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—— Abstract

We present a translation from linear temporal logic with past to deterministic Rabin automata. The
translation is direct in the sense that it does not rely on intermediate non-deterministic automata,
and asymptotically optimal, resulting in Rabin automata of doubly exponential size. It is based
on two main notions. One is that it is possible to encode the history contained in the prefix of a
word, as relevant for the formula under consideration, by performing simple rewrites of the formula
itself. As a consequence, a formula involving past operators can (through such rewrites, which
involve alternating between weak and strong versions of past operators in the formula’s syntax tree)
be correctly evaluated at an arbitrary point in the future without requiring backtracking through
the word. The other is that this allows us to generalize to linear temporal logic with past the
result that the language of a pure-future formula can be decomposed into a Boolean combination of
simpler languages, for which deterministic automata with simple acceptance conditions are easily
constructed.
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1 Introduction

Finite-state automata over infinite words, commonly referred to as w-automata, have been
studied as models of computation since their introduction in the 1960s. Their introduction
was followed by extensive investigations into their expressive power, closure properties,
and the decidability and complexity of related decision problems, such as non-emptiness
and language containment. In particular, it was soon established that determinization
constructions of such automata are considerably more complex than they are for their finite
word counterparts, for which a simple subset construction is sufficient.

In the 1970s, Pnueli [15] proposed linear temporal logic (LTL) as a specification language
for the analysis and verification of programs, based on the idea that a program can be
viewed in the context of a stream of interactions between it and its environment. It has since
become ubiquitous in both academia and the industry due to the perceived balance of its
expressive power and the computational complexity of its related decision procedures. The
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intimate semantic connection between LTL and w-automata further motivated research into
the properties of both, also from a practical point of view. In addition to being of theoretical
interest, the fact that multiple automata-based applications of LTL as a specification language
— such as reactive synthesis and probabilistic model checking — require deterministic automata,
has drawn additional attention to the study of efficient translation procedures from LTL to
deterministic w-automata.

In the classic approach to determinization, the given LTL formula is first translated
to a non-deterministic Biichi automaton. This automaton is subsequently determinized,
for example using Safra’s procedure [16], or the more modern Safra/Piterman variant [13].
Such constructions are both conceptually complex and difficult to implement. Moreover,
information about the structure of the given formula is lost in the initial translation to Biichi
automata; in particular, because of the generality of such determinization procedures, they
cannot take advantage of the fact that LTL is less expressive than w-automata.

In 2020, Esparza et al. [5] presented a novel translation from LTL to various automata,
that is asymptotically optimal in both the deterministic and non-deterministic cases. The
translation is direct in the sense that it avoids the intermediate steps of the classic approach,
which involve employing a variety of separate translation procedures. In particular, for
deterministic automata, it forgoes Safra-based constructions. Instead, the language of the
formula under consideration is decomposed into a Boolean combination of simpler languages,
for which deterministic automata with simple acceptance conditions can easily be constructed
using what the authors have dubbed the “after-function”; that such a decomposition exists
is a fundamental result named the “Master Theorem”. These simpler automata are then
combined into the desired final automaton using basic product or union operations according
to the structure of the decomposition.

In this paper, we consider past linear temporal logic (pLTL); the extension of LTL that
includes the past operators “Yesterday” and “Since”, analogous to the standard operators
“Next” and “Until”, respectively. We adapt the Master Theorem and generalize the derived
LTL-to-deterministic-Rabin-automata translation to pLTL, while maintaining its optimal
asymptotic complexity. The merits of LTL extended with past operators were argued by
Lichtenstein et al. [9], who also showed that their addition does not result in a more expressive
logic with respect to initial equivalence of formulae. At the same time, the complexity of
satisfiability /validity- and model checking remains PSPACE-complete for pLTL [17]. When
it comes to determinization, as Esparza’s approach [5] applies only to (future) LTL, the only
option is the two-step approach: translate pLTL to nondeterministic Biichi automata [14]
and convert to deterministic parity/Rabin automata [16, 13]. Our generalization to pLTL
is of both theoretical and practical interest, for two main reasons. First, certain properties
are more naturally and elegantly expressed with the help of past operators. Secondly, there
exist formulae in pLTL such that all (initially) equivalent LTL formulae are exponentially
larger [11]. Both of these properties can be exemplified by considering the natural language
specification “At any point in time, p should occur if and only if ¢ and r have occurred at
least once in the past”. FExpressing this in LTL requires explicitly describing the possible
desired orders of occurrences of p, ¢, and r:

(P A=W (r A((=p A=) W (pA @)V (=p A=r) W (g A ((=p A=) W (p AT))))
ANG(p = XGp).

The same specification is very intuitively and succinctly expressed in pLTL by the formula
G(p< Og A Or).
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The main contributions of this paper are an adaptation of the Master Theorem for pLTL
and a utilization of this in the form of an asymptotically optimal direct translation from
pLTL to deterministic Rabin automata. The paper is structured in the following manner:
In Section 2, we define the syntax and semantics of linear temporal logic with past, infinite
words and w-automata, and the notion of propositional equivalence. As the automata we
aim to construct are one-way, we need a way to encode information about the input history
directly into the formula being translated; the machinery required to accomplish this is
introduced in Section 3. The foundation of the translation from pLTL to Rabin automata
is the after-function of Section 4. The subsequent Sections 5 and 6 are adaptations of the
corresponding sections in Esparza et al. [5]. The decomposition of the language of the formula
to be translated into a Boolean combination of simpler languages requires considering the
limit-behavior of the formula. This notion is made precise in Section 5, which finishes with a
presentation of the Master Theorem for pLTL. Section 6 describes how to create deterministic
automata from the simpler languages of the decomposition, and how to combine them into a
deterministic Rabin automaton. Finally, we conclude with a brief discussion in Section 7.

2 Preliminaries

2.1 Infinite Words and w-automata

An infinite word w over a non-empty finite alphabet X is an infinite sequence og, 01, ...
of letters from Y. Given an infinite word w, we denote the finite infix oy, 04 41,..., 00 1s—1
of w by wys. If t = s, then wy, is defined as representing the empty word €. Note that no
ambiguity will arise as we use parentheses whenever required; for example, w)(en) rather
than wgie, We denote the infinite suffix o4, 0441,... of w by w,. We will also consider finite
words, using the same infix- and suffix notation.

An w-automaton over an alphabet ¥ is a quadruple (Q, Qo, d, @), where @ is a finite set
of states, Qo C @ a non-empty set of initial states, § € Q x ¥ — 29 a (partial) transition
function, and « a set constituting its acceptance condition. In the case where |Qo| = 1
and |6(q,0)| <1 for all ¢ € Q and all 0 € X, the automaton is called deterministic. For
deterministic automata we write § : @ x ¥ — (. Given an w-automaton A = (Q, Qo, J, )
and an infinite word w = 0¢, 071, ..., both over the same alphabet, a run of A on w is a

sequence of states r = rg,r1,... of Q such that ro € Qo and r; 41 € &(r;,0;) for all ¢ > 0.
Given such a run r, we write Inf(r) to denote the set of states appearing infinitely often in r.

In this paper, we consider three particular classes of w-automata, which differ only by
their acceptance condition «. Biichi- and co-Biichi automata are w-automata with o as a
set @' C Q. A Biichi automaton accepts the infinite word w iff there exists a run r on w
such that Inf(r) N Q' # @, while a co-Biichi automaton accepts w iff there exists a run r on
w such that Inf(r) N Q" = &. We will also consider Rabin automata. A Rabin automaton
has a set of subsets R C 29 x 29 as acceptance condition, and accepts w iff there exists a
run 7 on w and a pair (A, B) € R such that Inf(r) N A = @ and Inf(r) N B # @. We write
DBA, DCA, and DRA to refer to deterministic Biichi-, co-Biichi-, and Rabin automata,
respectively.

We use a specialized form of cascade composition of two automata: bed automaton and
runner automaton. Bed automata are automata without an acceptance condition. Runner
automata read input letters and (next) states of bed automata: given a bed automaton A with
S as set of states, a runner automaton is B = (S, Q, Qo, 9, &), where @, Qp, and « are as before
and 6 : Q x S x ¥ — 29 is the transition function. The composition Ax B is the automaton
(Q x S,Qq x S, 0,a), where §(q,s,0) = {(¢',s') | ¢ €6p(q,s',0),s € 54(s,0)} and either
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a = a x S if Bis a Biichi- or co-Biichi automaton, or @ = |J{(A x S) x (B x S) | (4, B) € a}
if B is a Rabin automaton. Note that A5 is an w-automaton with B’s acceptance, e.g., if
A is deterministic and B is a deterministic co-Biichi runner automaton, then AxB is a DCA.

2.2 Linear Temporal Logic with Past

Given a non-empty finite set of propositional variables AP, the well-formed formulae ¢ of
pLTL are generated by the following grammar:

pu=T|L[p|l-pleApleVe|XeleUe|Ye|pSe,

where p € AP. Given a formula ¢, we write Var(yp) to denote the set of all atomic propositions
appearing in ¢. Given a formula ¢, natural number ¢, and infinite word w = 0, 01,... over
2Ver(¥) we write (w,t) = ¢ to denote that w satisfies ¢ at index t. The meaning of this is
made precise by the following inductive definition:

(w,t) = T (w,8) J L

(w,t) Epiff p € oy (1,8) b= = I (1,1) 1

(w,t) = @ A iff (w, 1) = and (w,t) =y (w,t) eV iff (w,t) =@ or (w,t) = ¢
(w,t) EXp iff (w,t+1) = (w,t) EYgiff t >0and (w,t—1) ¢
(w,t) EeUyiff Ir > t.(w,r) EY and Vs € [t,r). (w,s) E ¢)

(w,t) E @Sy iff Ir <t.((w,r) E ¢ and Vs € (r,t]. (w,s) E ¢).

When ¢ = 0 we omit the index and simply write w = ¢. Observe that Y is almost exactly
the past analog of X, with a similar relationship between S and U. They differ in that the
past is bounded; in particular, a formula Y is never satisfied at t = 0. The language of
a formula ¢, denoted L(p), is the set of all infinite words w such that w = ¢. Two pLTL
formulae ¢ and 1 are semantically equivalent, denoted ¢ = v, iff L(p) = L(¢).

In addition to the above, we will also consider the following derived operators:

Fpo=TUp Op:=TSyp Gy = F-yp
Hy := -0-p OW1y =oUypVGp ¢St :=¢pSyVHp
eMy=pU(pAY) ¢BY=uS(pAY) eRYE =W (o)
By =9 S(pAD) Yo:=YoV-YT.

The past operators above are defined in analogy with their standard future counterparts. An
important exception is the weak yesterday operator Y, which is similar to Y. However, a
formula Y is always satisfied at ¢ = 0.

A pLTL formula that is neither atomic nor whose syntax tree is rooted with a Boolean
operator is called a temporal formula, and a pLTL formula whose syntax tree is rooted with
an element of {Y, Y.S,S,B, ]3} a past formula. Finally, a pLTL formula that is a proposition
or the negation thereof is propositional. We write sf(p) to denote the set of propositional
and temporal subformulae of ¢, and psf(¢) the set of past subformulae of ¢. The size of a
pLTL formula ¢, denoted |p|, is defined as the number of nodes of its syntax tree that are
either temporal or propositional.

A pLTL formula where negations only appear before atomic propositions is in negation
normal form. Observe that with the derived operators above, an arbitrary pLTL formula
can be rewritten in negation normal form with a linear increase in size. For the remainder of
the paper, when we write “formula” we implicitly refer to pLTL formulae in negation normal
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form, with no occurrences of F, G, O or H. Subformulae rooted with either of these four
operators can be replaced by equivalent formulae of the same size: every subformula of the
form F can be replaced with T U and every subformula of the form Gy with vy W L,
and analogously for Oy and Hvy. While these four derived operators are not part of the
syntax under consideration — for the purpose of keeping the presentation more concise — we
will occasionally use them as convenient shorthand. When we write “word” we implicitly
refer to infinite words, unless otherwise stated.

We conclude this section by defining the notion of propositional equivalence, which is
a stronger notion of equivalence than that given by the semantics of pLTL. It is relatively
simple to determine whether two formulae are propositionally equivalent, which makes the
notion useful in defining the state spaces of automata as equivalence classes of formulae. We
also state a lemma that allows us to lift functions defined on formulae to the propositional
equivalence classes they belong to. Both are due to Esparza et al. [5].

» Definition 1 (Propositional Semantics of pLTL). Let T be a set of formulae and ¢ a formula.
The propositional satisfaction relation T =, ¢ is inductively defined as

Ik T Ikp YN iff Ty andT = ¢
T, L TEWVEHFTIE, Y orT ¢,

with T =, ¢ iff ¢ € T for all other cases. Two formulae ¢ and ¢ are propositionally
equivalent, denoted p ~ 1, if T |=, ¢ < T |=, ¢ for all sets of formulae Z. The (propositional)
equivalence class of a formula ¢ is denoted [p]~.. The (propositional) quotient set of a set of
formulae W is denoted V.

» Lemma 2. Let f be a function on formulae such that f(T) =T, f(L)= 1, and for all

formulae ¢ and ¥, f(e AY) = f(@) A f(W) and f(e V) = f(p)V f(). Then, for all pairs
of formulae ¢ and ¥, if ¢ ~ 1 then f(p) ~ f(¥).

3 Encoding the Past

Informally, given a formula ¢ and word w, our aim is to define a function that consumes a
given finite prefix of w, of arbitrary length ¢, and produces a new formula ¢’, such that the
suffix w; satisfies ¢ iff w satisfies . This function will serve as the foundation for defining
the state spaces and transition relations of the automata that we are to construct. For

standard LT L, defining such a function is straightforward using the local semantics of LT L.

With the introduction of past operators the situation becomes more complicated. As a prefix
of w is consumed we lose the information about the past therein, and must instead encode
this information in the rewritten formula. The key insight is that this can be accomplished
by rewriting strong past operators of ¢ — the operators Y, S, and B — into their weak
counterparts Y, S, and B, respectively, and vice versa, based on the consumed input. This
section makes this idea precise.

» Definition 3 (Weakening and strengthening formulae). The weakening vy and strengthening
ps of a formula v is defined by case distinction on ¢ as

Y)w =Yy (@SEOW =S¢ (WBEw =¢B¢
(Y)s =Yy (pS€s=vS¢ (¥BEs=vBE

For all other cases we have oy = ¢ and ps = @.

13:5
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» Definition 4 (Rewriting past operators under sets). Given a formula ¢ and set of past
formulae C, we write o(C) to denote the result of weakening or strengthening the past
operators in the syntaz tree of ¢ according to C while otherwise maintaining its structure, as
per the following inductive definition:

a(C) =a (a atomic)
_ {lop(CYw  (opy € C)
(op){C) = {(01)1#(0})?} (otherwise) (op unary)
(Y(C)op&(CNw (Y op& ) '
(W op€)(C) {(1/}(6’} op §<C’>)ZV (otherwise). (op binary).

We overload this definition to sets: given a set of formulae S, we define S(C) = {s(C)|s € S}.

» Example 5. Consider the formula ¢ = Y(pS¢q) and set C = {p}. We then have
©(C) =Y (pSq). For the same formula ¢ and set C' = {pS ¢), we instead have ¢(C) = ¢.

» Definition 6 (Weakening conditions). Given a past formula ¢, we define the weakening
condition function wc(p):

we(Yy) = we(S€) = ¢ we(PBE) =P A ¢
we(Yv) = we(S&) =y VE we(pBE) =¢.

The weakening condition for a past formula serves as a requirement that must hold immediately
in order to justify weakening the formula for the next time step. More precisely, if w | wc(p)
then it is enough to check that w; | ¢y to conclude that (w,1) = .

» Example 7. Let ¢ = X(pS¢q) and w be a word such that wgs = {g}{p}. By establishing
that w = we(p S q) = ¢, we can “forget” about the initial letter {q}; it is enough to check
that w; = pS¢ to conclude that (w,1) = pS ¢, and hence that w = ¢.

This suggests that there exists a set of past subformulae of ¢ that precisely captures the
information contained in the initial letter of w required to evaluate all past subformulae of ¢
at every point in time. This is the main result of this section, which we now summarize.

» Definition 8 (Sets of entailed subformulae). Let ¢ be a formula, w a word, and t € N. The
set of past subformulae of ¢ entailed by w at t is inductively defined as

Coo=Abepsf(o) [ =rw}  CF, =L e psf(e(CF, 1) |we | we(¥)} (£>0).

When the word w above is clear from the context, we simply write C,, ;. Given ¢ € N we denote
the sequence Cy g, ...,Cy,; of length ¢t + 1 by C +. Given a sequence C= Co,Ch,...,Cy of
sets of past formulae, there exists a set C' C psf ( ) that has the same effect in a rewrite as
the sequential application of rewrites of €, i.c., such that o(C) = p(Co)(Cy) ... (Cy). This is
the set {0 € psf(p) | L(Co)(C1) ... (CL) = (Y(Co)(Cy) ... (Cy))w}, which we denote by o C.
In particular, there exists a set that captures the sequence of sets of entailed subformulae,
denoted o C_"%t.

» Lemma 9. Given a formula ¢, word w, and t € N, we have (w,t) = ¢ iff wy = (o C’@Q.

With these definitions in place, we are ready to define the after-function for pLTL.
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4 The after-function for pLTL

The after-function is the foundation for defining the states and transition relations of all
automata used in our pLTL-to-DRA translation. We begin by defining the local after-function:

» Definition 10 (The local after-function). Given a formula ¢, a letter o € 2V%"(*) and a
set of past formulae C', we inductively define the local after-function afy mutually with the
local past update-function puy as follows:

afe(T,0,C) =T
afe(L,0,C) =1
afy(p,0,C) =1if (p € o) then T else L
afe(—p,0,C) =if (p € o) then L else T
afe(Xv,0,C) = pu(,0,C)
afy(Yp,0,C) == L
af(Yip,0,C) =T
afe(Yop&,0,C) = afy(¥,0,C) op afy(&,0,C) (op € {A,V})
afe( op&,0,C) = afy(&,0,C) V afy(¢,0,C) A pug( op &, 0,C) (op € {U,W})
afe(Yop&,0,C) = afy(&,0,C) A (afy(¥,0,C) V pue(yp op &, 0,C)) (op € {R,M})
afe( 0p€,0,C) = afy(we w op€),0,C)) (op €{S,8,B,B}),
where

pug(p, 0, C) == p(C) A /\ afe(we(v), o,C).

pepsf(p)NC

Intuitively, in the context of reading the initial letter o of the word w, the local after-function
decomposes ¢ into parts that can be fully evaluated using ¢ and immediately be replaced
with T or L, and parts that can only be partially evaluated using o. The resulting formula is
then left to be further evaluated in the future; in the automaton, it corresponds to the state
reached upon reading o from the state corresponding to . Crucially, the past subformulae
of the partially evaluated part are updated by puy, using the information in C. Here, C' is to
be thought of as a guess of the past subformulae of ¢ whose weakening conditions hold upon
reading o. Finally, the weakening conditions that must hold to justify the guess are added
conjunctively. Observe that, as these weakening conditions may contain subformulae referring
to the future, it may not be possible to fully evaluate them immediately; this motivates the
recursive application of afy in puy.

» Definition 11 (The extended local after-function). Given a (possibly empty) finite word w
of length n and sequence of sets of past formulae c of length n + 1, we extend af; to w and
C as follows:

aff(‘pv €, C_;Ol) = (TL = 0)

afe (9, won, Cominy) = afy (@n—hw(nq)m On(n+1)) (n>0),

where @, = afy (cp,w()n, 50(n+1)).

13:7
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Observe that the initial set of C in the above definition is discarded; this is to match the
sequence of Definition 8. For formulae where no future operators are nested inside past
operators, the set of entailed subformulae is completely determined by the prefix wg,. This
is not the case in general, however, and so the (global) after-function is defined to consider
all possible subsets of past subformulae of ¢ as a disjunction.

» Definition 12 (The after-function). Let ¢ be a formula and o a letter. The after-function
af is defined as:

af(% J) = \/ a’ff(907 g, C)

C e2rsf(#)

The extension of af to finite words is done in the natural way: given a formula ¢ and word
w of length n, we define

af (¢, €) = ¢ (n=0)
af (@, won) = af (af (¢, Wo(n-1)), Wrn-1)n)) (1 >0).

» Example 13. Let ¢ = X(pS Xq). Observe that ¢ = X(p A ¢V Xq). Upon reading a letter
o we can guess that the “since” started holding at the current point, corresponding to the set
C = {pSXg} and formula pS Xq A q. Alternatively, we may guess that the “since” did not
start holding upon reading o, corresponding to the set C' = @& and formula p S Xq. Hence
af(p,0) = pSXqgAqVpSXg. This is equivalent (at t = 0) to p A ¢ V Xg, which is what
must be satisfied by wy, as desired.

The correctness of af is established by the following theorem:

» Theorem 14. For every formula ¢, word w, and t € N we have w = ¢ iff wy = af (¢, wot).

5 Stability and the Master Theorem

We consider two fragments of pLTL: u-pLTL, the set of formulae whose future operators are

members of {X, U, M}, and v-pLTL, the set of formulae whose future operators are members

of {X,W,R}. Given a formula ¢, we define the set p(¢) of subformulae of ¢ whose syntax

trees are rooted with U or M. Similarly, we define the set v(y¢) of subformulae of ¢ whose

syntax trees are rooted with W or R.

The Master Theorem for pLTL establishes that the language of a pLTL formula can be

decomposed into a Boolean combination of simple languages. It is motivated by two ideas:

i) Assume that ¢ is a formula and w is a word such that all subformulae in u(p) that

are eventually satisfied by w are infinitely often satisfied by w, and all subformulae in

v(p) that are almost always satisfied by w never fail to be satisfied by w. In this case,

we say that w is a stable word of ¢, as will be properly defined shortly. Under these

circumstances, a subformula of ¢ of the form v U ¢ is satisfied by w iff both ¢» W ¢ and

GF(v U¢) are. Dually, a subformula of ¢ of the form ¢ W £ is satisfied by w iff either

Y UE or FG(¢Y W €) are. Hence, we can partition all words over Var(y) into partitions

of the form Py n, where w € Py n iff M is the set of p-pLTL-subformulae of ¢ satisfied

infinitely often by w, and N the set v-pLTL-subformulae of ¢ that are almost always

satisfied by w. Given two such sets M and N, the above implies that ¢ can be rewritten
into a formula that belongs to either the fragment pu-pLTL or v-pLTL, as desired.

ii) Given a formula ¢ and word w, there exists a point in the future from which the above

holds. Indeed, if we look far ahead into the future, all subformulae of ¢ that are satisfied

by w only finitely often will have been satisfied for the last time. In particular, this is
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true for the p-pLTL-subformulae of . Similarly, there exists a point in the future at
which all subformulae of ¢ that are almost always satisfied by w will have failed to be
satisfied by w for the last time. In particular, this is true for the v-pLTL-subformulae
of .
These two notions suggest that, given a formula ¢ and word w € Py, it is possible to
transform ¢ using the after-function until w becomes stable, and then rewrite it according to
either M or N. Since these sets are unknown, we need to consider all possible combinations of
such subsets, which ultimately manifests as a number of Rabin pairs exponential in the size of
the formula. For more details and further examples we refer the reader to Section 5 of Esparza
et al. [5]. The exposition of this section follows the similar exposition therein. However, the
Master Theorem and the lemmata that imply it require considerable “pastification”.

We now make precise the idea expressed in ii). Given a formula ¢, word w, and ¢t € N,
we define the set of subformulae in u(p) that are satisfied by w at least once at ¢ and the set
of subformulae in u(p) that are satisfied by w infinitely often at ¢. Similarly, we define the
set of subformulae in v(p) that are always satisfied by w at ¢ and the set of subformulae in
v(p) that are almost always satisfied by w at ¢:

Fue ={v € ule) | (w,t) EFY} GFL, ={¢ € ule) | (w,t) F GFy}
Gor = ev(p) | (wt) =Gy} FGL, ={vcv(p)|(wt)EFG}.
As mentioned, we are in particular interested in the point at which the two sets in each row

coincide. We express this as the word being stable at that point.

» Definition 15 (Stable words). A word w is p-stable (v-stable) with respect to a formula ¢
at index t if 7, = GFh, (Gh, = FGy ). If w is both p-stable and v-stable with respect to
@ at index t, then it is stable with respect to ¢ at index t.

» Lemma 16. Let ¢ be a formula and w a word. Then there exists an index v € N such that
w s stable with respect to ¢ at all indices t > r.

The following two definitions specify how to rewrite a formula according to sets M and
N, as indicated in i):

» Definition 17. Let ¢ be a formula and M a set of pu-pLTL-formulae. The formula ¢[M],
1s inductively defined as

alM], =a (a atomic)
(op)[M], = op (Y[M],) (op unary)
(Y op&)[M],, = (Y[M],) op (§[M],) (op € {W,R7S7S,B,]~3})
_ JWIML)W([M],) (UL e M)
WM, = {J_ (otherwise)
_ JWIML)R(E[M],) (4 ME e M)
(WMOM], = {J_ (otherwise),

» Definition 18. Let ¢ be a formula and N a set of v-pLTL-formulae. The formula @[N],
1s inductively defined as

T (Y WEEN)
WE)[N], =
(¢ f)[ ]u {(¢[N]M)U(§[N]N) (otherwise)
T (yREEN)
RE)[N|, =
(VR[N {(w[N}H)M(ﬂN]u) (otherwise).

The other cases are defined by recursive descent similarly to Definition 17.
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Notice that once a formula has been rewritten by M, it becomes a v-formula. Dually,
once a formula has been rewritten by NV, it becomes a u-formula. In terms of the hierarchy
of Manna and Pnueli [10], these are safety and guarantee formulae, respectively. It is
relatively simple to construct deterministic automata for such formulae as they do not require
complicated acceptance conditions.

» Theorem 19 (The Master Theorem for pLTL). Let ¢ be a formula and w a word stable
with respect to ¢ at index r. Then w = ¢ iff there exist M C p(p) and N C v(yp) such that

1) w, = aff(@»w(lrvc—ip,r)[M@ C_:%T”V‘
2) Wy € M.Vs.3t > s.w; = F(ih(oCy ) [N(oC, 1))
3) V€ N.3t > 0.w; = G((oCyp ) [M (o Cypi)]).

The statements of the Master Theorem in the only if-direction can be significantly
strengthened. The existential quantification over ¢ in premise 2 can be made universal. The
statement w; |= ... in premise 3 holds for all ¢ > r. Given the semantics of F and G, this is
not a surprise. However, the ability to do the rewrites at every given moment is technically
involved due to the incorporation of the past. In the next section we show how to use the
Master Theorem in the construction of a DRA.

6 From pLTL to DRA

We are now ready, based on the Master Theorem, to construct a DRA for the language of a
formula ¢. We decompose the language of ¢ into a Boolean combination of languages, each
of which is recognized by a deterministic automaton with the relatively simple acceptance
condition of Biichi or co-Biichi. For every possible pair of sets M and N of u- and v-
subformulae we try to establish the premises of the Master Theorem. Premise 1 can be
checked by trying to identify a stability point r from which the safety automaton for
afe(p, wor, C_"%T,)[M (o ﬁg{,’t)],, continues forever. Whenever this safety check fails, simply try
again. Overall, this corresponds to a co-Biichi condition and a DCA. Premise 2 can be
checked for every ¢ € M by identifying infinitely many points from which the guarantee
automaton for F (¢ (o _'¢7t>[N (o _,%t” ) finishes its check. Overall, this corresponds to a
Biichi condition and a DBA. Premise 3 is dual to premise 2 and leads to a DCA. The three
together are combined to a DRA with one pair. Overall, we get a DRA with exponentially
many Rabin pairs; one for each choice of M and N. We will as shorthand make use of the
operators F' and G in the construction of these automata, as described in Section 2.2.

The major difficulty of incorporating the past into this part, is that the rewriting using the
set M and N needs to be done with the past subformulae correctly weakened. To facilitate
this, we begin by defining an auxiliary automaton in Section 6.1 that serves to track the
weakening conditions that must hold in order to justify rewrites by -(-).

The state spaces of the automata we construct are defined in terms of the following notions.
Given a formula ¢ we denote by B(p) the set of formulae 1) satisfying sf(¢) C sf(¢)U{T, L}.
Similarly, consider a formula that is a disjunction of formulae with the property that for each
such disjunct ¢ there exists a C' € 2P%(¥) such that 1) € B(¢(C)). We denote by BY () the
set of all such formulae. A key observation is that the sizes of the quotient sets B(¢),. and
BY(¢),~ are doubly exponential in the size of .

For the remainder of this section we consider a fixed formula ¢ that is to be translated
into a Rabin automaton and a fixed ordering Cy,Cs, ..., C} of the elements of 2P%/(¥) For
simplicity, we assume Cy = {1 € psf(¢) | ¥ = Yw} = Cypo. We freely make use of af, -[-],,
and -[-], lifted to equivalence classes of formulae. This is justified by Lemma 2.
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6.1 The Weakening Conditions Automaton

The weakening conditions automaton (WC automaton) is a bed automaton that tracks the
development of weakening conditions under rewrites of the local after-function. Its states are
k-tuples of formulae, each of which describes the requirements that remain to be verified in
order to justify a sequence of rewrites. To facilitate the construction of the WC automaton,
we define the following function:

» Definition 20. Given a k-tuple of formulae > = (1,%a,..., %) and a letter o, the
rewrite condition function is defined as re(y*, o) == (Y], 15, ..., ¥}), where

vi= V (ahtvs0.Cae A \ ahtweeic).o.cie) ),

J€Ji §eC;

and where J; == {j € [1.k] | V&, & € psf(p).&(C)) = (C;) = £(C;) = €(Ci) }.

The definition of J; ensures that ¢ € B(¢(C;)). The rewrite condition function takes
a k-tuple of formulae and a letter, and returns an updated k-tuple. In the resulting tuple,
the i*1 item 1/ is a formula that encodes the updated requirements for further applying the
rewrite -(C;). We remark that, for every ¢t > 0, there exist indices ¢ < k and j € J; such that
Ci=0C,;,Cj=0C,; 1,and Ci(C}) = Cyp .

We now define the WC automaton #H,, := (S, So, d3) over 2Var(e) Tts set of states S is
IT%_, B(¢(C;)) /~- The initial state Sp is the k-tuple ([T]~,[L]~,...,[L]~), which represents
that the set used to rewrite ¢ into its initial form is known to be C;. Finally, the transition
relation ¢ is defined by 04 (¢, 0) = re(v*, o), with rc lifted to propositional equivalence
classes of formulae in the natural way.

6.2 Verifying the Premises of the Master Theorem

We now describe the automata that are capable of verifying the premises of the Master
Theorem. They are all runner automata with bed automaton H, = (.S, So, 63().

Given a formula ¢ € u(p) and set N C v(yp) we define the runner automaton BiN =
(5,Q,Qo,0,a) over 2Va7(¥) with set of states Q == BY(¢[N], A F(¢[N],)),~, initial state
Qo = [F(¢¥[N],)]~, and Biichi acceptance condition a := [T].. Finally, its transition relation
is defined as

F(W(C)N(C)]) ANGIN(C)l (€~ T)
5(¢, €%, 0) = iell.K]
af (¢, o) (otherwise),

where €% = (£1,&,...,&). For readability, we express ¢ in terms of formulae, but ask the
reader to note that they represent their corresponding propositional equivalence classes.

Informally, the automaton B;p, n begins by checking that the input word w satisfies the
formula F(¢[N],). Because this formula is in the fragment pu-pLTL, it is satisfied by w iff
the after-function eventually rewrites it into a propositionally true formula. At this point,
the automaton restarts, checking the formula again. Because the subset of psf(y) that puts
¥[N], in the correct form at this point — with respect to its past subformulae — is unknown,
all possible such sets are considered in the form of a disjunction. To each disjunct the
corresponding weakening conditions, as tracked by the WC automaton, are added. It follows
that H,, x B;/’, y is able to verify premise 2) of the Master Theorem for the considered formula
1 and sets M and N.

13:11
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Given a formula ¢ € v(p) and set M C u(p) we define the runner automaton C;ﬁ M=
(5,Q,Qo, 0, ) over 2Vor(®) with set of states Q := BV (p[M], A G(1)[M],)),~, initial state
Qo = [G(¥[M],)]~, and co-Biichi acceptance condition « := [L].. Finally, its transition
relation is defined as

G((Ci)[M(Ci)],) N&GIM(Ci], (¢~ L)
5(¢, &%, 0) == ] i€ll..K]
af (¢, o) (otherwise),

where £ = (&1,&,...,&). As before, the formulae of § represent their corresponding
equivalence classes. By a similar argument as before, the automaton H x C;f’, A is able to
verify premise 3) of the Master Theorem for the formula ¢ and sets M and N.

We now turn to constructing automata for verifying the first premise of the Master
Theorem. Given aset M C u(yp), we define the runner automaton C;’M = (5, Q, Qo, J, @) over
2Ver(®) with set of states @ = B (), x BY(¢[M],),~, initial state Qo = ([¢]~, [p[M].]~),
and co-Biichi acceptance condition o := B (), x {[L]~}. Its transition relation is defined

as
(af@,0). | af(,0)[MCL, AGIM(CL) (C~ L)
§(<¢ac>7fx70) = i€[1..K]
<af(w7 O')a af(Ca U)> (OtherWiSQ),
where £ = (£1,&a,...,&k). Again, we remind the reader that the formulae in the above

definition represent equivalence classes of formulae. The purpose of the above automaton
is to “guess” an index at which w is stable with respect to ¢, starting with the guess that
it is initially stable. Both ¢ and ¢[M] are evaluated in tandem. If the current guess of
point of stability is incorrect, the second component will eventually collapse into a formula
propositionally equivalent to L. At this point, the automaton proceeds with a new guess by
reapplying -[M], to ¢ as it has currently been transformed by the after-function. As with
the other automata, the formulae that make up the states of the WC automaton are used to
justify the rewrite by each set C;. The automaton H, x C}O’ u 1s able to verify premise 1) of
the Master Theorem for the formula ¢ and the set M.

6.3 The Rabin Automaton

We now construct the final deterministic Rabin automaton. The automaton is the disjunction
of up to 2" simpler Rabin automata; one for every possible choice of M C u(p) and N C pu(y).
Taking the disjunction of deterministic Rabin automata is possible by running automata for
all disjuncts in parallel (via a product construction) and taking the acceptance condition
that checks that at least one of them is accepting. Each simpler Rabin automaton checks
the three premises of the Master Theorem for its specific M and N: (a) M C GF7 , (b)
NCF Qio, and (c) w satisfies a version of ¢ simplified by M. Each of the three is checked
by a Biichi or co-Biichi automaton. In order to check all three we have to consider their
conjunction. For a Rabin automaton (with one pair) it is possible to check the conjunction of
Biichi and co-Biichi by running automata for all conjuncts in parallel (product construction)
and using the Rabin acceptance condition (one pair) to ensure that all co-Biichi automata
and all Biichi automata are accepting.
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» Theorem 21. Let ¢ be a formula. For each M C u(p) and N C v(p), define

Bun= () Hewx By Clini= () HexCiy
PpeM PYEN

Romn = (Hy X Ci;,M) N B%/[,N N C?\/[,Na
where Ry m.n has one Rabin pair. Then the following DRA over 2Var(e) recognizes p:

Aprale) = |J Remn

MCpu(p)
NCv(p)

» Corollary 22. Let ¢ be a formula of size n + m, where n is the number of future- and
propositional subformulae of @, and m is the number of past subformulae of p. There exists
a deterministic Rabin automaton recognizing ¢ with doubly exponentially many states in the
size of the formula and at most 2™ Rabin pairs.

7 Discussion

We presented a direct translation from pLTL to deterministic Rabin automata. Starting from
a formula with n future subformulae and m past subformulae, we produce an automaton with

227" dtates and 20 acceptance pairs. Our translation relies on extending

an optimal
the classical “after”-function of LTL to pLTL by encoding memory about the past through
the weakening and strengthening of embedded past operators. We extended the Master
Theorem about decomposition of languages expressed for LTL to pLTL.

The only applicable approach (prior to our work) to obtain deterministic automata from
pLTL formulae was to convert the formula to a nondeterministic automaton [14] and then
determinize this automaton [16, 13]. The first can be done either directly [9, 14] or through
two-way very-weak alternating automata [7]. In any case, the first translates a formula with
n future operators and m past operators to an automaton with 2°0("*+™) gstates and the
second translates an automaton with k states to a parity automaton with O(k!?) states and
O(k) priorities. It follows that the overall complexity of this construction is 920 (tm)les(nam)
states and 29("*™) priorities. Our approach improves this upper bound to . It is
well known that pLTL does not extend the expressive power of LTL. However, conversion
from pLTL to LTL is not viable algorithmically. The best known translation is worst-case
non-elementary [6], and the conversion is provably exponential [11]. So using a conversion to

220(m+n)

LTL as a preliminary step to determinization could result in a triple exponential construction.

We note that in the case where there are no future operators nested within past operators, it
is possible to convert the past subformulae directly to deterministic automata. Then, the
remaining future can be determinized independently. This approach has been advocated for
usage of the past in reactive synthesis [3, 4] and implemented recently in a bespoke tool [2].
As future work, we note that the approach of Esparza et al. [5] additionally led to
translations from LTL to nondeterministic automata, limit-deterministic automata, and
deterministic automata. The same should be done for pLTL. Their work also led to a normal
form for LTL formulae, which we believe could be generalized to work for pLTL. The latter
could have interesting relations to the temporal hierarchy of Manna and Pnueli [10]. Such a
normal form could also be related to more efficient translations from pLTL to LTL. Finally,
this approach has led to a competitive implementation of determinization [8] and reactive
synthesis [12]. Extending these implementations to handle past is of high interest.
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