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Abstract. We consider two-player games over finite graphs in which
both players are restricted by fairness constraints on their moves. Given
a two player game graph G = (V, E) and a set of fair moves Ey C E a
player is said to play fair in G if they choose an edge e € Fy infinitely
often whenever the source node of e is visited infinitely often. Otherwise,
they play unfair. We equip such games with two w-regular winning con-
ditions « and 8 deciding the winner of mutually fair and mutually unfair
plays, respectively. Whenever one player plays fair and the other plays
unfair, the fairly playing player wins the game. The resulting games are
called fair a/B games.

We formalize fair /8 games and show that they are determined. For
fair parity/parity games, i.e., fair a/8 games where a and f are given
each by a parity condition over G, we provide a polynomial reduction
to (normal) parity games via a gadget construction inspired by the re-
duction of stochastic parity games to parity games. We further give a
direct symbolic fizpoint algorithm to solve fair parity/parity games. On a
conceptual level, we illustrate the translation between the gadget-based
reduction and the direct symbolic algorithm which uncovers the underly-
ing similarities of solution algorithms for fair and stochastic parity games,
as well as for the recently considered class of fair games in which only
one player is restricted by fair moves.
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1 Introduction

Omega-regular games are a popular abstract modelling formalism for many core
computational problems in the context of correct-by-construction synthesis of
reactive software or hardware. This abstract view was initiated by the seminal
work of Church [8] and its independent solutions by Biichi and Landweber and
Rabin [18,5]. Since then these ideas have been refined and extended for solving
the reactive synthesis problems [17,20,14].
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However, before using any such synthesis technique, the reactive software de-
sign problem at hand needs to be abstractly modelled as a two-player game. In
order for the subsequently synthesized software to be ‘correct-by-construction’
this game graph needs to reflect all possible interactions between involved com-
ponents in an abstract manner. Building such a game graph with the ‘right’
level of abstraction is a known severe challenge, in particular, if the synthesized
software is interacting with existing components that already possess certain be-
havior. Here, part of the modelling challenge amounts to finding the ‘right’ power
of both players in the resulting abstract game to ensure that winning strategies
do not fail to exist due to an unnecessarily conservative overapproximation of
modeling uncertainty (or the dual problem due to underapproximation).

In this context, fairness has been adopted as a notion to abstractly model
known characteristics of the involved components in a very concise manner. Fair-
ness assumptions have been used in model checking [1] and scheduler synthesis
for the classical AMBA arbiter [16] or shared resource management [6]. Notably,
fairness assumptions have also gained attention in cyber-physical system design
[21,15,11] and robot motion planning [9,2]. In all these applications, fairness is
used as an assumption that the synthesized (or verified) component can rely
on. In particular, if these assumptions are modelled by transition fairness over
a two-player game arena® (Vy, V3, E) — i.e., by a set of fair environment moves
E; C E (i.e., with V4 as their domain) that need to be taken infinitely often
if the source node is seen infinitely often along a play — the resulting synthesis
games can be solved efficiently [4,19].

While most existing work has only looked at fairness as an assumption to
weaken the opponent in the synthesis game, all mentioned applications also
naturally allow for scenarios where multiple components with intrinsically fair
behavior are interacting with each other in a non-trivial manner. For example,
the ability of a concurrent process to eventually free a shared resource might
depend on how fair re-allocation is implemented in other threads. On an abstract
level, the formal reasoning about such scenarios requires to understand how the
interactive decision making of two dependent processes is influenced by intrinsic
fairness constraints imposed on their decisions. Algorithmically, these synthesis
questions require fairness restrictions on both players in a game, i.e., do not
restrict the domain of fair moves E; to one player only. We refer to such games
simply as fair games.

Motivating Example. In order to better illustrate the challenges arising from
solving such fair games, consider two robots in a shared workspace with narrow
passages between adjacent regions that only one robot can pass at a time. One
robot (say the green one) has an w-regular objective a that specifies desired
sequences of visited regions in the workspace. The other (red) robot tries to
prevent the green robot from achieving this sequence. In order to rule out trivial
spoiling strategies of the red robot, both robots need to implement a tie-breaking

3 Whenever we interpret players in a one-sided manner as environment and system,
we choose the environment player as the V-player, as we need to take all possible
environment moves into account. Similarly, the system is the 3-player in this scenario.
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mechanism for obstacle avoidance, i.e., they must eventually move left or right
if an obstacle blocks their way.

Now consider the scenario where both robots are facing each other at a gate,
as depicted in Fig. 1. While both robots block the gate from one side, neither
of them can move forward, but if the green robots moves left or the red robot
moves right, the other robot can take the gate to reach region A. With the
mentioned requirement for tie-breaking, none of the robots is allowed to block
the gate forever and both eventually have to move to the side.

Fig. 1: Deadlock caused by fairness constraints of two robots facing a door.

Now let us assume that region A is important for both robots, hence, both
robots have an incentive to enter region A first, to then move the game to an
area preferable to them. However, the robot who breaks the tie first, (i.e., fulfills
its fairness condition first) allows the other robot to enter region A first, which
gives both robots the incentive to behave unfair. While it is very intuitive to
make a player lose when she plays unfair and the other player plays fair, it is
unclear who wins the game if both players play unfair.

To resolve this issue, we can make the objectives of the robots completely
adversarial by assigning one of the players (say, green) the winner in a play where
both players play unfair. In the above example, this would give the red robot the
incentive to break the tie first. While this makes it harder for the red robot to
spoil the objective of the green one, we might be interested in a more symmetric
game which does not favor the green robot in all non-determined states of the
graph. We therefore consider a second w-regular objective 8 that determines the
winner of (mutually) unfair plays. This results in fair games G = (A, a, ) which
are determined (as shown in Sec. 3).

Contribution. Motivated by the above mentioned examples where interactive
decision making of two dependent processes is influenced by intrinsic fairness con-
straints imposed on their decisions, this paper studies fair games G = (A, a, )
as their abstraction. In particular, we give solution algorithms for these games
when both a and g are parity conditions induced by two different priority func-
tions over the node set. We call such games fair parity/parity games.
Obviously, the previously discussed one-sided version of fair games, which
we call V-fair games (as only the V-player (i.e., the environment) is restricted
by strong transition fairness), is a special case of fair games. Both enumerative
[19] and symbolic solution algorithms [4] have recently been proposed for V-



fair games, showing that strong transition fairness can be handled efficiently
in both types of algorithms. This observation is closely related to a result for
stochastic games, i.e., two-player games with an additional ‘half’ player that
takes all its moves uniformly at random. For the purpose of qualitative analysis,
such stochastic parity games have been shown in [7] to be reducible to (standard)
parity games by the use of “gadgets” that turn stochastic nodes into a small
sequence of V- and 3-player nodes. While it is known that stochastic games can
be reduced to V-fair games (and hence, fair games), it was not investigated how
the different solution approaches compare. The main conceptual contribution of
this paper is a unified understanding of all these solution approaches for the
general class of fair games.

Concretely, our contribution is three-fold:
(1) We formalize fair games as a generalization of V-fair games and stochastic
games such that they are determined.
(2) We show a reduction of fair parity /parity games to (standard) parity games,
inspired by the gadget-based reduction of stochastic parity games to parity games
in [7]. This reduction enables the use of parity game solvers over the reduced
game (in particular enumerative ones such as Zielonka’s algorithm [24]) and gives
a gadget-based reduction of V-fair parity games to parity games as a corollary.
(3) We then show how our gadget construction can be used to define a symbolic
fixpoint algorithm to solve fair parity/parity games directly (without the need
for a reduction). We show the direct symbolic algorithm for V-fair parity games
in [4] coinciding with our algorithm for this particular subclass of fair games.

With this, we believe that this paper uncovers the underlying similarities
of solution algorithms for fair, V-fair and stochastic parity games. Further, we
show how these conceptual similarities can be used to build both enumerative
and direct symbolic algorithms. This is of interest as both are known to have
complementary strengths, depending on how the synthesis instance is provided,
and this connection was, to the best of our knowledge, not known before.



