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ARTICLE INFO ABSTRACT
Keywords: Forsstrom et al. (2025) recently introduced a large class of {0,1}-valued processes that they
Poisson representable processes named Poisson representable. In addition to deriving several interesting properties for these
Ising model processes, their main focus was determining which processes are contained in this class.

contact process

! . In this paper, we derive new characteristics for Poisson representable processes in terms of
one- and two-sided mixing

certain mixing properties. Using these, we argue that neither the upper invariant measure of
the supercritical contact process on Z¢ nor the plus state of the Ising model on Z? within the
phase transition regime is Poisson representable. Moreover, we show that on Z¢, d > 2, any
non-extremal translation invariant state of the Ising model cannot be Poisson representable.
Together, these results provide answers to questions raised in Forsstrom et al. (2025).

1. Introduction, main results and outline of the paper

We first recall the definition of Poisson representable processes from [1]. Let .S be a finite or countably infinite set, and let v
be a o-finite measure on P(S) \ {#}, where P(S) is the power set of S. Consider the corresponding Poisson process with intensity
measure v, denoted by Y". Thus, Y" is a random (possibly empty) collection (B;);¢, of non-empty subsets (perhaps with repetitions)
of S. This generates a {0, 1}-valued process X" = (X});cs defined by letting

1 ifieuv,B;,
XV(0) = B € Yrer (1.1)
0 otherwise.

Similarly to [1, Definition 1], we denote by R(S) the collection of all processes (X (i)),cs that are equal (in distribution) to X" for
some intensity measure v. A process X € R(.S) is said to be Poisson representable.

As discussed thoroughly in [1, Section 1], many well-studied stochastic processes are Poisson representable, with the random
interlacement being one notable example. Moreover, as concluded in [1, Theorem 3.1], all non-trivial stationary positively associated
Markov chains on {0,1}% are in R(Z). (In fact, it contains a larger class of certain renewal processes, see [1, Theorem 3.5]).
Identifying —1 with 0, it thus follows that the Ising model on Z is Poisson representable for all parameter values. On the contrary,
by [1, Theorem 6.1], tree-indexed Markov chains are not always in R (see also [2]), nor is the Ising model on Z¢, d > 2, see [1,
Theorem 6.3]. This latter result, however, was only proven to hold when the parameter g is sufficiently small. Based on this, a
natural open question, raised in [1, Question 2, Section 8], is if, for any d > 2 and § > 0, the Ising model on Z? is in R(Z¢)?
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We write ”;i; to denote the plus phase and minus phase of the Ising model with inverse temperature g, respectively. Further, we
denote its critical parameter value by

B. :=B.(S) :=inf{f>0: /1;; #uy b

It is well known that f.(Z) € (0, o) whenever d > 2 and, in fact, that it equals 1/2log(1 + \/5) when d = 2. As a reference to the
precise definition and for the basic properties of the Ising model, see, e.g., Friedli and Velenik [3].

Following the convention that —1 is identified with 0, our first main results partially answer whether the Ising model on Z¢ is
Poisson representable.

Theorem 1.1. Let X ~ ;4; on {0,1}%*. For all § > p, it holds that X & R(Z?).

Theorem 1.2. Consider X ~ ay; +(1 - a)”E on {0, 1 }Zd with a € (0, 1), d > 2. Then, for any § > B,, it holds that X & R(Z%).

The proof of Theorem 1.1 is presented in Section 2.2. It is based on a general characterization of Poisson representable processes
concentrating on finite sets in terms of certain mixing properties; see Theorem 2.3.

As we discuss in Remark 2.3, for d = 2, Theorem 1.2 follows by the same proof as that for Theorem 1.1. The extensions to cover
Theorem 1.2 and general dimensions are treated in Section 3, where we present its proof. This is based on another general result,
Theorem 3.1, which states that the ergodic averages converge in L? for any non-trivial translation invariant Poisson representable
process.

Our last main result concerns the contact process and its so-called upper-invariant measure, denoted here by u,, which is a
probability distribution on {0, 1}S. See Section 4 for a precise definition of u , and [4] for a general reference to the contact process.
Particularly, recall that the corresponding critical value is given by

Ao 1= A4,(8) :=inf{A>0: u, # &),

where &5 denotes the distribution concentrating on the “all zeros” configuration, 0 € {0, 1}5. It is well known that 1.(S) € (0, o)
whenever S is countable infinite.

For any 4 > A, the measure y,; possesses the downward-FKG (or d-FKG) property, as concluded in van den Berg et al. [5]. That
is, writing PP for the distribution of X, for all I c S, the conditional distribution IP’(- | X)) = 0) is positively associated with respect
to events on {0, 1}V, In other words, for all increasing events A and B, on S \ I, it holds that

P(ANB|X(I)=0)2P(B|XU)=0)-P(A| XUI)=0). 1.2)

As concluded in [1, Theorem 2.4], all Poisson representable processes have the d-FKG property. As in [1, Question 5, Section 8] it
is therefore natural to ask whether X ~ u, is Poisson representable. Again, we conclude that this is generally not the case for the
contact process on Z4, d > 1.

Theorem 1.3. Let X ~ yu; on {0, I}Zd with d > 1. Then X € R(Z¢) if and only if A < A,.
Thus, the upper invariant measure of the contact process is Poisson representable only in the trivial case when it equals the
distribution concentrating on 0.

Outline of the paper

In the next section, we first state and prove Theorem 2.3. In the following subsection, we show how to apply this to prove
Theorem 1.1 and Theorem 1.3. Moreover, in several remarks, we discuss possible extensions of this approach that, among others,
shed light on additional questions raised in [1]. Section 3 is devoted to the proofs of Theorems 1.2 and 3.1. In the last section,
Section 4, we present the proof of Theorem 2.6, which provides a mixing result of independent interest for the supercritical contact
process that we apply in the proof of Theorem 1.3.

2. Proofs of Theorems 1.1 and 1.3

This section gives the detailed proofs of Theorems 1.1 and 1.3. We first present a characterization of Poisson representable
processes with an intensity measure that concentrates on finite sets, see Theorem 2.3 below, on which these proofs hinge.

2.1. Mixing for Poisson representable processes

Recall that if X € R(S), then it can be constructed as detailed in (1.1). On the same probability space, for any I" C P(S), we
can also construct the process X/ given by

XD (i) = 1 ifieu{E,FBj, @.1)
0 otherwise,

where I = {j €1:B; € I'} C I(= Ip))
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Note that, for any I" C P(S), we have that X7 € R(S) with intensity measure v| . Particularly, X = X" and v = v|pg).
Moreover, note that in principle, it may be that v| equals the trivial measure that assigns no weight to any subset of P(S). In this
latter case, X1 ~ &5.

Lemma 2.1. Consider X € R(S) and let (I},) be either an increasing or decreasing sequence of subsets of P(S), with I = |J I, (if
increasing) or I' = (| I, (if decreasing). Then the weak limit of X" as n — oo equals X,
Proof of Lemma 2.1. This follows by the above construction and basic set theory. []
Now let
P :={Ae P(S): |4l < oo}
and, for X € R(S) with corresponding intensity measure v, let
VE) =y e and X 1= XV
Thus, the process X(<®) e R(S) has an intensity measure that concentrates on finite sets. More generally, for Q C .S, we consider
P(S)<=Q) ;= {A€ P(S): [An Q| < =},
VR0 oy oo and  XE®Q = VTN
Note that, with Q = .S, we obtain that
PSS = p(§)®) and X5 = X<,

The following lemma gives a first characterization of the X(<*)-process.

Lemma 2.2. Let X € R(S) and (Q,),c; be a partition of S with |J| < co. Then X = X< if and only if X = X“)) for each j € J.

Our main result of this subsection is the following characterization of Poisson representable processes concentrating on finite
sets.

Theorem 2.3. Let X € R(S), and let (Q;);c, be a partition of S with |J| < co. Then X = X (<) if and only if, for any increasing sequence
(S,)uz1 Of sets such that |, S, = S, it holds that, with respect to weak convergence,
lim lim P(X €-]X(Q;nS,NnS;)=0)=PX €. (2.2)

n—00 Mm— o0

Proof. This is a direct consequence of Lemmas 2.1 and 2.2. Indeed, by the so-called restriction theorem for Poisson processes [6,
Theorem 5.3], for any j € J, it holds that X YIpsvejnsunsiy equals P(X € - | X(Q; N S,,n S¢) =0) in distribution. Now note that for
any fixed j € J and n > 1, the sequence (P(S \(S,NnO;N S}f)))le is decreasing and converges to P(S \ (Q; N Sy)). Moreover, for
fixed j € J, the sequence (P(S \(@;n Sﬁ)))n>1 is increasing and converges to P(S)<*C), Hence, by Lemma 2.1, the identity (2.2)
is equivalent to that X = X(<*C)) for each j € J. The conclusion thus follows by Lemma 2.2. []

Proof of Lemma 2.2. It is immediate from the construction that, if X = X(<®), then also X = X<*¢)) for all j € J. For the other
direction, note that if X = X<*€)) for each j € J, then a.s., by the construction as in (2.1), there are no element B; C .S such that,
for some j € J, |B; N Q;| = co. Hence, a.s. | B;| < o for all i € I, implying in particular that X = X< O

Remark 2.1. For X = XV € R(S) we note that v = v(<®) 4 y&%) where v&®) := Vlps)\pesy<e- As concluded in [1, Theorem 7.3]
for stationary processes on Z, the process X is ergodic if and only if v(=*) concentrates on sets with zero density. Moreover, if v(=>)
assigns no weight to any subset of P(.5), then [1, Theorem 7.5] implies that the process X" = X <) is a Bernoulli Shift, i.e., a factor
of i.i.d.’s. As argued in [1, Theorem 7.7] this latter result extends to processes on Z¢ with d > 2. See [7] for further results in this
direction.

2.2. (Lack of) mixing for the contact process and the ising model

Our intuition behind why neither the plus phase of the Ising model nor the upper invariant measure of the contact process are
Poisson representable in their phase transition regimes is that their conditional distributions are, in some sense, “too correlated” for
having a Poissonian construction satisfying the so-called restriction theorem [6, Theorem 5.3]. To make this intuition into a rigorous
proof, we apply the characterization given by Theorem 2.3 for Poisson representable processes to construct a contradiction.

To conclude Theorem 1.1, we first recall two properties for the so-called Schonmann projection, Z = (Z(i)),cz, of the Ising model
on Z? obtained from X ~ ;4;; by letting Z(i) = X (i, 0).

Lemma 2.4. For any p > ., with respect to weak convergence, the following holds.
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mnmwmeMMHZewﬂpmm\pmmz—g=%@eo
(b) lim,_,, lim,_, y;(z €-1Z((=m-n)=-1)= M;(z €)

That Lemma 2.4(a) holds follows by Schonmann [8, Lemma 1], whereas Lemma 2.4(b) is a direct consequence of Bethuelsen
and Conache [9, Theorem 3.3]. From these properties and Theorem 2.3, we conclude that Z cannot be Poisson representable.

Proposition 2.5. Let § > f.. Then, identifying —1 with 0, it holds that Z ¢ R(Z).

Proof. Assume for contradiction that Z € R(Z) and, for n > 1, let .S, := [-n,n].

Then, considering the trivial partition where (Q;);e; = (Q,) with Q; = Z, by Lemma 2.4(a) and Theorem 2.3, we have that
Z # Z(<*) since ;4; # Hy when g > ..

On the other hand, consider the partition (Q;,0,) := (N,Z \ N) of Z. From Lemma 2.4(b) and the symmetry of the model,
it follows that (2.2) holds with respect to both Q; and Q,. Thus, Theorem 2.3 says that Z = Z(<*), leading to a contradiction.
Consequently, it cannot be that Z € R(Z). [

Proof of Theorem 1.1. Let X ~ ;4; on Z? and assume for contradiction that X € R(Z?). Then [1, Lemma 2.14(a)] says that, for
any A C Z?, we have X|, € R(A). However, this stands in contradiction to Proposition 2.5. Thus, X ¢ R(Z?). [

The following remarks detail further consequences and possible extensions of the above arguments for the Ising model.

Remark 2.2. The plus-phase of the Ising model equals the limit (with respect to weak convergence) of yn’f pasn— o, where ;4: 5
is the Ising model with interaction parameter f on A, := [-n,n]? N Z¢ with plus boundary conditions. Since, by Theorem 1.1, we
have that X ¢ R(Z?), it therefore follows by [1, Lemma 2.22] for d = 2 that ;4: 4 ¢ R([—n,n)?) for all sufficiently large n.

Remark 2.3. Let « € (0,1) and consider the process X ~ ay; +(1-— a)y/; on {0, I}Zz. Then, the statement of Lemma 2.4 still holds
for the corresponding projection onto Z x {0}. Therefore, the proof of Proposition 2.5 and thus also that of Theorem 1.1, extends to
this case. As a consequence, X ¢ R(Z?). An alternative proof of this statement, which also extends to higher dimensional lattices,
is given in the next section.

Remark 2.4. Generally, if X ~ ;4; is Poisson representable, then X(<*) ~ 4~ is Poisson representable too, as follows by Lemma
2.1. Particularly, in the uniqueness phase § < f, (and also at g, for the model on Z¢), if X is Poisson representable, then, by Lemma
2.1, its intensity measure necessarily concentrates on finite sets. On the other hand, for any value of g > 0, if the minus phase of
the Ising model is not Poisson representable, then neither is the plus phase nor any other phase. Unfortunately, we do not see how
the arguments of this section can be used to determine whether the minus phase is Poisson representable or not.

Remark 2.5. The arguments of this subsection may be extended to other graphs, as we outline next, focussing on the case where
S=274d>2.

The contrasting mixing behavior (or continuity, see Remark 2.7 below) seen in Lemma 2.4 is well known for models from
statistical mechanics. In particular, Lemma 2.4(a) was derived in [8] to conclude that the Schonmann projection (Z(i)),z is non-
Gibbsian. The latter conclusion was later extended to the projection of the d-dimensional Ising model onto a d — 1 layer in [10].
Presumably, such projections satisfy the natural extension of Lemma 2.4(a) too. On the other hand, in [11] a general approach
was laid out for proving that projections of Gibbs measure onto a sufficiently decimated (d — 1)-dimensional layer preserves the
Gibbsian property. Their approach also implies that these models have mixing properties reminiscent of those of Lemma 2.4(b). More
concretely, it was concluded in [11, Theorem 4.2] that, for X ~ y; on Z? and g sufficiently large, the corresponding Schonmann
projection (Z (i)),.eZ satisfy (2.2) with respect to the partitioning O := (Q,, 0, 0,, 03) given by

Q;={x€Z:x=i mod4}, i=0,1,23,

(see also [12, Theorem 1] for similar results). Presumably, this approach can also be extended to higher dimensional lattices in
the supercritical regime § > f.. (Theorem 2.6 below provides such an extension for the supercritical contact process). In that case,
combined with the observations of the previous paragraph and the arguments of this section, this would imply that X ~ /4;; on

{0,1 }Zd is not Poisson representable.

For the contact process, we prove in Section 4 that u, satisfies contrasting mixing behavior similar to those seen in Proposition
2.5 and described precisely in the following statement.

Theorem 2.6. Let X ~ yu; on {0, I}Zd, where d > 1 and A > A..
(a) For any x € Z¢,

lim 1im g, (X(0) = 0| X ([=m, ml*~ x (=m, =n)) =0) = (X (x) = 0).

n—00 M—>00
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(b) Forany n €N,

tim g, (X ([=n,n1?) = 0| X ([=m,m* \ [-n,m!) =0) = 1.

Remark 2.6. For processes satisfying the d-FKG property, limits as those in Theorem 2.6 are well-defined. To see this, recall (1.2)
and note that, for A C S finite and any decreasing event A on {0, 1}4,

P(A|X{,) =0)

is increasing in » for any increasing sequence (/,,) contained in S\ 4.

Remark 2.7. What we in this paper refer to as mixing properties, or lack thereof, are reminiscent of continuity properties for
stochastic processes. In particular, as detailed in [9], the properties given in Lemma 2.4 are closely related to the (non-)equivalence
of Gibbs properties and g-measure (Doeblin) properties for the Schonmann projection and the (absence of the) wetting phenomena
for this process. See [9] for further details and references in this direction.

Theorem 2.6 gives similar properties for the upper invariant measure of the contact process on Z¢, d > 1. In fact, Theorem 2.6(b)
implies that y, is not a Gibbs measure. To see this, recall that Gibbsian measures necessarily have the finite-energy (or non-null)
property, see [13], i.e. their conditional probabilities are uniformly bounded away from 0 and 1. Note that the lack of this latter
property for u, was first obtained in [14] in the one-dimensional case, see Proposition 2.1 therein. Theorem 2.6(b) provides the
extension of this to higher-dimensional lattices.

Now, armed with Theorems 2.3 and 2.6, we move on to the proof of the main result for the contact process; Theorem 1.3.

Proof of Theorem 1.3. Let X ~ u, where 4, is the upper invariant measure of the contact process on Z¢, d > 1 and 4 > 0.

If A < A, then by definition y; = &; and thus assigns all weight to the all zeros configuration. It is also well-known that u, = &,
see e.g. [4, Theorem 2.25]. Hence, for 4 < 4., it follows that X € R(Z) with corresponding measure v = 0.

Now, consider the more interesting case that 4 > .. Then Theorem 2.6 stands in contrast to Theorem 2.3, from which we
conclude that X ¢ R(Z9). Indeed, assume that X € R(Z%) and let S, = [-n,n]%, n > 1. Then, by considering the trivial partitioning
where Q = {Z?} in Theorem 2.3, it follows by Theorem 2.6(b), that X # X(<*) since X violates (2.2). On the other hand, if
we consider the partitioning (O j)jz.i , of 74 into its quadrants, then it follows by Theorem 2.6(a) and symmetry of the model that
(2.2) holds with respect to each Q;, i = 1,...,2d. In particular, Theorem 2.3 yields that X = X(<®), leading to the aforementioned
contradiction. Consequently, it cannot be that X € R(Z¢). O

Remark 2.8. As previously noted, the d-FKG property is a unifying property for Poisson representable processes. This property was
first introduced in van den Berg et al. [5] to study certain percolation models. Notably, for any countable-infinite graph (S, E) and
any p € [0, 1], the d-FKG property was therein shown to hold for the process X := (X (i)),_e  obtained by setting X (i) = 1 if and only
if i is contained in an infinite component of the corresponding ordinary percolation process. We are confident that similar reasoning
as for the proof of Theorem 1.1 can be applied to this model when S = Z2, from which one would conclude that it is not Poisson
representable when p > p,. For this, presumably, the equivalence of the “one-sided mixing” of Lemma 2.4(b) can be shown to hold
using the ideas of [9, Theorem 3.3] and the large deviation bounds of Durrett and Schonmann [15, Theorem 5]. Similarly, we also
expect that the process X is not “two-sided mixing” in the sense that it satisfies the equivalent of Theorem 1.3(b). Moreover, we
have no reason to believe that, for this model, this would be any different in higher dimensions. This would answer [1, Question 4,
Section 8] in the negative. We also anticipate that analogous statements can be proven for the more general FK-percolation model
(or even the Fuzzy Potts model), which are also covered in the work of [5] and shown to satisfy the d-FKG property.

3. Proof of Theorem 1.2

In this section, we give the detailed proof of Theorem 1.2. As mentioned earlier, this relies on the general property that non-trivial
translation invariant Poisson representable processes on Z¢ cannot be bimodal, i.e., that their distribution cannot have more than
one mode; see Theorem 3.1 below.

3.1. Impossibility of bimodality for Poisson representable processes

In [1, Theorem 5.2], it was shown that the Curie-Weiss model, i.e., the Ising model on a complete graph on n vertices, is not in
R for any p > f, and n sufficiently large. The main idea of the proof of this result was to show that if X = (X, ..., X,,) is permutation
invariant and X € R, then X cannot be bimodal in a certain sense (see [1, Theorem 5.1]), where X := (X; + X, + - + X,)/n. It
is natural to ask if the assumption on permutation invariance can be loosened in this result to instead e.g. assume only translation
invariance. The following theorem concludes this in the affirmative for processes X € R(Z¢) with d > 1. For this, for any n > 1, we
denote by X, :=|A,|™! Yiea, X (i), where we recall that 4, := [-n,n]’ nZ%.
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Theorem 3.1. Let d > 1, and let X € R(Z?) be translation invariant. If, for some ¢ € (0, 1),
lim P(X, >¢) =0, (3.1)
n—oo
then lim,_, ., Var(X,) = 0.

We postpone the proof of Theorem 3.1 to the next section. It uses translation invariance as a symmetry, and the idea can
presumably, with some work, be extended to more general lattices with other symmetries.

Proof of Theorem 1.2. The conclusion of the theorem follows immediately from Theorem 3.1 by noting that for g > g, the measures
/4;; and Hy satisfies the assumptions of Theorem 3.1 and EM; (X(0)) # Ey; (X0). O

3.2. Proof of Theorem 3.1
In the remainder of this section, we give a proof of Theorem 3.1. The proof of this theorem builds on the following technical
lemma. To state it precisely, as in [1], we let
S :={AePS)\(#}:i€d}, ieSs.
Further, for 4 C S, we let

sy =5y =S, and S7:=()S.
i€A ied

This notation will be useful to us because it connects probabilities involving X" with the measure v in the sense that for any set
A C S, one has

P(X*(4)=0) = ™50,

Lemma 3.2. In the setting of Theorem 3.1, we have

. ) PN
lim |4, 2 i = 1. (3.2)

ijeA,
Proof of Theorem 3.1. Note first that

E[X,] =E[X(©0)] =1-¢™) < 1.
Further, note that

|4,)° BLX2) = E[( > XU))Z] = |4,|EXOP1+ Y E[X(H)X()].
i€A, ijEA,  i#]

Here

E[X(0Y’] = E[XO)] < 1,
and

Z E[XHX()] = Z (1-2e7v60 4 P HV(SE‘J)))
iJEA, T i#] i,jEA, : i)
= |An| (|An| - 1)(1 - Qe—v(S’O)) + €_2V(SO) Z ev(sa’./’)).
iJEA, : i#j

Combining the previous equation, we get

Var(X?) = |/\n|_1 e™V(50) 4 o720 (IAWI‘Z Z S — 1).

i,jJEA, L i#]

Using Lemma 3.2, the desired conclusion immediately follows. []

We now continue with the proof of Lemma 3.2, which relies on the following statement. For this, with § € (0,1) and n > 1, let

SM = {AC S 1ANA,| 2 8|A,1}.

Lemma 3.3. In the setting of Theorem 3.1, it holds that lim,_, . v(S"?) = 0.
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Proof of Lemma 3.2. Let § € (0, 1), and »n > 1. Then any set A4 C Z¢ such that 4 ¢ S satisfies |4 A,| < 6|A,|. From this it follows
that

US)Z WSS 2 Y U] N SM)/GIA). 3.3)
jeANi)

Forr>0andi€ A, let
K, () :={j€ A, {i}: V(ST ) > r}.
Using (3.3), it then follows that

US)z F S, SM/61AD

JEK, (D)
= 2 US)/GIAD = Y wS] 0 S™/614,D)

Jekny (i J€Ko, )

. . n,6 |K"v’(i)| n,6
> K, (DIr/(6]A,]) = K, (DIV(S™°)/(6]A,]) = BIA] (r=v(s™)
and hence
. ov(S))
IK,,DI/1A,] < m

whenever r > v(S™%). Since K, (i) does not depend on 4, it follows from Lemma 3.3 that for any r > 0, we have
lim [K,,,()l/14,] = 0.
Now note that
Yy L=y
i,jJEA, | i#] i€A, jEA NI}
=Y Y SOy y o e
€A, jJEK, (i) JEANK, (DU{i})
Since 0 < v(SC_‘”) <V(S) =Sy <  for all i, j € A, it follows that for any r > 0,
! al
< lim n~2d YOSt = 1im n2d VS < o
1—,11520" Z e J ,11520" Z Z e J<e.

ijEA, < i#j i€, jeA,NK, (DUli})

Since r > 0 was arbitrary, we obtain (3.2). []

Finally, we present the proof of Lemma 3.3.

Proof of Lemma 3.3. Fix n> 1. For x € Z¢ let 7, : Z¢ — Z? be the shift of Z? by x, i.e. the map which for each y € Z¢ maps y to
7,(y) = x + y. Note that with this notation, we have x € 4,, © 7,(4,)n A, # 0.
Further, for § € (0, 1), let

7% := {AC Z%: 3x € Ay, such that |7,(A,) N 4] > 8|A,|}.

In other words, a set 4 C Z¢ is in T"° if it has density at least § in some box A with side length 2» which intersects A,,.
For j > 1, let &, ; be the event that Y, ; > j where Y, 5 ~ Poisson(v|zns).
We first show that limsup,,_, ., W(T™?®) < c0. To this end, note first that for any i € A, by translation invariance, we have
. 5\
PX,()=11&)>1-(1- 3—d) .
If lim sup,,_, o, W(T"%) = oo, then limsup, _, , P(&, ;) =1for any j > 1. By translation invariance, this implies that limsup,_ ., P(X;, >
¢) = 1. Since this contradicts (3.1), it follows that limsup,,_, ., W(T"™°) < co.
Now, let ¢ € (0,1) be such that (3.1) holds, and choose k > 1 such that

(1_3%)k< Loe, 3.4)

Then

e e—v(T”'ﬁ)V(Tn,é)f
P&, )= ) —
¢2k
We claim that for each i € A, and any k it holds that

k
P(X,)=01&,) < (1- 3%) (3.5)
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Before presenting the proof of this claim, we show how it implies the statement of the lemma. Particularly, applying Markov’s
inequality conditioned on &, , we get

P(X, 2 c16,) = 1-P( X (1-X®) > (1 = 0l4,] | &)

ieA,,
- E[Xiea, (1= XD) 1 &, oy U=ola2 1
(1 =04, (1 =04, 2

From this, it follows that

P&
P(anoz%.

Using (3.1), we therefore obtain lim,_, ., (€, ) = 0. Noting that

0 né né
efv(T 8 )V(Tn,ﬁ)f efv(T 8 )V(Tn,ﬁ)k
P& = Z 21 2 X!

£zk
and recalling that limsup,,_, ., V(T"™?) < oo, it follows that lim,_, ., v(7") = 0. From this we conclude the proof since S$™% C 7%,
It remains to show that (3.5) holds. For this, for 4 € T"%, let

4 :={i € A:3x € A,, such that |7,(A,) N 4] > 5|A,| and i € 7,(A,)}.

Note that, by construction, it holds that A c A. Further, since 4 € 7", we know that there is x € A,, such that 7,.(A,)Nn A, # @ and
|7.(A,) N 4] > §|A,|. This implies that |4] > 6|4,
Now, for any A€ T"%, i € A,, and j € A, we have 7A€ 7™ and i € rl_/j\A Moreover, as we argue below, it holds that

—

ier_ACr_,AeT". (3.6)
i—j i

)
Since v is translation invariant, it follows from (3.6) that, if we let 4 ~ v|;.5, then
P € 4) > P(j € A).
From this, it follows that
A3, PGed= Y Pied> Y PGed=E[dn Ayl
j€A3n j€A3n
Hence

E[JAn Ay, ]

PG e 4)>Pi € 4) >
[ A3,

Since |4| = |4n A;,| > §|A,| by definition, it follows that

514,
PG € 4) > ! “|=i.
[A3,] 34

By this, the independence of the Poisson process and (3.4), we conclude (3.5).

It remains to show that (3.6) holds. To this end, let 4 € 7%, i € A, and j € A. We first show that 7,_ A€ 7%, Indeed, note
that since j € 4, there is x € A,, such that |7,(A,) N 4| > 6|A,| and j € 7,(A,). Fix one such x, and let y :=x+i — j.

Then

0,77 ) = Ty (771 0)) = 7y
Since 7,_;j =i € A, by assumption, it follows that 7,(4,) N A, # @, and thus y € 4,,. Moreover, we have
lzyA, N7 Al = |z 7 j A, N7 Al = |1, A, N A] 2 6|4,

This shows that 7;_;4 € T".
We now argue that also i € r,_//\A For this, note that since j € 4, we have

i=1_;j € Ti_jAA C ’L',-_jA,
and since j € 7,(4,,), we have
i=1_;j €ti_jT(A,)=1,(4,),

—

This shows that i € 7;_ 4, and thus completes the proof of (3.6). []
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4. Mixing properties for the contact process

In this section, we present the proof of Theorem 2.6. For this, we first recall the basic constructions of the contact process on
74,

As detailed in [4, Chapter 1], the contact process with parameter 4 € (0,00) can be specified in terms of it pre-generator
L, : C(R) » C(R), where C(R) denotes the set of bounded and continuous functions f: 2 - R and 2 := {0, 1}Zd. For the contact
process, this is given by

Lif@:= Y ([f@")-s@]+i Y [f@ ) -f@]). oce. 1)
xezd : y~x
w(x)=1
Here, for w € 2, z€ 74, and i € {0, 1}, we write »*' € Q for the configuration with ©*/(z) = i and ©*“/(x) = w(x) for x € Z¢ « {z}.

The contact process can be constructed using terminology from percolation theory by the graphical construction [4, Chapter
1.1]. We also recall this construction for the reader’s convenience, as it will be helpful in the following arguments.

For each x € Z¢ and each ordered pair (x,y) of nearest neighbor vertices in Z¢, let (N,) and (N(x,y)) be independent Poisson
processes on R with rate 1 and rate 4, respectively. An event of N, represents a potential ‘“healing event” where the state at x at
that time is set to 0, whereas an event of N, , represents a potential “infection event”, where the state at y will be set to 1 if the
state at either x or y is 1. For each x,y € Z¢ and s < 1, we say that (x, s) is connected to (y,t) by an active path, written (x, s) = (,1),
if and only if there exists a path in Z? xR starting at (x, s) and ending at (y,) that goes forwards in time without hitting any healing
event and that may cross to another vertex at the instance of an infection event in the prescribed direction of the ordered pair. That
is, there exists a sequence x = xy, X, ...,x, = y in Z¢ and times s =, < t; < -+ < t,, = t such that, for each i = 0, ..., n, there are
no healing events at x; within time [r;,7,, ], but there is an infection event at (x;, x;, ;) within the same time window.

Now, denote by (7;),¢0,.0) the process on 2 given by

n(x) 1= ]1(Vs <tIyeZ:(y,s) - (x, t)), xeZ%t>0. (4.2)

Then 7, is distributed according to the upper invariant measure u,. Moreover, in distribution, (#,);e[0,.) €quals the same process as
that defined via (4.1) with initial distribution given u,. Further, by construction, the process (#,) is time-stationary so that n, ~ u,
for any ¢ > 0. In the following, we denote by P, the distribution of (4.2) on the probability space on which the processes of the
graphical construction introduced above are defined. Moreover, we write o € Z¢ for the origin.

4.1. The upper invariant measure of the contact process is not spatially mixing

In this subsection, we present a proof of Theorem 2.6(b). For this, we first provide an extension of [14, Proposition 2.1] to the
contact process on Z.

Proposition 4.1. Letd > 1 and A > 4., and consider X ~ u, on {0, 1 V2. Then

Jlim 4 (X(0) =01 X(A,\ {oh=0) =1 (4.3)

The proof of Proposition 4.1 is a direct extension of that of [14, Proposition 2.1] from d = 1 to general dimensions. It uses the
description of the contact process by its pre-generator in (4.1) and the particular property, since y, is stationary, that / L;gdu, =0
for any cylinder function g; see, e.g., [4, Theorem B7].

Proof of Proposition 4.1. Let m € N, and let g: 2 — {0, 1} be the cylinder function given by
gl) :=1( ) w(i)=0).
i€A,,
Further, let d,4,, denote the set of all ordered pairs (x, y) such that x € A,, and y ¢ A,, with x ~ y. Then,

/ Lygdu, = / > ([g(w"‘_o) -8@)] + 1) [¢@ ) - g(@)] ) du,

xezd y~x
w(x)=1

[ 3 (-2 3 3 s@)dn,

XEAp XE€ZANApy - YEAm
o(x)=1 w(x)=1 y~x
= Y m(X@=1LXAN\xD=0)-2 D u(XG) =1 X(A4,)=0).
XEA,, (x,y)€0, A,

Since [ L,gdu, =0, it follows that

Y m(X@ =1, XA\ (xD=0)=4 Y u(X0) =1, X(4,)=0).

XEA, (x,y)€0,A,,
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Dividing by u,;(X(4,,) = 0) on both sides, we see that

1y (X(x)= 1] X(4,\ {x})=0)
wex, (X)) =01 X (4, \ {x}) =0)

Now note that by the d-FKG property, we have

< 20,4,

(X)) =01 X (A, \ {x}) =0) 2 1, (X(x) =0).
Also by the d-FKG property, for any x € A,, and any box A 2 A,,, we have that
(X = 11 X(A\ (x)) 20) < iy (X(0) = 11X(4,, \ (x}) =0).
Therefore, by translation invariance of the model, it follows that
| 4] 13(X(0) = 11 X (A3, \ {0}) =0) < 4]0, A,,| 15 (X(0) = 0)

Since lim [0:A,|/|Am| = 0, letting m — oo, we obtain (4.3). O

m—oo
We next show how to leverage Proposition 4.1 in order to prove Theorem 2.6(b).
Proof of Theorem 2.6(b). We prove Theorem 2.6(b) via an inductive argument. Our induction hypothesis is that, for some k > 1
and any set 4, C Z¢ of cardinality , it holds that
(X4 =01 X(45)=0) =1.

By Proposition 4.1, we know this holds for k = 1.
Now, assume the induction hypothesis holds for all sets of cardinality k and let 4, = 4, U{x} C Z¢ be a set with k+ 1 elements.
Then, for any non-trivial partition 4,,, = 49 U AV, we have that

1y (XA =1, X(4) = 0/ X (45, ) =0)
=u,(X@) =11 XA v 4, ) =0)p, (X4 =0 X4, ) =0).

Since the first term on the right-hand side equals zero by the induction hypothesis, it follows that on the event X (Ai+1) =0, X
concentrates on either having all 1’s or all 0’s on 4,, ;. In particular, it follows that

Hi( XA =11 X(45, ) =0) = uy(X(x) = 1] X(45, ) =0). (4.4)

Using Lemma 4.2, stated below, it follows that this can only be true if both sides are equal to zero.
Hence, we have that

1 (X(Ay) 20| X (45, ) =0) =0.

From this the desired conclusion immediately follows. []

Lemma 4.2. In the setting of the proof of Theorem 2.6(b), there is a € (0, 1) such that

(XA =11 XA, )=0) <apy(X(x)=1] X(4;, ) =0). (4.5)
To prove Lemma 4.2, we will use the graphical representation of the contact process.

Proof of Lemma 4.2. Recall that 4, ; = 4, U {x}. Note that, by (4.4), the inequality in (4.5) trivially holds if
P, (X(x) =11 X(4,,)=0) =0.

We, therefore, assume that this quantity is strictly positive. Then, on the induction hypothesis made in the proof of Theorem 2.6(b),
we have that

(X4 =1 X4, )=0)
= (X4 =1|1Xx)=1,X45, )= 0);4,1<X(x) =11X(45,,)=0).

We will argue that p A(X Q=11 Xx=1X (Aiﬂ) = 0) < 1 from which the claim of the lemma immediately follows. For this,
we will use the graphical construction of the contact process (5,) as given by (4.2). To this end, for § > 0, let B; be the event that
there is an infection event from or to a vertex in 4,,; within the time interval [0, 6]. Then, since B; is an increasing event, and
{ns(4; ) = 0} is a decreasing event (with respect to the percolation substructure obtained from the graphical construction ), using
that the contact process is positively associated (in space-time), we have that

P, (Bs | n5(45, ) = 0) <P,(By). (4.6)

10
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Next, by definition, we have

P, (Bs.n5(x) = 1| n5(4, ) =0)
PA(BS | 5(x) = 1. ”5<A;+l) = 0) = IP’,{("I&(X) =1 ns4¢ k;1= 0) .
k1) =

Since 55 ~ u, for any 6 > 0, the denominator on the right-hand side of (4.7) does not depend on é. Therefore, since lim;_,, P,(B;) = 0,
using (4.6), it follows that

;%PA(Bg | ns(x) =1, '15(A2+1) = 0) =0,

“4.7)

and hence
q =P, (B5 | n;(x) = 1, n5(4;, ) = 0)

is strictly positive for all § sufficiently small.
Now note that the event

& 1= {B, n;(x) = 1, n5(47, ) =0}

does not reveal any information about the healing events on 4, within the time interval [0, 5]. Moreover, with a strictly positive
probability, say p = p(6) > 0, the event R that there is a healing event at one of the vertices of 4, within this time interval occurs.
Hence, in the event that both R and & occur, we necessarily have that 5;(4,) # 1. Consequently, for § > 0 sufficiently small, it holds
that

P, (n5(4) = 1| n5(x) = L,ns(45, ) =0) <1—gp< 1.

From this, using that #; ~ y;, we conclude the proof. [J
4.2. The upper invariant measure is directional mixing

This subsection is devoted to the proof of Theorem 2.6(a). Our motivation for this statement stems from [14, Theorem 4.1 and
Corollary 4.1] which says that for the contact process on Z¢ with 4 > A, there is a p = p(4) > 0 such that, for any y = (y;, ..., y,) € Z¢
and any disjoint finite sets A, B C Z‘iy, it holds that

w(X(»)=1]X=0o0n A, X =1on B) > p(A), (4.8)

where Ziy denotes the set of x = (x;,...,x,) € Z¢ such that x; <y, orx; = y; fori = 1,...,k and x;,; < y,,; forsome k = 1,...,d—1.
In the terminology of the graphical construction, (4.8) gives that there with positive probability is an infinite active path ending
at the origin at time 0, regardless of whether this happens for any point “to the left of” (with respect to the lexicographic ordering
on Z%) the origin. What makes (4.8) particularly powerful is that this holds in a conditional sense and regardless of how unlikely
the conditional event is.
Our proof of Theorem 2.6(a) uses the inequality (4.8) as an essential input. We first provide the proof of Theorem 2.6 in the
case d = 1, where we can give a short (and perhaps more elegant) argument.

Proof of Theorem 2.6(a) when d = 1. By translation invariance, it suffices to show that
lim 3(X(0) = 0] X((=o0,-m) =0) =, (X(0) = 0). (4.9)
To this end, let
o= ’}ggm(xw) = 11X ((=n,-11) EO).
By (4.8), p > 0 whenever 1 > A.. We will argue that, for any n > 1,
H (X0 =1) - MA(X(O) =1|X((-~o—n]) = 0) <d-p" (4.10)
Note that (4.9) immediately follows from (4.10) since, by the d-FKG property, we have
13(X(©) =11 X((~00,-n1) =0) < i, (XO) = 1).
To see that (4.10) holds, for i > —n, consider the event
& ={X((-n,))=0 and X()=1}.
Then, we can write
1y (X(©) = 1] X ((=00,-n1) = 0)
0 (4.11)
=y m(X(O) =1, & | X((—o0,—n]) = 0).

i==(n—1)

11
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We next describe how to control the terms within the sum of (4.11). For this, by [16, Theorem 2] (and the remark immediately
following its statement), for any i € {—(n—1),...,—1} and any m > n, we have

M(X(O) =1, X((-m,)) =0| X(i) = 1)
2§y (X0 = 11 X(0) = 1)z (X ((=m, D) =0 X(@) = 1).
Dividing by p,; (X ((—=m,i)) =0| X(i) = 1) on both sides yields
wy (XO =11 X((=m,)) =0, X()=1) 2 p,(XO)=1| X(i)=1).
Taking the limit m — oo, we obtain
w(XO) =11 X((=c0,=n) 20, &) 2 u; (XO) = 11 X() = 1) 2 i, (X©) = 1).
Since
(X =1, & | X((~c0,—n1) = 0)
= 13 (X0 = 1] X((=o0,=n]) = 0. & )u; (& | X((=00,-m)) =0).
it follows that
#(X©O) =1, & | X((~c0,—n1) = 0)
> 43 (X(0) = 1), (& | X (=00, —n1) =0).
Inserting this into (4.11), we obtain

#(X©) =1 X ((=c0,-n1) =0)
-1

2 (X =1) Y (&1 X ((~o0,—n1) =0).

i==(n—1)
Therefore, by construction, we have

0

> (&1 X((o0,-nl) =0) =1-(1—p)",

i==(n—1)

and from which we conclude (4.10). []

We now turn to the proof of Theorem 2.6(a) for general d > 1, which uses the following extension of [14, Corollary 4.1] as the
key technical lemma.

Lemma 4.3. Let A > A,. Then there is p = p(4) > 0 such that, for any L > 0, the distribution
lim 1}3(;10 €1 (747" x (=00, —n)) = 0)
n—oo

stochastically dominates a Bernoulli product measure with success probability p.

Proof. Fix L > 0, let ¢ > 0, and consider a partition (AL9(i)),c;4 of Z¢ x [0, L] where, for i = (i, ...,i,) € Z¢ and writing
X =(xp,...,%4), we let

ALDG) = {(x,) € Z X [0, L) 1 x; € [i; —t,i; —pt+1), j=1,....d}.
Consider the random variables (Z59)(i)),c;4 given by
ZED (i) 1= max{n,(x): (x,n) € AP @)}, ez

Since the d-FKG property is preserved under taking maximum and the random variables (7,(x)) have the d-FKG property, the random
variables (Z(--9)(i)) also have the d-FKG property; see [17, Lemma 2.1 and Lemma 2.2]. Further, note that

(ZED(A,) = 0) C {ny(4,) = 0}.

Therefore, recalling that u, stochastically dominates z, for some p > 0, as concluded in [14, Corollary 4.1], we obtain from [14,
Theorem 4.1] that

P, (z5P0) =1 25Dzl )=0) > p. (4.12)
Below, we argue that this implies that

Jim P, (no(0) =11 2%EPzZ2 ) =0) > p. (4.13)

12
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For this, first note that for the event { Z(l#)(0) = 1} in (4.12) to hold, either the event &, := {ry(0) = 1} holds, or the event &, that
{no(0) = 0} and there is an infinite active path ending at some other space-time location of A% (o) holds. We will argue that the
probability of the latter event decays to 0 when ¢ is made large.

For A, B C Z% x R, write A — B for the event that an active path exists starting in A and ending in B.

Then, for any R > 0 we have that

P, (& | 24Pzl ) =0) (4.14)
<P, ((24\ (0} x (0} > 4A59(0)) ny(o) = 0| ZEP(z2, ) =0)

<P, (@ \ (0D x (0} = (AL o) n (Ag x [0, L) | Z-P 2z ) = 0) (4.15)

+P, (@ Z2,) x (0} = (4P (0) 0 (2 \ Ag) x [0, L1) ). (4.16)

To bound the second term, we first recall from [18, Theorem 1.4] that there is a constants u > 0 so that, for any ¢ > 0 there are
C,c > 0, depending only on 4 and d, such that,

By (inf {(0.0) = (.0} < (1 = pu(lixlD) < Ce™. (4.17)

Further, note that any point (x,t) € 4&9(0) \ (Ag X [0, L]) is such that the spatial coordinate x € Z¢ is at least at distance R from
z4\ 72 . Therefore, with e = 1/2, whenever R > 2L/u, we have that

P, (2 \24,) x {0} = (459 0) n (Z*\ Ap) x [0, L]))

< X Y B(nf{x0 00} <L)

xezd\Z4,, yeZd AR :
(X010, L1naL-) (o)

< Z Z Cecly=xll < C|€7C1R,

xezd\z¢,, yeZd Ay :
(X0, LDNAL-) ()68

for some constants C}, ¢; € (0, o0) only depending on 4,d and L. Thus, the probability in (4.16) can be made arbitrarily close to 0 by
tuning R large. Next, we claim that the probability in (4.15) can be made arbitrarily close to zero by choosing ¢ large. To see tgiis,

note that given a vertex x, the probability that there is an infection arrow from x in the time-window [0,¢~!] is given by 1 —e~ ¢ .
Hence, by translation invariance and the d-FKG property of the process, and again applying a standard union bound, it follows that

P, (@ \ 01 x {0} = (4D (0) 0 (Ag x [0, LD) | Z4P(z2,) =0)
<P, (3001 € (4590 (A X [0, L) : N, =1 for some x ~ y)
< ARl =),

By combining the upper bounds for (4.15) and (4.16), it follows that (4.14) can be made arbitrarily small by taking R and ¢
large. This implies, in particular that

P, (2590 =1 z5PZ2 ) =0) -P, (& | z5P(zZ2) =0)

can be made arbitrarily small, by taking R and ¢ large, and hence (4.12) implies (4.13).
The claim of the lemma now follows by utilizing the d-FKG property and (4.13) via sequential coupling in a similar manner as

in the proof of [14, Theorem 4.1], which we now explain. For this, consider the lexicographic order < on Z¢ where (xy,...,x,) <
1s---»¥g) if x; < y; or, for some k = 1,...,d — 1, it holds that x; = y; and x;,; < y,,,. Any (finite) set 4 = {z,,...,z,} C Z¢ can
then be ordered so that, for every i € {1,...,m}, we have

{21505 221} X (0) C U A8

For every such i € {1,2,...,m} and o € {0, 1}'"!, utilizing the d-FKG property and setting ¢ = n/L, we have that
Py (no(z) =11 m(z;) =0;,j=1,....i — 1 and 5 (Z7" x (=00, —n)) = 0)
>P,(n(z)=1] Z<Lv"/L>(ZiZ’) =0)
Therefore, letting n — oo, we can apply the bound in (4.13) and translation invariance of the process to obtain
ﬂlmm(%(zi) =1|nyz))=0,j=1,..,i—1and n (2" x (—c0,—n)) =0) > p.

This yields the domination over a product Bernoulli distribution since any increasing event involving only the values attained on 4
can be decomposed into events of the form {r,(4) = 1} with 4 = {Z,,..., %} C 4 and using that

]P’i('?o(A) =1|n (Zd_l X (=00, —n)) = O)

1
= HPA<I]O(Z[) =1]n(zp)=1,j=1,....i— 1 and n; (2% x (=c0,—m)) = 0). O
i=1

13
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We now present the proof of Theorem 2.6(a) for the general case when d > 1.
Proof of Theorem 2.6(a), d > 1. We aim to prove that, for any x € Z¢,
i = d—1 — — = = =
Tim py (XG0 =11 X (297! X (=00,—m) =0) = u, (X0 = 1). (4.18)

By translation invariance and the d-FKG property, it is sufficient to show that (4.18) holds for x = o. Moreover, by the d-FKG

property, we know that
#2(X(©@) =11 X(Z97" X (=00,-m)) =0) < p; (X(0) = 1)
for any n € N. Therefore, to conclude (4.18), we will argue that
lim M(X(o) =11 X(2%" x (=00, -n)) = o) > 1, (X(0) = 1). (4.19)
n—00
For this, recall the graphical construction of the contact process. For L > 0 and R € N, consider the (random) sets
DLA,R ={x€AR:(x,0) = (0,L)}, Fg:={x€ Ag:ny(x)=1}.
For n > 1, using the time-stationarity of (5,) and the d-FKG property, we have

M(X(o) = 1] X(Z" X (—00,—m)) = 0)

=P,(n.(0) = 1| 5 (Z97" X (00, —n)) = 0)

>P(Dy g N Fr # 0 | 0, (247" X (—00,—n)) =0) (4.20)
> Y Py(DprnA#H| Fr= A1 (297" x(=c0,-n)) =0)
ACAR

. [P’A(FR = A1 (297" X (~c0,—n)) = o).

To lower bound this sum, we will need a few auxiliary inequalities, which we now state and prove. First, by Lemma 4.3, we note

that there are constants C, ¢ > 0 such that

lim P, (| Fg| > pR/2 | 1 (Z97" X (=00, —n)) = 0) >1—Ce R, (4.21)
n—0oo

Next, we claim that for any 4 C Ag,
Jim P,(Dy g A# | F= A, 1L (297" X (=00, —n)) = o) >P, (D rNA#D). (4.22)

The proof of this statement will be postponed to the end of this proof. We now derive a few more useful inequalities. To this end,

let A C Apg. If we let (Vlﬁ) denote the contact process initiated at time 0 with #7,(4) = 1 and #5,(4°) = 0, then
Py(DprnA#B) =P, (i) =1).
Thus, letting L — oo and defining 74 :=inf{r > 0: y! = 0}, by the complete convergence theorem [4, Theorem 1.2.27], we get
Jim Py(Dy g0 A+ ) = P,(z4 = 00) - u;(X(0) = ). (4.23)
Moreover, by the self-duality of the contact process and [14, Corollary 4.1], it holds that

Pyt =c0)=1—p,(X=0o0n4)>1-(1-p4. (4.24)
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Combining the above inequalities, we obtain

ui(X(0) =11 X(277" x (~c0,-n)) =0)
(4.20)
> ) ]P’A(DL’R NA#G| Fp=4n, (797" x (=00,—n)) = 0)
ACAg
~]P’,1<FR = A (297" X (~00,—n)) = o)
(4.22)
422 3 (pA(DL’R N4 #d)— o,,(l))
ACAR
Py (Fr =411, (297" x (~o0,-m)) =0)
C27 3 (Bt = 00)- ux(X(0) = D)~ 0,(1) — 0, (1)
ACAR
Py (Fr = A1, (2%7" x (~o0,-m)) =0)
“2Y Y (X0 = (1= = ) —0,(1) — 0,(1)
ACAR
-IP’,1<FR = 4] 1y (297" X (—00,—m)) = o)
> (X (@) = (1= (1= pyR2) =0, (1) = 0,(1))
.115(|FR| > pR/2 | np (297" X (o0, —n)) = 0)

(4.21)
> (mX@=D(1=1=p*?) =0 (1) = 0,(1))(1 = Ce™R).

Since the above inequalities holds for all L € N, letting n — o0, we conclude that
lim e, (X(0) = 1] X (247" x (=00, —n)) =0)
2 u; (X0 =1) (1= (1= p*?)1 = CeF)

and, by letting R — oo, that (4.19) holds.

What remains is to show that (4.22) holds. To this end, recall that A C Ag. For n € N and L € [0, ), consider the (random) set
E,  of vertices y € 74-1 x (=00, —n) C Z¢ to which there exists an active path within the time-window [0, L] that ends at (y, L) and
that originates from some space-time location within A,/, X [0, L]. Since {E, ; # @} is an increasing event, using first the d-FKG
property and then the inequality (4.17) together with a union bound, we have that

Py (Enp #01 Fr =01, (27" x (—00,-m)) =0) < P,(E, ; # ) < Ce™"
for some constants C, ¢ € (0, ) depending on 4, d, and L. Hence

lim P, (E,; #81 Fg = 0.0, (27! x (=00, -m)) =0) = 0. (4.25)
Further, since the event {D; g N 4 # #} is increasing, we have

]P’A(DL’R NA#B| Fp =41, (297" x (=00, —n)) = 0)

2P, (DprnA# 8| Fg =01, (297" x(=c0,—n)) =0) 26
> P, (DLrNA#D| E,yp =0, Fg =00, (27" x (~c0,-n)) =0) '
']PA<En,L =0| Fr =07, (27" X (—c0,—n)) = 0>,

where we used the d-FKG property in the first inequality. Now note that on the event {E,; = #}, the events {Fp = @} and
{1 (29~ x (=00, —n)) = 0} do not influence the graphical construction within the space-time region A,,, X [0, L]. Since D; » depends
only on the graphical construction within this region, it follows that

lim P,(D; g NA#£B| E,; =0 Fr =01, (29" X (=00, -1)) =0
nos AOLR | Enp =0 Fr =0 ( . =m) =0) (4.27)
=P,(D g NA+#H)

Combining (4.25), (4.26), and (4.27), we obtain (4.22) as desired. []
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