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Abstract. In this paper, we study the concept of conflict in the setting of timed nor-
mative logical specification languages. To this end, we introduce the Flat Monadic
Metric Time Normative Logic suitable for specifying the behavior of basic timed
normative systems using sets of intervals. We provide a characterization of norma-
tive conflicts by the satisfiability of the formula and its sub-formulas. Moreover, an
SMT-based satisfiability procedure for FMMTNL is provided.
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1. Introduction

Among the properties needed for normative formalisms comes the notion of normative
conflict and its detection as introduced in the seminal work by Sartor [1992]. This is re-
quired during the design phase of a new normative system, when introducing new rules
to a normative system, or when composing multiple normative systems together. In a
metric-timed setting, norms are defined with specific time constraints like deadlines or
clock-based conditions. Conflicts arise at exact moments when a norm both permits and
prohibits the same action. In contrast, in logical time, conflicts resemble contradictions,
making norms impossible to be satisfied entirely. On the other hand, in metric time con-
flicts arise at specific time points, which do not lead necessarily to contradictions. While
there are several metric time normative formalisms (Kharraz et al. [2021]; Governatori
et al. [2007]; Hvitved et al. [2012]; Camilleri et al. [2014]; Farmer and Hu [2016]), their
main focus is to demonstrate the use of metric time to express additional aspects such
as deadlines and reparations. Conflicts may be resolved by the use of defeasibility (as
in Governatori and Rotolo [2011]), or by using a revision operator to rewrite the time
intervals as in Tamargo et al. [2019]. Other approaches resolve conflicts via automata
transformation (e.g., Fenech et al. [2009]). That said, a clear characterization of timed
conflicts is lacking, as discussed in Azzopardi et al. [2021].

The purpose of this paper is to provide a formal account of normative conflicts and
their relation to the satisfiability of logical formulas. To do so, we introduce a simple nor-
mative metric timed logic, which we claim can be considered a key sub-fragment of most
metric time formalisms, to characterize these concepts. We explore the satisfiability of
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our logic, showing it to be NP-complete and offer a satisfiability procedure by translating
the problem into a corresponding SMT problem. We define different types of normative
conflicts and show their connection to the satisfiability of a formula in our logic.

2. Preliminaries

We consider N to represent all positive integers including 0, which will be the base for
the (discrete) notion of time. An interval [ is a subset of natural numbers N formed by
a min (minimum) from N and a max (maximum) from N = NU {eo}, a valid interval
I = [tmin,tmay] is defined with tygy > fyin to refer to a subset of elements from N less
or equal than 7,4, and greater or equal to #,;,. For N the order relation has two rules:
(rulel) tmin <co tmax if tinin < tmax a0d tyin, tmax € Ny (rule) tyin <co 0 if tyyin € N. The
domain of intervals I is defined as: I := {[t,in, tmax] | tmin € N Atfyax € N*}.

An interval set, written 7 is a finite set of intervals from 2! such that its elements are
ordered according to precedes relation (<) from the algebra in Allen [1983]. The relation
is defined as: [a,b] < [c,d] iff b < c. Wehave ([; € Jand [; € J) = ([; <LorI; < I;).

An interval [ is a sub-element of J (written I € J) if it is included in one of the

elements of the set of intervals. we write I € J iff 3I' € J: I C I'. We abuse the notation
for time points € N and write t € J iff [t,7] € J. We say J is included in 7' and write
Jc¥ifftviedared icr.
Metric time models. Models in this work are timed traces, they represent the behavior
of an agent/system. We assume that an agent/system can only perform one action per
time point from N. A finite timed trace 7 is defined as a finite sequence of timed events,
7 € (£ x N)*, where the time stamps of the events are ordered and relative to the same
global clock: ©:= ((ay,t1),(az,t2),. .., (an,tx)). A timed event is a tuple from L x N, e.g.,
(open_door,15) means that the action open_door happened at time-point 15. Actions are
defined over a finite alphabet of actions ¥ = {aj,...,a,}. In our settings, actions are
atomic, meaning their duration is punctual from N. At a time stamp ¢, at most one action
can be performed by an agent. We refer to the occurrence of an action a at a time point
t € N by a tuple (a,t). The partial function p : (X x N)* x N — X returns the action in the
input trace T at time ¢, if and only if it exists.

3. The Flat Monadic Metric Time Normative Logic (FMMTNL)

The flat monadic metric time normative logic, written FMMTNL, is called flar because
it has no temporal operators; and monadic because there is no operator to specify condi-
tions. An obligation is written O and prohibition is written F. Unlike other metric time
formalisms, we use sets of intervals to specify norms to increase the conciseness of for-
mulas. The logic has the mininal operators such as conjunction M, disjunction LI, and
negation —.

Definition 1 Syntax of FMMTNL. The syntax of FMMTNL is defined recursively as:

n= 0%a) | F(a) 9L [ oMo |9
= {I,...,1}

[tmin ) tmax]

~ Qe
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The trace semantics in this paper will be referred to as the duty semantics: The sat-
isfaction relation is defined as F: (X x N)* x FMMTNL capturing the fact that a timed
finite trace T representing an agent’s behavior satisfies the duties specified by a formula
¢ representing a normative system. The duty semantics defines how to satisfy obligations
that are required to occur at least once within the set of intervals, commonly known as
achievement obligations in Dignum and Kuiper [1998]. Prohibition forbids any occur-
rence of an action within the specified set of intervals, which could be seen as a negative
achievement over a set of time points. Conjunction (') adds more duties and disjunc-
tion (LJ) offers the agent the choice of a duty instead of another. Finally, we specify the
negation — in terms of the non-satisfaction of the formula.

Definition 2. The duty semantics is defined recursively on the structure of the formula:

tEO0(a)iff €T p(t,t)=a, TEF(a)iffVteT:p(t,1)+#a,
TEQU ffTEPorTE ¢, TEQNY ffTEPand T ¢,
TE-Qiff TF §.

Definition 3 Satisfiability. A formula ¢ is satisfiable or in short sat iff there exists a
trace satisfying the formula ¢: ¢ issat iff At : TF ¢

SMT solving We implemented a sound satisfiability checker using an SMT solver writ-
ten in Python (we used the Z3 SMT solver library).> The implementation is based on the
function synthetize below that uses the solver capability of the SMT tool and returns a
model 7,,;, when the formula is satisfiable. The SAT problem is decomposed into three
formulas: synthetize(¢) := solve[CstrC(¢,none) A Dis joint (Tyin) A (|Tmin] < 1(9))].
Where Disjoint encodes the conditions on valid traces as defined in Section
2 where at any time point, only one action could be performed. Disjoint(Ty,) :=
V{(acty,t1), (acty, 1)} C Tyin : 12 # £1. The constraint | Tyn| < 11(¢) encodes Lemma 3.1
to soundly bound the size of models to satisfy a formula and get the minimal model 7,,;,.

Lemma 3.1. Let 11(¢) be the number of obligations in a formula ¢. When the formula ¢
is satisfiable there exists a minimal trace w' with at most (@) elements that satisfy the
formula ¢, i.e: (AT:TE¢) = (Hrm,-n NTminl < N(P) and Tyin ¢)

The constraint collection function CstrC encodes the duty semantics in the SMT
theory of sets over (X x N). The function recursively extracts constraints and links them
using the logical operators A and V. CstrC is recursively defined as follows:

3(a,ty) € Tpin 11, €T if 9 = 07 (a),

CstrC() = V(x,1) € Tpin: (x=a=1¢73) if ¢ =F(a),
' CstrC(¢y) A CstrC(¢n) ifg=0¢M¢,
CstrC(¢y) V CstrC(¢n) ifg=¢ L.

For obligation 07 (a), the condition on the minimal trace is to contain an event (a,z )
where ¢; is the solution time point returned. For prohibition F j(a), the condition on the

Zhttps://github.com/khrrzkrm/FMMTNL _Solver/
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minimal trace is that for all events where the timestamp is in the forbidden interval,
the action is different from a. The constraints are linked using the logical equivalent
operators A,V for conjunction and disjunction.

Theorem 1. The satisfiability problem of FMMTNL is NP-complete.

4. Relating normative conflicts to satisfiability

After defining the logic and studying satisfiability, we classify in this section normative
conflicts as ontic and deontic. Compared to Colombo Tosatto et al. [2014], which in-
cludes more obligation types (e.g., maintenance, preemptive). On the other hand, our ap-
proach is more precise by distinguishing partial and total time conflicts. We also account
for action costs in ontic conflicts in addition to interval overlapping. In the following def-
initions, we assume that ¢ is in Conjunctive Normal Form (CNF) and that the contains
relation is evaluated at the clause level.

Definition 4 Deontic time conflict (DC). We define a deontic conflict function written
DC, returning true when for a formula ¢, at time point t, an action a is both obliged and
Sorbidden. DC: FMMTNL XN XX — {T,L}:

. . al 3, ~
DC(6,1,a) = Tifo con.tamsF (@) O0”2(a) andt € 31N Ty,
L otherwise .
A formula ¢ has a deontic timed conflict iff there exists a time point ¢ that is a
deontic timed conflict: ¢ has a deontic conflict iff 3(a,r) : DC(9,a,t) =T.

Definition 5 Ontic time conflict. A formula ¢ has an ontic conflict iff the formula con-
tains a set of n obligations on different actions on the same set of intervals with m time
points where n > m. That is, ¢ has an ontic conflict iff ¢ contains 0% (a;) 1 0? (az) N
107 (ay) and |3| <n—1.

We have the following important results relating conflict and (un)satisfiability.
Lemma 4.1. In FMMTNL, if ¢ is unsatisfiable then ¢ has a deontic or an ontic conflict.
Lemma 4.2. In FMMTNL, if ¢ has an ontic conflict then ¢ is unsatisfiable.

Note that a formula with a deontic time conflict is not necessarily unsatisfiable,
which leads us to investigate an additional sub-characterization, we define rotal deontic
timed conflict when the formula is unsatisfiable and partial time deontic conflict which
we relate to unambiguous satisfiability. This property helps for the refinement of a nor-
mative system and thus simplifies the scheduling process for an agent under the norma-
tive systems as it narrows the time-space of the formula and makes it clearer to interpret
(unambiguous). We first introduce the concept of non-trivial formula decomposition, and
then we define the unambiguous predicate for a formula ¢.

Definition 6 Non-trivial disjunctive formula decomposition. The set of non-trivial
disjunctive decomposition of a formula ¢, written NTD(9), is defined as the set of non
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Figure 1. Overview: relation between normative conflicts and satisfiability

trivial® pairs of formulas (¢;, ¢;) such that ¢; # ¢ and ¢; # ¢. The set is defined as
follows: NTD(9) = {(91,2) | 61 Ligs = ¢ and §1 # ¢ and 9; # ¢}

Definition 7 Unambiguous satisfiability and max bad sub-formula. A formula
¢ is unambiguously satisfiable (U —sat) if and only if all pairs in the non-trivial
decompositions of the formula are sat: ¢ isU—sat <= V(¢;,¢;) € NTD(9) :
¢; is sat and ¢; is sat

We say that @y, is the maximal bad sub-formula of ¢ written Mbad(¢) iff it contains all
unsatisfiable sub-formulas of ¢.

Example 1. Consider the formula: ¢ = 01} (a)FU0L (a). ¢ is satisfiable but con-
tains a deontic timed conflict. Following definition U — sat, we have:

o = (0107} (@) FUOM (0)) L (0178 (a) F (a)). The right sub-formula is unsat.
There are multiple decompositions for which one sub-formula is unsat. Among them, the
maximal unsat sub-formula is: Mbad(¢) = 010} (a) 1 FU (a). Thus the unambigu-
ous rewriting for ¢ is (0101} (a) {691} (g)).

Lemma 4.3. If ¢ contains a deontic time conflict then ¢ is unsat or ¢ is not U — sat.

Automatic partial conflict reparation We could randomly pick a decomposition of the
formula and use the SMT solver to check the satisfiability of both sub-formulas and
gradually eliminate the unsatisfiable parts. However, this naive approach does not al-
ways converge, since we could have infinite intervals as constraints. We have established
syntactic rules based on the arithmetic of sets of intervals to improve the approach.

5. Conclusion and Future work

In this paper, we studied the notion of normative conflicts in metric time settings. Using
a minimal logic, we distinguished ontic timed conflicts from deontic timed conflicts as
well as the notion of total time deontic conflict from partial time deontic conflict. We
mapped total time conflict to unsatisfiability and partial conflict to ambiguity. We dis-
cussed repairing partial conflicts; in future work we will present an efficient algorithm to
solve it.

The FMMTNL logic has limited expressiveness. We plan to enrich the reasoning
framework to deal with timed operators such as sequence, reparation, and conditional

3(¢,0%(a)) is a trivial decomposition for ¢.
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norms as well as a model setting such as dependencies between actions to define new
types of conflicts. Also, we will study the potential use of defeasible semantics for the
resolution of total timed conflicts in the resulting enriched logic.
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