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IceCube Neutrino Observatory, the cubic kilometer detector embedded in ice of the geographic
South Pole, is capable of detecting particles from several GeV up to PeV energies enabling
precise neutrino spectrum measurement. The diffuse neutrino flux can be subdivided into three
components: astrophysical, from extraterrestrial sources; conventional, from pion and kaon decays
in atmospheric Cosmic Ray cascades; and the yet undetected prompt component from the decay
of charmed hadrons. A particular focus of this work is to test the predicted angular dependence of
the atmospheric neutrino flux using an unfolding method. Unfolding is a set of methods aimed at
determining a value from related quantities in a model-independent way, eliminating the influence
of several assumptions made in the process. In this work, we unfold the muon neutrino energy
spectrum and employ a novel technique for rebinning the observable space to ensure sufficient
event numbers within the low statistic region at the highest energies. We present the unfolded
energy and zenith angle spectrum reconstructed from IceCube data and compare the result with
model expectations and previous measurements.
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Angular dependence of the atmospheric neutrino flux

1. Introduction

The energy spectrum of neutrinos is a fundamental aspect of their properties and holds valuable
information about their sources and interactions. Measurements of neutrinos generated in Cosmic
Ray interactions with the atmosphere and astrophysical neutrinos therefore presents an unparalleled
opportunity for neutrino research. The energy spectrum, spanning from GeV to PeV, comprises
contributions from the conventional and prompt atmospheric neutrino components, as well as the
astrophysical component at higher energies. The astrophysical component is measured to exhibit
a harder spectrum, originating from astrophysical sources [1]. However, this component has not
been fully characterized, and as a result this particular energy range holds special significance and
captures considerable interest.

This work presents the unfolding method and its application in the measurement of the dif-
fuse muon neutrino flux obtained from data taken with the IceCube Neutrino Observatory. The
measurements are considered both regarding their energy dependence and zenith dependence.

2. The IceCube Neutrino Observatory and its Data

The IceCube Neutrino Observatory is a state-of-the-art detector located at the geographic South
Pole [2]. The observatory consists of an array of optical sensors called Digital Optical Modules
(DOMs), which are embedded deep within the Antarctic ice spanning from 1.5 kilometers to 2.5
kilometers underground. Each of the 5160 DOMs houses a Photomultiplier Tube (PMT) and are
subjected on 86 strings with regular spacing of 125 meters. DOMs capture the Cherenkov radiation
produced by charged particles exceeding the speed of light in ice which is subsequently used to
reconstruct 3-dimensional events of these secondary particles.

To reconstruct the flux of muon neutrinos, a subset of IceCube events referred to as track-
like is necessary. Muons create long and straight signatures compared to electrons which are
subject to higher energy loss during their propagation in ice. In this work, a subset of track-
like events measured in IceCube over eleven years of data taking is aimed to be unfolded, with
850000 expected events between 500 GeV and 6 PeV. Utilizing Boosted Decision Trees (BDTs) to
separate background, the sample is cleaned twice considering both the rejection of cascade events
coming from electron neutrinos and the rejection of atmospheric muons not resulting from neutrino
interactions [3]. The meticulous process results in a notable purity of 99.7%, with the energy
resolution of 𝑙𝑜𝑔10

𝐸𝑟𝑒𝑐

𝐸𝜇
≈ 0.3 at 100 TeV where angular resolution is 0.25 degrees. A preliminary

analysis dataset referred to as 𝐵𝑢𝑟𝑛𝑠𝑎𝑚𝑝𝑙𝑒 is comprised of 10% of the events, randomly selected
from the total lifetime to be considered.

To train the response of the algorithm, a Monte Carlo simulation of neutrinos propagated
through ice is used, with the simulation covering the energy range from 100 GeV to 500 PeV.

3. Muon neutrino flux and angular dependence

The aforementioned conventional component of the neutrino flux is generated through Cosmic
Ray interactions with nuclei in the Earth’s atmosphere, producing charged particles, such as pions
and kaons, which subsequently decay into neutrinos. The prompt neutrinos, on the other hand, are
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also produced in Cosmic Ray interactions but originate from the decay of short-lived particles usually
containing the charm quark. The much shorter lifetime of charmed mesons reduces the interaction
probability and these particles almost always decay before interacting. As a result of lower energy
loss in the atmosphere, they contribute with a harder energy spectrum 𝑑Φ𝑝

𝑑𝐸
∝ 𝐸−2.6, mirroring the

spectral behaviour of the Cosmic Ray flux. The prompt component becomes substantial at energies
around 100 TeV, and consequently, both conventional and prompt neutrinos are observed together
and are collectively referred to as atmospheric neutrinos. The prompt neutrino component is yet to
be observed and characterized [4], with recent results implicating the existence of prompt leptons
[5].

Upon muon creation, which retains the direction due to the high energies of boosted primaries,
the column depth of the atmosphere will impact its decay probability. When the angle of incidence
is increased, the distance between the origin of the muons in the atmosphere and the detector
increases, reaching its maximum at 180◦. For particles entering the atmosphere vertically, the
interaction probability increases due to the higher density of particles at lower heights of the
atmosphere. In contrast, entering at high angles produces a path with longer segments in lower
air densities. Here, a lower interaction rate allows lower energy loss and consequently creates
neutrinos of higher energies. Therefore, the conventional neutrinos from light mesons exhibit
zenith-dependence in the energy spectrum. Contrary to the conventional component, the prompt
particles do not spend sufficient time in the atmosphere to be influenced by these effects.

The highest energy component is constituted of neutrinos from astrophysical sources, inde-
pendent of processes on Earth and inside its atmosphere. Recent measurements indicate a spectral
index 𝑑Φ𝑎

𝑑𝐸
∝ 𝐸−2.62 for the astrophysical component [1], determined experimentally without a

universally agreed-upon theoretical model to date. Due to the absence of a limiting horizon, the
astrophysical component is expected to be isotropic which is consistent with current observations
[6].

4. Unfolding

Unfolding refers to a set of techniques based on the principle of deconvolution, which aims
to recover the underlying physical distribution of a source from observed data often influenced by
instrumental and statistical effects. In the field of astrophysics, unfolding plays a crucial role in
reconstructing the energy spectrum of a source, giving the radiation intensity as a function of particle
energy. In this work, the focus lies on studying the diffuse neutrino flux, which characterizes the
intensity of neutrinos reaching Earth from all directions and from unspecified sources. Unfolding
involves the modeling of both the source and instrument properties, alongside precise estimation of
the statistical and systematic uncertainties associated with the collected data.

The event spectrum 𝑓 (𝑥) is a function of neutrino energy 𝑥 and is distorted during the stochastic
processes involved in neutrino detection. The smearing of the true distribution to the distribution
measured in IceCube is described by a migration matrix 𝐴 which oughts to map the complete
detection process, from the propagation and interactions of primary neutrinos and emerged leptons
to the detector response described by measured features. The reconstructed energy is additionally
hindered by the unknown amount of energy that the muon has lost before entering the detector
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volume. The measured distributions 𝑔(𝑦) after distortion are given by

®𝑔 = 𝐴𝑚,𝑛 · ®𝑓 (1)

where 𝑔 is often referred to as observable space. The sought-after target space 𝑓 (𝑥) cannot simply
be inferred by inverting the expression 1 as the inversion of 𝐴 leads to unstable results. This is the
direct result of ill-conditioning, the inversion of matrices with high condition numbers producing
large changes in output caused by a light change in input data.

To mitigate these effects, the event spectrum per each considered energy range in the discretized
space 𝑓 is reconstructed by maximising the defined Poissonian likelihood

𝛼( ®𝑔 | ®𝑓 ) =
𝑚∏
𝑢=1

𝜆
𝑔𝑢
𝑢

𝑔𝑢!
· exp(−𝜆𝑢) (2)

where the expected value for 𝑔 is given with Eq. (1). Deriving the logarithm and simplifying leads
to the expression for likelihood per each energy bin to be

𝛼( ®𝑔 | ®𝑓 ) =
𝑚∑︁
𝑢=1

(𝑔𝑢 ln(𝐴 ®𝑓 )𝑢 − (𝐴 ®𝑓 )𝑢)) −
1
2

[
(𝐶 ®𝑓 )𝑇𝐷𝑖𝑎𝑔(I · 𝜏) (𝐶 ®𝑓 )

]
(3)

where the subtrahend is the added regularization. Matrix 𝐶 corresponds to Tikhonov

Figure 1: Observable space bins of the reconstructed
track length (y-axis) depending on reconstructed en-
ergy (x-axis). Each of the example bins is populated
with at least 50000 entries, ensured with the minimum
leaf size. Higher bin counts correspond to regions
with higher information gain. Here, the track length
is densely branched in the low-energy range where
the dominant energy loss mechanism is ionization. At
low energies, the starting energy is correlated to track
length, and lose importance in energy reconstruction
as the dominant process turns to pair production in
higher energy region.

regularization, a specific form commonly used
in inverse problems, where the goal is to re-
construct an unknown function from noisy or
incomplete data. This ensures smooth solu-
tions by incorporating assumptions about the
sought result. Due to the nature of the neutrino
flux, the solution is expected to be a combi-
nation of at least three power-law spectra with
different slopes. The additional term introduces
a prior of the second derivative being close to
zero, a property of power-law functions, and
the stability is adjusted through the regular-
ization strength parameter 𝜏. Regularized un-
folding has been introduced with the algorithm
RUN [7], has been used with the improved ver-
sion named TRUEE [8] to achieve the unfolded
muon neutrino energy spectrum [9] and in a
variation similar to one presented here [10].

5. Rebinning the observable space

Discretizing the observable space 𝑔 from
Eq. (1) into equidistant bins can distort the
analysis for several reasons. Equally dividing
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data into bins without considering the distribution’s imbalance can cause significant variations
in statistics across those bins. When more features are added, the number of bins increases
exponentially, resulting in reduced statistical accuracy, particularly in regions known to exhibit
this property, like the high-energy region of the neutrino flux. Bins exceeding the resolution of
the detector by several orders of magnitude lead to loss of information. Therefore, we present an
approach to data preparation considering the distribution of each used observable to mitigate the
stated effects.

A Decision Tree is trained to classify events into discretized energy bins. However, the
classification done by the Tree is not used for energy reconstruction. While building the decision
space, Trees optimize cuts with the goal of ensuring maximum information gain at each node. The
leafs, final cuts in some set of decisions, are used as the bin edges in the new observable space.
Setting the maximum number of leafs at 2500 sets an upper limit to the size of the observable space,
and mandating a minimum of events needed to build a leaf at 100 ensures substantial statistic is
available in each bin. Binning scheme is shown in Figure 1.

6. The unfolded muon neutrino flux

Figure 2: Unfolded weighted flux of a pseudosample
shown in solid black line. The true distribution is
shown in dashed blue lines and is always encompassed
by the statistical errors shown in shaded area around
the best estimate. The lower plot shows the ratio of
the unfolded flux to the true value. Agreement between
unfolded and true spectra are tested with the 𝜒2 test,
and the values are shown on the bottom left and right
of the upper plot.

To test the consistency of the procedure,
pseudosamples, random sets imitating some un-
derlying distribution (in this case the muon neu-
trino flux), are created and used to optimize
and verify steps. In this work, pseudosam-
ples are sampled assuming a primary Cosmic
Ray flux model H4a [11] and the interaction
model Sybill2.3c [12] for the atmospheric com-
ponents, and the astrophysical component taken
from experimental results [13]. For the given
lifetime, this model predicts 655660.77 atmo-
spheric events and 1147.25 of astrophysical ori-
gin.

Using the neutrino simulations as the train-
ing set, the migration matrix 𝐴 is populated into
the observable space ®𝑔 of size 2500. Markov
Chain Monte Carlo (MCMC) walkers are em-
ployed to sample viable solutions of ®𝑓 by
calculating the likelihood given in Eq. (3).
Any movements that improves the likelihood
is added to the distribution of estimates done by
10000 walkers for each energy bin. The energy
range from 500 GeV to 6 PeV is divided into 13
bins in logarithmic space. The unfolded spec-
trum is compared to its true value by the means
of 𝜒2 test.
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Unfoldings of all simulated pseudosamples show good agreement of the unfolded spectrum
with its true value, with high significance as indicated through 𝜒2 p-values indicated with each
result.

Using the same optimization parameters and 9 features chosen based on their relevance and
agreement to data, the algorithm is applied to a subset of data measured with IceCube, corresponding
to 1 year, 20 days and 6 hours of lifetime. Unfolding of data is compared to current theoretical models
for the atmospheric component, and several experimental results parametrizing the astrophysically
dominated region. Atmospheric models are simulated with MCEq [14]. The unfolding is in
agreement with recent measurements, with bigger uncertainty due to the limited statistics in the
𝐵𝑢𝑟𝑛𝑠𝑎𝑚𝑝𝑙𝑒.

Figure 3: Weighted flux of the 𝐵𝑢𝑟𝑛𝑠𝑎𝑚𝑝𝑙𝑒 data. Black solid line shows the unfolding in this work. The
dashed lines show different atmospheric models, with varying interaction models including Sybill2.3c [12]
(blue), DPMJet [15] (orange), and EPOS [16] (green), all with the Hillas-Gaisser primary Cosmic Ray
flux model [11], and Daemonflux [17]. Recent results from IceCube for the astrophysical components are
shown in solid lines in their corresponding energy ranges, with the shading showing uncertainty. Included
are the 6 years astrophysical fit [13] (green), HESE analysis [18] (pink), and the 9.5 years diffuse analysis
[1] (orange). The solid purple line shows the best estimate of the three-component neutrino flux by the
combination of the astrophysical fit in green, and the atmospheric model in blue. Shaded blue area shows
the uncertainty of unfolding around the best estimate.

Good agreement can be noticed in Figure 3 except for the unfolding between energies of 100
TeV and 400 TeV. A possible source of the disagreement is the aforementioned absence of precise
prompt parametrization. Slight changes in the assumption of the power-law describing prompt
neutrinos create substantial differences in the shape of the flux at this energy range, due to the
crossover energy of prompt and conventional components being around 300 TeV [19], but not
precisely known.

The data is split into five angular subsets based on the expected event rates. The horizon is
substantially more populated in events in comparison to the highest angles, in which the neutrinos
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have passed the whole diameter of Earth before reacting in the ice volume. From the simulation of
the assumed atmospheric and astrophysical model, the event spectrum is divided into five angular
bins of approximately the same number of events to ensure substantial statistics. The considered
angular ranges are 86◦ to 95◦, 95◦ to 105◦, 105◦ to 117◦, 117◦ to 134◦, and 134◦ to 180◦.

Angular unfolding exhibits slight change in the size of uncertainty, due to a lower number of
events in angular intervals compared to the full range. The angular fluxes can be discriminated up
to energies of 1 PeV, where the error regions start to overlap, as shown in Figure 4.

7. Discussion and Outlook

Figure 4: Angular unfolding of a pseudosample. The
solid lines show the ratio of the unfolded flux in an-
gular bins to the all sky unfolding. Dotted lines show
the true values of the pseudosets sampled from the
combined atmospheric prediction [12] and astrophys-
ical fit [13]. The horizon bin (blue) exhibits highest
anisotropy stemming from the dominance of conven-
tional particles.

We have presented the current state of un-
folding the neutrino flux from 10% of a dataset
spanning eleven years of IceCube measure-
ments. The algorithm shows promising results
with low statistical error even in the low-statistic
high energy region, as seen in the errors shown
on figure 2. The 𝐵𝑢𝑟𝑛𝑠𝑎𝑚𝑝𝑙𝑒 unfolding shows
good agreement with theoretical predictions in
the conventional dominated region (up to 100
TeV) and with experimental results from Ice-
Cube using different methods in the astrophysi-
cal dominated region (over PeV). A slight excess
is seen in the 100 TeV to 400 TeV energy range,
but the results cannot be interpreted before ap-
pliction to the full dataset.

Additionally to unfolding in both angular
bins and the overall observed sky, we discussed
the approach to treating observables in IceCube
to ensure sufficient amount of data available for
an analysis, which is not problem-specific and
can be expanded to other areas.

Angular unfolding shows possible separa-
tion in up to five zenith bins. The angular fluxes
can be discriminated until the last two energy
bins, in which the uncertainties surrounding the
best estimates overlap. The last two bins corre-

spond to energies of 500 TeV and higher, for which the ratio is expected to return to values of one
due to the dominance of the two isotropic components, astrophysical and prompt.

The angular dependence remains an exciting area to research, and can benefit from introduction
of more data with the purpose of separation in the highest energy region, and can be used with aim
of advancement in modeling contribution of the three neutrino components to the flux.
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