrete matrix. Slip can occur both between the outer filaments
and the concrete and within the yarn between outer and inner filaments [7]. Together with
matrix cracking and crushing, these mechanisms produce a highly non-linear response.
For design purposes, accurately characterizing this response is crucial, as the potential
for stress redistribution is limited [8]. The most direct way to capture it would be
to explicitly resolve all subscale features, including yarns and the surrounding matrix,
throughout the entire structure. However, running large-scale simulations with such high
fidelity is in practice infeasible due to the high computational cost [9]. As a compromise,
semi-resolved models have been developed, where yarns are modeled explicitly, at varying



levels of geometric detail, while the concrete is treated as a continuum [10]. More recently,
research has focused on model-reduction techniques that can replace these computationally
demanding approaches. A prominent class of such methods is smeared models, in which
the effect of the reinforcement is represented implicitly, either through phenomenological
or mechanistic formulations. In these models, the cross-section is typically discretized into
lamellae, each assigned its own material behavior. The lamella response can be described
directly through phenomenological laws calibrated at the structural scale, as in [11], or
through mechanistic approaches such as the microplane model proposed by Chudoba et
al. [12, 13]. In the latter, the macroscopic stress and strain tensors are projected onto
multiple microplanes, where the constitutive response is evaluated using local damage
functions calibrated from experimental data.

In this work, the term subscale refers to the length scale at which the concrete matrix
and the yarns are represented as distinct but homogeneous materials, similar to the use of
mesoscale in [14]. The large scale, in contrast, refers to the length scale of the structural
element, at which the overall behavior of the TRC member (e.g., plate or shell) is modeled.

Another important strategy for reducing computational complexity is multiscale model-
ing. In this approach, heterogeneities at smaller length scales are not resolved explicitly
in the structural analysis but are instead represented through homogenization, ensuring
consistency across scales [15]. The material-point response at the structural scale is then
obtained by solving a subscale problem on a Representative Volume Element (RVE) and
homogenizing the response. Computational homogenization has been applied to RC
plates [16] and TRC elements [9], but to the author’s knowledge, not yet to TRC shells.
Analytical homogenization has been used for continuum representations of TRC [17] and
in multiscale frameworks [18], while a related hybrid stress-resultant homogenization was
proposed for RC membranes by Huguet et al. [19].

Applying computational homogenization to TRC shells provides a consistent framework
for capturing important mechanisms such as bond-slip, cracking, and crushing without
explicitly resolving all subscale features. This approach enables accurate predictions of
stress redistribution, deflections, and ultimate capacity at a lower computational cost
than a fully resolved simulation, while also facilitating holistic multiscale optimization.

Typically, computational homogenization is implemented in a nested concurrent fashion,
for instance through the Finite Element Squared (FE?) method, in which each integration
point of the structural model is coupled to an RVE. While FE?2 provides a rigorous
scale-bridging framework, it is also computationally demanding, as it requires solving
a boundary value problem at every integration point and for each large-scale iteration
[20]. To mitigate the computational cost in practical implementations, significant effort
has been devoted to developing surrogate models that replace the homogenization step,
for instance through machine learning approaches as in [21, 22] or physics-based models
with reduced parameter sets, as in [23]. A common characteristic of these methods is
their reliance on homogenization-based upscaling to generate training data for calibrating
the surrogate, either prior to the simulation (offline stage) or dynamically during the
simulation (online stage).



1.2 Research aim and objectives

Against this background, the goal of the PhD project is to develop a multiscale modeling
framework for TRC shells that combines accuracy and computational efficiency, and that
can be applied to both structural analysis and design optimization. As an intermediate
step towards this goal, the current work addresses the following objectives:

1. To apply computational homogenization to derive an upscaling model for TRC shells
that accounts for subscale heterogeneities and interactions, ensuring a consistent
transition between fully resolved and effective representations. This objective is
achieved through the following steps:

(a) To establish a two-scale model for TRC shells based on Kirchhoff-Love kine-
matics.

(b) To implement the subscale RVE problem to enable simulation of the effective
shell response.

(¢) To validate the two-scale model against a fully resolved single-scale TRC model.

2. To develop a surrogate model that provides reliable predictions during the online
stage at significantly reduced computational cost. This objective includes:
(a) To establish a thermodynamically consistent constitutive model acting directly
at the sectional level, linking generalized strains and stresses.
(b) To calibrate and validate the surrogate model using data obtained from the
upscaling framework.

1.3 Scope and limitations

This work builds on the single-scale problem, in which the interaction between the yarns
and the concrete is modeled using the approach proposed by Sciegaj et al. [24] and
validated experimentally in [25]. The model captures the non-uniform stress distribution
within the yarns through efficiency factors. While this representation captures the
overall effect on the large-scale response, explicitly resolving the filaments would be
required to accurately capture effects related to confinement pressure or progressive
failure. The upscaling into an effective shell model is performed using variationally
consistent homogenization (VCH). This ensures energetic consistency between scales and
provides a systematic way to derive both the sub- and large-scale problems as well as
the scale transition between them. At the subscale, the initial curvature of the shell is
neglected. Curved shell structures could nevertheless be modeled within this framework by
representing the geometry with flat facet elements in the large-scale model. Furthermore,
localization is considered at the subscale but not at the large scale, since localization is a
subscale phenomenon in adequately reinforced TRC structures. To address computational
cost, the surrogate constitutive model in this thesis is formulated for one-way members
such as beams, as a first step toward extension to general plates and shells. The multiscale
framework in this work is validated against direct numerical simulations, so its accuracy



is assessed relative to the single-scale model.



2. Textile-reinforced concrete

The following chapter introduces the fundamental aspects of textile-reinforced concrete,
focusing on its composition and mechanical behavior, and establishes the foundation for
the modeling work presented later in the thesis.

2.1 Composition

Textile-reinforced concrete (TRC) consists of a fine-grained concrete matrix reinforced with
textiles, see Figure 2.1. The textiles can be woven or knitted, with the plain weave being
the simplest configuration. They consist of yarns made of inorganic fiber filaments, most
commonly carbon or alkali-resistant glass [26]. They can either be planar and aligned with
the principal stress directions (similar to steel bars in RC) or three-dimensional to provide
strength and stiffness in multiple directions [27]. Compared to steel reinforcement, the
smaller perimeter and closer spacing of the yarns result in finer crack patterns and smaller
crack widths [28, 29]. Unlike steel bars in reinforced concrete (RC), where the strain
distribution is essentially uniform, the stress in a textile yarn is highly non-uniform because
only the outer filaments are in direct contact with the matrix. Stress transfer to the
inner filaments depends on friction and cohesion, leading to interfilament slip and partial
activation of the yarn cross-section [30]. This drawback can be mitigated by impregnating
the yarns, which improves internal stress transfer and enhances load-bearing capacity
[31]. To capture this behavior, some authors model the yarns as segmented elements (e.g.,
layers, sectors, or laminae) and characterize the stress transfer between them, while others
employ more phenomenological models, in which the effective stress—strain response or
stiffness is represented through efficiency factors derived directly from pull-out tests [24,
32, 33, 31]; see Figure 2.2.

2.2 Mechanical response

The composite response of TRC is governed by many factors such as the stiffness and
strength of the yarns, the degree of activation of the yarns, the slip between the yarns
and the matrix and the tensile and compressive strength of the concrete. Starting with
the yarns, a common approximation is that they behave linearly elastically up to failure.
At the onset of loading in tension, a delayed activation is typically observed, caused
by the straightening of the yarns [34]. The concrete behaves approximately linearly
elastically up to its tensile strength, after which microcracks form and gradually coalesce



Sleeve Filaments
Core Filaments

Figure 2.1: Cut-out of a textile reinforced shell with plain weave reinforcement placed
along the top and bottom faces. The zoom-in shows how the yarn is made up of smaller
filaments.

Figure 2.2: lllustration of the non-uniform stress distribution in a yarn, and its
approzimation by a uniform stress state. The uniform effective stress can be expressed in
terms of the nominal stress (assuming equal strain in all filaments) o® and a stiffness
efficiency factor ng.



into a fracture zone (macrocrack). In this fracture zone, the stress decreases and the
deformation increases [35]. Concrete also exhibits compressive damage (crushing), albeit
at much higher stress levels, with compressive strength typically about ten times the
tensile strength [36]. This failure mode is more diffuse than the localized cracks in tension
and is typically characterized by microcracking parallel to the principal loading direction
(axial splitting cracks) and by shear deformations developing within inclined shear bands
(37, 38].

Together, the concrete matrix and the textile reinforcement form a strain-hardening
composite, whose characteristic uniaxial tensile response is illustrated in Figure 2.3. At
small strains, the response is linear-elastic and governed primarily by the concrete. Once
the tensile stress reaches a critical value, microcracks coalesce into the first macrocrack,
typically at a transverse yarn, causing a sudden reduction in stiffness [39]. At the crack
plane, the tensile load is carried entirely by the yarns, while away from the crack it is
gradually transferred back to the concrete matrix through bond stresses. At a certain
distance from the crack, the tensile stress in the matrix reaches its tensile strength and a
new crack forms. This process repeats until the bond transfer is no longer sufficient to
initiate additional cracks, marking the end of the multiple-cracking stage. Beyond this
stage, further strain is accommodated mainly by yarn deformation rather than additional
bond-slip, leading to a gradual stiffening that asymptotically approaches that of the
reinforcement. Since not all filaments within a yarn are fully activated (see Figure 2.2),
the stiffness does not reach that of the plain textiles, necessitating the use of an effective
stiffness [24]. Ultimately, tensile failure in TRC occurs either through yarn rupture,
telescopic pull-out of the inner filaments, or a combination of both [40], and typically
develops without the pronounced plastic deformations characteristic of conventional
reinforced concrete. If the yarns have insufficient anchorage the composite may also
fail in so called anchorage failure where the whole yarns are simply pulled out of the
concrete [41]. Whereas tensile failure is governed by the yarns and their interaction with
the concrete, the compressive strength of the concrete can be decisive in compression or
bending, depending on the reinforcement ratio [42].

From a modeling perspective, several approaches exist to capture the nonlinear behavior
described above. The combined effects of cracking and crushing can be represented using
damage—plasticity formulations, originally proposed by Lubliner et al. [43] and later
extended to more general loading conditions, e.g. [44, 45]. Although pure damage models
reproduce the dominant response under cracking and compressive softening, experimental
investigations have shown that TRC can also exhibit plastic behavior [46, 47], arising
from residual bond slip, plasticity of the concrete in compression, and incomplete crack
closure [48, 34]. In this thesis, however, a simplified representation is adopted: both
cracking and crushing of the concrete are modeled using a pure damage formulation as
done in e.g. [49, 50]. While this comes with certain limitations, it provides a consistent
and computationally efficient modeling framework for the multiscale framework.
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3. Upscaling of textile-reinforced con-
crete

This chapter introduces the general concepts of multiscale modeling and outlines the
method adopted in this work. It also presents surrogate constitutive modeling, with
particular emphasis on damage mechanics as the underlying framework.

3.1 Multiscale modeling

Multiscale modeling is a broad class of methods for analyzing materials across different
length and time scales. Such approaches are particularly valuable when the subscale
exhibits complex heterogeneity that influences the structural response. Since resolving
these features directly at the large scale is computationally expensive [20], multiscale
methods provide an efficient alternative.

Two main categories are typically distinguished: hierarchical (or sequential) and
concurrent (or nested) approaches. In hierarchical approaches, information flows only
from finer to coarser scales: effective properties are derived in an offline stage and then
used at the coarser scales without coupling the scales [51]. Examples of applications to
TRC include [14, 18]. In contrast, concurrent methods feature two-way coupling: fine-scale
and coarse-scale boundary value problems are solved together, with the solution on one
scale providing input to the other. In practice, concurrent methods are often implemented
via the FE? method, where subscale simulations are embedded directly in the integration
points of the large-scale model [52].

A particularly important family of multiscale methods employs homogenization to
bridge the scales. Homogenization may rely on analytical schemes (e.g., Voigt, Reuss)
[53], asymptotic expansions [54], or numerical techniques (computational homogenization)
[15]. In all cases, the essential idea is to derive an effective response at the coarse scale
from the fine-scale behavior, ensuring consistency between the two descriptions [55]. The
transition from the finer to the coarser scale is performed through homogenization, where
the homogenization operator provides the mapping between scales. In a continuum setting,
this operator, denoted by (-}, is typically defined as the volume average of a subscale
field over the RVE Qq, i.e.

1

(o= o] QD(-)dV- (3.1)

The homogenization procedure may, however, take different forms, provided that it sat-
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isfies the Hill-Mandel macro-homogeneity condition, which ensures energetic equivalence
between the subscale and macroscale virtual work. In the general continuum setting this
reads

(o :de)g =0 : ¢,
o = (o), (3.2)
€= (e)p.

In computational homogenization, the core idea is to subject a representative part of
the substructure to large-scale loading and evaluate the corresponding effective response
though homogenization. The smallest subvolume for which the effective parameters
converge is called the representative volume element (RVE). For periodic substructures,
as is often the case in TRC, the unit cell with periodic boundary conditions constitutes
an RVE in the linear elastic regime [15]. Once damage localizes and bond slip develops,
periodicity no longer holds, and the RVE must be enlarged to ensure convergence.

Validity of homogenization further requires a clear separation of scales: the characteristic
length of the periodicity must be much smaller than the structural length scale, so that
the large-scale fields can be regarded as smooth across the RVE [15]. If this condition
is violated, truncating the large-scale fields (typically up to the linear terms) within the
RVE problem is no longer a valid approximation.

Applications of homogenization to TRC include computational approaches [9] and
analytical schemes [17]. Computational homogenization has also been applied to plates
and shells, where homogenization is typically carried out in-plane, while the through-
thickness variation is represented using plate kinematics. Depending on the formulation,
this may involve Kirchhoff-Love kinematical assumptions [16, 56, 57] or Reissner—-Mindlin
kinematical assumptions [58, 59, 60].

3.2 Variationally Consistent Homogenization

A systematic framework for deriving the coupled boundary value problems of the sub-
and large-scale is provided by Variationally Consistent Homogenization (VCH) [61]. The
procedure starts from the weak form of the single-scale boundary value problem. The
displacement field is additively decomposed into a fluctuating subscale component, u®,

and a prolonged large-scale component, u", i.e.

w=u®+u" (3.3)
In first-order homogenization the large-scale fields are prolonged using a first-order
Taylor expansion. Consequently, if displacement is the primary field, the associated
large-scale contribution to the strain is constant on the subscale. When this assumption
no longer holds, for instance in the presence of pronounced strain gradients, higher-order
homogenization schemes can be employed, as proposed in [62]. For the upscaling of
planar shells in this thesis, the through-thickness displacement field is assumed to follow
the Kirchhoff-Love kinematic assumptions. This implies that the in-plane displacement
field can be parameterized by the large-scale mid-plane displacement vector i, and the
large-scale transverse displacement w, such that

12



Up (Tp, 2) = Up — zvabp . (3.4)

The in-plane displacement field is prolonged using a first-order Taylor expansion,
whereas the out-of-plane displacement field must be prolonged using a second-order Taylor
expansion to remain consistent with the Kirchhoff~Love assumption and thereby avoid
over-constraining the RVE. For clarity, the prolongation is illustrated in Figure 3.1 for
the one-dimensional case of a beam subjected to pure bending (u(Z) = 0), evaluated at a
large-scale point at mid-span (§ = 0).

Out-of-plane Displacement Field 4 In-plane Displacement Field )
w f~—d2
B . T /f S T
———————— \
7%72/ W/ Y, \\
v / \\ 4
\ 9(—Ly/2)
e — U
1] x I T
| e N P e - ——
‘ e e e s ‘ """" s \
NN Ly
Ly B
, 0(z)= 0(z)+ 5| [z - 7]
w(z) = w(z) + %‘j[z_ﬂ'i'%?ﬁg ,[m_j]z du7| 2w 1[ ]
z -Gl @ e
k / k d d T /

Figure 3.1: Prolongation of the displacement fields in a beam for the case of pure
bending. To the left is the prolongation of the out-of-plane displacement components and
to the right is the prolongation of the axial displacement component. In the bottom is the

total prolonged displacement field obtained as a superposition of the two fields.

The next step is to approximate the fields by running averages over a window corre-
sponding to the RVE. Localizing the problem to the RVE and testing with functions
associated with the fluctuating subscale fields yields the boundary value problem for the
RVE. To make this problem well-posed, the boundary conditions must be consistent with
the Hill-Mandel conditions stated in Equation 3.2. Three standard choices that fulfill this

13



are:

e Dirichlet (uniform displacement): the large-scale part of the displacement field
is directly prescribed on the RVE boundary. Gives an upper bound on the response.

e Neumann (uniform traction): the large-scale part of the displacement field
is imposed on the RVE such that the resulting boundary traction corresponds to
constant effective (large-scale) stress. For the shell, this means that the membrane
stress and moments act as constant Lagrange multipliers. Gives a lower bound on
the response.

e Periodic: opposite RVE faces are constrained to have periodic displacements and
anti-periodic tractions. For periodic microstructures, this choice is typically the
most accurate.

Similarly, the large-scale problem is obtained by testing with functions pertaining to
the prolonged primary large-scale fields. The structure of the large-scale problem directly
determines the homogenization expressions for the effective fields, defined as the energetic
conjugates of the large-scale primary variables. The homogenization operator, here taken
as the averaging operator (-)g introduced in Equation 3.1, must be consistent with the
chosen prolongation ansatz. In other words, the average of a prolonged large-scale field
should reproduce the large-scale quantity itself.

3.3 Surrogate constitutive model

A surrogate constitutive model serves as an efficient alternative to the upscaling step in
computational homogenization. Instead of solving a boundary value problem at every
integration point, as required in nested FE? simulations, the surrogate provides a direct
constitutive relation at the large scale. This enables the effective sectional response to be
evaluated at a fraction of the computational cost, while retaining the essential physics,
most importantly thermodynamic consistency, captured by the detailed RVE simulations.

Conceptually, the surrogate model represents a fictitious effective cross-section char-
acterized by a reduced set of parameters compared to the RVE. These parameters are
calibrated using data obtained from the VCH framework introduced earlier, ensuring that
the surrogate approximates the macroscopic response of the detailed multiscale model as
closely as possible within its simplified formulation. Once calibrated, the surrogate model
can be used in an online stage to predict the stress—resultant response under arbitrary
combinations of membrane strain and curvature histories.

The surrogate formulation is based on continuum damage mechanics, which provides a
thermodynamically consistent description of stiffness degradation due to cracking and
crushing. In the following, this damage framework is introduced, followed by its extension
to the sectional level.

3.3.1 Continuum damage model

Constitutive models are typically formulated within a thermodynamic setting. The starting
point is the second law of thermodynamics, or more specifically the Clausius—Duhem
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inequality. Under isothermal conditions and invoking the energy balance (first law), this
reduces to the dissipation inequality

D=c:é-¥ >0, (3.5)

where U = pe — pT's is the Helmholtz free energy per unit volume, representing the
recoverable part of the internal energy [63]. The Helmholtz free energy is typically
expressed in terms of the strain € and internal variables a that capture history effects, i.e.
U = U(e,a). In plasticity, internal variables typically characterize the evolution of the
yield surface, whereas in damage mechanics they quantify the progressive degradation of
the material stiffness. For isothermal linear elasticity, the Helmholtz free energy takes the
quadratic form

We)=1e:C:e. (3.6)

The dissipation inequality in Equation (3.5) is then satisfied for arbitrary strain paths
if the stress is defined as the energy conjugate to the strain,

_ oo
e’
In isotropic damage mechanics, the state of degradation is represented by a single

internal variable d € [0,1]. This degradation is applied directly to the Helmholtz free
energy [64, 65],

(3.7)

(e, d) = (1 - d)¥°(e), (3.8)
which leads to the degraded stress response

0¥ (g, d) 0
o= "2 = (1-d)o, (3.9)
where 0° = C : ¢ denotes the effective stress. Thus, the tangent stiffness decreases

with increasing d, resulting in strain softening. The energy release rate conjugate to d is

0¥ (g, d)
od
showing that, at fixed strain, the driving force for damage growth equals the undamaged

free energy WO(e) and therefore grows quadratically with strain. Substituting Equation
(3.8) and Equation (3.9) into the general inequality in Equation (3.5) gives

Y =— =0%e), (3.10)

D=Yd >0, (3.11)

which is satisfied by enforcing the irreversibility condition d > 0 (with d = 0 during
unloading) together with the non-negative form of the effective strain energy density W°
in Equation 3.6.

In practice, the irreversibility condition is enforced by introducing a history variable «,
defined as the maximum attained value of the damage-driving variable Y,
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at) = max Y (1), (3.12)
T€[0,t]
which guarantees that & > 0, and thus d > 0 for any monotonic damage law d(«).
Together with the requirement that damage should not initiate before a threshold k, this
constrains the admissible form of the damage evolution function. A convenient choice is
the exponential law

0, a <k,

d(a) = b {1 . (O[gkﬂ ek (3.13)

where Dy .y is the damage cap, 8 controls the shape of the exponential function, and
k is the damage threshold. The resulting uniaxial stress-strain response in tension is
illustrated in Figure 3.2.

3.3.2 Sectional damage model

Starting from the general case of a Kirchhoff-Love shell, the local strain is described by the
generalized strains: the membrane strain € and the curvature g, such that e(z) = € — z&.
The free energy density per unit mid-plane area of the shell is obtained by integrating the
free energy density in Equation 3.6 through the thickness, yielding

B h/2 h/2 h/2
U=1¢: C(z)dz |:e—€: / 2C(2)dz |: R+ s K: / 22C(2)dz | : k.
—h/2 —h/2 —h/2

Cu Cs C

(SIS

(3.14)

For the simplest case, C(z) denotes the plane-stress isotropic stiffness tensor representing

the material stiffness at position z through the thickness of the effective cross section.

Under uniaxial response, and accounting for damage through the set of (piecewise constant
in the section) damage variables d, this expression reduces to

U(e,k,d) = 1Ca(¢,k,d)&* — Cs(&, &, d) ek + 1C1(, R, d) R, (3.15)

where the generalized sectional stiffness coefficients are given by

_ - h/2 -

Ca (&R, ):/ C(2)((z;8,R,d) dz, (3.16a)
—h/2

_ - h/2 -

Cs(&,R,d) :/ C(z)z((z;¢,R,d)dz, (3.16b)
—h/2

_ - h/2 -

C’I(E,Ez,d):/ C(2) 2% ((2;6, R, d) dz. (3.16¢)
—h/2
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Figure 3.2: Partition of the free energy during elastic loading (top), during damage
growth (middle), and unloading (bottom). The blue region corresponds to the recoverable
elastic energy U, the red region corresponds to the difference between the undamaged free

energy and the recoverable free energy W° — U and the black region corresponds to the

total energy dissipation.
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Here, C(z) = E(z) represents the Young’s modulus for a beam (032 = 012 = 0), or
C(z) = E(2)/(1 — v(2)?) for a transversely constrained one-way slab (e22 = €12 = 0).
The term E(z)/(1 — v(2)?) can thus be interpreted as a scaling factor accounting for the
Poisson effect. Importantly, both cases can be represented by a scalar stiffness coefficient,
which keeps the model structure identical. The function { acts as a damage activation
function activating the correct damage function depending on the local strain state (tensile
or compressive). In this work, separate damage variables are assigned to the upper and

lower parts of the section, following the approach in [66]. In this work d = (d%, d¢, dS, df),
where the scalar damage variables di//cl corresponds to (t)ensile/(c)ompressive damage in
the (u)pper/(l)ower part of the cross section.

The energy conjugates of the generalized strains are the normal force and bending
moment, derived from the free energy density according to

N=2Y _CierdE- G R R (3.17a)
68 R,J

M= ‘l‘? = C1(&,R,d)k — Cs(&, R, d)z. (3.17b)
Ok &d
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4. Summary of appended papers

A short summary of the two appended papers is provided in this chapter.
Paper A

Paper A establishes the foundation for the multiscale analysis of TRC shells using
computational homogenization. The starting point is a detailed single-scale model in
which the yarns and their interaction with the concrete matrix are explicitly represented.
The degradation of the concrete matrix is described with Mazars’ damage model, enabling
the prediction of tensile cracking and compressive softening. Based on this fine-scale
description, variationally consistent homogenization is employed to derive both the weak
form of the large-scale planar shell problem and the associated subscale RVE problem,
together with the operators linking the two scales. A key novelty of this work is the
identification of the need for a second-order prolongation of the vertical displacement field
to prevent over-constraining the RVE in bending. The RVE serves as a virtual laboratory
to quantify the effective response in terms of membrane forces and bending moments for
prescribed large-scale strains and curvatures. The framework is validated against fully
resolved direct numerical simulations of one- and two-way slabs, showing convergence
of the effective stresses with increasing RVE size. Finally, the study demonstrates that
the approach can predict effective responses for a variety of subscale and structural
configurations without recalibration.
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Paper B

While the multiscale framework in Paper A provides a virtual laboratory for design
verification, its direct use in iterative design or optimization is somewhat limited by the
high computational cost. To address this limitation, Paper B introduces a surrogate
model for the analysis of unidirectional TRC members such as beams and one-way slabs.
The model is formulated at the cross-section level as an effective constitutive relation,
linking generalized strains (average strain and curvature) to generalized stresses (normal
force and bending moment). The model accounts for both tensile and compressive damage,
with separate sets of damage variables assigned to the upper and lower parts of the cross
section. By working with the total strain field, the formulation naturally accounts for
the combined effects of membrane strain and curvature. Thermodynamic consistency is
ensured by verifying that the total energy dissipation remains non-negative. Calibration
and validation are performed using data from distinct datasets obtained through RVE
simulations. The surrogate model accurately predicts the response under several loading
modes, including cyclic loading. It also enables an offline post-processing step, where the
RVE can be used to study the detailed subscale response. Finally, the efficiency of the
approach is demonstrated for a one-way slab with fixed ends, achieving nearly two orders
of magnitude speed-up compared to a fully resolved simulation, with a maximum relative
error below 12 %.
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5. Conclusions and outlook

The following provides the main conclusions of the work and an outline of possible
directions for further development of the modeling framework.

5.1 Summary of results and conclusions

The work presented in this thesis concerns multiscale modeling of TRC shells, with
emphasis on predicting the effective shell response. In Paper A, the overall scale-bridging
framework was developed, and it was shown that this can be used as a virtual laboratory to
assess the large-scale response for varying subscale configurations. A key advantage of the
framework is that it requires calibration only once for a given concrete—yarn combination,
regardless of the reinforcement layout or section height. It was also demonstrated that the
framework can provide accurate predictions as long as the separation of scales is sufficient
and the RVE is sufficiently large. The relative error compared with direct numerical
simulations of a one-way TRC slab was below 10% for cases with adequate scale separation
at low to moderate membrane stress and up to 20% for high membrane stress (around
50% of the maximum bending stress). Moreover, three different boundary conditions were
proposed: Neumann conditions to obtain a lower bound, Dirichlet conditions for an upper
bound, and periodic conditions for the most accurate prediction.

The upscaling framework is designed to be flexible with respect to the choice of subscale
model, allowing more refined constitutive descriptions for the concrete or yarns to be
incorporated without modification of the overall framework. In particular, the framework
enables a more detailed representation of the yarns, which can also be explicitly resolved
if desired.

Although the computational homogenization framework provides a complete and con-
sistent means of scale bridging, a more computationally efficient model is required for
real-time concurrent simulations and optimization applications. Hence, in Paper B, a
surrogate constitutive model was developed to replace costly RVE simulations. The model
was calibrated using synthetic data obtained from RVE simulations and reproduced the
response well for loading cases not included in the calibration, with an overall relative
error of approximately 5-8%. It performed particularly well for loading scenarios with
combined compressive membrane strain and bending, making it suitable for curved beams
and one-way shells. Furthermore, the model reduced the computational cost by a factor of
approximately 100 for a one-way TRC slab, while maintaining a maximum relative error
of 12% compared to a fully resolved simulation. The nonlinear behavior is represented
through a damage formulation, which makes the model especially suitable for TRC, where
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the nonlinearity primarily arises from matrix degradation and bond-slip [12]. At present,
the surrogate model is applicable to beam-type elements, for which closed-form solutions
can be derived for the specific case of a homogeneous, rectangular effective cross-section,
making the model computationally efficient.

5.2 Future work

The work carried out in this thesis provides a foundation for the multiscale modeling
of TRC shells, but several aspects remain to be addressed in future research. These
include generalizing the surrogate model to shell structures and extending it so that it
can predict the response for varying section heights and reinforcement configurations,
without the need for recalibration for each case. This would be required to fully replace
the computational homogenization framework. In addition, the concrete damage model
used in the RVE simulations was deliberately kept simple to highlight the generality of the
approach. A more advanced formulation could, however, be incorporated within the same
multiscale framework if a more accurate representation of compressive failure is desired.
For the homogenization framework, the aspect of anchorage remains an open issue, since
slip is currently treated as a locally varying field within the RVE. This prevents the model
from capturing the progressive build-up of bond stress that develops over a finite distance
in the large-scale domain. Possible approaches to address this limitation include enriching
the two-scale model with a large-scale slip field as in [67] or introducing an efficiency
factor that reduces the capacity near the ends to account for incomplete anchorage.

Finally, the two-scale formulation provides a natural foundation for optimization across
scales, enabling the framework to be used not only for prediction but also for design.
One possible direction is to optimize the subscale for a given large-scale configuration,
similar to point-to-point material design [68]. A more general, but also considerably more
demanding, approach would be full two-scale topology optimization, in which both scales
are optimized simultaneously [68, 69].
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