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Abstract. Emerson-Lei conditions have recently attracted attention due
to both their succinctness and their favorable closure properties. In the
current work, we show how infinite-duration games with Emerson-Lei
objectives can be analyzed in two different ways. First, we show that the
Zielonka, tree of the Emerson-Lei condition naturally gives rise to a new
reduction to parity games. This reduction, however, does not result in
optimal analysis. Second, we show based on the first reduction (and the
Zielonka tree) how to provide a direct fixpoint-based characterization of
the winning region. The fixpoint-based characterization allows for sym-
bolic analysis. It generalizes the solutions of games with known winning
conditions such as Biichi, GRJ[1], parity, Streett, Rabin and Muller ob-
jectives, and in the case of these conditions reproduces previously known
symbolic algorithms and complexity results.

We also show how the capabilities of the proposed algorithm can be
exploited in reactive synthesis, suggesting a new expressive fragment of
LTL that can be handled symbolically. Our fragment combines a safety
specification and a liveness part. The safety part is unrestricted and
the liveness part allows to define Emerson-Lei conditions on occurrences
of letters. The symbolic treatment is enabled due to the simplicity of
determinization in the case of safety languages and by using our new
algorithm for game solving. This approach maximizes the number of
steps solved symbolically in order to maximize the potential for efficient
symbolic implementations.

1 Introduction

Infinite-duration two-player games are a strong tool that has been used, notably,
for reactive synthesis from temporal specifications [38]. Many different winning
conditions are considered in the literature.

Emerson-Lei (EL) conditions [21] were initially suggested in the context of au-
tomata but are among the most general (regular) winning conditions considered
for such games. They succinctly express general liveness properties by encod-
ing Boolean combinations of events that should occur infinitely or finitely often.
Automata and games in which acceptance or winning is defined by Emerson-Lei
conditions have garnered attention in recent years [35,40,27,25], in particular
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because of their succinctness and good compositionality properties (Emerson-
Lei objectives are closed under conjunction, disjunction, and negation). In this
work, we show how infinite-duration two-player games with Emerson-Lei winning
conditions can be solved symbolically.

It has been established that solving Emerson-Lei games is PSPACE-complete
and that an exponential amount of memory may be required by winning strate-
gies [25]. Zielonka trees are succinct tree-representations of Muller objectives [47].
They have been used to obtain tight bounds on the amount of memory needed
for winning in Muller games [18], and can also be applied to analyze Emerson-
Lei objectives and games. One indirect way to solve Emerson-Lei games is by
transformation to equivalent parity games using later-appearance-records [25],
and then solving the resulting parity games. Another, more recent, indirect ap-
proach goes through Rabin games by first extracting history-deterministic Rabin
automata from Zielonka trees and then solving the resulting Rabin games [12].
Both these indirect solution methods are enumerative by nature. Here, we give
a direct symbolic algorithmic solution for Emerson-Lei games. We show how the
Zielonka tree allows to directly encode the game as a parity game. Furthermore,
building on this reduction, we show how to construct a fixpoint equation sys-
tem that captures winning in the game. As usual, fixpoint equation systems are
recipes for game solving algorithms that manipulate sets of states symbolically.
To the best of our knowledge, we thereby give the first description of a fully
symbolic algorithm for the solution of Emerson-Lei games.

The algorithm that we obtain in this way is adaptive in the sense that the
nesting structure of recursive calls is obtained directly from the Zielonka tree
of the given winning objective. As the Zielonka tree is specific to the objective,
this means that the algorithm performs just the fixpoint computations that are
required for that specific objective. In particular, our algorithm instantiates to
previously known fixpoint iteration algorithms in the case that the objective is
a (generalized) Biichi, GR[1], parity, Streett, Rabin or Muller condition, repro-
ducing previously known algorithms and complexity results. As we use fixpoint
iteration, the instantiation of our algorithm to parity game solving is not di-
rectly a quasipolynomial algorithm. In the general setting, the algorithm solves
unrestricted Emerson-Lei games with k colors, m edges and n nodes in time
O(k!-m - n*) and yields winning strategies with memory O(k!).

We apply our symbolic solution of Emerson-Lei games to the automated
construction of safe systems. The ideas of synthesis of reactive systems from
temporal specifications go back to the early days of computer science [14]. These
concepts were modernized and connected to linear temporal logic (LTL) and
finite-state automata by Pnueli and Rosner [38]. In recent years, practical ap-
plications in robotics are using this form of synthesis as part of a framework
producing correct-by-design controllers [28,6,44,32,34].

A prominent way to extend the capacity of reasoning about state spaces is by
reasoning symbolically about sets of states/paths. In order to apply this approach
to reactive synthesis, different fragments of LTL that allow symbolic game anal-
ysis have been considered. Notably, the GR[1] fragment has been widely used for
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the applications in robotics mentioned above [37,7]. But also larger fragments
are being considered and experimented with [20,19,41]. Recently, De Giacomo
and Vardi suggested that similar advantages can be had by changing the usual
semantics of LTL from considering infinite models to finite models (LTL) [22].
The complexity of the problem remains doubly-exponential, however, symbolic
techniques can be applied. As models are finite, it is possible to use the classical
subset construction (in contrast to Biichi determinization), which can be rea-
soned about symbolically. Furthermore, the resulting games have simple reach-
ability objectives. This approach with finite models is used for applications in
planning [11,10] and robotics [6].

Here, we harness our symbolic solution to Emerson-Lei games to suggest a
large fragment of LTL that can be reasoned about symbolically. We introduce the
Safety and Emerson-Lei fragment whose formulas are conjunctions ¢satety A @EL
between an (unrestricted) safety condition and an (unrestricted) Emerson-Lei
condition defined in terms of game states. This fragment generalizes GR[1] and
the previously mentioned works in [20,19,41]. We approach safety and Emerson-
Lei LTL synthesis in two steps: first, consider only the safety part and convert it
to a symbolic safety automaton; second, reason symbolically on this automaton
by solving Emerson-Lei games using our novel symbolic algorithm.

Psatety \ PEL, ———> Dwsafety —> synthesis game Gwsafcty/\wEL

\S_yi‘bolic saV
$EL

(Emerson-Lei objective)

We show that realizability of a safety and Emerson-Lei formula @gafety A ¢EL can
be checked in time 20(m198™2") "where n = |peatety | and m = |pgL|. The overall
procedure therefore is doubly-exponential in the size of the safety part but only
single-exponential in the size of the liveness part; notably, both the automaton
determinization and game solving parts can be implemented symbolically.

We begin by recalling Emerson-Lei games and Zielonka trees in Section 2,
and also prove an upper bound on the size of Zielonka trees. Next we show how
to solve Emerson-Lei games by fixpoint computation in Section 3. In Section 4
we formally introduce the safety and Emerson-Lei fragment of LTL and show
how to construct symbolic games with Emerson-Lei objectives that characterize
realizability and that can be solved using the algorithm proposed in Section 3.
Omitted proofs and further details can be found in the full version of this pa-
per [23].

2 Emerson-Lei Games and Zielonka Trees

We recall the basics of Emerson-Lei games [25] and Zielonka trees [47], and also
show an apparently novel bound on the size of Zielonka trees; previously, the
main interest was on the size of winning strategies induced by Zielonka trees,
which is smaller [18].
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Emerson-Lei games. We consider two-player games played between the exis-
tential player 3 and its opponent, the universal player ¥. A game arena A =
(V, V3, V4, E) consists of a set V = V3 W V4 of nodes, partitioned into sets of
existential nodes V3 and universal nodes Vi, and a set E C V x V of mowves;
we put E(v) = {v/ e V| (v,v') € E} for v € V. A play m = vov ... then is a
sequence of nodes such that for all ¢ > 0, (v;,v;11) € E; we denote the set of
plays in A by plays(A4). A game G = (A, «) consists of a game arena A together
with an objective o C plays(A).

A strategy for the existential player is a function ¢ : V* - V3 — V such
that for all 7 € V* and v € V5 we have (v,0(mv)) € E. A play vov; ... is said
to be compliant with strategy f if for all ¢ > 0 such that v; € V3 we have
vir1 = o(vg...v;). Strategy o is winning for the existential player from node
v € V if all plays starting in v that are compliant with ¢ are contained in «;
then we say that the existential player wins v. We denote by W3 the winning
region for the existential player (that is, the set of nodes that the existential
player wins).

In Emerson-Lei games, each node is colored by a set of colors, and the ob-
jective a is induced by a formula that specifies combinations of colors that have
to be visited infinitely often, or are allowed to be visited only finitely often.
Formally, we fix a set C of colors and use Emerson-Lei formulas, that is, finite
positive Boolean formulas ¢ € B ({Inf ¢, Finc}.cc) over atoms of the shape Inf ¢
or Finc, to define sets of plays. The satisfaction relation = for a set D C C of
colors and an Emerson-Lei formula ¢ (written D |= ¢) is defined in the usual
inductive way; D will represent the set of colors that are visited infinitely often
by plays. E.g. the clauses for atoms Inf ¢ and Finc are

DEInfceceD DEFincec¢ D

Consider a game arena A = (V, V3,4, E). An Emerson-Lei condition is given
by an Emerson-Lei formula ¢ together with a coloring function v : V — 2¢ that
assigns a (possibly empty) set «(v) of colors to each node v € V. The formula ¢
and the coloring function v together specify the objective

Oy = {vovl ...eplays(A)[{ce C|Vi.Fj>i.cey(v)} E <p}

Thus a play ™ = vov; . .. is winning for the existential player (formally: 7 € )
if and only if the set of colors that are visited infinitely often by 7 satisfies .
Below, we will also make use of parity games, denoted by (V, V3, Vi, E, £2) where
2:V = {1,...,2k} (for k € N) is a priority function, assigning priorities to
game nodes. The objective of the existential player then is that the maximal
priority that is visited infinitely often is an even number. Parity games are an
instance of Emerson-Lei games, obtained with set C = {p1,...,par} of colors, a
coloring function that assigns exactly one color to each node and with objective

Parity(p1,- .-, P2k) = V; oven (Infpz- A /\i<j§2k Fin pj> .

Similarly, Emerson-Lei objectives directly encode (combinations of) other stan-
dard objectives, such as Biichi, Rabin, Streett or Muller conditions:



— Inff Biichi(f)
— VlSiSk(lnfGi/\Fin 1) Rabin(ey, f1,- .., ek, fx)
— /\1gz‘gk(Fi“ r; VInf g;) Streett(r1, g1, ..., Tk, G
— VpeuAcep InfeA /\deC\D Find) Muller(i4 C 2¢)

Zielonka Trees. We introduce a succinct encoding of the algorithmic essence of
Emerson-Lei objectives in the form of so-called Zielonka trees [47,18].

Definition 1. The Zielonka tree for an Emerson-Lei formula ¢ over set C of
colors is a tuple Z, = (T, R,1) where (I,R C T xT) is a tree and | : T — 2 is
a labeling function that assigns sets I(t) of colors to vertices t € T. We denote
the root of (T, R) by r. Then Z, is defined to be the unique tree (up to reordering
of child vertices) that satisfies the following constraints.

— The root vertex is labeled with C, that is, I(r



