
Nonequilibrium Relaxation and Odd-Even Effect in Finite-Temperature
Electron Gases

Downloaded from: https://research.chalmers.se, 2025-12-17 18:39 UTC

Citation for the original published paper (version of record):
Nilsson, E., Gran, U., Hofmann, J. (2025). Nonequilibrium Relaxation and Odd-Even Effect in
Finite-Temperature Electron Gases. Physical Review X, 15(4). http://dx.doi.org/10.1103/ly37-5gdw

N.B. When citing this work, cite the original published paper.

research.chalmers.se offers the possibility of retrieving research publications produced at Chalmers University of Technology. It
covers all kind of research output: articles, dissertations, conference papers, reports etc. since 2004. research.chalmers.se is
administrated and maintained by Chalmers Library

(article starts on next page)



Nonequilibrium Relaxation and Odd-Even Effect in Finite-Temperature Electron Gases

Eric Nilsson ,1,* Ulf Gran ,1,† and Johannes Hofmann 2,3,‡

1Department of Physics, Chalmers University of Technology, 41296 Gothenburg, Sweden
2Department of Physics, Gothenburg University, 41296 Gothenburg, Sweden

3Nordita, Stockholm University and KTH Royal Institute of Technology, 10691 Stockholm, Sweden

(Received 16 May 2024; revised 1 July 2025; accepted 25 August 2025; published 14 October 2025)

Pauli blocking in Fermi liquids imposes strong phase-space constraints on quasiparticle lifetimes,
leading to a well-known quadratic-in-temperature decay rate of quasiparticle modes at low temperatures. In
two-dimensional systems, however, even longer-lived modes are predicted (dubbed “odd-parity” modes)
that involve a collective deformation of the Fermi distribution. Here, we present an efficient method to
evaluate the full spectrum of relaxational eigenmodes of a Fermi liquid within kinetic theory. We employ
this method to study the experimentally relevant case of a Fermi liquid with screened Coulomb interactions
and map out the decay rates of quasiparticle modes beyond the asymptotic low-temperature limit up to the
Fermi temperature, thus covering the entire temperature range of typical experiments. We confirm the
existence of anomalously long-lived odd-parity modes and provide a comprehensive classification and
detailed analysis of the relaxation spectrum. In particular, we find that (i) the odd-parity effect in the decay
rates extends to temperatures as large as T ¼ 0.15TF, (ii) there is only a small number of long-lived odd-
parity modes, with an infinite number of remaining modes that show standard Fermi-liquid scaling, and
(iii) the ratio between the odd- and even-parity lifetimes is tunable with the Coulomb interaction strength, in
addition to temperature, which reflects a difference in the microscopic relaxation mechanism of the modes.
Our findings provide a comprehensive description of the nonequilibrium relaxation behavior of two-
dimensional electron gases and bridge a significant gap in our understanding of these systems.

DOI: 10.1103/ly37-5gdw Subject Areas: Condensed Matter Physics,
Statistical Physics

I. INTRODUCTION

While transport in conventional metals is governed by
momentum-nonconserving relaxation processes like impu-
rity or phonon scattering, it has recently become possible to
create exceptionally clean two-dimensional electron gases
in which binary electron-electron scattering dominates. The
rate of such binary collisions is expected to scale with the
square of the temperature at low temperatures, γ ∼ T2=ℏTF
[1,2], where TF is the Fermi temperature, which points to
the suppression of quasiparticle interactions at low temper-
atures and justifies the surprising effectiveness of a quasi-
particle description of electron transport [3]. It also implies
that as the temperature is increased to a sizable fraction of
the Fermi temperature TF, electron interactions become
sufficiently strong in clean materials that the system crosses

over from a ballistic or diffusive regime to an interaction-
dominated hydrodynamic regime. Signatures of hydro-
dynamic electron behavior have now been reported in
many materials [4–17], at temperatures that are typically
100–150 K for monolayer [4] and bilayer [9] graphene and
30 K for Ga[Al]As heterostructures [14]. Seen in relation to
the Fermi temperature TF in these materials, more recent
experiments even report hydrodynamic transport at temper-
atures as low as T ¼ 0.02TF [18–20].
Fundamentally, the quadratic-in-temperature Fermi-

liquid scaling of relaxation rates at low temperatures is a
consequence of a phase-space constraint that allows inter-
actions only between excitations close to the Fermi surface.
Here, at low temperatures, the relaxation to the equilibrium
distribution is described by angular dynamics on the Fermi
surface. This is illustrated in Fig. 1 for a generic quasi-
particle distribution fðt;pÞ in momentum space (indicated
by the shaded area) that deviates from the Fermi-Dirac
distribution (indicated by the black circle that marks the
Fermi energy). Energy and momentum conservation,
together with the Fermi surface constraint in two dimen-
sions, impose strong restrictions on possible relaxation
channels, since binary forward or exchange scattering
processes do not relax the distribution at this order.
However, direct head-on processes, which create final
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states rotated by any angle on the Fermi surface, affect
opposite points on the Fermi surface equally and can thus
relax deformations that are parity even, i.e., that are
described by the symmetric part of the distribution
feven ¼ ½fðpÞ þ fð−pÞ�=2. This type of process, exempli-
fied for the blue Fermi surface deformation in Fig. 1, gives
rise to the quadratic-in-temperature Fermi-liquid scaling.
Such a quadratic-in-temperature scaling of the relaxation

rates of the collective Fermi surface deformation feven
already represents a striking deviation from the expected
relaxation rate of a single quasiparticle in two dimensions,
which at low temperatures scales as γqp ∼
T2 lnðTF=TÞ=ðℏTFÞ [21,22] with an additional logarithmic
temperature factor. Crucially, it is the relaxation rate of
collective quasiparticle deformations (and not that of single
quasiparticles) that will determine themagnitude of transport
coefficients: Such transport coefficients describe the relaxa-
tion of a particular deformation of the quasiparticle distribu-
tion in response to an external perturbation, and will involve
very different moments of the distribution function, with
potentially very different relaxation rates. For example, the
structure factor and bulk viscosity will depend on the s-wave
density projection,

R
dθ fðpÞ (where θ is the angle of the p

vector inpolar coordinates), chargeandheat currentson thep-
wave current projection,

R
dθðcos θ; sin θÞfðpÞ, or the shear

viscosity on the d-wave projection,
R
dθ sin 2θfðpÞ, all with

an additional specific dependence on the magnitude p of the
momentum. It is therefore essential to gain a complete
understanding of the full spectrum of relaxational modes in
a Fermi liquid without making approximate relaxation-time
assumptions or relying, for example, on self-energy
calculations.

Odd-parity deformations, by contrast, which are
described by the antisymmetric part of the distribution
fodd ¼ ½fðpÞ − fð−pÞ�=2, are not expected to decay by
head-on collisions but have a much longer lifetime
[23–25]. On a microscopic level, such modes are pre-
dicted to relax in a different way compared to the even-
parity decay by repeated simultaneous head-on and small-
angle scattering [26], as is shown for the orange Fermi
surface deformation in Fig. 1. This process is interpreted
as subdiffusive electron dynamics on the Fermi surface,
and it leads to a much smaller decay rate that scales with
the fourth power of temperature at low temperatures,
γodd ∼ T4=ℏT3

F [27,28]. The argument relies on the pres-
ence of a sharp Fermi surface, and the odd-even effect in
the quasiparticle relaxation is thus expected to vanish at
higher temperatures where the Fermi distribution broad-
ens. The intricate dependence of decay rates on the odd or
even parity of deformations shows that there are many
aspects of interaction-dominated Fermi liquids that remain
to be understood.
In particular, the odd-even effect in the quasiparticle

lifetimes implies that interacting two-dimensional Fermi
liquids are expected to show a much richer behavior with
temperature than a simple crossover between a ballistic and a
hydrodynamic regime. To see this, recall that in the hydro-
dynamic regime interactions are so strong that typical life-
times are much shorter compared to the timescales at which
the system is observed, such that only long-livedmodes (i.e.,
modes corresponding to densities of conserved quantities)
contribute. However, the vastly different odd and even decay
rates allow for an intermediate regime at timescales
γ−1even ≪ t ≪ γ−1odd, where even-parity modes have decayed
but odd-parity modes must be included in an extended
hydrodynamic picture, sometimes referred to as tomographic
transport. Such a new transport regime could be accessed in
experiments at intermediate temperature scales, and there is
currently intense research to establish signatures of this odd-
even effect in transport [26–32]. Excitingly, recent exper-
imental works report signatures of tomographic flow and
long-lived odd-parity modes [18,33,34].
However, even when discussing the basic relaxation

times of a Fermi liquid, many questions are still open. First,
since the interaction-dominated Fermi-liquid regime exists
only once the temperature reaches a sizable fraction of the
Fermi temperature (where interactions dominate over impu-
rity scattering), the temperature dependence of the decay rates
must be understood beyond the asymptotic low-temperature
scaling discussed above. The central question is whether the
odd-even effect will persist in an experimentally relevant
regime. In a previous study we have computed the Fermi-
liquid decay rates with a constant interaction potential, for
which the odd-even effect exists below temperatures T ≲
0.15TF [28]. However, quantitative predictions for the exper-
imentally relevant case of a screened Coulomb potential, for
example, are missing. Such an interaction takes the form

FIG. 1. Microscopic origin of the odd-even effect in the
relaxation of the quasiparticle distribution. Sketched are two
nonequilibrium distributions in momentum space with a de-
formed Fermi surface and a small broadening of the Fermi edge
of widthOðTÞ, where the first distribution (blue) has even and the
second (orange) odd parity. At low temperatures, relaxation
corresponds to angular dynamics on the Fermi surface (black
circle). Even-parity deformations of the quasiparticle distribution
(blue) relax by head-on scattering, which gives the canonical
Fermi-liquid dependence γeven ∼ ðT=TFÞ2. Odd-parity deforma-
tions (orange), by contrast, relax by small-angle scattering, which
leads to a much smaller relaxation rate at low temperatures
γodd ∼ ðT=TFÞ4.
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VðkÞ ¼ 2πe2

kþ kTF
; ð1Þ

where kTF ¼ 2m�e2=ℏ2 is the Thomas-Fermi wave vector,
with a dimensionless interaction strength rs¼kTF=ð2

ffiffiffiffiffiffi
πn

p Þ,
wheren is the electron density andm� the effectivemass [35].
A second open point is that, for any interaction, the odd-even
effect is discussed so far in terms of lowest-lying modes, and
the full excitation spectrum of a Fermi liquid within kinetic
theory has not been established. A central question here is if
there exists an isolated set of modes with anomalously long
lifetimes, or if odd-paritymodes aregenerically long-lived. To
identify the long-lived modes would be particularly relevant
for effective beyond-hydrodynamic theories. Third, the
Coulomb interaction, Eq. (1), provides an entirely separate
modification of small-angle scattering processes due to the
increasedmatrix element at smallmomentum transfer k. Such
an enhancement typically leads to logarithmic corrections to
the Fermi-liquid temperature scaling, but is expected to affect
odd and even modes in a different way, as the decay of odd-
parity modes is already controlled by small-angle processes.
The magnitude of the odd-even effect could thus be tuned by
the interaction strength.
In this paper, we answer these questions and provide a

comprehensive discussion of collective quasiparticle life-
times in a two-dimensional electron gas including the
screened Coulomb interaction Eq. (1). We observe the
odd-parity effect in quasiparticle lifetimes over a large and
experimentally detectable temperature range below TF.
Remarkably, we find that the odd parity of the mode is
not sufficient to have an anomalously suppressed decay
rate: We classify every long-lived odd-parity mode by a
corresponding symmetry of the Fermi surface deformation
and find that for each class the modes separate by a large
gap from higher-order modes in the same sector, which are
found to decay with standard Fermi-liquid scaling.
Furthermore, we find that odd-parity modes do not follow
the standard Fermi liquid Oðr2sÞ dependence on the
interaction strength, which reflects the different micro-
scopic relaxation dynamics and which indeed shows that
the separation between modes of even and odd parity is
tunable with the interaction strength.
For definiteness, we focus on simple Fermi liquids with a

parabolic single-particle dispersion εðpÞ ¼ ℏ2p2=2m�, as is
appropriate, for example, for GaAs or doped graphene. In
general, the odd-even effect exists as long as the Fermi surface
is symmetric under point inversion p → −p, which implies
εðpÞ ¼ εð−pÞ, which is the case for any time-reversal
invariant material. The key quantities that we compute are
the relaxation rates of collective deformations in the quasi-
particledistribution.Theserelaxationratesdescribehowsmall
deviations from the equilibrium Fermi-Dirac distribution
f0ðpÞ ¼ 1=ðexp ½βðϵðpÞ − μÞ� þ 1Þ (where β ¼ 1=T with
kB ¼ 1 is the inverse temperatureandμ thechemicalpotential)
relax back to equilibrium due to binary collisions with the

interaction potential Eq. (1) (cf. Fig. 1). Formally, each
collective decay mode is an eigenfunction of the collision
integral,

Ĵ ½fðt;p1Þ� ¼ −
Z

dp2dp0
1dp

0
2

ð2πÞ6 Wðp0
1;p

0
2jp1p2Þ

×

�
fðp1Þfðp2Þ½1 − fðp0

1Þ�½1 − fðp0
2Þ�

− fðp0
1Þfðp0

2Þ½1 − fðp1Þ�½1 − fðp2Þ�
�
; ð2Þ

whereWðp0
1;p

0
2jp1p2Þ is the Coulomb scattering matrix that

enforces energy andmomentum conservation. Here, the first
term in the square brackets accounts for a loss of quasipar-
ticles with wave vector p1 due to scattering off another
quasiparticle with wave vector p2 as p1 þ p2 → p0

1 þ p0
2,

while the second term describes the reverse gain as two
quasiparticles scatter into the states withmomentap1 andp2.
The collision integral vanishes identically if fðt; r;pÞ is
equal to the Fermi-Dirac distribution, andwe are interested in
small deviations fðt;pÞ ¼ f0ðpÞ þ δfðt;pÞ, whichwepara-
metrize as

δfðt;pÞ ¼
�
−T

∂f0
∂ε

�
ψðt;pÞ

¼ f0ðpÞ½1 − f0ðpÞ�ψðt;pÞ: ð3Þ

The function ψðt;pÞ that parametrizes the quasiparticle
deviation can be thought of as a time- and momentum-
dependent variation of the chemical potential. The sym-
metry of ψ in momentum space then sets the symmetry of
the Fermi surface deformation. For the particular case of a
circular Fermi surface, the perturbations may be expanded
in angular harmonics labeled by an angular mode number
m as

ψmðpÞ ¼
Z

2π

0

dθ
2π

e−imθψðpÞ; ð4Þ

with θ the polar angle in the p plane and p the magnitude of
the momentum. A constant ψm then describes a rigid
deformation of the Fermi surface, and an additional energy
dependence accounts for a thermal or interaction-induced
broadening. The symmetry of different Fermi surface
deformations is illustrated in Fig. 2 for a rigid deformation
of the zero-temperature Fermi surface. For rotationally
invariant interactions, where decay rates γm in different
angular channels decouple, odd-parity modes are described
by oddm (orange color in Fig. 2) and even-parity modes by
evenm (blue color in Fig. 2). The different deformations that
determine different transport coefficients discussed above
correspond to different angular-mode sectors; for example,
m ¼ 0 for the structure factor and bulk viscosity, m ¼ 1
for charge and heat currents, and m ¼ 2 for the shear
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viscosity [36]. Furthermore, a coupling to higher angular
modes exists in the response to a perturbation at finite
wavelength. Likewise, collective sound or plasmon modes
contain a superposition of different angular components
[30]. Beyond the angular mode decomposition, the func-
tional dependence of an eigenmode ψmðpÞ on the momen-
tum (corresponding to an energy dependence of the mode)
does not separate further, and in general there is an infinite
set of eigenmodes in each angular momentum channel.
The key advance that allows us to present results beyond

the asymptotic low-temperature limit described in the
classical literature [37] is a general basis expansion for
the energy dependence of eigenmodes, which allows us to
compute the entire spectrum of decay rates across a wide
temperature range for modes of different angular harmon-
ics. We note that our framework extends classical works on
the basis expansion of classical gases by Enskog [38],
Chapman and Cowling [39], and others [40,41], dating
back to the early 1900s, and the formalism outlined in this
work can be used to describe interacting Fermi liquids
beyond the asymptotic low- or classical high-temperature
limit. We focus here on temperatures T ≤ TF relevant for
the odd-even effect, and we leave the exploration of more
general potentials W in Eq. (2) (such as the full RPA-
Lindhard function, or adapted to capture the Wigner crystal
transition) to future work.
This paper is organized as follows. We begin in Sec. II by

presenting and collecting the central results for the collec-
tive quasiparticle decay rates. Section II A establishes the
odd-even effect and discusses the dependence on the
angular index m. In particular, we show that there exists
an isolated band of long-lived odd-parity modes that is
separated by a gap in the same angular sector from the
remaining odd-parity modes with Fermi-liquid behavior.
This is followed in Sec. II B by a detailed study of the
temperature dependence of the relaxational eigenmodes.
Section II C studies the dependence of the decay rates on

the interaction strength and establishes that the odd-parity
modes are nearly independent of it. Section III outlines in
detail the numerical diagonalization of the linearized
collision integral (Sec. III A), which is based on a basis
expansion of quasiparticle deformations (Sec. III B).
Section III C provides details on an efficient numerical
implementation followed by a discussion of zero modes in
Sec. III D. The paper concludes with a summary and
outlook in Sec. IV. Details of analytical calculations are
collected in four appendixes.

II. RESULTS

In this section, we present results for the relaxation
spectrum of quasiparticle deformations as obtained from
our numerical diagonalization of the collision integral,
Eq. (2), which is the main result of this paper. Section II A
compares the spectrum of relaxation rates for different
temperatures and demonstrates that there is an odd-even
effect in the lowest eigenmodesbut not forhigher excitations.
This is followed in Sec. II B by a discussion of the temper-
ature dependence of the lowest eigenmodes, establishing
both Fermi-liquid as well as anomalous temperature scaling.
Finally, in Sec. II C, we show that the lowest even- and odd-
parity modes also differ in their functional dependence
on the interaction strength, which reflects the different
microscopic relaxation mechanisms of the lowest odd- and
even-parity modes and points to a tunability of the odd-
even effect with interactions. The general solution method
for the Fermi-liquid collision integral with binary scattering
used to obtain these results is discussed in detail in Sec. III,
and analytical limits are discussed in Appendixes A and B.

A. Relaxation spectrum and the odd-even effect

We begin by discussing the general structure of the
relaxation spectrum. Figure 3 shows level diagrams of the
relaxation rates γm for rs ¼ 1 ordered by the angular index
0 ≤ m ≤ 20 at three different temperatures
T=TF ¼ 10−4; 10−2, and 0.5 [Figs. 3(a)–3(c)]. In each
angular harmonic channel, we show the lowest eight
eigenvalues and use the same axes range to compare
spectra at different temperatures. Higher relaxational
eigenmodes are indicated by the shaded gray area.
Relaxation rates for negative harmonics −m are equal
to positive m and not shown here. We mark even-parity
modes in blue (even m ≥ 2) and odd-parity modes in
orange (odd m ≥ 3). The m ¼ 0 and m ¼ 1 sectors are
black and gray, respectively, since they contain zero
modes for which the discussion of the odd-even effect
does not apply. (The m ¼ 0 sector contains two zero
modes, arising from particle number and energy conser-
vation, while the m ¼ �1 sectors each contain one zero
mode, arising from current conservation, cf. Sec. III D.)
These modes are therefore not visible in Fig. 3 since their
decay rates vanish, while relaxation rates of higher modes

FIG. 2. Symmetry of Fermi surface deformations ordered by
the angular harmonic index m [cf. Eq. (4)]. The black circle
indicates the Fermi surface. Note that the full relaxational
eigenmodes of the collision integral, Eq. (2), are labeled by
the angular symmetry, but they are in general not sharp
deformations of the Fermi distribution as sketched here [i.e.,
Eq. (3) with ψ ¼ const]. Instead, they have a thermal and
interaction-induced broadening, where higher eigenmodes have
an increasing number of radial nodes in the function ψmðpÞ [cf.
Eqs. (22) and (23) for the low-temperature case]. Deformations
with m ¼ 0 symmetry determine the density response and bulk
viscosity, m ¼ 1 to charge and heat currents, and m ¼ 2 to the
shear viscosity, for example, and higher modes contribute to a
finite wave vector response.
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in the same sector are finite. All temperatures shown are in
the degenerate low-temperature regime below TF, with a
Fermi surface that increasingly softens when going from
the left-hand to the right-hand panel and a concomitant
weakening of Pauli blocking.
The first striking feature of Fig. 3 is the separated lowest

band of orange odd-parity modes, which have anomalously
small relaxation rates (highlighted by the blue shaded area).
These are the long-lived odd-parity modes discussed in the
Introduction. As is apparent from the figure, these modes
have a strong m dependence and are seen to join the
remaining spectrum at large m. The number of decoupled
modes increases as the temperature is lowered, roughly asffiffiffiffiffiffiffiffiffiffiffiffi
TF=T

p
, with an increasing suppression of the relaxation

rates compared to higher-lying modes. The second remark-
able feature is that the odd-even effect exists only for the
lowest relaxational eigenmodes: The overall magnitude of
all higher eigenmodes decreases at smaller temperatures
with a temperature dependence that in scale follows a
standard Fermi-liquid form γm ∼ T2=ℏTF in all angular
sectors, where the overall level spacing also has Fermi-
liquid scaling and increases at low temperatures. These
higher modes show no pronounced anomalous behavior,
with the only exception visible for the second-lowest
relaxation rates at the lowest temperature T=TF ¼ 10−4,
which show a weak remaining odd-even staggering [thin
gray line in Fig. 3(a)]. In addition, higher-lying modes are
almost independent of the angular index, but they do show
a pair bunching for relaxation rates in the same angular

sector. At the highest temperature T=TF ¼ 0.5 shown
[Fig. 3(c)], the effect of Pauli blocking is reduced and
the gas crosses over to a nondegenerate regime. As is seen
most clearly for the highest values of m in Fig. 3(c) (right-
hand inset), the level separation between the modes is then
increasingly equidistant. At this temperature, there is no
longer an odd-even effect, with Pauli blocking affecting
modes with smaller angular index m more strongly com-
pared to large-m modes (left-hand inset).
Quantitatively, we find that the anomalous lowest odd-

parity modes at low temperatures are very well described
by

γm;odd ¼
4π3TF

15ℏ
jV̄j2

�
T
TF

�
4

m4; ð5Þ

shown as a black line in Fig. 3(a). The expression applies for
angular indicesm≲ ffiffiffiffiffiffiffiffiffiffiffiffi

TF=T
p

, where as discussed for higher
angular momenta the odd-even effect disappears and odd-
parity modes show standard Fermi-liquid scaling. In Eq. (5),
jV̄j2¼ðm�=2πℏ2Þ2½V2ð0ÞþV2ð2kFÞ−Vð0ÞVð2kFÞ� is the
(dimensionless) matrix element of Eq. (1) symmetrized over
the direct and exchange scattering channel. [Formally, Eq. (5)
is asymptotically valid, and the plot in Fig. 3(a) uses the local
temperature scaling exponent ðT=TFÞ3.965, which applies for
T=TF ¼ 10−4, and evaluates the Coulombmatrix element at
a small momentum transfer k ¼ 0.2kF; see the next section
for details.] The quarticm4 scaling of Eq. (5), which is very
accurately seen in the data at low temperature [cf. Fig. 3(a)],

FIG. 3. Spectra of decay rates γm as a function of angular mode numberm for rs ¼ 1 at three different temperatures (a) T=TF ¼ 10−4,
(b) T=TF ¼ 10−2, and (c) T=TF ¼ 0.5. We show the lowest eight relaxational eigenmodes for each angular channel, where
compressional modes (m ¼ 0) are black, current modes (m ¼ 1) gray, and remaining even-parity modes blue and odd-parity modes
orange, respectively, and we indicate higher modes by the gray shaded area. We use the same range in each plot to compare spectra at
different temperatures. As the temperature decreases, Pauli blocking becomes increasingly important with a phase-space constraint on
scattering that increases the lifetime, where the magnitude of most relaxation rates asymptotically follows a Fermi-liquid scaling with
γm ∼ T2=ðℏTFÞ. Crucially, however, there is an odd-even effect in the relaxation rates at low temperatures, with a band of isolated odd-
parity modes (the number of which increases at low temperature as ∼

ffiffiffiffiffiffiffiffiffiffiffiffi
TF=T

p
) that decouple from the remaining spectrum with

anomalously long lifetimes and an asymptotic scaling γm ∼m4T4=ðℏT3
FÞ [highlighted by the blue shaded area in (a) and (b)].
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reflects subdiffusive behavior [26]: Written as an effective
model for the angular relaxation of the odd-parity distribu-
tion fodd ¼

P
moddfme

imθ, Eq. (5) describes a dynamics,

∂tfodd ¼ −γodd∂4θfodd; ð6Þ

with γodd ¼ γm;oddjm¼1 the m coefficient of Eq. (5). The
equation implies that an initial localized deformation of the
quasiparticle distribution spreads as t1=4, which is much
slower than diffusion (which would have γm ∼m2 with an
exponent 1=2), hence subdiffusive. Equation (5) is in agree-
ment with an analytical prediction by Ledwith et al. [27].
Reference [27] contains an additional logarithmic depend-
ence on m that is not present in our results.
Turning to the lowest even-parity modes, they follow a

standard quadratic-in-temperature Fermi-liquid scaling,

γm;even≈
2π

3ℏ
T2

TF
r2s

�
log

�
1þ

ffiffiffi
2

p

rs

�
−

ffiffiffi
2

pffiffiffi
2

p þ rs

�
lnmϕ

ln2ϕ
; ð7Þ

shown as a gray dashed line in Fig. 3(a). This result is
derived in Sec. II C and Appendix A, and is applicable for
rs ≳ 0.5 [cf. Sec. II C]. The result is valid to leading
logarithmicorder,andweincludeaparameterϕ toparametrize
the subleading corrections; for rs ¼ 1 and T=TF ¼ 10−4 as
applies to Fig. 3(a), we have ϕ ¼ 1.23. Note that Eq. (7) has
a logarithmic correction in m but not in temperature, in
contrast to a quasiparticle relaxation time obtained from the
imaginary part of the self-energy [22,42,43]. Formally,

such a single-quasiparticle excitation corresponds to a
localized excitation at a fixed momentum above the
Fermi surface, and is a superposition of modes with
arbitrarily high angular index.

B. Temperature dependence of relaxation rates

Having established the odd-even effect and the scaling of
relaxation rates with the angular harmonic index m, we
proceed in this section to discuss the temperature depend-
ence of the eigenmodes. Figure 4 shows the lowest [Fig. 4
(a)], second-lowest [Fig. 4(b)], and third-lowest [Fig. 4(c)]
eigenvalues (left- to right-hand panel) at a fixed interaction
strength rs ¼ 1 as a function of temperature. Different lines
indicate different angular indices, and we again use a color
coding that shows odd-parity modes in orange and even-
parity modes in blue. In addition, the first nonzero mode in
the m ¼ 0 sector (which has two zero modes from particle
and energy conservation) is included in black in Fig. 4(c),
and the first two nonzero modes in them ¼ 1 sector (which
has one zero mode from momentum conservation) are
shown in gray in Figs. 4(b) and 4(c).
As established in the previous subsection, the lowest

modes [Fig. 4(a)] show the odd-even effect: In the
degenerate regime below the Fermi temperature, T ≤ TF,
where the Fermi statistics becomes important and Pauli
blocking restricts the phase space for quasiparticle scatter-
ing, the blue even-parity modes follow the quadratic-in-
temperature Fermi-liquid scaling, asymptotically described
by Eq. (7) with a weak logarithmic-in-m dependence of the

(a) (b) (c)

FIG. 4. Relaxation rates as a function of temperature for the (a) lowest, (b) second-lowest, and (c) third-lowest relaxational eigenmodes
(left to right) in each angular sector up to m ≤ 20. We show compressional modes [m ¼ 0, (c)] in black, current modes [m ¼ 1, (b) and
(c)] in gray, and remaining even-parity modes in blue and odd-parity modes in orange, respectively. The insets show the local
temperature scaling exponent α for each mode, γm ∼ ðT=TFÞα, as determined from a logarithmic derivative of the numerical data in the
main figures. The relaxation rate of all modes decreases with decreasing temperature, reflecting the enhanced lifetime due to Pauli
blocking. For blue even-parity modes in (a) and all higher eigenmodes [(b) and (c)], the relaxation rates are suppressed at low
temperatures with standard Fermi-liquid scaling, γm ∼ T2=ðℏTFÞ, corresponding to α ¼ 2. The odd-even effect is present only in the
lowest eigenmode of each angular momentum sector (a): Here, with decreasing temperature, a successively increasing number of order
Oð ffiffiffiffiffiffiffiffiffiffiffiffi

TF=T
p Þ of odd-parity modes decouple from the Fermi-liquid scaling with an asymptotic temperature dependence γm ∼ T4,

corresponding to α ¼ 4.
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magnitude. By contrast, the decay rates of odd-parity
modes are much more strongly suppressed, and asymp-
totically described by Eq. (5) with a pronouncedm4 scaling
with the angular index. Note that the successive decoupling
of an increasing number m≲ ffiffiffiffiffiffiffiffiffiffiffiffi

TF=T
p

of anomalous odd-
parity modes [also visible in Figs. 3(a) and 3(b)] is directly
apparent in Fig. 4(a): At higher temperatures, the orange
odd-parity modes follow the blue Fermi-liquid modes
before they cross over into the asymptotic odd-parity
scaling described by Eq. (5) at low temperatures. The
temperature at which the odd-parity modes deviate from
Fermi-liquid scaling is strongly suppressed with increasing
mode index m. To illustrate this further, we show in the
inset of Fig. 4(a) the exponent of the logarithmic derivative
of γm with respect to temperature, which gives a local
scaling exponent γm ∼ ðT=TFÞα: Even-parity modes follow
Fermi-liquid scaling with α ¼ 2, while odd-parity modes
reach the α ¼ 4 scaling only at asymptotically low temper-
atures, with higher angular indices even having an inter-
mediate plateau at α ≈ 2. The large separation between odd
and even modes is seen to remain up to T ≲ 0.15TF.
The absence of a pronounced odd-even staggering in

the decay rates for the higher eigenmodes noted in the
previous section is clearly visible in the plots for the
second-lowest [Fig. 4(b)] and the third-lowest [Fig. 4(c)]
eigenvalues. Leaving aside a small logarithmic spread, the
eigenmodes are almost independent of the angular index
and follow Fermi-liquid scaling at low temperatures. The
higher eigenvalues in the m ¼ 0 and m ¼ 1 sectors, which
are not zero modes, also follow the same Fermi-liquid
scaling as the rest of the higher even and odd modes.
Interestingly, when considering the local scaling exponent
shown in the insets, we find an improved fit with an
additional logarithmic correction γm∼ðT=TFÞ2 logTF=T
and γm∼ ðT=TFÞ2 logTF=2T in the second- and third-
lowest sectors, respectively, a result which is reminiscent
of a self-energy calculation [22].

C. Interaction-induced enhancement
of the odd-even effect

Contrasting the low-temperature forms Eqs. (5) and (7)
for the decay rates of odd- and even-parity modes, it is
apparent that even-parity modes have a complicated
dependence on the interaction strength rs while the odd-
parity scaling depends on the matrix element jV̄j2, which
has a much weaker rs dependence. This dependence is
linked to the fact that odd-parity modes relax by repeated
small-angle scattering, for which the Coulomb interaction
Eq. (1) is overscreened and weakly dependent on rs
[35,44], whereas even-parity modes involve momentum
transfers of orderOðkFÞ, which depends on the density and
thus on rs. In this section, we discuss this dependence on
the interaction strength in more detail. We confirm that the
interaction strength strongly affects the strength of even-

parity damping but not that of odd-parity modes, such that
the odd-even effect is widely tunable with interactions.
Figure 5 shows the decay rates of the lowest-lyingm ¼ 2

modes (blue points) and m ¼ 3 modes (orange points),
respectively, as a function of the interaction strength rs at
a fixed small temperature T=TF ¼ 10−4. We focus here on
the dependence of thedecay rates on theCoulomb interaction
parameter and neglect possible low-temperature phase tran-
sitions at large rs out of the Fermi-liquid phase [45,46].
Indeed, while the even-parity decay rate varies by several
orders of magnitude, the odd-parity rates remain almost
constant. Discussing the odd-paritymodes first, we show as a
black dotted line the asymptotic limit of Eq. (5) for large rs,
where thematrix element inEq. (5) is jV̄j2 ¼ 1=4, which is in
excellent agreement with the numerics. At decreasing rs, a
small decrease in the odd-parity relaxation rate is captured
by the rs dependence of thematrix element and by allowing a
small nonzero momentum transfer k [k ¼ 0.2kF for
rs ¼ 1], which indicates a small deviation from strict
small-angle scattering processes that contribute to the
relaxation. The fit of γm¼3 from Eq. (5) is shown in
Fig. 5 as a solid orange line, and is again in excellent
agreement with the data in the range 1 ≤ rs ≤ 100. Indeed,
at the temperature T=TF ¼ 10−4 shown in the figure, this is
the same rs interval over which we find odd-parity temper-
ature scaling with α ≈ 4. For smaller rs ≲ 1 the scaling
exponent α begins to decrease from its low-density value
α ¼ 4. The interaction strength thus not only controls the

FIG. 5. Lowest m ¼ 2 decay rate (blue points) and m ¼ 3

decay rate (orange points) at T=TF ¼ 10−4 as a function of the
Coulomb interaction strength rs. The continuous blue line is the
analytical even-parity result Eq. (8), and the dashed black line
includes only the direct contribution in Eq. (9). The latter
expression becomes exact only at asymptotically small rs as
illustrated in the inset, which shows the ratio between the
exchange and direct scattering contributions. The continuous
orange line is the exact odd-parity result Eq. (5) with a
momentum-dependent Coulomb scattering amplitude, and the
dashed black line is the decay rate for a constant matrix element at
large rs for comparison. Overall, there is a strong odd-even effect
for all rs, but the separation in the decay rates is strongly
dependent on the interaction strength rs.
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relative strength of the odd-even effect but also the onset
into the asymptotic odd-parity T4 regime.
For the even-parity decay rate at low temperatures, we

obtain the following analytical result valid for ðT=TFÞ≲ rs
(cf. Appendix A):

γm;even ¼
4π

3ℏ
T2

TF
Im; Im ¼ Idirm þ Iexm ; ð8Þ

where, for m ¼ 2,

Idirm¼2 ¼ r2s

"
log

 
1þ

ffiffiffi
2

p

rs

!
−

ffiffiffi
2

pffiffiffi
2

p þ rs

#
;

Iexm¼2 ¼ −
πr2s
4

þ r4s
2ðr2s − 1Þ

"
log

 
1þ

ffiffiffi
2

p

rs

!

−
ffiffiffiffiffiffiffiffiffiffiffiffi
2 − r2s

p
rs

arctanh

� ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − r2s=2

q �#
: ð9Þ

This result sets the low-temperature quadratic scaling of the
shear viscosity [36]. The two terms in Eq. (8) are the direct
and exchange contributions, and we show the full expres-
sion as a continuous blue line in Fig. 5, in excellent
agreement with the numerical results (blue points). For
comparison, we show as a dashed black line only the direct
contribution, which sets the full result only in the extreme
high-density limit rs ≪ 1. We show the ratio between the
direct and exchange contributions in Eq. (8) in the inset of
Fig. 5, where it is apparent that even at small rs, the
exchange term gives an important nonanalytic correction
that quickly saturates to the maximum value 1=2, which
reflects a fundamental bound [35]. At higher rs, the
exchange term thus subtracts half of the direct contribution,
such that the direct contribution alone overestimates the
correct result by a factor of 2. Note that Eq. (7) is exactly
half of the direct contribution and thus applies at rs ≳ 0.5.
Additional results for the asymptotic high-density limit
rs ≲ ðT=TFÞ ≪ 1 are listed in Appendix B.
Overall, the m ¼ 2 decay rate in Fig. 5 increases as

γm¼2 ¼ −4πT2r2s lnðrse1þπ=4=
ffiffiffi
2

p Þ=3ℏTF for small inter-
action strengths ðT=TFÞ≲ rs ≪ 1, consistent with the
functional dependence at low rs in Refs. [36,47], but
quickly deviates from this limit and crosses over to a
constant γm¼2 ¼ 2πT2=3ℏTF at large rs. This behavior is
understood from the head-on scattering kinematics that sets
the even-parity decay (cf. Fig. 1), which at low temper-
atures involves scattering under any angle of the Fermi
surface with a general momentum transfer of order
OðkFÞ ¼ Oðr−1s Þ. For high densities, rs ≪ 1, screening
is no longer efficient and the matrix element decreases with
momentum, where the logarithmic correction reflects the
divergence of the unscreened Coulomb interaction at zero
(or 2kF) momentum transfer, which favors small-angle
scattering [48]. In the low-density limit, rs ≫ 1, the

Coulomb matrix element is approximately constant with
a magnitude set by the wave vector kTF. In this case, the
Thomas-Fermi wave vector cancels with the overall mag-
nitude of the interaction, such that the overscreened
interaction is a constant that depends on the density of
states and is independent of rs.
In summary, the different dependence of the lowest odd-

and even-parity decay rates on the Coulomb interaction
strength rs provides a direct signature of the distinct micro-
scopic relaxation processes for these modes. Moreover, it
allows us to tune the strength of the odd-even effect not only
by varying the temperature but also by changing the
interaction strength (for example, by doping). Here, even
small changes in rs have a strong effect: For example, an
increase from rs ¼ 1 to rs ¼ 2 increases the difference
between the odd and even decay rates in Fig. 5(a) by
40%. For 2D GaAs parameters, this corresponds to decreas-
ing the doping density from 3.3 × 1011 to 0.8 × 1011 cm−2,
which is readily accessible in experiments [49].

III. FERMI-LIQUID KINETIC THEORY

In this section, we discuss in detail the structure of the
collision integral, Eq. (2), and the formal basis expansion
framework used to diagonalize the collision integral and to
derive the collective quasiparticle decay rates presented in
the previous section.
The main object of interest in a Fermi-liquid description

is the (single-particle electron) quasiparticle distribution
function fðt; r;pÞ, the evolution of which is described
semiclassically by the transport equation,�
∂

∂t
þ v ·

∂

∂r
þ F ·

∂

∂ℏp

�
fðt; r;pÞ ¼ Ĵ ½fðt; r;pÞ�; ð10Þ

where v ¼ ℏp=m� is the quasiparticle velocity and F is an
external force. The left-hand side contains the streaming
term that describes free phase-space evolution, and the
right-hand side is the collision integral stated in Eq. (2),
which describes the rate of change of the distribution
fðt; r;pÞ due to two-body collisions with other quasipar-
ticles. Formally, the collision integral Ĵ depends on the
two-particle distribution, which in turn obeys its own
dynamical equation dependent on the three-particle distri-
bution, and so on. Assuming that incoming states are
uncorrelated, this hierarchy may be truncated at first order,
which gives Eq. (2) with a scattering matrix:

Wðp0
1;p

0
2jp1p2Þ ¼

2π

ℏ
jVj2ð2πÞ2δðp1 þ p2 − p0

1 − p0
2Þ

× δðεp1
þ εp2

− εp0
1
− εp0

2
Þ; ð11Þ

where the delta functions enforce energy and momentum
conservation. The collision integral is then a Fermi golden
rule expression for the change in the quasiparticle
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occupation f. For a two-component Fermi gas with spin-
independent Coulomb interactions, the matrix element in
Eq. (11) reads

jVj2 ¼ jhp0
1p

0
2jVjp1p2ij2 ¼ V2ðp0

1 − p1Þ þ V2ðp0
1 − p2Þ

− Vðp0
1 − p1ÞVðp0

1 − p2Þ; ð12Þ

where V is the interaction potential stated in Eq. (1). The
first two terms in Eq. (12) are the direct contribution and the
last term is the exchange contribution [35].
The next section, Sec. III A, discusses the linearized

collision integral and its mathematical properties, focusing
in particular on its scalar product structure. The subsequent
Sec. III B presents the basis expansion used to determine
the eigenmodes of the linearized collision integral, which
set the relaxation rates presented in the previous section.
Finally, Sec. III C illustrates the rapid convergence of the
basis function expansion, and Sec. III D discusses the zero
modes of the collision integral.

A. Linearized collision integral

As discussed in the Introduction, to describe small
deviations from the equilibrium Fermi-Dirac distribution
f0ðpÞ, we linearize the collision integral as

fðt;pÞ ¼ f0ðpÞ þ δfðt;pÞ; ð13Þ
where we further separate a Fermi factor from the small
deviation δf and parametrize it by a deviation function ψ ,
cf. Eq. (3). To linearize the collision integral, Eq. (2), it is
helpful to introduce the center-of-mass and relative
momentum variables for the initial-state momenta,

P ¼ p1 þ p2; q ¼ p1 − p2

2
; ð14Þ

and likewise for the final-state momenta P0 and q0. The
delta functions in the matrix element in Eq. (11) then imply
a conservation of the center-of-mass momentum P ¼ P0
and the magnitude of the relative momentum, q0 ¼ q.
Furthermore, the product of Fermi factors in the collision
integral may be written as

F121020 ≡f0ðp1Þf0ðp2Þ½1−f0ðp0
1Þ�½1−f0ðp0

2Þ�

¼ 1

4½coshðXÞþcoshðξP ·qÞ�½coshðXÞþcoshðξP ·q0Þ�;

ð15Þ
with ξ ¼ ℏ2β=2m� and

X ¼ β

�
ℏ2P2

8m� þ ℏ2q2

2m� − μ

�
: ð16Þ

Using the parametrization Eq. (3), this brings the collision
integral to the form

Ĵ ½δfðp1Þ� ¼ −
m�

4πℏ3

Z
dp2

ð2πÞ2
Z

dΩjVj2F121020

× ½ψðp1Þ þ ψðp2Þ − ψðp0
1Þ − ψðp0

2Þ�; ð17Þ

where Ω denotes the angle between the relative momenta q
and q0 before and after the collision.
Even in linearized form, the collision integral remains a

computational challenge. The computation of the electron-
electron lifetime is therefore often limited to the relaxation-
time approximation [1,2,35], or to the quasiparticle lifetime
obtained from self-energy methods in the zero- or low-
temperature limit [21,22,50]. For a direct diagonalization of
the collision integral, we introduce a scalar product that is
induced by the Fermi-Dirac distribution,

hχ0jχi ¼ λ2T

Z
d2p
ð2πÞ2 f0ðpÞ½1 − f0ðpÞ�χ̄0ðpÞχðpÞ

¼
Z

∞

−βμ

dw
4cosh2ðw=2Þ χ̄

0ðwÞχðwÞ; ð18Þ

where the latter equality is valid for isotropic functions and
we define the dimensionless energy variable,

w ¼ β

�
ℏ2p2

2m� − μ

�
: ð19Þ

Analytical results for the scalar product of simple mono-
mials are collected in Appendix C. Note that the first line in
the definition Eq. (18) applies equally well for general
(anisotropic) dispersions through the Fermi-Dirac func-
tions, while the second line is specific to a parabolic
dispersion. In the absence of external forces or thermal
gradients, the streaming term in Eq. (10) vanishes and we
obtain the eigenvalue problem,

L̂½ψðpÞ� ¼ −Ĵ ½δfðpÞ�
f0ðpÞ(1 − f0ðpÞ)

¼ γψðpÞ; ð20Þ

for the linearized collision operator L̂, where an eigenmode
ψ decays exponentially with time as ψðt;pÞ ¼ e−γtψðpÞ.
With respect to the scalar product Eq. (18), matrix elements
of the operator L̂ then take the form

hχjL̂jψi ¼ m�λ2T
16πℏ3

Z
dP dq dΩ
ð2πÞ4 jVj2F12102

× ½χ̄ðp1Þ þ χ̄ðp2Þ − χ̄ðp0
1Þ − χ̄ðp0

2Þ�
× ½ψðp1Þ þ ψðp2Þ − ψðp0

1Þ − ψðp0
2Þ�; ð21Þ

where we have implemented the change of variables in
Eq. (14) and used the (anti)symmetry under 1 ↔ 2
(12 ↔ 1020) to symmetrize the term in the first square
bracket, which introduces an additional factor 1=4.
Written in this way, Eq. (21) defines a manifestly positive
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semidefinite Hermitian operator [which follows from
F121020 > 0, as seen in Eq. (15)], which implies that all
eigenvalues γ are real and non-negative, as required for decay
rates. Note that the mathematical structure of the linearized
collision integral discussed here including the positive
semidefiniteness is not specific to parabolic dispersions
but also applies for general anisotropic dispersions.

B. Basis expansion

We systematically describe quasiparticle deformations in
a given angular sector with angular index m by expanding
the residual radial basis function as

ψmðpÞ ¼
XN
i¼1

ciuiðwÞ ð22Þ

up to a basis dimensionN,where thebasis polynomialsuiðwÞ
are orthonormal with respect to the scalar product Eq. (18);
i.e., they obey huijuji ¼ δij. Using the analytical result for
the scalar products betweenmonomials listed inAppendixC,
it is straightforward to determine these basis polynomials by
a Gram-Schmidt procedure. Note that the presence of the
Fermi factors in the scalar product Eq. (18) implies that the
basis polynomials depend on temperature. In particular, in
the low-temperature limit T=TF → 0, we obtain

u1ðwÞ ¼ 1;

u2ðwÞ ¼
ffiffiffi
3

p

π
w;

u3ðwÞ ¼
3
ffiffiffi
5

p

4π2
w2 −

ffiffiffi
5

p

4
;

u4ðwÞ ¼
5
ffiffiffi
7

p

12π3
w3 −

7
ffiffiffi
7

p

12π
w;

u5ðwÞ ¼
35

64π4
w4 −

65

32π2
w2 þ 27

64
;

u6ðwÞ ¼
21

ffiffiffiffiffi
11

p

320π5
w5 −

49
ffiffiffiffiffi
11

p

96π3
w3 þ 407

ffiffiffiffiffi
11

p

960π
w; ð23Þ

and so on.Asdiscussed in the Introduction, the constant basis
function u1ðwÞ describes a rigid shift in the chemical
potential, and higher corrections account for a broadening
of the Fermi surface. In the high-temperature limit, the
basis polynomials are Laguerre (or Sonine) polynomials
ulðwÞ ¼ e−βμ=2Ll−1ðwþ βμÞ.
What remains for an evaluation of Eq. (21) is then a

matter of evaluating the N × N matrix of scalar products
between different matrix elements,

Mm
ij ¼ huieimθjL̂jujeimθi; ð24Þ

where the matrix elements are defined in Eq. (21). Note that
the matrix elements themselves do not depend on N. The

fγðNÞ
m g converge to the true decay rates fγmg from above as

the basis size N is increased.

C. Numerical implementation and convergence

As discussed, we determine the eigenvalues fγðNÞ
m g of the

linearized collision integral by diagonalizing the N × N
coefficient matrix Eq. (24). Here, the numerical challenge
is the evaluation of the matrix elements Eq. (21), which are
multidimensional integrals. Furthermore, at low temper-
atures, the integrand is strongly peaked in a small subdomain
of the integration region due to Pauli blocking [enforced by
the Fermi factors F121020 , Eq. (15)]. In our calculations, we
use an adaptive multidimensional integration routine con-
tained in the Cuba library [51], which was developed to
evaluate higher-loop Feynman diagrams in high-energy
physics (for applications to diagrammatic calculations in a
condensed matter context, see Refs. [52–54]). The compu-
tation speed at low temperatures is greatly improved by using
the Divonne algorithm, which allows the Monte Carlo
sampling to bias the integration points in regions where
the integrand is peaked. This allows us to achieve rapid
convergence on standard computers. We provide further
details of the numerical implementation and a dimensionless
form of Eq. (21) in Appendix D. In this section, we illustrate
the convergence of the eigenvalues with increasing basis
dimension N.
Figure 6 illustrates the convergence for selected

eigenmodes γðNÞ
m as a function of basis dimension N, where

Fig. 6(a) shows the lowest eigenvalue for m ¼ 2, 3, 19, and
20, and Fig. 6(b) shows the second-lowest eigenvalue for
m ¼ 1, 2, 3, 19, and 20. [The lowest eigenvalue for m ¼ 1
is excluded from Fig. 6(a) since it is a zero mode. It is
discussed separately in the next section, Sec. III D.] We plot

the relative deviation of γðNÞ
m compared to γðN¼16Þ

m , which we
take as the converged value, as a function of N. Data shown
are for rs ¼ 1 and T=TF ¼ 0.01, where we do not see a

(a) (b)

FIG. 6. Convergence of the numerical results for selected
(a) lowest eigenmodes and (b) second-lowest modes. Shown is
the error of the decay rate γðNÞ

m computed with basis size N

relative to γðN¼16Þ
m at low temperature T=TF ¼ 0.01 and inter-

action strength rs ¼ 1.
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pronounced difference in the convergence rate for other
temperatures below the Fermi temperature. Lower (higher)
interaction strengths lead to a minor improvement (reduc-
tion) of the convergence. As is apparent from the figure, for
all eigenvalues we see uniform rapid convergence, which is
fastest for the lowest eigenvalue. In particular, for N ¼ 6,
the decay rates of them ¼ 2mode are within 1% and 6% of
the converged value in the lowest and second-lowest sector,
respectively, and we use this basis dimension to generate
the results shown in Figs. 4 and 10. For the remaining
figures, we have used N ¼ 10. The rapid convergence of
these results demonstrates that our choice of orthogonal
basis polynomials in Sec. III B is very well suited to
diagonalize the Fermi-liquid collision integral. An open
question left for future work is if a different choice of basis
functions could improve the convergence even further.
An interesting feature of Fig. 6(a) is that the onset of the

T4-scaling regime and the odd-even effect is mirrored in the
convergence pattern: For the m ¼ 3 mode, which admits a
scaling exponent α ≈ 4 for T ¼ 0.01TF [cf. the inset of
Fig. 4(a)], the first basis function alone (N ¼ 1) provides a
poor description that differs by 45% [as marked in the inset
of Fig. 6(a)], while including the first two basis functions
(N ¼ 2) gives a dramatic improvement in accuracy. This is
in line with the explicit calculation of the lowest matrix
element at low temperatures in Appendix A, which
vanishes for odd m. By contrast, the m ¼ 19 mode, which
still follows Fermi-liquid scaling at T ¼ 0.01TF, exhibits a
similar convergence pattern to the even modes with good
convergence even for N ¼ 1.

D. Zero modes

The linearized collision integral Eq. (17) possesses four
zero modes, which are associated with the conservation of
particle number, energy, and the x and y components of the
total momentum in binary collisions:

N ¼
Z

dp
ð2πÞ2 fðt;pÞ;

E ¼
Z

dp
ð2πÞ2 fðt;pÞεðpÞ;

P ¼
Z

dp
ð2πÞ2 fðt;pÞℏp: ð25Þ

Using the kinetic equation Eq. (10) and symmetrizing, the
time derivative of these quantities is expressed in terms of
the linearized collision integral,

d
dt

O ¼ hAðpÞjL̂½ψ �i; ð26Þ

for a general deformation ψ , where O ¼ fN ; E;Pg and
AðpÞ ¼ f1; εðpÞ;ℏpg, respectively. As can be seen directly
from the definition Eq. (21), this scalar product vanishes

due to energy and momentum conservation in binary
collisions [55]. From the hermicity of the linearized
collision integral, it follows then that perturbations of
the form ψðpÞ ¼ AðpÞ are zero modes of the linearized
collision integral. As already discussed in Sec. II B, the
two zero modes corresponding to particle and energy
conservation, which take the form ψðpÞ ¼ 1 and
ψðpÞ ¼ βεðpÞ ¼ wþ βμ, respectively, have m ¼ 0 sym-
metry. These modes include the first two basis functions
u1 (which is constant in w) and u2 (which is linear in w)
at any temperature, which implies that the first two
rows and columns of the coefficient matrix Mm¼0

ij are
identically zero.
The situation is slightly more involved for the two current

zeromodes, which take the formψðpÞ¼pe�iθ in them¼�1
sector, and which have a nonanalytic dependence on the
dimensionless energy variable w since p ∼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
wþ βμ

p
. Given

our choice of basis functions, which are polynomials in the
energy deviationw, there is thus an overlap of the zero mode
with basis polynomials of any order. For this reason, the
diagonalization of the coefficientmatrix Eq. (24) at any finite
Nwill not give an eigenvalue that is identically zerobut rather
a finite lowest eigenvalue that decreaseswithout lower bound
asN is increased.We illustrate this in Fig. 7, which shows the

lowest eigenvalue γðNÞ
m¼1 for rs ¼ 1 as a function of temper-

ature, where lines from top to bottom correspond to an
increasing basis dimensionN. The decay ismost pronounced
at low temperatures, again indicating the suitable choice of
basis functions. In addition, we show in the inset the overlap
of the numerically obtained eigenvector with the true zero
mode as a function ofN, which is very large even at smallN.

FIG. 7. Relaxation rate of the lowest current mode γðNÞ
m¼1 for

finite basis dimension N ¼ 1;…; 9 as a function of temperature
T=TF. Lines from top to bottom (darker to lighter colors) show
the decay rate with increasing basis dimension N. The mode
rapidly converges to the current zero mode with increasing N.
The inset illustrates the overlap between the eigenvector of
Mm¼1

ij for a given basis size N and the first N elements of
the true zero mode ℏp (both modes are normalized to unity). At
both temperatures shown, T=TF ¼ 0.03 (dark green points) and
T=TF ¼ 0.22 (pink points), we find rapid convergence.
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IV. CONCLUSION AND OUTLOOK

In summary, we have provided a comprehensive dis-
cussion of nonequilibrium collective quasiparticle relaxa-
tion in two-dimensional electron gases with a screened
Coulomb interaction, which is made possible by the exact
diagonalization of the linearized Fermi-liquid collision
integral. The focus of our work is the description of
anomalously long-lived odd-parity modes with decay rates
that are much more strongly suppressed than predicted by
Fermi-liquid theory. Just as for regular Fermi-liquid decay,
the lifetimes of these modes are increased by Pauli block-
ing, but their microscopic relaxation mechanism differs:
Instead of variable-angle head-on collisions, relaxation
proceeds by repeated small-angle scattering on the Fermi
surface, which is manifest by a strong dependence Oðm4Þ
on the angular harmonic index m. We find that the parity-
effect in the quasiparticle decay rates is restricted to the
longest-lived eigenmode in a given odd-parity channel, and
higher modes show standard Fermi-liquid behavior. There
is a finite set of order Oð ffiffiffiffiffiffiffiffiffiffiffiffi

TF=T
p Þ of isolated long-lived

eigenmodes, where each mode has a separate crossover
temperature below which it decouples from the Fermi-
liquid continuum. We show furthermore that the crossover
point also depends on the Coulomb interaction strength rs,
and that the separation between odd- and even-parity decay
rates is strongly dependent on the interaction strength,
which reflects the different relaxation processes. Our
numerical calculations demonstrate that the odd-even
anomaly is not just an asymptotic result valid at unreal-
istically small temperatures, but should be readily acces-
sible in current experiments.
While our work quantifies the odd-even effect and

systematically determines the collisional eigenmodes as
well as their decay rates, a natural follow-up question is
how the long-lived modes affect the dynamics of the
electron gas, in particular how they can be incorporated
in a hydrodynamic description. In view of the strong
separation of an isolated set of odd-parity modes reported
here, such a description should be robust, and our results
provide input parameters for an effective description in
terms of hydrodynamic densities and odd-parity modes.
Here, recent work has provided a systematic description of
tomographic transport in finite geometries using a Knudsen
expansion [56,57]. This expansion reveals significant
deviations for tomographic flow compared to a hydro-
dynamic description in the form of rarefaction corrections
to the bulk Stokes-Ohm equation, an anomalously large
extended tomographic boundary layer, and additional
velocity slip at the boundaries. These effects must be
included when describing electron flow in realistic devices.
Moreover, even weak magnetic fields will interfere with the
anomalously long-lived odd modes and suppress tomo-
graphic transport effects, thus providing a hallmark sig-
nature of this regime [58]. A further tantalizing prospect
given the strong suppression and near conservation of

odd-parity modes is that methods from integrable systems
that incorporate an infinite number of conserved modes in a
generalized hydrodynamic framework could be applied to
the present problem [59].
On a technical level, we have presented a numerically

exact method to diagonalize the Fermi-liquid collision
integral, which is necessary since other means of comput-
ing the electron relaxation, for example, using self-energy
methods, are not sensitive to the odd-even effect. Such a
direct solution is often avoided due to the numerical
complexity, and our work provides an efficient algorithm
to address this problem. In particular, the calculation of
general linear-response transport coefficients, which as
discussed in the Introduction are linked to particular
superpositions of the eigenmodes discussed here, is an
immediate prospect for future work. With regard to the odd-
even effect, with the disparity between odd and even modes
most pronounced for m≲ ffiffiffiffiffiffiffiffiffiffiffiffi

TF=T
p

, the focus should be on
transport coefficients that couple strongly to harmonics
with low values of m that are not dominated by an even
Fermi-liquid mode. Likewise, the generalization of the
present description to anisotropic Fermi surfaces is a
prospect for future work.
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APPENDIX A: LOW-TEMPERATURE
APPROXIMATION OF EVEN-PARITY

RELAXATION RATES

In this appendix, we compute the asymptotic low-
temperature scaling of the lowest even-parity decay rates
analytically. To this end, we evaluate the matrix elements of
the linearized collision integral,

γm even ≈ hψ⋆jL̂jψ⋆i; ðA1Þ

for the leading perturbation ψ⋆ðpÞ ¼ eimθ, i.e., the lowest-
order basis function that describes a rigid shift of the
chemical potential. As discussed in Sec. III C and high-
lighted in Fig. 6, this provides a good approximation of the
decay rate for modes with even m. Explicitly, the collision
matrix element reads
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hψ⋆jL̂jψ⋆i ¼
2πλ2T
4ℏ

ZZZZ
dp1dp2dp0

1dp
0
2

ð2πÞ8 jVj2δðεp1
þ εp2

− εp0
1
− εp0

2
Þð2πÞ2δðp1 þ p2 − p0

1 − p0
2Þ

× F121020 jψ⋆ðp1Þ þ ψ⋆ðp2Þ − ψ⋆ðp0
1Þ − ψ⋆ðp0

2Þj2: ðA2Þ

Instead of the center-of-mass and relative momentum variables used in the main text, here we choose as integration variables
the momentum and energy transfer, splitting the energy and momentum delta functions as [48]

δðεp1
þ εp2

− εp0
1
− εp0

2
Þ ¼

Z
dωδðεp1

− εp0
1
− ωÞδðεp2

− εp0
2
þ ωÞ;

δðp1 þ p2 − p0
1 − p0

2Þ ¼
Z

dk δðp1 − p0
1 − kÞδðp2 − p0

2 þ kÞ; ðA3Þ

where k ¼ p1 − p0
1 ¼ p0

2 − p2 is the momentum transfer and jωj ∼ T ≪ TF is the energy transfer. The delta functions then
constrain the final momenta p0

1 ¼ p1 − k and p0
2 ¼ kþ p2. In the following, we express the angles θ1 and θ2 of the

remaining initial momenta p1 and p2 with reference to the direction of the momentum transfer k, as illustrated in Fig. 8.
The integral over the initial angles θ1 and θ2 is evaluated using the energy delta functions,

Z
2π

0

dθ1δðεp1
− εp0

1
− ωÞ½…� ¼

X
θ�
1

1

v1ℏkjsinðθ�1Þj
½…�;

Z
2π

0

dθ2δðεp2
− εp0

2
þ ωÞ½…� ¼

X
θ�
2

1

v2ℏkjsinðθ�2Þj
½…�; ðA4Þ

where we used p02
i ¼ ðk − piÞ2 and vi ¼ m�ℏpi. Each sum

runs over the two angles θ⋆i for which the argument in the
energy delta functions vanishes, i.e., which fulfill

cosðθ�1Þ ¼
k

2p1

þ ω

v1k
;

cosðθ�2Þ ¼ −
k

2p2

þ ω

v2k
: ðA5Þ

Energy and momentum conservation in combination with
the Fermi surface constraint give two different scattering
combinations. The first one is a direct or exchange
scattering process with k ¼ 0 or k ¼ 2kF, respectively,
where p1 ¼ p0

1;p2 ¼ p0
2 (or interchanged final momenta).

For these configurations, the matrix element Eq. (A2) of the
collision integral vanishes, as expected and already dis-
cussed in the Introduction. The second possible process is
head-on scattering with p1 ¼ −p2, p0

1 ¼ −p0
2 (Fig. 8).

In other words, only two of the four terms that come from
combining the sums in Eq. (A4) actually contribute, which
gives a factor of 2.
For k along the x axis, if p1 is in the upper (right-hand)

plane, p0
1 must be in the upper (left-hand) plane (cf. Fig. 8).

Furthermore, the relation k ¼ p1 − p0
1 ¼ p1 þ p0

2 implies
that θ20 ¼ −θ1, so θ10 ¼ θ20 þ π ¼ π − θ1. The factor in the
matrix element of Eq. (A2) becomes (for even m)

jψ⋆ðp1Þ þ ψ⋆ðp2Þ − ψ⋆ðp0
1Þ − ψ⋆ðp0

2Þj2
¼ ��eimθ1 ½1þ eimπ − eimπe−2imθ1 − e−2imθ1 ���2
¼ 16sin2mθ1; ðA6Þ

but vanishes for odd m, as discussed in the Introduction.
At this point, the expression for the matrix element

Eq. (A2) reads for even m:

hψ⋆jL̂jψ⋆i¼
πλ2T

ℏð2πÞ6
�Z

dωdp1dp2p1p2F121020

�

×

�Z
∞

0

dk
Z

2π

0

dθkjVj2
16sin2mθ�1

ℏ2kv1v2jsinθ�1sinθ�2j
�
;

ðA7Þ

where F121020 is defined in Eq. (15) and we neglect the
dependence on the momentum transfer k in the product of
Fermi functions as well as the dependence of θ�1 on the
energy transfer as ω ∼OðTÞ. We transform the wave

FIG. 8. Example of a head-on collision process (P ¼ 0) at low
temperatures, where scattering momenta are at the Fermi surface.
At zero energy transfer ω ¼ 0, cos θ�1 ¼ k=2p1.
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vectors pi into dimensionless energies wi [cf. Eq. (19)] with
ℏ2pi dpi ¼ m�dεi ¼ m�Tdwi, which in the zero-temper-
ature limit have integration range w∈ ð−∞;∞Þ, and use the
exact result for the first factor in Eq. (A7),

Z
∞

−∞
dW dw1 dw2F121020 ¼

2π2

3
; ðA8Þ

where W ¼ ω=T. For the second factor in Eq. (A7), we
parametrize the k integral using θ�1, where Eq. (A5) gives
k ¼ 2kF cos θ�1 such that 0 ≤ k ≤ 2kF. Approximating the
velocities in the denominator in Eq. (A7) by the Fermi
velocities and performing the integral over θ�k gives

γm even ≈
4π

3

T2

ℏTF
Im; ðA9Þ

where we define the integral,

Im ¼
Z

2kF

0

dk
sin2mθ�1
ksin2θ�1

jV̄j2

¼
Z

π=2

0

dθ�1
1 − cos 2mθ�1

sin 2θ�1
jV̄j2; ðA10Þ

with the dimensionless interaction potential V̄ ¼ V=λ2TT,
and we use j sin θ�2j ¼ j sin θ�1j.
For a constant matrix element V̄, the integrand peaks

roughly at angles θ�1 where the ingoing (p1 ¼ −p2) and
outgoing (p0

1 ¼ −p0
2) momenta connect a peak and a valley

in the Fermi surface deformation. The fact that the maxima
are not exactly located at θ⋆1 ¼ ½ðπ þ 2lÞ=2m�,l ¼ 0; 1;…,

is due to the sin 2θ�1 factor in the denominator from energy
conservation. We illustrate the integrand form ¼ 8 in Fig. 9.
The Coulomb matrix element changes this picture by
enhancing small-angle scattering and suppressing large-
angle processes. To see this, we express the matrix
element as

jV̄j2 ¼ V̄ðcos θ�1Þ2 þ V̄ðsin θ�1Þ2 − V̄ðcos θ�1ÞVðsin θ�1Þ;
ðA11Þ

with the dimensionless form of Eq. (1),

V̄ðΔϕÞ ¼ rs
2ðrs þ

ffiffiffi
2

p
ΔϕÞ : ðA12Þ

For small rs, the matrix element is sharply peaked near
θ�1 ¼ 0, π=2 and enhances small-angle scattering. Only at
large rs ≳ 10 is the matrix element roughly constant with
jV̄j2 ¼ 1=4þOð1=r2sÞ, and we recover the scenario dis-
cussed above.
Equation (8) in the main text stems from the integral

Im¼2, which can be performed analytically for all rs, as
shown in Eq. (9). Closed expressions exist also for m ¼ 4,
6, 8, with decreasing convergence radii in rs, and are not
stated here. The parameter ϕ in Eq. (7) is obtained from a fit
to Im for the first 200 values of m.

APPENDIX B: EVEN-PARITY RELAXATION
RATES IN THE HIGH-DENSITY LIMIT

In this appendix, we briefly discuss the asymptotic high-
density limit, rs → 0, for which we can derive a separate
analytical result for the even-parity decay rates. By expand-
ing the integrand in Im [cf. Eq. (A10)] to lowest order in rs
and assuming that the angular integral is cut off by
temperature, we regain a logarithmic cutoff in T=TF, which
gives

Im ≈
r2s
4

�
m2

�
3

2
− log

T
TF

�
þ ð1 −m2ÞðγE þ log 2mÞ

�

þ r2sm2

4

T
TF

þO

�
T2

T2
F
; r3s

�
; ðB1Þ

which we find to be valid for rs ≲ T=TF ≪ 1. The
logarithmic enhancement in rs seen in Eq. (9) therefore
drops out at rs ≲ ðT=TFÞ, where the decay rate scales only
as r2s . Hence, the first term (in square brackets) is the
direct contribution, and the second (T-linear) term is the
exchange contribution. The quadratic m dependence is
indicative of diffusive dynamics, as can be seen by writing
feven ¼

P
mevenfme

imθ, which obeys a diffusion equation,

FIG. 9. The integrand (normalized by its maximum value) in
Eq. (A10) for m ¼ 8. As long as rs is relatively large, the matrix
element jV̄j2 is approximately constant over the integration range.
The peaks of the integrand roughly correspond to scattering from
(black arrow) a peak in the Fermi surface perturbation to (gray
arrow) a valley, shown to the right. As rs decreases, the
contributions from small-angle scattering become increasingly
dominant.
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∂tfeven ¼ γeven∂
2
θfeven; ðB2Þ

with γeven set by the quadratic term in Eq. (B1). Such a
quadratic-in-m scaling in Eq. (B1) aligns with that in
Ref. [47], but it is attained only for asymptotically small rs
as illustrated in Fig. 10, which shows the numerical
relaxation rate at T=TF ¼ 10−4 for three small interaction
strengths rs ¼ 0.1, 0.01, and 10−5. The scaling of the even
modes agrees very well with the analytical result Eq. (B1),
but the effective m scaling is superdiffusive with local
exponents for mβ with β ¼ 1.7, β ¼ 1.6, and β ¼ 0.93,
respectively, and interpolates between a quadratic and a
logarithmic m scaling as rs is increased. For T=TF ¼ 10−4,
the full logarithmic m scaling is reached at rs ≳ 1, and
much earlier at higher temperatures. We note that at small
rs, there is an intermediate regime with linear-in-m scaling
of the relaxation rates. Such a scaling is predicted for near-
intrinsic graphene, where the relaxation dynamics is
interpreted as Lévy flights on the Dirac cone [60,61].

APPENDIX C: EXACT RESULTS FOR THE
SCALAR PRODUCT

In this appendix, we list exact results for the scalar
product Eq. (18) evaluated for monomials of the form wn,
from which all basis functions are composed, where n is an
integer and w ¼ βðp2=2m� − μÞ. These formulas both
speed up numerical computations and improve the accuracy
of our results. In particular, they allow the computation of
arbitrary products of polynomials and thus enable the
efficient determination of the basis functions. A numerical
evaluation is then required only for scalar products that
contain nonanalytic expressions (like the velocity

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
wþ βμ

p
). Defining hwni ¼ hwn; 1i, we have

hwni ¼
(
−
P

n
k¼0

n!
k! ðβμÞkLin−kð−e−βμÞ n odd

−
P

n
k¼0

n!
k! ð−βμÞkLin−kð−eβμÞ n even;

ðC1Þ

where LinðzÞ is the polylogarithm function. In the zero-
temperature limit, this expression simplifies to

hwni ¼
�
0 n odd

−2n!Linð−1Þ n even:
ðC2Þ

APPENDIX D: DIMENSIONLESS FORM OF THE
COLLISION INTEGRAL

In this appendix, we list the dimensionless form of the
matrix elements of the collision integral Eq. (21) that is
used in our numerical implementation. We express the
collision integral, which has dimension of frequency, in
units of ℏ=TF and choose dimensionless wave vectors,

P̄ ¼ λTffiffiffiffiffiffi
4π

p P ¼
ffiffiffiffiffiffiffiffiffi
ℏ2β

2m�

r
P; ðD1Þ

aswell as a dimensionless interaction potentialVðkÞ¼λ2TTV̄.
In addition, we transform to polar coordinates for the center-
of-mass and relative momentum. The center-of-mass angle
integral is trivial as neither the Fermi factors nor theCoulomb
matrix element depend on θP. We remark that this integral
ensures that the matrix elements are diagonal in the angular
harmonic component m, i.e., Mmm0 ∼ δmm0

. Note that this
diagonal structure in the angular component is no longer
present for anisotropic Fermi surfaces. Here, matrix elements
of the collision integral with a general Cp-symmetric Fermi
surface will couple angular modes modulo p, i.e., m and
m� p, m� 2p, and so on. Aligning the center-of-mass
momentum with the coordinate axis and denoting the angles
between P and the relative momenta q and q0 by θq and θq0 ,
respectively, we introduce the notation

jhV̄ðq̄; q̄0Þij2 ¼V2
1þV2

2−V1V2;

V1 ¼ V̄

�
q̄

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2j1− cosθq cosθq0 − sinθq sinθq0 j

q �
;

V2 ¼ V̄

�
q̄

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2j1þ cosθq cosθq0 þ sinθq sinθq0 j

q �
;

ðD2Þ

to obtain the following dimensionless form of the collision
integral:

FIG. 10. Relaxation rates as a function ofm at T=TF ¼ 10−4 for
three different values of the interaction strength rs. The solid blue
line corresponds to the decay rate obtained from Eq. (B1),
illustrating that the even modes asymptote to m2 scaling in the
rs → 0 limit. Note that the decay rates have been normalized by
r2s for visibility.
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Mm
ij ¼

�
T
TF

�
1

4π

Z
∞

0

P̄ dP̄
Z

∞

0

q̄dq̄
Z

2π

0

dθq

Z
2π

0

dθq0 jhV̄ðq̄; q̄0Þij2

×
1=2

coshðwÞ þ coshðP̄ q̄ cos θqÞ
1=2

coshðwÞ þ coshðP̄q̄0 cos θq0 Þ

×

�
ūjðwþ P̄ q̄ cos θqÞe−imθ1 þ ūjðw − P̄ q̄ cos θqÞe−imθ2 − ūjðwþ P̄q̄0 cos θq0 Þe−imθ0

1 − ūjðwþ P̄q̄0 cos θq0 Þe−imθ0
2

�

×

�
uiðwþ P̄ q̄ cos θqÞeimθ1 þ uiðw − P̄ q̄ cos θqÞeimθ2 − uiðwþ P̄q̄0 cos θq0 Þeimθ0

1 − uiðw − P̄q̄0 cos θq0 Þeimθ0
2

�
;

ðD3Þ

where w ¼ P̄2=4þ q̄2 − βμ [cf. Eq. (16)]. The basis func-
tions have here been written in their explicit form,

ψðpÞ ¼ uðNÞ
i ðpÞeimθ; ðD4Þ

where uðNÞ
i is the ith basis polynomial (i ≤ N), cf. Sec. III B.

Finally, the angles θ1, θ2 are related to the integration
variables as

θ1;2 ¼ θP þ fðP̄=2;�q̄; θqÞ;
θ01;2 ¼ θP þ fðP̄=2;�q̄; θq0 Þ;

fðP̄; q̄; θÞ ¼ arctan

�
q̄ sin θ

P̄þ q̄ cos θ

�
: ðD5Þ

As discussed in Sec. III, L̂ is a Hermitian operator, soNðN þ
1Þ=2 different overlap integrals need to be computed in order
to obtain the full N × N matrix Mm

ij.
Note that at low temperatures, the product of Fermi

functions is a sharply peaked function in the radial
coordinate ρ2 ¼ P̄2=4þ q̄2. For this reason, it is helpful
in numerical implementations to perform a final change of
integral variables as P̄ ¼ 2ρ cos θ and q̄ ¼ ρ sin θ. The
advantage of this parametrization is that numerical adaptive
Monte Carlo methods (for example, theDivonne algorithm;
see Ref. [51]) may be supplemented with a peak-
finder routine, allowing greater numerical accuracy at low
temperatures.
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