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Abstract

For a small polarised deformation of a constant scalar curvature Kéhler manifold, under some
cohomological vanishing conditions, we prove that K -polystability along nearby polarisa-
tions implies the existence of a constant scalar curvature Kéhler metric. In this setting, we
reduce K -polystability to the computation of the classical Futaki invariant on the cscK degen-
eration. Our result holds on specific families and provides local wall-crossing phenomena
for the moduli of cscK manifolds when the polarisation varies.

Mathematics Subject Classification Primary; 53C55 - Secondary; 32Q26 - 32G05 - 32Q15 -
53C25

1 Introduction

One of the central themes of Kéhler geometry is the search for canonical Kahler metrics. A
natural notion of canonical metric is constant scalar curvature Kihler (cscK) metrics. Such
metrics may exist in some, all or no Kéhler classes and the goal is to determine which classes
on a given manifold admit such metrics. The Yau—Tian—Donaldson conjecture ( [17, 50, 52])
predicts that the existence of a cscK metric should be equivalent to an algebro-geometric
notion of stability, called K -polystability. The conjecture has had great progress, but still
remains open.

Classical results of LeBrun—Simanca ( [37]) say that a cscK manifold will admit a cscK
metric in all nearby Kihler classes, and on all nearby complex deformations, provided the
reduced automorphism group of X is trivial. In general, while ( [36]) says that a cscK manifold
will still admit a more general type of canonical metric, called extremal Kédhler metrics, in
all nearby Kihler classes, the presence of automorphisms may prevent such openness when
deforming the complex structure ( [19, 43, 47]).

Our work focuses on the YTD conjecture when we vary both the Kéhler class and the
complex structure simultaneously, in the presence of symmetries. Our setting is working with
polarised Kidhler manifolds (X, [w]) that are small deformations of a cscK manifold (Xo, w),
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where by a polarised Kihler manifold we mean the pair of a Kihler manifold with a fixed
Kihler class. This in particular implies that (X, [w]) is K-semistable ( [18]), and covers as
a special case of interest analytically K -semistable manifolds, when (X¢, w) is the central
fiber of a regular fest configuration for (X, [@]) (see Section 2.2 for the definitions). In the
latter case, unless it is isomorphic to X, X will then not admit a cscK metric in [w] ( [8, 45,
50]). We then investigate what happens as one varies this Kéhler class, where (X, [@]) may
or may not admit a cscK metric.

Theorem 1.1 Suppose (X, [w]) is a small polarised complex deformation of a cscK manifold
(Xo, [®]). Assume that h®'(Xo) = h%%(X¢) = 0 and H*(Xo, TXo) = 0. Then for any
class [a] € H2(X, R)N Hl*l(X), there exists an g9 > 0 such that for all ¢ € (—e&y, &9),
(X, [o+ea)) is K-polystable if and only if X admits a cscK metric in [w + ea]. Moreover; to
test for K -polystability in these classes, it suffices to check positivity of the Futaki invariant
of certain holomorphic vector fields on X.

We refer to Section 5.4 for the precise description of the positivity conditions required on the
Futaki invariant of X¢ for Theorem 1.1 to apply.

We should emphasize that while deformations of cscK manifolds through perturbations of
complex structures or Kéhler classes have been already studied ( [36, 47]), the results already
at hand cannot be used to obtain Theorem 1.1. Indeed, in our setting (assuming ¢ # 0 and
that X is not isomorphic to Xg), one starts with a non-cscK manifold (X, [w]), and tries to
perturb it to a cscK one by moving the Kihler class to [w + €a]. As (X, [w]) is not cscK,
results from [36] do not apply, and while (Xo, [w]) is cscK, (Xo, [ + €«]) is not, and then
[47] doesn’t apply either to conclude the existence of a cscK metric on (X, [@ + €«]).

The main theorem is a local verification of the Yau-Tian—Donaldson conjecture, near a
cscK manifold. The key technical difficulty to overcome is that we are in general perturbing
from a strictly semistable manifold instead of one that is polystable. The present work provides
a technique that seems quite general in order to address such problems on the analytic side.
Moreover, the final condition really says that the verification of K-polystability is a finite
condition in these classes, which we now explain.

In general, K-polystability asks one to verify that a certain numerical invariant, the
Donaldson—Futaki invariant (see Section 2.2), is non-negative for all test configurations
of X, with equality if and only if the test configuration is a product test configuration, con-
structed from a C*-action on X. Since X admits a cscK metric, it is K -polystable ( [8, 45]),
and appears as a most destabilizing object for X. It is then natural to expect that the classical
Futaki invariant of X will encode K -polystability for X in nearby classes.

The precise test configurations needed to test K -polystability of X are obtained from the
action of the reduced automorphism group of X on its Kuranishi slice, and the associated
invariants to be computed are explicitly described in Section 5.4. We should highlight that
it is a very difficult problem to test K -polystability in general, and our work provides a new
instance where this can be achieved with a finite number of explicit test configurations. As an
illustration, in Section 7, we apply Theorem 1.1 to small deformations of a 4-point blow-up
of P! x P!, completing the picture developed in [7, 43].

Our result exhibits some local wall-crossing phenomena for K -stability, as one varies the
polarisation. Such phenomena arise when a moduli space parametrising families of stable
objects undergo transformations when the stability condition varies. As a leading example,
in [15], the cone of linearisations for a given reductive group action is divided into chambers,
where crossing a wall results in a birational transformation of the associated GIT quotient.
While there are deep results on wall-crossings for moduli of stable bundles on surfaces (see
[49, Chapter 4, Section C] and reference therein), moduli of curves (e.g. [28]), or moduli of log
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Fano pairs (see e.g. [3]), far less seems to be known about variations of cscK moduli, as built
in [12, 24]. While a broader approach for wall-crossings of moduli of varieties is developed
in [9], in this work we focus on local variations of the cscK moduli under perturbations of
the polarisation. As we explain in Section 5.4, our result holds uniformly in specific families
of polarised manifolds, and shows that the sign of a finite number of Futaki invariants on X
governs whether or not those families will contribute to the corresponding cscK moduli.

Remark 1.2 Tt would be very interesting to address the issues and results of the present
work purely algebro-geometrically, for example using the newly developed non-Archimedean
framework for K -stability of Boucksom—Jonsson ( [4]). In particular, they prove the (uniform)
K -stability analogue of the LeBrun—Simanca openness theorem ( [36]). Note, however, that
it is crucial to allow for automorphisms in the current situation. Indeed, while the strictly X -
semistable manifold might have discrete automorphism group, the K -polystable central fibre
it is a small deformation of will always have non-trivial reduced automorphism group. The
work of Boucksom—Jonsson is under the assumption that the reduced automorphism group
is trivial and thus their techniques cannot immediately be applied to give purely algebro-
geometric counterparts to our results. On the other hand, with an extension of their work to
allow for automorphisms, it is more likely their techniques also work in situations where the
K -polystable central fibre is singular. The above is thus one potential application of extending
their techniques to allow for non-trivial reduced automorphism groups. Note however that
due to the lack of the resolution of the Yau—-Tian—Donaldson conjecture in general, this would
not give the same implications about existence of cscK metrics.

Finally, let us describe the main steps in the proof of Theorem 1.1. The first one is the
construction of a family of relative Kihler forms parametrised by ¢ on the total space X
of Kuranishi’s semi-universal family of polarised deformations of (Xg, [@]). This requires
a cohomological vanishing result, that we achieve in Section 3, using Hodge theory for
Dolbeault cohomology on manifolds with boundary, and this is where the hypotheses Kol =
h%2 = 0 are used. With this at hand, we reduce the problem to finding zeros of a finite
dimensional moment map as in Ortu’s work [41], using Dervan and Hallam’s framework
[10], with the additional difficulties coming from the perturbation of the Kéhler class. We
should stress that we borrowed the idea of perturbing finite dimensional moment maps to
solve a perturbative problem in Kihler geometry from [9, 13]. Then, we present two proofs
to solve the resulting finite dimensional problem. The first one requires the automorphism
group of X to be abelian (see Section 5) and is fairly different from the approaches in [9, 13]
as it does not use the moment map flow. Instead, we use a more geometric approach in Section
5.2 where we develop a local rigidity result for families of moment maps. This clearly and
explicitly produces the numerical invariants needed to test stability. This new method seems
to be quite robust, and we give a general and abstract presentation of this section, that could
be of independent interest for other perturbative problems related to infinite dimensional
moment maps. Then, in Section 6, we prove Theorem 1.1 without any hypothesis on the
automorphism groups. There, we follow closely the methods used in [41, 42].

Remark 1.3 The current version of the article has a completely different approach than our
initial version. In the initial version, we perturbed the Kuranishi slice by using Moser’s trick.
The scalar curvature under those perturbations is only a pseudo-differential operator, leading
to technical difficulties that were pointed out by the referee.
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2 Extremal metrics, stability and deformations

In this section, we will introduce notations and recall classical results about extremal Kéhler
metrics and K -stability. We refer the reader to [27] and [48] for a detailed treatment.

2.1 Extremal metrics and the moment map picture

Let (X0, [w]) be a polarised Kihler manifold. We denote M the underlying smooth manifold
and Jy the almost complex structure, so that Xo = (M, Jy). Recall that w is said to be
extremal if its scalar curvature function is a hamiltonian (with respect to w) of a holomorphic
vector field. Equivalently, scal(Jo, @) is in the kernel of the operator

D:C®(M,R) — Q*I(T19)

; . 5(VJ;°f), (2.1)

where Vj;of is defined by 9 f = w(VJ;Of, -). The kernel of D is the Lie algebra of
Isomo(M, Jo, w), the connected component of the group of hamiltonian biholomorphism
of (M, Jy, w). A special case of extremal metrics are given by constant scalar curvature
metrics (cscK metrics for short), for which, by Matsushima and Lichnerowicz, the reduced
automorphism group is the complexification of the compact Lie group Isomg(M, Jo, ®).

Independently, Fujiki ( [23]) and Donaldson ( [16]) provided an infinite dimensional
moment map interpretation of cscK metrics (see [27, Chapter 9] for a detailed treatment
including the case of extremal metrics). Let 7 be the space of almost-complex structures
on M and denote 7, the subspace of w-compatible elements. The group G, of hamiltonian
symplectomorphisms acts on 7, via the standard action of diffeomorphisms on 7, and
Jw carries a formal symplectic structure €27, such that the G,-action is hamiltonian, with
moment map

ng, Jo = CLM,R)
J > scal(J, w) —§.

Here § is the average of the hermitian scalar curvature scal(J, ) of (J, w) and C;°(M, R) is
the space of mean value zero function (with respect to the volume form "), identified with
the dual of the Lie algebra of G,, via the pairing

wn
(oo = [ 18 % 2)
M n:

While the complexification of G, does not exist, a key fact is that one can make sense of
the leaf of a “gg-foliation” in the following manner. The operator D gives the infinitesimal
action of G,, on T, J,,. We can extend this operator C-linearly, and we will say that J; is in
the gg—orbit of Jy if there are paths (J;):e[0,1] in Jo, and (@1)sefo,1 in CgO(M, C) such that

dJ—D¢
dtl‘_ t¥ts

where Dy is the operator (2.1) at J;. Locally, we can consider small variations of almost
complex structures along “complexified orbits” as follows.

For any ¢ € C5°(M, R) sufficiently small in some appropriate L?*_norm, we can, using
Moser’s trick, find a diffeomorphism F,, ¢ such that F;)"’(p(a) —dJodp) = w. We then set

Js = F: 4 Jo. 2.3)
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We then see that varying in a complexified orbit in 7,, amounts to varying the Kéhler form
in a Kihler class for a fixed complex structure, and we will take the former point of view to
look for cscK (or extremal) metrics within a fixed Kihler class.

2.2 K-stability

The Yau-Tian-Donaldson conjecture predicts that an extremal metric should exist on
(Xo, [w]) if and only if it satisfies a relative K -stability condition ( [17, 46, 50, 52]). While
recent progress shows that the right notion to consider should be a uniform version of K-
stability, we will only need a weaker notion in the present work.

Definition 2.1 A regular test configuration for a polarised Kdhler manifold (X, [w]) is given
by a relatively polarised C*-equivariant family of Kihler manifolds

T:(X, A —C

for the natural C*-action on C with (X7, A;) =~ (X, [w]). Such a test configuration is called
a product test configuration if (X, A) is C*-equivariantly isomorphic to (X x C, [wo]), with
C*-action induced by a one-parameter subgroup of the reduced automorphism group of
(X, w) and the standard action on the C factor.

In this definition, by family we mean that the map 7 must be surjective and a proper sub-
mersion. For any such test configuration (X, A), the C*-action on the central fiber (Xp, .Ag)
provides the Donaldson—Futaki invariant :

i
DE(X, A) == — | H, (scal(Jo. wp) — §) 0.,
Xo n!

where (M, Jo, [wo]) =~ (Xp, Ao), and where H,, is the hamiltonian of the generator u €
I'(T1-9) of the S!'-action on the central fiber with respect to wg.

Definition 2.2 We will say that (X, [w]) is K-polystable if for all regular test configurations
(X, A) for (X, [w]), the associated Donaldson—Futaki invariant satisfies

DF(x, A) > 0,
with equality only for product test configurations.

Remark 2.3 K -polystability usually requires one to also consider test configurations that
are not regular. In general, this is needed, but we will only require this weaker notion of
K -polystability in the present work.

2.3 Deformation theory

In [24, Section 2], a deformation complex for the pair (X, [w]) is introduced. First, the usual
Kuranishi complex for deformation of complex structures on Xo = (M, Jp) is ( [34])
= QORI S @O 0y

9

where the extension of 9 to (0, p)-forms is given in local coordinates, for § = > i B; ® P

, by
— — d
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We wish to consider deformations that are compatible with w. Following [24], we define
maps
Lli . QO,k(Tl,U) — QO.k+1
B = pw

where (g is obtained by the composition of first contraction and then alternation operators.
For k > 1, we then set :
0,k 1,0y .__ k
Q. (T7) :=Xkery,,

while we define
QT"0) :=Cc>(M, ).

Together with the restriction of 9, and the map 3" := D defined by (2.1), we obtain an elliptic
complex (Q%‘(TI'O), 3"). We denote by Hcg*k (T19) the associated cohomology groups.
Then, from this complex, one can build a slice for the GC-action on J, around Jy. As in [14],
setting K := Isomg(M, Jo, w), this construction can actually be made K -equivariantly, and
even locally K C—equivariantly, for the natural K C-actions on H(g'l (T"9) and 7, induced by
K c G, c Diff(M). To sum up:

Proposition 2.4 There exists a holomorphic K -equivariant map
d:B— 7,
from a ball around the origin B C Hg*] (T"9) such that

(1) ®(0) = Jo;

(2) Z .= ! (jai)m) is a complex subspace of B;

(3) ifb, b € Z lie in the same K©-orbit, then (M, ® (b)) and (M, ®(b")) are isomorphic
complex manifolds;

(4) The GC-orbit of any small complex deformation of X( polarised by [w] intersects ®(Z).

We refer to [6, Lemma 6.1] for a detailed proof of this proposition. We will assume from
now on that H2(Xo, T Xo) = 0 so that Z = B in Proposition 2.4. From deformation theory
( [35, Chapter 8]), this map induces a K-equivariant semi-universal family of polarised
deformations of (Xg, [w])

m:X— B

such that any two points (b, b') in the same K C-orbit on B correspond to isomorphic polarised
manifolds (X}, [w]) =~ (X}, [w]). We will also assume that hO'Z(Xo) = 0, so that for any
small complex deformation X of X, one has h%2(X) =0 ([51, Chapter 9]) and

H"'(X,R) = H*(M,R) = H"!(X0. R),
where we denote H'! (X, R) := H"1(X,C) N H*(X,R). Let H!"! (X0, R) be the space of

(w, Jo)-harmonic real (1, 1)-forms on (X, w) and let («y, ..., ;) be a basis of this vector
space. Note that by uniqueness of harmonic representatives of Dolbeault cohomology classes,
the «;’s are K -invariant. For any ¢ := (¢1, ..., &), we set

,
We ‘=W + Zsiai.
i=1
This defines a Kihler form on X for all ¢ in a sufficiently small neighbourhood U of zero in

R".Forany b € Band ¢ € U, we have [w,] € H'1(x,, R). However, wg itself might not be
of type (1, 1) with respect to @ (b). We wish to correct this, and to produce a family of relative
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Kihler forms w], on the total space X of the family whose cohomology class restricts to [w;]
on each fiber of X — B. To perform this, we first need to show a cohomology vanishing
result for X

3 Cohomology vanishing

To apply our strategy we will need to use a good globally (1, 1) representative of the relevant
cohomology classes on each fibre of the universal family X — B. In order to achieve
this, we will apply a Hodge theory in Dolbeault cohomology for complex manifolds with
boundary. The main goal of this section is to obtain a cohomology vanishing result on X" for
this cohomology, see Lemma 3.5.

3.1 Hodge theory for Dolbeault cohomology on manifolds with boundary

We now explain the relevant part of this theory that we will need, see [22] for this and
much deeper results on this topic. Let ¥ be a complex manifold with boundary Y sitting
inside some larger ambient complex manifold Y’. More precisely, assume 9Y is given by the
equation R = 0, where R is a smooth function such that R < Oon Y, R > Oon Y\ Y
and dR # 0 at any point in Y. Assume that Y’ is Kiéhler and fix a Kéhler metric wy on Y
(which we assume is the restriction of a Kéhler metric on Y’). In our application, we will
take Y to be the preimage 7 ~! (B}) of an open ball in B, which we without loss of generality
can assume has radius 1 with respect to the Euclidean metric, and Y’ to be the preimage of a
slighly larger ball. R is then given by w* (0 — 1), where g is the radius function on C". We
will also take the Kéhler metric to be the metric induced by w + 7*(wEgy), which we can
assume is Kihler on all of X" after shrinking B. Note that while the form w + 7*(wg,c) is a
product with respect to the smooth decomposition X = B x M, the corresponding metric
is not, as the holomorphic structure on X" is not a product.

Going back to the general setup, let 279 (Y) denote the subspace of €274 (Y) consisting
of elements that can be extended smoothly to Y’ and let § : Q7 9(Y) — QP4 ~1(Y) denote
the formal adjoint of 3, defined by requiring

/ (5(c). Bloy = / (@ 3B)uy
Y Y

for all B8 with compact supportin Y. Let L2(P+4(Y)) denote the Lz—completion of QP-4(Y)
with respect to the pairing
(= [
Y

induced by wy. The operator 9 extends to an operator L2(QP4(Y)) = LE(QPaTL(Y)) by
taking the closure of the graph of 8 on Q79(Y).

There is then also an adjoint operator 9* to 8 on L2(QP-4(Y)). Its domain consists of
the @ € L?(QP9(Y)) such that there exists a ¢ > 0 such that |{«, d7)| < ¢||z| for all
T € QP94~1(Y). For such «, the map T — (a, 1) is a bounded linear operator, and so is
represented by some 9*a € L?(QP971(Y)), by the Riesz representation theorem. Note that
as we are on a manifold with boundary, § differs from the Hilbert space adjoint 8* on 274 (Y)
and Sobolev space completions, due to the presence of boundary terms when integrating by
parts.
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Fora € QP4(Y), let o, € QP91 (Y) be such that for each y € Y,

By 0oy = (AR)*! A By, )y
forall B, € A? g1 (Ty Y), where we are using the pointwise inner product.

Definition 3.1 With ¥ C Y " and the defining function R of 3Y as above, we say that a
(p, q)-form « satisfies the d-Neumann conditions if on the boundary of ¥ we have

e 0, =0;
e 03, =0.
The first part of the 3-Neumann conditions has the following interpretation.
Proposition 3.2 [22, Prop. 1.3.2] We have that
Dom(3*) N QP4 (Y) = {a € QP4(Y) : 04|, = 0}
and on this subspace 3* = §.

Forms satisfying the d-Neumann conditions in a weak sense form the domain of the so-
called Friedrichs operator F. This is the Hilbert space extension of the operator / + A where
A is the d-Laplacian on (p, g)-forms with compact support in Y. We will let -7 (Y) denote
the kernel of F' — I with this domain. Since we can apply the adjoint in the usual manner for
this operator, we have that HP4(Y) = ker(d) Nker(d*) as usual ( [22, p- 18)).

The following is the outcome of [22, Chapter I].

Proposition 3.3 There is a weak Hodge decomposition

LX(QP(Y)) = (38(Dom(F))) & (83(Dom(F))) & HP*(Y),
where in the first two components we are taking the closure.

Remark 3.4 1In [22, Prop. 3.1.12], Folland and Kohn assume the “basic estimate" holds. Then
there is a genuine decomposition

L2(QP9(Y)) = 36(Dom(F)) ® 83 (Dom(F)) & HP9(Y)

where no closure need to be taken in the first two components. The basic estimate holds for
pseudoconvex domains in C", and so therefore on B, but it is not clear to the authors that the
basic estimate holds on the universal family X'. However, the weak Hodge decomposition
will be sufficient for our purposes.

A contrasting feature for manifolds with boundary compared to the case of complex
manifolds without boundary is that usual Schauder estimate fails near the boundary. However,
on the interior, this estimate works as usual ( [22, Theorem 2.2.5]). In particular, this implies
that if ¢ € (58(D0m(F ))) and is smooth, then on a Y’ C Y with compact closure we have
that « = 38 for some smooth (p,q — D)-form B, see [22, Theorem 2.2.9]. In particular this
holds for all 3-closed « satisfying the boundary condition that are orthogonal to H?-7(Y).

3.2 Vanishing of the 5-cohomology

We now apply the above theory to our special case of interest. Our goal is to show that
for our choice of ¥ = X, then under our hypotheses we have the vanishing of the relevant
cohomology group. We now let X, B’ be our previous X', B and shrink X, B slightly so that
B is given by a ball.
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Lemma 3.5 Suppose H*'(Xy) = 0 and H**(Xy) = 0. Then H*2(X) = 0.

Given this, any d-closed (0, 2)-form on X will be 3-exact (at least on a smaller X). To
prove Lemma 3.5, we will use the vanishing of all the higher cohomology on B:

Lemma3.6 [21] Let By be the unit ball in C™. Then H"*4(B1) = 0 for all p + g > 0.

We now apply this to show that H#*?(X) = 0. Note that as X is B x M as a smooth
manifold, we have a splitting 7X = TB @& TM and for all tensor bundles. In fact, this
agrees with the symplectic splitting induced by the fibration structure X — B with relative
symplectic from w, where the splitting is the w-orthogonal complement to the kernel 7 M of
derivative of the projection map, since w is pulled back from the projection to the M-factor.
However, note that as the splitting is not preserved by the almost-complex structure, this is
not an orthogonal splitting with respect to the induced metric on T X. For every b € B, we
have an almost-complex structure J, on M and J, (T M) = T M for all b € B. However, Jp
does not preserve T B in the above splitting. As the metric on X, we will take ® + wgye.
With respect to the splitting of 7 X, w is purely vertical and wg,, is purely horizontal. Thus
the volume form is

)m+n

j— — n m
dvol = (w + wEuc =" N 0,

We will denote by (z;)1<i<m holomorphic coordinates on B, so that the dz;’s stand for
horizontal (0, 1)-forms on X' (we omit the pullback in the notation).
We first show vanishing of the (0, 1)-cohomology.

Lemma 3.7 Suppose H*'(Xy) = 0. Then H*'(X) = 0.

Proof Note that the hypothesis H 0l =0 implies H 0.1(x,) = 0 foreach b € B (up
to shrinking B). Suppose 7 € H*!(X). Then 7 is d-closed on each fibre X}, for b € B and
so by the vanishing of the H 0.1(x;,), we can for each b find an f» such that P fo = r| X,
Since the complex structure varies smoothly with b we can ensure that the f3’s glue to a
smooth function f on X. This function then satisfies r’ x, = @f )‘ X, and so 3 f and T
differ by a horizontal term. Since the “basic estimate" discussed in Remark 3.4 may not hold
on Q0! (X), we cannot conclude that t is smooth up to the boundary. However, via cut-off
functions, we can then create a sequence of functions f; such that 3 f; converges to some
¢ € Q%1(X) and such that T — ¢ is purely horizontal, i.e.

T=¢+y

where y = ), h;dz; for some functions &;. Since t and ¢ are d-closed, so is y. In particular,
since the only mixed component of a7 is Zl- b (h;) A dz;, we have F (h;) =0 foralli and
b, and so the h;, and hence y, are pulled back from the base B.
Next, we make a suitable change in ¢ to use that 7 is co-closed. Consider the functional
® on Q%9(B) given by
hs (3¢, 7*h) 5.

This is the represented as
O(h) = (8. h)j

for some g € L*(Q2%9(B)). Moreover, since ® vanishes on constant functions, g has average
0, and so is in the image of the Laplacian on the base. Thus

®(h) = (3g', 0h)

for some function g’ on B.
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Now, note that

(0g', 0h) g =

ar* g’ dm*h) 5
Vol(xp) " 8 @
since the induced product on forms on X restricts to the Euclidean inner product on forms
pulled back from B, and the fibre volume is independent of the fibre (here we use the unique
continuous extension of 7* to the Sobolev L? spaces under consideration). If we then let
g= %, we have

(¢ —3(g), 0n"h)x =0

for all 2 on B. But this is equivalent to
(9% (¢ = 8(8)), w*h)x =0

for all A. If we replace y by y" =y + dg, then y’ is still pulled back from a (0, 1)-form y”
on the base. Since 3*t = 0 we then see that for all

0 =(d*t, 7*h)

(0%(¢ — 3(g)) + 0y . *h)
(@*y', 7*h)

=(y/, n*dzh)

=Vol(Xo)(y”, dgh) 3.

Thus y” is closed and co-closed, hence vanishes by Lemma 3.6. Sot = ¢ — d(g), which in
particular is ir_1 the closure_of the image of 9, since ¢ is. But the intersection of the closure of
the image of 3 and H% ! (X) vanishes by Proposition 3.3, so 7 = 0. O

Next, we extend the above to (0, 2)-forms.

Proof (Proof of Lemma 3.5) Let @ € H%2(X). As in the proof of Lemma 3.7, using that
HY2(Xx,) = 0 forall b € B, we obtain that « restricted to each fibre is exact, and so we can
find a (0, 2)-form 5 on X’ which is in the closure of the image of 8 and such that the purely
vertical parts of o and n agree. Hence there are further (0, 1)-forms 7; and functions #; ;
such that

(X:T]+Z‘Ci /\dfi-i-Zhi,jdEi /\de.
; i

When we now use da = 0, we see that there is only one term which has two vertical
components and one horizontal, namely using the purely vertical part of 97; in

Zé‘[{ AdzZ;,
i

which then has to vanish. By the vanishing of the groups H%!(X},), each of the 7; are therefore
in the closure of the image of d, up to a horizontal term. If we incorporate this term in the
purely horizontal expression of @ we see that we can write « as

o ='7+Z§i Ndz; +Zhi,jd2i Adzj,
; i
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where each ¢; is in the closure of the image of 3. Now, as 9 ( INdz; = d(fdz;) for afunction
f, we see that in fact §; A dz; is in the closure of the image of . So we can incorporate this
term in 1, and write « as

a=n-+ Zhi'jdzi ANdZ;j.
i,j
Using closedness of «, the functions 4; ;, and hence the (0, 2)-form
y =Y hijdz AdZ,
i
are pulled back from B.
The rest of the argument then follows the proof of Lemma 3.7. Introduce this time & on

Q% 1(B) by setting -
D) = (@ n, 7*V) 5.

The unique continuous extention of ® is represented as
Q(v) =(7,v);

for some ¥ € L2(Q%1(B)). Moreover, since H%!(B) vanishes by Lemma 3.7, T is in the
image of the Laplacian on the base. Thus

d(v) = (3T, 0v) g + (37", 0*v) 3
for some (0, 1)-form 7’ on B. In particular, for any v € Im(3*) C L%(Q*!(B)),

®(v) = (n, 7*0V) 5 = (37, V) 3.

Then, replacing y by y' =y + %, we can write

3 Tt/ Ly
a=n—0| ——— ,
g Vol(xp) ) 77

where y’ is the pullback of a d-closed (0, 2)-form y”. Using that & is co-closed, together
with the equality

(a7, 0v) 3 = Soltah) (ar*7’, d7*v) 5

we obtain

(y",0v) =0
for any v € Im(d*). Taking v = 8*y” yields that y” is a harmonic (0, 2)-form, and so
vanishes by Lemma 3.6. Hence, ¥’ = 0 and « is in the image of 9, so has to vanish as well,
being harmonic. O

Combining Lemma 3.5, Proposition 3.3 and the discussion following it, we get the fol-
lowing

Corollary 3.8 Suppose H%'(Xy) = 0 and H*2(Xy) = 0. Then for any smooth (0, 2)-form
B on X such that 3 = 0 and any X " C X with compact closure, there exists a smooth
(0, 1)-form t such that 9t = B on X'
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4 Reduction to a finite dimensional moment map problem

‘We now show how to reduce the cscK equation on (X}, [w;]) to a finite dimensional moment
map problem. This will be done in several stages. In Section 4.1 we first use the results from
the previous section to obtain an initial approximate solution on each fibre, which is globally
(1, 1). In Section 4.2 we then solve a fibrewise problem before we in Section 4.3 finally show
that having done so, we are left with a moment map equation in finite dimensions, relying on
the Dervan—Hallam point of view on the moment map interpretation of the cscK equation.

4.1 Constructing the initial form globally

We recall the previous setting. Let H1(Xo, R) stands for the space of (w, Jo)-harmonic
real (1, 1)-forms on (Xyp, w) and let (a1, ..., o) be a basis of this vector space. Note that
by uniqueness of harmonic representatives of Dolbeault cohomology classes, the «;’s are
K -invariant. For any ¢ := (¢q, ..., &), we set

r
We ‘=W + E ;.
i=1

This defines a Kihler form on X for all ¢ in a sufficiently small neighbourhood U of zero
inR". Forany b € Z and ¢ € U, we have [w;] € H"“'(x,, R). However, w; itself might not
be of type (1, 1) with respect to ®(b), and while the pullback (through B x M — M) of w,
is a globally closed form on X, it may not be (1, 1) there even if it is on the fibres. For this
reason we perform a first perturbation of the form w,.

Lemma 4.1 Up to shrinking X and B, there exists a (1, 1)-form o, on X such that (o], =
[we]p for all b and a)é = prjo + O(lg).

In the above [*]; denotes the corresponding second cohomology class on the fibre overb € B.

If we pull back w, from the smooth projection X — M, then we obtain a closed form
@ such that [, ], = [we]p for all b € B. However, this is only (1, 1) on the central fibre
of the family X — B. It may not be (1, 1) on all of X', or even on the non-zero fibres. Note
that using the assumption that H 0.2(X() = 0, which implies H 0.2(X,) = 0 for all b after
potentially shrinking B, we could change @, to become (1, 1) on each fibre of X — B,
using the Hodge decomposition on (0, 2)-forms. However, this is not enough as @, may still
not be globally (1, 1). This is the reason we call upon the Hodge decomposition for complex
manifolds with boundary from Section 3 which allow us to remove the (0, 2) and (2, 0)-parts
of w, globally on X'

Proof (Proof of Lemma 4.1) Let a be some harmonic representative on X as above. We
will abuse notation and denote also by & the form prj, « on X, where pry, @ X — Mis
the smooth projection to the second factor, using that as a smooth manifold X = B x M.
In what follows, we will be working on the total space X (in particular J stands for the
almost-complex structure on X’). Now the (1, 1)-component of the 2-form « is the fixed part
of « under the map o — «(J-, J+). Thus, its (2, 0) 4 (0, 2)-component is given by

—a(J-, J-
q@0+0.2) _ @ a(z ) @.1)

In particular, for fixed o, we see that this is smooth.
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Now, consider the forms «;. They are d-closed, and thus satisfy 50‘1'(0’2) = 0. Moreover,

they satisfy the 3-Neumann conditions. Indeed, since the forms are d-closed, the condition
05,02 = 01is trivially satisfied. Moreover, as ¢; is pulled back from M, (dRO'1 ABp,aj) =0
for lall (0, 1)-forms B, at p € X, ie. 0y = 0. But the decomposition of ¢; into its (2, 0),
(1, 1) and (0, 2)-components is an orthogonal decomposition at every point. So o 02 = 0,
too.

From Corollary 3.8 we deduce that there is 6/ € QO-D(x, R) such that 96] = ai(o’Q),
where we have now shrunk X slightly to ensure that we have a smooth such form (note
that the shrinking is independent of /). Let 8/ = 6/, and set §; = 6/ + /", which is a real

(2, 0)+(0, 2)-form. Since the «; are real aiz,o = (x?’z, and so we have that 30 = 5791’ = ozl.(z‘o).

Let

,
o, =w+ Y &l —db)
i=1

r

= Wg — d <Z 8,‘9,')
i=1

= w; —db;

where

,
O = i)
i=1

Then w), is globally (1, 1) on X. Since we have changed w, by a globally closed form, its
induced class on each fibre remains the same, and as the ; are independent of ¢, it is clearly
O(lg]), as required. ]

4.2 Solving the fibrewise problem

From now on, we assume that (M, Jy, w) is cscK. At this point we have, foreach ¢ € U, a
holomorphic submersion
(X, w;) — B

where o), is relatively Kihler and whose induced class on each fibre is [w,]. Furthermore,
we have a moment map v, : X — £*. Let

E ={v(v):vet

be the space of potentials with respect to w),, and more generally, for a function ¢ : X — R,
let B
¥ =) +v@):vet)

be the space of potentials with respect to w, + idd¢. Further, for a function ¢ : A — R
on the fibre, define -

b 1 o0
¢ = (00| g, + 5 (0. Yoy, @) oy, 10 € B C C¥H).

2
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Note that Eg p =Ee | X, i.e. the space of functions obtained by restricting the functions in £¢
to Xp. However, if ¢ : X — R is a function and we let ¢, = ¢| X, then

é
%éabb ;é Eg |Xb

in general. The two only agree if b is a fixed point of the K -action on B.

Next, we solve a fibrewise problem to improve the approximate solution and ultimately
reduce the cscK equation to a finite dimensional problem. Let J;, be the almost-complex
structure on M such that X, = (M, Jp).

Proposition 4.2 Up to shrinking U and B, there exists a smooth map
¢:UxBxM—R

such that for all (¢,b) € U x B

scal(M, Jy, @, , +1036;p) € 5,

where ¢g ,(x) = ¢ (g, b, x) forx € M.

Proof Let W be an open subset of C¥**%(M) whose elements are Kihler potentials of
regularity CKt4¢ for each (g, b) € U x B. Consider the map

®:UxBxWxtxR— M)
given by
(&,b,¢,v,¢) — scal(M, Jp, wé—i— i30p($)) — (Ve (v) + v(P) + €)p.

We seek to show that there is a zero of the above map for every sufficiently small ¢ € U and

beBasv(v)+v(p) et
For fixed (g, b), the linearisation of the equation at (0, 0) € W x ¢ is the map

W, CEHH (M) x e x R — CR (M)

given by
(@, v,¢) > Lgp(@) — (v (v) + €)p,

where L j is the linearisation of the scalar curvature at (Jp, w,) when varying the Kiéhler
form. This varies smoothly with (g, ») and moreover when these two parameters are 0, we have
that L ¢ is the negative of the Lichnerowicz operator of (Jy, w), since this is scal(M, Jy, w)
is constant. The Lichnerowicz operator is a self-adjoint operator whose kernel, and therefore
co-kernel, consists precisely of the functions vy(v) + ¢ for v € £ and ¢ € R. In particular,
Wy g is surjective and admits a right-inverse Qg o, €.g. by choosing the unique representative
in Ck+4¢ (M) which is orthogonal to all the v(v) + c.

It follows that for all sufficiently small (g, b), the operators W, ;, are surjective and admits
right-inverses Q, , whose operator norm satisfies

1
F11Qo0ll = 1Qe.pll = 211 Qo.0ll-

Moreover, as the operators @, ; vary smoothly we can ensure that the Q, ; also do. Now, as
w; » = @+ O(|g], |b]), we can shrink U and B such that the uniform estimate

lscal(M, Jp, @, ,) — scal(M, Jo, ®)|| cissa < C

@ Springer



Annals of Global Analysis and Geometry (2025) 68:8 Page150f26 8

holds, for any desired constant C > 0. Note also that scal(M, Jy, w) in fact is a constant. In
particular, by picking C sufficiently small, this allows us to apply the Quantitative Implicit
Function theorem to deduce that there is a root of ® for all such (g, b), which varies smoothly
with (g, b) since Q; 5 does. Elliptic regularity then implies that these are also smooth in M.
This is what we wanted to show. m}

4.3 The finite dimensional problem

As the map ¢ is smooth, we can for each ¢ € U define a smooth map ¢ : X — R whose
restriction to A} is ¢ p, using that X = B x M as a smooth manifold. From now on we will
let w; = w] +i9d¢;, where we are relabelling e, from Section 4.1 to reduce the notation.

By Dervan—Hallam, we can for each ¢ € U obtain a moment map o, on B in the following
way. In general, let p : ¥ — V be a holomorphic submersion, with compact fibres of relative
dimension n. The base V does not need to be compact. Suppose a Lie group K acts on Y and
V making p equivariant. Suppose further that there is a closed (1, 1)-form wy on Y which
is relatively Kéhler and which admits a moment map vy : ¥ — £*. Let S’v be the average
scalar curvature of the fibre Y, and let p denote the relative Ricci form, the curvature of the
Hermitian metric induced by wy on the top exterior power of the vertical tangent bundle
ker p. Let (-, -) : £* x £ — R denote the natural pairing of a dual vector and a vector.

Theorem 4.3 [10, Theorem 4.6] In the setting above, the map py : V. — € given by

(v (), ) = /Y (v, E)(S(wy |, ) — 8w} 42)

v

is a moment map for the K -action on V with respect to the closed (1, 1)-form

A

S
Q= v / a)';+1 — / P /\Cl)rylv
n+1Jyyy Y/ vV

The form €2 is the Weil-Petersson form on the base V. Note that in this generality it does not
need to be positive.

Now, if we apply Theorem 4.3 to the metrics @, constructed in Proposition 4.2, we then
obtain moment maps . with respect to the corresponding Weil-Petersson forms €2;. In
our case this form is positive. At ¢ = 0, we have the usual Weil-Petersson form Q2 on
the Kuranishi space, which is a positive form. Since w; = @ + O(|€]), it follows that the
corresponding €2, satisfy this, too. Thus, the €2, are positive for all sufficiently small £. So
for each ¢ € U, we have a Kiahler metric 2, on B and a moment map for the K-action on
B, which we will call p,.

Next, we claim that a zero of the moment map u, corresponds to a cscK metric on the
fibre. Indeed, a zero of the moment map means the scalar curvature is orthogonal to the space

e

correspond to a cscK metric on the fibre, since the scalar curvature lies in Eff’h. As remarked
above this may not be true. However, a projection argument from [42, Lemma 4.15], shows
that as Eg’ p = b ’ X, the L?-orthogonal projection Eg”b — Eg ’ X, with respect to w; is an
isomorphism for all sufficiently small ¢, and so for such ¢, a zero of the moment map still
has the same interpretation.

In summary, we get the following, which reduces the existence of a cscK metric to a finite
dimensional moment map problem.

X, If it were the case that this equals Efil‘,b, then a zero of the moment map would clearly
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Lemma 4.4 Up to shrinking U, we have that for all ¢ € U, the form Qg on B is Kdhler.
Moreover, the corresponding moment map ¢ for the K -action on B satisfies that j1s(b) = 0
if and only if scal(M , Jp, w, p) is constant.

5 Solving the finite dimensional problem : abelian case

We thus reduced the problem to finding zeros of 1t on B. Our goal now is to relate the
vanishing of u, to K-polystability of some fiber (X}, [w]), for some fixed b € B. In this
whole section, we assume that K = T is a torus.

5.1 Focusing on an orbit

We start by restricting our study to the (local) TC-orbit of b in B. By the Hilbert—-Mumford
criterion, there is a one parameter subgroup p : C* — 7°C such that

lim p(¢) -b=bg € B
t—0

and bg has a closed TC-orbit (this follows more precisely by a combination of [29, Section 8.3]
that shows that the orbit closure of b contains a closed orbit and [33, Theorem 1.4] that implies
that this closed orbit can be reached by a one-parameter subgroup). By [41, 47], (X}, [w])
admits a cscK metric. Moreover, (X, [@w]) is a small complex polarised deformation of
(Xpy, [@]). Note that 1%/ (Xp,) = h%J (Xp), and thatby [12, Corollary 3.2], Auto (X, , [])
Th, . In particular, Tj, is abelian. Hence, (X}, [w]) satisfies the same hypothesis as (Xp, [@])
so we might, and we will, up to performing Kuranishi—Fujiki—-Schumacher-Székelyhidi’s
slice starting from (&}, [w]), assume that by = 0. We will keep the notations 7', u,, etc for
the group 7T}, , the associated moments maps, etc.

We now reduce to the case where the stabiliser 7, C T of b € B is trivial. Denote by {;
the Lie algebra of 7}.

Lemma5.1 Let (¢,b) € U x B such that (X, [wg]) is K-polystable. Then, for all b’ €
(T(C -b) N B, and for all u € t, one has (g (b'), u) = 0.

Proof Ifb' € (TC-b)N B, then X}, and X}, are isomorphic, so X}, is K -polystable if and only
if &} is. Thus it is enough to show that for all u € t;, the hamiltonian (i, u) = 0 vanishes
at b. But by construction

(e (b), u) = /X (v 1) (S ) — $p)a. 5.1)

As b is a fixed point under the 7j-action, for any u € t, this is the classical Futaki invariant
of the holomorphic vector field associated to u, which therefore vanishes by the polystability
assumption. O

As elements in T}, fix all the points in B N TC - b, and as by Lemma 5.1 the hamiltonians
(g, u) for u € t, = Lie(T}) vanish if we assume K -polystability, elements in t; will play
no role in the arguments that follow. Hence, working instead with the torus 7'/ T}, the maps
e take values in (t/t,)*, so we may, and we will, assume that T}, is trivial.
‘We now set
V= HoN(T!Y),
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the first cohomology group as defined in Section 2.3, associated to the complex structure of
Xp. There is a weight decomposition under the 7 -action

V.= @ Vin (5.2)
meM

for Ml C t* the lattice of characters of 7. This means that if we decompose b € V accordingly

as
a0
i
then the action of a one-parameter subgroup generated by v € t is given by

teCr > Y tmivp,, (5.3)
i

where (-, -) is the natural duality pairing on t* x t. Finally, we will restrict our setting to

BN P V.
b,

'm; #0

which we still denote by B. That is, we only consider weight spaces actually appearing in
the decomposition of b.

5.2 Alocal rigidity result for families of moment maps

We next state a local rigidity result for the images of a complexified torus orbit under a
continuous family of moment maps. Here is the setting of last section. We have :
(R1) An effective and holomorphic action of a compact torus 7 on a complex vector space
Vi
(R2) A continuous family of symplectic forms (£2¢)scpy onaball B C V around the origin,
with respect to which the T-action is hamiltonian;
(R3) A point b € B with trivial stabiliser, 0 in its TC-orbit closure, and such that for all
weight m € M appearing in the weight space decomposition of V, b,, # 0.
(R4) The restriction of the symplectic form 2 to the TC-orbit of b is non-degenerate.

Remark 5.2 Note that in what follows, we will not use the fact that the forms €2, are Kihler
with respect to the complex structure on V. The only hypothesis we need instead is the weaker
(Rg).

We still denote the equivariant moment mappings ji, : B — t*, and we set
Z:=Bn (T b

and
Z:=BnN(TC.b).

We also introduce
o= Z Ry -m; C t*
b; #0

with {m;} the weights of the decomposition (5.2) under the torus action, and for n > 0

o= Y [0,n) m; Ct".
by, #0
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Then, under the assumptions (R;) — (R4), we have :
Proposition 5.3 Up to shrinking B and U, there exists n > O such that for all ¢ € U,
:LLQ(O) +o0, C M§(§)~

Note that by the local version of Atiyah and Guillemin—Sternberg convexity theorem, combin-
ing the equivariant Darboux Theorem ( [20, Theorem 3.2]) and the local description of linear
hamiltonian torus actions ( [20, Section 7.1]), there are n, > 0 and open neighbourhoods
0 € B; C B such that for all ¢,

je(Be) = e (0) + [0, 1) - mi.

L

By continuity of & — pi¢, we can find a uniform # (up to shrinking B and U) so that for all
eel,
1 (0) + > [0, ) - m; C pe(B).

l

Hence, the content of Proposition 5.3 is to preserve this inclusion when restricting to Z. As
the proof is quite technical, we postpone it to Appendix 8.

Remark 5.4 1n afirst version of this work, a different strategy was used to produce symplectic
forms Q/, on B. In particular, those forms were not compatible with the complex structure on
V. Hence we couldn’t use the results in [44, Sections 4 and 6] directly. This is why instead
we use a more direct argument, that requires an explicit knowledge of the 7'-action, and
this is the main reason for our hypothesis K = T'. We expect however that a generalisation
of Proposition 5.3 should hold for general compact connected groups K, considering the
intersection of the images of the moment maps with a fixed positive Weyl chamber, and
replacing o with an appropriate cone, as in [44, Theorem 6.5]. With our new approach, as
now the forms €2, are compatible with the complex structure on V, Sjamaar’s results could
be used to relax our asumption on K being abelian. We will instead provide a different proof
of this fact in Section 6.

We will also need the following lemma.

Lemma 5.5 The cone o C t* is a strongly convex rational polyhedral cone of maximal
dimension dim(t*). Hence, so is its dual cone o .

Recall that by definition,

oV ={vet|Vmeo, (mv)=>0}

Proof The cone o is a rational polyhedral cone by definition. As O € TC - b, and as the action
of t € TC on b is given by

> imip,,, (5.4)

we know that there is v € t such that the action of v sends b to 0. That is, there is v € t such
that for all 7,
(m;, v) > 0.

But then o cannot contain any line, as any point x € o N (—o) would give (x,v) > 0
and (—x, v) > 0, which is absurd. Finally, dim(o) = dim(t*) follows from the fact that
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any element v € o belongs to the stabiliser of b by the description of the 7'C-action
at b € B. As b is supposed to have trivial stabiliser, we deduce that dim(al) = 0, and
thus dim(o) = dim(t*) by duality. The statement about o ¥ follows from general theory of
polyhedral cones, see e.g. [39, Appendix]. O

The previous lemma has several interesting consequences. First, there is a finite set of rational
elements {vy, ..., v} € t¢ such that

Uv: E R+'Uj.
J

Then, the facets of o (resp. o ¥') are of the form o N H,, (resp. o ¥ N H,,, ), for some of the m;’s
(resp. v;’s), where we set H, = {m € t*, (m,v) = 0} (resp. H,, = {v € t, (m,v) =0}).In
general, a face of 0¥ is of the form

(NiHp)NoY

for some m;’s. Finally, note by construction that the rays p € o (1) (that is 1-dimensional
faces of o) are all of the form Ry - m;, for the m;’s such that 0¥ N H,,, is a facet of V.

5.3 Solving the problem

We can now conclude the proof of Theorem 1.1, in the abelian case. We restrict to variations
in a single direction in the Kihler cone. Let

o= inai e H ' (Xp, R).

1

We set w; = w + ea. There is &g > 0 such that for ¢ € (—&o, €0), (eXi)1<i<r € U. We
denote by a subscript ¢ all quantities depending on & := (gX;)1<i<,. Our goal is to prove
that up to shrinking &g, for all |¢| < &g, if (X}, [we]) is K-polystable, then it carries a cscK
metric.

From the previous sections, to produce a cscK metric, it is enough to find ' € Z such
that st (") = 0. Indeed, if such a b’ is in Z, then (M, Jy, w p) is cscK (cf Lemma 4.4) and
isomorphic to A by the properties of the slice in Proposition 2.4. If »’ is in the boundary
of Z, then (X}, [w,]) is a small polarised deformation of (X, [w,]). As the latter is cscK,
if the former is K-polystable, we can conclude from [41, 47] that (X}, [w,]) carries a cscK
metric.

We fix 7 as in Proposition 5.3. Then, it is is enough to prove that K-polystability implies
0 € e (0) + oy to complete the proof. But this is equivalent to

—ue(0) € oy
Up to shrinking €g, and as o(0) = 0, we only need to prove that K -polystability implies

—1e(0) € 0.

By the duality Theorem ( [39, Appendix, Theorem A.1]), we have 0¥V = o, where 0¥ =
Zj Ry - v; is the dual of o, for some finite set of rational elements {vy, ..., v¢} € t¢. Hence,
we need to show that K-polystability implies

—(1e(0),vj) =0,
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for all j € {I,...,¢}. But any such v; lies in ¢, and thus satisfies (m;, v;) > 0 for all
m; such that by, # 0. By Equation (5.3), each v; then generates a 1-parameter subgroup
pj:C"— TC with

lim p;(t)-b=1bj € Z.

t—0

From [47, proof of Theorem 2], one can produce out of p; a regular test configuration
(X}, Aj ¢) for (Xp, [w.]) with Futaki invariant given by (cf Equation (5.1)

DF(X;, Aj ) = — (e (b)), vj).
If (Xp, [w:]) is K-polystable, then we must have
DF(X;, Aj¢) > 0.

Moreover, the quantity —(us(b;), v;) is the Futaki invariant of v; that belongs to the stabiliser
t,. Hence, from the independence of the Futaki invariant on the metric in a fixed Kéhler
class ( [25]), the map b’ > (u, ("), v;) is invariant along the TC-orbit of b;. Note that 0
belongs to the TC-orbit closure of b ; (we can use the same C*-action that sends b to 0 to
send any b; to 0, as shown by Equation (5.3)). Thus, from these two observations, we see
that

—(ue(0), vj) = DF(X;, Aj ) = 0.

which concludes the proof.

5.4 The Futaki invariant and local wall-crossing

In this section, we describe the local wall-crossing phenomena alluded to in the introduction.
First, from the previous proof, it follows that for &€ small enough, (X}, [we]) is K-polystable
if and only if Fut,, (X}, -) = 0 and for j € {1, ..., £}, one has Fut,,(Xo, v;) > 0, where
Fut|,, (X, -) denotes the classical Futaki invariant of (X, [w]). By invariance and continuity
of the Futaki invariant, this is equivalent to

{Fut[wg](X(), v) =0 for v € {,

Fut{,,1(Xo,v) > 0 for v e oV. (5.5)

While K -polystability immediately implies those conditions, the converse follows as those
conditions implies the existence of a cscK metric from our proof of Theorem 1.1, which then
ensures K -polystability ( [8, 45]).

There are several interesting consequences from such a characterisation of K -polystability.
First, observe that conditions (R1) — (R4) required for Proposition 5.3 are satisfied for any
point b’ = }_, b, with same non-vanishing coordinates by, as b in the weight space
decomposition. Hence, the result of Proposition 5.3 holds true uniformly in b for any compact
family of such points. Since 7 is a torus, the stabilisers t; of those points are all equal to {5,
as they are simply

(Spang {m;, by, #O0H" Ct,

and our proof works uniformly in » for b varying in a compact set S of the above kind.
More precisely, for such a compact family of polarised manifolds (X, [w:])pes, there is
go > 0 such that for |¢| < &g, K-polystability of (X}, [w:]) implies the existence of a cscK
metric and is equivalent to the System (5.5). But conditions (5.5) are independent of b in this
compact family. Hence, we deduce that if one of the (Xp, [w,]) is K-polystable for b € S,
then all of them are. For t;, = {0}, this is simply openness of K -stability, and is implied by
openness of the existence of a cscK metric when the reduced automorphism group is trivial.
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6 Solving the finite dimensional problem : general case

We now show how to deduce the existence of a cscK metric from K-polystability in general,
using the approach of Ortu. The argument of Ortu in [41, Theorem A.1] deals with the case
& = 0. The argument relies on the moment map flow. For simplicity we first present the
argument for the case when b has discrete stabiliser. See Remark 6.1 for details on how to
adapt the argument in the general case.

The moment map flow is the flow on B given by

d
Ebt = J(f(l@(bt)))

with initial condition by = b, where & (11 (b;)) is the infinitesimal vector field on B associated
to ¢ (by). Crucially, after potentially shrinking B, there is a neighbourhood about the origin
in B such that the moment flow stays in this neighbourhood for all time. This follows if the
origin is in the orbit closure of the starting point b. For our b of interest this may not be true
for the initial Kuranishi family about Xp. However, after an application of the Luna slice
theorem [38] we may replace Xy by another central fibre X which is cscK with respect to
the initial polarisation w such that A} lies in the Kuranishi family of X and 0 now is in the
orbit closure of b on the corresponding base family, which we still denote B. For the flow at
& = 0, there is a ball about the origin such that the flow is inward pointing on the boundary of
this ball, with a uniform lower bound for the length of the inward pointing tangent vector (see
[11, Proposition 4.5]). Such a bound persists for all ¢ sufficiently close to the origin, since
the Kihler form and moment map on B then is a small perturbation of that at ¢ = 0, ensuring
that the flow stays in the same ball for all such ¢. This in particular implies convergence of
the flow to some b, € B, see [41, Proposition 2.4].
From [11, Corollary 4.14] and [41, Proposition 2.6], either

e the limit point is a zero of the moment map and is in the K C_orbit of b, or;
o the limit point does not lie in the K ©-orbit of b, and there exist a »’ € B and v € £ such
that
lim exp(—itv.h) = b’
[—00

and (g (b"), v) = 0.

In the first case, we produce a cscK metric, by Lemma 4.4. We therefore want to use
K-polystability to rule out the second case. This is done by identifying (i, (b), v) with the
Donaldson-Futaki invariant of a test configuration in the following way. The holomorphic
vector fieldinduced by v determines anon-trivial test configuration (W, [a]) for (Xp, [we p]),
with smooth central fibre (&}, [wg ]). Its Donaldson-Futaki invariant is therefore given by
the negative of the Futaki invariant of the central fibre. But the Futaki invariant of v on X}y is
precisely given by the formula (4.2) for the value of the moment map ¢ at b’ paired with v.
K-polystability of A}, with respect to [w; ] implies that this has to be negative, which rules
out the second case in the dichotomy above.

Remark 6.1 In the case when b has non-discrete stabiliser, one has to adapt the argument by
considering the moment map flow with respect to a complementary torus 7-- to a maximal
torus in the stabiliser of b. The flow then converges to a zero of the moment with respect
to this complementary torus, and further this implies that there is a critical point b" of the
original moment map in the orbit of the limiting point. Using that the limiting fibre has
to be isomorphic to that of (X}, [w, p]) since this is K-polystable, Ortu showed that b is
actually a zero of the original moment map, hence the fibre over it has a cscK metric. Since
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(X, [we,1]) = (X, [we,p]), we therefore obtain the required cscK metric. We refer to [41]
for the complete details on this argument.

7 An example

Consider the toric surface P! x P! with torus action
(C*H2 x P! x P! - P! x P!
(e, B), ([x1, y11. [x2, y21) = ([ax1, y1], [Bx2, y2]).

Denote by & the product of the Fubini—Study metrics on each factor P!. Let 7 : Xo — P! xP!
be the blow-up at the four torus fixed points. By the work of Arezzo—Pacard ( [1, 2]), we
know that for small § > 0, X carries a cscK metric in the class

[wol == [* @] — 8(E0,0 + Eoo,0 + E0,00 + Eco,00),

wher E; ; is (the Poincaré dual of) the exceptional divisor associated to the blow-up of the
point (i, j) € P! x P!,

From [43], following works of Ilten and Vollmert [30], we know that the reduced auto-
morphism group of X is isomorphic to the 2-dimensional torus, acting on H (X, T19) ~
HY:!(Xo, T1:%) ~ C* through the representation

a 0 0 0
0Oa~'0 0
00 8 0 |
00 0p°!
where the choice of coordinates b = (b, . .., bs) € C*is such that the complex deformation

associated to b € B, for B a small neighbourhood of the origin, corresponds to the blow-up
of P! x P! along the points ([by : 11,[b3 : 11), ([1 : bo], [1 : b4]), (0, o) and (o0, 0).
As X is toric, h%1(Xo) = h%2(X() = 0 ( [39, Section 3.3]), and as it is a toric surface,
H?*(Xo, T Xo) vanishes (see [31, Corollary 1.5]). We can consider the polarised complex
deformation (X, [wo]) corresponding to the point b = (0, 0, b3, 0), for small b3. Clearly,
(X, [wo]) is analytically K -semistable, and degenerates to (Xo, [wo]) via B +— (0, 0, B b3, 0).
The stabiliser of b in the torus is the first factor C* x {1}.
Consider the class
[we] := [wo] — £(E0,00 + Eo,00)-

From our construction, it follows that (X, [w,]) will admit a cscK metric for all |¢] <« 1 if
and only if the following two conditions are satisfied:

Fut[wg](X07 ve) =0,
Fut[wg](X(), U}g) > 0,

where Fut(,, stands for the Futaki invariant, v, is a generator for the C* x {1}-action and vg
is a generator for the {1} x C*-action. We can compute those invariants by using the polytope
description of (Xo, [w¢]), pictured in [7, Figure 1 page 468], for ¢ > 0.

The vanishing of Fut(,,(X¢, vy) follows from the symmetry along the x-axis, as the
affine function corresponding to the hamiltonian of v, is, up to scale, given by (x, y) — x.
On the other hand, a direct computation, using the toric description of the Futaki invariant
([17, Lemma 3.2.9]), shows that Fut,,](Xo, vg) < 0 for ¢ > 0 and Futf,,(Xo, vg) > 0
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for ¢ < 0. This provides an example of wall crossing for (X, [w.]) that is cscK for ¢ < 0,
analytically K-semistable for ¢ = 0 and K -unstable for ¢ > 0 small enough. On the other
hand, (Xo, [we]) is cscK precisely at e = 0.

8 Proof of Proposition 5.3

Proof (Proof of Proposition 5.3) First, recall from [20, Theorem 3.2 and Section 7.1] that B
is chosen so that u, is given by

1e (b)) = e () + > 11D} - mi, @.1)

for some norm || - || that might depend on &. From Equation (5.4), this implies in particular
that for all b’ € Z, u.(b) € Int(o), the interior of o. Similarly, if & is in the boundary of
Z, then its image e (b") is in the boundary of o. To see this, let b € Z be a boundary point,
so that there is v € t such that

b =1lim Y tmivp,

t—0 =
1

i

As the limit exists, v € o¥. Then

pe®) = @)+ " lbm 112 - m;.
(v.m;)=0

This is a boundary point of o, unless {m;, (m;,v) = 0} spans Vect(c) = t*. This is
impossible, as this would imply v € (t*)+ = {0}.

The proof is now done in 3 steps.

Step 1 : The restriction of /i, to Z is a submersion. Let b’ € Z. From the fact that b’
has trivial stabiliser we deduce that the map

toit — Ty 2
v+iw > ) +ind)

is an isomorphism, where for v € t, U denotes the associated vector field on B. We then
identify
Tb/Z ~tPhit

and
T,ué(h’)t* ~ t*,

so that the differential of i, restricted to the complexified orbit at 4" is a map
dp:(b) :tdit— t*

given by
dps(B) (v +iw) = Q(B)((V + iw) (D), -).

From (Ry), the form Q0 (b’) is non-degenerate on {v + iw (b)), v +iw € t P it}. Up to
shrinking U, we can assume that Q. (') (-, -) is non-degenerate on this space as well, so that
d i has maximal rank on Z. Then, i, restricted to Z is a submersion, and thus in particular
is an open map.
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Step 2 : Each ray p € o(1) intersects u§(§) — 11¢(0). Indeed, such a ray p can be
written p = Ry - m; with H,,; N oV a facet of o¥. Pick now v € H,,, N o such that v
doesn’t belong to any of the proper faces of H,,, N o". Then, by the choice of v,

(mj,v) =0,
(mj,v) >0, j#Ii.

Assume thereisa j # i suchthat (m;, v) = 0.Thenv € oV N Hy, NHp,; . As we assumed
that v was not in a proper face of 0¥ N Hy,,, necessarily o¥ N Hy,, N Hp; = oV N Hy,. As
0" is maximal dimensional, and as 6 N H,,, is a facet of oV (because Ry - m; is aray), m
must be a positive multiple of m;. Hence,

(mj,v):O if ijRJr-m,'
(mj,v) >0 if m; ¢ Ry -m;.

From the action (5.4) of TC on B at b, we have that the limit point under the action generated
by v starting from b is
lim » "1V, = 3" b, €Z.

t—0 “~= !
i ijR+~m,-

But from (8.1) the image of that point by u, is of the form

pe©@ + D Ajmj=pe(0) + Am;

mjeR+-m,-

for positive A ;’s and A > 0. This proves the claim of Step 2.

Step 3 : Conclusion of the proof. From Step 2, 1. (Z) contains an element of the form
we(0) 4 A;m;, A; > 0, foreachray Ry -m; of 0. It also contains i, (0) as 0 € TC - b. Denote
by A the convex hull of 1, (0) and the points (u.(0) + Aimi)R+.m[;g(1). It is enough to show
that A C g (Z2) to conclude, as for 1 small enough, 1 (0) 4+ 0, C A.

To prove that A C pig (2), it is enough, by convexity, to prove that for any (xi, x2) €
AN ,ué(g), the segment [x1, x3] lies in A N ;LQ(?). This can be done by showing that

{t €10, 1], tx1 + (1 — )x2 € pe(2)}
is open and closed. Step 1 implies that this set open. As A is closed, there is a closed ball

D such that (,ug)_l(A) C D C B. Note that for any sequence (b;) € TC . b N D, we

can extract a converging subsequence with limit in 7€ . b N D C Z. A classical argument
using extractions of convergent subsequences and continuity of . then implies the desired
closedness. O
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