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Abstract. We study the reactive synthesis problem for distributed sys-
tems with an unbounded number of participants interacting with an
uncontrollable environment. Executions of those systems are modeled
by data words, and specifications are given as first-order logic formulas
from a fragment we call prefix first-order logic that implements a limited
kind of order. We show that this logic has nice properties that enable us
to prove decidability of the synthesis problem.

1 Introduction

Distributed algorithms have been increasingly more common in recent years,
and can be found in a wide range of domains such as distributed computing,
swarm robotics, multi-agent systems, and communication protocols, among oth-
ers. Those algorithms are often more complex than single-process algorithms
due to the interplay between the different processes involved in the computa-
tions. Another complication arises in the fact that some algorithms must be
designed for distributed systems where the number of participants is not known
in advance, which is often the case in applications where agents can come and
leave at a moment’s notice as is the case, for instance, in ad-hoc networks. Those
properties make it hard for programmers to design such algorithms without any
mistake, thus justifying the development of formal methods for their verification.

In this paper, we focus on the reactive synthesis problem. This problem
involves systems that interact with an uncontrollable environment, with the
system outputting some values depending on the inputs that are given by the
environment. Given a specification stating what are the allowed behaviors of the
whole system, the goal is to automatically build a program that would satisfy the
specification. This problem dates all the way back to Church [4], whose original
statement focused on sequential systems, and was solved in this context by Biichi
and Landweber [3]. They reformulated this problem as a two-player synthesis
game between the System and an adversarial Environment alternatively choosing
actions from a finite alphabet. The goal of System is for the resulting sequence
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of actions to satisfy the specification, while Environment wants to falsify it. A
winning strategy for System, if it exists, can then be seen as a program ensuring
that the specification is always met.

At the cost of having one copy of the alphabet for each participant, one can
adapt this setting to distributed systems where the number of participants is
fixed. However, a finite alphabet is too restrictive to handle systems with an
unbounded number of participants such as those we described earlier. Indeed,
with a finite amount of letters in the alphabet, one cannot distinguish every
possible participant when there can be any number of those, potentially more
than the number of letters. At most, one can deal by grouping participants
together in a finite number of classes and consider all that belong to the same
class to be equivalent. This however restrict the behaviors of the system and
what one could specify over the system. It is therefore worth extending this
problem to infinite action alphabets. To that end, we turn to data words, as
introduced by Bojanczyk et al. [2]. A data word is a sequence of pairs consisting
of an action from a finite alphabet and a datum from an infinite alphabet. In
our context the datum represents the identity of the process doing the action,
meaning that a data word is seen as an execution of the system describing
sequentially which actions have been taken by each process. In the corresponding
synthesis game, the two players alternatively choose both an action and a process,
and the resulting play is a data word.

The last ingredient needed to properly define the synthesis problem is the
choice of a formalism in which specifications are written. Unfortunately, there is
no strong candidate for a “standard” way of representing sets of data words, in
contrast to finite automata in the case of simple words. Many formalisms have
been proposed so far, but all of them lack either good closure properties (union,
complementation, etc.), have bad complexity for some basic decision procedures
(membership, ...), are lacking in expressivity power or do not have a good equiva-
lent automata < logic characterization. Let us cite nonetheless register automata
who were considered first by Kaminsky and Francez [11]| but have seen different
extensions over time, pebble automata by Neven et al. [13] and data automata
[2]. On the logical side, several formalisms have been proposed, such as a variant
of first-order logic |2|, Freeze LTL [6] and the logic of repeating values [5]. We
refer the reader to Ahmet Kara’s dissertation for a more comprehensive survey
[12]. Most of the previous works study the membership problem (in the case of
automata) and the satisfiability problem (for logics), which are useful for model-
checking applications but not enough in the synthesis context, as they lack the
adversarial environment factor that is central to the problem. A few attempts
have been made in this direction, notably for the logic of repeating values by
Figueira and Praveen [8] and for register automata by Exibard et al. |7].

We follow previous work [1,9] and focus on synthesis for first-order logic
extended to data words. In this extension, we add a predicate ~ to the logic such
that x ~ y is true when two positions z and y of a data word share the same data
value, i.e. when both actions have been made by the same process. Moreover, we
partition the set of processes into System processes and Environment processes,
and restrict each player to their own processes. The reason for this is two-fold:
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first, when processes are shared, the synthesis problem has been shown to be
undecidable even for the simplest logic possible FO2[~], where only two variable
names are allowed. Second, inputs and outputs are usually physically located in
different components of the system, such as sensors being disjoint from motors
in a drone; it thus makes sense to see them as different processes.

As always, there is a trade-off between expressivity of the logic and decid-
ability of its synthesis problem. The well-known LTL undecidability result from
Pnueli and Rosner [14] occurs because the logic allows specifying properties that
the system is too weak to satisfy. We must therefore find a balance between
making the logic expressive enough to be useful, while limiting its power so
that it cannot specify properties the system is not expected to be able to sat-
isfy in the first place. Our previous results ([9, Theorems 3 and 4]) have shown
that adding any kind of order on the positions of the data word, such as either
the immediate successor predicate or the happens-before predicate, makes the
synthesis problem undecidable. While those two predicates are fine from a cen-
tralized point of view that sees the whole system as a sequential machine, they
are not that well suited for real-life systems. Indeed, it is ambitious to expect
each process to know everything that happened on other processes in the exact
order those actions happened; this would require every process to be informed
instantly after every action happening in the system. What is more reasonable
is simply to expect a process to know the order of occurrence of its own actions
only, without knowing whether those actions happened before or after actions
made by other processes.

This leads us to introduce a new operator <, for which z < y if  ~ y and
x occurs before y in the data word. We call FO[<] the extension of FO that
includes only this new predicate. It is strictly more expressive than FO[~], as
the ~ predicate can easily be simulated by <. Similar to FO[~], we can study
separately the class of each process. Whereas FO[~] could only count how many
times each action happened (up to some threshold), we can now express anything
that FO[<] can express on (simple) words. Unfortunately, the decidability of the
synthesis problem for FO[<]| remains open. In this paper, we show a positive
result for a restriction of this logic that we call prefix first-order logic, denoted
by FOPREF[<]. In this restriction, the first variable quantified for each process
is called a bounding variable, and every subsequently defined variable belonging
to the same process must occur before the bounding variable. In other words,
the first variable for each class pins down a finite prefix of the class and throws
away the rest of the class; the rest of the variables can only talk about positions
that fall inside this prefix. This restriction allows us to obtain good properties
that we leverage to show decidability of the synthesis problem.

This paper is organized as follows. We first define prefix first-order logic
FOPREF[<] in Sect. 2, and the synthesis problem and its equivalent games in
Sect. 3. We then show the synthesis problem for FOPREF[<] to be decidable of
in Sect. 4, before concluding in Sect. 5. Omitted proofs can be found in the full
version of this paper [10].
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2 Prefix First-Order Logic

2.1 Data Words and Preliminaries

Fix two disjoint alphabets Y¢ and Y, which are respectively the System and
Environment actions. Let X = Yg W X'E denote their union. In the following,
we write € for the empty word, and u - v for the concatenation of the words u
and v. Let Pg and Pg be two disjoint sets of System and Environment processes,
respectively.

A data word is a (finite or infinite) sequence w = (ag,po)(a1,p1) ... of pairs
(a;,pi) € (Xs x Pg) U (XE x Pg). A pair (a,p) indicates that action a has been
taken by process p. The class of a process p is the word w, = ag,ar, -+ € X~
where (k;); is exactly the sequence of positions in tv where actions are made
by p. We see data words as logical structures (and will conveniently identify
a data word with its associated structure) over the vocabulary consisting of
two binary predicates ~, <, and two unary predicates Pg, Pg as well as one
additional unary predicate for each letter of . The universe of a data word has
one element for each process (called process elements — these are needed in order
to quantify over processes that have not played any action, and will drastically
increase the expressive power of FOPREF[<]). and one element for each position
in the data word. Predicate Pg (resp. Pg) is interpreted as the set of all System
(resp. Environment) process elements. For a € X, the predicate a holds on every
position which correspond to action a. Predicate < is interpreted as the linear
order on the set of positions corresponding to their order in the data word (and
is thus not defined on process elements), and ~ is interpreted as an equivalence
relation which has one equivalence class for every process, encompassing both
its process element and all positions of its class. It will be convenient to use P(z)
as an alias for “Pg(x) V Pg(z)” and x < y as an alias for “oz ~y Az < y”.

Let DWY, denote the set of all data words over actions X and processes
P. We write w[i...j] for the factor of w occurring between positions i and j
(both included), and r i . ..] for the suffix starting at position i; we extend both
notations to regular words as well.

2.2 Prefix First-Order Logic on Data Words

We define prefiz first-order logic on data words FOPREY [<] by induction on its

formulas. We write o(XProc; XPnd, xprel) t6 mean that the free variables of ¢
belong to the pairwise disjoint union X of the three sets XP™° (the process

variables), X" (the bounding variables) and XP™f (the prefir variables).
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(p(Xproc; and;Xpref) -

T=1y (z,y € X)
| Ps(z) | Pe(x) (z € XP™°)
| a(x) (x € XPrd y xPret g e X))
lz Sy (z,y € XPreF)
lz~y (=, y) € XP™° x X)

| ¢(Xproc;and;Xpref) A Lp(Xproc;and;Xpref)
| _‘(p(Xproc;and;Xpref)

| 3, P(z) A @(XP° U {z}; XPnd; xpref) (z ¢ X)

3o, k@) A (AN @hy) Ae(XPOs XU () X0 (@ ¢ X)
yexbnd

| 32, @ Sy Ap(XPr% X XPrel | (o) (¢ X,y € X"

with X = XProcw XPnd g XPref The intuition is as follows.

We allow one to quantify over the process elements with process variables.
Bounding and prefix variables are used to quantify over the elements of the
process classes; when quantifying (existentially or universally) over an element
of a process class (that is, an actual position of the data word), one must first
use a bounding variable. From then on, only prefix variables can be used on this
process class, which can only quantify earlier positions in the class (i.e. positions
which are < to the bounding position). Note that one can still quantify over
other classes, using new bounding variables.

The semantics is defined as usual. As always, the quantifier depth of a formula
is the maximal number of nested quantifiers (without regard to whether they
quantify process, bounding or prefix variables).

By construction, FOPR¥[<] is a fragment of FO[~, <] first-order logic with

~

~ and <). Example 1 below illustrates that FOP*FF[<] encompasses FO[~].

Ezample 1. Let us fix the alphabets X'g := {ag} and Ys := {as}. There exists
an FOPREF (<] formula ¢,, ... of quantifier depth 3 stating that there exists
a process with exactly one ag if and only if there exists a process with exactly
one ag. Indeed, the existence of a process with exactly one ap (and similarly for
ag) can be stated as

dz, P(x) A (Hy, -Ply) N y~z A aE(y))
A =3y, Ply) A y~a Aag(y) A 3z, 2 Syhag(z)).

Here, x is a process variable, both occurrences of y are bounding variables and
z is a prefix variable.

If a (finite or infinite) word is seen as a data word with exactly one data
class, then FOPREF[<] can in particular be seen a logic on words: it is equivalent
to the restriction of first-order logic on words where

— the formula must start with a universal or existential quantification on the
variable 7,
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— after that, each new quantification must be of the form dx < ¥ or Vz < 7.

We will refer to this logic on words as FOPREYF,

Ezample 2. In order to get a better understanding of the expressive power of
FOPREF and its limitation, let us consider a finite alphabet containing, among
others, the two symbols open and close.

The property stating that every occurrence of close must be preceded by an
occurrence of open can be formulated as follows in FOPREF,

VZ, close(Z) — Jy, y<ZT A open(y).

In contrast, one cannot state in FO'®EF that each occurrence of open is followed
by an occurrence of close. Indeed, for a fixed quantifier depth, the two words
w = open - close - open - ...- close and w’ = w - open cannot be distinguished if
w is long enough.

For any word w, we let <w>1’§OPREF denote its
OPREF

FOPREF—type of depth k, i.e.

with quantifier depth at most k satisfied in w.
OFREF_types

the set of all sentences of F
Having fixed an alphabet, we denote by Types’éopREF the set of F
of depth k£ on words.

Lemma 3. Let k € N and let w and fo be two finite or infinite data-words on the
same alphabet X', such that for every T € Types?opmp, the number of classes of
type T in 1o and fo are either the same or both at least k. Then to and v agree
on all FOP*EY[<]-sentences of quantifier depth at most k.

As a direct corollary of Lemma 3, in order to decide whether a data word tv
satisfies an FOPRFF <] formula of quantifier depth k, it is enough to know, for
each k-type 7 for FOTREY how many (up to k) classes of w have type 7. We
shall use this fact later in proofs, and refer to this abstraction of a data word as
its collection of types.

2.3 Properties of FOPREF Types

Let us now try to understand the behavior of FOPREF

we fix an alphabet X' and an integer k.

First, note that the equivalence relation “have the same F -type” is not
a congruence in the monoid of finite words. Indeed, one can convince themselves
(or prove formally, using the Ehrenfeucht-Fraissé games introduced in the full
version of this paper ) that for any k£ € N, the two words

on words. In the following,

OPREF

u = ababa - - - aba

and
v = ababa - - - abab

have the same FOPREF L_type (as long as they are long enough with respect to
k). However, u-a and v-a can be separated by the FOPREF sentence of quantifier
depth 3 stating the existence of two consecutive a’s.
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Lemma 4. Let u,v be words such that (u)’;OPREF = (u- U>I;.OPREF = 7. Then

for every prefix w of v, (u - w>I;OPREF =T.

This lemma has a straightforward consequence in the case of infinite words:
for every infinite word wu, there exists some 7 € Typesgopnm and an index
n € N such that for every m > n, u[0...m] has type 7. Indeed, TypesllgoPR/EF
is finite, thus there must be some type appearing infinitely often in the prefixes
of u. Lemma 4 ensures that such a type is unique. We refer to this type as the
stationary type of u.

Next, we prove that the stationary type of an infinite word is none other than
its own type:

Lemma 5. Let u be an infinite word with stationary type T € Typesl;opREp.
Then <u>kFopREF =T.

Combining those results we get the following:

Corollary 6. Let k € N, u be an infinite word, and T = <u>’;OPREF. Then there
exists n € N such that for all m > n, ul0...m| also has type 7.

Let us now try to understand the structure of TypesgopREF. We consider the
binary relation — defined on TypeS’;vOPREF‘ as follows: 7 — 7’ if and only if
there exists two finite words v and v such that (u)EOpREF =7 and (uv)éOPREF =

7'. We refer to (TypesgopREF, —,) as the graph of FOPREY _types of depth k.
The following lemmas break down its properties. First, the choice of u and
v above does not really matter:

Lemma 7. Let k > 1, let 7 and 7' be such that 7 — 7 and let w be a
finite word such that <w>’1§OpREF = 1. There exists some finite word w' such
that <wwl>§,OPREF - 7—/.

Second, — is an order:

Lemma 8. The binary relation —j is a partial order on TypeS];'OPREF, with
minimum <8>’;OPREF.

From those two lemmas, we conclude that (Typesfiopaap, —§) can be seen

as a finite directed tree rooted in (€>§OPREF. This is illustrated in Fig. 1.

3 Synthesis and Token Games

In this section we define the standard synthesis game, and then give equivalent
games that are more suitable for our purpose.
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<€>;OPREF

<aE>l2;OPREF <G/S>§‘OPREF

<aEaE>;OPREF <GSGS>12;‘OPREF

Fig.1. A partial representation of Types%OpREF for X¥g = {ar} and Ys = {as}.
Types of words containing both ar and as have been omitted, as data classes cannot
have such a type.

3.1 Standard Synthesis Game

Given a formula ¢, the standard synthesis game is a game played between
two players, System and Environment, who collaborate to create a data word.
System’s goal is to make the created data word satisfy ¢, while Environment
wants to falsify it. Formally, a strategy for System is a function § : DW[; —
(Xs x Pg) U {e} which given a data word created so far (the history) returns
either an action and process to play on, or passes its turn on output . A data
word o = (ag,po)(a1,p1)... is compatible with S if for all i, a; € Yg implies
S(w[0...7 — 1)) = (a;, p;). Furthermore, to is fair with S if either v is finite
and S(tv) = g, or S(w[0...4]) # ¢ for infinitely many i € N implies a; € Xg
for infinitely many ¢ € N. Intuitively, a fair data word prevents the pathological
case where System wants to do some action but Environment forever prevents it
by continually playing its own actions instead. Strategy S is said to be winning
if all compatible and fair data words satisfy ¢. System wins a synthesis game if
there exists a winning strategy for System.

The existential synthesis problem asks, for a given alphabet Y and formula
o, whether there exists a set of processes P = Pg W Pg such that System wins
the corresponding synthesis game. In the case of FOPREF [<], since the logic can
only compare process identities with respect to equality, it is easy to see that the
actual sets Pg and Pr do not matter: only their cardinality does. With that in
mind, we slightly reformulate the existential synthesis problem to ask whether
there exists a pair (ng,ng) € N? such that System wins the synthesis game for
all sets of processes Ps and Py of respective size ng and ng. If (ng,ng) is such
a pair, we say that System has a (ng,ng)-winning strategy for ¢.
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3.2 Symmetric Game

Notice that the standard synthesis game is asymmetric: while Environment can
interrupt System at any point (provided that System gets the possibility to play
infinitely often if they want to), System does not choose exactly the timing
of their moves. In particular, System is never guaranteed to be able to play
successive moves in the game. Let us define a variation of the game, which turns
out to be equivalent with respect to the logic FOP*¥[<] in which System can
play arbitrarily many successive moves. This makes the game symmetric, and
will make the following proofs simpler.

The symmetric game is defined in the same way as the standard game, with
the following exceptions. Instead of a function from DW', to (Xg x Pg) U {c}, a
strategy for System is now a function from DWY; to (Xs x Pg)*U{e}, i.e. System
is allowed to play an arbitrary (but finite) amount of actions at once. Moreover,
players strictly alternate, starting with Environment. The rest is defined as in
the standard game. It is obvious that System has an easier time winning the
symmetric game than the standard game. It turns out the symmetric game offers
System no advantage when the relative positions of the classes are incomparable:

Lemma 9. Let ¢ be a FO'™[<]-sentence, and ng,ng € N. System has an
(ng,ng)-winning strategy for ¢ in the symmetric game if and only if System has
an (ng,ng)-winning strategy for ¢ in the standard game.

Note that when positions between classes can be compared, the standard and
the symmetric game do not necessarily agree on who wins for a given formula:
consider for instance the formula making System the winner if they manage to
play twice in a row: the symmetric game is easily won by System, but is won by
Environment in the standard setting.

3.3 Token Game on Words

Our goal is to give an alternative game played on a finite arena that would
still be equivalent to the symmetric game. As an intermediate step, consider the
(infinite) graph of all finite words over X: Ay, = (X*, e, A) where X* is the set
of nodes, ¢ is the initial node and A C Y* x ¥ — X* is the transition function
such that A(w,a) = w-a. We use this graph as an arena over which a number of
tokens are located, each token representing one process and its location being the
history of what has been played on this process. We have two sets of System and
Environment tokens, numbering ng for System tokens and ng for Environment
tokens, all of which are initially placed in the € node. Alternatively and starting
from Environment, each player picks one of their token, move it along one edge,
and repeat those two operations a finite amount of times. A player can also opt
not to move any of its tokens. Then the other player does the same, and this
goes on forever. The winning condition is defined by the formula ¢: given a play,
we take the limit word reached by each token, and see if the collection of those
words satisfy . It is easy to see that this game is simply a different view of the
symmetric game: playing a word w = (ag,po) - - - (an, pn) is equivalent to picking
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the token representing pg, moving it along the ap-labeled edge, and so on. Thus
System wins in the symmetric game if and only if System wins the token game
on words, for any choice of token sets of correct sizes.

3.4 Token Game on Types

We already established as a consequence of Lemma 3 that we do not actually
need to keep track of the full history of each token to know whether ¢ (which has
depth k) is satisfied; counting how many tokens (up to threshold k) there are for
each k-type of FOP®EY ig enough to decide. Therefore, the final step is to use the
finite graph of FO'RF¥_types as an arena instead of using the infinite graph of
all words. As for the acceptance condition, the formula ¢ is abstracted by a set
o, of k-counting functions of the form « : Typesgopnm —{0,1,...,k—1,k+}.
Each such function gives a count of how many tokens (up to k) can be found in
each type, and the acceptance condition «, is exactly the set of those functions
that satisfy .

Let the FO"™ " _arena of depth k be Ay = (Typeskorrer, (eYE oprer; —k)

where Types’}fiopREp is the set of nodes, <€>IFC‘OPREF is the initial node, and — is
the transition function as defined in Sect. 2.3. Given a pair (ng,ng) € N2, let us
fix two arbitrary disjoint sets of System and Environment tokens Ts and Ty of
sizes ng and ng respectively, and let T denote their union. The token game over
T for a FOPREY [<] formula ¢ of depth k is given by the tuple (’522 = (T, Ax, o).

A configuration of this game is a mapping C : T — TypeS]g‘OPREF indicating
where each token lies in the arena. The initial configuration Cy maps every
token to the initial type 79 = (s)'}‘;OPREF. Starting from Environment, players
alternatively pick a number of their respective tokens and move them in the
arena following transitions from —. A move for System (resp. Environment) is
a mapping mg : Tg — TypesgopREF (resp. mg : Tp — TypesEOpREF) indicating
where to move each token such that for all ¢t € Tg, C(t) — ms(t) (and similarly
for Environment). In particular, in a given configuration C, an empty System
move is simply a move equal to C' restricted to Tg, indicating that all System
tokens should stay where they are.

Then a play 7 is a sequence of configuration and moves starting from an
0 1 2

Environment move and alternating players: 7 = Cjy LENyoN Cs
such that each new configuration is the result of applying the previous move to
the previous configuration. Let Plays% denote the set of plays. A play is maximal
if it is infinite.

For a given token t € T, a maximal play 7 generates a sequence of types
<8>'§OPREF =79 = 71 —% ... such that 7; = Cy;(¢). Note that it is fine to skip
every other configuration, as a token can only be moved during either a System
or Environment move but not both. This infinite sequence eventually loops in
some type 7; forever due to the graph of types being a finite tree. The limit
configuration for m, denoted by C7_, is the configuration that returns 7, for every
token ¢. Note that there must exists some ¢ > 0 such that for all j > 7, C; = C7.
We slightly abuse notations and denote by 7(t) the type of token ¢ in either the

mg mg
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last configuration of 7 if it is finite or its limit configuration if it is infinite. A
play is winning if its limit configuration satisfies the acceptance condition a,,

that is if there is a function s € «, such that for all 7 € TypesI]:iOPREF,
HteT|n(t) =71} =r(r) ifk(r)<k, and
HteT|nt)=1} >k it k() =k+ .

A strategy for System is a function S that given a play returns a System
move. A play is compatible with S if all System moves in that play are those
given by S. A strategy for System is winning if all maximal plays compatible
with it are winning. Finally, we say that a pair (ng,ng) € N? is winning for

System if System has a winning strategy in the token game (for any choice of
token sets Tg and Tg of corresponding sizes).

Lemma 10. A pair (ng,ng) is winning for System in the token game for ¢
if and only if System has a (ng,ng)-winning strategy for ¢ in the standard
synthesis game.

For a fixed pair (ng,ng), the token game is a finite, albeit very large, game.
Remember that our goal is to find whether there exists such a pair that is
winning. We show in the next section how to reduce the search to a (large but)
finite space.

4 Double Cutoff for Solving the Synthesis Problem

Recall that in terms of expressive power, FOPREF [<] is located somewhere
between FO|[~] whose existential synthesis problem is known to be decidable [9])
and FO[~, <] for which is it undecidable already when restricting to two vari-
ables, i.e. for FO*[~, <] [9]).

In this section, we make a step towards closing the gap by proving our main

result:
Theorem 11. The existential synthesis problem for FOP*F[<] is decidable.

To prove Theorem 11 we follow a double cutoff strategy. We first show in
Sect.4.1 that there is no point in considering too many tokens for Environ-
ment, where the bound depends on the quantifier depth k of the formula ¢ but,
importantly, not on the number of System tokens. As a second step, we prove
in Sect. 4.2 that given a fixed number of Environment tokens (which is a reason-
able assumption in view of the previous point), one can restrict one’s study to
a space where the number of System tokens is bounded by a function of £ and
the number of Environment tokens. The reasoning is detailed in Sect. 4.3.
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4.1 Having More Tokens Makes Things Easier for Environment

First, we prove that beyond some threshold, if Environment can win with some
number of tokens, then they can a fortior: win with a larger number of tokens.
Let us stress that this is not true when the number of tokens is small, as witnessed
by the formula ¢ stating the existence of at least two Environment tokens: in
that case, System can benefit from Environment having more tokens.

Lemma 12. For every k € N, there exists some fg(k) such that for anyng € N,
any ng > fe(k), and any FOPRFY[<|-sentence ¢ of depth k, if (ng,ng + 1) is
winning for System then (ng,ng) is winning for System.

Proof. Let k € N and let ¢ be a FOPR¥ [<]_sentence of depth k. Let us fix three
token sets T¢%, TR”, and TEEH of sizes ng, ng, ng +1 respectively. We note
T =T¢* wTE” and T4 = Tg" & TEEH. Let & = (T, A, a,) be the token game
over T for ¢ and &4 = (T, A, a,) the same over T,. We show how to build a
winning strategy for System in & from a winning strategy in & . But first, let
us define some useful properties.

For all types 7 € TypeslliiopREp we define the height of 7, denoted by h(7),
as its height in the tree of types, e.g. h(7) = 0 for any leaf in the tree. Let hpax
denote the height of the root 79 = <5>§OPREF'

In any given configuration obtained by following a play in &, we say that a
type 7 is large in that configuration if there are at least k£ Environment tokens in
7. Intuitively, this means that the acceptance condition a, cannot differentiate
between a configuration with a large type 7 and the same configuration with
even more tokens in 7. Therefore, if we can ensure that System has a strategy
in & that simulates the & winning strategy while always keeping the missing
Environment token in a large type, then that strategy would also be winning as
a, (which is the same in both ® and &) has no way of distinguishing them.

To that end, we define what it means to have a huge number of Environment
tokens in one type 7. This is given by a lower bound F(7) = k- |TypeS]]§woPREF |7 (7)
that depends only on k£ and the height of 7. It guarantees the following properties:

1. A type that is huge is a fortiori large.

2. If 7 is a huge type with h(7) = 0, it contains at least F'(7) = k Environment
tokens. And since it is a leaf, all those tokens will stay in this type forever.
Thus 7 will remain large from this point on.

3. If 7 is a huge type with height greater than 0, after any Environment move
either 7 still remains large, or by the pigeonhole principle there exists another
type 7" whose height is strictly lower than h(7), that can be reached from 7
(i.e. such that 7—¢ 7’), and such that the number of Environment tokens in
7/ is greater than F(7'), ensuring 7’ is also huge.

We then define fg(k) = F(rp) = k- |Types’1§OpREF|hmaX. Note that it depends
only on k.

By these definitions, and since we assume that ng > fg(k), 70 is huge in
the initial configuration because all Environment tokens start in type 79. By
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the third property, this means that after any move by Environment, either 7y is
still large, or there is (at least) one huge type 7 reachable from 7y. This can be
repeated until either a type of height 0 is reached, which will be large forever
according to the second property, or we stay in the same large type forever.
Formally, we define inductively a function [/t : Playsqkr — TypesllfﬂopREF (It for
“large type”) such that It(Cy) = 7o, lt(m == C) = It(n), and lt(r =2 C) =7
where 7 is either a minimal (in terms of height) type such that lt(w) — 7 and
7 is huge in C if such a type exists, or 7 = lt(7) otherwise. This is well-defined
due to the above-mentioned third property, and we easily obtain that [¢(7) is
large in the last configuration of 7 for any play .

Now assume S, is a winning strategy for System in &,. We define a strat-
egy S for System in & using It and additionally maintaining a play 74 of &
with the following invariant: for all plays 7 of & that are S-compatible, 7, is a
S4-compatible play such that the configuration reached after 7, has the same
number of tokens in each type as the configuration reached after 7, plus one extra
Environment token in lt(7). The strategy S is simply defined as S(7) = S4(74),
i.e. it mimics the actions of S; on play 7. Assuming that 7 is properly defined
and that the previously mentioned invariant holds, it is then easy to prove that
S is winning. Indeed, for every configuration that can be reached from a S-
compatible play 7, there is an almost similar configuration that can be reached
by following 7, which is S -compatible, with the only difference being one extra
Environment token in the type designated by [t. Since this type is large by defi-
nition of It, o, cannot distinguish between the two configurations. Thus, for any
maximal play m compatible with S, its limit configuration is indistinguishable
from the limit configuration of 7w, which satisfies v, by assumption of S} being
winning. This proves that S is indeed a winning strategy for System in &.

It only remains to explain how 7 is defined and show it satisfies the invariant.
Without loss of generality, assume that Tp? T = TE” W {7}. We strengthen the
second part of the invariant so that the configuration reached after 7, is such
that every token in TR” is in the same type as in the configuration reached after
m, and with v being the extra token in type lt(7). Initially this play m is the
empty play Cp of &, which trivially satisfies both conditions. Suppose now that
7 is a S-compatible play and 7 is a S;-compatible play that also satisfies the
(strengthened) second part of the invariant.

— On any System move mg in & leading to play m —= C, we simply update 7
to m, =2 C where C, is the result of applying mg to the last configuration
of 7. Since S mimics S, if 7 =2 C is S-compatible, then 7, = C, is
Si-compatible. Moreover, by induction hypothesis, the last configuration of
7+ is the last configuration of 7 with the extra token  in It(7). By applying
the same System move mg to both, we easily obtain that C' is the same as
C plus v in it(r 25 C) = It(n).

— On an Environment move mg in & resulting in play 7 — C, let 7 = It()
and 7/ = It(r = C). Let mg, be the Environment move that only affects ~
by moving it from 7 to 7’ (the move can be empty if 7 = 7’). We know such
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a move is possible because by definition of /t we have that 7 —; 7’. Then

with mg being the Environment move combining mg and m3, we update m
+
to 74 e, Cy. It is trivially still S;-compatible since no System move has

been made. The extra token v was moved to the new large type given by ¢,
and all other Environment tokens made the same moves as in 7 —= C, so
the invariant still holds.

Thus 74 is properly defined and always satisfy the required invariant, which
concludes the proof. O

4.2 Too Many Tokens Are Useless to System

Dually, one can prove the following lemma, stating that only so many tokens
can help the System win; beyond that point, no amount of additional tokens can
turn the table and change a losing game into a winning one.

Lemma 13. For every k,ng € N, there exists some fs(k,ng) such that for any
ns > fs(k,ng), if System has an (ng+ 1, ng)-winning strategy in a token game
of depth k, then System has an (ng,ng)-winning strategy in that game.

Note that contrary to Lemma 12, where the bound depends only on k, here
fs(k,ng) depends both on k and the number of tokens of Environment. This
cannot be avoided, as showcased by the following example.

Example 14. Remember formula ¢,, ., from Example 1. We can show that
the (ng,ng)-game for ¢,, _,,. cannot be won by System when ng < ng, as
exemplified in Fig. 2. Note that we use for simplicity’s sake the representation
of Types%OpREF from Fig. 1 when we should consider TypeS%OPREF, as P14, 14,
has depth 3 — this does not matter as ¢,,, _;,, cannot distinguish (aga E)%OPREF
from <a,EaEaE>%OpREF.

Starting from the initial configuration depicted in Fig. 2a, Environment can
move one of their tokens from <6>%‘OPREF to (a E>% rrer (Fig. 2b), forcing System
to answer by moving on of their tokens from <5>FOPREF to (a5>%OPREF (Fig. 2c)
in order to satisfy the win condition of ¢,,, .., . System could also directly move
down other tokens from <€>%OPREF to (aSaS)%OPREF, but this would only make
things worse.

Then by moving the same token to (aEaE)%OPREF as in Fig.2d, Environ-
ment would force System to move as well their first token to (asas%opam (cf.
Figure 2e). Repeating this sequence a total of ng times on different tokens would
end up “using” all of System’s tokens, which would all end up in (aga 5)%OPREF,
as illustrated in Fig. 2g. Environment then only needs to move one last token to
(aE>%0PREF to falsify the win conditions for ¢, _1...

Although the insight gained in the proof of Lemma 12 is useful when con-
sidering the proof of Lemma 13, the latter is much more involved. Let us nev-
ertheless give the key ideas of the proof. This time, the goal is to convert an
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(a) (b) (c) (d)

() (f) (8) (h)

Fig. 2. System may need at least as many tokens as Environment to win.

(ns + 1, ng)-winning strategy S[+] for System in a token game of depth k to an
(ng,ng)-winning strategy S[| for the same game.

In order to adapt S[+] to the situation where System has one less token, we
will track a ghost token. The central idea of the proof is to guarantee at all time
that the ghost shares its type with many other tokens, so that its presence or
absence is of no import to the winning conditions of the game. Up to that point,
the proof is very similar to that of Lemma 12. The main difference in this case is
that the ghost is not a fixed token: its identity among the ng +1 System tokens
may vary depending on the way the play unfolds. But once again, if one starts
with enough System tokens and is careful in the tracking of this ghost token, it
is possible to “hide it” among many others throughout the entire play.

4.3 Solving the Synthesis Problem

Remember that our goal is to decide whether there exists a pair (ng,ng) € N?
that is winning for a given formula ¢ of depth k. Using Lemmas 12 and 13, we
have shown that we can restrict the search space to the set N = {(ng,ng) €
N? | ng < fe(k)Ans < fs(k,ng)} (which is finite and computable) in the sense
that if there is no winning pair in N, then there will be no winning pair in N2,

Recall that for a fixed pair (ng,ng), the corresponding token game is a finite
game with finite configurations. As such, it can be solved by seeing it as a game
on the graph of configurations, with a Biichi winning condition where accepting
configurations are exactly those that satisfy «.,. From there, a winning strategy
can be mapped back to a winning strategy in the (ng, ng) token game by looking
at the history of a play and constructing the configurations from it. Finally, as
the proofs of equivalence in Sect.3 are constructive, one can then go from a
winning strategy in the token game back to a winning strategy in the original
synthesis game. Therefore, the synthesis problem can be solved by iterating on
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all pairs in NV and solving the token game for that pair, and then accepting the
first winning pair found if there is one, and rejecting if no such pair is found

(Fig. 3).

ns ns ns

Lemma 12 Lemma 13
- .

fS(k7 nE)

e fe(k) "E fe(k) "E

Fig. 3. Bounding the search space for winning pairs.

5 Conclusion

We have shown that the synthesis problem is decidable for FOPREF [<], the prefix
first-order logic on data words. Our proof is based on successively bounding the
number of Environment and System processes that are relevant for solving the
problem, thus restricting the search space to a finite set.

The correctness of those bounds heavily relies on the nice properties exhibited
by FOPREF [<]. The most important of them is that FOPREY _types on regular
words form a tree, which would not be the case with the unrestricted FO[<].
We show in the full version of this paper that FOP*™F[<] is actually the finest
restriction enjoying this property, in the sense that FOPREF—types correspond
exactly to connected components in the graph of types of FO[<]. To the best
of our knowledge, this natural restriction and the properties it enjoys have not
been studied anywhere else.

On the synthesis side, our result narrows the gap between decidability and
undecidability of first-order logic fragments on data words. Previous results had
shown that adding unrestricted order to the allowed predicates immediately
lead to undecidability, greatly reducing the kind of specifications that could be
written. It turns out that the limited kind of order added by the predicate <
does not share the same outcome, so we obtain a fragment with more expressivity
than before and for which synthesis is still decidable. The decidability for the full
FO[<] remains open; our technique for tracking a missing ghost token cannot be
easily adapted in that setting as the type structure for that logic is not as nice
as in the FOPRFF[<] setting. We conjecture that it remains decidable, and leave
this as potential future works.
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