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ABSTRACT

Topological phases of matter are known for their robustness against perturbations, yet their stability under disorder remains an
open question of both theoretical and experimental relevance. We study the disordered Hofstadter model, where magnetic flux

generates fractal minibands carrying nontrivial Chern numbers. Using numerical simulations, we construct a disorder-flux phase

diagram by computing Chern numbers and gap statistics across a wide range of parameters. We find that weak to moderate disorder

preserves quantized Chern phases, while strong disorder closes mobility gaps, induces Chern-number fluctuations, and drives

transitions to trivial insulating states. Our results provide direct guidelines for engineering disorder and flux in synthetic lattices,

with implications for quantum simulation and quantum device design.

1 | Introduction

Topological phases of matter have reshaped our understanding
of electronic systems, revealing robust phenomena insensitive
to local perturbations [1-6]. Among the earliest theoretical
realizations of such phases is the Hofstadter model, which
describes electrons on a two-dimensional lattice subjected to a
perpendicular magnetic field [7]. The resulting energy spectrum,
known as the Hofstadter butterfly, exhibits a fractal structure
composed of magnetic minibands characterized by nontrivial
Chern numbers [2]. These topological invariants underlie quan-
tized Hall conductance and are central to the classification
of Chern insulators. While much progress has been made in
understanding topological phases in clean systems, real mate-
rials inevitably host disorder. Disorder can dramatically alter
topological behavior-suppressing, preserving, or even inducing
topological phases in systems where they were absent [8]. This
dual role of disorder is exemplified by the topological Anderson
insulator (TAI) [8], where disorder facilitates a transition into a
topologically nontrivial state. However, the broader landscape of

© 2025 Wiley-VCH GmbH

disorder effects in lattice models with magnetic flux, such as the
Hofstadter model, remains only partially explored.

Recent studies have also highlighted that disorder can play
a constructive rather than merely destructive role in shaping
topological matter. In particular, disorder-induced higher-order
topological insulators have been shown to emerge in systems
where clean-limit topology is absent, revealing that random-
ness itself can give rise to quantized edge or corner modes
and robust boundary responses. For example, Liu et al. [9]
demonstrated experimentally in circuit-based lattices that disor-
der can generate higher-order topological states. These findings
complement our results on disorder-stabilized Chern phases in
the Hofstadter model, illustrating the broader principle that
controlled disorder can serve as a tuning knob for realizing
and manipulating nontrivial topology in engineered quantum
systems.

In this work, we systematically investigate how on-site disorder
modifies the spectral and topological properties of the Hofstadter
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model. Using the Fukui-Hatsugai-Suzuki method [10] (FSH), we
compute the Chern number of the lowest energy band across a
wide range of magnetic flux values and disorder strengths. By
constructing a topological phase diagram and analyzing energy
gap statistics, we reveal the conditions under which topological
protection breaks down. In addition, we examine fluctuations
of the Chern number across disorder realizations, providing
insight into the stability and resilience of Chern phases under
increasing randomness. Our results not only deepen theoretical
understanding of disorder-driven topological transitions but also
provide experimentally relevant benchmarks for platforms such
as ultracold atomic lattices, moiré heterostructures, and photonic
crystals, where tunable disorder and synthetic gauge fields can
be engineered with high precision. The interplay between dis-
order, topology, and localization explored here sheds light on
the fundamental limits of topological protection in quantum
matter.

2 | Computational Methodology

In this work, our research object is the disordered Hofstadter
model, a paradigmatic lattice Hamiltonian for studying Chern
phases in the presence of magnetic flux and on-site disorder,
rather than a specific material realization. For rational flux ¢ =
p/q,we adopt a magnetic unit cell of size g so that magnetic trans-
lation symmetry is restored and a well-defined magnetic Brillouin
zone exists. All momentum-space calculations (e.g., band struc-
tures and Chern numbers) are performed with g matched to
the denominator of ¢ for each data point. In momentum-
space treatments of the Hofstadter model, a magnetic Brillouin
zone exists only when the magnetic unit cell size equals the
denominator q of ¢ = p/q. Accordingly, all momentum-space
results shown here use a unit cell matched to g for each ¢.
When disorder is present and band labels are not globally well-
defined, we rely on real-space/topological subspace diagnostics
to establish phase boundaries.

The magnetic field is incorporated using the Landau gauge
via Peierls phase factors [11] in the hopping terms. The clean
Hamiltonian is written as:

i - i
H=-t 2 (Cm+1,ncm.n +emmel Cn h.c.), €))
m,n

where ¢ is the nearest-neighbor hopping amplitude, and cfn,”
creates an electron at site (m, n). The introduction of magnetic
flux leads to a magnetic unit cell of size g, and the system exhibits
q energy bands.

To simulate disorder, we add a uniform random on-site potential
drawn from the interval [-W /2, W /2], where W /t represents the
disorder strength. The resulting disordered Hamiltonian is then
diagonalized numerically for various combinations of flux ¢ and
disorder W. We compute the Chern number of the lowest energy
band using the FHS method, a gauge-invariant and numerically
stable discretization of Berry curvature over a finite Brillouin
zone grid. The momentum-space Hamiltonian H(k) is computed
at each grid point (k,,k,), and the eigenvectors of the band of
interest are extracted.

TABLE 1 | Parameters used for the Hofstadter model simulations.
The flux is given by ¢ = p/q, where p is the numerator and g the
denominator of the rational flux fraction.

Parameter Value/Description

20 values in (0.01, 0.49]
20 values in [0.0,4.0]
Uniform in [-W /2, W /2]

10-20 independent realizations
per point

Flux per plaquette (¢)
Disorder strength (W /t)
Disorder distribution

Disorder averaging

BZ discretization (n;, X n;) 32 X 32 grid points
Lowest band (n = 0)
AE =E, — E,ateachk

Fukui-Hatsugai-Suzuki (FHS)
method

Bands analyzed
Gap definition
Chern method

Diagonalization method Dense matrix diagonalization

(numpy.linalg.eigh)

The discretized Berry curvature is computed on each plaquette
via the link variables:

F,,(k) = Im[logU,(K)U,(k + £)U;'(k + U K)], (2)

where U, (k) = (u(k)|u(k + @)) are the overlaps of neighboring
Bloch eigenvectors. The total Chern number is obtained as:

1
C=5- ;ny(k). ®3)

For each (¢, W) pair, we perform multiple disorder realizations
and compute both the mean and standard deviation of the Chern
number to assess the topological robustness.

2.1 | Conventions and Units

Throughout this work, all energies are expressed in units of the
nearest-neighbor hopping ¢. Accordingly, we report and plot the
disorder strength as the dimensionless ratio W /t. We reserve
the plain symbol W only when stating an explicit equality (e.g.,
W =1.5t) or when defining the bare on-site distribution ¢; €
[-W/2,W /2]. Figures, axes, and captions therefore use W/t
(and, where relevant, E/t and ¢/¢,) for consistency.

To probe the stability of the topological phase, we compute
the energy gap between the lowest and first excited bands as a
function of disorder. This is achieved by direct diagonalization
of the Hamiltonian at each momentum point and extracting
AE = E, — E,. The regions where AE vanishes serve as indicators
of topological phase transitions. We overlay these gap-closing
contours onto the Chern number phase diagram. The Brillouin
zone is discretized into a 32 X 32 grid for the Fukui method. We
scan disorder strengths W € [0,4] and flux values ¢ € (0,0.5],
using a grid of 20 X 20 points, see Table 1. Each data point
is averaged over 10-20 disorder realizations. To confirm that
this sampling is sufficient for statistically meaningful results,
we performed convergence tests by increasing the number of
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realizations up to Ny;, = 20 for representative parameter sets. The
mean and standard deviation of key observables—such as the
Chern number (C) and the average band gap (AE)—changed
by less than 5% when increasing the number of realizations
beyond ten. This confirms that averaging over 10-20 disorder
configurations yields statistically stable and reproducible results
within numerical accuracy. We diagonalize the Hamiltonians
using standard linear algebra routines for small dense matrices.
All energies, including the disorder strength W /t, are expressed
in units of the nearest-neighbor hopping amplitude t. The
magnetic flux per plaquette is written as ¢ = p/q in units of
the flux quantum ¢, = h/e, and is therefore dimensionless.
Accordingly, in all figures we label the axes as W /t, ¢/¢,, and
E/t where appropriate.

2.2 | Why the Hofstadter Model for
Disorder-Topology?

The Hofstadter model offers a controlled and symmetry-lean
framework in which magnetic flux produces fractal minibands
endowed with quantized Chern numbers. Working at rational
flux ¢ = p/q restores a magnetic Brillouin zone and permits
robust FHS evaluation of Chern numbers on a finite grid
while scanning disorder strength. This enables a global (¢, W)
stability map that integrates (i) gap statistics, revealing a non-
monotonic disorder response, with (ii) fluctuation diagnostics
of the Chern number that flag mobility-gap closure and the
onset of ill-defined momentum-space invariants. Crucially, the
same ingredients are realizable in ultracold-atom, moiré, and
photonic platforms-where synthetic gauge fields and controlled
disorder are routine-allowing direct parameter translation and
experimental validation of our predictions.

2.21 | Validity of the FHS Method Under Strong
Disorder

The FHS algorithm relies on a well-defined mobility gap that
separates occupied and unoccupied states on a discretized Bril-
louin zone [10]. At weak and moderate disorder (W /¢t < 3), this
condition is satisfied and the computed Chern numbers are quan-
tized within numerical precision. However, when W/t > 3, the
disorder potential closes the mobility gap and induces significant
band intermixing. In this regime, Anderson localization domi-
nates, extended Bloch states cease to exist, and the FHS formula
no longer represents a true topological invariant. Accordingly,
the fluctuating “average Chern numbers” reported for large W/t
should be interpreted as numerical indicators of phase instability
rather than as physically meaningful Chern integers.

3 | Results and Discussion

We model on-site disorder by adding a random potential €; at each
lattice site, drawn from a uniform distributione¢; € [-W /2, W /2],
where W denotes the disorder strength. Throughout this work,
energies are expressed in units of the nearest-neighbor hopping
amplitude ¢, so that W is dimensionless. In Figure 1, we fix
W = 1.5t as a representative intermediate disorder strength: this
choice is large enough to substantially modify the Hofstadter

=20

=25

0.0 0.2 0.4 0.6 0.8 1.0
Flux per plaquette (¢)

FIGURE 1 | Hofstadter spectrum at disorder strength W/t = 1.5,
showing band broadening and partial gap closure due to disorder while
retaining remnants of the fractal structure. Energies are in E/t and flux

in ¢/¢o.

spectrum and induce band mixing, but not so strong as to fully
localize all states. While there is no unique “optimal” value of W,
selecting a moderate value highlights the competition between
topological band structure and disorder in a regime of experimen-
tal relevance. First, we present the Hofstadter spectrum under
the influence of disorder with a disorder strength of W = 1.5, see
Figure 1. The plot shows the energy eigenvalues as a function of
the magnetic flux per plaquette ¢, capturing the intricate behavior
of the energy bands. It is well known that, in the absence of
disorder, the Hofstadter butterfly displays a fractal and highly
symmetric structure [7]. However, the inclusion of disorder leads
to a broadening and smearing of the spectral features [12,13].
Notably, vestiges of the original butterfly structure remain visible,
particularly near the center of the energy spectrum, suggesting
a partial retention of the system’s topological characteristics
[14]. The data also reveal the presence of localized states and
evolving energy gaps as a function of ¢, underscoring the rich
interplay between magnetic field effects and disorder in quantum
lattice systems.

3.1 | Quantitative Disorder Regimes

To make our terminology precise within the present numerical
setup (32x32 Brillouin-zone grid; 10-20 disorder realizations per
point; see Table 1), we classify disorder into three operational
regimes:

* Weak: W/t <1.5. The mobility gap remains open across
the k-grid; (AE) is near the clean value and often slightly
enhanced; the Chern number is quantized with negligible
fluctuations (std[C] 50.5).

* Moderate: 1.5 < W/t < 3.0. The average gap decreases and
begins to show non-monotonic behavior (peak near W/t~
3.2), reflecting competition between level repulsion and local-
ization; Chern-number fluctuations increase but a mobility
gap still persists (std[C] $2).
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FIGURE 2 | Average band gap (AE) of the Hofstadter model versus disorder strength W /¢ (scan range [0,4]). The gap shows a non-monotonic

response with a maximum near W/t & 3.2, reflecting competition between disorder-enhanced level repulsion and localization; for W/t > 3, mobility-gap

closure begins to suppress (AE).

* Strong: W/t > 3.0. Gap-closure events and Anderson local-
ization render momentum-space band identities ill-defined;
in this regime, FHS-based “Chern numbers” are no longer
topological invariants and should be interpreted only as
numerical indicators of phase instability.

Building upon the qualitative spectral broadening seen in Fig. 1,
we now quantitatively analyze how disorder affects the energy
separation between bands, see Figure 2. This allows us to assess
the stability of the spectral gaps and their role in supporting topo-
logical phases. The results reveal a non-monotonic dependence
of the average energy gap on W: the gap initially increases with
disorder, reaching a local maximum near W = 3.2, before slowly
diminishing at higher disorder strengths. The non-monotonic
behavior of the average energy gap as a function of disorder
strength (W /t) reflects the interplay between two competing
mechanisms: level repulsion and localization [15]. At weak to
moderate disorder, disorder-induced mixing of closely spaced
energy levels can enhance spectral repulsion, leading to the
opening or widening of small gaps that may be closed in the clean
limit. This effect, often overlooked, results from the redistribution
of spectral weight and can temporarily stabilize energy gaps by
suppressing degeneracies [8,14]. However, as disorder increases
further, this trend reverses. The growing randomness in the on-
site potential leads to significant band broadening, increasing
overlap between adjacent bands and promoting the proliferation
of in-gap states [16]. These in-gap states destabilize the quan-
tized band topology and drive the system toward gap closure.
Eventually, strong disorder induces Anderson localization, where
electronic wavefunctions become spatially confined and the
system loses its coherent band structure altogether [13,15]. In
this regime, the concept of a well-defined energy gap-and thus
a well-defined Chern number-becomes increasingly ill-posed.
Therefore, the observed peak in the average gap at intermediate
W marks a crossover between disorder-enhanced gap opening
and disorder-driven topological collapse. For W/t beyond the
range shown, disorder continues to broaden the spectrum and

1.3

1.24

1.1

1.04

0.9 1

Average Band Gap AE

0.8 A

0.7 1

0.0 0.5 1.0 1.5 2.0 2.5 3.0 3.5 4.0
Disorder Strength W/t

FIGURE 3 | Average band gap AE vs disorder strength W /¢ at fixed
flux ¢ = 0.33; AE is reported in E/t. The band gap remains stable for
weak disorder and decreases significantly beyond W =~ 2.5, signaling gap
closing and possible localization effects.

seed in-gap states, leading to progressive mobility-gap closure.
Consequently, the k-resolved band separation AE = E; — E,, does
not saturate at its clean value; instead it trends downward toward
zero (up to finite-size/grid limits). In this regime Anderson
localization dominates and momentum-space band identities
become ill-defined, so AE and FHS-based Chern numbers lose
their topological meaning [10].

Figure 3 illustrates the behavior of the average band gap AE as
a function of disorder strength W/t for a fixed magnetic flux ¢ =
0.33. The data show that the band gap remains relatively stable up
to moderate disorder levels W < 1.5, with only minor fluctuations
in AE. Beyond this regime, a gradual decline in the band gap
is observed, indicating the increasing influence of disorder on
electronic coherence and band separation. Notably, for W >
2.5, the band gap begins to collapse more rapidly, accompanied
by pronounced fluctuations. This sharp suppression of AE is
consistent with the onset of Anderson localization and gap
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FIGURE 4 | Chern numbers assigned to each energy band as a function of magnetic flux per plaquette ¢ = p/q. Color indicates the integer value

of the Chern number, with positive (blue) and negative (red) values marking distinct topological phases.

closing phenomena that disrupt the topological band structure
[17,18]. These results highlight the fragility of spectral gaps to
disorder and suggest a disorder-driven transition from a gapped
topological phase to a localized regime [19].

While energy gaps offer a direct window into possible topo-
logical transitions, the Chern number provides a topological
invariant that directly characterizes phase robustness. To gain
insight into the baseline topological structure, we begin by
examining the distribution of Chern numbers in the clean limit.
Figure 4 presents the distribution of Chern numbers across
all energy bands as a function of magnetic flux per plaquette,
¢ = p/q, in a lattice system exhibiting quantum Hall physics.
Each colored marker denotes the Chern number assigned to
a specific energy band at a given rational flux value. The
results clearly demonstrate the topological complexity of the
Hofstadter model, where band structures reorganize in response
to changes in magnetic flux, giving rise to a rich sequence of
quantized Chern numbers [20-22]. The alternation and clustering
of positive and negative values reflect the intricate interplay
between magnetic translation symmetry and band topology. The
persistence of nonzero Chern numbers over a broad range of
fluxes indicates the robustness of topological order in the pres-
ence of lattice periodicity. The associated color scale highlights
the magnitude and sign of the Chern numbers, revealing how
band topology evolves discontinuously across gaps in the energy
spectrum. These features serve as a hallmark of topologically
nontrivial phases and are essential for understanding quan-
tized transport phenomena in systems subjected to magnetic
fields.

Next, we turn to the full topological phase diagram as a function
of flux and disorder strength. Figure 5 displays the evolution
of Chern numbers in the lowest energy band of the Hofstadter
model as a function of both magnetic flux per plaquette ¢ and
disorder strength W /t. The color map encodes the computed
Chern number, with red and blue regions indicating negative
and positive topological invariants, respectively. At low disorder

(W = 0), the system exhibits sharply defined regions of quantized
Chern numbers consistent with the clean Hofstadter butterfly.
As W increases, disorder induces fluctuations and irregularities
in the topological indices, reflecting the breakdown of global
topological protection and the emergence of localized states [23].
Remarkably, even at moderate disorder strengths, well-defined
Chern plateaus persist in certain flux intervals, demonstrating the
robustness of topological order to perturbations [24]. However,
beyond W = 3, the proliferation of topological transitions and
the suppression of quantized values signal the approach to a
topologically trivial regime, where gap closings and spectral
mixing become prevalent. This figure highlights the rich and
complex interplay between magnetic field, disorder, and topology
in two-dimensional lattice systems.

While the phase diagram reveals the average Chern number
across parameter space, it does not capture the degree of variation
induced by disorder. To assess the stability of these topological
regions, we compute the standard deviation of the Chern number
across disorder realizations. Figure 6 shows the standard devi-
ation of the Chern number as a function of disorder strength
W /t and magnetic flux per plaquette ¢. The fluctuations in the
Chern number across disorder realizations, as quantified by the
standard deviation, serve as a diagnostic of topological phase
stability. In clean systems or those with weak disorder, the Chern
number is quantized and invariant under small perturbations,
reflecting robust topological protection. However, as disorder
strength increases, especially near critical points where energy
gaps close, local variations in the electronic structure lead to
sample-dependent reconfigurations of the Berry curvature. This
results in fluctuations in the computed Chern number, signaling
the breakdown of global topological order. Physically, this can be
interpreted as the coexistence of localized and delocalized states
near the mobility edge, where the topological invariant becomes
ill-defined due to the lack of a uniform gap across the Brillouin
zone. Thus, the standard deviation not only tracks numerical
instability but also captures the intrinsic fragility of topological
indices in disordered systems [25].
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FIGURE 6 | Standard deviation of the Chern number as a function of disorder strength W/t and magnetic flux per plaquette ¢. The color map

indicates the variability of the topological index across disorder realizations, highlighting regions of increased topological instability.

The disorder-induced transitions observed in the disordered Hof-
stadter model bear notable similarities to those in the Topological
Anderson Insulator (TAI), originally identified in time-reversal
symmetric systems with spin-orbit coupling [8,26]. In both
cases, disorder plays a nontrivial dual role-stabilizing topological
phases in certain regimes while suppressing them in others.

In the Hofstadter model, we observe regions where moderate
disorder preserves or even enhances quantized Chern numbers,
analogous to the disorder-enabled topological states in TAI sys-
tems. However, a key distinction lies in the underlying symmetry:
the Hofstadter model breaks time-reversal symmetry and lacks
spin degrees of freedom, precluding a direct realization of TAI
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FIGURE 7 | Average Chern number of the lowest energy band as a
function of disorder strength W/t at fixed magnetic flux ¢ = 0.33. The
results are averaged over multiple disorder realizations.

as defined in Z,-invariant systems. Nevertheless, the qualitative
features-non-monotonic gap behavior, disorder-stabilized topo-
logical plateaus, and eventual topological breakdown-underscore
a universal mechanism by which disorder reshapes the topo-
logical phase landscape, independent of specific symmetry
classes.

Figure 7 reveals the spread of topological outcomes at fixed
disorder, but averaging over realizations provides a broader view
of the disorder-induced evolution. We next examine the mean
and variance of the Chern number as functions of W at fixed
flux. In this context, Figure 7 depicts the average Chern number
of the lowest energy band as a function of disorder strength
W/t for a fixed magnetic flux per plaquette ¢ = 0.33. Each data
point represents an average over multiple disorder realizations
to capture the statistical response of the topological invariant
under increasing randomness. For small disorder strengths (W S
1.0), the Chern number remains close to zero with modest
fluctuations, indicating a topologically trivial or weakly perturbed
phase. As W increases beyond this regime, the Chern number
exhibits strong fluctuations and intermittent drops to negative
values, suggesting the emergence of disorder-induced topolog-
ical transitions and breakdown of quantized behavior [27-29].
Particularly beyond W = 3.0, the average value becomes increas-
ingly negative and erratic, reflecting significant spectral mixing
and localization effects. This transition illustrates the fragile
nature of topological order in the Hofstadter model and under-
scores the importance of disorder in driving topological phase
instability.

Figure 8 shows the standard deviation of the Chern number as
a function of disorder strength W/t for a fixed magnetic flux
¢ = 0.33. This measure quantifies the variability of the topological
index across multiple disorder realizations, serving as a proxy
for the stability and robustness of topological phases. At low
disorder, the standard deviation remains near zero, consistent
with well-quantized Chern numbers and minimal sample-to-
sample fluctuations. As W increases, the standard deviation
gradually rises, with a sharp increase observed beyond W = 2.5,
indicating enhanced topological instability and phase random-
ness. This behavior reflects the increasing influence of disorder on
the electronic structure, particularly the collapse of well-defined
energy gaps and the proliferation of topological transitions. The

Std. Dev. of Chern Number

0.0 0.5 1.0 1.5 2.0 25 3.0 3.5 4.0
Disorder Strength W/t

FIGURE 8 | Standard deviation of the Chern number as a function
of disorder strength W/t for fixed magnetic flux ¢ = 0.33. Increased
variability at larger W reflects reduced topological stability due to
disorder.

trend supports the conclusion that moderate to strong disorder
not only modifies the average Chern number but also undermines
its reliability as a robust quantized invariant [30].

3.2 | Interpreting (C) at Strong Disorder

The FHS Chern number is well defined only when a mobility
gap separates occupied from unoccupied states. Consequently, for
W /t 2 3—where gap closing, band intermixing, and Anderson
localization set in—the momentum-space Chern number loses
topological meaning. In this regime the quantity plotted in
Figure 7 should therefore be read as a numerical indicator of
phase instability rather than a quantized invariant, consistent
with the surge of fluctuations in Figure 8. This interpretation
aligns with our discussion of disorder-driven gap collapse and the
ill-posed nature of band Chern numbers at strong disorder.

To assess the experimental accessibility of our results, we trans-
late the dimensionless parameters of the Hofstadter model into
realistic energy scales for state-of-the-art quantum simulation
platforms. In our simulations, all quantities are expressed in
units of the nearest-neighbor hopping amplitude ¢. Typical values
of t vary widely across physical realizations, from kilohertz
scales in ultracold atomic lattices to millielectronvolts in moiré
graphene systems. This mapping enables a direct comparison
between our disorder-flux phase diagram and experimentally
tunable regimes. In optical lattice experiments, the tunneling
amplitude is typically on the order of a few kilohertz (1t ~
3kHz =~ 150 nK) [31,32]. Accordingly, the disorder strength range
studied here (W € [0, 4]t) corresponds to an energy window of 0-
600 nK, well within the reach of current techniques that generate
controlled disorder using laser speckle fields or programmable
digital micromirror devices [33,34]. The smallest gaps observed
in our calculations (AE ~ 0.01t) correspond to a few nanoKelvin,
which is within the resolution of cold-atom spectroscopy methods
such as band mapping or quench dynamics [35]. These estimates
indicate that both the disorder-induced enhancement of spectral
gaps and their eventual collapse at strong disorder are observable
with current cold-atom technology. In moiré superlattices such
as twisted bilayer graphene, the tunneling energy is much
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larger, typically ¢ ~ 10 meV. In this case, the same disorder
window maps to 0-40 meV. The characteristic gap sizes of AE ~
0.015t correspond to ~ 0.15 meV, which is directly resolvable by
scanning tunneling microscopy (STM) and quantum Hall trans-
port [36-38]. Notably, the predicted disorder-driven transitions
occur at comparable energy scales to those already probed in
graphene moiré experiments, making this a promising solid-state
setting for testing our predictions. Finally, in photonic lattices,
Hofstadter physics can be simulated using dielectric resonator
arrays or waveguide lattices with engineered couplings. Here,
disorder can be introduced by controlled variations in refractive
index or waveguide widths. The effective hopping amplitudes
in such systems are typically in the GHz frequency range,
implying that our predicted disorder thresholds correspond to
easily implementable fabrication tolerances. Moreover, photonic
lattices provide an opportunity to probe disorder-induced tran-
sitions through direct imaging of localized versus delocalized
optical modes [39].

3.3 | Relation to Prior Work

The robustness of Chern phases against weak disorder is a
foundational result in the quantum Hall and Chern-insulator
literature, established by seminal and subsequent studies.[40-42]
Our goal here is not to restate this baseline, but to place it within
a comprehensive stability landscape for the Hofstadter model. In
particular, the present work (i) constructs a “global” disorder-
flux phase diagram that identifies the regimes of preserved and
destroyed topology, (ii) augments it with a quantitative analysis of
“gap statistics” that reveals a “non-monotonic” gap response and
an intermediate-disorder maximum (Figure 2), together with a
physical interpretation in terms of level repulsion competing with
disorder-induced localization, (iii) introduces “Chern-number
fluctuations” (mean and standard deviation) as a stability diag-
nostic across flux and disorder (Figures 5-8), clarifying the
regime where mobility-gap closure renders momentum-space
invariants ill-defined, and (iv) provides a quantitative mapping
of the dimensionless parameters to experimentally accessible
energy scales (ultracold atoms, moiré systems, and photonics),
thus delineating concrete windows for observing the predicted
crossovers. These additions move beyond the weak-disorder
paradigm by delivering a unified, experiment-ready picture that
connects disorder-enhanced gaps, fluctuation diagnostics, and
topological breakdown within a single disorder—flux stability
map.

3.4 | Experimental Implementation Roadmap

Our predictions can be directly tested across several experimen-
tal platforms.

3.4.1 | Ultracold Atoms

Hofstadter fluxes can be realized using laser-assisted tunneling
or lattice shaking, while on-site disorder is introduced via pro-
grammable digital micromirror devices or laser speckle fields.
The disorder amplitude W /¢ can be tuned from 0 to ~ 4 by adjust-
ing the speckle intensity or DMD contrast. Band gaps and Chern

numbers may be measured through quench spectroscopy, Hall
drift measurements, or Berry-curvature tomography, reproducing
the disorder—flux phase diagram in Figures 2-8.

3.4.2 | Moiré Heterostructures

In graphene/hBN superlattices under magnetic fields, rational
flux conditions ¢ = p/q naturally yield Hofstadter minibands.
Controlled potential disorder can be introduced by substrate
engineering or local gating, with W/t calibrated from scanning-
tunneling spectroscopy. Transport measurements then resolve
Chern plateaus and gap suppression with increasing disorder.

3.4.3 | Photonic Lattices

Waveguide or resonator arrays with engineered complex hop-
pings simulate Hofstadter bands, while controlled refractive-
index variations introduce disorder. Edge transport and mode
localization directly visualize the topological breakdown pre-
dicted at strong disorder.

These platforms together provide a complete and experimentally
accessible route to observe the non-monotonic gap evolution,
disorder-stabilized Chern phases, and fluctuation-driven topolog-
ical collapse predicted in this work.

Taken together, the disorder strengths and gap scales identified
in our phase diagram are not only theoretically relevant but also
experimentally accessible across multiple quantum simulation
platforms. Importantly, our results provide specific quantitative
benchmarks for the range of disorder values where topological
protection is preserved, enhanced, or ultimately destroyed. This
positions our work as a practical guide for experimentalists seek-
ing to engineer and probe disorder-driven topological transitions
in synthetic quantum systems.

4 | Conclusion and Outlook

In this work we have investigated the stability of Chern phases
in the Hofstadter model subject to on-site disorder. Our results
suggest that controlled disorder can be used as a knob to
stabilize topological phases in regimes that would otherwise be
trivial. By computing Chern numbers and energy gap statistics
across a wide range of magnetic flux and disorder strengths,
we constructed a disorder—flux phase diagram that benchmarks
the resilience and eventual breakdown of topological order. Our
results show that weak to moderate disorder preserves quantized
Chern phases and can even enhance spectral gaps, whereas strong
disorder collapses mobility gaps, drives Chern-number fluctu-
ations, and ultimately leads to topologically trivial insulating
states. These findings clarify the competing roles of topology and
randomness in magnetic lattice systems and provide guidance
for synthetic quantum platforms where both flux and disorder
can be engineered with high precision, including ultracold atoms,
photonic lattices, and moiré heterostructures. Looking ahead,
extending this analysis to real-space invariants, mobility-gap
diagnostics, and interacting systems would offer a more complete
characterization of disorder-driven topological transitions. Such
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directions are essential for bridging numerical benchmarks with
experimentally accessible observables and for identifying regimes
where disorder may be harnessed as a resource to stabilize or
induce topological phases.

4.1 | Disorder Engineering and Control

Across experimental platforms, on-site disorder can be
parametrized and tuned via the amplitude W /t, spatial
correlation length &, statistical distribution, and temporal
character. Such disorder control has been extensively
demonstrated in several synthetic quantum systems. In ultra-
cold atomic lattices, digital micromirror devices or laser
speckle fields allow precise amplitude and correlation control
of disorder potentials [22,33,35]. In moiré heterostructures,
controlled potential disorder is engineered via local gating and
substrate engineering, enabling quantitative calibration of W/t
through scanning tunneling spectroscopy [36,37]. Photonic
lattices implement analogous disorder tuning through designed
refractive-index variations and waveguide detunings, providing a
direct visualization of disorder-induced localization [39]. Finally,
in superconducting circuit arrays, programmable flux biases
introduce tunable on-site disorder, making them a reconfigurable
platform for exploring disorder-topology interplay [5]. These
representative studies establish the experimental feasibility of
the disorder-control procedures summarized below and directly
motivate the cross-platform comparison presented in this work.

4.1.1 | Ultracold Atoms

Implementation: Add on-site shifts using a digital micromirror
device (DMD) or a laser speckle field; & set by the DMD
pixel size or speckle optics. Tuning: Adjust DMD grayscale (or
speckle intensity) to sweep W/t € [0,4]; optionally low-pass
filter DMD masks to control &. Calibration: Extract t from
Bloch oscillations/band mapping; obtain W from in-situ potential
reconstruction or spectroscopy of localized states.

4.1.2 | Moiré Heterostructures

Implementation: Pattern local gates (random masks), engineer
controlled strain domains, or introduce calibrated adsorbate/ion-
implantation disorder for on-site shifts. Tuning: Gate amplitude
(rms) sets W; mask features set £. Calibration: Determine W
from STS/SET maps of local potential variance; estimate ¢ from
band-structure modeling or quantum oscillations.

4.1.3 | Photonic Lattices

Implementation: Laser-written waveguides or resonator arrays
with designed site-frequency detunings; programmable
heaters/EOM arrays for reconfigurable disorder. Tuning:
Fabrication or heater power sets W; lithographic/thermal blur
controls &. Calibration: Retrieve on-site detunings and couplings
from spectral/ ARPES-like measurements; report W /¢ from fitted
tight-binding parameters.

4.1.4 | Superconducting Circuits

Implementation: Site frequency disorder via flux biases on trans-
mons; tunable couplers set ¢; optional real-time reprogramming
enables ensemble generation. Tuning: Flux-noise amplitude
(rms) and spatial masks control W, §. Calibration: Spectroscopy
of normal modes yields on-site detunings and ¢, enabling direct
W /t reporting.

4.1.5 | Recommended Procedure

For each platform and target (¢, W /t): 1) set ¢; 2) tune disorder
amplitude/statistics to hit the desired W /t; 3) fix & relative to the
lattice spacing a; 4) generate N4 disorder realizations; 5) measure
gaps AE(W /t) (spectroscopy) and Chern indicators (Hall drift,
plateau sequences, or edge-transport proxies); 6) report mean
and standard deviation over the ensemble, enabling one-to-one
comparison with our Figures 2-8.
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