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Certifiably Optimal Anisotropic Rotation Averaging

Carl Olsson! Yaroslava Lochman?

'Lund University

Abstract

Rotation averaging is a key subproblem in applications of
computer vision and robotics. Many methods for solving
this problem exist, and there are also several theoretical
results analyzing difficulty and optimality. However, one
aspect that most of these have in common is a focus on
the isotropic setting, where the intrinsic uncertainties in
the measurements are not fully incorporated into the re-
sulting optimization task. Recent empirical results sug-
gest that moving to an anisotropic framework, where these
uncertainties are explicitly included, can result in an im-
provement of solution quality. However, global optimiza-
tion for rotation averaging has remained a challenge in
this scenario. In this work we show how anisotropic costs
can be incorporated in certifiably optimal rotation averag-
ing. We also demonstrate how existing solvers, designed for
isotropic situations, fail in the anisotropic setting. Finally,
we propose a stronger relaxation and empirically show that
it recovers global optima in all tested datasets and leads to
more accurate reconstructions in almost all scenes.'

1. Introduction

Rotation averaging has been a topic of interest now for some
time, dating back more than two decades, with early work
such as [20]. Govindu’s groundbreaking work has since
been followed up by many others and the study of rotation
averaging is now a very important area.

In large part this is because of the great importance
it has for many problems within computer vision and
robotics. Traditionally, it has been a core component
of non-sequential structure from motion (SfM), see e.g.
[29, 30, 35]. The key strength here is that rotation averag-
ing optimizes the orientations of all the cameras at the same
time, allowing recovery methods to avoid incrementally in-
creasing errors (drift) [14] that easily occur in sequential
SfM methods. More recently, [7, 9, 10] point out the im-
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portance of rotation averaging to improve the accuracy and
speed of simultaneous localization and mapping (SLAM).
The main difficulty in solving the rotation averaging
problem is that rotations reside in a nonlinear manifold
SO(3). Some approaches [11, 15, 21, 22, 24, 43] address
this challenge by using local optimization over SO(3)™ via
explicit parametrizations. These, and other methods of local
optimization all work by moving along descent directions,
which may lead to a global optima in practical and suffi-
ciently “nice” situations. Wilson et al. [47, 48] study when
this occurs, and when local optimization is “hard” due to
the existence of “bad” local minima. They conclude that
this depends on both the measurement noise and on the al-
gebraic connectivity of the graph representing the problem.
More recent methods for solving rotation averaging
problems formulate a non-convex quadratically constrained
quadratic problem (QCQP) and relax it to a semidefinite
program (SDP). The quadratic constraints force the desired
matrices to be orthogonal. The non-quadratic determinant
constraint is often dropped, effectively replacing optimiza-
tion over SO(3) with one over O(3) [5, 12, 16, 28, 36, 39].
The SDP formulation is a relaxation of the QCQP and re-
sults in a strictly less or equal optimal value than the QCQP.
There are, however, several theoretical results [18, 22, 39]
that point to this “gap” often being non-existent, giving a
tight lower bound allowing the recovery of a “certifiably
correct” solution. In [18] an explicit bound depending on
the measurement noise and algebraic connectivity of the
graph is given, in analogy to the local optimization setting.
While the above methods and algorithms are often certi-
fiably correct, they minimize the isotropic chordal distance
and, therefore, ignore the relative rotation uncertainties.
The anisotropic version of the chordal distance allows to
explicitly include uncertainties obtained by local two-view
optimization into the rotation averaging framework. Recent
empirical results such as [51] suggest that accounting for
uncertainties in the optimization could “largely improve re-
construction quality”. Therefore the isotropic assumption
discussed above can be seen as a disadvantage.
In this paper, we develop a certifiably optimal SDP-
formulation able to optimize the anisotropic chordal dis-
tance. In light of the above, this is an improvement of many
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earlier results. However, global optimization will become
more challenging in this case, as—based on our analysis—
a direct modification of the objective function results in an
SDP that rarely provides a tight lower bound. The main
reason for this is, that optimization of an anisotropic cost
over O(3) typically results in a solution outside SO(3), im-
plying that the determinant constraint on rotation matrices
cannot be dropped in order to expect tight semidefinite re-
laxations. As mitigation we present a new relaxation that
is capable of further constraining the solution to the convex
hull of SO(3), conv(SO(3)).

Further, we empirically verify—on a number of syn-
thetic and real datasets—that this new relaxation is suf-
ficient to recover the globally optimal solution, and that
our anisotropic model generally achieves solutions that are
more accurate than the standard isotropic chordal penalty.
In summary, our main contributions are:

* We show how anisotropic costs can be incorporated in
certifiably correct rotation averaging.

* We provide an analysis of the objective function that ex-
plains why regular solvers only enforcing O(3) member-
ship usually fail in the anisotropic setting.

e We present a stronger convex relaxation able to enforce
conv(SO(3)) membership and verify empirically, that
the proposed formulation is able to recover a global opti-
mum in all tested instances. To our knowledge, this is the
first formulation to yield tight relaxations.

2. Related Work

There are many ways of formulating the rotation averag-
ing problem and representing rotations; [6, 33] represent the
rotations using vectors and optimize over them, while [19]
uses quaternions. Quaternions have some advantages, but
the fact that unit quaternions form a double cover of SO(3)
means that quaternion distances are less straightforward and
a second optimization step is needed to determine their ap-
propriate signs. In this paper we will only consider matrix
representations.

The works [3, 23] also consider certifiable optimization
of the anisotropic chordal distance. However, their SDP re-
laxation is based on the Cayley mapping and the relation to
our formulation is somewhat unclear. In addition, [3, 23]
have to introduce redundant constraints in order to get a
“reasonably tight” SDP relaxation. It is likely, in the light of
our analysis in this paper, and the discussion in [6] that this
is a result of the authors only enforcing O(3) membership
for their optimization.

It is also worth mentioning that—while this paper looks
at the anisotropic Lo chordal distance—it is possible to con-
sider other distances between rotations as well as their ro-
bust counterparts. E.g., [47, 48] consider the geodesic dis-
tance. Further, in [11, 43, 46] the authors analyze and look
at different (robustified) distances in order to obtain a “ro-

bust” formulation (resulting in the solution being less sus-
ceptible to outliers). Outliers are handled via the introduc-
tion of auxiliary variables in the SDP formulation in [8, 38].

From an algorithmic point of view, the SDP relaxation
can be solved by general-purpose solvers, e.g. [1]. There
are also several dedicated solvers, constructed specifically
for the rotation averaging problem. [18, 36] use coordi-
nate descent (fixing all but one row/column and minimiz-
ing), [28] use a primal-dual update rule, and in [12, 49] the
authors combine a global coordinate descent approach with
a local step. An early approach [44] looks at eigenvectors
of a specific matrix. A particularly powerful method used
in [5, 16] is that of the Riemannian staircase, where one op-
timizes using block matrices of a certain dimension and in-
creases (“climb the staircase”) the dimension until a global
optimum is found. The authors show that such a method
can be made highly effective.

Like most work on rotation averaging, we focus on point
estimates and assume unimodal Gaussian noise in the ob-
servations. If the input data has multiple modes (e.g. due to
perceptual aliasing), the particle-based algorithm proposed
in [4] provides more expressive marginals. Perceptual alias-
ing can also be explicitly addressed by leveraging cycle con-
sistency constraints (e.g. [25, 42, 50]).

3. Certifiably Optimal Rotation Averaging

In the context of structure from motion and SLAM, the
goal of rotation averaging is to estimate absolute camera
orientations from relative rotation measurements between
pairs of calibrated cameras [19, 20, 22, 44]. If R; and R;
are rotation matrices, encoding the orientation of cameras
P, = [Ri ti] and P; = [Rj tj] , the relative rotation
R;; between the two cameras, that is, P;’s orientation in the
camera coordinate system of P; is ;; = RZR;F. Given es-
timates Rij of R;;, typically obtained by solving two view
relative pose [31], the traditional rotation averaging formu-
lation [16, 18, 36] accounts for estimation error using the
chordal distance || R;; — R; RjT || F and aims to solve

i Rii — RiR]||%. 1
Riénslél@);” J T1% (1)

J

The derivation of a strong convex relaxation relies on
two observations: Firstly, since the set of rotation matri-
ces have constant (Frobenius) norm, the objective func-
tion can be replaced by — >, . (Rij, R;R[). If we let
R=[R/ R;
blocks R, ; (and zeros where no relative rotation estimate is
available) we can simplify the objective to —(R, RR.T),
which is linear in the relative rotations. Secondly, by or-
thogonality we have R; R = I, resulting in the Quadrati-

T ~ . .
. } and R be the matrix containing the
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cally Constrained Quadratic Program (QCQP)

p* = min (R,RR") st Vi:RR =1. (2

QCQP are typically non-convex but can be relaxed to con-
vex linear semidefinite programs (SDP) by replacing RR."
with a positive semidefinite matrix X (technically by taking
the Lagrange dual twice), yielding the relaxation

d5 = min — (f{, X) st Vi:X; =1
X0
(SDP-0O(3)-1s0)

The above program is convex and can therefore be solved
reliably using general purpose [, 26] or specialized solvers
[5, 16, 18]. The difference p* — d5 between objective val-
ues is referred to as the duality gap. It is clear that we can
construct X = RR T from a solution R of (2), which is fea-
sible in (SDP-O(3)-150) and therefore p* > d5. Moreover,
if the solution X to (SDP-O(3)-150) has rank(X) = 3 then
it can be factorized into X = RR.T, with R being feasible
in (2), which yields p* = d3 and certifies that R is globally
optimal in (2). Thus, a solution of the original non-convex
QCQP is obtained via a convex SDP program.

We remark that the use of a linear objective is important
to obtain a strong relaxation. Linear objectives admit so-
lutions at extreme points (on the boundary) of the feasible
set which are often of low rank. It has been shown, both
theoretically and empirically, [10, 18, 38, 39, 44] that the
duality gap of synchronization problems is often zero under
various bounded noise regimes. In [18], explicit bounds de-
pending on the algebraic connectivity of the camera graph
are given. For example, for fully connected graphs the dual-
ity gap can be shown to be zero if there is a solution with an
angular error of at most 42.9°—which is a rather generous
measurement error.

4. Anisotropic Rotation Averaging

While the use of the chordal distance often results in tight
SDP relaxations, a downside is that it does not take into ac-
count the uncertainty of the relative rotation estimates R; e
For two-view relative pose problems, it is frequently the
case that the reprojection errors are much less affected by
rotations in certain directions than others. In Figure | we
illustrate this on a real two-view problem. The left image
shows the ground truth solution (obtained after bundle ad-
justment). To generate the graphs to the right, we sampled
rotations of the second camera around its x-,y-, and z-axes
between —5 and 5 degrees. For each sampled rotation, we
found the best 3D point locations and position of the sec-
ond camera, and computed the sum-of-squared (calibrated)
reprojection errors (solid curves). The result shows that ro-
tations around the black/upward axis affects the reprojec-
tion errors significantly less than the others, resulting in a

direction of larger uncertainty. By performing sensitivity
analysis (i.e. by looking at the singular values of the Jaco-
bian) one can arrive at the similar conclusion. It is therefore
desirable to propagate this information to the rotation av-
eraging stage to increase the accuracy of the model. The
dashed curves (that are almost indistinguishable from the
solid ones) show the approximations, presented below, that
can be used for this purpose. In the supplementary material,
we also show how isotropic rotation averaging gets nega-
tively affected by the single noisy relative rotation (while
the proposed method presented further remains unaffected).
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Figure 1. Ground truth solution to two view problem (left). Sum-
of-squared reprojection errors (right, solid curves) obtained when
rotating the second camera around the black, green and red axes
(from -5 to 5 degrees) and anisotropic quadratic approximations
(dashed curves) that can be used in rotation averaging.

4.1. Incorporating uncertainties

Consider a relative rotation R;; between cameras i and j,
that has been fully optimized using e.g. a Gauss-Newton
method for two-view optimization. Using the exponential
map we write R;; = elBwijlx Rijz’ where Aw;; is an axis-
angle representation of the deviation from Rij, i.e. the axis-
angle of RURZ-TJ-. Since R;; is a minimum, gradient terms
vanish and the two-view objective can locally be approxi-
mated by a quadratic function (up to an irrelevant constant)

%Aw;;HijAwij. (3)

We assume that H;; is positive semidefinite—usually given
by a Gauss-Newton approximation H;; = JJ Jij, where
Ji; is the Jacobian of the underlying residual function. We
remark that the two-view objective may depend on addi-
tional parameters such as camera positions and 3D point lo-
cations. Here we assume that these “nuisance” parameters
have been marginalized out (using the Schur complement),
and therefore we work with a reduced objective solely in
terms of the rotation parameters Aw;;.

We assume Laplace’s approximation to be valid at least
locally in order to quantify the uncertainty of Aw;;, i.e.
identify the precision matrix with the Hessian H;;. While in

2Qther parameterizations are discussed in the supplementary material.
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general the uncertainty of a 3 x 3 matrix R;; is represented
by a 9 x 9 covariance/precision matrix, we aim for a lin-
ear cost (in terms of rotation matrices) in order to achieve
a strong relaxation, which means that the objective is re-
stricted to an inner product between I?;; and a constant but
input-dependent matrix. We first determine a matrix M;;

such that
= —tr (My;[Awi;]%) -

Using the identity —[v]3 = v'vI — vv ', we obtain that
H;; = tr(M;;)I — M;;. Taking the trace on both sides

further shows that tr(H;;) = 2tr(M;,;), resulting in
My =2y [y, 5)

Next, we deduce via the Taylor expansion of the exponential
map that .
[Awg]x ~ RiR); — 1, (6)

with equality up to first order terms. This yields the objec-
tive corresponding to (3) based on (4),

3tr (R R — )T M (Ri; R, — 1)). (7)

Similarly to the isotropic case, by leveraging the properties
of rotation matrices and by omitting constants, this objec-
tive can be reduced to a linear one”,

—tr (My; Ri;R}}) = —{(Mi;Rij, Rij)- (®)

We observe that this objective can be viewed as a negative
log-likelihood of a Langevin distribution £(R;;, M;;), e.g.
[13], with a density function of the type

p(Rij) oc eMiafh i), ©)

and that generating rotations Rij according to (9) is ap-
proximately (up to second order terms) equivalent to gen-
erating axis-angle vectors Aw;; from a normal distribution
N(0, H;;") with density
.
P(Aw;y) oc e 7Awi; Hig Awi, (10)
Hence, the above derivations suggest to generalize the rota-
tion averaging approach by replacing the relative estimates
R;; with a weighted version M;; RR;;, where M;; is based
on the Hessian H;; of the relative pose problem as outlined
above. Therefore, our proposed objective to minimize is

_Z#<M1]RU7R]RZT> = _<N5RRT>? (11)
i£]

3In the supplementary material we show that we arrive at the same ob-
jective using classical first-order uncertainty propagation.

where N is a symmetric block matrix containing the blocks
(Mi;R;;)" fori < j,0wheni = j,and M;;Rj; fori > j.

We conclude this section by remarking that—in con-
trast to H;;—the matrix M;; will generally not be positive
semidefinite as the following lemma shows.

Lemma 1. If Hy; > 0 then My; = "Wd1 — H,; has
eigenvalues \1 > My > |As].

Proof. It 71 > mo > n3 > 0 are eigenvalues of H;; then
w — 14, % = 1,2, 3 are the eigenvalues of M;;. Sorted
in decreasing order we get Ay = (1 + 12 — 13), A2 =
3(m —n2+n3) and A3 = 5(—n1 + 12 + n3). Only A3 can

be negative and clearly Ao + A3 > 0. O

The case A3 < 0 occurs when the leading eigenvalue
of H;; is significantly larger than the other two, i.e. the esti-
mate wj;; is more certain in a specific direction. This is actu-
ally a rather common scenario in image-based estimation as
the in-plane part of the rotation is usually better constrained
than the out-of-plane rotation angles. Table | shows the
percentage of indefinite matrices M;; for the real datasets
tested in Section 5.2.

4.2. Global solutions: O(3) vs. SO(3)

Incorporating the anisotropic objective (11) in the standard
relaxation (SDP-O(3)-1S0) may seem like a straightfor-
ward extension. We refer to this approach as SDP-O(3)-
ANISO. The source of the problem with this approach is
that it ignores the determinant constraint and optimizes over
O(3). To illustrate this problem, we ran 1000 synthetic
anisotropic problem instances (the data generation protocol
follows Section 5.1 with the eigenvalues of inverse Hessians
sampled from [0.1, 1]). Fig. 2 shows that the standard rota-
tion averaging relaxation is never able to recover a rank-3
solution® for any of the problem instances. In contrast, our
relaxation SDP-cSO(3), presented further in Section 4.3,
returns rank-3 solutions in all cases.

To better understand the problem, we consider terms of
type —(M R, R)’ that constitute the objective function. As
we have seen in Section 4.1, these are locally accurate and
allow uncertainties of R to be propagated to the rotation
averaging stage. However, for successful global optimiza-
tion one has to guarantee that there is no other matrix in the
feasible set that gives a lower cost than R. The following
theorem shows, that when viewed as a function over O(3),
R does typically not result in the smallest objective value:

Theorem 1. Let the eigenvalues of M be such that \y >
A2 > |A3] and A3 < 0. Then the minimizer of

f(R) = —(MR,R)+ (MR, R), (12)

4To determine rank, we used the smallest number N of singular values
(i.e., the first N largest values) that sum up to > 99.9% of the total sum.

SFor the remainder of this section we focus on a single relative rotation
and therefore omit the subscripts.
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Figure 2. The results of running 1000 synthetic instances of ro-
tation averaging with an anisotropic objective. In contrast to the
proposed approach the standard convex relaxations give no solu-
tions of rank 3.

over SO(3) is given by R = R (with f(R) = 0), but the
minimizer R’ over O(3) satisfies f(R') = —2|A3| < 0.

Proof. We minimize —(M R, R) by computing KKT-points
over O(3). Introducing a (symmetric) Lagrange multiplier
A for the constraint RRT — I = 0 and differentiating

L(R,A) = —(MR,R) + 3(A,RR" —1)  (13)

with respect to R, gives g—é = —MR+ AR < 0. Hence
the task is to find a symmetric multiplier matrix A and a
rotation matrix Q = RR' such that MQ = A. Since M
is symmetric, it has an eigen-decomposition M = UDU T,
and we must have (MQ)(MQ)" = MMT =UD?UT =
AAT. Therefore, A has the same eigenvalues as M up to
their signs, and consequently all solutions for A are given
by A =UDSUT, where S = diag(41,+1, £1). Further

R=A"'MR=UD'S'UTUDUTR=USU"R
(14)

with the corresponding objective value
—(UDUTR,USUTR) = 4\, & Xy £ A3, (15)

where A1, Ao, A3 are the eigenvalues of M. According to
Lemma 1 the smallest eigenvalue A3 of M is negative if M
is indefinite. In this case the objective function is minimized
over O(3) by choosing S = diag(1, 1, —1) which yields the
solution R = USU T Rand —(MR, R) = —A; — X2 — | 3],
In contrast —(M R, R) = —\; — Ay + |A3], showing that
the smallest value of f is f(R) = —2|As|.

Since SO(3) C O(3) the KKT points of SO(3) are those
which satisfy det(R) = 1, which implies that the matrix .S
has to have either zero or two elements that are —1. There-
fore the above choice of S is infeasible, and the optimal S
is instead given by S = I, which shows that the minimum
value of f is f(R) = 0. O

The above result shows that loss-terms of the type
—(MR, R) will favor incorrect solutions (that can be far

from the estimation ) when optimizing over 0(3), which
explains the results in Figure 2. While strictly enforcing
R € SO(3) is undesirable, as it results in non-convex con-
straints, the following result shows that it is enough to use
R € conv(SO(3)) to resolve this issue.

Corollary 1. Ifthe eigenvalues of M fulfill \y > Ao > |As]
then the function (12) is non-negative on conv(SO(3)).

Proof. For a linear objective function it is well known that
the optimal value is attained in an extreme point. For any set
C, the extreme points of conv(C) are always contained in
C'[37]. Further, since for every point @ € SO(3) the linear
function — (@, R) has its unique minimum in R = (), it can
be deduced that the set of extreme points of conv(SO(3)) is
exactly SO(3). Thus, the minimum value of f is the same
over SO(3) as over conv(SO(3)). O

4.3. A stronger convex relaxation

The results of the previous section show that we need to in-
corporate constraints allowing us to find solutions in SO(3).
The direct incorporation of determinant constraints does not
lead to a QCQP, and it is unclear how to compute duals.
However, similarly to the previous section we can “solve”
single term problems over SO(3) (or at least in the respec-
tive convex hull). We therefore introduce auxiliary variables
Qi; = RiR] and consider the problem

ming q —(N,RR") (16)
s.t RiR] =1, (17)
Qij = RiR], (18)

Qij € SO(3). (19)

Next we introduce dual variables T;; and T;; for the con-
straints (17) and (18) respectively, but we retain (19) as
an explicit constraint. The matrices Y;; are symmetric,
T = 'I";'; and we view them as blocks of a symmetric

matrix Y. This yields the Lagrangian
LR,Q,Y)=—(N,RR") + ) (Yi, R:R] — 1)
+ Zi#(np RiR] — Qi)

= (Y—-N,RR") — tr () — Z#jofij, Qij). (20)
The dual variables decouple the constraints and makes the
Lagrangian quadratic with respect to R and linear (and sep-
arable) with respect to @;;. Therefore the dual function

dY)= min _L(R,QTY), Q1)

Qeso(3)"x" R
can be computed while explicitly forcing Q;; € SO(3).
The minimum value of (¥ — N,RR ) is 0if ¥ — N = 0
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and —oo otherwise. Let Zg(3) be the indicator function,

0 Qi €503
T ii) = J , 22
s0(3)(Qis) {OO 0., ¢ SO(3) (22)
then we are able to write
min — (15, Qs
o min (T, Q) .

—(maxq,, (Tij, Qi) — Zsos) (Qis)) -

The last term can be identified as —Z5, 4 (Yi;) where

I;‘O(S) is the convex conjugate [37] of Zgp(3y. We thus
obtain the dual problem
max — tr(YC I
Z s0(3)( Ti5) 24)
st. Y —N = 0.
Taking the dual once more we get
glé%mraxftr(T) +(X,T—N) ZISO , (25)

i#]

which is the same as

min max — tr(NX)

ininma + Zl H%aX«Xu — 1), Tis)

+ Zi# max <<Xm Tij) — 130(3)(Tij)) :

ij

(26)

If X;; # I itis clear that the maximum over T;; will be
unbounded. The second term is 13*0(3) (Xij), which is the
convex envelope of the indicator function Zgo(3). This is
also the indicator function of conv(SO(3)) [37]. There-
fore the bidual program—and consequently our proposed
relaxation—is given by

min — tr(INX)
X0 (SDP-cSO(3))
s.t. X =1, Xij € COHV(SO(?))).

The constraint X;; € conv(SO(3)) has been shown to be
equivalent to a semidefinite constraint [40, 41]. A 3 x 3
matrix Y is in conv(SO(3)) if and only if A(Y) + I > 0,
where A(Y) =

—Y11 — Y2 + Y3z Yz + V3 Y12 — Y21 Y23 + Y32
Y13 + Y31 Y11 — Ya2 — Y33 Y23 — Y32 Yi2 + Y21
Y12 — Y21 Y3 — Y32 Y11 + Yoo + Y33 Y31 — Y13
Y23 + Y32 Yi2 + Y21 Y31 — Y13 —Yi1 + Ya2 — Y33

In contrast to the relaxation in (SDP-O(3)-150), the inclu-
sion of the convex hull constraints can rule out solutions
with incorrect determinants, as we have shown previously.
This is crucial when having indefinite cost matrices. While
a theoretical guarantee of a tight relaxation is beyond the
scope of this paper, it is clear by construction that our new
relaxation will be stronger than (SDP-O(3)-150). In addi-
tion, our empirical results show that there is a significant

difference between the two approaches. Figure 2 shows the
result of applying our new convex relaxation to the synthetic
problem described in Section 4.2. In all problem instances
the new relaxation returns a solution that is of rank 3 and
therefore optimal in the primal problem.

5. Experiments

We implemented the SDP program using the conic split-
ting solver [34] with the JuMP [27] wrapper in Julia®. The
cost matrix in (SDP-cSO(3)) is down-scaled by the aver-
age (across the observed relative poses in the scene) of the
largest eigenvalue of the computed Hessian matrix, which
proved beneficial empirically. The absolute and relative fea-
sibilities are set to 10~° and 109, respectively, and infeasi-
bility tolerance is 10~8. The number of iterations is limited
to 500 000. In practice, the methods converge in far fewer it-
erations to meet the stopping criterion. While it is likely that
dedicated solvers are much more efficient, we remark that
generalization of efficient methods such as [16] may not be
straightforward since they rely heavily on properties O(d),
which are not sufficient to ensure SO(3) membership.

We compare’ three approaches: 1) SDP-O(3)-ISO is
the standard rotation averaging approach that uses the reg-
ular chordal distance and ignores the conv(SO(3)) con-
straints, 2) SDP-O(3)-ANISO uses the anisotropic objec-
tive function but ignores the conv(SO(3)) constraints, and
3) SDP-cSO(3) is the proposed method that uses both the
anisotropic objective and the conv(SO(3)) constraints. For
completeness of the synthetic study, we also include SDP-
CcSO(3)-1s0, which uses the isotropic objective and the
conv(SO(3)) constraints. The reported rotation error wrt.
ground truth is the difference /), || R; — R}|%, where R;
are the ground truth absolute rotations and R; are the esti-
mated ones. Note that to remove gauge freedom, we align
the two sets of rotations {R;}; and {R}};, by applying a
global rotation V' to all rotations in {R;}; such that the ro-
tation error achieves its minimum wrt. V.

5.1. Synthetic experiments

To create synthetic data, we randomly generate absolute ro-
tations R; and (invertible) covariance matrices Hl; 1 with
eigenvalues in the range [0.01, 0.1]. For each instance of the
problem, we then draw Aw;; from A/(0, H,;') and com-
pute noisy relative rotations ]:Zij = elAwislx RZ-R;F.

In Figure 3 we evaluate the effect of using the proposed
anisotropic error measurements versus regular chordal dis-
tances together with the proposed relaxation versus the
standard one. We vary the number of cameras from 2
to 100, and the proportion of missing data from 0% to

The code is available at: https:/github.com/ylochman/anisotropic-ra

7Complementing results on synthetic and real data can be found in the
supplementary material. These also include comparison to the anisotropic
extension of the spectral approach [2].

14861



-0(3)-150
> 0.04 g gg;?séenso 0.04 0.03 0.03
g EEm SDP - cSO(3) 0.03 .
g 0.03 ’ 0.02 0.02
£0.02 0.02 ’
g
= 0.01 0.01 0.01 0.01
00706 08 L0 0.00 0.5 0.6 o7 000 0.4 0.5 0.00 035 040 0.5
i Ay ]" i 4 F i r‘ F i A F
V/ZHR B3 DR RS I3 DR - R |3 DR R I3
» 6 6 6 6
g5 5 | 5 ] 5 |
g P E 2 ! E !
£4 4 § 4 { 4 i
£3 3 §° 3 3 .
52 2 A 2 2
= 5
<1 1 = 1 - 1 =
wn a g = - g
02 50 75 100 Y % 50 75 100 O % 50 75 100 96 % 50 75 100
Number of cameras Number of cameras Number of cameras Number of cameras
(a)p = 0.2 b p=04 (©)p=0.6 (dp=0.8

Figure 3. Histograms of rotation errors wrt. ground truth (top). Corresponding solver runtimes (s) wrt. number of cameras, for different
fractions p of observed relative rotations (bottom). Scatter plots represent all instances, and the solid lines are the respective medians.

90%. For each configuration pair, we run 100 instances
of the problem. In the top row of Figure 3, we report the
distance /), |[R; — R;[|%. As expected, using the pro-
posed method (i.e., both new objective and new relaxation)
consistently leads to lower errors. We record the time-to-
solution of the solver, shown in the bottom row of Fig-
ure 3. In this synthetic setting, the proposed relaxation is
more efficient. Our intuition is that the introduction of lo-
cal constraints—X,;; € conv(SO(3))—reduces the oscilla-
tions in the employed first-order SDP solver and therefore
leads to faster time-to-solution for optimizing both isotropic
and anisotropic costs with the proposed constraints.

5.2. Real experiments

We present the results of applying the proposed framework
to a number of public structure from motion datasets ® from
[17, 32]. For every pair of images (with 5 or more point
matches), we use RANSAC and the 5 point solver [31] to
generate an initial solution to the pairwise geometry which
is refined, using bundle adjustment [45], into a local min-
imum of the sum-of-squared reprojection errors. Here we
fix gauge freedom by assuming that the first camera is fixed,
the second camera is at distance 1 from the first, and repre-
sent 3D points with homogeneous coordinates with norm 1.
We then compute the second order Taylor approximation of
the objective function and marginalize over the position of
the second camera and 3D points. This gives us a quadratic
function, in the axis-angle variable that represents the rela-
tive rotation, as described in Section 4.1 and Figure 1, that
we use for the anisotropic objective.

In Table | we report the obtained rank for each method

and the distance /Y, || R; — R}||%. where the ground truth

{R;}; is from the final reconstruction obtained using the

8 Available at:
https://www.maths.Ith.se/matematiklth/personal/calle/dataset/dataset.html

pipeline of [32]. When SDP-O(3)-ANISO does not give a
solution X* of rank 3, we compute the closest rank 3 ap-
proximation to X ™* by setting all but the three largest eigen-
values to 0. We then compute a factorization X* = VV'T,
where V has 3 columns. From each consecutive 3 x 3 block
V; of V' we then compute the closest rotation matrix which
we take to be the approximate solution R;.

The proposed method SDP-cSO(3) gives more accurate
estimations in all but one of the datasets. We remark that
there is no guarantee that anisotropy (or a more correct sta-
tistical model in general) will result in better estimates for
every noise realization, and all we can expect from MLE is
that—on average—it will yield better results. We only have
access to a single noise realization for real datasets, and the
“ground-truth” solution generated by SfM software may be
biased. Our approach is also as fast as the standard method
SDP-0(3)-150 in half of the datasets. The results also con-
firm that the standard semidefinite relaxation fails on real
data when anisotropic costs are used (SDP-O(3)-ANISO).

6. Conclusions

In this work, we propose to incorporate anisotropic costs
in a certifiably optimal rotation averaging framework. We
demonstrate how existing solvers designed for chordal dis-
tances fail to provide sensible solutions for the new objec-
tive as these ignore the determinant constraint. Our new
SDP formulation enforces conv(SO(3)), and our empiri-
cal evaluation shows that this relaxation is able to recover
global minima. We evaluated the new approach on both
synthetic and real datasets and obtained more accurate re-
constructions than isotropic methods in most cases, con-
firming recent observations based on local optimization. We
believe that our work serves as a good entry point for fur-
ther investigating the anisotropic rotation averaging setting.
This work focuses mainly on modeling aspects and under-
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Dataset Method rank(X*) > |Ri—R!||% Runtime, s
LU Sphinx SDP-0(3)-150 3 0.0944 2
70 cameras & & SDP-O(3)-ANISO 7 18.6037 460
85% indef. i SDP-cSO(3) 3 0.0740 5
Round Church N SDP-0(3)-150 3 0.1399 6
92 cameras S . SDP-0O(3)-ANISO 6 26.3808 632
98% indef. SDP-cSO(3) 3 0.1267 55
UWO SDP-0(3)-150 3 0.3142 14
114 cameras SDP-0O(3)-ANISO 6 22.6873 1929
77% indef. SDP-cSO(3) 3 0.2274 7
Tsar Nikolai I SDP-0(3)-150 3 0.1170 7
89 cameras SDP-0(3)-ANISO 6 26.8944 1245
87% indef. SDP-cSO(3) 3 0.0534 5
Vercingetorix SDP-0O(3)-1s0 3 0.3146 2
69 cameras SDP-0O(3)-ANISO 6 14.8244 242
71% indef. SDP-cSO(3) 3 0.2910 4
Eglise Du Dome SDP-0O(3)-1s0 3 0.0546 4
69 cameras SDP-0(3)-ANISO 6 20.1954 1840
98% indef. SDP-cSO(3) 3 0.0487 5
King’s College SDP-0(3)-150 3 0.1656 4
77 cameras i SDP-0O(3)-ANISO 6 17.6508 681
100% indef. " SDP-cSO(3) 3 0.0796 83
Kronan SDP-0(3)-150 3 0.2149 18
131 cameras SDP-0O(3)-ANISO 6 22.6035 2997
989% indef. S ompem SDP-cSO(3) 3 0.3892 201
Alcatraz SDP-O(3)-150 3 0.1763 19
133 cameras SDP-0O(3)-ANISO 6 22.7623 1931
97% indef. SDP-cSO(3) 3 0.1268 107
Mus. Barcelona &) SDP-0(3)-150 3 0.2255 22
133 cameras @S‘ SDP-0O(3)-ANISO 7 30.3428 669
97% indef. o SDP-cSO(3) 3 0.1310 27
Temple Singapore SDP-0(3)-150 3 0.2646 31
157 cameras SDP-0O(3)-ANISO 6 26.0824 2313
97% indef. SDP-cSO(3) 3 0.1696 628

Table 1. Results on real data from [17, 32]. SDP-O(3)-1SO uses the regular chordal distance and ignores the conv(SO(3)) constraints,
SDP-0(3)-ANISO uses the proposed anisotropic objective but ignores the conv(SO(3)) constraints, SDP-CSO(3) is the proposed ap-
proach that uses both the anisotropic objective and the conv(SO(3)) constraints. The first column provides with the information about the
dataset: the number of cameras and the percentage of indefinite matrices Mj;.

standing the shortcomings of existing relaxations. We aim
to leverage standard SDP solvers; however, the increased
strength of our SDP formulation often comes at the cost of

more expensive optimization. Designing a dedicated effi-
cient algorithm is an important future direction.
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