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ABSTRACT ARTICLE HISTORY
Branching processes in a varying environment encompass a wide Received 13 October 2023
range of stochastic demographic models, and their complete under- ~ Accepted 3 November 2025

standing in terms of limit behaviour poses a formidable research KEYWORDS
challenge. In this paper, we conduct a thorough investigation of Continuous time branching
such processes within a continuous-time framework, assuming that process; varying
the reproduction law of individuals adheres to a specific paramet- environment; theta
ric form for the probability generating function. Our six clear-cut branching; limit theorems
limit theorems support the notion of recognizing five distinct asymp-
totical regimes for branching in varying environments: supercritical,

4 .. . . SUBJECT
asymptotically degenerate, critical, strictly subcritical, and loosely CLASSIFICATIONS

subcritical. 60J80; 60J27

2020 MATHEMATICS

1. Introduction

The subject of this paper is a time inhomogeneous Markov branching process {Z;};>¢ with
Zy = 1. It is a stochastic model for the fluctuating size of a population consisting of indi-
viduals that live and reproduce independently of each other, provided that the coexisting
individuals are jointly effected by the shared varying environment in the following way:

- anindividual alive at time f dies during the time interval (¢, t 4+ ) with probability A:0 +
o(d)asd — 0,
- an individual dying at the time ¢ is instantaneously replaced by k offspring with

probability p;(k), where k = 0 or k > 2.

The time-dependent reproduction law of this model is summarized by two functions:

t
Ay = / Aydu,  hy(s) = ps(0) —i—pt(Z)s2 +pt(3)s3 4+
0

where h(s) is the probability generating function for the offspring number and A,
assumed to be finite for all ¢+ > 0, is the cumulative hazard function of the life length of
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the initial individual. In terms of the mean offspring number

Ohy(s)
0s

|S=1)

a =Y kpi(k) =
n=2

also assumed to be finite for all t > 0, the mean population size u; = E(Z;) has the
following expression (see Section 4.1):

Lt = exp [/Ot(au - l)dAu] . (1)
Putting m; = E(Z;|Z; > 0), observe that
uy = mP(Zy > 0). (2)
Recall that the extinction probability of the branching process is well defined by
q =1limP(Z; = 0).

(Here and elsewhere in this paper, the limiting relations are understood to hold as t — oo,
unless it is clearly stated otherwise.) In the time homogeneous case, with

it = )\., ar=a, Uy = e(“_l)’“,

a Markov branching process [3, Ch III] has one of three possible regimes of reproduction:
supercritical when a > 1, critical when a = 1, and subcritical when a < 1. So that in the
supercritical case, g < 1 and u; — oo; in the critical case, g = 1, yy = 1, m; — 00; and in
the subcritical case,q = 1, 4y — 0. Compared to the time homogeneous setting, the added
feature of varying environment makes the model very flexible and therefore cumbersome
to study in the most general setting [4,5]. In this paper, we distinguish between five classes
of the branching processes in varying environment

(i) supercritical if ¢ <1 and lim u; = oo,
(ii) asymptotically degenerate if g <1 and lim inf x; < oo,
(iii) critical if ¢ = 1 and lim m; = oo,
(iv) strictly subcritical if g = 1 and lim m; € [1, 00),
(v) loosely subcritical if ¢ = 1 and lim m; does not exist.

The subject of this paper is a special family of branching processes in varying envi-
ronment which we call theta-positive branching process with the branching parameter
0 € (0,1] in varying environment ({4}, {a;}). The branching parameter € controls the
higher moments of the offspring distribution specified by the formula

h(s) =1 —a;(1—s) +a(1460)71 1 — )0, 3)

It is assumed that the fluctuations of the mean offspring number a; are restricted to a fixed
interval

0<a;r<1+41/6. (4)
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This condition guarantees that the probability of zero offspring
pe(0) =h(0) =1—(1+60) "0
belongs to the interval [0, 1]. Observe that given (4), relation (1) implies
e < pl < e (5)
In the important special case of (3) with & = 1, when

pt(O) =1- at/2, pt(2) = at/z,

the theta-positive branching process turns into the classical birth and death process in
varying environment [8]. Such birth-death processes have rich applications in popula-
tion biology and genetics [17,18]. Our study is novel due to the case 0 < 6§ < 1, where
the branching process is featured by the offspring number distribution (see Section 4)

pi(0)=1—-001+6)a,
pe(2) =27"0a,,
pik) = K)T'OA-0)2—0)---(k—2—0)a;, k=3,

whose variance is infinite. Such theta-positive branching processes might be used in
demographic models claiming large variation in the number of offspring.

The key feature of the theta-positive branching process Z; is the explicit probability
generating function (see Section 4.1)

E(s“) =1— (B + ;71 —5)7%)719, (6)
where
t
By =0(1 +9)_1/ 1yl audAy (7)
0

is a non-negative term free from the varying s, and u, is defined by (1). Notice that with§ =
1, the probability generating function (6) is a linear-fractional function of s. In Section 2,
we present the main results of our study based on (6) and addressing each of the cases
(i)-(v). These results are illustrated in Section 3 using several worked out special cases and
examples. The final Section 4 contains the proofs.

Remarks

(1) The division into five classes (i) —(v) is a modified version of the classification sug-
gested in [9] for the branching processes in varying environment with discrete time.
In [9], the classes (iv) and (v) are considered as one class called subcritical.

(2) Thereis a potential for applying the results of this paper in machine learning due to
the following recently found link between iterated generating functions and deep
neural networks [11,12]. Consider a fully connected neural network with random
weights. Under mild conditions on the activation functions such neural network in
the infinite-width limit converges to a Gaussian process [7]. The covariance kernel
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of this Gaussian process can be calculated in terms of compositions of dual activa-
tion functions introduced in [6]. As it was noted in [11], if L, norm of an activation
function with respect to Gaussian measure equals one, then its dual activation is a
probability generating function and therefore the corresponding covariance kernel
can be expressed using compositions of probability generating functions.

(3) We plan to extend the setting of the current paper using the ideas of [14,15]
and consider the theta-branching processes in varying environment with defec-
tive reproduction laws having h;(1) < 1. Some inspiration for this future work will
come from the recent related paper [10].

(4) An important direction opened by these results is the study of theta-positive
branching processes in random environments; see, for instance, the recent papers
[1,2] dealing with the discrete-time setting. In light of the latter reference, one
might even consider the alternative title ‘Power-fractional branching in varying
environment’ for this paper.

2. Main results

The six theorems of this section deal with a theta-positive branching process in varying
environment with parameters (6, {4}, {a¢}). Recall (1) and put

t
Vtﬁ == 6(1 +0)_1/ ﬂ;edAu, Vg - hm Vtﬁ’ A - hmAt
0

Theorem 2.1: If Vo < oo, then q < 1,
limu;=u, 0<pu< oo, (8)
and
g=1—-Vo+0+0) +00+0)"1u=0)1°, )
If Vo = oo, then q = 1 and
P(Z > 0) ~ (Vg + 0L+ 177V, my ~ (Vg +01+6)"HY0. (10)

Theorem 2.2: A theta-positive branching process is supercritical if and only if Vg < oo and
A = o0. In this case, lim u; = oo,

g=1-(Vo+1+6)"H7"7, (11)
and ;' Z; almost surely converges to a random varying W such that

Ee™)=1-(Vop+(1+0) " 4w )~V (12)

Theorem 2.3: A theta-positive branching process is asymptotically degenerate if and only if
A < oo. In this case,
limu,=u, 0<pu <oo, (13)

and Z; almost surely converges to a random varying Z, such that

EG™) =1—(Vog+ A+ Q- p ™) +u001 -5V



STOCHASTICS (&) 457

Corollary 2.4: If A < oo and a; = 0, then the theta-positive branching process is asymptot-
ically degenerate with u = e~ and E(s”~) = 1 — u + us.

Theorem 2.5: A theta-positive branching process is critical if and only if Vg = oo and

1y — oco. (14)
In this case,
P(Ze > 0)~ Vi, " me~ VY (15)
and
limE(e™"4/™|Z, > 0)=1— 1 +w )" w>o. (16)

Corollary 2.6: If A = 0o and 0 < liminf u; < limsup u; < oo, then the theta-positive
branching process is critical.

Theorem 2.7: A theta-positive branching process is strictly subcritical if and only if Vo = oo
and

1wVipg = My, 0< My < oo. (17)
In this case, uy — 0,
P(Z > 0)~m uy, my— m m= My+60(1+6)"H, (18)
and
EG%|Z; > 0) > 1—m(My— (14+60)"" + (1 -5~/ (19)

Corollary 2.8: If A = 0o and fooo aydA, < oo, then the theta-positive branching process
is strictly subcritical.

Theorem 2.9: A theta-positive branching process is loosely subcritical if and only if Vo = oo
and ,uf Vi does not have a limit. In this case, there are several subsequencest’ = {t,} leading
to different partial limits

,uf,Vt/ﬂ — My, t — oo. (20)

If (20) holds with My = oo, then (15) and (16) are valid witht = t' ast’ — 00. On the other
hand, if (20) holds with 0 < My < oo, then uy — 0, and (18) as well as (19) are valid with
t="tast — oo.

Remark: (1) Theorem 2.3 describes the well-known asymptotically degenerate case
[13] when the branching process in varying environment with a positive probability
1—q survives forever as its reproduction process ’falls asleep.’
(2) Notice that the limiting Laplace transform in (16) is the same as in Theorem 7 in
[19] obtained for the critical Markov branching processes in constant environment.
(3) For an arbitrary choice of increasing time points {t,}, the Markov chain {Z;,},>0
is a Galton-Watson process in varying environment. Compared to the continuous
time setting, such discrete time branching processes in varying environment are
studied more extensively, see [9] and references therein.
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3. Examples

Notice that if 1, = A(t+ 1)* and a < —1, then A < oo implying the asymptotically
degenerate case. In the rest of this section we will assume

A=A+ 1D% 0<l<oo, —-1<a<oo. (21)

3.1. An example with a; \ 1

Assume (21) together with

a=1+010+0"" 0<p <o,

so thatif f # 1 + a, then

Inpr=A1+a—B) "N ((1+0TF 1),

andif f = 1+ a, then u; = (1 + 1)*.

(a)
(b)

(c)

Suppose f# > 14 a. Then A = oo and u; — e*/#=179)_ This is a critical case
according to the Corollary 2.6.
Suppose f =1 + a. Then u; has a polynomial growth, and

o0 00
Vo = 0(1 +6)_1/ luled/\u = 6(1 + 9)_11/ (1 4 u)—@l-i-adu,
0 0

implying that Vy < ooifand onlyif@1 > 1+ a. Thus,thecase 27! (1 + a) < @ <

1 is supercritical.
If0 < A7'(1 + @), theng = 1 and

t
©lVig =00 +6)71(1+ t)‘”/ (1 + uw)~+edy
0
~0+0) A+ a -0 1+

This is a critical case since the last relation implies (14).
If0 = A71(1 + @), then g = 1 and we are in the critical case with

1oVig =00 +60)711 4+ In(1 + 1).

Suppose f < 1+ a. Then necessarily o > —1, u; — oo, and Vy < oo. This is a
supercritical case.

Remark: According to the item (b), for a given varying environment ({4}, {a;}), the crit-
icality of the theta-positive branching process may depend on the value of the branching
parameter 6.
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3.2. Anexample witha; / 1

Assume (21) together with
a=1-1+0"" 0<p <o,
so thatif f # 1 + a, then
Inpe=2(1+a—pH71 1A= A+0"F),

andif f = 1+ a, then u; = (14 £)~%.

(a) Suppose f > 14 a. Then A = 0o and uy — e*/+a=F) This is a critical case
according to the corollary of Theorem 2.5.
(b) Suppose f =1+ a. Then Vy = oo and

1V~ 01 +60)""A0 + a4+ 01" 1+ 1)t

It follows that the trivial case a = —1, f = 0 is strictly subcritical, and the case
a > —1,p =1+ ais critical.
(c) Suppose f < 1+ a. Since

pr=exp{A(l+a — )11 — (1 + )T Fy),

we find that Vy = oo and u? V; ¢ has a finite limit. This is a strictly subcritical case.

3.3. An example with a; \ 0

Assume (21) together with
a=0+0"" 0<p <o,
so that if § # 1 + a, then
Inue=A1+a—-H7 1= A+ ) — i1 +a) (A +0" D),
and if f = 1 + a, then
Inu;=AIn(1+1) — 20 + ) 11 + )T —1).

For this example, Vg = 0o and M,y has a finite limit. This is a strictly subcritical case.
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Figure 1. On the plot, the horizontal axis gives the time varying t and the vertical axis gives u; for the

example of Section 3.4.

3.4. Aloosely subcritical case
Here we consider a case with vastly alternating environment such that
liminf 4; =0, limsup u; = oo.

Let =1, Ay =1+ t)_l/ 2 and consider a theta-positive branching process with a;
having two alternating values 0 and 2, so that

1 ifo<t<?2,
a—1={4-1 if22k"1 <t < 2% forsomek > 1,
1 if22k <t <221 forsomek > 1.

As illustrated in Figure 1, this is a loosely subcritical case with condition (20) satisfied for

the full range of partial limits My € [0, co].

4, Proofs

We start this section by establishing the properties of the function (3) stated in the
Introduction. To this end, consider

h(s)=1—a(l —s)+a(l+6)"' (1 —s)'?
assuming @ € (0,1]and0 <a <1+ 6. Since h(1) =1,
h(0)=1—a(1+6)"'0, K () =0, h"(0) =0a,

and
W0y =001-60)2—0)---(k—2—0)a, k>3,

are non-negative, we conclude that

h(s) = p(0) + p(2)s* + p(3)s®> + ...,
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is a probability generating function with

p(0)=1—a(l+6)7'0, p(1)=0, p@2)=2""0a,
pk) =0 -0)2=0)---(k—2—=0)a, k> 3.

4.1. Derivation of (1), (6) and (7)
Putfort > 7,
Fi(t,s) = E(stlZ, =1), 0<s<l1,

and notice that F;(0,s) = E(s*), see the left hand side of (6). This family of probability
generating functions satisfies the following Kolmogorov backward equation, see [16],

O0F(t,s
ta(i ) = (Fy(z,s) — h: (Fi(z,9)) s,  Fi(t,s) =s. (22)
Setting
OF(z,s
/ut(T) = t; )|5:1,
s
we find from (22)
()

PP ()X —ag)ie,  pe(t) =1
T
implying
t
1i(r) = exp {/ (a, — l)dAu}.

Setting 7 = 0 in the last expression, we arrive at (1).

With the generating function h,(s) having the special form (3), Equation (22) yields a
Bernoulli differential equation for x; = 1 — F(z,s),

X, = (1—ag)dex, + (1 +6)_1a,l,xi+9, x=1-—s.
In terms of y, = x;‘g it leads through y, = —0x_ x_ 1=0 to a linear differential equation
Yo = 0@ = Dheye =00 +0)"acke, y=01-97"
which has an explicit solution
ye = 1 (=97 + Big — Bry),
where B, ¢ is given in (7). Furthermore, in view of F;(7,s) = 1 — y,_l/ 9, we conclude that
F(r,9) = 1= 7 (u; " (1 =9)7" + Bip — Bp) /7. (23)

Setting 7 = 0 in the last relation we arrive at (6) with (7).
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4.2. Proof of Theorem 2.1
Observe that in view of (1) and (7), the derivative over ¢
Beo + u7?Y =0u;72,(1 — 00 +6)""a)
is non-negative due to (4). By integration,
Big+u;? —1=(1+0)Vig — OBy,
entailing
Bip = Vig + (1 +0)7 (1= ;7). (24)
Observe also that setting s = 0 in (6) gives
P(Zi > 0) = Big + ;)7
This together with relations (6) and (24) yield
EG) =1= (Vg + A+ A=)+ u A =97)70, (25)
P(Z>0)=Vig+ A+ +001460)" u 0710, (26)

Turning to the statement of Theorem 2.1, assume first that Vs < 0o. By (7) and (4), the limit
By = lim By g always exists and By < Vj. Therefore, relation (24) implies the existence of
lim u; = u for some x4 € (0, 00]. Combing this with (26) we conclude that g satisfies (9),
so that g < 1.

On the other hand, given Vy = oo, relations (26) and (2) imply g = 1 together with
(10).

4.3. Proof of Theorem 2.2

In the supercritical case, when g < 1 and u; — 00, Theorem 2.1 gives Vy < oo, relation (5)
implies A = oo, and relation (11) follows from (9). On the other hand, if Vy < oo and
A = o0, then by Theorem 2.1, we have g < 1 and (8). From (8), A = 00, and Vy < oo, we
derive u = oo.

As a non-negative martingale, W, = ;' Z; almost surely converges to a limit W, and
it remains to prove relation (12). The Laplace transform of W, computed using (6) gives

E(e™") =1 — (Beg + (ue(1 — e/ ™7V 5 1 — By + w0717,

which together with (24) yields (12).

4.4. Proof of Theorem 2.3

Put
t
At = / audAu, A= hmAt
0

If A < 00, then A < 0o due to the condition (4), and (13) holds with u = eA~". This
entails Vg < 00, so that according to Theorem 2.2, we have g < 1 and we are in the asymp-
totically degenerate case. On the other hand, if we are in the asymptotically degenerate case,
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then by Theorem 2.1, we have Vy < co. According to Theorem 2.2, the relation A = oo
would imply the supercritical case, thus we must have A < 0o. We conclude that A < oo
is a necessary and sufficient condition for the asymptotically degenerate case.

Assume A < oo and put

P(t,H) =P(Z =1|Z, =1), 0<7 <t

To prove the stated almost sure convergence it suffices to verify the following Lindvall’s
condition [13]:

D (1= P(ta, tn41)) < 00 (27)

n>1

for an arbitrary sequence {t,,} monotonely increasing to infinity. Taking the derivative over
sin (23)

T (1= 977 i = 97 4 B(O) — B 0)

and setting here s = 0 we get
P(r,0) = u7 w1+ 1 (Bi©) — B (0) 777",
We prove (27) by using the upper bounds

1—P(z,) < (1/0 + D7 i 0 (Bi(0) — B (0)) + 1 — u7
1= u =1 =M Aeehehe <1 phemh < A A,

These bounds together with (13) imply the existence of a positive constant ¢, such that

> (1= P(ty tuy1)) < cBy + A < o0.
n>1
4.5. Proof of Theorem 2.5

The stated criticality conditions Vg = oo and (14) as well as (15) immediately follow from
Theorem 2.1. Relation (16) is verified using

E(s%) —P(Z;=0) L 1 — E(s%)

E(12:> 0) = PZ >0  P(Z=>0)

(28)

Applying (25) and (26), we obtain

1—E(e"Z/my 1+ A +0)7 WV (1= 170 + Vi ur? (1 — eimy=0)=1/0
PZ >0) L+ A+ 0) IV +0(1+0)"1V ) u; )1/

As t — o0, this together with (14), (15) and (28) yield (16).
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4.6. Proof of Theorem 2.7 and Theorem 2.9

The stated strict sub-criticality conditions follow from Theorems 2.1 and 2.5. Relations
Vp = oo and (17) imply u; — 0. The statement (18) follows from (10). The conver-
gence (19) is easily derived from (28). This finishes the proof of Theorem 2.7.

Theorem 2.9 follows from Theorems 2.5 and 2.7.
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