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ISSN 0346-718X

Department of Computer Science and Engineering
Division of Data Science and AI
Healthy AI Lab
Chalmers University of Technology | University of Gothenburg
SE-412 96 Göteborg,
Sweden
Phone: +46(0)31 772 1000

Printed by Chalmers Digitaltryck,
Gothenburg, Sweden 2025.



“You can’t cross the sea merely by
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Abstract

Using large datasets to train ever larger models in machine learning have
been extremely impactful for many diverse tasks. However, the challenge of
ensuring and predicting model generalization under distribution shifts remains
an open problem. Such shifts may occur between training and testing envir-
onments or even during the training process itself. In real-world applications,
these distribution changes can severely degrade model performance, making
adaptation a critical concern. This is the focus of domain adaptation (DA),
a field dedicated to developing both theoretical frameworks and methods for
settings with distribution shift. Domain adaptation primarily operates within
the supervised learning paradigm, where access to a large, centralized dataset
is assumed. However, such data availability is not always feasible due to
privacy concerns or the high costs associated with data collection and storage.
The federated learning (FL) setting addresses this by training models across
decentralized clients coordinated by a central server. Since clients retain local
data, distribution shifts, known as data heterogeneity, can arise between clients.
This may potentially degrade model performance. This thesis aims to overcome
some of these limitations in both the centralized and federated settings. In
particular, this is achieved by (i) questioning how to measure performance
under distribution shift in a practical way, (ii) proposing novel assumptions
and settings where we expand the amount of information available and (iii)
developing competitive methods for these settings. First, we explore the meas-
urement of performance in domain adaptation through evaluating theoretical
bounds. We survey the field of available domain adaptation bounds with an
eye towards their practicality and, after selecting candidates, make empirical
comparisons. Next, we consider a novel set of assumptions based on having
access to privileged information which we show is both practical and empirically
sound. We continue with expanding on the idea of additional information in
the FL setting where we show that access to label marginals can substantially
improve performance in cases where clients are meaningfully heterogeneous.
Finally, we explore another aspect of heterogeneity in FL where the label sets
of clients are non-identical and clients are unwilling to share them.
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Chapter 1

Introduction

Machine learning (ML) has emerged as both a popular and useful way to harness
information for beneficial aims in diverse applications such as climate modeling,
predicting healthcare outcomes and natural language processing. A central
trend in ML is the focus on deep learning techniques, which has contributed
to the explosive growth of the field. These models allow for learning intricate
patterns from high-dimensional data sets through optimization methods like
stochastic gradient descent. This has led to impressive results, such as large
language models generating human-like text (Bubeck et al., 2023; DeepSeek-AI
et al., 2025), mastering games like Go (Silver et al., 2017), and predicting
medical outcomes (Ding et al., 2024). However, deep learning comes with
significant limitations. It generally needs access to a large sample of data to be
successful, which may not be available in all situations. In particular, sensitive
settings such as healthcare may lack the large data sets which are routinely
used when optimizing deep learning models. Furthermore, if the data differs
materially between modeling and the target domain where it is applied, the
models may fail to perform. Moreover, this can also arise during training
where there are several distinct sources of data, e.g., in distributed training
environments. This issue arises due to a shift between data distributions, which
limits the generalizability of deep learning models.

To remedy this, the field of research called domain adaptation (DA) aims
to offer a theoretical foundation of how to produce more generalizable methods.
In DA we consider the case where we apply our model to a specific task but
the underlying data distribution changes between training and deployment.
The distribution over the input features and corresponding labels is called a
domain. In real-world applications, a domain shift could be the result of e.g. a
change in location where the data is collected. For example, we collect wildlife
image data in Europe to predict animal species but apply the model in Africa,
where the underlying data distribution is likely different. We generally refer to
the data we train on as the source domain and the target domain for testing
data. One of the main challenges in DA is that the underlying distribution of
samples is not known, and thus a data set may be distributed differently than
a test set due to several factors e.g. a limitation in the number of samples,
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4 CHAPTER 1. INTRODUCTION

biased sampling or external factors changing the sampled data over time.

In scenarios where we observe distribution shift there may be further
constraints that arise naturally, an important case being that information may
be unavailable. An example of this is in the healthcare setting when we are
trying to classify pathologies using chest X-ray images. We can train a model
from historical registry data collected at Hospital A. Naturally, we may then
want to apply this model at Hospital B. However, the patient cohort at Hospital
B can be substantially different than the one at A. In this setting it is common
that the labels corresponding to some features might be hard or even impossible
to access, e.g. predicting outcomes which have yet to occur. For example,
we probably do not know if a patient will develop COPD within a year from
when features are collected. Therefore we can assume that we have access to
features (chest X-rays) from hospital B but not the corresponding labels. This
specific setting is called the unsupervised domain adaptation (UDA) setting,
where labels are unavailable for the target domain. This setting is common in
healthcare and other domains where labeling is expensive, time-consuming, or
impossible.

Foundational theoretical work in UDA, such as the seminal work by Ben-
David et al. (2007), and subsequent contributions (Cortes et al., 2010; Mansour
et al., 2009b), aim to quantify how distribution shifts affect model performance.
Since there is a lack of labeled information it does not allow us to adjust our
model based on this knowledge. Furthermore, it is known that we may find
guarantees of consistent learning if we do have this information (Blitzer et al.,
2008). Moreover, adaptation in this setting is impossible without additional
assumptions. (Ben-David & Urner, 2012) However, despite many theoretical
and methodological advances, the theory of UDA often relies on assumptions
which are implausible in real-world application or metrics which are impossible
to quantify with the observed data. Furthermore, it is not clear what amount of
information to assume access to for realistic and useful generalization guarantees.
Moreover, there still remains a gap in performance compared to models that
has been given access to target labels, which is not fully explained theoretically.

Distributional shifts and their impacts during training arises in DA when
we consider multiple sources which contain their own distinct datasets. These
multiple sources may give rise to heterogeneity in the classifiers learned on
these disparate data sets and has been studied extensively (Mansour et al.,
2008; Ben-David et al., 2010a; Hoffman et al., 2018; Peng et al., 2019).

An example of this is the Federated learning (FL) setting which also contains
multiple sources of information with an additional constraint on communication.
Federated learning is a form of decentralized learning where several clients
collaborate, coordinated by a central server, to build a stronger model than
they could individually. This training is based on iteratively transmitting model
parameters or gradient updates to the central server, which then aggregates
these into one central model which is transmitted back to the clients. This
setup preserves privacy but introduces challenges due to data heterogeneity
across clients.

Originally proposed as a method for distributed training under limited
computational and bandwidth resources (McMahan et al., 2017), FL has
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evolved into a broader paradigm focused on training models without sharing
data across clients, maintaining privacy while still benefiting from all client
datasets. FL thus embodies a trade-off between performance and privacy,
with some works emphasizing privacy preservation, and others focusing on
maximizing performance. However, distribution shifts among clients remain
a key open challenge (Kairouz et al., 2021). The heterogeneity these shifts
produce can degrade model performance and adversely effect convergence.

There are myriad approaches to handling different types of heterogeneity in
FL based on adjusting either server-side (Reddi et al., 2021; Zeng et al., 2023;
Li et al., 2023; Zhou et al., 2023) or on the client-side (Li et al., 2020; 2021;
Chen et al., 2018; Jiang et al., 2019; Fallah et al., 2020; Li & Zhan, 2021) to
account for the heterogeneity. However, since we generally do not know the
particulars of all datasets at neither the server nor the clients we cannot make
use of the theoretical approaches found in DA. Therefore, there is a need to
find methods and assumptions which allow us to learn useful models in FL,
even under distribution shift.

In this thesis we will investigate the issues detailed above in several ways,
both in the centralized UDA and federated learning settings. We consider the
following questions (i) how to predict performance under distribution shift in a
practical way, (ii) what benefits are gained by introducing settings where we
expand the amount of information available during training and (iii) how to
develop competitive methods for these settings.

First, we explore the measurement of performance in unsupervised domain
adaptation by evaluating theoretical bounds. We survey the field of available
generalization bounds with an particular focus towards their practicality and,
after selecting candidates, make empirical comparisons. Next, we consider
a novel set of assumptions for UDA based on the having access to auxiliary
privileged information which we show is both practical and empirically well-
performing. We continue with expanding on the idea of additional information
in the FL setting where we show that access to label marginals can substantially
improve performance in cases where clients are heterogeneous with respect to
their label distributions. Finally, we explore another aspect of heterogeneity in
FL where the label sets of clients are non-identical and clients are unwilling
to share them for privacy reasons. We propose adaptations of common FL
methods and find that they incur only a small performance cost for the increased
privacy. We also adapt methods from classifier coupling to align client models
which achieves some promising results.

1.1 Thesis contributions

The main contributions of this thesis is summarized as follows:

• Paper I (Breitholtz & Johansson, 2022) explores whether it is possible to
use the available bounds in the UDA literature for the explicit purpose
of accurate performance prediction. We postulate a set of desiderata
which such a bound should fulfill: that it should be tight; i.e. close to the
observed performance of our model, possible to estimate from observed
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data and tractably computable for realistic model classes and datasets.
We survey the field of available domain adaptation bounds with regards
to these desiderata and make empirical comparisons of how they perform
on these three attributes. We find that PAC-Bayesian style bounds are a
good fit for this and show two new such bounds.

• Paper II (Breitholtz et al., 2024) proposes a novel set of assumptions
based on the concept of privileged information (PI), information which
is auxiliary and only available during training. We argue that this set
is more plausible than the more common set of assumptions used in the
literature. Further, we show that these assumptions ensure consistent
learning and provide a generalization bound. We then construct two
model architectures, one which more closely follows our theory and a
more practical end-to-end method. Extensive empirical investigation,
across several datasets, show that these methods perform well compared
to baselines which does not make use of PI.

• Paper III (Zec et al., 2025) investigates a similar concept to Paper II in
the federated learning setting with heterogenous clients. It introduces
FedPALS, a method which makes use of label marginals from clients
and the target domain. It seeks to find a trade-off between having
the aggregation of models be faithful to the target distribution and
maintaining maximal sample efficiency. We show that our method resolves
to the common federated averaging algorithm when focus on sample
efficiency dominates. Empirically, we find that FedPALS performs very
well with substantial performance gains compared to baselines which lack
access to label marginals.

• Paper IV (Breitholtz et al., 2025) considers a more private FL setting
with increased heterogeneity compared to Paper III. We consider that
label sets are non-identical across clients. In addition, the clients are
unwilling to share their label sets for privacy reasons; we call this the
private label set setting. We adapt common FL methods to this setting
as well as a tuning approach inspired by classifier coupling literature. We
find that these methods perform quite well in this restricted setting with
small performance impacts compared to the non-private setting.

1.2 Thesis outline

This thesis is outlined as follows: In Chapter 2 we detail background of
distributional shifts, domain adaptation, federated learning and other concepts
which are used in the appended papers.

Chapter 3 contain summaries of the appended papers. Chapter 4 contains
a summary of the main contributions of the thesis. Further, it discusses some
limitations of the methods and theory presented in the thesis and outlines
several directions for future work.



Chapter 2

Background

Modeling relationships existent in large sets of data is an extremely powerful
tool. This is the main objective in supervised machine learning (ML) where we
aim to model a mechanism, h, which produces some desired answer Y , given an
input X. These inputs are observed through a collection of samples {xi, yi}ni=1

which is called the training set. From this training set we wish to model
the probability distribution P (Y |X) using the data. To measure the models
performance, it is subsequently applied to some unseen dataset; which we call
a test set. This framework is widely applicable to a huge swathe of problems,
and has been used to great effect in many fields such as the healthcare sector
and several other industrial applications.

We formulate the core problem as a risk minimization where the quantity
we seek to minimize is the expected risk. The risk denotes how much erroneous
behavior we expect our model to have over some data distribution D = X ×Y ,
as measured by a loss function, ℓ. The loss function is specified such that
it measures discrepancy between the model prediction h(X) and the desired
outcome, Y .

The problem we solve in supervised ML can thus be stated as follows

min
h∈H

R(h), R(h) := E
(X,Y )∈D

ℓ(h(X), Y ) . (2.1)

In general, the distribution D is unknown and as such we need to find a way
to estimate the risk using known quantities. The general approach to this is
to use empirical risk minimization (Vapnik, 1991). This is simply to use the
samples we have observed, that are drawn from D, and minimize the loss based
on these.

min
h∈H

R̂(h), R̂(h) :=
1

n

n∑

i=1

ℓ(h(xi), yi) (2.2)

The result of this optimization problem will be a model from the family
of models, H, that produces the lowest empirical risk. However, it is not
guaranteed that this will be a unique solution or that this is the model which
will generalize well on unseen data. To be able to say something regarding this
we need to have additional assumptions on the model or the data which we

7



8 CHAPTER 2. BACKGROUND

observe. A fundamental assumption which is central to the success of ML is
the assumption that the data points that one is trying to model are similar
to the ones that the model will encounter when applied. This assumption
states that the data points are independent and identically distributed (i.i.d.)
according to the same distribution D for both the training and test sets. This
assumption is in general quite unrealistic as in real-world applications it is
quite common for the distribution of data to undergo shifts of some sort. This
can come up either through intentional action or inadvertently. Intentionally
changing geographical location to apply models, changes in testing protocols
or equipment variation are examples of the former. Unintentional shifts may
arise due to time passing e.g. seasonal variation or the test population evolving.
The kinds of shifts that are possible and the effects that they can have is what
we will consider next.

2.1 Distributional shifts

PT (X)PS(X)

Covariate Shift

E[P (Y |X)]

x

y

P (X)

Concept Shift

E[PS(Y |X)]

E[PT (Y |X)]

x

y

Figure 2.1: Illustration of covariate shift and concept shift when the underlying
functions are linear. Label shift and concept drift can be illustrated similarly
but with X taken as the dependent variable, instead of Y . Domain shift is
when both shifts occur simultaneously.

In cases where the i.i.d. assumption does not hold there is some shift
between the distributions that the training set and test set are drawn from.
This can be due to several different types of shift. To detail the types of
shift that are possible, we should first consider the decomposition of the joint
probability distribution,

P (X,Y ) = P (Y |X)P (X) = P (X|Y )P (Y ) . (2.3)

From this expression we can detail shifts which occur in any combination of
the components of the joint distribution between the two distributions. We
call the distributions PS and PT . Some shifts are illustrated in Figure 2.1
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1. Covariate shift: A shift where the mechanism P (Y |X) is assumed
identical across domains and the distribution over features P (X) varies.
For example, if our task is to classify animals in images but the training
and test sets are taken in different locations. If the background content
of images change between the data sets but the images still depict the
same types of animals, then there has been covariate shift.

2. Label shift: Here we assume that P (Y ) can vary but the P (X|Y ) is the
same across distributions. Consider the example of sales statistics where
labels are product categories. Label shift means, in this context, that the
proportion of sales across product categories varies between two different
retailers and the target, but that the pattern of customers who purchase
items in each category (P (X|Y )) remain consistent.

3. Domain shift: This denotes a more general shift where both the con-
ditional term, P (Y |X), and marginal term, P (X), can vary. Of course
this is very challenging and could be impossible to model, absent other
relationships between distributions. (Ben-David et al., 2010b;c) This can
be the case when we model a problem where both the labeling mechanism
and input distributions change. E.g. interpretation of liability from legal
texts between countries. The texts may be both written in a different
way (P (X) changes), and their interpretation is different depending on
countries legal precedent (P (Y |X) changes).

4. Concept shift: This refers to when the function which maps inputs to
outputs, P (Y |X), change but the input distribution stays the same. For
example, in the diagnosis of medical conditions, a set of patient features
(e.g. symptoms) may indicate different diseases (labels) in different
populations.

5. Concept drift: Similar to the shift above, with the change occurring
in the mapping P (X|Y ) while P (Y ) is constant. This can be the due to
a shift in appearance of labeled data caused by e.g. seasonal variation.
An example is store purchase volumes increasing in some parts of the
year than others, which could be driven by (possibly unmeasured) factors
such as sales campaigns or stronger consumers due to tax refunds.

As we can see in the list above, there are many different possible shifts in
distribution and some are more common than others. The fact remains that
to solve the ML problem effectively under a distributional shift we need to
consider strategies to deal with the shift. However, we first need to ask the
question of how to quantify the existence and extent of a shift.

Measuring differences between distributions is not a perfectly well-defined
concept, and many different metrics can be constructed. One may measure
discrepancy between distributions in a specific way, and this measure may be
more or less useful depending on the data and assumptions that are being
made. We will detail some common choices of such metrics next.
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2.1.1 Distributional discrepancy metrics

The notion of having a measure of the difference between distributions is
not novel. It hails from the statistical problem to discriminate between two
populations (Welch, 1939; Brown, 1950), in particular where one makes limited
assumptions about their properties. Early works such as the techniques of Fisher
(1936) treated this for distributions which are partly known, and more generally
using the notion of hypothesis testing for unknown distributions (Neyman &
Pearson, 1933).

We can define a specific metric which provides a notion of distance between
distributions in many ways. However, they can be sorted into two main
categories f-divergences and integral probability metrics. The f-divergences
were first introduced in Rényi (1961) and the f-divergence of P from Q can be
written as

Df (P ∥ Q) =

∫

Ω

f

(
dP

dQ

)
dQ, (2.4)

where Ω is some space and f a convex function. An early example of these
divergences is that of Kullback & Leibler (1951) which generalized a notion
from information theory to form the Kullback-Liebler (KL) divergence. The
KL-divergence from a distribution Q to P is defined as

DKL(P ∥ Q) =

∫

x∈X
log

P (dx)

Q(dx)
P (dx), (2.5)

for some measurable space X . I.e., it is the expectation of the logarithmic
difference between the probabilities P and Q, where the expectation is taken
using the probabilities P . One should note that this is not a metric as it is not
symmetric, nor is it bounded.

Integral probability metrics (IPMs) is the second type of distances between
probability distributions. Initially termed by Müller (1997), IPMs are distances
on the space of distributions over a set X defined by a class F of real-valued
functions on the same set. We define them as

DF (P,Q) = sup
f∈F

∣∣EX∼P f(X) − EY∼Qf(Y )
∣∣ = sup

f∈F

∣∣Pf −Qf
∣∣. (2.6)

A recent example of IPMs is one called the maximum mean discrepancy
(MMD). This IPM was used to discriminate based on the moments of the
distributions using a kernel function (Gretton et al., 2012). The MMD between
two probability distributions P and Q is defined as

MMD(F , P,Q) = sup
f∈F

( E
x∼Q

[f(x)] − E
y∼P

[f(y)]), (2.7)

for some kernel function class F from a reproducible kernel hilbert space.
Importantly, there is a metric which resides in the intersection between

these two classes of metrics, which is the Total variation metric (Jordan, 1881).
It is defined on a measurable space (Ω,F) as

TV(P,Q) = sup
A∈F

|P (A) −Q(A)| .
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I.e., the metric yields the largest absolute difference between the probabilities
that the two distributions assign to the same event, A. One can note that the
TV metric is quite a pessimistic comparison of distributions. As an example,
consider two distributions which agree completely on the probability of all
events except one where they disagree with some amount ∆. Compare this
to two distributions which do not agree for any events but never more than
∆ − ϵ, which leads to the latter being assigned a lower metric value than the
former. This highlights the need to choose metrics for comparison carefully
depending upon the application and the notion of “closeness” one wishes to
promote. Moreover, it is also salient to consider whether a metric can be
accurately estimated from the available data during training. As we will see,
this is relevant for achieving guarantees on performance under distribution
shift which are not only theoretically correct, but also practically evaluable.

2.2 Unsupervised Domain adaptation

When we expect the i.i.d. assumption to be violated, we need to change our
theoretical treatment to account for this. This is the focus in the field of
unsupervised domain adaptation (UDA). The training samples that we have
access to is assumed have been drawn from an underlying distribution S. This
distribution over the product space X × Y is referred to as a domain. In UDA,
we assume that we have access to (X,Y ) ∼ S and X̃ ∼ TX ; where S and T
are called the source and target domains respectively and TX is the marginal
distribution of features in the target. These quantities will be observed through
samples S = {xi, yi}ni=1 ∼ (S)n and S′

x = {x̃i}mi=1 ∼ (Tx)m, where (D)N

denotes the distribution of a sample of N datapoints drawn i.i.d. from the
domain D. The goal of UDA is to learn a model h, such that it minimizes the
risk on data from the target domain. More formally, we write

min
h∈H

RT (h), RT (h) := EX,Y∼T [ℓ(h(X), Y )] . (2.8)

Note that we now have two distributions, S and T , which are materially
different from each other. We also do not observe full samples from the target
domain, where we want to estimate model performance, which then precludes
the use of ERM as in regular ML. We can think of the distributions as being
somehow shifted relative to each other, and understanding this discrepancy is
central to estimating RT (h) well.

The UDA problem was initially considered in natural language processing (Hwa,
1999; Chelba & Acero, 2006; Blitzer et al., 2006) where it was observed to
naturally arise. An early theoretical treatment based on maximum entropy
models was done by Daumé III & Marcu (2006). The first general treatment is
due to Ben-David et al. (2007) where the idea of a discrepancy metric between
the source and target domains was introduced. Defining other such metrics
has been a focus in several subsequent works in UDA such as e.g. Mansour
et al. (2009b); Cortes & Mohri (2014). The proposal of different metrics, such
as those detailed in 2.1.1, is motivated by the implicit assumptions made by
their use and the fact that there are many ways to construct them.
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In summary, the DA framework is a general framework which can describe
the process of learning under distribution shift. DA can also lend itself fairly well
to variations of different kinds; extending the setting to situations with varying
amounts of information available. We will detail some of these extensions next.

2.2.1 Multiple source domain adaptation and federated
learning

A natural extension of the UDA setting is to include the possibility of several
different source domains. The motivation for such an approach would be that
any one source domain would have a lesser probability of accurately representing
the target domain. As such, the use of multiple domains would more likely
lead to a higher likelihood of the target being covered in a distributional sense.
This setting is called multi-source domain adaptation (MSDA) (Mansour et al.,
2008; Ben-David et al., 2010a) and occurs in many real-world situations such
as sentiment analysis and image classification where data originate from several
different sources. Formally, MSDA assumes access to labeled data from n
source domains and unlabeled data from one target domain.

In contrast to regular UDA we need to reconcile discrepancies not only
between the sources and the target but also among the source domains them-
selves. This is commonly tackled with representational alignment of features,
either by discrepancy based methods (Hoffman et al., 2018; Peng et al., 2019;
Guo et al., 2018) or adversarial methods (Xu et al., 2018; Zhao et al., 2020).
This type of problem generally require the use of large datasets to achieve high
performance. However, to collect and store such datasets may be challenging
for many reasons, privacy being a central one. Increased regulation of personal
data collection as well as changing user preferences make privacy-preserving
methods a valuable direction of study. In the machine learning context this
has taken the form of the study of differential privacy (Dwork et al., 2006) and
federated learning (McMahan et al., 2017) (FL) methods. Of course, there
have been many works studying distributed machine learning before FL was
introduced by McMahan et al. (2017). However, we will not provide a compre-
hensive survey of them in this thesis. Federated Learning is a decentralized
machine learning paradigm where model training occurs across multiple clients
(e.g., mobile devices, hospitals, organizations), each holding local data that
remains private. I.e., the data is not transmitted outside the client to preserve
the clients privacy but instead model parameters θi are transmitted. See Figure
2.2 for a schematic overview. A central server orchestrates the training process,
which we will detail next.

FL is generally formulated as follows: assume that there are K clients,
each with a dataset, Di = {xik, yik}nkk=1, which only they have access to. For
each client which takes part in the federation, they solve a local optimization
problem by minimizing their risk locally

min
h∈H

Ri(θi), Ri(θi) = EDi [ℓ(hi(θi;x), y)] , (2.9)

where θi are the local model parameters.
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θt,i

. . . . . .S1

Di(x, y) ̸= Dj(x, y) ̸= T (x, y)

Figure 2.2: Schematic overview of federated learning (FL). Note the likeness
with MSDA as each client can be viewed as its own source domain Si where
the datasets Di are not necessarily distrubuted equally. The key difference
between the two settings being the decentralized nature of FL, where only
model parameters are shared with a central, coordinating server.

The larger objective of FL is then to train a single global model that
minimizes the risk across all clients, i.e. minimizing

Rfed =
1

K

K∑

i=1

Ri(θi) . (2.10)

One of the most widely used algorithms for solving the FL problem in (2.10)
is federated averaging (FedAvg) introduced by McMahan et al. (2017). This
algorithm first lets the clients take one or several local steps of stochastic
gradient descent solving (2.9). Then the clients update their local models
which are then transmitted to a central server. This server then aggregates
the model parameters to create a global model. The aggregation is done by
performing a weighted average of the local models, which is applied layer-wise.
The weights in the aggregation is based on the sizes of the local datasets, which
for some timestep t is calculated as

θt =

M∑

i=1

ni
n
θti , (2.11)

where n is the total amount of samples in all clients and M is the amount of
clients participating in the last round of updates. This is not necessarily equal
to K as we allow for some fraction of clients to be inactive. This is motivated
by applications with a very large amount of clients, where it is unlikely that
all clients will participate at all times. We present an algorithmic overview of
FedAvg in Algorithm 1.

The connection between MSDA and FL arises when we interpret the source
domains in MSDA as clients in a federated system. In this view, each client
represents a distinct data distribution (i.e., a source domain), and the system
seeks to train a model that generalizes well to a new, unseen distribution (i.e.,
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Algorithm 1: Federated Averaging

Data: Client set S, learning rate η and local datasets Di indices {Ik}
Server executes:
Initialize central parameters θ0

for each round t = 0, ..., T − 1 do
Sample M clients from S
for each client k = 1, ...,M do

Distribute θt to client i

Receive client update θt+1
i = Client Update(i, θt)

end

θt+1 =
∑M
i=1 θ

t
i
ni
n where n =

∑M
i=1 ni

end
return h(θt+1)

Function Client Update(i, θ):
for local step j = 1, ..., E do

θ = θ − η∇ℓ(h(θ;x), y) for x, y ∼ Di

end
return θ

Server

S1 S2

Figure 2.3: A simple example of client heterogeneity in terms of the label
set distributions in clients being materially shifted w.r.t each other. Note
that the aggregate of clients does not necessarily equal the server side test set
distribution.

a target domain). Naturally, heterogeneity can arise in the FL clients due to
distribution shifts between them, this is what we will treat next.

2.2.2 Heterogeneity in federated learning

As mentioned above, issues may arise with non-i.i.d. data across domains/clients
in FL. When the client datasets differ significantly in distribution, we should not
expect averaging of parameter to produce a better classifier than the individual
models. Furthermore, in more adverse cases of heterogeneity, the training may
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converge slower or the resulting classifier may perform worse than it would
have in an i.i.d. setting. This is related to the fact that there often is an
assumption that the target is some aggregate of the clients which in general may
not be the case. Consider the example in Figure 2.3, where we have two clients
with different label distributions over their respective datasets. Moreover, the
aggregate of these clients does not conform to the distribution which is observed
in the test set on the central server. This can prove challenging as the models
may have differing notions of how to discriminate between the two classes
and it is not clear whether aggregating the two would have a beneficial effect,
especially if the aggregate of the clients is not identical to the test set. This
would then lead to the problems we highlighted earlier, e.g. slow convergence
or suboptimal performance.

While the problem remains open generally, there have been approaches which
consider alternative objectives, e.g maximizing worst-group performance (Mohri
et al., 2019). Other efforts to mitigate the effects of distributional shifts in
federated learning can generally be categorized into client-side and server-
side approaches. Client-side methods use techniques such as regularization
techniques that penalize large deviations in client updates (Li et al., 2020; 2021),
client clustering (Ghosh et al., 2020; Sattler et al., 2020; Vardhan et al., 2024)
which makes models for each client cluster and meta-learning (Chen et al., 2018;
Jiang et al., 2019; Fallah et al., 2020). Server-side methods focus on improving
model aggregation or adjusting post-aggregation. These include optimizing
aggregation weights (Reddi et al., 2021), increasing gradient diversity during
updates (Zeng et al., 2023), learning adaptive aggregation weights (Li et al.,
2023) and using iterative moving averages to refine the global model (Zhou
et al., 2023). Another related area is personalized federated learning, which
focuses on fine-tuning models to optimize performance on each client’s specific
local data (Collins et al., 2022; Boroujeni et al., 2024; Mclaughlin & Su, 2024).
This setting, while interesting, will not be a focus in this thesis.

2.3 Guarantees and generalization bounds

In many settings, ensuring good performance of a model is critical to successful
deployment. High-stakes settings have this attribute, e.g. autonomous driving
and making treatment decision in healthcare settings. If the aim is to guarantee
a specific level of model performance we need a bound on the target risk as
specified in the previous section. Simply showing acceptable performance on
held-out datasets is not a guarantee that the performance will not degrade
when applied in other settings. Such a degradation in performance has been
observed in e.g. the healthcare setting (Zech et al., 2018), and natural language
processing (Jia & Liang, 2017).

As the quantity in (2.8) is written as an expectation over the a priori
unknown distribution T we will have to estimate the risk somehow. Therefore,
we can substitute the expectation by computing an approximation of this using
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the sample average which we write as

R̂T (h) =
1

n

n∑

i=1

ℓ(h(x̃i), ỹi) (2.12)

for some sample {x̃i, ỹi}ni=1 ∼ (T )n. However, as we assume that we do not
have access to target labels we have to estimate the target risk with something
that we actually can calculate. Therefore, to deal with this complication we
use theory to connect the expected target risk to the expected source risk.

Further, we assumed that the distributions of the source and target data were
different from each other. Therefore, we need to account for the discrepancy
between the two distributions. This can be done in several different ways; to
illustrate, we show a simple example of what we want to achieve. We want
some way to bound the target risk with quantities which we have some hope of
estimating with the available information, i.e. we want to find a bound on the
following form:

RT (h) ≤ RS(h) + D(S, T ) .

The last term, D(S, T ), is measuring some distance/discrepancy between the
source and target domains. We call this discrepancy the domain shift term
which figures in some form in all domain adaptation bounds. Of course, we
have to ensure that the domain shift term does not depend on knowledge of
the target distribution.

After this step, we wish to bound the expected source risk with a sample
average like in (2.12). However, we still need to account for the error between
the expected and empirical risk. This means that a sample generalization
term must be added, i.e. a term accounting for the error which we see due
to our sample size being limited. One approach to estimating the sample
generalization error of a classifier is to use statistical learning theory which we
will detail in the next section.

Thus, if we have the tools to both relate the source risk to the target risk
and connect quantities in expectation to their empirical counterparts, we can
express generalization bounds on the following form:

RT ≤ f(Empirical source risk, Domain shift, Sample generalization error).

The specific form of f and the terms it depends on is decided by the theoretical
approach taken to the steps detailed above. However, the two main forms are
whether the domain shift and sample generalization terms are related through
addition or multiplication. We will now go into the main theoretical tools used
to solve the two challenges detailed above.

2.3.1 The PAC learning framework

The most prevalent theoretical framework for reasoning about the generalization
performance of non-deterministic statistical models is statistical learning theory,
more specifically, a theory called Probably Approximately Correct (PAC)
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learning (Valiant, 1984). This theory allows us to through assumptions on
the model, task and data show that a certain task is learnable, specifically as
understood through the PAC lens.

This means is that for a certain task it can be shown to be PAC learnable if
we can show that given an algorithm A and a sample of size n, the algorithm
A returns a model from the model class, H, which has a small average error, ϵ,
with high probability, 1 − δ. This then amounts to that we can show that the
risk for a specific model on the given data is smaller than some value ϵ > 0
with confidence level 1 − δ, where δ < 1, or more formally,

Pr[E[ℓ(h(x), y)] ≤ ϵ] ≥ 1 − δ, ∀h ∈ H. (2.13)

With a formulation on this form we can then use some well known results, often
based on concentration inequalities, such as e.g. Hoeffding’s inequality to move
from an expectation form to an empirical form. This is due to the inequality
providing an upper bound on the probability that the loss deviates from its
expected value by more than a certain amount. Using these kinds of techniques
we can, using application of standard theory (Vapnik, 1998), get bounds like
the following. For an i.i.d. sample of size m we have that the following holds
with probability at least 1 − δ for every h ∈ H:

RS(h) ≤ R̂S(h) +

√
4

m

(
d log

2em

d
+ log

4

δ

)
. (2.14)

The quantity d in the above expression is the so-called Vapnik-Chervonenkis
(VC) dimension. The VC dimension is a measure of how complex the family
of functions, H, are. An early example of a bound on the target risk that is
achieved using this framework is the following one from Ben-David et al. (2007)

RT (h) ≤ R̂S(h)

︸ ︷︷ ︸
Empirical

risk

+

√
4(d log 2em

d + log 4
δ )

m︸ ︷︷ ︸
Sample generalization

+ dH(S, T ) + λ

︸ ︷︷ ︸
Domain shift

, (2.15)

where d is the VC dimension of the H, λ is the sum of the errors on both
domains of the best performing classifier h∗ = arg minh∈H(RS(h) + RT (h)),
and dH(S, T ) = 2 supA∈{{x:h(x)=1}:h∈H} |PrS [A] − PrT [A]| is the A-distance
for the characteristic sets of hypotheses in H. There are many subsequent
works which use this approach also use the PAC style with different choices
of discrepancy terms and methods of bounding sample generalization. (Cortes
et al., 2015; Acuna et al., 2021; Liu et al., 2025) Using the PAC approach we
get a bound which holds uniformly over the class of hypotheses H. This is
one of the features of PAC learning, the bounds hold for all classifiers in the
considered class. However, this can also be a weakness as this produces bounds
which must, by definition, hold for the worst classifier imaginable from the
class. Depending on the richness of the class this can be arbitrarily limiting.
In response to this issue, there is an extension to the PAC framework which
does not suffer the same fate which we will detail next.
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2.3.2 The PAC-Bayes framework

PAC-Bayes theory is an extension of PAC theory based on using the PAC
framework to understand Bayesian classifiers. This way of analyzing classifiers
was initially proposed by Shawe-Taylor & Williamson (1997), with the first
generalization guarantee being proved by McAllester (1998). The framework
studies generalization of a posterior distribution ρ over hypotheses in H, learned
from data, in the context of a prior distribution over hypotheses, π. The gener-
alization error in ρ may be bounded using a divergence between ρ and π as
seen in the following classical result due to McAllester (2013).

For a prior π and posterior ρ on H, a bounded loss function ℓ : Y × Y → [0, 1]
and any fixed γ, δ ∈ (0, 1), we have w.p. at least 1 − δ over the draw of m
samples from D, with KL(p∥q) denoting the Kullback-Liebler (KL) divergence
between p and q,

E
h∼ρ

RD(h) ≤ 1

γ
E
h∼ρ

R̂D(h) +
KL(ρ∥π) + ln( 1

δ )

2γ(1 − γ)m
. (2.16)

As we can see in (2.16), we now have an expression which is stated as an
expectation over the posterior distribution ρ. This is in addition to the
expectation over the distribution of the data. Thus the bound holds, on
average, for classifiers drawn from the posterior ρ. We can interpret ρ as a
distribution over the parameters of our trained classifier. The posterior would
then be a distribution around the classifier, effectively covering those classifiers
which are close in parameter space to our trained classifier. A prominent feature
of the framework then, is that we restrict our prediction to a smaller part
of the model space. The additional complexity incurred by this is by adding
an expectation over the distribution ρ, i.e, the models which are close to the
learned classifier. We consider an additional expectation to be an expense, as
it increases computational complexity to a prospective evaluation of the bound.
There are some key things to note with this formulation that are advantageous
if we want to estimate the quantities in the bound. First, the shape of the
prior and posterior distributions are not explicitly stated and can be chosen
at will; no matter the choice, the bound will still hold. Further, the posterior
ρ is something which we learn from the training data. We will next detail
another way in which the PAC-Bayes formulation is preferable when the aim is
to achieve tighter bounds.

2.3.3 Data-dependent priors in PAC-Bayes

The sample complexity term in (2.16), based on the KL-divergence, grows as
the prior π and posterior ρ become more dissimilar. This may happen if the
posterior is very sensitive to the training data or the prior is poorly chosen. The
posterior should be sensitive to the data in some respect, otherwise the training
of it would be ineffective. To prevent a radical divergence between π and ρ we
can inform our choice of prior with some of the data we have available. This is
called a data-dependent prior and was developed by the work of Ambroladze
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et al. (2007) and Parrado-Hernández et al. (2012), with an extension to neural
networks by Dziugaite et al. (2021).

When we use this type of prior, given that enough data has been used to
inform the prior, we will observe a tightening of the resulting bound. This will
be due to the KL term being smaller since the prior and posterior are now
closer to each other. It is important to note that any data which is used to
learn a prior must be independent of the data used to evaluate the bound. If
this is not ensured the bound will not hold. However, we should also note that
this restriction does not affect which data is used to learn the posterior, ρ.

2.3.4 Bounds in MSDA and federated learning

The theoretical frameworks discussed previously can be used to analyze both
MSDA and FL as well. For instance, Crammer et al. (2008) and Mansour et al.
(2009a) both contribute theoretical PAC-style bounds based on Rademacher
complexity and Renyi Divergence respectively. More recent approaches to
bounding error in MSDA from Shui et al. (2021) and Chen & Marchand (2023)
make use of some labeled target data to achieve guarantees on performance.
The main difference between the bounds which we obtain in regular DA, and
those in MSDA is that there usually is some term which relates the target
risk to some combination of the source risks and also potentially the pairwise
discrepancy between sources or between some combination of sources and
target.

In federated learning there are similar lines of work which show bounds
on performance. The communication constraints inherent to the setting does
complicate matters, and treatments which take heterogeneity of clients into
account is rare. The works of Mohri et al. (2019), Fallah et al. (2021), Chen
et al. (2023) and Boroujeni et al. (2025) all present bounds in the FL setting
where heterogeneity is considered. However, they all make different assumptions
on the boundedness of the loss, convexity of the problem or on the level of
client-wise heterogeneity. This highlights the complex nature of constructing
theory in such a difficult and constrained setting, as well as the importance
of assumptions. The impacts, trade-offs and limitations inherent to making
assumptions on the tasks we want to solve is what we will discuss next.

2.4 Assumptions and their impact

Current theoretical approaches have produced general guarantees for perform-
ance, but these are limited in their ability to provide realistic guarantees on
UDA and similar problems. It is known that general adaptation is impossible
and thus the question then becomes: What do we need to assume to guarantee
consistent learning?

Consistent learning implies that our model will learn to solve the task at
hand in the limit of infinite samples and that we will do so every time. That
is, as the sample size n increases the estimates converge in probability to
the value that the estimator is designed to estimate. To ensure this, a large
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swathe of works make assumptions that are quite similar. First, one makes some
assumption regarding a conditional probability distribution related to either One
can assume that the underlying function which generates outcomes is the same
between the domains. This is called the covariate shift assumption (Shimodaira,
2000), meaning that the data is allowed to change, but not the function labeling
the data. We write this as follows:

Assumption 1 (Covariate shift). For domains S, T on X × Y, we say that
covariate shift holds with respect to X ∈ supp(S, T ) if

∃x : T (x) ̸= S(x) and ∀x : T (Y | x) = S(Y | x) ,

where supp(S, T ) is the common support of the domains. This assumption
is often made and can hold in many different settings, we often have little
reason to believe that the underlying labeling function will change just because
the domain has done so.

Another similar approach is what we call the label shift assumption. (Saerens
et al., 2002; Lipton et al., 2018) This is similar in nature to covariate shift,
but instead focused on the conditional D(X | Y ). So here, in contrast to the
former, the distribution of inputs given labels is the same across domains. It
can be described as follows:

Assumption 2 (Label shift). For domains S, T on X × Y, we say that label
shift holds with respect to Y ∈ supp(S, T ) if

∃y : T (y) ̸= S(y) and ∀x : T (X | y) = S(X | y) .

One might be tempted to think that any of the two assumptions above
would be enough, however, this is unfortunately not the case. As shown in
Ben-David et al. (2010b) we also need a assumption of coverage of the target
domain to have a guarantee of consistent learning. Therefore, we also need the
overlapping support assumption to be able to guarantee consistent learning.

Assumption 3 (Domain overlap). A domain S overlaps another domain T
with respect to a variable Z on Z if

∀z ∈ Z : T (Z = z) > 0 =⇒ S(Z = z) > 0 .

This assumption states that if some datapoint is possible to observe in the
target domain we also have a non-zero probability to observe it in the source
domain. As should be evident, this is quite a strong assumption that may not
hold in realistic scenarios. We illustrate this phenomenon in figure 2.4.

To exemplify how assumptions result in limitations on theory we will present
some examples from the literature. We start with the following bound due to
Cortes et al. (2010)

RT ≤ R̂wS + 25/4
√
d2(T ∥S)

3/8

√
d log 2ne

d + log 4
δ

n
.

This bound is an example of an importance weighting bound which bounds the
target risk using a weighted empirical source risk, R̂wS . In this term we re-weight
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the loss function according to the density ratio w(x) = T (x)
S(x) of each sample.

For this style of bound we run into issues when the overlap assumption does
not hold. Consider the density ratio above; if there is a lack of overlap we may
have a data point which only has non-zero density in the target domain. This
leads to a division by zero in w and the bound immediately becomes vacuous.
The issue is that it is very simple to violate overlap in practice, e.g. learning
from black and white images and applying to color images. This inability to
handle the non-overlapping case is a weakness we would like to avoid.

So we might come to the conclusion that we should avoid the importance
weighting type bounds but still keep the assumptions. This often yields
something akin to the bound we stated in (2.15). We will state a similar bound
here due to Ben-David et al. (2010a):

RT (h) ≤ RS(h) + 4

√
2(d log 2m+ log 2

δ )

m
+

1

2
d̂H∆H(S, T ) + λ, (2.17)

where

d̂H∆H(S, T ) = 2


1 − min

h,h′∈H




1

m

∑

x∼(TX)m:
h(x)̸=h′(x)

1[x] − 1

m

∑

x∼(SX)m:
h(x)̸=h′(x)

1[x]





 .

This bound has some qualities that we might take issue with; these are mainly
related to the way domain shift is measured. First, the d̂H∆H term measures
the discrepancy between how much two distinct hypotheses will disagree on
the source and target. Intuitively this accounts for the difference between the
source and target, but this quantity is not easy to calculate as it requires a
minimization over the hypothesis class, H. This is difficult to evaluate as the
class can be very large, which is the case for neural network classifiers. This
type of of quantity figures in many other works. (Ben-David et al., 2007; Blitzer
et al., 2008; Ben-David et al., 2010a; Morvant et al., 2012; Mansour et al.,
2009b; Redko et al., 2019; Cortes & Mohri, 2014; Cortes et al., 2015; Yin et al.,
2024; Koc et al., 2025).

Second, the λ term, which accounts for the joint optimal error of the best
classifier, is not possible to observe with the data available. So if we want a
bound that is tight we have to assume that this quantity is small. This non-
observable quantity or ones like it is quite common in the literature. (Kuroki
et al., 2019; Redko, 2015; Long et al., 2015; Redko et al., 2017; Johansson
et al., 2019; Zhang et al., 2019; Dhouib et al., 2020; Shen et al., 2018; Courty
et al., 2017; Germain et al., 2013; Dhouib & Redko, 2018; Acuna et al., 2021;
Nguyen et al., 2022; Huang et al., 2025; Koc et al., 2025; Liu et al., 2025) As
we have seen in this section, the limitations of the current literature are not
insubstantial. We can therefore see that there is a need to develop theoretical
results which do not suffer from these limitations.
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Target
Sourcea) b)

c)
Three most common settings which are
considered in machine learning:
a) I.i.d. distribution
b) Non-i.i.d. without overlapping sup-
port
c) Non-i.i.d. with overlapping support

Figure 2.4: Illustration of different settings including shifts in distribution and
how this relates to overlapping support of the distributions.

2.5 Privileged information

Learning using privileged information (LUPI) is a framework that was first
introduced by Vapnik & Vashist (2009). In this setting we assume we have
access to some additional information when training our model. This auxiliary
data is in addition to the features and labels available in regular supervised
learning. Furthermore, a key assumption is that we only have access to this
information at the training stage and not when performing inference.

This additional information is called privileged information (PI) and can
be many different things: medical journals, object segmentations, bounding
boxes etc. The main goal in this framework is to accelerate the pace of learning.
The motivation for why this would be achieved is that in real-world learning
we often have students being taught by a teacher. This teacher has better
knowledge about what material, and how it should be presented to the students
in order for them to learn the concepts faster. This may be specific explanations
or interjections made to facilitate the students learning. It is this process that
the PI framework seeks to imitate. So, using this analogy further there would
be some data (x, y) generated by the world and the privileged information
would then be generated by the teacher using the conditional distribution
P (w|x) which is assumed to be unknown. A related field is that of knowledge
distillation (Hinton et al., 2015) which has been noted to be compatible with
PI (Lopez-Paz et al., 2016).

Formally, we assume the existence of some PI, W ∈ W, which is related
to the data through P (w|x). Thus the problem is the following: Given tuples
{(xi, wi, yi)}Ni=1 we seek to learn a function f which predicts the outcomes yi
given the data xi. In contrast to regular supervised learning, we only have
access to the PI wi during training. Since we do not assume that we have access
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to this data at test time, the resulting model, f , cannot explicitly depend on
the PI, w, as an input. Note, we do not assume any specific form or other
properties of the PI. Since explicit model dependence on privileged information
is prohibited, one approach is that PI is used in the loss function to learn
the model. (Vu et al., 2019) Thereby guiding the optimization based on the
information available in the PI. Another is to construct a particular architecture
which makes use of the PI. (Xie et al., 2020)

The LUPI paradigm have been applied in settings such as image recogni-
tion (Vu et al., 2019; Hoffman et al., 2016), healthcare (Shaikh et al., 2020),
finance (Silva et al., 2010), clustering (Feyereisl & Aickelin, 2012). In the con-
text of distribution shifts we have approaches which study the use of PI with
SVMs (Li et al., 2022; Sarafianos et al., 2017). Vu et al. (2019) considered using
scene depth as PI in semantic segmentation using neural networks. Regarding
theory in the DA setting, Xie et al. (2020) provide some theoretical results for
linear classifiers and Motiian (2019) investigated using PI for DA using the
information bottleneck method.
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Chapter 3

Summary of Included
Papers

The general problem of adaptation under distributional shift is impossible to
guarantee a solution for. (Ben-David & Urner, 2012) However, with the use of
assumptions on problem structure it is possible to successfully adapt to such
shifts. In this thesis, we search for ways in which we might achieve successful
domain adaptation while still having useful guarantees on performance. Both
of these goals are attainable in some form for the neural network model class,
but seldom together. We have shown in section 2.4 that there are limitations of
the current theory that inhibit us from achieving this goal at present. Our first
paper deals with illustrating the issue with achieving tractably computable
and tight generalization bounds for neural network classifiers. One can often
find a neural network classifier that performs well on a UDA task, however,
there are no realistic guarantees on performance. The second paper focuses on
the second and third questions from Chapter 1 and considers practical ways
to use privileged information to achieve consistent learning in DA where such
information is available. As part of this we propose a novel set of assumptions
which we show lead to consistent learning and extensively empirically validate
this. In paper III we consider the federated learning setting with heterogeneous
clients, where we have a fixed target domain. We show that allowing the server
access to label marginals from clients as well as the intended target leads to
large potential gains in performance. This performance comes at the cost of
some privacy as clients are required to share this information with the central
server. Paper IV considers FL with increased privacy characteristics, where we
assume that the individual label sets of clients are considered sensitive. In this
setting, which we call the private label set setting, we show a way to adapt
common FL methods to this setting. We also present a method of tuning the
global model for representational alignment, which we show some theoretical
guarantees for.
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3.1 Paper I - Practicality of generalization guar-
antees for unsupervised domain adaptation
with neural networks

In high-stakes scenarios, like the healthcare setting, we would ideally want to
have some guarantees on how well our models are going to perform before
deployment. The most straightforward way of achieving this is by upper
bounding the error on the target domain. This can be achieved theoretically
in many different ways with varying degrees of utility. We can trivially state
that the risk is less than or equal to 1 for any task, you cannot be more wrong
than all of the time. However, this bound is not particularly informative so we
would like to find better bounds which give us further insights into the expected
performance of models. Ideally, we would like to have guarantees which are
tightly linked with the performance we observe in application while also being
possible to evaluate a priori. In Paper I we search the domain adaptation
literature for existing bounds which have three main properties:

1. Tightness – Is the bound a poor approximation of the true risk?

2. Estimability – Can we estimate the bound from the observed data?

3. Computability – Can we tractably compute the bound for real-world data
sets and hypothesis classes?

After conducting an extensive search we arrive at the conclusion that most
available bounds do not fulfill these desiderata. Our final selection contains
three types of bounds: importance weighting (IW) bounds, bounds containing
integral probability metrics (IPMs) and PAC-Bayesian bounds. To enable easier
comparison we adapt the IW and IPM methods to the PAC-Bayesian framework,
thereby creating two novel corollaries to a theorem due to McAllester (2013).
These bounds, along with two existing ones due to Germain et al. (2020), are
the ones we choose to computationally evaluate. One of them requires access
to target labels to compute and is included for comparison.

We find that without further modification our evaluation results in vacuous
bounds due to the sample generalization terms being too large. To remedy this
we apply the practice of learning data-dependent priors which entails sacrificing
a part of the sample to inform the choice of prior. This tightens the bounds
as the sample generalization term, which measures the difference between the
prior and posterior distributions, is smaller using this.

We then compute the four different bounds for two image classification
tasks, one based on digit classification and one based on X-ray classification.
We find that the bound which requires target labels is the tightest, followed
by our IW bound which is computable without such information. The other
bounds struggle to remain tight even for the simpler digit classification task.
We conclude that in cases where our assumptions hold, an importance weighting
strategy works well for bounding the error tightly. Further, we conjecture that
changing current assumptions will be a way towards a more complete theory
explaining out-of-distribution generalization.
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Figure 3.1: An illustration of the data available in the domain adaptation by
learning using privileged information (DALUPI) setting. During training, input
samples X and privileged information W are available from both source and
target domains. Labels Y are only available for inputs from the source domain.
At test time, a target sample X is observed.

3.2 Paper II - Unsupervised domain adaptation
by learning using privileged information

In this paper we propose some changes to one of the standard sets of assumptions
commonly used in UDA, which we do by using the concept of privileged
information (PI). We put forward a version of UDA where we assume access to
some privileged information, where the PI is assumed to be available in both
the source and target domains during training time. Furthermore, at test time,
we only assume that we have access to target features as in regular UDA. We
call this setup Domain Adaptation by Learning Using Privileged Information
(DALUPI). The general structure of our setting is illustrated in 3.1 with some
examples. We construct theory based on this novel structure which ensures
consistent learning without the reliance on the overlapping support assumption
in the input space. The overlap assumption is often violated in practice and as
such we would prefer not to build UDA theory using it. The DALUPI setting
enables a novel and straightforward way of transferring the model from the
source to the target. We simply learn two separate mappings, one from input
features to PI and one from PI to the label or outcome. This also gives us
a simple way to make theory which conforms to this structure, we just learn
one mapping after the other. To avoid the overlap assumption in the input
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Figure 3.2: A schematic representation of the train and test flow for DALUPI
using (a) the two-stage estimator and (b) an end-to-end architecture based on
Faster R-CNN.

space we instead assume overlap w.r.t the PI, which we argue is more plausible.
Additionally, we assume covariate shift w.r.t the PI similar to what is used in
other assumption sets. If we add the additional assumption that PI is sufficient
for predicting the outcome we show that will have consistent learning. We also
propose a bound on the target risk for this setting.

We conduct experiments on four different tasks; a synthetic experiment
where we investigate how well a model, which is the composition of two separate
mappings learned independently, performs when the amount of overlap is varied.
The dataset is constructed by inserting a digit in a larger image and having
the bounding box around the digit as PI. It shows that a model based on
our framework outperforms all other models. We also adapt an experiment
from another work (Xie et al., 2021), based on the CelebA dataset, to compare
our method to theirs. Upon comparison, We find that we achieve similar
performance to the method proposed by Xie et al. (2021).We then perform two
other experiments, one entity classification task based on the MS-COCO dataset
and pathology classification from chest X-rays. For these experiments we also
propose an end-to-end model, based on the Faster R-CNN architecture (Ren
et al., 2015). A schematic overview of the two model architectures we use are
presented in Figure 3.2.

In all experiments, except the one based on CelebA, the PI we consider are
bounding boxes around the region(s) which are informative for the labeling. In
the CelebA experiment, the PI used is a vector of binary appearance attributes
present in the pictures. See Figure 3.1 for clarification of the settings we
consider.

From the entity classification task we learn that our method outperforms
both the UDA baseline well as performs on par with the model which has
been given access to target labels. From the X-ray classification task we learn



3.2. PAPER II 29

that the use of PI can yield increased sample efficiency, in-line with previous
observations. However, the sufficiency of the PI in this task is not obvious, nor
guaranteed. We conclude therefore that the DALUPI setting can be beneficial,
even when our assumptions are unlikely to hold. In addition, we note that a
domain expert will likely be needed to be able to judge the sufficiency of PI for
tasks like the X-ray classification task we considered.
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3.3 Paper III - Overcoming label shift in target-
aware federated learning

Distributional shifts are not only a cause for concern in centralized settings
such as regular DA. Many of the same issues arise in federated learning where
we consider a collaborative effort between several clients which contribute to
the production of a global model. This training is administrated by a central
server which aggregates the model weights which are transmitted from each
client to construct the global model. When the clients datasets differ in some
way between them we may need to account for this. Furthermore, it is not
generally guaranteed that the aggregate of clients is equal to the test data
distribution.

In this paper we aim to find a method to remedy this when the clients
label distributions differ, but the labels conditioned on inputs is static, i.e .
we assume label shift. In this setting there are methods to account for such
a shift, however, these do not consider the case that the test domain may
not be i.i.d. to the aggregate of all clients. This is an implicit assumption
made in most works which propose to mitigate label distribution heterogeneity
between clients; we will not make this assumption. Instead, we will consider a
target-aware setting where the central server has access to label marginals from
the clients as well as the fixed target domain. If we allowed for this information
to be shared across clients one could make use of an importance weighting
strategy, however, this is not feasible here due to the client’s privacy.

We propose to use this information to aggregate client parameters according
to the solution of the following simple optimization problem

αλ = arg min
α∈∆M−1

∥T (Y ) −
M∑

i=1

αiSi(Y )∥22 + λ
∑

i

α2
i

ni
, (3.1)

for a given parameter λ and aggregate client parameters as θλt+1 =
∑M
i=1 α

λ
i θi,t.

We refer to this strategy as Federated learning with Parameter Aggregation
for Label Shift (FedPALS).

This strategy finds the optimal trade-off between the model aggregation
closely aligning with the target label distribution, and minimizing the variance
due to weighting using the inverse of the effective sample size (ESS) Kong
(1992).

FedPALS also has the nice property that in the limit of λ→ ∞ we recover
the regular FedAvg aggregation, which is equivalent to maximizing the effective
sample size.

We perform experiments on several different datasets where we show that
FedPALS perform quite well with its awareness of label marginals. We perform
classification experiments where we on CIFAR-10 and Fashion-MNIST perform
both sparsity sampling and dirichlet sampling. We also construct an experiment
based on PACS that modify the dataset to consist of three clients, each missing
a label that is present in the other two. Additionally, one client is reduced to
one-tenth the size of the others, and the target distribution is made sparse in
the same label as that of the small client. As a more real-world experiment we
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Table 3.1: Comparison of mean accuracy and standard deviation (±) across
different algorithms. The reported values are over 8 independent random seeds
for the CIFAR-10 and Fashion-MNIST tasks, and 3 for PACS. C indicates the
number of labels per client and β the Dirichlet concentration parameter. M is
the number of clients. The Oracle method refers to a FedAvg model trained
on clients whose distributions are identical to the target.

Data set Label split M FedPALS FedAvg FedProx SCAFFOLD AFL FedRS Oracle

Fashion-
MNIST

C = 3 10 92.4± 2.1 67.1± 22.0 66.9± 20.8 69.5± 19.3 78.9± 14.7 85.3± 13.5 97.6± 2.1
C = 2 80.6± 23.7 53.9± 36.2 52.9± 35.7 54.9± 36.8 78.6± 20.0 63.14± 20.2 97.5± 4.0

CIFAR-10
C = 3 65.6± 10.1 44.0± 8.4 43.5± 7.2 43.3± 7.4 53.2± 0.9 44.0± 8.0 85.5± 5.0
C = 2 10 72.8± 17.4 46.7± 15.8 47.7± 15.6 46.7± 14.9 54.7± 0.1 49.4± 9.5 89.2± 3.9
β = 0.1 62.6± 17.9 40.8± 9.2 41.9± 9.7 43.5± 10.5 53.4± 11.5 57.1± 11.2 79.2± 3.7

PACS C = 6 3 86.0± 2.9 73.4± 1.6 75.3± 1.3 73.9± 0.3 74.5± 0.9 76.1± 1.6 90.5± 0.3

evaluate performance on the iWildCam dataset which is sampled sparsely as
detailed in the benchmark from Bai et al. (2024).

We compare the performance of FedPALS to similar approaches which are
designed to combat client heterogeneity: FedProx, SCAFFOLD and AFL. We
also compare to regular FedAvg and an oracle classifier for which the i.i.d.
assumption is true to understand how much the introduction of label marginals
help performance.

We show the results of these experiments in Table 3.1. We clearly see
that the awareness of label marginals of FedPALS is beneficial and see quite
substantial gains in many tasks. We also observe that there seems to be a bias-
variance trade-off as the FedPALS results experiencing increased variance. This
indicates that the addition of target label distribution faithfulness increases
the variance of the resulting estimator. Further, we show in an ablation on
the PACS task, that increasing the noise level in the target label marginal
decreases the performance we observe from FedPALS which is expected.

Overall, we find that FedPALS balances the trade-off between matching
the target label distribution and minimizing variance in the model updates. In
particular, FedPALS perform well in challenging scenarios where label sparsity
and client heterogeneity hinder the performance of other methods.
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Figure 3.3: A schematic view of the two settings which we consider in Paper
IV. The private setting where the clients are unaware of the full label set and
the public setting where this is known. Note that the server has access to the
information about which clients have which label sets.

3.4 Paper IV - Federated learning with hetero-
genous and private label sets

Considering the interest in handling heterogeneity in client datasets, it is
reasonable to investigate how to handle this in cases where client label sets
are considered sensitive. With current methods not sharing this would be
unavoidable as the clients need to all agree on the full label set which they
are constructing a classifier for. If the label set includes sensitive information,
clients will be unwilling to share which labels they have available to other
clients.

To ameliorate this issue, we propose the private label set setting. We adapt
the regular FL setup to allow for client label sets being kept private. This is
done by trusting only the server with the information about which labels a
client has in its dataset. We illustrate the setup and how it compares to the
regular setup, which we call public, in Figure 3.3.

Considering this settings challenges, We propose two main approaches to
learning a model. First we propose an adaptation of FedAvg which is possible
to extend to other FL approaches. This consists of two main modifications, in
each round t, each client k is sent the full set of current encoder parameters θtϕ
and the subset of current classifier parameters corresponding to their label set,
θtψ[Yk] := [θtψ(y) : y ∈ Yk]⊤ ∈ R|Yk|. Clients then proceed with local updates
as normal.

On the server side, the server receives parameter updates every round
(θtϕ,k, θ

t
ψ,k) from each client k and averages the classifier parameters for each

label y based on models of clients which have the label in their label set,
weighted according to their sample size (see Algorithm 2). Encoder parameter
updates θtϕ,k are averaged as we would with regular FedAvg. Second, we
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Algorithm 2: FedAvg with private label sets

Data: Client label sets {Yk} and reverse indices {Ik}
Result: Classifier h(x) = σ(θ⊤ψϕ(x))

Initialize central parameters θ0 = (θ0ϕ, θ
0
ψ)

for each round t = 0, ..., T − 1 do
for each client k = 1, ...,m do

Distribute (θtϕ, θ
t
ψ[Yk]) to client k

Receive client update (θtϕ,k, θ
t
ψ,k)

end

θt+1
ϕ =

∑m
k=1 θ

t
ϕ,k

nk
n where n =

∑m
k=1 nk

for each label y ∈ Y do
θt+1
ψ (y) =

∑
k:y∈Yk θ

t
ψ,k(Ik(y))nkn′

y
where n′y =

∑
k:y∈Yk nk

end

end

Return classifier with parameters θ = (θTϕ , θ
T
ψ )

propose a tuning strategy in conjunction with the above aggregation. This
is motivated by earlier work in the classifier coupling literature (Hastie &
Tibshirani, 1997; Wu & Weng, 2004). This is motivated by the fact that the
first strategy will not be guaranteed to work well when the representation is
suboptimal for one or more clients.

In classifier coupling approaches, methods were developed to combine several
binary classifiers, e.g., support vector machines, on different pairs of labels into
a single multi-class classifier. This technique not commonly used as multi-class
classifiers are trained routinely using neural networks with softmax outputs or
similar models. However, in federated learning with heterogenous and private
label sets, we face a similar problem since no client nor the server has access to
labeled data from all classes.

Taking inspiration from these approaches we show that a tuning approach
using an unlabeled dataset on the central server is a viable option. One which,
under the right conditions, could produce an optimal classifier given optimal
client models. However, while this particular special case is unlikely to occur, it
is not unreasonable to believe that such a method could be empirically useful.
We use a tuning approach with two main loss functions:

minimize
h∈H

m∑

k=1

wk
∑

y,y′∈Yk
y ̸=y′

EX

[(
hk(y | X)h(y′ | X) − hk(y′ | X)h(y | X)

)2]
,

(3.2)
which we call the pairwise loss which align model prediction in a pairwise
manner. We also consider the direct MSE loss

minimize
h∈H

m∑

k=1

wk
∑

y∈Yk
EX

[(
hk(y | X) − h(y | X)

)2]
. (3.3)
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We perform classification experiments on both Fashion-MNIST and CIFAR-10
where we vary the number of labels that a client has access to from 2-10. We
choose a random set of labels for each client which they then get distributed
from the dataset equally. To combat the the heterogeneous amount of examples
in clients resulting from this we perform a subsampling step, which results in
each client having an equal amount of samples.

We observe from our experiments that our adaptation of regular FL methods
to the private setting perform quite well. This suggests that the simple per-class
aggregation is sufficient to achieve adequate performance. Further, this indicates
that alignment of representation may not always be necessary. However, the
pairwise tuning outperforms our adaptations of FedAvg and FedProx on CIFAR-
10 in the public setting. This suggests that the tuning of the representation
can be of use in this setting also.

In summary, paper IV shows that federated learning is still possible in a
private label set scenario. Furthermore, our proposed approaches successfully
enable learning in this setting. We observe empirically that these methods
work well with a minimal performance drop compared to performance in the
public setting.
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Concluding remarks and
future directions

In this thesis we have presented the challenges posed by distributional shifts
in machine learning. We have explored how to both predict performance as
well as adapt to these shift in both centralized and federated scenarios. We
performed a survey of generalization bounds with the express purpose to find
ones which can practically measure and assess the target performance of models.
We also proposed a method for leveraging the structure inherent in privileged
information which can be available during training. In the federated learning
context, we introduced the concept of target-aware federated learning and
proposed a method to leverage the server-side knowledge of the target. Finally,
we consider a setting where label sets are too sensitive to share across clients.
We have formalized two novel approaches to performing federated learning
with both heterogeneous clients and private label sets. Overall, we have shown
that there are significant benefits from exploring novel settings and modifying
the assumptions of what data is available or their statistical properties.

The methods and theory we propose all come with their own strengths and
limitations. These are all discussed in each paper which is appended in Part
II of the thesis, however, some are worth discussing here. Most methods and
settings we investigate assume that we have access to more information or that
the underlying data has certain structure. We have also generally focused on
image classification datasets in our work. Of course, this is limiting as there
are many other types of data which we could have considered, e.g tabular
or time-series data, each with their own distinct properties. However, this
is motivated by the large dimensionality of images, and the models used to
process them. This is a complicating factor in most theoretical treatments and
why we chose to work with these.

In future, the focus should be to further attempt to solve the distributional
shift problem for specific scenarios where different amounts of information is
available. We have made several inroads in these areas, but several promising
avenues still remain to explore further in this respect. Similar to the setting
we propose in paper II one might explore how the addition of other modalities

35
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of data could impact learning both on a theoretical and empirical level. Fur-
thermore, in the context of paper III there are many interesting settings to
consider. One could attempt to further explore to what extent the information
in target-aware federated learning can be inferred from model updates from
clients. If this inference is both plausible to conduct and accurate enough
for guiding learning one could lessen the amount of information clients would
need to explicitly share. An alternative would be that we could transmit the
information in a compressed form. For instance, we could achieve this through
sharing some representation of the label distribution similar to the approach in
Mclaughlin & Su (2024).

Building on paper IV, one could easily envision a setting with even further
privacy gains. One would not share the model parameters at all but allow there
to be a querying system between the clients and the server. Perhaps they could
be answers to how the models would classify certain, publicly available, inputs.
The global and local models could then be updated based on the responses to
these queries, making use of a similar alignment method as we introduce in
our work.

Furthermore, it is of great interest to develop novel theoretical perspectives
to make use of the underlying structure of problems explicitly. This may be
done by presupposing a specific underlying structure of the data and treating
the problem based on this assumption. For example, there have been works
that incorporate the notion of a taxonomy in their data and tailor their
architecture to exploit this hierarchical structure (Liu et al., 2023). This raises
the compelling question of which structures are most beneficial, and how they
can be effectively integrated into learning frameworks.

Historically, architectural innovations such as Convolutional Neural Net-
works (Lecun, 1998) and Transformers (Vaswani et al., 2017) have achieved
remarkable success by embedding strong inductive biases directly into the
model design. These approaches represent embedding structural assumptions
at the architectural level. However, it remains an open question whether
similar benefits can be achieved through purely methodological approaches,
i.e., without altering model architecture. Crucially, any such assumptions must
be justifiable and, ideally, verifiable a priori. If the assumed structure cannot
be assessed from the available data, its practical utility is limited. Although, it
may be permissible if the empirical gains derived from making the assumption
is substantial enough. Whether these structural assumptions can be made
general across tasks or must be tailored to specific applications remains an
open and important question. If the latter holds, considerable effort will be
required to identify and formalize appropriate structures for each application
or task.

On a related note, the recent success of large pretrained foundation models
suggests that transferability can, to some extent, be achieved simply through
access to vast and diverse datasets e.g. LAION (Schuhmann et al., 2022). This
brings to light a salient question: in such large-scale settings, is the overlapping
support assumption, central to many theoretical generalization guarantees,
more likely to hold due to the breadth and diversity of the training data?

Taken together, the work presented in this thesis highlights the importance
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of revisiting core assumptions in machine learning. By proposing novel meth-
ods and theoretical perspectives in both centralized and federated settings, we
have shown that addressing these issues directly can lead to more robust and
adaptable models. Future work should continue by investigating how structure
in data sets can be leveraged in both model design and method development.
Additionally, further theoretical grounding is needed to understand the implica-
tions of such assumptions and to formalize generalizable principles across tasks
and domains.

As machine learning increasingly moves toward real-world deployment,
addressing distributional shift will remain a key concern. This work has
provided some initial steps toward this goal, and with future efforts we will
hopefully be able to produce powerful, but also reliable and adaptable models,
in the face of real-world complexity.
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Yihan Jiang, Jakub Konečnỳ, Keith Rush, and Sreeram Kannan. Improving
federated learning personalization via model agnostic meta learning. arXiv
preprint arXiv:1909.12488, 2019.

Fredrik D Johansson, David Sontag, and Rajesh Ranganath. Support and
invertibility in domain-invariant representations. In The 22nd International
Conference on Artificial Intelligence and Statistics, pp. 527–536. PMLR,
2019.

C. Jordan. On Fourier series. C. R. Acad. Sci., Paris, 92:228–230, 1881. ISSN
0001-4036.

Peter Kairouz, H. Brendan McMahan, Brendan Avent, Aurélien Bellet, Mehdi
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Florian Tramèr, Praneeth Vepakomma, Jianyu Wang, Li Xiong, Zheng Xu,
Qiang Y ang, Felix X. Yu, Han Yu, and Sen Zhao. Advances and open
problems in federated learning. Foundations and Trends® in Machine
Learning, 14(1–2):1–210, 2021. ISSN 1935-8237. doi: 10.1561/2200000083.
URL http://dx.doi.org/10.1561/2200000083.

Okan Koc, Alexander Soen, Chao-Kai Chiang, and Masashi Sugiyama. Domain
adaptation and entanglement: an optimal transport perspective. In The 28th
International Conference on Artificial Intelligence and Statistics, 2025. URL
https://openreview.net/forum?id=ZDyi1BeTu7.

Augustine Kong. A note on importance sampling using standardized weights.
University of Chicago, Dept. of Statistics, Tech. Rep, 348:14, 1992.

S. Kullback and R. A. Leibler. On information and sufficiency. The Annals
of Mathematical Statistics, 22(1):79–86, 1951. ISSN 00034851. URL http:

//www.jstor.org/stable/2236703.

Seiichi Kuroki, Nontawat Charoenphakdee, Han Bao, Junya Honda, Issei Sato,
and Masashi Sugiyama. Unsupervised Domain Adaptation Based on Source-
Guided Discrepancy. Proceedings of the AAAI Conference on Artificial
Intelligence, 33(01):4122–4129, July 2019.

Yann Lecun. Gradient-Based Learning Applied to Document Recognition.
proceedings of the IEEE, 86(11):47, 1998.

Tian Li, Anit Kumar Sahu, Manzil Zaheer, Maziar Sanjabi, Ameet Talwalkar,
and Virginia Smith. Federated optimization in heterogeneous networks. In
Proceedings of Machine Learning and Systems, volume 2, 2020.

Tian Li, Shengyuan Hu, Ahmad Beirami, and Virginia Smith. Ditto: Fair
and robust federated learning through personalization. In International
conference on machine learning, pp. 6357–6368. PMLR, 2021.

Xin-Chun Li and De-Chuan Zhan. Fedrs: Federated learning with restricted
softmax for label distribution non-iid data. In Proceedings of the 27th ACM
SIGKDD conference on knowledge discovery & data mining, 2021.

Yanmeng Li, Huaijiang Sun, and Wenzhu Yan. Domain adaptive twin support
vector machine learning using privileged information. Neurocomputing, 469:
13–27, 2022.



46 BIBLIOGRAPHY

Zexi Li, Tao Lin, Xinyi Shang, and Chao Wu. Revisiting weighted aggregation
in federated learning with neural networks. In Proceedings of the 40th
International Conference on Machine Learning, ICML’23. JMLR.org, 2023.

Zachary Lipton, Yu-Xiang Wang, and Alexander Smola. Detecting and cor-
recting for label shift with black box predictors. In International conference
on machine learning, pp. 3122–3130. PMLR, 2018.

Tianyi Liu, Zihao Xu, Hao He, Guang-Yuan Hao, Guang-He Lee, and Hao
Wang. Taxonomy-structured domain adaptation. In International Conference
on on Machine Learning, 2023.

Yiling Liu, Juncheng Dong, Ziyang Jiang, Ahmed Aloui, Keyu Li, Mi-
chael Hunter Klein, Vahid Tarokh, and David Carlson. Understanding
and robustifying sub-domain alignment for domain adaptation. Trans-
actions on Machine Learning Research, 2025. ISSN 2835-8856. URL
https://openreview.net/forum?id=oAzu0gzUUb.

Mingsheng Long, Yue Cao, Jianmin Wang, and Michael I. Jordan. Learning
Transferable Features with Deep Adaptation Networks. arXiv:1502.02791
[cs], May 2015. arXiv: 1502.02791.

David Lopez-Paz, Leon Bottou, Bernhard Schölkopf, and Vladimir Vapnik.
Unifying distillation and privileged information. In International Conference
on Learning Representations (ICLR 2016), 2016.

Yishay Mansour, Mehryar Mohri, and Afshin Rostamizadeh. Domain Adapt-
ation with Multiple Sources. In Proceedings of the Conference on Neural
Information Processing Systems (NIPS), pp. 1041–1048, January 2008.

Yishay Mansour, Mehryar Mohri, and Afshin Rostamizadeh. Multiple source
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