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Abstract

Using large datasets to train ever larger models in machine learning have
been extremely impactful for many diverse tasks. However, the challenge of
ensuring and predicting model generalization under distribution shifts remains
an open problem. Such shifts may occur between training and testing envir-
onments or even during the training process itself. In real-world applications,
these distribution changes can severely degrade model performance, making
adaptation a critical concern. This is the focus of domain adaptation (DA),
a field dedicated to developing both theoretical frameworks and methods for
settings with distribution shift. Domain adaptation primarily operates within
the supervised learning paradigm, where access to a large, centralized dataset
is assumed. However, such data availability is not always feasible due to
privacy concerns or the high costs associated with data collection and storage.
The federated learning (FL) setting addresses this by training models across
decentralized clients coordinated by a central server. Since clients retain local
data, distribution shifts, known as data heterogeneity, can arise between clients.
This may potentially degrade model performance. This thesis aims to overcome
some of these limitations in both the centralized and federated settings. In
particular, this is achieved by (i) questioning how to measure performance
under distribution shift in a practical way, (ii) proposing novel assumptions
and settings where we expand the amount of information available and (iii)
developing competitive methods for these settings. First, we explore the meas-
urement of performance in domain adaptation through evaluating theoretical
bounds. We survey the field of available domain adaptation bounds with an
eye towards their practicality and, after selecting candidates, make empirical
comparisons. Next, we consider a novel set of assumptions based on having
access to privileged information which we show is both practical and empirically
sound. We continue with expanding on the idea of additional information in
the FL setting where we show that access to label marginals can substantially
improve performance in cases where clients are meaningfully heterogeneous.
Finally, we explore another aspect of heterogeneity in FL. where the label sets
of clients are non-identical and clients are unwilling to share them.

Keywords

Distribution shift, Domain Adaptation, Privileged Information, Federated
Learning, Heterogenous clients

iii






List of Publications

Appended publications
This thesis is based on the following publications:

[Paper I] A. Breitholtz, F. D. Johansson, Practicality of generalization
guarantees for unsupervised domain adaptation with neural networks
Transactions on Machine Learning Research (October 2022)

Also presented at The AAAI-22 Workshop on Engineering Dependable
and Secure Machine Learning Systems (March, 2022).

[Paper II] A. Breitholtz, A. Matsson, F. D. Johansson, Unsupervised Do-
main Adaptation by Learning using Privileged Information
Transactions on Machine Learning Research (September 2024)

Also presented at The Second Workshop on Spurious Correlations, In-
variance and Stability, ICML (July, 2023).

[Paper III] E. Listo Zec, A. Breitholtz, F. D. Johansson, Overcoming label
shift in target-aware federated learning
Submitted, under review. arXiv:2411.03799
Also presented at Tiny Titans: The next wave of On-Device Learning for
Foundational Models (TTODLer-FM), ICML (July, 2025).

[Paper IV] A. Breitholtz, E. Listo Zec, F. D. Johansson, Federated Learning
with Heterogeneous and Private Label Sets
Springer Workshop Proceedings of ECML-PKDD 2025
Presented at 3rd Workshop on Advancements in Federated Learning
(WAFL), ECML-PKDD (September, 2025).






Contribution summary

The author’s contributions to the publications included in this thesis is detailed
below.

[Paper I] Co-designed the study, performed the empirical work, and wrote
most of the manuscript.

[Paper II] Co-designed the study, performed part of the empirical work, and
wrote parts of the manuscript. The first two authors contributed equally.

[Paper III] Co-designed the study, performed part of the empirical work, and
wrote parts of the manuscript. The first two authors contributed equally.

[Paper IV] Co-designed the study, performed part of the empirical work, and
wrote parts of the manuscript. The first two authors contributed equally.

vii






Acknowledgment

I would like to start by expressing my deepest gratitude towards my supervisor
Fredrik Johansson. Without your seemingly endless patience, optimism, endur-
ing support and belief in our research; this thesis would not exist. Thank you
for everything.

I want to also thank my co-supervisor, Devdatt Dubhashi, and my examiner,
Dag Wedelin for their feedback, support and encouragement throughout this
process.

To everyone working at the DSAI division, I thank you for contributing
to making the division a great place to be. Over the years, I have had the
privilege of getting to know many great people ranging from professors to
the administrative staff. In particular, I want to extend a special thanks the
original members of the Healthy AI Lab Anton, Lena and Newton. I wish you
all the best going forward. I also want to thank my collaborators Anton and
Edvin. Thank you both for your great contributions to our work.

Also, I want to thank my friends that have put up with me throughout this
journey. It has been an arduous march and I hope that in future I will be able
to give back to you for the grace you have given me during this time. I want
to particularly thank Samuel Hakansson for taking the time to proof-read a
draft of this thesis.

Finally, I want to thank my family for their support. Without you I would
not be writing these words here at all. A special thank you to my girlfriend
Nathalie for her love and support when I needed it most.

This work was partially supported by the Wallenberg AI, Autonomous
Systems and Software Program (WASP) funded by the Knut and Alice Wallen-
berg Foundation. The computations were enabled by resources provided by
the National Academic Infrastructure for Supercomputing in Sweden (NAISS)
at Chalmers Centre for Computational Science and Engineering (C3SE) par-
tially funded by the Swedish Research Council through grant agreement no.
2022-06725.

ix






Contents

Abstract iii
List of Publications v
Contribution summary vii
Acknowledgement ix
I Overview 1
1 Introduction 3
1.1 Thesis contributions . . . . . . ... ... ... ... ... 5
1.2 Thesisoutline . . . . . . . ... ... 6
2 Background 7
2.1 Distributional shifts . . . . .. . ... ... 000 8
2.1.1 Distributional discrepancy metrics . . . . . .. ... .. 10
2.2 Unsupervised Domain adaptation . . . . . . .. ... ... ... 11
2.2.1 Multiple source domain adaptation and federated learning 12
2.2.2 Heterogeneity in federated learning . . . . . . . ... .. 14
2.3 Guarantees and generalization bounds . . . . .. ... .. ... 15
2.3.1 The PAC learning framework . . . ... ... ... ... 16
2.3.2 The PAC-Bayes framework . . ... .. ... ...... 18
2.3.3 Data-dependent priors in PAC-Bayes . . . . . . ... .. 18
2.3.4 Bounds in MSDA and federated learning . . . . . . . .. 19
2.4 Assumptions and their impact . . . . . .. ... ... 19
2.5 Privileged information . . . ... ..o oL 22
3 Summary of Included Papers 25
3.1 Paper I - Practicality of generalization guarantees for unsuper-
vised domain adaptation with neural networks . . . . ... .. 26
3.2 Paper II - Unsupervised domain adaptation by learning using
privileged information . . . . .. ... .00 27
3.3 Paper III - Overcoming label shift in target-aware federated
learning . . . . . ... 30

Xi



xii CONTENTS

3.4 Paper IV - Federated learning with heterogenous and private

label sets . . . . . . . .. 32
4 Concluding remarks and future directions 35
Bibliography 39
II Appended Publications 53

Paper I - Practicality of generalization guarantees for unsuper-
vised domain adaptation with neural networks

Paper II - Unsupervised Domain Adaptation by Learning using
Privileged Information

Paper III - Overcoming label shift in target-aware federated
learning

Paper IV - Federated Learning with Heterogeneous and Private
Label Sets



Part 1

Overview






Chapter 1

Introduction

Machine learning (ML) has emerged as both a popular and useful way to harness
information for beneficial aims in diverse applications such as climate modeling,
predicting healthcare outcomes and natural language processing. A central
trend in ML is the focus on deep learning techniques, which has contributed
to the explosive growth of the field. These models allow for learning intricate
patterns from high-dimensional data sets through optimization methods like
stochastic gradient descent. This has led to impressive results, such as large
language models generating human-like text (Bubeck et al., 2023; DeepSeek-Al
et al., 2025), mastering games like Go (Silver et al., 2017), and predicting
medical outcomes (Ding et al., 2024). However, deep learning comes with
significant limitations. It generally needs access to a large sample of data to be
successful, which may not be available in all situations. In particular, sensitive
settings such as healthcare may lack the large data sets which are routinely
used when optimizing deep learning models. Furthermore, if the data differs
materially between modeling and the target domain where it is applied, the
models may fail to perform. Moreover, this can also arise during training
where there are several distinct sources of data, e.g., in distributed training
environments. This issue arises due to a shift between data distributions, which
limits the generalizability of deep learning models.

To remedy this, the field of research called domain adaptation (DA) aims
to offer a theoretical foundation of how to produce more generalizable methods.
In DA we consider the case where we apply our model to a specific task but
the underlying data distribution changes between training and deployment.
The distribution over the input features and corresponding labels is called a
domain. In real-world applications, a domain shift could be the result of e.g. a
change in location where the data is collected. For example, we collect wildlife
image data in Europe to predict animal species but apply the model in Africa,
where the underlying data distribution is likely different. We generally refer to
the data we train on as the source domain and the target domain for testing
data. One of the main challenges in DA is that the underlying distribution of
samples is not known, and thus a data set may be distributed differently than
a test set due to several factors e.g. a limitation in the number of samples,
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biased sampling or external factors changing the sampled data over time.

In scenarios where we observe distribution shift there may be further
constraints that arise naturally, an important case being that information may
be unavailable. An example of this is in the healthcare setting when we are
trying to classify pathologies using chest X-ray images. We can train a model
from historical registry data collected at Hospital A. Naturally, we may then
want to apply this model at Hospital B. However, the patient cohort at Hospital
B can be substantially different than the one at A. In this setting it is common
that the labels corresponding to some features might be hard or even impossible
to access, e.g. predicting outcomes which have yet to occur. For example,
we probably do not know if a patient will develop COPD within a year from
when features are collected. Therefore we can assume that we have access to
features (chest X-rays) from hospital B but not the corresponding labels. This
specific setting is called the unsupervised domain adaptation (UDA) setting,
where labels are unavailable for the target domain. This setting is common in
healthcare and other domains where labeling is expensive, time-consuming, or
impossible.

Foundational theoretical work in UDA, such as the seminal work by Ben-
David et al. (2007), and subsequent contributions (Cortes et al., 2010; Mansour
et al., 2009b), aim to quantify how distribution shifts affect model performance.
Since there is a lack of labeled information it does not allow us to adjust our
model based on this knowledge. Furthermore, it is known that we may find
guarantees of consistent learning if we do have this information (Blitzer et al.,
2008). Moreover, adaptation in this setting is impossible without additional
assumptions. (Ben-David & Urner, 2012) However, despite many theoretical
and methodological advances, the theory of UDA often relies on assumptions
which are implausible in real-world application or metrics which are impossible
to quantify with the observed data. Furthermore, it is not clear what amount of
information to assume access to for realistic and useful generalization guarantees.
Moreover, there still remains a gap in performance compared to models that
has been given access to target labels, which is not fully explained theoretically.

Distributional shifts and their impacts during training arises in DA when
we consider multiple sources which contain their own distinct datasets. These
multiple sources may give rise to heterogeneity in the classifiers learned on
these disparate data sets and has been studied extensively (Mansour et al.,
2008; Ben-David et al., 2010a; Hoffman et al., 2018; Peng et al., 2019).

An example of this is the Federated learning (FL) setting which also contains
multiple sources of information with an additional constraint on communication.
Federated learning is a form of decentralized learning where several clients
collaborate, coordinated by a central server, to build a stronger model than
they could individually. This training is based on iteratively transmitting model
parameters or gradient updates to the central server, which then aggregates
these into one central model which is transmitted back to the clients. This
setup preserves privacy but introduces challenges due to data heterogeneity
across clients.

Originally proposed as a method for distributed training under limited
computational and bandwidth resources (McMahan et al., 2017), FL has
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evolved into a broader paradigm focused on training models without sharing
data across clients, maintaining privacy while still benefiting from all client
datasets. FL thus embodies a trade-off between performance and privacy,
with some works emphasizing privacy preservation, and others focusing on
maximizing performance. However, distribution shifts among clients remain
a key open challenge (Kairouz et al., 2021). The heterogeneity these shifts
produce can degrade model performance and adversely effect convergence.

There are myriad approaches to handling different types of heterogeneity in
FL based on adjusting either server-side (Reddi et al., 2021; Zeng et al., 2023;
Li et al., 2023; Zhou et al., 2023) or on the client-side (Li et al., 2020; 2021;
Chen et al., 2018; Jiang et al., 2019; Fallah et al., 2020; Li & Zhan, 2021) to
account for the heterogeneity. However, since we generally do not know the
particulars of all datasets at neither the server nor the clients we cannot make
use of the theoretical approaches found in DA. Therefore, there is a need to
find methods and assumptions which allow us to learn useful models in FL,
even under distribution shift.

In this thesis we will investigate the issues detailed above in several ways,
both in the centralized UDA and federated learning settings. We consider the
following questions (i) how to predict performance under distribution shift in a
practical way, (ii) what benefits are gained by introducing settings where we
expand the amount of information available during training and (iii) how to
develop competitive methods for these settings.

First, we explore the measurement of performance in unsupervised domain
adaptation by evaluating theoretical bounds. We survey the field of available
generalization bounds with an particular focus towards their practicality and,
after selecting candidates, make empirical comparisons. Next, we consider
a novel set of assumptions for UDA based on the having access to auxiliary
privileged information which we show is both practical and empirically well-
performing. We continue with expanding on the idea of additional information
in the FL setting where we show that access to label marginals can substantially
improve performance in cases where clients are heterogeneous with respect to
their label distributions. Finally, we explore another aspect of heterogeneity in
FL where the label sets of clients are non-identical and clients are unwilling
to share them for privacy reasons. We propose adaptations of common FL
methods and find that they incur only a small performance cost for the increased
privacy. We also adapt methods from classifier coupling to align client models
which achieves some promising results.

1.1 Thesis contributions
The main contributions of this thesis is summarized as follows:

e Paper I (Breitholtz & Johansson, 2022) explores whether it is possible to
use the available bounds in the UDA literature for the explicit purpose
of accurate performance prediction. We postulate a set of desiderata
which such a bound should fulfill: that it should be tight; i.e. close to the
observed performance of our model, possible to estimate from observed
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data and tractably computable for realistic model classes and datasets.
We survey the field of available domain adaptation bounds with regards
to these desiderata and make empirical comparisons of how they perform
on these three attributes. We find that PAC-Bayesian style bounds are a
good fit for this and show two new such bounds.

e Paper II (Breitholtz et al., 2024) proposes a novel set of assumptions
based on the concept of privileged information (PI), information which
is auxiliary and only available during training. We argue that this set
is more plausible than the more common set of assumptions used in the
literature. Further, we show that these assumptions ensure consistent
learning and provide a generalization bound. We then construct two
model architectures, one which more closely follows our theory and a
more practical end-to-end method. Extensive empirical investigation,
across several datasets, show that these methods perform well compared
to baselines which does not make use of PI.

e Paper III (Zec et al., 2025) investigates a similar concept to Paper II in
the federated learning setting with heterogenous clients. It introduces
FedPALS, a method which makes use of label marginals from clients
and the target domain. It seeks to find a trade-off between having
the aggregation of models be faithful to the target distribution and
maintaining maximal sample efficiency. We show that our method resolves
to the common federated averaging algorithm when focus on sample
efficiency dominates. Empirically, we find that FedPALS performs very
well with substantial performance gains compared to baselines which lack
access to label marginals.

e Paper IV (Breitholtz et al., 2025) considers a more private FL setting
with increased heterogeneity compared to Paper III. We consider that
label sets are non-identical across clients. In addition, the clients are
unwilling to share their label sets for privacy reasons; we call this the
private label set setting. We adapt common FL methods to this setting
as well as a tuning approach inspired by classifier coupling literature. We
find that these methods perform quite well in this restricted setting with
small performance impacts compared to the non-private setting.

1.2 Thesis outline

This thesis is outlined as follows: In Chapter 2 we detail background of
distributional shifts, domain adaptation, federated learning and other concepts
which are used in the appended papers.

Chapter 3 contain summaries of the appended papers. Chapter 4 contains
a summary of the main contributions of the thesis. Further, it discusses some
limitations of the methods and theory presented in the thesis and outlines
several directions for future work.



Chapter 2

Background

Modeling relationships existent in large sets of data is an extremely powerful
tool. This is the main objective in supervised machine learning (ML) where we
aim to model a mechanism, h, which produces some desired answer Y, given an
input X. These inputs are observed through a collection of samples {z;,y; }7"
which is called the training set. From this training set we wish to model
the probability distribution P(Y'|X) using the data. To measure the models
performance, it is subsequently applied to some unseen dataset; which we call
a test set. This framework is widely applicable to a huge swathe of problems,
and has been used to great effect in many fields such as the healthcare sector
and several other industrial applications.

We formulate the core problem as a risk minimization where the quantity
we seek to minimize is the expected risk. The risk denotes how much erroneous
behavior we expect our model to have over some data distribution D = X x ),
as measured by a loss function, £. The loss function is specified such that
it measures discrepancy between the model prediction h(X) and the desired
outcome, Y.

The problem we solve in supervised ML can thus be stated as follows

in R(h R(h):= E (h(X),Y) . 2.1

min (). R(b):= E_ ((h(X).Y) (21)

In general, the distribution D is unknown and as such we need to find a way

to estimate the risk using known quantities. The general approach to this is

to use empirical risk minimization (Vapnik, 1991). This is simply to use the

samples we have observed, that are drawn from D, and minimize the loss based
on these.

. N 1 <

in R(h R(h) := — L(h(x;), y; 2.2

i RO, R0 = 1D €. (22)

The result of this optimization problem will be a model from the family

of models, H, that produces the lowest empirical risk. However, it is not

guaranteed that this will be a unique solution or that this is the model which

will generalize well on unseen data. To be able to say something regarding this

we need to have additional assumptions on the model or the data which we
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observe. A fundamental assumption which is central to the success of ML is
the assumption that the data points that one is trying to model are similar
to the ones that the model will encounter when applied. This assumption
states that the data points are independent and identically distributed (i.i.d.)
according to the same distribution D for both the training and test sets. This
assumption is in general quite unrealistic as in real-world applications it is
quite common for the distribution of data to undergo shifts of some sort. This
can come up either through intentional action or inadvertently. Intentionally
changing geographical location to apply models, changes in testing protocols
or equipment variation are examples of the former. Unintentional shifts may
arise due to time passing e.g. seasonal variation or the test population evolving.
The kinds of shifts that are possible and the effects that they can have is what
we will consider next.

2.1 Distributional shifts

Y E[Pr(Y|X)] Y
'3. ° ° °
[ ] ° )
°
[ ]
x x
Covariate Shift Concept Shift

Figure 2.1: Illustration of covariate shift and concept shift when the underlying
functions are linear. Label shift and concept drift can be illustrated similarly
but with X taken as the dependent variable, instead of Y. Domain shift is
when both shifts occur simultaneously.

In cases where the i.i.d. assumption does not hold there is some shift
between the distributions that the training set and test set are drawn from.
This can be due to several different types of shift. To detail the types of
shift that are possible, we should first consider the decomposition of the joint
probability distribution,

P(X,Y) = P(Y|X)P(X) = P(X|Y)P(Y) . (2.3)

From this expression we can detail shifts which occur in any combination of
the components of the joint distribution between the two distributions. We
call the distributions Ps and Py. Some shifts are illustrated in Figure 2.1
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. Covariate shift: A shift where the mechanism P(Y|X) is assumed
identical across domains and the distribution over features P(X) varies.
For example, if our task is to classify animals in images but the training
and test sets are taken in different locations. If the background content
of images change between the data sets but the images still depict the
same types of animals, then there has been covariate shift.

. Label shift: Here we assume that P(Y') can vary but the P(X|Y) is the
same across distributions. Consider the example of sales statistics where
labels are product categories. Label shift means, in this context, that the
proportion of sales across product categories varies between two different
retailers and the target, but that the pattern of customers who purchase
items in each category (P(X|Y)) remain consistent.

. Domain shift: This denotes a more general shift where both the con-
ditional term, P(Y|X), and marginal term, P(X), can vary. Of course
this is very challenging and could be impossible to model, absent other
relationships between distributions. (Ben-David et al., 2010b;c) This can
be the case when we model a problem where both the labeling mechanism
and input distributions change. E.g. interpretation of liability from legal
texts between countries. The texts may be both written in a different
way (P(X) changes), and their interpretation is different depending on
countries legal precedent (P(Y|X) changes).

Concept shift: This refers to when the function which maps inputs to
outputs, P(Y|X), change but the input distribution stays the same. For
example, in the diagnosis of medical conditions, a set of patient features
(e.g. symptoms) may indicate different diseases (labels) in different
populations.

. Concept drift: Similar to the shift above, with the change occurring
in the mapping P(X|Y") while P(Y") is constant. This can be the due to
a shift in appearance of labeled data caused by e.g. seasonal variation.
An example is store purchase volumes increasing in some parts of the
year than others, which could be driven by (possibly unmeasured) factors
such as sales campaigns or stronger consumers due to tax refunds.

As we can see in the list above, there are many different possible shifts in
distribution and some are more common than others. The fact remains that
to solve the ML problem effectively under a distributional shift we need to
consider strategies to deal with the shift. However, we first need to ask the
question of how to quantify the existence and extent of a shift.

Measuring differences between distributions is not a perfectly well-defined

concept, and many different metrics can be constructed. One may measure
discrepancy between distributions in a specific way, and this measure may be
more or less useful depending on the data and assumptions that are being
made. We will detail some common choices of such metrics next.
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2.1.1 Distributional discrepancy metrics

The notion of having a measure of the difference between distributions is
not novel. It hails from the statistical problem to discriminate between two
populations (Welch, 1939; Brown, 1950), in particular where one makes limited
assumptions about their properties. Early works such as the techniques of Fisher
(1936) treated this for distributions which are partly known, and more generally
using the notion of hypothesis testing for unknown distributions (Neyman &
Pearson, 1933).

We can define a specific metric which provides a notion of distance between
distributions in many ways. However, they can be sorted into two main
categories f-divergences and integral probability metrics. The f-divergences
were first introduced in Rényi (1961) and the f-divergence of P from @ can be
written as

DPIQ = | f (jg) aQ. (2.4)

where §2 is some space and f a convex function. An early example of these
divergences is that of Kullback & Leibler (1951) which generalized a notion
from information theory to form the Kullback-Liebler (KL) divergence. The
KL-divergence from a distribution @ to P is defined as

Dxi(P || Q) = /exlog ggjﬁ;

for some measurable space X. l.e.; it is the expectation of the logarithmic
difference between the probabilities P and @, where the expectation is taken
using the probabilities P. One should note that this is not a metric as it is not
symmetric, nor is it bounded.

Integral probability metrics (IPMs) is the second type of distances between
probability distributions. Initially termed by Miiller (1997), IPMs are distances
on the space of distributions over a set X’ defined by a class F of real-valued
functions on the same set. We define them as

Dr(P,Q) = sup |Ex~pf(X) —Ey~qf(Y)| = sup |Pf — Qf|. (2.6)
fer fer

P(dz), (2.5)

A recent example of IPMs is one called the maximum mean discrepancy
(MMD). This IPM was used to discriminate based on the moments of the
distributions using a kernel function (Gretton et al., 2012). The MMD between
two probability distributions P and @ is defined as

MMD(F, P,Q) = sup( E [f(x)] - B [1(s) (2.7

for some kernel function class F from a reproducible kernel hilbert space.

Importantly, there is a metric which resides in the intersection between
these two classes of metrics, which is the Total variation metric (Jordan, 1881).
It is defined on a measurable space (2, F) as

TV(P,Q) = ilelglp(A) -Q(A)] .



2.2. UNSUPERVISED DOMAIN ADAPTATION 11

ILe., the metric yields the largest absolute difference between the probabilities
that the two distributions assign to the same event, A. One can note that the
TV metric is quite a pessimistic comparison of distributions. As an example,
consider two distributions which agree completely on the probability of all
events except one where they disagree with some amount A. Compare this
to two distributions which do not agree for any events but never more than
A — €, which leads to the latter being assigned a lower metric value than the
former. This highlights the need to choose metrics for comparison carefully
depending upon the application and the notion of “closeness” one wishes to
promote. Moreover, it is also salient to consider whether a metric can be
accurately estimated from the available data during training. As we will see,
this is relevant for achieving guarantees on performance under distribution
shift which are not only theoretically correct, but also practically evaluable.

2.2 Unsupervised Domain adaptation

When we expect the i.i.d. assumption to be violated, we need to change our
theoretical treatment to account for this. This is the focus in the field of
unsupervised domain adaptation (UDA). The training samples that we have
access to is assumed have been drawn from an underlying distribution &. This
distribution over the product space X' x ) is referred to as a domain. In UDA,
we assume that we have access to (X,Y) ~ S and X ~ Tx; where S and T
are called the source and target domains respectively and Tx is the marginal
distribution of features in the target. These quantities will be observed through
samples S = {x;, 4}y ~ (S)" and S, = {#;}™, ~ (T.)™, where (D)V
denotes the distribution of a sample of N datapoints drawn i.i.d. from the
domain D. The goal of UDA is to learn a model h, such that it minimizes the
risk on data from the target domain. More formally, we write

min Rr(),  Rr(h) = Exyor [(A(X), V)] (2.8)
Note that we now have two distributions, S and 7T, which are materially
different from each other. We also do not observe full samples from the target
domain, where we want to estimate model performance, which then precludes
the use of ERM as in regular ML. We can think of the distributions as being
somehow shifted relative to each other, and understanding this discrepancy is
central to estimating Ry (h) well.

The UDA problem was initially considered in natural language processing (Hwa,
1999; Chelba & Acero, 2006; Blitzer et al., 2006) where it was observed to
naturally arise. An early theoretical treatment based on maximum entropy
models was done by Daumé IIT & Marcu (2006). The first general treatment is
due to Ben-David et al. (2007) where the idea of a discrepancy metric between
the source and target domains was introduced. Defining other such metrics
has been a focus in several subsequent works in UDA such as e.g. Mansour
et al. (2009b); Cortes & Mohri (2014). The proposal of different metrics, such
as those detailed in 2.1.1, is motivated by the implicit assumptions made by
their use and the fact that there are many ways to construct them.
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In summary, the DA framework is a general framework which can describe
the process of learning under distribution shift. DA can also lend itself fairly well
to variations of different kinds; extending the setting to situations with varying
amounts of information available. We will detail some of these extensions next.

2.2.1 Multiple source domain adaptation and federated
learning

A natural extension of the UDA setting is to include the possibility of several
different source domains. The motivation for such an approach would be that
any one source domain would have a lesser probability of accurately representing
the target domain. As such, the use of multiple domains would more likely
lead to a higher likelihood of the target being covered in a distributional sense.
This setting is called multi-source domain adaptation (MSDA) (Mansour et al.,
2008; Ben-David et al., 2010a) and occurs in many real-world situations such
as sentiment analysis and image classification where data originate from several
different sources. Formally, MSDA assumes access to labeled data from n
source domains and unlabeled data from one target domain.

In contrast to regular UDA we need to reconcile discrepancies not only
between the sources and the target but also among the source domains them-
selves. This is commonly tackled with representational alignment of features,
either by discrepancy based methods (Hoffman et al., 2018; Peng et al., 2019;
Guo et al., 2018) or adversarial methods (Xu et al., 2018; Zhao et al., 2020).
This type of problem generally require the use of large datasets to achieve high
performance. However, to collect and store such datasets may be challenging
for many reasons, privacy being a central one. Increased regulation of personal
data collection as well as changing user preferences make privacy-preserving
methods a valuable direction of study. In the machine learning context this
has taken the form of the study of differential privacy (Dwork et al., 2006) and
federated learning (McMahan et al., 2017) (FL) methods. Of course, there
have been many works studying distributed machine learning before FL. was
introduced by McMahan et al. (2017). However, we will not provide a compre-
hensive survey of them in this thesis. Federated Learning is a decentralized
machine learning paradigm where model training occurs across multiple clients
(e.g., mobile devices, hospitals, organizations), each holding local data that
remains private. L.e., the data is not transmitted outside the client to preserve
the clients privacy but instead model parameters 6; are transmitted. See Figure
2.2 for a schematic overview. A central server orchestrates the training process,
which we will detail next.

FL is generally formulated as follows: assume that there are K clients,
each with a dataset, D; = {z%,yi}}*,, which only they have access to. For
each client which takes part in the federation, they solve a local optimization
problem by minimizing their risk locally

min R;(6;), Ri(6:) = Ep, [£(hi(0:;2), y)] , (2.9)

where 6; are the local model parameters.
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Figure 2.2: Schematic overview of federated learning (FL). Note the likeness
with MSDA as each client can be viewed as its own source domain S; where
the datasets D; are not necessarily distrubuted equally. The key difference
between the two settings being the decentralized nature of FL, where only
model parameters are shared with a central, coordinating server.

The larger objective of FL is then to train a single global model that
minimizes the risk across all clients, i.e. minimizing

K
1
Rfeq = )7 ;Ri(@') . (2.10)

One of the most widely used algorithms for solving the FL problem in (2.10)
is federated averaging (FedAvg) introduced by McMahan et al. (2017). This
algorithm first lets the clients take one or several local steps of stochastic
gradient descent solving (2.9). Then the clients update their local models
which are then transmitted to a central server. This server then aggregates
the model parameters to create a global model. The aggregation is done by
performing a weighted average of the local models, which is applied layer-wise.
The weights in the aggregation is based on the sizes of the local datasets, which
for some timestep t is calculated as

M

o =Y "ot (2.11)
n

i=1

where n is the total amount of samples in all clients and M is the amount of
clients participating in the last round of updates. This is not necessarily equal
to K as we allow for some fraction of clients to be inactive. This is motivated
by applications with a very large amount of clients, where it is unlikely that
all clients will participate at all times. We present an algorithmic overview of
FedAvg in Algorithm 1.

The connection between MSDA and FL arises when we interpret the source
domains in MSDA as clients in a federated system. In this view, each client
represents a distinct data distribution (i.e., a source domain), and the system
seeks to train a model that generalizes well to a new, unseen distribution (i.e.,
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Algorithm 1: Federated Averaging

Data: Client set S, learning rate n and local datasets D; indices {I}
Server executes:
Initialize central parameters §°
for each roundt =0,...,T — 1 do
Sample M clients from S
for each client k =1,..., M do
Distribute 6! to client 4

Receive client update Qfﬂ = Client_Update(i, )

end
t+1 _ M ptn, M
Ot =52, 0;% where n=73 ", n;
end

return h(61+1)

Function Client _Update(i, 0):
for local step j =1,..., F do
| 0=0—nVL(h(0;x),y) for z,y ~ D;

end

return 60

Figure 2.3: A simple example of client heterogeneity in terms of the label
set distributions in clients being materially shifted w.r.t each other. Note
that the aggregate of clients does not necessarily equal the server side test set
distribution.

a target domain). Naturally, heterogeneity can arise in the FL clients due to
distribution shifts between them, this is what we will treat next.

2.2.2 Heterogeneity in federated learning

As mentioned above, issues may arise with non-i.i.d. data across domains/clients
in FL. When the client datasets differ significantly in distribution, we should not
expect averaging of parameter to produce a better classifier than the individual
models. Furthermore, in more adverse cases of heterogeneity, the training may
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converge slower or the resulting classifier may perform worse than it would
have in an i.i.d. setting. This is related to the fact that there often is an
assumption that the target is some aggregate of the clients which in general may
not be the case. Consider the example in Figure 2.3, where we have two clients
with different label distributions over their respective datasets. Moreover, the
aggregate of these clients does not conform to the distribution which is observed
in the test set on the central server. This can prove challenging as the models
may have differing notions of how to discriminate between the two classes
and it is not clear whether aggregating the two would have a beneficial effect,
especially if the aggregate of the clients is not identical to the test set. This
would then lead to the problems we highlighted earlier, e.g. slow convergence
or suboptimal performance.

While the problem remains open generally, there have been approaches which
consider alternative objectives, e.g maximizing worst-group performance (Mohri
et al., 2019). Other efforts to mitigate the effects of distributional shifts in
federated learning can generally be categorized into client-side and server-
side approaches. Client-side methods use techniques such as regularization
techniques that penalize large deviations in client updates (Li et al., 2020; 2021),
client clustering (Ghosh et al., 2020; Sattler et al., 2020; Vardhan et al., 2024)
which makes models for each client cluster and meta-learning (Chen et al., 2018;
Jiang et al., 2019; Fallah et al., 2020). Server-side methods focus on improving
model aggregation or adjusting post-aggregation. These include optimizing
aggregation weights (Reddi et al., 2021), increasing gradient diversity during
updates (Zeng et al., 2023), learning adaptive aggregation weights (Li et al.,
2023) and using iterative moving averages to refine the global model (Zhou
et al., 2023). Another related area is personalized federated learning, which
focuses on fine-tuning models to optimize performance on each client’s specific
local data (Collins et al., 2022; Boroujeni et al., 2024; Mclaughlin & Su, 2024).
This setting, while interesting, will not be a focus in this thesis.

2.3 Guarantees and generalization bounds

In many settings, ensuring good performance of a model is critical to successful
deployment. High-stakes settings have this attribute, e.g. autonomous driving
and making treatment decision in healthcare settings. If the aim is to guarantee
a specific level of model performance we need a bound on the target risk as
specified in the previous section. Simply showing acceptable performance on
held-out datasets is not a guarantee that the performance will not degrade
when applied in other settings. Such a degradation in performance has been
observed in e.g. the healthcare setting (Zech et al., 2018), and natural language
processing (Jia & Liang, 2017).

As the quantity in (2.8) is written as an expectation over the a priori
unknown distribution 7 we will have to estimate the risk somehow. Therefore,
we can substitute the expectation by computing an approximation of this using
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the sample average which we write as
Zg(h(‘%z)agz) (2.12)

for some sample {%;,9;}7, ~ (7). However, as we assume that we do not
have access to target labels we have to estimate the target risk with something
that we actually can calculate. Therefore, to deal with this complication we
use theory to connect the expected target risk to the expected source risk.

Further, we assumed that the distributions of the source and target data were
different from each other. Therefore, we need to account for the discrepancy
between the two distributions. This can be done in several different ways; to
illustrate, we show a simple example of what we want to achieve. We want
some way to bound the target risk with quantities which we have some hope of
estimating with the available information, i.e. we want to find a bound on the
following form:

Rr(h) < Rs(h) +D(S,T) .

The last term, D(S,T), is measuring some distance/discrepancy between the
source and target domains. We call this discrepancy the domain shift term
which figures in some form in all domain adaptation bounds. Of course, we
have to ensure that the domain shift term does not depend on knowledge of
the target distribution.

After this step, we wish to bound the expected source risk with a sample
average like in (2.12). However, we still need to account for the error between
the expected and empirical risk. This means that a sample generalization
term must be added, i.e. a term accounting for the error which we see due
to our sample size being limited. Omne approach to estimating the sample
generalization error of a classifier is to use statistical learning theory which we
will detail in the next section.

Thus, if we have the tools to both relate the source risk to the target risk
and connect quantities in expectation to their empirical counterparts, we can
express generalization bounds on the following form:

Ry < f(Empirical source risk, Domain shift, Sample generalization error).

The specific form of f and the terms it depends on is decided by the theoretical
approach taken to the steps detailed above. However, the two main forms are
whether the domain shift and sample generalization terms are related through
addition or multiplication. We will now go into the main theoretical tools used
to solve the two challenges detailed above.

2.3.1 The PAC learning framework

The most prevalent theoretical framework for reasoning about the generalization
performance of non-deterministic statistical models is statistical learning theory,
more specifically, a theory called Probably Approximately Correct (PAC)



2.3. GUARANTEES AND GENERALIZATION BOUNDS 17

learning (Valiant, 1984). This theory allows us to through assumptions on
the model, task and data show that a certain task is learnable, specifically as
understood through the PAC lens.

This means is that for a certain task it can be shown to be PAC learnable if
we can show that given an algorithm A and a sample of size n, the algorithm
A returns a model from the model class, H, which has a small average error, ¢,
with high probability, 1 — d. This then amounts to that we can show that the
risk for a specific model on the given data is smaller than some value € > 0
with confidence level 1 — 4, where § < 1, or more formally,

Pr[E[¢(h(z),y)] <€ >1-4, Vh € H. (2.13)

With a formulation on this form we can then use some well known results, often
based on concentration inequalities, such as e.g. Hoeffding’s inequality to move
from an expectation form to an empirical form. This is due to the inequality
providing an upper bound on the probability that the loss deviates from its
expected value by more than a certain amount. Using these kinds of techniques
we can, using application of standard theory (Vapnik, 1998), get bounds like
the following. For an i.i.d. sample of size m we have that the following holds
with probability at least 1 — § for every h € H:

4

Rs(h) < Bs(h) + \/:1 <d1og 267”‘ +log 5)‘ (2.14)

The quantity d in the above expression is the so-called Vapnik-Chervonenkis
(VC) dimension. The VC dimension is a measure of how complex the family
of functions, H, are. An early example of a bound on the target risk that is
achieved using this framework is the following one from Ben-David et al. (2007)

. 4(dlog 2¢m 4 log 4
Rr(h) < Rs(h) +\/( L B5) 4 (S, T) + \ (2.15)
——
Empirical Sample generalization Domain shift

risk

where d is the VC dimension of the H, X is the sum of the errors on both
domains of the best performing classifier h* = argmin, 4 (Rs(h) + Rr(h)),
and dy(S,T) = 28UP ac{{w:h(z)=1}:nen} [PTs[A] — Prr[A]] is the A-distance
for the characteristic sets of hypotheses in H. There are many subsequent
works which use this approach also use the PAC style with different choices
of discrepancy terms and methods of bounding sample generalization. (Cortes
et al., 2015; Acuna et al., 2021; Liu et al., 2025) Using the PAC approach we
get a bound which holds uniformly over the class of hypotheses H. This is
one of the features of PAC learning, the bounds hold for all classifiers in the
considered class. However, this can also be a weakness as this produces bounds
which must, by definition, hold for the worst classifier imaginable from the
class. Depending on the richness of the class this can be arbitrarily limiting.
In response to this issue, there is an extension to the PAC framework which
does not suffer the same fate which we will detail next.
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2.3.2 The PAC-Bayes framework

PAC-Bayes theory is an extension of PAC theory based on using the PAC
framework to understand Bayesian classifiers. This way of analyzing classifiers
was initially proposed by Shawe-Taylor & Williamson (1997), with the first
generalization guarantee being proved by McAllester (1998). The framework
studies generalization of a posterior distribution p over hypotheses in H, learned
from data, in the context of a prior distribution over hypotheses, 7. The gener-
alization error in p may be bounded using a divergence between p and 7 as
seen in the following classical result due to McAllester (2013).

For a prior m and posterior p on H, a bounded loss function £: ) x Y — [0, 1]
and any fixed «,6 € (0,1), we have w.p. at least 1 — § over the draw of m
samples from D, with KL(p||g) denoting the Kullback-Liebler (KL) divergence
between p and g,

1 KL(p[7) + In(3)
heop Y h~p 2y(1 = y)m

(2.16)

As we can see in (2.16), we now have an expression which is stated as an
expectation over the posterior distribution p. This is in addition to the
expectation over the distribution of the data. Thus the bound holds, on
average, for classifiers drawn from the posterior p. We can interpret p as a
distribution over the parameters of our trained classifier. The posterior would
then be a distribution around the classifier, effectively covering those classifiers
which are close in parameter space to our trained classifier. A prominent feature
of the framework then, is that we restrict our prediction to a smaller part
of the model space. The additional complexity incurred by this is by adding
an expectation over the distribution p, i.e, the models which are close to the
learned classifier. We consider an additional expectation to be an expense, as
it increases computational complexity to a prospective evaluation of the bound.
There are some key things to note with this formulation that are advantageous
if we want to estimate the quantities in the bound. First, the shape of the
prior and posterior distributions are not explicitly stated and can be chosen
at will; no matter the choice, the bound will still hold. Further, the posterior
p is something which we learn from the training data. We will next detail
another way in which the PAC-Bayes formulation is preferable when the aim is
to achieve tighter bounds.

2.3.3 Data-dependent priors in PAC-Bayes

The sample complexity term in (2.16), based on the KL-divergence, grows as
the prior 7 and posterior p become more dissimilar. This may happen if the
posterior is very sensitive to the training data or the prior is poorly chosen. The
posterior should be sensitive to the data in some respect, otherwise the training
of it would be ineffective. To prevent a radical divergence between m and p we
can inform our choice of prior with some of the data we have available. This is
called a data-dependent prior and was developed by the work of Ambroladze
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et al. (2007) and Parrado-Herndndez et al. (2012), with an extension to neural
networks by Dziugaite et al. (2021).

When we use this type of prior, given that enough data has been used to
inform the prior, we will observe a tightening of the resulting bound. This will
be due to the KL term being smaller since the prior and posterior are now
closer to each other. It is important to note that any data which is used to
learn a prior must be independent of the data used to evaluate the bound. If
this is not ensured the bound will not hold. However, we should also note that
this restriction does not affect which data is used to learn the posterior, p.

2.3.4 Bounds in MSDA and federated learning

The theoretical frameworks discussed previously can be used to analyze both
MSDA and FL as well. For instance, Crammer et al. (2008) and Mansour et al.
(2009a) both contribute theoretical PAC-style bounds based on Rademacher
complexity and Renyi Divergence respectively. More recent approaches to
bounding error in MSDA from Shui et al. (2021) and Chen & Marchand (2023)
make use of some labeled target data to achieve guarantees on performance.
The main difference between the bounds which we obtain in regular DA, and
those in MSDA is that there usually is some term which relates the target
risk to some combination of the source risks and also potentially the pairwise
discrepancy between sources or between some combination of sources and
target.

In federated learning there are similar lines of work which show bounds
on performance. The communication constraints inherent to the setting does
complicate matters, and treatments which take heterogeneity of clients into
account is rare. The works of Mohri et al. (2019), Fallah et al. (2021), Chen
et al. (2023) and Boroujeni et al. (2025) all present bounds in the FL setting
where heterogeneity is considered. However, they all make different assumptions
on the boundedness of the loss, convexity of the problem or on the level of
client-wise heterogeneity. This highlights the complex nature of constructing
theory in such a difficult and constrained setting, as well as the importance
of assumptions. The impacts, trade-offs and limitations inherent to making
assumptions on the tasks we want to solve is what we will discuss next.

2.4 Assumptions and their impact

Current theoretical approaches have produced general guarantees for perform-
ance, but these are limited in their ability to provide realistic guarantees on
UDA and similar problems. It is known that general adaptation is impossible
and thus the question then becomes: What do we need to assume to guarantee
consistent learning?

Consistent learning implies that our model will learn to solve the task at
hand in the limit of infinite samples and that we will do so every time. That
is, as the sample size n increases the estimates converge in probability to
the value that the estimator is designed to estimate. To ensure this, a large
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swathe of works make assumptions that are quite similar. First, one makes some
assumption regarding a conditional probability distribution related to either One
can assume that the underlying function which generates outcomes is the same
between the domains. This is called the covariate shift assumption (Shimodaira,
2000), meaning that the data is allowed to change, but not the function labeling
the data. We write this as follows:

Assumption 1 (Covariate shift). For domains S,T on X x Y, we say that
covariate shift holds with respect to X € supp(S,T) if

Jz: T(x) #S(x) and Ve : T(Y |z) =S(Y | z)

where supp(S, T) is the common support of the domains. This assumption
is often made and can hold in many different settings, we often have little
reason to believe that the underlying labeling function will change just because
the domain has done so.

Another similar approach is what we call the label shift assumption. (Saerens
et al., 2002; Lipton et al., 2018) This is similar in nature to covariate shift,
but instead focused on the conditional D(X | Y). So here, in contrast to the
former, the distribution of inputs given labels is the same across domains. It
can be described as follows:

Assumption 2 (Label shift). For domains S, T on X x Y, we say that label
shift holds with respect to Y € supp(S,T) if

Jy:T(y) #S(y) and Vo : T(X |y) =S(X |y) .

One might be tempted to think that any of the two assumptions above
would be enough, however, this is unfortunately not the case. As shown in
Ben-David et al. (2010b) we also need a assumption of coverage of the target
domain to have a guarantee of consistent learning. Therefore, we also need the
overlapping support assumption to be able to guarantee consistent learning.

Assumption 3 (Domain overlap). A domain S overlaps another domain T
with respect to a variable Z on Z if

V2eZ:T(Z=2)>0 = S(Z=2)>0.

This assumption states that if some datapoint is possible to observe in the
target domain we also have a non-zero probability to observe it in the source
domain. As should be evident, this is quite a strong assumption that may not
hold in realistic scenarios. We illustrate this phenomenon in figure 2.4.

To exemplify how assumptions result in limitations on theory we will present
some examples from the literature. We start with the following bound due to
Cortes et al. (2010)

. dlog 2n¢ 4 Jog 4
Ry < RY + 25/4\/dy(T|S) s/s| Q087" T OB S

n

This bound is an example of an importance weighting bound which bounds the
target risk using a weighted empirical source risk, R¢. In this term we re-weight
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the loss function according to the density ratio w(z) = g((i)) of each sample.

For this style of bound we run into issues when the overlap assumption does
not hold. Consider the density ratio above; if there is a lack of overlap we may
have a data point which only has non-zero density in the target domain. This
leads to a division by zero in w and the bound immediately becomes vacuous.
The issue is that it is very simple to violate overlap in practice, e.g. learning
from black and white images and applying to color images. This inability to
handle the non-overlapping case is a weakness we would like to avoid.

So we might come to the conclusion that we should avoid the importance
weighting type bounds but still keep the assumptions. This often yields
something akin to the bound we stated in (2.15). We will state a similar bound
here due to Ben-David et al. (2010a):

2(dlog2m + log 2)
m

Ry(h) < Rs(h) + 4\/ + %CZHAH(Sa )+ (217)

where

5 1 1
d = — mi - N
nan(S,T) =21 i o > g > 1]
o (Tx)™: x~(Sx)™:
h(@) £ () h(@) £ (2)

This bound has some qualities that we might take issue with; these are mainly
related to the way domain shift is measured. First, the d?{m-t term measures
the discrepancy between how much two distinct hypotheses will disagree on
the source and target. Intuitively this accounts for the difference between the
source and target, but this quantity is not easy to calculate as it requires a
minimization over the hypothesis class, H. This is difficult to evaluate as the
class can be very large, which is the case for neural network classifiers. This
type of of quantity figures in many other works. (Ben-David et al., 2007; Blitzer
et al., 2008; Ben-David et al., 2010a; Morvant et al., 2012; Mansour et al.,
2009b; Redko et al., 2019; Cortes & Mohri, 2014; Cortes et al., 2015; Yin et al.,
2024; Koc et al., 2025).

Second, the A term, which accounts for the joint optimal error of the best
classifier, is not possible to observe with the data available. So if we want a
bound that is tight we have to assume that this quantity is small. This non-
observable quantity or ones like it is quite common in the literature. (Kuroki
et al., 2019; Redko, 2015; Long et al., 2015; Redko et al., 2017; Johansson
et al., 2019; Zhang et al., 2019; Dhouib et al., 2020; Shen et al., 2018; Courty
et al., 2017; Germain et al., 2013; Dhouib & Redko, 2018; Acuna et al., 2021;
Nguyen et al., 2022; Huang et al., 2025; Koc et al., 2025; Liu et al., 2025) As
we have seen in this section, the limitations of the current literature are not
insubstantial. We can therefore see that there is a need to develop theoretical
results which do not suffer from these limitations.
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Source b)

---- Target

Three most common settings which are
considered in machine learning:

a) Li.d. distribution

b) Non-i.i.d. without overlapping sup-
port

¢) Non-i.i.d. with overlapping support

Figure 2.4: Tllustration of different settings including shifts in distribution and
how this relates to overlapping support of the distributions.

2.5 Privileged information

Learning using privileged information (LUPI) is a framework that was first
introduced by Vapnik & Vashist (2009). In this setting we assume we have
access to some additional information when training our model. This auxiliary
data is in addition to the features and labels available in regular supervised
learning. Furthermore, a key assumption is that we only have access to this
information at the training stage and not when performing inference.

This additional information is called privileged information (PI) and can
be many different things: medical journals, object segmentations, bounding
boxes etc. The main goal in this framework is to accelerate the pace of learning.
The motivation for why this would be achieved is that in real-world learning
we often have students being taught by a teacher. This teacher has better
knowledge about what material, and how it should be presented to the students
in order for them to learn the concepts faster. This may be specific explanations
or interjections made to facilitate the students learning. It is this process that
the PI framework seeks to imitate. So, using this analogy further there would
be some data (x,y) generated by the world and the privileged information
would then be generated by the teacher using the conditional distribution
P(w|x) which is assumed to be unknown. A related field is that of knowledge
distillation (Hinton et al., 2015) which has been noted to be compatible with
PI (Lopez-Paz et al., 2016).

Formally, we assume the existence of some PI, W € W, which is related
to the data through P(w|x). Thus the problem is the following: Given tuples
{(z4,wi, i)}, we seek to learn a function f which predicts the outcomes y;
given the data z;. In contrast to regular supervised learning, we only have
access to the PI w; during training. Since we do not assume that we have access
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to this data at test time, the resulting model, f, cannot explicitly depend on
the PI, w, as an input. Note, we do not assume any specific form or other
properties of the PI. Since explicit model dependence on privileged information
is prohibited, one approach is that PI is used in the loss function to learn
the model. (Vu et al., 2019) Thereby guiding the optimization based on the
information available in the PI. Another is to construct a particular architecture
which makes use of the PI. (Xie et al., 2020)

The LUPI paradigm have been applied in settings such as image recogni-
tion (Vu et al., 2019; Hoffman et al., 2016), healthcare (Shaikh et al., 2020),
finance (Silva et al., 2010), clustering (Feyereisl & Aickelin, 2012). In the con-
text of distribution shifts we have approaches which study the use of PI with
SVMs (Li et al., 2022; Sarafianos et al., 2017). Vu et al. (2019) considered using
scene depth as PI in semantic segmentation using neural networks. Regarding
theory in the DA setting, Xie et al. (2020) provide some theoretical results for
linear classifiers and Motiian (2019) investigated using PI for DA using the
information bottleneck method.
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Chapter 3

Summary of Included
Papers

The general problem of adaptation under distributional shift is impossible to
guarantee a solution for. (Ben-David & Urner, 2012) However, with the use of
assumptions on problem structure it is possible to successfully adapt to such
shifts. In this thesis, we search for ways in which we might achieve successful
domain adaptation while still having useful guarantees on performance. Both
of these goals are attainable in some form for the neural network model class,
but seldom together. We have shown in section 2.4 that there are limitations of
the current theory that inhibit us from achieving this goal at present. Our first
paper deals with illustrating the issue with achieving tractably computable
and tight generalization bounds for neural network classifiers. One can often
find a neural network classifier that performs well on a UDA task, however,
there are no realistic guarantees on performance. The second paper focuses on
the second and third questions from Chapter 1 and considers practical ways
to use privileged information to achieve consistent learning in DA where such
information is available. As part of this we propose a novel set of assumptions
which we show lead to consistent learning and extensively empirically validate
this. In paper III we consider the federated learning setting with heterogeneous
clients, where we have a fixed target domain. We show that allowing the server
access to label marginals from clients as well as the intended target leads to
large potential gains in performance. This performance comes at the cost of
some privacy as clients are required to share this information with the central
server. Paper IV considers FL with increased privacy characteristics, where we
assume that the individual label sets of clients are considered sensitive. In this
setting, which we call the private label set setting, we show a way to adapt
common FL methods to this setting. We also present a method of tuning the
global model for representational alignment, which we show some theoretical
guarantees for.

25



26 CHAPTER 3. SUMMARY OF INCLUDED PAPERS

3.1 Paper I - Practicality of generalization guar-
antees for unsupervised domain adaptation
with neural networks

In high-stakes scenarios, like the healthcare setting, we would ideally want to
have some guarantees on how well our models are going to perform before
deployment. The most straightforward way of achieving this is by upper
bounding the error on the target domain. This can be achieved theoretically
in many different ways with varying degrees of utility. We can trivially state
that the risk is less than or equal to 1 for any task, you cannot be more wrong
than all of the time. However, this bound is not particularly informative so we
would like to find better bounds which give us further insights into the expected
performance of models. Ideally, we would like to have guarantees which are
tightly linked with the performance we observe in application while also being
possible to evaluate a priori. In Paper I we search the domain adaptation
literature for existing bounds which have three main properties:

1. Tightness — Is the bound a poor approximation of the true risk?
2. Estimability — Can we estimate the bound from the observed data?

3. Computability — Can we tractably compute the bound for real-world data
sets and hypothesis classes?

After conducting an extensive search we arrive at the conclusion that most
available bounds do not fulfill these desiderata. Our final selection contains
three types of bounds: importance weighting (TW) bounds, bounds containing
integral probability metrics (IPMs) and PAC-Bayesian bounds. To enable easier
comparison we adapt the IW and IPM methods to the PAC-Bayesian framework,
thereby creating two novel corollaries to a theorem due to McAllester (2013).
These bounds, along with two existing ones due to Germain et al. (2020), are
the ones we choose to computationally evaluate. One of them requires access
to target labels to compute and is included for comparison.

We find that without further modification our evaluation results in vacuous
bounds due to the sample generalization terms being too large. To remedy this
we apply the practice of learning data-dependent priors which entails sacrificing
a part of the sample to inform the choice of prior. This tightens the bounds
as the sample generalization term, which measures the difference between the
prior and posterior distributions, is smaller using this.

We then compute the four different bounds for two image classification
tasks, one based on digit classification and one based on X-ray classification.
We find that the bound which requires target labels is the tightest, followed
by our IW bound which is computable without such information. The other
bounds struggle to remain tight even for the simpler digit classification task.
We conclude that in cases where our assumptions hold, an importance weighting
strategy works well for bounding the error tightly. Further, we conjecture that
changing current assumptions will be a way towards a more complete theory
explaining out-of-distribution generalization.
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Digit classification with single region of interest as PI

Images from CIFAR- Bounding box MNIST Image from
10’s first five and indicating the location digit CIFAR-10’s
last five classes of the MNIST digit last five classes

Celebrity photo classification with binary attributes as PI

’aﬁ _makeup mustache Q @;!"Qﬁ
4 - . 1 1 < N
;“ 3‘ - 1 A

Images of persons Binary attributes Reported | Image of person
with and without hats gender with hat

Entity classification with multiple region of interests as PI
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Figure 3.1: An illustration of the data available in the domain adaptation by
learning using privileged information (DALUPI) setting. During training, input
samples X and privileged information W are available from both source and
target domains. Labels Y are only available for inputs from the source domain.
At test time, a target sample X is observed.

3.2 Paper II - Unsupervised domain adaptation
by learning using privileged information

In this paper we propose some changes to one of the standard sets of assumptions
commonly used in UDA, which we do by using the concept of privileged
information (PI). We put forward a version of UDA where we assume access to
some privileged information, where the PI is assumed to be available in both
the source and target domains during training time. Furthermore, at test time,
we only assume that we have access to target features as in regular UDA. We
call this setup Domain Adaptation by Learning Using Privileged Information
(DALUPI). The general structure of our setting is illustrated in 3.1 with some
examples. We construct theory based on this novel structure which ensures
consistent learning without the reliance on the overlapping support assumption
in the input space. The overlap assumption is often violated in practice and as
such we would prefer not to build UDA theory using it. The DALUPI setting
enables a novel and straightforward way of transferring the model from the
source to the target. We simply learn two separate mappings, one from input
features to PI and one from PI to the label or outcome. This also gives us
a simple way to make theory which conforms to this structure, we just learn
one mapping after the other. To avoid the overlap assumption in the input
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(a) Two-stage estimator. (b) End-to-end estimator.

Figure 3.2: A schematic representation of the train and test flow for DALUPI
using (a) the two-stage estimator and (b) an end-to-end architecture based on
Faster R-CNN.

space we instead assume overlap w.r.t the PI, which we argue is more plausible.
Additionally, we assume covariate shift w.r.t the PI similar to what is used in
other assumption sets. If we add the additional assumption that PI is sufficient
for predicting the outcome we show that will have consistent learning. We also
propose a bound on the target risk for this setting.

We conduct experiments on four different tasks; a synthetic experiment
where we investigate how well a model, which is the composition of two separate
mappings learned independently, performs when the amount of overlap is varied.
The dataset is constructed by inserting a digit in a larger image and having
the bounding box around the digit as PI. It shows that a model based on
our framework outperforms all other models. We also adapt an experiment
from another work (Xie et al., 2021), based on the CelebA dataset, to compare
our method to theirs. Upon comparison, We find that we achieve similar
performance to the method proposed by Xie et al. (2021).We then perform two
other experiments, one entity classification task based on the MS-COCO dataset
and pathology classification from chest X-rays. For these experiments we also
propose an end-to-end model, based on the Faster R-CNN architecture (Ren
et al., 2015). A schematic overview of the two model architectures we use are
presented in Figure 3.2.

In all experiments, except the one based on CelebA, the PI we consider are
bounding boxes around the region(s) which are informative for the labeling. In
the CelebA experiment, the PI used is a vector of binary appearance attributes
present in the pictures. See Figure 3.1 for clarification of the settings we
consider.

From the entity classification task we learn that our method outperforms
both the UDA baseline well as performs on par with the model which has
been given access to target labels. From the X-ray classification task we learn
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that the use of PI can yield increased sample efficiency, in-line with previous
observations. However, the sufficiency of the PI in this task is not obvious, nor
guaranteed. We conclude therefore that the DALUPI setting can be beneficial,
even when our assumptions are unlikely to hold. In addition, we note that a
domain expert will likely be needed to be able to judge the sufficiency of PI for
tasks like the X-ray classification task we considered.
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3.3 Paper III - Overcoming label shift in target-
aware federated learning

Distributional shifts are not only a cause for concern in centralized settings
such as regular DA. Many of the same issues arise in federated learning where
we consider a collaborative effort between several clients which contribute to
the production of a global model. This training is administrated by a central
server which aggregates the model weights which are transmitted from each
client to construct the global model. When the clients datasets differ in some
way between them we may need to account for this. Furthermore, it is not
generally guaranteed that the aggregate of clients is equal to the test data
distribution.

In this paper we aim to find a method to remedy this when the clients
label distributions differ, but the labels conditioned on inputs is static, i.e .
we assume label shift. In this setting there are methods to account for such
a shift, however, these do not consider the case that the test domain may
not be i.i.d. to the aggregate of all clients. This is an implicit assumption
made in most works which propose to mitigate label distribution heterogeneity
between clients; we will not make this assumption. Instead, we will consider a
target-aware setting where the central server has access to label marginals from
the clients as well as the fixed target domain. If we allowed for this information
to be shared across clients one could make use of an importance weighting
strategy, however, this is not feasible here due to the client’s privacy.

We propose to use this information to aggregate client parameters according
to the solution of the following simple optimization problem

M 2
o = argmin |T(Y) =Y aiSi(V)[3+ A % : (3.1)
i=1 it

aeAM-1

for a given parameter \ and aggregate client parameters as HQH = Zf\il ag\Hi,t.
We refer to this strategy as Federated learning with Parameter Aggregation
for Label Shift (FedPALS).

This strategy finds the optimal trade-off between the model aggregation
closely aligning with the target label distribution, and minimizing the variance
due to weighting using the inverse of the effective sample size (ESS) Kong
(1992).

FedPALS also has the nice property that in the limit of A — oo we recover
the regular FedAvg aggregation, which is equivalent to maximizing the effective
sample size.

We perform experiments on several different datasets where we show that
FedPALS perform quite well with its awareness of label marginals. We perform
classification experiments where we on CIFAR-10 and Fashion-MNIST perform
both sparsity sampling and dirichlet sampling. We also construct an experiment
based on PACS that modify the dataset to consist of three clients, each missing
a label that is present in the other two. Additionally, one client is reduced to
one-tenth the size of the others, and the target distribution is made sparse in
the same label as that of the small client. As a more real-world experiment we
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Table 3.1: Comparison of mean accuracy and standard deviation (£) across
different algorithms. The reported values are over 8 independent random seeds
for the CIFAR-10 and Fashion-MNIST tasks, and 3 for PACS. C indicates the
number of labels per client and § the Dirichlet concentration parameter. M is
the number of clients. The Oracle method refers to a FedAvg model trained
on clients whose distributions are identical to the target.

Data set Label split M FedPALS FedAvg FedProx SCAFFOLD AFL FedRS Oracle
Fashion- C=3 10 924+21 67.1+£22.0 66.9+20.8 69.5 +£19.3 789+14.7 853+13.5 97.6 + 2.1
MNIST c=2 80.6 £23.7 53.9+36.2 52.9+35.7 54.9 +36.8 78.6 £20.0 63.144+20.2 97.5+4.0
CIFAR-10 Cc=3 65.6 +10.1 44.0 £8.4 43.5£7.2 43.3+£74 53.2+0.9 44.0+ 8.0 85.5 + 5.0
: . Cc=2 10 7284174 46.7+158 47.7+15.6 46.7 £14.9 54.7+0.1 49.4+9.5 89.2+3.9
B=0.1 62.6 £17.9 40.8 £9.2 41.9£9.7 43.5£10.5 53.4+11.5 57.1+11.2 79.2+3.7
PACS C=6 3 86.0 2.9 73.4+£1.6 753+ 1.3 73.9+0.3 74.5+0.9 76.1+1.6 90.5+0.3

evaluate performance on the iWildCam dataset which is sampled sparsely as
detailed in the benchmark from Bai et al. (2024).

We compare the performance of FedPALS to similar approaches which are
designed to combat client heterogeneity: FedProx, SCAFFOLD and AFL. We
also compare to regular FedAvg and an oracle classifier for which the i.i.d.
assumption is true to understand how much the introduction of label marginals
help performance.

We show the results of these experiments in Table 3.1. We clearly see
that the awareness of label marginals of FedPALS is beneficial and see quite
substantial gains in many tasks. We also observe that there seems to be a bias-
variance trade-off as the FedPALS results experiencing increased variance. This
indicates that the addition of target label distribution faithfulness increases
the variance of the resulting estimator. Further, we show in an ablation on
the PACS task, that increasing the noise level in the target label marginal
decreases the performance we observe from FedPALS which is expected.

Overall, we find that FedPALS balances the trade-off between matching
the target label distribution and minimizing variance in the model updates. In
particular, FedPALS perform well in challenging scenarios where label sparsity
and client heterogeneity hinder the performance of other methods.
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Figure 3.3: A schematic view of the two settings which we consider in Paper
IV. The private setting where the clients are unaware of the full label set and
the public setting where this is known. Note that the server has access to the
information about which clients have which label sets.

3.4 Paper IV - Federated learning with hetero-
genous and private label sets

Counsidering the interest in handling heterogeneity in client datasets, it is
reasonable to investigate how to handle this in cases where client label sets
are considered sensitive. With current methods not sharing this would be
unavoidable as the clients need to all agree on the full label set which they
are constructing a classifier for. If the label set includes sensitive information,
clients will be unwilling to share which labels they have available to other
clients.

To ameliorate this issue, we propose the private label set setting. We adapt
the regular FL setup to allow for client label sets being kept private. This is
done by trusting only the server with the information about which labels a
client has in its dataset. We illustrate the setup and how it compares to the
regular setup, which we call public, in Figure 3.3.

Considering this settings challenges, We propose two main approaches to
learning a model. First we propose an adaptation of FedAvg which is possible
to extend to other FL approaches. This consists of two main modifications, in
each round ¢, each client k is sent the full set of current encoder parameters 6}
and the subset of current classifier parameters corresponding to their label set,
0L, [Ve] = 105,(y) -y € V)T € Rkl Clients then proceed with local updates
as normal.

On the server side, the server receives parameter updates every round
(%71@’ 9217 ) from each client k and averages the classifier parameters for each
label y based on models of clients which have the label in their label set,
weighted according to their sample size (see Algorithm 2). Encoder parameter
updates 9;7,6 are averaged as we would with regular FedAvg. Second, we
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Algorithm 2: FedAvg with private label sets
Data: Client label sets {V)} and reverse indices {Ij}
Result: Classifier h(z) = 0'(9;;¢(£L'))
Initialize central parameters §° = (63, 6;))
for each round t =0,...,T — 1 do
for each client k =1,...,m do
Distribute (0}, 07,[Vk]) to client k
Receive client update (6% ., 0, ;)

end
Ot =30, 0% % where n=) " ny
for each label y € Y do

‘ 05 (1) = Syern 0 k(Ie(w) 2 where nj =37, 0y,
end

end
Return classifier with parameters 6§ = (95, 05)

propose a tuning strategy in conjunction with the above aggregation. This
is motivated by earlier work in the classifier coupling literature (Hastie &
Tibshirani, 1997; Wu & Weng, 2004). This is motivated by the fact that the
first strategy will not be guaranteed to work well when the representation is
suboptimal for one or more clients.

In classifier coupling approaches, methods were developed to combine several
binary classifiers, e.g., support vector machines, on different pairs of labels into
a single multi-class classifier. This technique not commonly used as multi-class
classifiers are trained routinely using neural networks with softmax outputs or
similar models. However, in federated learning with heterogenous and private
label sets, we face a similar problem since no client nor the server has access to
labeled data from all classes.

Taking inspiration from these approaches we show that a tuning approach
using an unlabeled dataset on the central server is a viable option. One which,
under the right conditions, could produce an optimal classifier given optimal
client models. However, while this particular special case is unlikely to occur, it
is not unreasonable to believe that such a method could be empirically useful.
We use a tuning approach with two main loss functions:

2
mlmmlze Zwk Z Ex [ hi(y | X)h(y' | X) — hi(y' | X)h(y | X)) } ,
TRV
y#y
(3.2)
which we call the pairwise loss which align model prediction in a pairwise
manner. We also consider the direct MSE loss

migier%ize Zwk Z Ex [(hk(y | X)— h(y | X))ﬂ . (3.3)

k=1 yEYVr
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We perform classification experiments on both Fashion-MNIST and CIFAR-10
where we vary the number of labels that a client has access to from 2-10. We
choose a random set of labels for each client which they then get distributed
from the dataset equally. To combat the the heterogeneous amount of examples
in clients resulting from this we perform a subsampling step, which results in
each client having an equal amount of samples.

We observe from our experiments that our adaptation of regular FL. methods
to the private setting perform quite well. This suggests that the simple per-class
aggregation is sufficient to achieve adequate performance. Further, this indicates
that alignment of representation may not always be necessary. However, the
pairwise tuning outperforms our adaptations of FedAvg and FedProx on CIFAR-
10 in the public setting. This suggests that the tuning of the representation
can be of use in this setting also.

In summary, paper IV shows that federated learning is still possible in a
private label set scenario. Furthermore, our proposed approaches successfully
enable learning in this setting. We observe empirically that these methods
work well with a minimal performance drop compared to performance in the
public setting.



Chapter 4

Concluding remarks and
future directions

In this thesis we have presented the challenges posed by distributional shifts
in machine learning. We have explored how to both predict performance as
well as adapt to these shift in both centralized and federated scenarios. We
performed a survey of generalization bounds with the express purpose to find
ones which can practically measure and assess the target performance of models.
We also proposed a method for leveraging the structure inherent in privileged
information which can be available during training. In the federated learning
context, we introduced the concept of target-aware federated learning and
proposed a method to leverage the server-side knowledge of the target. Finally,
we consider a setting where label sets are too sensitive to share across clients.
We have formalized two novel approaches to performing federated learning
with both heterogeneous clients and private label sets. Overall, we have shown
that there are significant benefits from exploring novel settings and modifying
the assumptions of what data is available or their statistical properties.

The methods and theory we propose all come with their own strengths and
limitations. These are all discussed in each paper which is appended in Part
IT of the thesis, however, some are worth discussing here. Most methods and
settings we investigate assume that we have access to more information or that
the underlying data has certain structure. We have also generally focused on
image classification datasets in our work. Of course, this is limiting as there
are many other types of data which we could have considered, e.g tabular
or time-series data, each with their own distinct properties. However, this
is motivated by the large dimensionality of images, and the models used to
process them. This is a complicating factor in most theoretical treatments and
why we chose to work with these.

In future, the focus should be to further attempt to solve the distributional
shift problem for specific scenarios where different amounts of information is
available. We have made several inroads in these areas, but several promising
avenues still remain to explore further in this respect. Similar to the setting
we propose in paper II one might explore how the addition of other modalities

35
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of data could impact learning both on a theoretical and empirical level. Fur-
thermore, in the context of paper III there are many interesting settings to
consider. One could attempt to further explore to what extent the information
in target-aware federated learning can be inferred from model updates from
clients. If this inference is both plausible to conduct and accurate enough
for guiding learning one could lessen the amount of information clients would
need to explicitly share. An alternative would be that we could transmit the
information in a compressed form. For instance, we could achieve this through
sharing some representation of the label distribution similar to the approach in
Mclaughlin & Su (2024).

Building on paper IV, one could easily envision a setting with even further
privacy gains. One would not share the model parameters at all but allow there
to be a querying system between the clients and the server. Perhaps they could
be answers to how the models would classify certain, publicly available, inputs.
The global and local models could then be updated based on the responses to
these queries, making use of a similar alignment method as we introduce in
our work.

Furthermore, it is of great interest to develop novel theoretical perspectives
to make use of the underlying structure of problems explicitly. This may be
done by presupposing a specific underlying structure of the data and treating
the problem based on this assumption. For example, there have been works
that incorporate the notion of a taxonomy in their data and tailor their
architecture to exploit this hierarchical structure (Liu et al., 2023). This raises
the compelling question of which structures are most beneficial, and how they
can be effectively integrated into learning frameworks.

Historically, architectural innovations such as Convolutional Neural Net-
works (Lecun, 1998) and Transformers (Vaswani et al., 2017) have achieved
remarkable success by embedding strong inductive biases directly into the
model design. These approaches represent embedding structural assumptions
at the architectural level. However, it remains an open question whether
similar benefits can be achieved through purely methodological approaches,
i.e., without altering model architecture. Crucially, any such assumptions must
be justifiable and, ideally, verifiable a priori. If the assumed structure cannot
be assessed from the available data, its practical utility is limited. Although, it
may be permissible if the empirical gains derived from making the assumption
is substantial enough. Whether these structural assumptions can be made
general across tasks or must be tailored to specific applications remains an
open and important question. If the latter holds, considerable effort will be
required to identify and formalize appropriate structures for each application
or task.

On a related note, the recent success of large pretrained foundation models
suggests that transferability can, to some extent, be achieved simply through
access to vast and diverse datasets e.g. LAION (Schuhmann et al., 2022). This
brings to light a salient question: in such large-scale settings, is the overlapping
support assumption, central to many theoretical generalization guarantees,
more likely to hold due to the breadth and diversity of the training data?

Taken together, the work presented in this thesis highlights the importance
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of revisiting core assumptions in machine learning. By proposing novel meth-
ods and theoretical perspectives in both centralized and federated settings, we
have shown that addressing these issues directly can lead to more robust and
adaptable models. Future work should continue by investigating how structure
in data sets can be leveraged in both model design and method development.
Additionally, further theoretical grounding is needed to understand the implica-
tions of such assumptions and to formalize generalizable principles across tasks
and domains.

As machine learning increasingly moves toward real-world deployment,
addressing distributional shift will remain a key concern. This work has
provided some initial steps toward this goal, and with future efforts we will
hopefully be able to produce powerful, but also reliable and adaptable models,
in the face of real-world complexity.
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Abstract

Understanding generalization is crucial to confidently engineer and deploy machine learning
models, especially when deployment implies a shift in the data domain. For such domain
adaptation problems, we seek generalization bounds which are tractably computable and
tight. If these desiderata can be reached, the bounds can serve as guarantees for adequate
performance in deployment. However, in applications where deep neural networks are the
models of choice, deriving results which fulfill these remains an unresolved challenge; most
existing bounds are either vacuous or has non-estimable terms, even in favorable conditions.
In this work, we evaluate existing bounds from the literature with potential to satisfy our
desiderata on domain adaptation image classification tasks, where deep neural networks are
preferred. We find that all bounds are vacuous and that sample generalization terms account
for much of the observed looseness, especially when these terms interact with measures of
domain shift. To overcome this and arrive at the tightest possible results, we combine each
bound with recent data-dependent PAC-Bayes analysis, greatly improving the guarantees.
We find that, when domain overlap can be assumed, a simple importance weighting extension
of previous work provides the tightest estimable bound. Finally, we study which terms
dominate the bounds and identify possible directions for further improvement.

1 Introduction

Successful deployment of machine learning systems relies on generalization to inputs never seen in training.
In many cases, training and in-deployment inputs differ systematically; these are domain adaptation (DA)
problems. An example of a setting where these problems arise is healthcare. Learning a classifier from
data from one hospital and applying to samples from another is an example of tasks that machine learning
often fail at (AlBadawy et al., 2018; Perone et al., 2019; Castro et al., 2020). In high-stakes settings like
healthcare, guarantees on model performance would be required before meaningful deployment is accepted.
Modern machine learning models, especially neural networks, perform well on diverse and challenging tasks
on which conventional models have had only modest success. However, due to the high flexibility and opaque
nature of neural networks, it is often hard to quantify how well we can expect them to perform in practice.

Performance guarantees for machine learning models are typically expressed as generalization bounds.
Bounds for unsupervised domain adaptation (UDA), where no labels are available from the target domain,
have been explored in a litany of papers using both the PAC (Ben-David et al., 2007; Mansour et al., 2009)
and PAC-Bayes (Germain et al., 2020) frameworks; see Redko et al. (2020) for an extensive survey. Despite
great interest in this problem, very few works actually compute or report the value of the proposed bounds.
Instead, the results are used only to guide optimization or algorithm development. Moreover, the bounds
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presented often contain terms which are non-estimable without labeled data from the target domain even
under favourable conditions (Johansson et al., 2019; Zhao et al., 2019).

For deployment in sensitive settings we wish to find bounds which are: a) Amenable to calculation; they
do not contain non-estimable terms and are tractable to compute. b) Tight; they are close to the error in
deployment (or at least non-vacuous). How do existing bounds fare in solving this problem? As we will see,
for realistic problems under favorable conditions, most, if not all, bounds in the literature struggle to satisfy
one or both of these goals to varying degrees.

In this work, we examine the practical usefulness of current UDA bounds as performance guarantees in the
context of learning with neural networks. Examining the literature with respect to our desiderata, we identify
bounds which show promise in being estimable and tractably computable (Section 2.1). We find that terms
related to sample generalization dominate existing bounds for neural networks, prohibiting tight guarantees.
To remedy this, we apply PAC-Bayes analysis (McAllester, 1999) with data-dependent priors (Dziugaite &
Roy, 2019) in four diverse bounds (Sections 2.3-2.4). Two are existing PAC-Bayes bounds from the UDA
literature and two are PAC-Bayes adaptations of bounds based on importance weighting (IW) and integral
probability metrics (IPM). We evaluate the bounds empirically under favorable conditions in two tasks which
fulfill the covariate shift and domain overlap assumptions; one task concerns digit image classification and
the second X-ray classification (Section 3). Our results show that all four bounds are vacuous on both
tasks without data-dependent priors, but some can be made tight with them (Section 4). Furthermore, we
find that the simple extension of applying importance weights to previous work outperforms the best fully
observable bound from the literature in tightness. This result highlights amplification of bound looseness
due to interactions between domain adaptation and sample generalization terms. We conclude by offering
insights into achieving the tightest bounds possible given the current state of the literature (Section 5).

2 Background

In this section, we introduce the unsupervised domain adaptation (UDA) problem and give a survey of
existing generalization bounds through the lens of practicality: do the bounds contain non-estimable terms
and are they tractably computable? We go on to select a handful of promising bounds and combine them
with data-dependent PAC-Bayes analysis to arrive at the tightest guarantees available.

We study UDA for binary classification, in the context of an input space X € R? and a label space ) =
{—1,1}. While our arguments are general, we use as running example the case where X is a set of black-and-
white images. Let S and T, where S # T, be two distributions, or domains, over the product space X x Y,
called the source domain and target domain respectively. The source domain is observed through a labeled
sample S = {z;,y;}"; ~ (8)" and the target domain through a sample S, = {2/}, ~ (T;)™ which lacks
labels, where T, is the marginal distribution on X under 7. Throughout, (D)" denotes the distribution of
a sample of N datapoints drawn i.i.d. from the domain D.

The UDA problem is to learn hypotheses h from a hypothesis class #, by training on S and SZ, such that
the hypotheses perform well on unseen data drawn from 7,. In the Bayesian setting, we learn posterior
distributions p over H from which sampled hypotheses perform well on average. We measure performance

using the expected target risk Rt of a single hypothesis h or posterior p,

Rr= E _[(h(@)y)] or  ERr(h) M
(z,y)~T h~p
——
Risk for single hypothesis h Gibbs risk of posterior p

for a loss function £ : ) x Y — R,. In this work, we study the zero-one loss, {(y,y’) = 1]y # y']. The
Gibbs risk is used in the PAC-Bayes guarantees (Shawe-Taylor & Williamson, 1997; McAllester, 1998), a
generalization of the PAC framework (Valiant, 1984; Vapnik, 1998).

When learning from samples, the empirical risk Rp can be used as an observable measure of performance,

Ro(h) = 3" (h(ar), o), @)

i=1
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for a sample {(z;,y;)}7_ ~ (D)™, with the empirical risk of the Gibbs classifier defined analogously. However,
since no labeled sample from 7T is available, the risk of interest is not directly observable. Hence, the most
common way to approximate this quantity is to derive an upper bound on the target risk. We refer to these
as UDA bounds. Crucially, any practical performance guarantee must be made using only observed data and
assumptions on how S and T relate. Throughout, we make the following common assumptions.

Assumption 1 (Covariate shift & overlap). The source domain S and target domain 7 satisfy for all z,y

Covariate shift: 7,V | X=2)=8,(Y |X=2) and T, (X =2)# S, (X =2x)
Overlap: T X=2)>0=8,(X=z)>0.

These are strong assumptions and covariate shift cannot be verified statistically. They are not required
by every bound in the literature but together they are sufficient to guarantee identification and consistent
estimation of the target risk (Shimodaira, 2000). More importantly, the generalization guarantees we study
more closely are not fully observable without them unless target labels are available. Finally, this setting
is among the most simple and favorable ones for UDA which should make for an interesting benchmark—if
existing bounds are vacuous also here, significant challenges remain.

2.1 Overview of existing UDA bounds

Most existing UDA bounds on the target risk share a common structure due to their derivation. The typical
process starts by bounding the ezpected target risk using the expected source risk and measures of domain
shift. Thereafter, terms are added which bound the sample generalization error, the difference between the
expected source risk and its empirical estimate. The results can be summarized conceptually, with f and
arguments variously defined, as expressions on the form

Ry < f(Empirical source risk, Measures of domain shift, Sample generalization error) .

There are two main forms taken by this function; one in which sample generalization terms are related
to domain shift terms through addition and one where they are multiplied. We call these additive and
multiplicative bounds respectively. One example is the classical result due to Ben-David et al. (2007) which
uses the so-called A-distance to bound the target risk of h € H with probability > 1 — 4,

R 4(dlog 24 +log §
Rr(h) < Rty + BT ERED s 7y, 3
——
Emp. risk Sample generalization Domain shift

where d is the VC dimension of the H, A is the sum of the errors on both domains of the best performing
classifier h* = arg min,cq (Rs(h) + Ry (h)), and du (S, T) = 28Up s¢ {{a:n(a)=1}:hen) [Prs[A] —Prr[A]] is the
A-distance for the characteristic sets of hypotheses in H.

Three challenges limits the practicality of this bound: i) A is not directly estimable without target labels
and must be assumed small for an informative bound. This is a pattern in UDA theory which illustrates a
fundamental link between estimability and assumption. ii) The VC dimension can easily lead to a vacuous
result for modern neural networks. For example, the VC dimension of piecewise polynomial networks is
Q(pllog ¥) where p is the number of parameters and [ is the number of layers (Bartlett et al., 2019). iii) The
A-distance can be tractably computed only for restricted hypothesis classes. These issues are not unique the
bound above, they are exhibited to varying degrees by any UDA bound.

In response to concerns for practical generalization bounds in deep learning, Valle-Pérez & Louis (2020) put
forth seven desiderata for predictive bounds. While these are of interest also for UDA, we concern ourselves
primarily with the fifth (non-vacuity of the bound) and sixth (efficient computability) desiderata as they are
of paramount importance to achieving practically useful guarantees. In this work, we study UDA bounds
with emphasis on how each term influences the following properties when learning with deep neural networks.

1. Tightness. Is the term a poor approximation? Is it likely to lead to a loose bound?
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Table 1: Overview of existing UDA bounds with respect to a) measures of domain divergence, b) whether
domain and sample generalization terms add or multiply, ¢) non-estimable terms, d) whether the bounds were
computed empirically, e) computational tractability. The highlighted rows represent a selection of bounds
which are possible to estimate under the assumptions we make and which hold promise in fulfilling our other
desiderata. X* denotes that under the assumptions made in this work we do not have non-estimable terms.

Non-est. | Evaluated
Paper/reference Divergence Add/Mult terms bound Tractable
Ben-David et al. (2007) A-distance Add v X X
Blitzer et al. (2008) HAH Add v X X
Ben-David et al. (2010) HAH Add v X X
Morvant et al. (2012) HAH Add v X X
Mansour et al. (2009) Discrepancy dist. Add v X X
Redko et al. (2019) Discrepancy dist. Add v X X
Kuroki et al. (2019) S-discrepancy Add v X X
Cortes & Mohri (2014) Gen. discrepancy Add v X X
Cortes et al. (2015) Gen. discrepancy Add v X X
A XX

Redko (2015) IPM, MMD Add v X v
Long et al. (2015) MMD Add v X v
Redko et al. (2017) IPM Add v X v

Johansson et al. (2019) IPM Add v X v
Zhang et al. (2019) Margin disparity Add v X X
Dhouib et al. (2020) Wasserstein Add v X v

Shen et al. (2018) Wasserstein Add v X v
Courty et al. (2017b) Wasserstein Add v X v
Germain et al. (2013) | Domain disagreement Add v X X
Zhang et al. (2020) Localized discrepancy Add v X X
Cortes et al. (2019) Localized discrepancy Add v X X
Acuna et al. (2021) f-divergences Add v X X
Dhouib & Redko (2018) Mult v X X

2. Estimability. Is the term something which we can estimate from observed data?

3. Computability. Can we tractably compute it for real-world data sets and hypothesis classes?

Next, we give a short summary of existing UDA bounds, with the excellent survey by Redko et al. (2019)
as starting point, while evaluating whether they contain non-estimable terms, if the bound was computed
in the paper! and if the bound is computationally tractable for neural networks. We have listed considered
bounds in Table 1.

‘We will now reason about the bounds’ potential to reach our stated desiderata, starting with tractability. We
begin by noting that several divergence measures (e.g., A-distance, HAH-distance, Discrepancy distance)
are defined as suprema over the hypothesis class H. Typically, these are intractable to compute for neural
nets due to the richness of the class, and approximations would yield lower bounds rather than upper bounds.
Several works fail to yield practically computable bounds for neural networks for this reason (Ben-David
et al., 2007; Blitzer et al., 2008; Ben-David et al., 2010; Morvant et al., 2012; Mansour et al., 2009; Redko
et al., 2019; Cortes & Mohri, 2014; Cortes et al., 2015). There are also some works which deal with so
called localized discrepancy which depends on finding a subset of promising classifiers and bounding their
performance instead. (Zhang et al., 2020; Cortes et al., 2019) However, this subset is not easy to find in
general and as such we view these approaches as intractable also.

1By this we mean the whole bound. Some of the works listed have computed one or several parts of their bound. However,
the computation is generally done for simpler model classes than neural networks.
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Continuing with estimability, we may remove from consideration also those whose non-estimable term cannot
be dealt with without assuming that they are small—an untestable assumption which does not follow from
overlap and covariate shift. This immediately disqualifies a large swathe of bounds which all include the joint
error of the optimal hypothesis on both domains, or some version thereof, a very common non-estimable
term in DA bounds (Kuroki et al., 2019; Redko, 2015; Long et al., 2015; Redko et al., 2017; Johansson et al.,
2019; Zhang et al., 2019; Dhouib et al., 2020; Shen et al., 2018; Courty et al., 2017b; Germain et al., 2013;
Dhouib & Redko, 2018; Acuna et al., 2021). In principle, we might be able to approximate this quantity
under overlap, e.g. by using importance sampling. However, this would entail solving a new optimization
problem to find a hypothesis which has a low joint error (see discussion after equation 3). If we instead wish
to upper bound the term, we must solve an equivalent problem to the one we are trying to solve in the first
place.

Three bounds remain: Zhang et al. (2012) use inte-
gral probability metrics (IPM) between source and
target domains to account for covariate shift in their
bound, which are tractable to compute under as- 5 Worseltanirendom
sumptions on the hypothesis class; Cortes et al. - ?::;;’:::rve MRS
(2010) use importance weights (IW) and Renyi di- s Minimum of bound
vergences which are well-defined and easily com-

-~

puted under overlap; Germain et al. (2016) use a re- E 3

lated metric based on the norm of the density ratio 2

between domains with similar properties. Respec-

tively, the first two results bound sample generaliza- 1

tion error using the uniform entropy number and the

covering number. These measures are intractable to 0° Add. Mult. MMD w

compute for neural networks, and while they may be
upper bounded by the VC dimension (Wainwright,
2019), this is typically large enough to yield unin-
formative guarantees (Zhang et al., 2021). In con-
trast, Germain et al. (2016) use a PAC-Bayes analy-
sis which we can apply to neural networks by speci-
fying prior and posterior distributions over network
weights. Using Gaussian distributions for both pri-
ors and posteriors, the PAC-Bayes bound can be readily computed. Thus, to enable closer comparison and
tractable computation, in the coming sections, we unify each bounds’ dependence on sample generalization
by adapting IW and IPM bounds to the PAC-Bayes framework. For completeness, we include an additional
PAC-Bayes bound from the UDA literature, which has a non-estimable term, namely Germain et al. (2013).

Figure 1: Best bounds achieved without data-
dependent priors on the MNIST/MNIST-M task using
LeNet-5 as well as the target error for the same poste-
rior hypothesis. Note that all the bounds are vacuous,
i.e. they are above one.

The selected bounds are given in Sections 2.3-2.4. Germain et al. (2016) will be referred to as the multi-
plicative bound (Mult), Germain et al. (2013) as the additive bound (Add), the adaptation of importance
weighting to PAC-Bayes as IW; and the adaptation of IPM bounds as MMD. Unfortunately, also the re-
sulting PAC-Bayes bounds are uninformative for even simple image classification UDA tasks; see Figure 1.
Consistent with our understanding of standard learning with neural networks, we find both classical PAC
and PAC-Bayes bounds vacuous in the tasks most frequently used as empirical benchmarks in papers deriving
UDA bounds. Next, we detail how to make use of data-dependent priors to get the tightest possible bounds.

2.2 Tighter sample generalization guarantees using PAC-Bayes with data-dependent priors

PAC-Bayes theory studies generalization of a posterior distribution p over hypotheses in H, learned from
data, in the context of a prior distribution over hypotheses, 7. The generalization error in p may be bounded
using the divergence between p and 7 as seen in the following classical result due to McAllester.

Theorem 1 (Adapted from Thm. 2 in McAllester (2013)). For a prior © and posterior p on H, a bounded
loss function £ :Y x Y — [0,1] and any fized 7,6 € (0,1), we have w.p. at least 1 — § over the draw of m
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samples from D, with Dxy(p|lq) the Kullback-Liebler (KL) divergence between p and q,

Dxw(p|l7) +In(5) '

E Rp(h) <
o(h) < heop 29(1 —~)m

1
h~p ol

The bound in Theorem 1 grows loose when prior m and posterior p diverge—when the posterior is sensitive
to the training data. When learning with neural networks, 7 and p are typically taken to be distributions on
the weights of the network before and after training. However, the weights of a trained deep neural network
will be far away from any uninformed prior after only a few epochs. For this reason, Dziugaite et al. (2021)
developed a methodology, based on work by Ambroladze et al. (2007) and Parrado-Herndndez et al. (2012),
for learning data-dependent neural network priors by a clever use of sample splitting. To ensure that the
bound remains valid, any data which is used to fit the prior must be independent of the data used to evaluate
the bound. In this work, we learn 7 and p following Dziugaite et al. (2021), as described below.

1. A fraction « € [0,1) is chosen and the available training data, S, is split randomly into two parts,
S and S\ S, of size am and (1 — a)m, respectively.

2. A neural network is randomly initialized and trained using stochastic gradient descent on S, for one
epoch. From this we get the weights, wg.

3. The same network is trained, starting from w,, on all of S until a stopping condition is satisfied. In
this work, we terminate training after 5 epochs. We save the weights, w,,.

4. From w, and w, we create our prior and posterior from Normal distributions centered on the
learned weights, 7 = N (wa,0) and p = N (w,, oI) respectively. o is a hyperparameter governing
the specificity (variance) of the prior which may be chosen when evaluating.

ot

. Finally, we use the learned prior and posterior to evaluate the bounds on S\ S,.

2.3 PAC-Bayes bounds from the domain adaptation literature

Both the additive and multiplicative PAC-Bayes UDA bounds described in Section 2.1 are defined in Germain
et al. (2020) and make use of a decomposition of the zero-one risk into the expected joint error

ep(p) =, E B _C(h(x),y)l(W (z),y),

- h,h'~pxp x,y~D

which measures how often two classifiers drawn from p make the same errors, and the expected disagreement

dp,(p)= E E ((ha),H (),
i h,h/~pXp x~Dy
which measures how often two classifier disagree on the labeling of the same point. Empirical variants ép(p)
and dp, (p) replace expectations with sample averages analogous to equation 2.
In the bound of Germain et al. (2016), the sample generalization component (KL-divergence between prior
and posterior) is multiplied with a domain shift component (supremum density ratio).

Theorem 2 (Multiplicative bound, Germain et al. (2016)). For any real numbers a,b > 0 and ¢ € (0,1), it
holds, under Assumption 1, with probability at least 1 — 4§ over labeled source samples S ~ (8)™ and unlabeled

target samples Ty ~ (T,)", with constants a' = =%, V' = %, for every posterior p on H that

@, VBx(T]S)

na mb

o AL, y) & supp(S)lsuprey s (h)-

/1 7 / ~ 2
JE Rr(h) < 57, + VB (T]8)os + ( ) (2D pllm) +10 3 ) + s |

with B (T||S) = sup  To(2)/Sx(x),? and nns =
zesupp(Sz) (

2Terms 3 based on the g:th moment of the density ratio for ¢ < oo are considered in (Germain et al., 2020) but not here.
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The bound is simplified slightly in our setting due to Assumption 1 as nr\s will be 0. By Bayes rule,
can be computed as the maximum ratio between conditional probabilities of an input being sampled from
T or S. The second result due to Germain et al. is additive in its interaction between domain and sample
generalization terms.

Theorem 3 (Additive bound, Germain et al. (2013)). For any real numbers w,y > 0 and 6 € (0,1), with
probability at least 1 — & over labeled source samples S ~ (S)™ and unlabeled target samples Ty, ~ (T;)™; for

every posterior p on H, it holds with constants w' = and v = 1_2:1% that

w
1—e~«

/

) 1. \D +log 1
E Rr(h) < E o'Rs(h) +7/5Di,(8,To) + (5 + %) Drawlpllm) +logs |\ L Loy,
~p

h~p m 2

where Dis,(S,T,) = |dr, — ds,| is the empirical domain disagreement, Ap = ler(p) —es(p)].

Next we will combine the main techniques used to account for domain shift in Cortes et al. (2010) and Zhang
et al. (2012) with the PAC-Bayes analysis of Theorem 1, producing two corollaries for the UDA setting.

2.4 Adapting the classical PAC-Bayes bound to unsupervised domain adaptation

First, we adapt the bound in Theorem 1 to UDA by incorporating importance weighting (Shimodaira, 2000;
Cortes et al., 2010).We define a weighted loss ¢* (h(z),y) = w(z)¢(h(z),y) where w(z) = ggi; and ¢ is the
zero-one loss. The risk of a hypothesis using this loss is denoted by R™.

Corollary 1. (IW bound) Consider the conditions in Theorem 1 and let B = sup,,..y w(z). We have, for
any choice of 7,6 € (0,1) and any pick of prior = and posterior p on H,

Dk (p|w) +1In(})

1 ~
E Rr(h) < — E R¥%h) + B
7)< 2B R8N + oo B

h~p

Proof. Since Theorem 1 holds for loss functions mapping onto [0, 1], we divide the weighted loss £* by the

maximum weight, S.,. The argument then follows naturally when we apply Theorem 1 with the loss function
o

o (h(x 0 (h(z), 1 . D In(}
g [0 @) L g D)+
hepy(@y)~T L Boo hrep,(w,y)~S Boo VB 2y(1 —v)m
The first equality holds due to Assumption 1 and the definitions of w and ¢*. |

Now we continue with applying an argument based on integral probability metrics (IPM) drawn from Zhang
et al. (2012) and similar works. IPMs, such as the kernel maximum mean discrepancy (MMD) (Gretton
et al., 2012) and the Wasserstein distance have been used to give tractable and even differentiable bounds
on target error in UDA to guide algorithm development (Courty et al., 2017a; Long et al., 2015). The kernel
MMD is a IPM, defined as follows, in terms of its square, given a reproducing kernel k(-,-) : X x X = R

MMD,(P,Q)? = E kX, X" -2 E k(XY E k(Y,Y").

WPQF = B XX -2 E KXY+ B YY)

Here, X and Y are random variables, and X’ is an independent copy of X with the same distribution and
Y’ is an independent copy of Y. This measures a notion of discrepancy between the distributions P and Q
based on their samples.

We combine the MMD with the bound from McAllester (2013) to arrive at what we will call the MMD
bound.

Corollary 2. (MMD bound) Let (y(x) = E[{(h(2),Y) | X = 2] be the expected pointwise loss at x € X and
assume that, for any h € H, €y, can be uniformly bounded by a function in reproducing-kernel Hilbert L space
with kernel k such that Vx,2' € X : 0 < k(z,2') < K. Then, under Assumption 1, with v,6 € (0,1) and
probability > 1 — & over labeled source samples S ~ (8)™ and unlabeled target samples S., ~ T™,

1 = Dk (p|w) + log 2 N [ K [ 4
E <-E ———————°% + MMDy, 20/ —(2 log - 4
}LN,JRT(h) - 'th,;RS(h) + 2y(1 —~v)m + WS T)+ m ( tylos 6) ’ )
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where MMD;C(S ,T) is the biased empirical estimate of the mazimum mean discrepancy between S and T
computed from S, and S,,, see eq. (2) in Gretton et al. (2012).

Proof. By assumption, for any hypothesis h € H,

Ry (h) = Rs(h) + E7[((h(X),Y)] = Es[((h(X),Y)] < Rs(h) + sup B, [1n(X)] = Es, [In (X)) -

The inequality holds because Es[¢(h(z),Y) | X = 2] = Ef[{(h(z),Y) | X = z] due to Assumption 1
(covariate shift) and the assumption that ¢, is uniformly bounded by a function in £. The RHS of the
inequality is precisely MMD, and the full result follows by linearity of expectation (over p), since the MMD
term is independent of h, and application of Theorem 1. The right-most term in equation 4 follows from a
finite-sample bound on MMD, Theorem 7 in Gretton et al. (2012), and a union bound w.r.t. 4. O

Representation learning. When no function family £ satisfying the conditions of Corollary 2 is known,
an additional unobservable error term must be added to the bound, to account for excess error. Bounds based
on the MMD and other IPMs have been used heuristically in representation learning to find representations
which minimize the induced distance between domains and achieve better domain adaptation (Long et al.,
2015). However, even if covariate shift holds in the input space, these are not guaranteed to hold in the
learned representation. For this reason, we do not explore such approaches even though they might hold
some promise. An example of this is recent work by Wu et al. (2019) which provided some interesting ideas
about assumptions which constrains the structure of the source and target distributions under a specific
representation mapping. Exploring such ideas further is an interesting direction for future work.

3 Experimental setup

We describe the experimental setup briefly, leaving more details in Appendix A. We examine the dynamics
of the chosen bounds (Add, Mult, MMD, IW), which parts of the bounds dominate their value, the effect
of varying the amount of data used to inform the prior and if the bounds have utility for early stopping
indication or model selection. In addition to these we also want to answer if these bounds practically useful as
guarantees, and if not, what is lacking and what future directions should be explored to reach our desiderata?
Since the term A, in Add (Theorem 3) depends on target labels, we give access to these for purposes of
analysis and illustration, keeping in mind that the bound is not fully estimable in practice.

We perform experiments on two image classification tasks, described further below, using three different
neural network architectures. The architectures used are: a modified version of LeNet-5 due to Zhou et al.
(2019), a fully connected network and a version of ResNet50 (He et al., 2016). These specific architectures
were picked as examples due to their varying parameter size and complexity. The experiments are repeated
for 5 distinct random seeds, with the exception of the varying of image size where we only conduct the
experiment for one seed.

We learn prior and posterior network weights as described in Section 2.2. When both sets of weights have
been trained, we use these as the means for prior and posterior distributions 7 and p, chosen to be isotropic
Gaussians with equal variance, 0. Each bound is calculated for each pair of prior and posterior. To estimate
the expectation over the posterior we sample 5 pairs of classifiers from the posterior and average their bound
components (e.g., source risk) to get an estimate of the bound parts. When this has been calculated, we
perform a small optimization step to choose the free parameters of the different bound through a simple grid
search over a small number of combinations. We use the combination that produces the lowest minimum
bound and account for testing all k£ combinations by applying a union bound argument, modifying the
certainty parameter § to 6/k. When calculating the MMD, we use the linear statistic for the MMD as

detailed in Gretton et al. (2012) with the kernel k(z,y) = oxp(fu%fw). This calculation is averaged over
10 random shuffles of the data for a chosen bandwidth, x > 0. The process is repeated for different choices
of bandwidth (see Appendix for details) and the maximum of the results is taken as the value of the MMD.
Note that we calculate the MMD in the input space and have not adjusted it for sample variance. When
calculating the importance weights we assume here that the maximum weight, 8, is uniformly bounded as
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Figure 2: Example of source label densities in the task with the mix of MNIST and MNIST-M samples. An
example from each of the two data sets can be seen on the right, the upper one being from MNIST and lower
one from MNIST-M. The target domain is the complement of source samples.

the bound would potentially be vacuous otherwise. In addition, we will consider the importance weights to
be perfectly computed for simplicity.

We construct two tasks from standard data sets which both fulfill Assumption 1 by design, one based on digit
classification and one real-world task involving classification of X-ray images. These are meant to represent
realistic UDA tasks where neural networks are the model class of choice.

3.1 Task 1: MNIST mixture

MNIST (Lecun, 1998) is a digit classification data set containing 70000 images widely used as a benchmark
for image classifiers. MNIST-M was introduced by Ganin et al. (2016) to study domain adaptation and is a
variation of MNIST where the digits have been blended with patches taken from images from the BSDS500
data set (Arbeldez et al., 2011). We use MNIST and MNIST-M to construct source and target domains, both
of which contain samples from each data set, but with different label density for images from MNIST and
MNIST-M. To create the source data set, we start with images labeled “0” by adding 1/12th of the samples
from MNIST-M and 11/12th of the samples from MNIST, we increase the proportion from MNIST-M by
1/12 for each subsequent label, “17, “2” and so on. The complement of the source samples is then used
as the target data, see Figure 2 for an illustration. We make this into a binary classification problem by
relabeling digits 0-4 to “0” and the rest to “1”. The supremum density ratio S = 11 (see Theorem 2) is
known and the mixture guarantees overlap in the support of the domains (Assumption 1).

3.2 Task 2: X-ray mixture

ChestX-ray14 (Wang et al., 2017) and CheXpert (Irvin et al., 2019) are data sets of chest X-rays and labeled
according to the presence of common thorax diseases. The data sets contain 112,120 and 224,316 labeled
images, respectively. Since the two data sets do not have full overlap in labels, we use the subset of labels
for which there is overlap. The labels which occur in both data sets are: No finding, Cardiomegaly, Edema,
Consolidation, Atelectasis, and Pleural Effusion. In addition, there is an uncertainty parameter present in
the CheXpert data set which indicates how certain a label is. As we consider binary classification, we set all
labels that are uncertain to positive. Therefore, a single image in the CheXpert data set might have multiple
associated labels. For most experiments we resize all the images in the data sets to 32x32 to be able to use
the same architectures for both tasks. However, we also conduct a small experiment with ResNet50 where
larger image sizes are considered.

We take 20% of chestX-rayl4 and add it to CheXpert to create our source data set. The target is the
remaining part of ChestX-ray14 which is then 89,696 images compared to the 246,072 of the source. With
this, we know from Appendix B that 8., &~ 11 and we have overlap. We turn this into a binary classification
problem in a one-vs-rest fashion by picking one specific label to identify, relabeling images with “1” if it is
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Figure 3: The tightest bounds achieved on the LeNet-5 architecture. This illustrates the tightening effect of
using data-dependent priors. Non-vacuous bounds are obtained when using data to inform the prior. The
shaded area between 0.5 and 1 is where a random classifier would perform on average, and the shaded area
above 1 signifies vacuity.
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Figure 4: An illustration of constituent parts for three of the bounds with the fully connected architecture
on the MNIST mixture task. o = 0.03

present, and setting the labels of images with any other finding to “0”. In this work, we consider only the
task of classifying “No Finding”.

4 Results

As expected, when we compute bounds with data-dependent priors, we achieve bounds which are substan-
tially tighter than without them, as seen clearly by comparing Figure 1 to Figure 3. We also observe that the
additive bound (Add) due to Germain et al. (2013) is the tightest overall for both tasks, followed closely by
the IW bound. The latter is not so surprising as when we apply data-dependent priors, there is effectively
a point in training where the Dxki,-divergence between prior and posterior networks is very small. Moreover,
due to overlap, the weighted source error is equal to the target error in expectation. Thus the only sources
of looseness left is the error in the approximation of the expectation over the posterior and the log% term
which is very small here. We can also see in Figure 5a and 5b that the minimum of the IW bound is often
very close to the minimum of the additive bound. However, unlike IW, the Add bound relies on access to
target labels in to compute the term A, (see further discussion below).

The evolution of the different bounds during training is shown for both tasks in Figure 6. Of course, all
bounds will increase at some point as training progresses and the prior and posterior diverges further from
each other and Dyj, increases. While Add is consistently very tight, we note that the A, term which we
cannot observe might be a significant part of the bound when the Dkp-term is low as we can see in Figure 4b.
This is an issue for the additive bound since if we have sufficiently small variance of the posterior then the
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Figure 5: An illustration of the minimum bound value achieved by each of the three architectures on both
tasks. The lowest target error achieved is indicated by a black marker with a vertical dotted line through it.

disagreement will be low, using informed priors will make the Dgp, small while using neural networks often
lead to having a low source error. This will leave only the constant term, log% and the unobservable A,
terms and in those situations the bound might even be dominated by the unobservable term.

The multiplicative bound of (Germain et al., 2016) (Mult) suffers from the amplification of the source error
es and Dk, term by the factor ., and is generally larger than the Add and IW bounds. Conceptually,
the Mult and IW bounds are similar, but in the former, the loss is multiplied uniformly by the largest
weight. For tasks where certain inputs with high loss are more uncommon in the target domain than in the
source domain, this is especially detrimental. The MMD bound is initially dominated by the MMD distance
between inputs from the source and target domains, as shown in 4c, which is large and independent of the
learned hypothesis. As such, this term cannot be reduced by optimization, without, for example, computing
it in representation space (Long et al., 2015). With this approach, unobservable errors due to non-invertible
representations must be accounted for (Johansson et al., 2019).

Experiments on using bounds for early stopping and model selection with different architectures yield the
results seen in Figure 5. We can see that the errors achieved by terminating training at the smallest bound
value (colored markers) do not coincide with the best-achieved target performance during training (denoted
by the vertical dotted lines). Clearly, the bounds are not tight enough to do early stopping. This is a
result of the sample generalization term Dyj, increasing during training. For other analyses, this need not
be the case. For larger architectures, the early-stopped models are closer to the best target models. If we
instead look at the same figure again, but this time focus on utility for model selection we find something
interesting. It seems that the bounds might be useful in this regard as they consistently have lower values for
architectures/models which perform well. However, to be able to say this conclusively a more thorough study
with different learning setups must be done. Both of the two previous observations should be contextualised
with the fact that the domain shift terms are not dependent on the model as such, but amplify looseness in
the case of the Mult and IW bounds. For the MMD and Add bounds, increased looseness during training
is an artifact only of sample generalization.

As we can see in Figure 7a, when we vary the size of the images we give to the ResNet50 architecture we
observe that the error seems to decrease for the larger image sizes. Although, the minimum bound value
achieved does not seem to follow the same trend consistently. This is likely the result of the amount of
epochs trained for both prior and posterior. In Figure 7b, we see that the choice of prior sample proportion
o makes some change to the smallest bound achieved. We also see the minimum bound values grow for
large values of «, indicating that the remaining data is better spent calculating the bound than informing
the prior in this case. We can also infer from Figure 1 that using no data to inform the prior is worse than
using some. The overall shape is consistent with the results reported in Dziugaite et al. (2021, Figure 1).
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Figure 6: Bounds evaluated at different points during training of the LeNet-5 architecture. o = 0.3, ¢ = 0.03.
The shaded areas represent one standard deviation.
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Figure 7: a) show results of varying image sizes when training the ResNet50 network on the X-ray task. b)
shows how the minimum value of the bound varies with a.

5 Discussion

From our survey of the literature, it is clear that only a small handful of analyses of UDA generalization can
be informative as practical bounds on target domain performance. The main obstacle for computing existing
bounds is that they are vacuous or intractable to compute for the kinds of models which perform the best
on common UDA benchmarks—deep neural networks. A potential remedy is the use of PAC-Bayes bounds,
which perform well once they are applied with data-dependent priors; without this they are vacuous. In
our experiments, the Add bound with the unobservable term is the tightest which is unsurprising given its
dependence on target labels. Furthermore, we note that the application of importance weights also performs
very well as the setting is sufficiently benign. As such we can say that in this setting we can achieve the
desiderata of a tractably computable, tight bound using the IW bound. However, recall that the guarantee
we get is on a distribution over classifiers and not on one specific classifier. It should be noted, however, that
the IW bound can become vacuous in certain situations where the worst-case density ratio, 8, is large and
either the Dkp, term or errors on underrepresented classes is large enough.

We found that the lowest value of the bounds achieved during training does not in general correspond to the
best performing model on target. This tells us that these bounds are not useful metrics for early stopping.
Further, the findings for using bound values for model selection are inconclusive, more experiments have to be
conducted to answer this question satisfactorily. During training, we see that the dynamics are dominated by
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the KL-divergence term, inherent to PAC-Bayes analysis, as training progresses. This reinforces our view that
these bounds might be useful in getting performance estimates of methods at one particular point and not
over several points during training if we do not have access to a large sample. This issue might be ameliorated
by regularizing towards the prior during training, although this introduces yet another optimization as we
now have to find the optimal regularization strength. In addition, it is not certain whether this will have
any adverse effects on the final performance of the learned classifier.

A limitation of this work is that the bounds are cumbersome to compute and it is possible to do several
optimizations in the process of producing the bounds. We have tried to do as few as possible in the name of
practicality. We list some of the possible further optimizations in Appendix A for the reader’s consideration.
The impracticality of computing PAC-Bayes bounds is a known issue that has had some work done by
Viallard et al. (2021) where they introduce an approach which would remove the computation of expectation
over the posterior. In addition, in this work the computation of test errors have dominated the computation
time. To produce the results one has to compute the predictions at least 50 times(5 pairs of sampled models
from the posterior and 5 random seeds) for each datapoint in the bound for a single choice of prior. This
will naturally consume increasing amounts of time with larger data sets.

Furthermore, the overlap assumption will not hold for all real-world applications. In fact, many of the
benchmarks for algorithm development, such as the SVHN—MNIST task (Ganin et al., 2016) blatantly
violate overlap, since images of house numbers and handwritten digits differ vastly in pixel space. Examples
where overlap holds by definition include when the target domain represents a subpopulation of a larger
population given by the source domain, e.g., women (target) among all patients (source) with a medical
condition. Although an easy learning problem on its face, the optimal model in the full population may not
be optimal for the subpopulation. Even when overlap is violated, many share the intuition that overlap may
hold in a transformed space (Wu et al., 2019), representative of the core aspects of the problem—a digit is
a digit, whether on a house or a postcard.

The strictness of the overlap assumption has been studied by D’Amour et al. (2021) where it was found
that even for Gaussian distributions with insubstantial differences in mean parameters, overlap vanishes in
high dimensions. Motivated by this fact we might wish to adopt relaxed versions of our assumptions or
completely novel ones which still guarantee consistent estimation. A first step could be to require overlap
only in a transformed space, not in the input space, like in Wu et al. (2019) or only requiring overlap in
specific regions and leveraging assumptions on “closeness” in the other regions, as in Johansson et al. (2019).
Further, task-specific assumptions are likely needed for a more complete description of out-of-distribution
generalization. We mean task-specific in the sense that the assumptions will depend on the structure on
the problem and the data-generating process (Hansen, 2008) or other approaches. Overcoming this gap is a
important direction of future study.

Another limitation of this work is that the hypotheses do not optimize for adaptation to the target domain,
which might be achieved through representation learning as in Ganin et al. (2016) or minimization of a
weighted loss (Shimodaira, 2000). Our setting is representative for tasks where the target domain is unknown
during training, but known when computing the bounds. Further, in this work we have assumed that we
are able to estimate the importance weights exactly which may not be feasible in high-dimensional settings.
In addition, there is no guarantee that the estimation error of the weights is small and thus even a small
misestimation may have quite large implications for the resulting bound.

Future work regarding generalization bounds should preferably comment upon usefulness of their bound as
a practical guarantee for performance, which is something that is often lacking. Ideally this would extend to
explicit calculation if the bound is possible to compute. New bounds are often used as inspiration towards
new algorithms which are hoped to result in more generalizable models. However, this is seldom guaranteed
by theory and verified only in limited settings empirically.

Our results offer indications for how to obtain tractable and tight bounds for neural networks used in UDA
tasks with available tools. If overlap can be assumed to hold, then use the IW bound, estimate importance
weights using density estimation (Sugiyama et al., 2012) or probabilistic classifiers and apply data-dependent
priors. The amount of data to use and how long to train your prior etc. are all task dependent and thus some
engineering is necessary to pick optimal values. If this cannot be assumed, the most promising approach
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to get bounds which fulfill our desiderata in this case would be to use the MMD bound as this does
not technically rely on overlap and is tractable to compute for neural networks. This relies on the added
assumptions of the pointwise loss being bounded by a function in the associated reproducing-kernel Hilbert
space, which may or may not hold. The nature of this assumption makes it less useful since no test for this
is available absent overlap and is similar in nature to assuming that joint optimal error is small. However, if
the function under estimation is believed to be smooth, the assumption is more plausible. In conclusion, it is
clear that the general case demands new research, and alternative, task-specific assumptions, to allow tight
performance guarantees for realistic problems. In either setting, we conjecture that the tightest bounds will
be coupled to the training procedure.
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A Experimental details

The experiments were carried out with a modified version of LeNet-5 due to Zhou et al. (2019), a 1024-
600-600-2 fully connected network similar to the one used in Rivasplata et al. (2020) and a ResNet50
architecture (He et al., 2016) as mentioned before. Since the 0-1 loss is not differentiable we substitute
it with the binary cross entropy loss which is and provides a tight upper bound on the 0-1 loss. We train
with SGD with momentum 0.95 as the optimizer with a batch size of 128. The learning rate was chosen to
be 3 x 1073 for the LeNet-5 and fully connected architectures while for ResNet50 3 x 10~ was used. The
images from MNIST and MNIST-M were padded with zeros to 32x32 images. This was done to be able to
use them with the ResNet50V2 implementation in Tensorflow which does not support smaller image sizes.

The training procedure went as follows. We load the data and construct our source and target. The source
data is then split into an a-fraction S, which is used to train the prior network on for |S,|/b iterations,
where b is the batch size, to get an informed prior. This is then used as the starting point when training
the posterior which is done on all the available data. During training of the posterior network we save 10
network weights during the first epoch and then at the end of every subsequent epoch until termination. We
terminate the training of the posterior network when we have trained 5 epochs.

When training the posterior is terminated we save the weights and proceed with the computation of the
bound. In contrast with Dziugaite et al. (2021) we not only consider the bound at the point of termination
but also at previous points during training. This is done with the goal of gaining an understanding of the
bounds’ behaviour during training.

We assume that our prior can be modeled by an isotropic gaussian akin to earlier work, this is done to get
an easily computable closed form expression of the KL divergence. To pick a good value of the o parameter
one could sweep over some range of values and then use a union bound argument to be able to pick the best
result with only a small penalty to the bound. We do not do such optimization and simply pick a value.

We perform a small optimization step when determining the free parameters of the bound. For the bounds
from Germain et al. (2020), i.e. a,b,y and w, we iterate over values in the range {1 x 10735 x 1073, 1 x
1072,...,5x 10%,1 x 10°} for both free parameters and pick the combination which yields the lowest bound.
For the MMD and IW bounds we pick « from the range {1 x 1072,5x1073,1x 1072,5x1072,1x 1071, 5 x
1071,9.9 x 1071}, choosing the one which yields the lowest bound.

A.1 Possible optimization when producing the bounds

When computing these bounds there are a lot of different parameter and hyperparameter choices to make,
many of which can be optimized. We first have to train at least one model(depending on how many values
of a to consider) with all parameter choices that entails. Then we sample models according to whatever
the posterior distribution is; the amount depending on how well we want to estimate the expectation over
the posterior. All PAC-Bayes bounds contain some sort of parameter which is free to choose and we must
do a at least a rudimentary parameter search to arrive at a good bound. In addition to all these choices
of parameters we can of course optimise these bounds even further. Some that we did not perform for this
work are: Optimise the representation for smaller MMD, L2 regularisation towards the prior for each specific
parameter set (also entails finding the optimal regularization strength) and perform even finer grid searches
for the optimal bound parameters to name just a few.
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B Importance weights and how to derive them

So assume that we do a mixing of two data sets (let’s call them 0 and 1) to form two domains. We want to
derive the way we should calculate and subsequently use the importance weights for this situation. We will
do this first for the CXR task. In this task the underlying label set is multi-label and as such we need to
make it into categorical variables before calculating and applying weights. We achieve this by making the
problem into a binary classification problem where we try to predict if there is a finding or not. From this
point we may calculate the importance weights as follows:

Ty _ TEWTE) T(ely)T(y)
Sy~ S@ly)SW) ~ (S@ly.D = 1SD = 1Jy) + S(aly. D = 0)5(D = 0]4))S ()

If we now assume that we have only no examples from data set 0 in the target as in the CXR task then we
have the following

w— T(z|y)T(y) _ T(z]y)T(y)

Sl D=1SD =1ly)+ Slly.D=0)S(D =0y) )S() _ (S(ly,D = HS(D = 1[5)S(y)

=0, as T(y)=0 when this is non-zero

Now we note that T'(z|y) and S(z|y, D = 1) cancel as the conditional distribution of these should be the
same as we mixed uniformly over the initial label and T(x|y,D=1)=T(x|y). We are thus left with

T(y) _ #examples with label y in T

#examples with label y in S which come from data set 1

/

wW) = S8 = 1) #T

#S

Through this argument we can see that the final importance weight is in the case where we use 20% of the
images from data set 1, which will become the target, to mix with data set 0 to become the source. Assume
that the initial amount from data set 1 is m;.

_#S #examples w/ label y in T _ #508m; #S

w= ﬁ ‘ #examples w/ label y in S which come from data set 1 ﬁ 0.2m; ﬁ

We can do the same type of argument for the MNIST/MNIST-M mix. There we have a more balanced data
set where the classes are evenly distributed in amount across source and target.

_T(a,y) _ T(zly, D =1T(D =1]y) + T(xly, D = 0)T(D = 0ly)T'(y)
S(x,y)  (S(aly, D =1)S(D = 1ly) + S(zly, D = 0)S(D = 0ly))S(y)

T(y) _

Since the labels are balanced between the data sets S0 = 1. Since we have mixed the datapoints for each
label in a uniform fashion we know what % =1 for every label. As such we can calculate the weight

as
_ #examples w/ label y in T which come from data set 0

D=0)=
wiely, ) #examples w/ label y in S which come from data set 0

and similar for datapoints from the other data set.

C Additional results

C.1 Constituent parts of bounds
C.2 Best bounds achieved for different prior sample proportions

C.3 Bound during training
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Abstract

Successful unsupervised domain adaptation is guaranteed only under strong assumptions
such as covariate shift and overlap between input domains. The latter is often violated in
high-dimensional applications like image classification which, despite this limitation, con-
tinues to serve as inspiration and benchmark for algorithm development. In this work, we
show that training-time access to side information in the form of auxiliary variables can
help relax restrictions on input variables and increase the sample efficiency of learning at
the cost of collecting a richer variable set. As this information is assumed available only
during training, not in deployment, we call this problem unsupervised domain adaptation
by learning using privileged information (DALUPI). To solve this problem, we propose a
simple two-stage learning algorithm, inspired by our analysis of the expected error in the
target domain, and a practical end-to-end variant for image classification. We propose three
evaluation tasks based on classification of entities in photos and anomalies in medical im-
ages with different types of available privileged information (binary attributes and single or
multiple regions of interest). We demonstrate across these tasks that using privileged infor-
mation in learning can reduce errors in domain transfer compared to baselines, be robust to
spurious correlations in the source domain, and increase sample efficiency.

1 Introduction

Deployment of machine learning (ML) systems relies on generalization from training samples to new instances
in a target domain. When these new instances differ in distribution from the source of training data,
performance tends to degrade and guarantees are often weak. For example, a supervised ML model trained
to identify medical conditions in X-ray images from one hospital may work poorly in another hospital if
the two sites have different equipment or examination protocols (Zech et al., 2018). In the unsupervised
domain adaptation (UDA) problem (Ben-David et al., 2006), no labeled examples are available from the
target domain and strong assumptions are needed for success. In this work, we ask: How can access to
auziliary variables during training help solve the UDA problem and weaken the assumptions necessary to
guarantee domain transfer?

In standard UDA, a common assumption is that the object of the learning task is identical in source and
target domains but that input distributions differ (Shimodaira, 2000). This “covariate shift” assumption is

*Equal contribution.
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plausible in our X-ray example above: Doctors are likely to give the same diagnosis based on X-rays of the
same patient from similar but different equipment. However, guarantees for consistent domain adaptation
also require either distributional overlap between inputs from source and target domains or known parametric
forms of the labeling function (Ben-David & Urner, 2012; Wu et al., 2019; Johansson et al., 2019). Without
these, adaptation cannot be verified or guaranteed by statistical means.

Input domain overlap is implausible for the high-dimensional tasks that have become standard benchmarks
in the UDA community, including image classification (Long et al., 2013; Ganin et al., 2016) and sentence
labeling (Orihashi et al., 2020). If hospitals have different X-ray equipment, the probability of observing
(near-)identical images from source and target domains is zero (Zech et al., 2018). Even when covariate shift
and overlap are satisfied, large domain differences can have a dramatic effect on sample complexity (Breitholtz
& Johansson, 2022). Despite promising developments (Shen et al., 2022), realistic guarantees for practical
domain transfer remain elusive.

In supervised ML without domain shift, incorporating auxiliary variables in the training of models has
been proposed to improve out-of-sample generalization. For example, learning using privileged informa-
tion (Vapnik & Vashist, 2009; Lopez-Paz et al., 2016), variables available during training but unavailable in
deployment, has been proven to require fewer examples compared to learning without these variables (Karls-
son et al., 2021). In X-ray classification, privileged information (PI) can come from graphical annotations
or clinical notes made by radiologists that are unavailable when the system is used. While PI has begun to
see use in domain adaptation, see e.g., Sarafianos et al. (2017) or Vu et al. (2019), and a theoretical analysis
exists for linear classifiers (Xie et al., 2020), the literature has yet to fully characterize the benefits of this
practice.

We introduce unsupervised domain adaptation by learning using privileged information (DALUPI), in which
auxiliary variables, related to the outcome of interest, are leveraged during training to improve test-time
adaptation when the variables are unavailable. We summarize our contributions below:

o We formalize the DALUPI problem and give conditions under which it is possible to solve it con-
sistently, i.e., to learn a model using privileged information that predicts optimally in the target
domain. Importantly, these conditions do not rely on distributional overlap between source and
target domains in the input variable (Section 2.1), making consistent learning without privileged
information (PI) generally infeasible.

e We propose practical learning algorithms for image classification in the DALUPI setting (Section 3),
designed to handle problems with three different types of PI, see Figure 1 for examples. As common
UDA benchmarks lack auxiliary variables related to the learning problem, we propose three new
evaluation tasks spanning the three types of PI using data sets with real-world images and auxiliary
variables.

¢ On these tasks, we compare our methods to supervised learning baselines and well-known methods for
unsupervised domain adaptation (Section 4). We find that our proposed models perform favorably
to the alternatives for all types of PI, particularly when input overlap is violated and when training
sets are small.

2 Privileged Information in Domain Adaptation

In unsupervised domain adaptation (UDA), the goal is to learn a hypothesis h to predict outcomes (or
labels) Y € Y for problem instances represented by input covariates X € X, drawn from a target domain
with density 7(X,Y). During training, we have access to labeled samples (z,y) only from a source domain
S(X,Y) and unlabeled samples  from 7(X). As a running example, we think of S and 7 as radiology
departments at two different hospitals, of X as the X-ray image of a patient, and of Y as the diagnosis made
by a radiologist after analyzing the image.
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Input samples Privileged information Label Test sample
X~S§,X~T W~S,W~T Y~§ X~T

Digit classification with single region of interest as PI

Images from CIFAR- Bounding box MNIST Image from
10’s first five and indicating the location digit CIFAR-10’s
last five classes of the MNIST digit last five classes

Celebrity photo classification with binary attributes as PI

makeup mustache Q H’l ““:ﬁ
- . ’ -

1 -1 "
-1 1 . . j
Images of persons Binary attributes Reported | Image of person
with and without hats gender with hat

Entity classification with multiple region of interests as PI

: dog
= person

Indoor and Bounding boxes indicating Entities Outdoor image
outdoor images the location of the entities

Figure 1: Examples of domain adaptation tasks with different types of privileged information (PI). During
training, input samples X and PI W are drawn from both source and target domains. Labels Y are only
available from the source domain. At test time, a target sample X is observed. We consider three types of
PI: binary attribute vectors, a single region of interest, and multiple regions of interest.

We aim to learn a hypothesis h € H from a hypothesis set H that minimizes the expected target-domain
prediction error (risk) Ry, with respect to a loss function L : Y x ¥ — R, i.e., to solve

Egg RT(h)7 RT(h) = ]E’T(X,Y) [L(h(X)7 Y)] ’ (1)
where we use the subscript convention Eyx)[f(X)] = [,y p(x)f(z)dz to denote an expectation of some

function f over a density p on the domain X. A consistent solution to the UDA problem returns a minimizer
of Equation 1 without ever observing labeled samples from 7. However, if S and 7 are allowed to differ
arbitrarily, finding such a solution cannot be guaranteed (Ben-David & Urner, 2012). To make the problem
feasible, we assume that covariate shift (Shimodaira, 2000) holds—that the labeling function is the same in
both domains, but the covariate distributions differ.

Assumption 1 (Covariate shift). For domains S, T on X x Y, covariate shift holds with respect to X if
JeX: T X=2)#SX=2) and Ve e X: T(Y |2) =S | z) .

In our example, covariate shift means that radiologists at either hospital would diagnose two patients with
the same X-ray in the same way, but that the radiologists may encounter different distributions of patients
and images. To guarantee consistent learning without further assumptions, these distributions cannot be too
different—the source input domain S(z) must sufficiently overlap the target input domain 7 (z).

Assumption 2 (Domain overlap). A domain S overlaps another domain T with respect to X on X if

Vee X :T(X=2)>0 = SX=2)>0.
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Table 1: A summary of the different settings we consider in this work, what data is assumed to be available
during training and if guarantees for identification are known for the setting under the assumptions of
Proposition 1. The parentheses around source samples for DALUPI indicate that we need not necessarily
observe these for the setting. Note that at test time only x from 7 is observed. *Under the more generous
assumption of overlapping support in the input space X', guarantees exist for all these settings.

Setting Observed S  Observed 7 Guarantee
T w y T w g for Ry

SL-T v v v
SL-S v v .
UDA v Vv .
LUPI vV .
DALUPI (v) v v « V v

Covariate shift and domain overlap with respect to X guarantee that the target risk Ry can be identified
by the sampling distribution described above, and thus, that a solution to Equation 1 may be found. Hence,
they have become standard assumptions, used by most informative guarantees (Zhao et al., 2019).

Overlap is often violated in high-dimensional problems such as image classification, partly due to irrelevant
information that has a spurious association with the label Y (Beery et al., 2018; D’Amour et al., 2021).
In X-ray classification, it may be possible to perfectly distinguish hospitals (domains) based on protocol or
equipment differences manifesting in the images (Zech et al., 2018). There are no guarantees for optimal
UDA in this case. Some guarantees based on distributional distances do not rely on overlap (Ben-David
et al., 2006; Long et al., 2013), but do not guarantee optimal learning either (Johansson et al., 2019).

Still, an image X may contain information W which is both sufficient for prediction and supported in
both domains. For X-rays, this could be a region of pixels indicating a medical condition, ignoring parts
that merely indicate differences in protocol (Zech et al., 2018). The learner does not know how to find this
information a priori, but it can be supplied during training as added supervision. A radiologist could indicate
regions of interest W using bounding boxes during training (Irvin et al., 2019), but would not be available
to annotate images at test time. As such, W is privileged information (Vapnik & Vashist, 2009).

2.1 Unsupervised Domain Adaptation With Privileged Information

Learning using privileged information, variables that are available only during training but not at test
time, has been shown to improve sample efficiency in diverse settings (Vapnik & Izmailov, 2015; Pechyony &
Vapnik, 2010; Jung & Johansson, 2022). Next, we show that privileged information can also improve UDA by
providing identifiability of the target risk—allowing it to be computed from the sampling distribution—even
when overlap is not satisfied in X.

We define domain adaptation by learning using privileged information (DALUPI) as follows. During train-
ing, learners observe samples of covariates X, labels Y and privileged information W € W from S in
a dataset Ds = {(z;,w;, )}, as well as samples of covariates and privileged information from 7,
Dy = {(&;,w;)}q. At test time, trained models only observe covariates & ~ T(X) and our learning
goal remains to minimize the target risk, see Equation 1. We justify access to privileged information from 7T,
but not labels, by pointing out that it is often easier to annotate observations with privileged information W
than with labels Y. For example, a non-expert may be able to reliably recognize the outline of an animal in
an image, indicating the pixels W corresponding to it, but not identify its species (Y'); see Figure 2, where
it would likely be easier to identify the location of the cat in the image than to identify its breed.

To identify Ry (Equation 1) without overlap in X, we make the assumption that W is sufficient to predict
Y in the following sense.

Assumption 3 (Sufficiency of privileged information). Privileged information W is sufficient for the out-
come Y given covariates X if Y L X | W in both S and T.
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Figure 2: An illustration of domain overlap being more plausible when we consider appropriate forms of
privileged information W, such as a region of interest of an image. Source and target domains S, 7 are here
indoor and outdoor images X and the task is to identify the animal Y in the image.

Assumption 3 is satisfied when X provides no more information about Y in the presence of W. If we
consider W to be a subset of image pixels corresponding to an area of interest, the other pixels in X may be
unnecessary to predict Y. This is illustrated in Figure 2 where the privileged information w; is the region of
interest indicated by the bounding box ¢;. Here, overlap is more probable in W than in X, as the extracted
pixels mostly show cats. Moreover, when W retains more information, sufficiency becomes more plausible
but domain overlap in W is reduced. The sufficiency assumption is used to replace 7 (y | ) with 7 (y | w) in
Proposition 1. If sufficiency is violated but it is plausible that the degree of insufficiency is comparable across
domains, we can still obtain a bound on the target risk which may be estimated from observed quantities.
We give such a result in Appendix F.

We expect that some PI can be selected to be sufficient for a given task. However, if this sufficiency cannot
be ensured, the overall performance may decrease, assuming covariate shift with respect to W is not violated.
Even so, we still anticipate the generalization error to remain of a comparable magnitude. If covariate shift
is violated in W, further performance declines are expected, as the problem becomes more complex and we
are not guaranteed to identify the optimal hypothesis (Johansson et al., 2019).

Assumptions 1-2 holding with respect to privileged information W instead of X, along with Assumption 3,
allow us to identify the target risk even for models A € H that do not use W as input:

Proposition 1. Let Assumptions 1 and 2 be satisfied with respect to W (not necessarily with respect to X )
and let Assumption 3 hold as stated. Then, the target risk Ry is identified for hypotheses h : X — Y,
Rr(h) = Er(x) [Browix) [Bsew [L(W(X),Y) | X, W] | X]]
— [7@ [ Twlo) [ 6] wLe).pipdeds
T w y

and for L the squared loss, a minimizer of Ry is the function

%w:MMMMmmWWMM:/ﬂM@/&M@M@w

Proof sketch. Ry(h) = fxy T(z,y)L(h(z),y)dzdy. We can then marginalize over W to get T (z,y) =
T@Erw [Ty | W) | 2] = T(x) fw:S(w)>U T(w | z)S(y | w)dw, where the first equality follows by
sufficiency and the second by covariate shift and overlap in W. 7 (z), T (w | ) and S(y | w) are observable
through training samples. That A% is a minimizer follows from the first-order condition. See Appendix C. [

Proposition 1 shows that there are conditions where privileged information allows for identification of target-
optimal hypotheses where identification is not possible without it, i.e., when overlap is violated in X. W
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guides the learner toward the information in X that is relevant for the label Y. When W is deterministic
in X, overlap in X implies overlap in W, but not vice versa. In the same case, under Assumption 3, if
covariate shift holds for X, it holds also for . Hence, if sufficiency can be justified, the requirements on X
are weaker than in standard UDA, at the cost of collecting . Surprisingly, Proposition 1 does not require
that X is observed in the source domain as the result does not depend on S(z).

Figure 1 gives examples of problems with the DALUPI structure which we consider in this work. For
comparison, we list related learning paradigms in Table 1. Supervised learning (SL-S) refers to learning from
labeled samples from S without privileged information. SL-T refers to supervised learning with (infeasible)
access to labeled samples from 7. UDA refers to the setting at the start of Section 2 and LUPI to learning
using privileged information without data from 7 (Vapnik & Vashist, 2009). We compare DALUPI to these
alternative settings in our experiments in Section 4.

2.2 A Two-stage Algorithm and Its Risk

In light of Proposition 1, a natural learning strategy is to model privileged information as a function of the
input, 7(W | z), and the outcome as a function of privileged information, j(w) ~ Eg[Y | w], and combining
these. In the case where W is a deterministic function of X, 7(W | ) is a map f : X — W, which may be
estimated as a regression f and combined with the outcome regression to form h= a( f (X)). We may find
such functions f , § by separately minimizing the empirical risks

nZLW &), ;) and RY(g) :%ZLY(Q(WL%)- (2)

Hypothesis classes F,G may be chosen so that H = {h = go f;(f,g) € F x G} has a desired form. Note
that Ly and Ly may in general be different loss functions.

We can bound the generalization error of estimators h= go f when W € R4 and the loss is the squared
loss. We do this by placing an assumption of Lipschitz smoothness on the space of prediction functions:
Vg e G,w,w’ € W: |gw) —g(w)|s < M|jlw—w|2. To arrive at a bound, we first define the p-weighted
empirical risk of the outcome model ¢ in the source domain, I?i};”’( )= 230 p(wi) L_W(g(w;),y;) where
p is the density ratio of 7 and S, p(w) = g(w) When the density ratio p is unknown, we may use density

estimation (Sugiyama et al., 2012) or probabilistic classifiers to estimate it. We arrive at the following result,
proven for univariate Y but generalizable to multivariate outcomes.

Proposition 2. Suppose that W and Y are deterministic in X and W, respectively, and that Assumptions 1—
3 hold with respect to W. Let G comprise M -Lipschitz mappings g : W — Y with W C R¥W | and let the loss
be the squared Euclidean distance, assumed to be uniformly bounded over W. Let p(w) = T (w)/S(w) and d
and d' be the pseudo-dimensions of G and F, respectively. Assume that there are m labeled samples from S
and n unlabeled samples from T. Then, for any h = go f € G x F, with probability at least 1 — ¢,

m 4 / n dw
BT0) < RYe(g) + M2RY (1) + 0 ”i/dlog d tlogs \/d log i + o8

2 m n

Proof sketch. Decomposing the risk of ho ¢ , we get

Ry(h) = Er{(g(f(X)) = V)?]
<2E7[(g(W) = Y)? + (9(f(X)) — g(W))?]
< 2B7{(9(W) = Y)? + M| £(X)) — g(W)|’]
< 2E7[(g(W) = V)] + 2M2E7[[|(f(X) — W)|?]
= 2RY(g) + 2M>RY (f) = 2Ry (g) + 2M>RY (f) .

The first inequality follows the relaxed triangle inequality, the second from the Lipschitz property, and
the third equality from Overlap and Covariate shift. Treating each component of @ as independent, using
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standard PAC learning results, and application of Theorem 3 from Cortes et al. (2010) allows us to reweight
the risk with the density ratio p by also adding an additional term which contains the Rényi divergence.
Then with a union bound argument, we get the stated result. See Appendix D for a more detailed proof. [J

When F and G contain the ground-truth mappings between X and W and between W and Y, in the infinite-
sample limit, minimizers of Equation 2 minimize Ry as well. Our approach is not limited to classical PAC
analysis but could, under suitable assumptions, be carried out under another framework, e.g. using PAC-
Bayes analysis to obtain a bound that contains different sample complexity terms. However, such a bound
would then hold in expectation over a posterior distribution on A instead of uniformly over H. We sketch a
proof of such a bound in Appendix E.

Furthermore, if sufficiency is violated but it is plausible that the degree of insufficiency is comparable across
domains, we can still obtain a bound on the target risk which may be estimated from observed quantities.
We give such a result in Appendix F.

3 Image Classification With Privileged Information

We use image classification, where X is an image and Y is a discrete label, as proof of concept for DALUPI. To
show the versatility of our approach, we consider three different instantiations of privileged information W:
a binary attribute vector, a single region of interest, or multiple regions of interest. The two-stage estimator,
see Figure 3a, is used in the first two cases. With multiple regions of interest as privileged information, we
use an end-to-end model based on Faster-R-CNN (Ren et al., 2016), see Figure 3b. We detail each setting
below and illustrate them in Figure 1.

3.1 Binary Attributes as PI

First, we consider the case where each image x; is accompanied by privileged information in the form of
a binary vector w; € {0,1}% indicating the presence of d attributes in the image. In this setting, we can
directly apply our two-stage estimator (Equation 2). For the first estimator f, we use a convolutional neural
network (CNN) trained on observations from 7 (and possibly S) to output a vector of attributes w; from the
input x;. For the second estimator §, we use a multi-layer perceptron classifier, trained on source domain
observations, that predicts the image label §; given the vector of attributes w;. We use the categorical
cross-entropy loss to train both f and §. The resulting classifier, h(z) = §(f(z)), is subsequently evaluated
on target domain images.

3.2 Single Region of Interest as Pl

Next, we consider privileged information as a subset of pixels w;, taken from the image z; and associated
with an object or feature that determines the label y; € {1,..., K}. In our experiments, this PI is provided
as a single bounding box with coordinates ¢; € R* enclosing the region of interest w;. Here, we use two
CNNs, d and g, and a deterministic function ¢ to approximate the two-stage estimator (Equation 2). The
network d is trained to output bounding box coordinates #; as a function of the input x;, and the pixels
; within the bounding box are extracted from x; and resized to pre-specified dimensions through ¢. The
composition of these two functions, f(z;) = ¢(xi,d(z;)), returns @;. The second network § is trained to
predict y; given the pixels w; contained in a bounding box t; based on observations from S ‘We use the mean
squared error loss for d and the categorical cross-entropy loss for §. Finally, h(z) = §(f(x)) is evaluated on
target domain images where the output of f is used for prediction with §. See Appendix A.1 for further
details.

3.3 Multiple Regions of Interest as Pl

Finally, we consider a setting where privileged information indicates multiple regions of interest in an image.
We use this PI in multi-label classification problems where the image x; is associated with one or more
categories k from a set {1,..., K}, encoded in a multi-category label y; € {0,1}¥ (e.g., indicating findings
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(a) Two-stage estimator. (b) End-to-end estimator.

Figure 3: A schematic representation of the train and test flow for DALUPI using (a) the two-stage estimator
presented in Section 2.2 and (b) an end-to-end architecture based on Faster R-CNN (Ren et al., 2016). In
the two-stage procedure, the networks f and g are learned through empirical risk minimization of Ly
and Ly, respectively. At test time, f and § are combined into » = §(f(X)). The end-to-end estimator
uses a region proposal network (RPN) to produce regions of interest in the input image X. The RPN,
which serves as the network f , is followed by a detection network ¢ that predicts the class of any object
within a region proposal. Training is guided by regression losses LEEN (T, T) and Lf:g(TU T), as well as by
classification losses LERN (P, P) and Lgﬂ”(]ﬁy). Here, T and 1" denote ground-truth and predicted bounding
box coordinates, respectively, and Ty are the predicted coordinates for a region proposal with ground-truth
label U. Further, P is the RPN’s predicted probability that a region proposal contains an object, P is a
binary label assigned to the proposal based on its overlap with ground-truth bounding boxes, and P, is the
probability of the ground-truth class U within the proposal, as predicted by the detection network.

of one or more diseases). The partial label y;(k) = 1 indicates the presence of features or objects in the
image from category k. In our entity classification experiment, an object j of class k € [K] in the image, say
“Bird”, will be annotated by a bounding box ¢;; € R* surrounding the pixels of the bird, and an object label
u;; = k. In X-ray classification, t;; can indicate an abnormality j in the X-ray image, and u;; € {1,..., K}
the label of the finding (e.g., “Pneumonia”).

To make full use of privileged information, we train a deep neural network h(z) = §(f(z)), where f produces
a set of bounding box coordinates t” and extracts the pixels ;; associated with each I‘U, and where §
predicts a label 4;; for each ;;. To this end, we adapt the Faster R-CNN architecture (Ren et al., 2016)
which uses a region proposal network (RPN) to generate regions that are fed to a detection network for
classification and refined bounding box regression. A CNN backbone in combination with the RPN region
of interest pooling serves as the subnetwork f , producing estimates ; of the privileged information for an
image x;. For the detection network, which corresponds to the subnetwork §, we use Fast-RCNN (Girshick,
2015).

Privileged information adds supervision through regression losses Lf‘el;N (t t) and ij; (tu, t) for region propos-

als f and class-specific bounding box coordinates #,,. We use the smooth L1 loss defined by Girshick (2015) for
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both Lf”elgN and Lf:gf. Training is further guided by classification losses LEPN(j, p) = —(plog p+ (1 —p) log p)
and Lgles"(ﬁu) = —logp,, where p is the RPN’s predicted probability that a region proposal contains an

object, p is a binary label assigned to the proposal based on its overlap with ground-truth bounding boxes,
and p, is the probability of the ground-truth class w within the proposal, as predicted by the detection
network.

In Appendix A.2, we provide details of the learning objective and architecture and describe small modifica-
tions to the training procedure of Faster R-CNN to accommodate the DALUPI setting. Unlike the two-stage
estimator, we train Faster R-CNN (both f and §) end-to-end, minimizing both losses at once. In entity
classification experiments (see Table 3 and Figure 5), we also train this model in a LUPI setting, where no
information from the target domain is used, but privileged information from the source domain is used.

4 Experiments

We evaluate the empirical benefits of learning using privileged information, compared to the other data
availability settings in Table 1, across four UDA image classification tasks where PI is available in the forms
described in Section 3. Widely used datasets for UDA evaluation like OfficeHome (Venkateswara et al.,
2017) and large-scale benchmark suites like DomainBed (Gulrajani & Lopez-Paz, 2021), VisDA (Peng et al.,
2017) and WILDS (Koh et al., 2021) do not include privileged information and cannot be used for evaluation
here. Thus, we first compare our method to baselines on the recent CelebA task (Xie et al., 2020) which
includes PI in the form of binary attributes (Section 4.1). Additionally, we propose three new tasks based on
well-known image classification data sets with regions of interest as PI (Section 4.2-4.4). In Section 4.1 and
4.2, we use the two-stage estimator with the subnetwork f based on the ResNet-18 architecture (He et al.,
2016a). In Section 4.3 and 4.4, we use our variant of Faster R-CNN with a ResNet-50 backbone.

Our goal is to collect evidence that DALUPI improves adaptation bias and sample efficiency compared to
methods that do not make use of PI. We choose baselines to illustrate these two disparate settings. First,
we compare DALUPI to supervised learning baselines, SL-S and SL-T, trained on labeled examples from
the source and target domain, respectively. SL-S is a simple but strong baseline: On benchmark suites like
DomainBed and WILDS, there is still no UDA method that consistently outperforms SL-S (ERM) without
transfer learning (Gulrajani & Lopez-Paz, 2021; Koh et al., 2021). SL-T serves as an oracle comparison since
it uses labels from the target domain which are normally unavailable in UDA. Second, we compare DALUPI
to two UDA methods—domain adversarial neural networks (DANN) (Ganin et al., 2016) and the margin
disparity discrepancy (MDD) (Zhang et al., 2019)—which have theoretical guarantees but do not make use
of PI. These baselines are all based on the ResNet architecture. In Section 4.1, we compare DALUPT also to
In-N-Out (Xie et al., 2020), which was designed to make use of auxiliary (privileged) attributes for training
domain adaptation models. We do not include this model in other experiments as it was not designed to
use regions of interest as privileged information. The exact architectures of all models and baselines are
described in Appendix A, along with details on experimental setup and hyperparameters.

For each task and task-specific setting (label skew, amount of privileged information, etc.), we train 10 models
from each relevant class using hyperparameters randomly selected from given ranges (see Appendix A). For
DANN and MDD, the trade-off parameter, which regularizes domain discrepancy in representation space,
increases from 0 to 0.1 during training; for MDD, the margin parameter is set to 3. All models are evaluated
on a held-out validation set from the source domain and the best-performing model in each class is then
evaluated on held-out test sets from both domains. For SL-T, we use a held-out validation set from the target
domain. We repeat this procedure over 5 or 10 seeds, controlling the data splits and the random number
generation. We report accuracy and area under the ROC curve (AUC) with 95% confidence intervals
computed by bootstrapping over the seeds.

4.1 Celebrity Photo Classification With Binary Attributes as Pl

In the case where privileged information is available as binary attributes, we follow Xie et al. (2020) who
introduced a binary classification task based on the CelebA dataset (Liu et al., 2015), where the goal is
to predict whether the person in an image has been identified as male or female (Y') in one of the binary
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1.0
Table 2: Celebrity photo classification. DALUPI per- |
forms comparably to the In-N-Out models in Xie et al. 0.8
(2020). Note: In-N-Out results are reported as the av- ? L__\
erage of 5 trials with 90 % confidence intervals. E 061 -__ SL-T
3]
8 SL-S
Target accuracy <041 — DALUPI
SL-T 86.6 (86.3, 86.9) —— DANN
0.24 — MDD
SL-S 78.4 (77.1, 80.0)
MDD 78.3 (77.5, 79.1) Sk
In-N-Out (w/o pretraining)  78.5 (77.2, 79.9) ew €
In-N-Out (w. pretraining) 79.4 (78.7, 80.1)
In-N-Out (rep. self-training) 80.4 (79.7, 81.1) Figure 4: Digit classification. Target domain accu-
DALUPL (W ~ T) 76.4 (73.8, 78.6) racy as a function of association e between back-
DALUPL (W ~ 8, T) 80.3 (77.9, 82.7) ground and label in S. As the skew increases,

the target-domain performance of the non-privileged
models deteriorates.

attributes that accompanies the data set’s photos of celebrities (X). Like Xie et al. (2020), we use 7 of the
40 other attributes (Bald, Bangs, Mustache, Smiling, 5_o_Clock Shadow, Oval_Face, and Heavy_Makeup)
as a vector of privileged information W € {0,1}7. The target and source domains are defined by people
wearing (7) and not wearing (S) a hat. The respective datasets contain 3,000 and 2,000 images. An extra
30,000 unlabeled source samples are available to train estimators (DALUPI and In-N-Out) that can utilize
privileged information from both source and target. More details can be found in (Xie et al., 2020) and in
Appendix A.3.

Table 2 shows the target accuracy for each model. We observe that when DALUPI is provided with PI from
both source and target, it performs comparably to the best-performing In-N-Out model proposed by Xie
et al. (2020), while outperforming other feasible baselines on average. Confidence intervals overlap for all
feasible models. Notably, the best-performing In-N-Out models require four or more rounds of training to
achieve their results (baseline, auxiliary input, auxiliary output pre-training, tuning and self-training) (Xie
et al., 2020). Both DALUPI and In-N-Out benefit from access to privileged information from both the source
and target domain (pre/self-training for In-N-Out).

Finally, it is worth noting that neither covariate shift, nor sufficiency are likely to hold with respect to W
in this task. Specifically, photos with none of the 7 attributes active, w = 0, have different label rates and
majority label in § and 7 (the rates of labels are Ys = 0.64 and Y5 = 0.46, respectively) and therefore
P(Y|W) is not constant, i.e. covariate shift is violated. In addition, the best model we have found trained
on W alone achieves only 65 % accuracy, compared to the results in Table 2-—sufficiency is unlikely to hold.
Thus, DALUPI is robust to violations of these assumptions.

4.2 Digit Classification With Single Region of Interest as Pl

We construct a synthetic image dataset, based on the assumptions of Proposition 1, to verify that there
are problems where DALUPI is guaranteed successful transfer but standard UDA is not. Starting from
CIFAR-10 (Krizhevsky, 2009) images upscaled to 128 x 128, we insert a random 28 x 28 digit image from
the MNIST dataset (Lecun, 1998), with a label in the range 0-4, into a random location of each CIFAR-10
image, forming the input image X (see Figure 1 (top) for examples). The label Y € {0, ...,4} is determined
by the MNIST digit. We store the bounding box around the inserted digit image and use the pixels contained
within it as privileged information W during training. The domains are constructed using CIFAR-10’s first
five and last five classes as source and target backgrounds, respectively. Both source and target datasets
contain 15,298 images each. To increase the difficulty of the task, we make the digit be the mean color of the
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0.8
--= SL-T
SL-S
Table 3: Entity classification. UDA models have — DALUPT
access to all unlabeled target samples, LUPI to all PI 0.71 ;1;11\11\ p—— - —=
(source), and DALUPI to all PI (source and target). S — MDD
=
/\/
0.6 1
Source AUC Target AUC =
SL-T 60.1 (58.7, 61.5)  69.0 (68.1, 69.9)
SL-S 69.5 (68.6, 70.4)  63.0 (61.6, 64.2) %5 05 10 00 05 10
DANN 68.1 (67.5, 68.7) 62.5 (61.9, 63.1) npi(S) npy(T)
MDD 624 (61.1,63.9) 57.7 (56.3, 59.2) mel(T) =0 nei(S) =1
LUPI 69.3 (68.5, 70.1)  65.9 (65.0, 66.8) . . . . .
DALUPI 714 (70.3, 72.4) 68.2 (66.3, 70.1) Figure 5: Entity classification. Target domain AUC.

The performance of SL-S and SL-T is extended across
the x-axes for visual purposes. DANN and MDD use
an increasing fraction of target samples & but no PIL.

dataset and make the digit background transparent so that the border of the image is less distinct. This may
slightly violate Assumption 2 with respect to the region of interest W since the backgrounds differ between
domains.

To understand how successful transfer depends on domain overlap and access to sufficient privileged infor-
mation, we include a skew parameter € € [% 1], where ¢ = 5 is the number of digit classes, which determines
the correlation between digits and backgrounds. For a source image ¢ with digit label Y; € {0,...,4},
we select a random CIFAR-10 image with class B; € {0,...,4} with probability P(B; = b | Y; = y) =
{e, ifb=1y; (1—¢)/(c—1),otherwise}. For target images, digits and backgrounds are matched uniformly
at random. The choice € = % yields a uniform distribution and e = 1 is equivalent to the background carrying
as much signal as the privileged information. We hypothesize that ¢ = 1 is the worst possible case where
confusion of the model is likely, which would lead to poor adaptation under domain shift.

In Figure 4, we observe the conjectured behavior. As the skew e and the association between background
and label increases, the performance of SL-S decreases rapidly on the target domain. At e = 1, it performs
no better than random guessing, likely because the model has learned to associate spurious features in the
background with the label of the digit. We also observe that DANN and MDD deteriorate in performance
with increased correlation between the label and the background. In contrast, DALUPI is unaffected by the
skew as the subset of pixels extracted by f only carries some of the background with it, while containing
sufficient information to make good predictions. Interestingly, DALUPI also seems to be as good or slightly
better than the oracle SL-T in this setting. This may be due to improved sample efficiency from using PIL.

4.3 Entitity Classification With Multiple Regions of Interest as Pl

Next, we consider multi-label classification of the presence of four types of entities (persons, cats, dogs, and
birds) indicated by a binary vector Y € {0,1}* for images X from the MS-COCO dataset (Lin et al., 2014).
PI is used to localize regions of interest W related to the entities, provided as bounding box annotations. We
define source and target domains S and 7 as indoor and outdoor images, respectively. Indoor images are
extracted by filtering out images from the MS-COCO super categories “indoor” and “appliance” that also
contain at least one of the four main label classes. Outdoor images are extracted using the super categories
“vehicle” and “outdoor”. In total, there are 5,231 images in the source and 5,719 images in the target domain;
the distribution of labels is provided in Appendix A.5.

Sufficiency is likely to hold in this task because the pixels contained in a bounding box should be sufficient
for an annotator to classify the entity according to the four categories above, irrespective of the pixels outside
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Table 4: X-ray task. Test AUC for the three pathologies in the
target domain for all considered models. Boldface indicates the
best-performing feasible model; SL-T uses target labels.

ATL CM PE
SL-T 57 (56, 58) 59 (55, 63) 79 (78, 80)
SL-S 55 (55, 56) 61 (58, 64) 73 (70, 75) Figure 6: Left: Example from the X-ray
DANN 53 (51, 55) 55 (53, 58) 55 (51, 61) target test set with label CM. The red rect-
MDD 49 (48, 50) 51 (51, 52) 51 (48, 54) angle indicates the bounding box predicted
DALUPI 55 (55, 56) 72 (71, 73) 74 (72, 76) by DALUPL Right: saliency map for CM

for SL-S.

of the box. Similarly, covariate shift is likely to hold since the label attributed to the pixels in a bounding
box should be the same, whether the entity is indoor or outdoor.

We study the effect of adding privileged information by first training the end-to-end model in a LUPI setting,
using all (z, y) samples from the source domain and increasing the fraction of inputs for which PI is available,
np1(S), from 0 to 1. We then train the model in a DALUPI setting, increasing the fraction of (Z,w) samples
from the target domain, npr(7), from 0 to 1, while keeping npi(S) = 1. We train SL-S and SL-T using all
available data and increase the fraction of unlabeled target samples used by DANN and MDD from 0.2 to 1
while using all data from the source domain.

Table 3 shows the models’ source and target domain AUC, averaged over the four entity classes, when
the UDA models have access to all unlabeled target samples, LUPI to all PI from the source domain, and
DALUPI to all PI from both domains. Clearly, DALUPI yields a substantial gain in adaptation. As we see
in Figure 5, the performance of LUPI increases as npi(S) increases. When additional (Z,w) samples from
the target domain are added, DALUPI outperforms SL-S and approaches the performance of SL-T. We note
that DANN and MDD do not benefit as much from added unlabeled target samples as DALUPI does. Their
weak performance could be explained by difficulties in adversarial training. The gap between LUPI and
SL-S for np1(S) = 0 is anticipated; we do not expect the detection network to work well without bounding
box supervision.

4.4 X-ray Classification With Multiple Regions of Interest as Pl

As a real-world application, we study detection of pathologies in chest X-ray images. We use the ChestX-
ray8 dataset (Wang et al., 2017) as source domain and the CheXpert dataset (Irvin et al., 2019) as target
domain.’ As PI, we use the regions of pixels associated with each found pathology, as annotated by domain
experts using bounding boxes. For the CheXpert dataset, only pixel-level segmentations are available, and
we create bounding boxes that tightly enclose the segmentations. It is not obvious that the pixels within
such a bounding box are sufficient for classifying the pathology. For this reason, we suspect that some of
the assumptions of Proposition 1 may be violated. However, as we find below, DALUPI improves empirical
performance compared to baselines for small training sets, thereby demonstrating increased sample efficiency.

We consider the three pathologies that exist in both datasets and for which there are annotated findings:
atelectasis (ATL: collapsed lung), cardiomegaly (CM: enlarged heart), and pleural effusion (PE: water around
the lung). There are 457 and 118 annotated images in the source and target domain, respectively. We train
DALUPI, DANN and MDD using all these images. SL-S is trained with the 457 source images and SL-T with
the 118 target images as well as 339 labeled but non-annotated target images. Neither SL-S, SL-T, DANN,
nor MDD support using privileged information. The distributions of labels and bounding box annotations
are given in Appendix A.6.

1 This study was granted IRB approval.
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In Table 4, we present the per-class AUCs in the target domain. DALUPI outperforms all baseline models,
including the target oracle, in detecting CM. For ATL and PE, it performs similarly to or better than the
other feasible models. That SL-T is better at predicting PE is not surprising because this pathology is most
prevalent in the target domain. In Figure 6, we show a single-finding image from the target test set with
ground-truth label CM. The predicted bounding box of DALUPI with the highest probability is added to
the image. DALUPI identifies the region of interest (the heart) and makes a correct classification. The
rightmost panel shows the saliency map for the ground truth class for SL-S. We see that the gradients are
mostly constant, indicating that the model is uncertain. In Appendix B, we show AUC for CM for the
models trained with additional examples without bounding box annotations. We find that SL-S reaches
the performance of DALUPI when a large amount of labeled examples are provided. This indicates that
identifiability is not the main obstacle for adaptation and that PI improves sample efficiency.

5 Related Work

Learning using privileged information was first introduced by Vapnik & Vashist (2009) for support vector
machines (SVMs), and was later extended to empirical risk minimization (Pechyony & Vapnik, 2010). Meth-
ods using PI, which is sometimes called hidden information or side information, has since been applied in
many diverse settings such as healthcare (Shaikh et al., 2020), finance (Silva et al., 2010), clustering (Fey-
ereisl & Aickelin, 2012) and image recognition (Vu et al., 2019; Hoffman et al., 2016). Related concepts
include knowledge distillation (Hinton et al., 2015; Lopez-Paz et al., 2016), where a teacher model trained
on additional variables adds supervision to a student model, and weak supervision (Robinson et al., 2020)
where so-called weak labels are used to learn embeddings, subsequently used for the task of interest. Further-
more, in the realm of NLP, there is the related concept of learning using feature feedback, where additional
annotations that are related to the associated task label are provided (Katakkar et al., 2022; Kaushik et al.,
2021). These works are mostly of an empirical nature, and theoretical work on the subject either considers
linear models/SVMs (Poulis & Dasgupta, 2017) or a teacher/student-type setup where additional supervi-
sion is given when the model predicts incorrectly (Dasgupta et al., 2018). The use of PI for deep image
classification has been investigated by Chen et al. (2017) and Han et al. (2023) but these works only cover
regular supervised learning where source and target domains coincide. Further, Sharmanska et al. (2014)
used regions of interest in images as privileged information to improve the accuracy of image classifiers, but
did not consider domain shift either.

Domain adaptation using PI has been considered before with SVMs (Li et al., 2022; Sarafianos et al., 2017),
but not with more complex classifiers such as neural networks. Vu et al. (2019) used scene depth as PI in
semantic segmentation using deep neural networks. However, they only used PI from the source domain
and they did not provide any theoretical analysis. Xie et al. (2020) provide some theoretical results for a
similar setup to ours. However, these are specifically for linear classifiers while our approach holds for any
type of classifier. Motiian (2019) investigated PI and domain adaptation using the information bottleneck
method for visual recognition. However, their setting differs from ours in that each observation comprises
source-domain and target-domain features, a label and PI. Another related approach is that of subsidiary
tasks (Kundu et al., 2022; Ye et al., 2022). However, in these settings the additional tasks performed are
used to build a representation that helps with the main task through domain alignment. Our approach
instead seeks to use information which directly relates to the main task.

6 Discussion

We have presented DALUPI: unsupervised domain adaptation by learning using privileged information (PI).
The framework provides provable guarantees for adaptation under relaxed assumptions on the input features,
at the cost of collecting a larger variable set, such as attribute or bounding box annotations, during training.
Our analysis inspired practical algorithms for image classification which we evaluated using three kinds of
privileged information. In our experiments, we demonstrated tasks where our approach is successful while
existing adaptation methods fail. We observed empirically also that methods using privileged information are
more sample-efficient than comparable non-privileged learners, in line with the literature. In fact, DALUPI
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models occasionally even outperform oracle models trained using target labels due to their sample efficiency.
Thus, we recommend considering these methods in small-sample settings.

The main contribution of the paper is the proposed learning paradigm for domain adaptation with privileged
information. Since common benchmark datasets in UDA lack privileged information related to the learning
problem, we created three new tasks for evaluating our framework, see Section 4.2—4.4, which itself is a
notable contribution. We hope that this work inspires the community to develop additional datasets for
UDA using privileged information.

To avoid assuming that domain overlap is satisfied with respect to input covariates, we require that the label is
conditionally independent of the input features given the PI—that the PI is “sufficient”. This is a limitation
whenever sufficiency is difficult to verify. However, in our motivating example of image classification, a
domain expert could choose PI so that sufficiency is reasonably justified. Moreover, in experiments on
CelebA, we see empirical gains from our approach even when sufficiency is known to be violated. Another
limitation is that we still rely on overlap in the privileged information, W, which may also be violated in some
circumstances. It is more likely that overlap holds for W when, for example, it is a subset of X, as argued
in Figure 2. Designing experiments to test how sensitive DALUPIT is to violations of these assumptions is an
interesting direction for future work.

The use of regions of interest as privileged information brings up an interesting point concerning the rela-
tionship between the label and the privileged information. In object detection tasks, it is natural to treat the
bounding box coordinates as label information. In this work, however, the learning tasks were multi-class
and multi-label image classification, not object detection. Producing a perfect box W was not the goal of the
learning task, and the bounding boxes were therefore neither critical for the task nor for the labels. Instead,
the bounding boxes were privileged information and our experiments in Section 4.2-4.4 sought to quantify
the value of this added information, compared to not having it. Therefore, we compared our method to
image classification baselines. It is not obvious a priori that learning from object locations improves the
adaptation of image classifiers.

If there is a lack of PI available to the models one might mitigate this by either 1) using the limited amount
of PI that is available to learn § and assume that it is good enough to achieve reasonable overall performance;
or 2) using the learned f to create “weak” PI labels for the inputs that are missing PI, similar to the work
of e.g. Robinson et al. (2020). However, one should note that the latter approach might bias the model in
unintended ways and, as such, should be undertaken with some caution.

In future work, our framework could be applied to a more diverse set of tasks, with different modalities
of inputs and privileged information to investigate if the findings here can be replicated and extended.
Moreover, such work could consider different types and degrees of shifts to further corroborate the stability
and resistance to noise which we observe here. More broadly, using PI may be viewed as “building in”
domain knowledge in the structure of the adaptation problem and we see this as a promising direction for
further research.
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A Experimental Details

In this section, we give further details of the experiments. All code is written in Python and we
mainly use PyTorch in combination with skorch (Tietz et al., 2017) for our implementations of the net-
works. For Faster R-CNN, we adapt the implementation provided by torchvision through the func-
tion fasterrcnn_resnet50_fpn. For DANN and MDD, we use the ADAPT TensorFlow implementation
(de Mathelin et al., 2021) with a ResNet-50-based encoder. We initially set the trade-off parameter A, which
controls the amount of domain adaption regularization, to 0 and then increase it to 0.1 in 10,000 gradient
steps according to the formula A = 5(2/(1 + e¢?) — 1)/C, where p increases linearly from 0 to 1, 3 is a
parameter specified for each experiment, and C = 2/(1+ e~!) — 1. For MDD, we fix the margin parameter
v to 3. The source and target baselines are based on the ResNet-50 architecture when PI is provided as
multiple regions of interest; otherwise, the ResNet-18 architecture is used. The architecture of DALUPI in
each experiment is specified in the respective subsection below.

We use the Adam optimizer in all experiments. Learning rate decay is treated as a hyperparameter. For
ADAPT models (DANN and MDD), the learning rate is either constant or decayed according to po/(1 +
ap)3/4, where i is the initial learning rate, p increases linearly from 0 to 1, and « is a parameter specified
in each experiment (see below). For non-ADAPT models, the learning rate is either constant or decayed by
a factor 0.1 every nth epoch, where n is another hyperparameter.

For all models except LUPI and DALUPI, the classifier network following the encoder is a simple MLP with
two possible settings: Either it is a single linear layer from inputs to outputs or a three-layer network with
ReLU activations between the layers. This choice is treated as a hyperparameter in our experiments. The
nonlinear case has the following structure where n is the number of input features:
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o fully connected layer with n neurons

« ReLU activation layer

o fully connected layer with n//2 neurons
¢ ReLU activation layer

o fully connected layer with n//4 neurons.

All models were trained using NVIDIA Tesla A40 GPUs and the development and evaluation of this study
required approximately 30,000 hours of GPU training. The code is available on GitHub: https://github.
com/Healthy-AI/dalupi.

A.1 DALUPI With Two-stage Classifier

Here, we describe in more detail how we construct our two-stage classifier for image classification when
privileged information is provided as a single region of interest as in the digit classification task (Section
4.2). When privileged information is provided as binary attributes, we can directly learn the two-stage
estimator according to Equation 2. In this task, it was found that using the cross entropy loss and using
continuous outputs from f provided superior performance compared to other losses. In the digit classification
task, each image x; has a single label y; € {0, ...,4} determined by the MNIST digit. Privileged information
is given by a single bounding box with coordinates ¢; € R* enclosing a subset of pixels w; corresponding to
the digit. The training procedure is summarized in Algorithm 1 and further described below.

We first learn d which is a function that takes target image data, Z;, and bounding box coordinates, ¢;, and
learns to output bounding box coordinates, f;, which should contain the privileged information w;. Note
that we do not exactly follow the setup in Equation 2 since we do not need to actually predict the pixel
values within the bounding box. If we find a good enough estimator of ¢; we should minimize the loss of f in
Equation 2. To obtain the privileged information we apply a deterministic function ¢ which crops and scales
an image using the associated bounding box, ¢;. We can now write the composition of these two functions as
f(x:) = é(ai,d(x;)) which outputs the privileged information. The function ¢ is hard-coded and therefore
not learned.

In the second step, we learn § to predict the label from the privileged information w;, which is a cropped
version of x; where the cropping is defined by the bounding box t; around the digit. This cropping and
resizing is performed by ¢. When we evaluate the performance of this classifier we combine the two models
into one, i(z) = §(¢(x,d(x))). We use the mean squared error loss for learning d and categorical cross-
entropy (CCE) loss for g.

Algorithm 1 Training of the two-stage model.

1: procedure TWO_STAGE (&;, w;, t;,Yi)

2. Empirically minimize £ 37 [|d(Z;) — t;||* and obtain d.
3: Empirically minimize -+ 7", CCE(g(w;),y;) and obtain g.
4: Compose d, § and ¢ into fz(az) = §(¢(x7zf(x)))

5: end procedure

A.2 DALUPI With Faster R-CNN

For multi-label classification, we adapt Faster R-CNN (Ren et al., 2016) outlined in Figure 7 and described
below. Faster R-CNN uses a region proposal network (RPN) to generate region proposals which are fed to a
detection network for classification and bounding box regression. This way of solving the task in subsequent
steps has similarities with our two-stage algorithm although Faster R-CNN can be trained end-to-end. We
make small modifications to the training procedure of the original model in the end of this section.
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Figure 7: Faster R-CNN (Ren et al., 2016) architecture. The Rol pooling layer and the classification and
regression layers are part of the Fast R-CNN detection network (Girshick, 2015).

The RPN generates region proposals relative to a fixed number of reference boxes—anchors—centered at
the locations of a sliding window moving over convolutional feature maps. Each anchor is assigned a binary
label p € {0,1} based on its overlap with ground-truth bounding boxes; positive anchors are also associated
with a ground-truth box with location ¢t. The RPN loss for a single anchor is

LEPN(p,p,1,8) o= L™ (B,p) + pLigg” (1), (3)

where # represents the refined location of the anchor and p is the estimated probability that the anchor
contains an object. The binary cross-entropy loss and a smooth L; loss are used for the classification loss
LEEN and the regression loss LEEN, respectively. For a mini-batch of images, the total RPN loss is computed
based on a subset of all anchors, sampled to have a ratio of up to 1:1 between positive and negative ditto.

A filtered set of region proposals are projected onto the convolutional feature maps. For each proposal, the
detection network—Fast R-CNN (Girshick, 2015)—outputs a probability p(k) and a predicted bounding box
location #(k) for each class k. Let p = (5(0),...,p(K)), where >, p(k) = 1, K is the number of classes
and 0 represents a catch-all background class. For a single proposal with ground-truth coordinates ¢ and
multi-class label u € {0,..., K}, the detection loss is

Lde‘:(ﬁ7 U, fuv t) = L‘cilest (ﬁv ’LL) + qulL:-icegt(fm t)7 (4)
where Lgf;‘ (p,u) = —logp(u) and Lf:gt is a smooth L; loss. To obtain a probability vector for the entire

image, we maximize, for each class k, over the probabilities of all proposals.

During training, Faster R-CNN requires that all input images x come with at least one ground-truth anno-
tation (bounding box) w and its corresponding label u. To increase sample-efficiency, we enable training the
model using non-annotated but labeled samples (z,y) from the source domain and annotated but unlabeled
samples (Z,w) from the target domain. In the RPN, no labels are needed, and we simply ignore anchors from
non-annotated images when sampling anchors for the loss computation. For the computation of Equation
4, we handle the two cases separately. We assign the label u = —1 to all ground-truth annotations from the
target domain and multiply L3t by the indicator I,>¢. For non-annotated samples (z,y) from the source
domain, there are no box-specific coordinates ¢ or labels u but only the labels y for the entire image. In this
case, 4 is undefined and we instead compute the binary cross-entropy loss between the per-image label and
the probability vector for the entire image.

We train the RPN and the detection network jointly as described in Ren et al. (2016). To extract feature
maps, we use a Feature Pyramid Network (Lin et al., 2017) on top of a ResNet-50 architecture He et al.
(2016b). We use the modified model in the experiments in Section 4.3 and 4.4. In Section 4.3, we also train
this model in a LUPI setting, where no information from the target domain is used.
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A.3 Celebrity Photo Classification With Binary Attribute Vector

In our experiment based on CelebA (Liu et al., 2015), the input  is an RGB image which has been resized
to 64x64 pixels, the target y is a binary label for gender of the subject of the image, and the privileged
information w are 7 binary-valued attributes. The attributes used in this experiment are: Bald, Bangs,
Mustache, Smiling, 5_o_Clock_Shadow, Oval_Face and Heavy_Makeup. We use a subset of the CelebA
dataset with 2,000 labeled source examples and 3,000 unlabeled target examples. We use 1,000 samples
each for the source validation set, source test set, and target test set, respectively. The target oracle, SL-T,
is trained using labels provided for the 3,000 target examples, with 20 % of these examples set aside for
validation. The same unlabeled validation set is used to validate the first DALUPI network, f . When using
privileged information from the source domain to train f , we use 30,000 extra samples (z,w) with PI.

For DALUPI, we use the two-stage estimator with the network f based on ResNet-18 followed by a non-linear
MLP. The network § is an MLP with two hidden layers of with 256 neurons each. We train the models for
100 epochs. If the validation accuracy (or validation AUC for f ) does not improve for 10 subsequent epochs,
we stop the training earlier. For DALUPI, the early stopping patience is 15 for each network. We treat
the problem as multi-class classification with two classes and use the categorical cross entropy loss for SL-S,
SL-T, DANN, and MDD.

A.3.1 Hyperparameters

We randomly choose hyperparameters from the following predefined sets of values:

e SL-S and SL-T:

— batch size: (16,32,64)

— initial learning rate: (1.0 x 1074, 1.0 x 1073)
— step size n for learning rate decay: (15, 30, 100)
— weight decay: (1.0 x 107%, 1.0 x 1072

— dropout (encoder): (0, 0.1, 0.2, 0.5)

— nonlinear classifier: (True, False).

« DALUPI:

— batch size: (16,32,64)

— initial learning rate: (1.0 x 107°, 1.0 x 1074, 1.0 x 1073)
— step size n for learning rate decay: (15, 30, 100)

— weight decay: (1.0 x 1074, 1.0 x 1073).

« DANN:

— batch size: (16,32,64)

— initial learning rate: (1.0 x 1074, 1.0 x 1073)

— parameter « for learning rate decay: (0, 1.0)

— weight decay: (1.0 x 1074, 1.0 x 1073)

— dropout (encoder): (0,0.1,0.2,0.5)

— width of discriminator network: (64,128, 256)

— depth of discriminator network: (2, 3)

— nonlinear classifier: (True, False)

— parameter [ for adaption regularization decay: (0.1, 1.0, 10.0).

« MDD:

— batch size: (16,32,64)
— initial learning rate: (1.0 x 107%, 1.0 x 1073
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— parameter « for learning rate decay: (0, 1.0)

— weight decay: (1.0 x 1074, 1.0 x 1073)

— dropout (encoder): (0,0.1,0.2,0.5)

— nonlinear classifier: (True, False)

— maximum norm value for classifier weights: (0.5, 1.0, 2.0)

— parameter j for adaption regularization decay: (0.1, 1.0, 10.0).

A.4 Digit Classification With Single Bounding Box as Pl

In the digit classification task, we separate 20 % of the available source and target data into a test set. We
likewise use 20 % of the training data for validation purposes. For DALUPI we use ResNet-18 for the function
f . We replace the default fully connected layer with a fully connected layer with 4 neurons to predict the
coordinates of the bounding box. The predicted bounding box is resized to a 28 X 28 square no matter the
initial size. We use a simple convolutional neural network for the function § with the following structure:

o convolutional layer with 16 output channels, kernel size of 5, stride of 1, and padding of 2

o max pooling layer with kernel size 2, followed by a ReLU activation

o convolutional layer with 32 output channels, kernel size of 5, stride of 1, and padding of 2

o max pooling layer with kernel size 2, followed by a ReLLU activation

o dropout layer with p = 0.4

« fully connected layer with 50 out features, followed by ReLU activation

o dropout layer with p = 0.2

o fully connected layer with 5 out features.
The model training is stopped when the best validation accuracy (or validation loss for f ) does not improve
over 10 epochs or when the model has been trained for 100 epochs, whichever occurs first. All models are

trained from scratch, without pretrained weights. We use the categorical cross entropy loss for SL-S, SL-T,
DANN, and MDD.

A.4.1 Hyperparameters

We randomly choose hyperparameters from the following predefined sets of values:

e SL-S and SL-T:

— batch size: (16,32,64)
— initial learning rate: (1.0 x 1074, 1.0 x 107%)
— step size n for learning rate decay: (15, 30, 100)
— weight decay: (1.0 x 1074, 1.0 x 1073)
— dropout (encoder): (0, 0.1, 0.2, 0.5)
— nonlinear classifier: (True, False).
« DALUPL
— batch size: (16,32,64)
— initial learning rate: (1.0 x 1074, 1.0 x 107%)
— step size n for learning rate decay: (15, 30, 100)
weight decay: (1.0 x 107*, 1.0 x 1073).
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Table 5: Marginal label distribution in source and target domains for the entity classification task based on
the MS-COCO dataset. The background class contains images where none of the four entities are present.

Domain Person Dog  Cat Bird Background

Source 2,963 569 1,008 213 1,000
Target 3,631 1,121 423 712 1,000

« DANN:

— batch size: (16,32,64)

— initial learning rate: (1.0 x 1074, 1.0 x 1072

— parameter « for learning rate decay: (0, 1.0)

— weight decay: (1.0 x 1074, 1.0 x 1073)

— dropout (encoder): (0,0.1,0.2,0.5)

— width of discriminator network: (64,128, 256)

— depth of discriminator network: (2, 3)

— nonlinear classifier: (True, False)

— parameter [ for adaption regularization decay: (0.1, 1.0, 10.0).

« MDD:

— batch size: (16, 32,64)

— initial learning rate: (1.0 x 1074, 1.0 x 1072

— parameter « for learning rate decay: (0, 1.0)

— weight decay: (1.0 x 107%, 1.0 x 1073)

— dropout (encoder): (0,0.1,0.2,0.5)

— nonlinear classifier: (True, False)

— maximum norm value for classifier weights: (0.5, 1.0, 2.0)

— parameter § for adaption regularization decay: (0.1, 1.0, 10.0).

A.5 Entitity Classification With Multiple Regions of Interest as Pl

In the entity classification experiment, we train all models for at most 50 epochs. If the validation AUC
does not improve for 10 subsequent epochs, we stop the training earlier. No pretrained weights are used in
this experiment since we find that the task is too easy to solve with pretrained weights. For DALUPI and
LUPI, we use the end-to-end solution based on Faster R-CNN (see Section A.2). We use the default anchor
sizes for each of the feature maps (32, 64, 128, 256, 512), and for each anchor size we use the default aspect
ratios (0.5, 1.0, 2.0). We use the binary cross entropy loss for SL-S, SL-T, DANN, and MDD.

We use the 2017 version of the MS-COCO dataset (Lin et al., 2014). As decribed in Section 4.3, we extract
indoor images by sorting out images from the super categories “indoor” and “appliance” that also contain
at least one of the entity classes. Outdoor images are extracted in the same way using the super categories
“vehicle” and “outdoor”. Images that match both domains (for example an indoor image with a toy car)
are removed, as are any gray-scale images. We also include 1,000 negative examples, i.e., images with none
of the entities present, in both domains. In total, there are 5,231 images in the source domain and 5,719
images in the target domain. From these pools, we randomly sample 3,000, 1,000, and 1,000 images for
training, validation, and testing, respectively. In Table 5 we describe the label distribution in both domains.
All images are resized to 320 x 320.

A.5.1 Hyperparameters

We randomly choose hyperparameters from the following predefined sets of values. For information about
the specific parameters in LUPI and DALUPI, we refer to the paper by Ren et al. (2016). Here, Rol and
NMS refer to region of interest and non-maximum suppression, respectively.
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e SL-S and SL-T:

batch size: (16,32, 64)

initial learning rate: (1.0 x 1074, 1.0 x 107%)
step size n for learning rate decay: (15, 30, 100)
weight decay: (1.0 x 107%, 1.0 x 1073)
dropout (encoder): (0, 0.1, 0.2, 0.5)

nonlinear classifier: (True, False).

« DANN:

batch size: (16,32, 64)

initial learning rate: (1.0 x 1074, 1.0 x 1073)

parameter a for learning rate decay: (0, 1.0)

weight decay: (1.0 x 107%, 1.0 x 1073)

dropout (encoder): (0,0.1,0.2,0.5)

width of discriminator network: (64,128, 256)

depth of discriminator network: (2, 3)

nonlinear classifier: (True, False)

parameter (3 for adaption regularization decay: (0.1, 1.0, 10.0).

« MDD:

batch size: (16,32, 64)

initial learning rate: (1.0 x 107%, 1.0 x 1073)

parameter « for learning rate decay: (0, 1.0)

weight decay: (1.0 x 107%, 1.0 x 1073)

dropout (encoder): (0,0.1,0.2,0.5)

nonlinear classifier: (True, False)

maximum norm value for classifier weights: (0.5, 1.0, 2.0)
parameter 3 for adaption regularization decay: (0.1, 1.0, 10.0).

e LUPI and DALUPI:

batch size: (16,32, 64)

learning rate: (1.0 x 1074, 1.0 x 107%)

step size n for learning rate decay: (15, 30, 100)
weight decay: (1.0 x 1074, 1.0 x 1073)

IoU foreground threshold (RPN): (0.6, 0.7, 0.8, 0.9)
ToU background threshold (RPN): (0.2, 0.3, 0.4)
batchsize per image (RPN): (32, 64, 128, 256)
fraction of positive samples (RPN): (0.4, 0.5, 0.6, 0.7)
NMS threshold (RPN): (0.6, 0.7, 0.8)

Rol pooling output size (Fast R-CNN): (5, 7, 9)

IoU foreground threshold (Fast R-CNN): (0.5, 0.6)
ToU background threshold (Fast R-CNN): (0.4, 0.5)
batchsize per image (Fast R-CNN): (16, 32, 64, 128)
fraction of positive samples (Fast R-CNN): (0.2, 0.25, 0.3)
NMS threshold (Fast R-CNN): (0.4, 0.5, 0.6)
detections per image (Fast R-CNN): (25, 50, 75, 100).
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Table 6: Marginal distribution of labels of images and bounding boxes in the source and target do-
main, respectively, for the chest X-ray classification experiment. ATL=Atelectasis; CM=Cardiomegaly;
PE=Effusion; NF=No Finding.

Data ATL CM PE NF
x~S8 11,559 2,776 13,317 60,361
w~S 180 146 153 -

14,278 20,466 74,195 16,996
75 66 64 -

A.6 X-ray Classification With Multiple Regions of Interest as Pl

In the X-ray classification experiment, we train all models for at most 50 epochs, using pre-trained weights
in the ResNet architecture of each model. If the validation AUC does not improve for 10 subsequent epochs,
we stop the training earlier. We then fine-tune all models, except DANN and MDD, for up to 20 additional
epochs. The number of encoder layers that are fine-tuned is a hyperparameter for which we consider different
values. We start the training with weights pretrained on ImageNet. For DALUPI, we use the end-to-end
solution based on Faster R-CNN (see Section A.2). We use the default anchor sizes for each of the feature
maps (32, 64, 128, 256, 512), and for each anchor size we use the default aspect ratios (0.5, 1.0, 2.0). We
use the binary cross entropy loss for SL-S, SL-T, DANN, and MDD.

In total, there are 83,519 (457) and 120,435 (118) images (annotated images) in the source and target
domain, respectively. The distributions of labels and bounding box annotations are provided in Table 6.
Here, “NF” refers to images with no confirmed findings. In the annotated images, there are 180/146/153
and 75/66/64 examples of ATL/CM/PE in each domain respectively. Validation and test sets are sam-
pled from non-annotated images and contain 10,000 samples each. All annotated images are reserved for
training. We merge the default training and validation datasets before splitting the data and resize all
images to 320 x 320. For the source dataset (ChestX-ray8), the bounding boxes can be found together with
the dataset. The target segmentations can be found here: https://stanfordaimi.azurewebsites.net/
datasets/23c56a0d-15de-405b-87c8-99c30138950c.

A.6.1 Hyperparameters

We choose hyperparameters randomly from the following predefined sets of values. For information about
the specific parameters in DALUPI, we refer to the paper by Ren et al. (2016). Rol and NMS refer to region
of interest and non-maximum suppression, respectively.

e SL-S and SL-T:

— batch size: (16, 32, 64)

— learning rate: (1.0 x 107%, 1.0 x 107%)

— weight decay: (1.0 x 107%, 1.0 x 1072

— dropout (encoder): (0, 0.1, 0.2, 0.5)

— nonlinear classifier: (True, False)

— number of layers to fine-tune: (3, 4, 5)

— learning rate (fine-tuning): (1.0 x 1075, 1.0 x 107%).

« DANN:

— batch size: (16,32,64)

— initial learning rate: (1.0 x 1074, 1.0 x 1073)
— parameter « for learning rate decay: (0, 1.0)
weight decay: (1.0 x 1074, 1.0 x 1073)
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— number of trainable layers (encoder): (1, 2, 3, 4, 5)

— dropout (encoder): (0,0.1,0.2,0.5)

— width of discriminator network: (64,128, 256)

— depth of discriminator network: (2, 3)

— nonlinear classifier: (True, False)

— parameter § for adaption regularization decay: (0.1, 1.0, 10.0).
« MDD:

— batch size: (16,32,64)

— initial learning rate: (1.0 x 1074, 1.0 x 1073)

— parameter « for learning rate decay: (0, 1.0)

— weight decay: (1.0 x 1074, 1.0 x 1073)

— number of trainable layers (encoder): (1, 2, 3, 4, 5)

— dropout (encoder): (0,0.1,0.2,0.5)

— nonlinear classifier: (True, False)

— maximum norm value for classifier weights: (0.5, 1.0, 2.0)

— parameter (3 for adaption regularization decay: (0.1, 1.0, 10.0).

« DALUPI:

— batch size: (16, 32,64)

— learning rate: (1.0 x 1074)

— weight decay: (1.0 x 107%, 1.0 x 1073

— IoU foreground threshold (RPN): (0.6, 0.7, 0.8, 0.9)
— IoU background threshold (RPN): (0.2, 0.3, 0.4)

— batchsize per image (RPN): (32, 64, 128, 256)

— fraction of positive samples (RPN): (0.4, 0.5, 0.6, 0.7)
— NMS threshold (RPN): (0.6, 0.7, 0.8)

— Rol pooling output size (Fast R-CNN): (5, 7, 9)

— IoU foreground threshold (Fast R-CNN): (0.5, 0.6)

— IoU background threshold (Fast R-CNN): (0.4, 0.5)

— batchsize per image (Fast R-CNN): (16, 32, 64, 128)
— fraction of positive samples (Fast R-CNN): (0.2, 0.25, 0.3)
— NMS threshold (Fast R-CNN): (0.4, 0.5, 0.6)

— detections per image (Fast R-CNN): (25, 50, 75, 100)
— learning rate (fine-tuning): (1.0 x 1075, 1.0 x 107%)
— number of layers to fine-tune: (3, 4, 5).

B Additional Results

In Figure 8a and 8b, we show some example images from the digit classification task with associated saliency
maps from the source-only model for different values of the skew parameter e. We can see that for a lower
value of epsilon the SL-S model activations seem concentrated on the area with the digit, while when the
correlation with the background is large the model activations are more spread out.

In Figure 9, we show the average AUC when additional training data of up to 30,000 samples are added in
the chest X-ray experiment. We see that, once given access to a much larger amount of labeled samples,
SL-S and DALUPI perform comparably in the target domain.

In Figure 10, we show AUC for the pathology CM when additional training data without bounding box
annotations are added. We see that SL-S catches up to the performance of DALUPI when a large amount
of labeled examples are provided. These results indicate that identifiability is not the primary obstacle for
adaptation, and that PI improves sample efficiency.
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(a) SL-S, € = 0.2 (b) SL-S, e = 1.0

Figure 8: Example images (top) and saliency maps (bottom) from SL-S when trained with source skew
e=0.2 (a) and e =1 (b).
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Figure 9: Classification of chest X-ray images. Model performance on source (a) and target (b) domains. The
AUC is averaged over the three pathologies: ATL, CM and PE. The 95 % confidence intervals are computed
using bootstrapping the results over five seeds.

C Proof of Proposition 1

Proposition. Let Assumptions 1 and 2 be satisfied w.r.t. W (not necessarily w.r.t. X) and let Assumption 3
hold as stated. Then, the target risk Ry is identified for hypotheses h : X — Y,

R = [ T@) [ Ttw o) [ S| 0L, pdyduds
x w Y
and, for L the squared loss, a minimizer of Ry is hi-(x) = [, T(w | )Es[Y | w]dw .
Proof. By definition, Ry(h) = [, Y T (z,y)L(h(z),y)dydz. We marginalize over W to get

T(z,y) = T(@)Erwa [Ty | Wz) | 2]
=T (@)Erwie) [Ty | W) | 2]

=T(z) /w:T(w)>O T(w|z)S(y | w)dw

=T(x) /w:S(w)>0 T(w|2)S(y | w)dw .

where the second equality follows by sufficiency and the third by covariate shift and overlap in W. T (z), T (w |
x) and S(y | w) are observable through training samples. That A% is a minimizer follows from the first-order
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Figure 10: Test AUC for CM in 7. DALUPI outperforms the other models when no extra (z,y) samples
are provided. Adding examples without bounding box annotations improves the performance of SL-S and
SL-T, eventually causing the latter to surpass DALUPL

condition of setting the derivative of the risk with respect to h to 0. This strategy yields the well-known
result that

hi = argminE7[(h(X) - Y?)] =Er[Y | X] .
h

By definition and the previous result, we have that

7'

ErlY | X =a] = / dy

/y/w.sw T(w | 2)S(y | w)ydwdy
- /wT(w | 2)Es[Y" | x]dw

and we have the result. O

D Proof of Proposition 2

Proposition 2.  Assume that G comprises M-Lipschitz mappings from the privileged information space
W C RW to Y. Further, assume that both the ground truth privileged information W and label Y are
deterministic in X and W respectively. Let p be the domain density ratio of W and let Assumptions 1-3
(Covariate shift, Overlap and Sufficiency) hold w.r.t. W. Further, let the loss L be uniformly bounded by
some constant B and let d and d' be the pseudo-dimensions of G and F respectively. Assume that there are
n observations from the source (labeled) domain and m from the target (unlabeled) domain. Then, with L
the squared Euclidean distance, for any h=ho f € G x F, w.p. at least 1 — 9,

Ry (h)
2

< RYP(9) + M2RY (f)

dl 2771P+1
+ 25/ /dy (T S) u

2d' log & log %
dyy BM? 4y g
tow n + 2n

28




Published in Transactions on Machine Learning Research (09/2024)

Proof. Decomposing the risk of ho ¢ , we get

Rr(h) =Erl(g(f(X)) - Y)?]
< 2B7((g(W) = Y)? + (9(f(X)) — g(W))?]
< 2E7{(g(W ) Y)? 4 M| £(X)) ~ y(W)H ]
< 2E7((9(W) = Y)’] + 2M2Er (|| (f(X) - W)|?)
=2R¥(g) + 2MZRT (f) =2R%"(9) +2M2 RY(f).

~—— ~—

(1) (un
The first inequality follows from the relaxed triangle inequality, the second inequality from the Lipschitz

property and the third equality from Overlap and Covariate shift. We will bound these quantities separately
starting with (7).

We assume that the pseudo-dimension of G, d is bounded. Further, we assumo that the second moment
of the density ratios, equal to the Rényi divergence da(7|S) = SweeaT (W)L S(w) are bounded and that the
density ratios are non-zero for all w € G. Let Dy = {w;, v}, be a dataset drawn i.i.d from the source

domain. Then by application of Theorem 3 from Cortes et al. (2010) we obtain with probability 1 — § over
the choice of Dy,

dlog 2me 1]
(1) = Ry (q) < R () + 2 /7T ] B 10w

Now for (II) we treat each component of w € W as a regression problem independent from all the others.
So we can therefore write the risk as the sum of the individual component risks

RY (f) = S RT,(f)
Let the pseudo-dimension of F be denoted d, Dy = {z;, w;}!, be a dataset drawn i.i.d from the target

domain. Then, using theorem 11.8 from Mohri et al. (2018) we have that for any 6 > 0, with probability at
least 1 — ¢ over the choice of Do, the following inequality holds for all hypotheses f € F for each component

risk
N 2d' log & l
R?‘/Y,i(f) SR?‘/Y,i(f)JFB Td V Es

We then simply make all the bounds hold simultaneously by applying the union bound and having it so that
each bound must hold with probability 1 — ﬁ which results in

2d' log v

RY(f) = SR, () < SR (f) + 5 B -

N ) 2d’ log log dy
= RY(f)+dwB

Combination of these two results then yield the proposition statement.

Consistency follows as Y is a deterministic function of W and W is a deterministic fundtion of X and both
H and F are well-specified. Thus both empirical risks and sample complexity terms will converge to 0 in
the limit of infinite samples. O

The parts of the bound shown above can be described as falling into three main categories: Empirical risk(s),
domain shift and sample complexity components. A central term that figures both in the weighted empirical
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T (w)
S(w) "
least in part based on the proximity in W-space the source and target domains are. This is similar to other
importance weighting bounds, however, since the experiment designer may choose the form of PI this can

be more well-behaved than the density ratio in the input space.

risk and the Rényi divergence is the density ratio Therefore, the size of the bound is governed at

E Proof Sketch for PAC-Bayes Bound

We will here detail a proof sketch for a PAC-Bayes version of the bound we propose in the main text. For
the purposes of this bound we will consider the quantity Ej~,R7(h), where v is a posterior distribution
over classifiers h ~ 1. As we are basing the bound on the two-step methodology where we train two different
classifiers on separate datasets we assume that we can obtain the posteriors over the component functions
separately and independently i.e. h = fog ~ 1 =y x 14, where f ~ ¢y and g ~ ¢,. Let the assumptions
from proposition 2 hold here. Similar to the previous section we decompose the risk into two parts

Epny R7(h) = Enny Er[(9(f(X)) — V)?]
= Enny[2RY (9) + 2M2RY (f)] = 2Bpoy Ry (9) +2M2Epy RY (f).
(1) (I1)

We note that since we now have expectations over the composite function kA on expressions which depend
on only one of the components we can, for example, write the following:

EnvyRY(9) = Egny, RY(9)

This holds as we assume that f and g are not dependent on each other. Therefore, we can just marginalize
out the part which is not in use. From this point we can use some of the available bounds from the literature
to estimate the resulting part e.g. Corollary 1 from Breitholtz & Johansson (2022). Application of this result
yields the following bound on the first term

KL(%7,) +In(})

.
E Rr(9)< - E R(0) +Bo—p it oor

g~y

Thereafter we can use another bound from the literature to estimate the second term, e.g. Theorem 6 from
Germain et al. (2020). Using this we obtain the following:

v a s M)
fEWRT == (fgprr )+ o~ .

Then a bound can be constructed by combining these two results using a union bound argument.

2 % KL(1p,||7y) + In(2
Bestrt) <2 B () + KLl D)

2y(1 —v)m
2M2a . KL(¢yllmy) + In(2)
oo Q%R?W )+ —>

F A Bound on the Target Risk Without Suffiency

The sufficiency assumption is used to replace 7(y | ) with 7(y | w) in the proof of Proposition 1. If
sufficiency is violated but it is plausible that the degree of insufficiency is comparable across domains, we
can still obtain a bound on the target risk which may be estimated from observed quantities. One way to
formalize such an assumption is that there is some v > 1, for which

sup T(y|w,x)/T(y|w) <y sup Sy|w,z)/Sy|w) (5)
z€T (z|w) zeS(z|w)
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This may be viewed as a relaxation of suffiency. If Assumption 3 holds, both left-hand and right-hand sides
of the inequality are 1. Under Equation 5, with A, (w,y) equal to the right-hand side the inequality,

Rr < [ T@) [ Twla) [ A0S 0Lk, pdydude

However, the added assumption is not verifiable statistically.
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Abstract

Federated learning enables multiple actors to collaboratively train models without sharing private data. Existing
algorithms are successful and well-justified in this task when the intended target domain, where the trained model will
be used, shares data distribution with the aggregate of clients, but this is often violated in practice. A common reason is
label shift—that the label distributions differ between clients and the target domain. We demonstrate empirically that this
can significantly degrade performance. To address this problem, we propose FedPALS, a principled and practical model
aggregation scheme that adapts to label shifts o improve performance in the target domain by leveraging knowledge
of label distributions at the central server. Our approach ensures unbiased updates under federated stochastic gradient
descent which yields robust generalization across clients with diverse, label-shifted data. Extensive experiments on image
classification tasks demonstrate that FedPALS consistently outperforms baselines by aligning model aggregation with the
target domain. Our findings reveal that conventional federated learning methods suffer severely in cases of extreme label
sparsity on clients, highlighting the critical need for target-aware aggregation as offered by FedPALS.

1 Introduction

Federated learning (FL) has emerged as a powerful paradigm for training machine learning models collaboratively across
multiple clients without sharing data [McMahan et al., 2017, Kairouz et al., 2021]. This is attractive in problems where
privacy is paramount, such as healthcare [Sheller et al., 2020], finance [Byrd and Polychroniadou, 2020], and natural
language processing [Hilmkil et al., 2021]. While effective when data from different clients are identically distributed,
the performance of federated learning can degrade significantly when clients exhibit systematic data heterogeneity, such
as label shift [Zhao et al., 2018, Woodworth et al., 2020].

Most federated learning research, even that addressing data heterogeneity, focuses on what we term standard federated
learning, where the test distribution matches the combined distribution of training clients. However, many real-world
applications require generalization to a target client or domain with a distinct, unknown data distribution. Consider a
retail scenario: multiple stores (clients) collaboratively train a sales prediction model using their local purchase histories.
While each store’s data reflects its unique customer base, the goal is to deploy the model in a new store (target client) with
different customer preferences, and no historical records. This is target-aware federated learning, a more challenging
paradigm than standard federated learning due to the inherent distributional shift between training and test data.

The problem of generalizing under distributional shifts has been extensively studied in centralized settings, often under
the umbrella of domain adaptation [Blanchard et al., 2011, Ganin et al., 2016]. However, traditional domain adaptation
techniques, such as sample re-weighting [Lipton et al., 2018] or domain-invariant representation learning [Arjovsky et al.,
2020], typically require access to data from both source and target domains. This requirement is incompatible with the
decentralized nature of federated learning, where neither the server nor the clients share data between them. While several

*Equal contribution. Order decided by coin toss.
Thttps://www.healthyai.se/



techniques have been proposed to address client heterogeneity in standard FL, such as regularization [Li et al., 2020a,
2021], clustering [Ghosh et al., 2020, Vardhan et al., 2024], and meta-learning [Chen et al., 2018, Jiang et al., 2019], they
do not address the challenge of generalizing to a target client with differing data distribution.

Contributions We introduce the problem of rarget-aware federated learning under label shift, where the goal is to
train a model that generalizes well to a target client (domain) whose label distribution differs from those of the training
clients (see Section 2). To address this problem, we propose a novel aggregation scheme called FedPALS that optimizes
a convex combination of client models to ensure that the aggregated model is better suited for the label distribution of the
target domain (Section 3). We prove that the resulting stochastic gradient update behaves, in expectation, as centralized
learning in the target domain (Proposition 1), and examine its relation to standard federated averaging (Proposition 3.1).
We demonstrate the effectiveness of FedPALS through an extensive empirical evaluation (Section 5), showing that it
outperforms traditional approaches in scenarios where distributional shifts pose significant challenges, at the small cost of
sharing client label marginals with the central server. Moreover, we observe that traditional methods struggle particularly
in scenarios where training clients have sparse label distributions, highlighting the need for target-aware aggregation
strategies.

2 Target-aware federated learning with label shift

In federated learning, a global model hy is produced by a central server by aggregating updates to model parameters 6
from multiple clients [McMahan et al., 2017]. We focus on classification tasks in which the goal is for hy to predict the
most probable label Y € {1, ..., K} for a given d-dimensional input X € X C R?. Each clienti = 1, ..., M holds a data
set D; = {(25,1,Yi1), s (Tin,, Yin, )} Of n; labeled examples, assumed to be drawn i.i.d. from a local client-specific
distribution S;(X,Y’). Due to constraints on privacy or communication, these data sets cannot be shared directly with
other clients or with the central server.

Learning proceeds over rounds ¢ = 1, ..., {42, €ach comprising three steps: (1) The central server broadcasts the
current global model parameters 6, to all clients; (2) Each client ¢ computes updated parameters 6; ; based on their local
data set D;, and sends these updates back to the server; (3) The server aggregates the clients’ updates, for example, using
federated averaging (FedAvg) [McMahan et al., 2017] or related techniques, to produce the new global model 6, 1.

A common implicit assumption in federated learning is that the learned model will be applied in a target domain
T(X,Y) that coincides with the aggregate distribution of clients,

Mo
SXY)=)

i=1

Si(X,Y), @

where N = Zf\il n;. To this end, trained models are evaluated in terms of their average performance over clients.
However, in applications, the intended target domain may be different entirely [Bai et al., 2024]. Here, we assume that the
target domain is distinct from all client distributions: Vi : T'(X,Y") # S;(X,Y) and from the client aggregate, T'(X,Y") #
S(X,Y). We refer to this setting as target-aware federated learning. While distributional shift between clients is a
well-recognized problem in federated learning, the target domain is still typically the client aggregate S [Karimireddy
et al., 2020, Li et al., 2020b]. Our setting differs also from federated domain generalization which lacks a specific target
domain [Bai et al., 2024].

In target-aware federated learning, the goal is to train a model to predict well in a target domain T'(X,Y") without
access to samples from T'. Formally, our objective is to minimize the expected target risk, Ry of a classifier hg : X' — ),
with respect to a loss function £ : ) x Y — R,

minimize Rr(hg) == (X,}IEE)NT [(he(X),Y)] - 2

To make solving (2) possible, we assume that target and client label marginal distributions T'(Y"), {S;(Y")} are known
to the central server. This is much less restrictive than it sounds: (i) Estimating each client label distribution S;(Y")
merely involves computing the proportion of each label in the client sample D;, (ii) The target client (domain) may have
collected label statistics without logging context features X. In our retail example, the label distribution corresponds to
the proportion of sales 7'(Y" = y) of each product category y, and many companies store this information without logging
customer features X. The central server is given access to all label distributions to facilitate the learning process, but these
are not available to the clients. Retailers may be hesitant to share their exact sales statistics 7'(Y") with competitors but



could share this information with a neutral third party (central server) responsible for coordinating the federated learning
process. There is a privacy-accuracy trade-off in all FL settings. In our experiments, we show that substantial performance
improvements can be gained at the small privacy cost of sharing the label marginals with the central server.

As in standard FL, clients ¢ # j do not communicate directly with each other directly but interact with the central
server through model parameters. While it is technically possible for the server to infer each client’s label distribution
S;(Y') based on their parameter updates [Ramakrishna and Dén, 2022], doing so would likely be considered a breach of
trust in practical applications and sharing would be preferred.

We assume that the distributional shifts between clients and the target are restricted to label shift—while the label
distributions vary across clients and the target, the class-conditional input distributions are identical.

Assumption 1 (Label shift). For the client distributions Sh, ..., Sy and the target distribution T,
Vi,j e [M]:S(X|Y)=85;(X|Y)=T(X|Y). 3)

This setting has been well studied in non-federated learning, see e.g., [Lipton et al., 2018]. In the retail example, label
shift means that the proportion of sales across product categories (S;(Y) and T'(Y')) varies between different retailers
and the target, but that the pattern of customers who purchase items in each category (S;(X | Y) and T(X | Y))
remain consistent. In other words, although retailers may sell different quantities of products across categories, the
characteristics of customers buying a particular product (conditional on the product category) are assumed to be the same.
Note that both label shift and covariate shift may hold, that is, there are cases where Vi : S;(X | Y) =T(X | Y) and
S;(Y | X)=T(Y | X),but S;(X), T(X) differ, such as when the labeling function is deterministic.

2.1 Limitations of classical aggregation

When either all clients {S;} or their aggregate S, see (1), are identical in distribution to the target domain, the empirical
risk on aggregated client data is identical in distribution (£) to the empirical risk of a hypothetical data set Dy =
{(@1,5,y7,5)}7Z, drawn from the target domain,

g
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Thus, if each client performs a single gradient descent update, the mean of these, weighted by the client sample sizes, is
equal in distribution to a centralized batch update for the target domain, given the previous parameter value. This property
justifies the federated stochastic gradient (FedSGD) and federated averaging principles [McMahan et al., 2017], both of
which aggregate parameter updates in this way,

FA U
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Unfortunately, when the target domain 7' is not the aggregate of clients S, the aggregate risk gradient VR and,
therefore, the FedSGD update are no longer unbiased gradients and updates for the risk in the target domain. As we see
in Table 1, this can have large effects on model quality.

Our central question is: How can we aggregate the parameter updates 6; ; of the M clients, whose data sets are
drawn from distributions Sy, ..., Sy, such that the resulting federated learning algorithm minimizes the target risk, R7?

3 FedPALS: Target-aware adjustment for label shift

Next, we develop a model aggregation strategy for target-aware federated learning. Under Assumption 1 (label shift), the
target risk is a weighted sum of class-conditional client risks,

K
Vi Re(h) = S T(y)Es, [E(h(X),9) | Y = 9] .

y=1

In centralized learning, this insight is often used to re-weight the training objective in a source domain S(y) by the
importance ratio 7'(y)/S(y) [Lipton et al., 2018, Japkowicz and Stephen, 2002]. That is not an option here since T(Y) is
not revealed to the clients. For now, assume instead that the target label distribution is covered by the convex hull of the
set of client label distributions S = {S;(Y)}M,
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Figure 1: Illustration of the target label marginal 7" and client marginals Sy, ..., Sy in a ternary classification task, Y €
{0,1,2}. A: there are fewer clients than labels, M < K, and T' ¢ Conv(S); a®S is a projection of 7" onto Conv(S). B:
T € Conv(S) and coincides with a’S. In both cases, the label marginal of*4.S implied by FedAvg is further from the
target distribution.

Assumption 2 (Target coverage). The target label distribution T (Y') is covered by the convex hull of client label distributions
S1(Y), ... Sm(Y'), that is T € Conv(S), or

M
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Under label shift, Assumption 2 implies that T(X,Y) = Zf\il a$S;(X,Y), as well. Thus, under Assumptions 1-2,
we have for any o€ satisfying (5),

K M
Rr(h) = (Z af&a(zz)) E[((h(X),y) | Y =] ©)

y=1 \i=1
M

=Y afRs,(h). ™
i=1

Consequently, aggregating client updates with weights a“ will be an unbiased estimate of the update.

Proposition 1 (Unbiased SGD update). Consider a single round t of federated learning in the batch stochastic gradient
setting with learning rate 1. Each client i € [M] is given parameters 0, by the server, computes their local gradient, and
returns the update 0, = 0; — nVoR;(hy,). Let Assumptions 1-2 hold and o satisfy (5). Then, the aggregate update
01 = Zf‘il a5b; ¢ satisfies

Elfi41 | 0:] = E[6f,, | 0] ,

where 6’tT 1 =0 — anRT(hgt) is the batch stochastic gradient descent (SGD) update for RT that would be obtained
with a sample from the target domain. A proof is in Appendix C.

By Proposition 1, we may compute unbiased parameter updates for the target domain by replacing the aggregation
step of FedSGD with aggregation weighted according to a“. In practice, many federated learning systems, including
FedAvg, allow clients several steps of local optimization (e.g., an epoch) before aggregating the parameter updates at
the server. Strictly speaking, this is not justified by Proposition 1, but we find in all experiments that aggregating client
updates computed over an epoch performs very well, see Section 5.

In applications, the target may not be covered by clients (Assumption 2 may not hold), and a® may not exist. For
example, if the target label marginal T'(y) is sparse, only clients with exactly the same sparsity pattern as T can be used
in a convex combination S = T. That is, if we aim to classify images of animals and 7" contains no tigers, then no
clients contributing to the combination can have data containing tigers. Since {S;(Y)},, T(Y) are known to the server,
it is straightforward to verify Assumption 2.



A pragmatic choice when Assumption 2 is violated is to look for the convex combination o that most closely aligns
with the target label distribution, and use that for aggregation,

M

ZaS(Y T(

We illustrate the label distributions implied by weighting with a® and "4 (FedAvg) in Figure 1.

®)

a® = arg min
acAM-1

Effective sample size of aggregates. A limitation of aggregating using a as defined in (8) is that, unlike FedAvg,
it does not give higher weight to clients with larger sample sizes, which can lead to a higher variance in the model
estimate. The variance of importance-weighted estimators can be quantified through the concept of effective sample size
(ESS) [Kong, 1992], which measures the number of samples needed from the target domain to achieve the same variance
as a weighted estimate computed from source-domain samples. ESS is often approximated as 1/ (Z;n 1 wz) where w are
normalized sample weights such that w; > 0 and Z i—; w;j = 1. In federated learning, we can interpret the aggregation
step as assigning a total weight «; to each client 7, Wthh has n; samples. Consequently, each %ample (xj,y;) € D;hasthe
same weight @; = «;/n;. The ESS for the aggregate is then given by 1/(3°1", (3 cq, @3)) = 1/(Xi2, nia /nf) =
/(22 az/nz)

In light of the above, we propose a client aggregation step such that the weighted sum of clients’ label distributions
will a) closely align with the target label distribution, and b) minimize the variance due to weighting using the inverse of
the ESS. For a given regularization parameter A € [0, o0), we define weights o as the solution to the following problem

M 2
A : 2 @
= 3 TY) - ,'Si Y A — 9
o = argmin [T(¥) ;a M5+ Zi:m, ©
with aggregate client parameters as (9,?‘+1 = Zﬁl a0; . We refer to this strategy as Federated learning with Parameter
Aggregation for Label Shift (FedPALS).

3.1 FedPALS in the limits

In the FedPALS aggregation scheme ((9)), there exists a trade-off between closely matching the target label distribution
and minimizing the variance of the model pa.rameters This trade-off gives rise to two notable limit cases: 7' € Conv(S), A —
0, and A — oo. If all source distributions {S;}, are identical and match the target distribution, this corresponds to the
classical i.i.d. setting.

Case 1: A — co = Federated averaging In the limit A — oo, as the regularization parameter A grows large, FedPALS
aggregation approaches FedAvg aggregation.

Proposition 2. The limit solution o to (9), as A — o0, is

hmaA gil:afm for i=1,...,M. (10)

A—00 1N

The result is proven in Appendix C. By Proposition 2, the FedAvg weights o4 minimize the ESS and coincide with

FedPALS weights o in the limit A — co. As a rare special case, whenever T(Y) = S = Zﬁl %5;(Y), FedAvg

weights a4 = a* for any value of )\, since both terms attain their mimima at this point. However, this violates the
assumption that T(Y) # S(Y).

Case 2: Covered target, T € Conv(S) Now, consider when the target label distribution is in the convex hull of the
source label distributions, Conv(S). Then, we can find a convex combination o of source distributions S;(Y’) that
recreate T'(Y"), that is, T(Y') = Zf\il a$S;(Y). However, when there are more clients than labels, M > K, such a
satisfying combination o need not be unique and different combinations may have different effective sample size. Let
A¢ = {a® € AM~L . T(Y) = (a®)TS(Y)} denote all satisfying combinations where S(Y) € RM*X is the matrix



of all client label marginals. For a sufficiently small regularization penalty A, the solution to (9) will be the satisfying
combination with largest effective sample size.

M
: A B Q;
lim a” = argmin E —.

A—=0 acAe =

If there are fewer clients than labels, M < K, the set of target distributions for which a satisfying combination exists
has measure zero, see Figure 1 (left). Nevertheless, the two cases above allow us to interpolate between being as faithful
as possible to the target label distribution (A — 0) and retaining the largest effective sample size (A — c0), the latter
coinciding with FedAvg. Finally, when T" € Conv(S) and A — 0, Proposition 1 applies also to FedPALS; the aggregation
strategy results in an unbiased estimate of the target risk gradient in the SGD setting. However, like the unregularized
weights, Proposition 1 does not apply for multiple local client updates.

Case3: T' ¢ Conv(S) If the target distribution does not lie in Conv(.S), see Figure 1 (left), FedPALS projects the target
to the “closest point” in Conv(.S) if A = 0, and to a tradeoff between this projection and the FedAvg aggregation if A > 0.
‘We have a discussion on how to choose A in the second and third cases in Appendix A.1.

Sparse clients and targets In problems with a large number of labels, K >> 1, it is common that any individual domain
(clients or target) supports only a subset of the labels. For example, in the IWildCam benchmark, not every wildlife
camera captures images of all animal species. When the target 7'(Y") is sparse, meaning T'(y) = 0 for certain labels v,
it becomes easier to find a good match (o) TS(Y) a T(Y) if the client label distributions are also sparse. Achieving
a perfect match, i.e., T € Conv(S), requires that (i) the clients collectively cover all labels in the target, and (ii) each
client contains only labels that are present in the target. If this is also beneficial for learning, it would suggest that the
client-presence of labels that are not present in the target would harm the aggregated model. We study the implications of
sparsity of label distributions empirically in Section 5.

4 Related work

Efforts to mitigate the effects of distributional shifts in federated learning can be broadly categorized into client-side and
server-side approaches. Client-side methods use techniques such as clustering clients with similar data distributions and
training separate models for each cluster [Ghosh et al., 2020, Sattler et al., 2020, Vardhan et al., 2024], and meta-learning
to enable models to quickly adapt to new data distributions with minimal updates [Chen et al., 2018, Jiang et al., 2019,
Fallah et al., 2020]. Other notable strategies include regularization techniques that penalize large deviations in client
updates to ensure stable convergence [Li et al., 2020b, 2021] and recent work on optimizing for flatter minima to enhance
model robustness [Qu et al., 2022, Caldarola et al., 2022]. Server-side methods focus on improving model aggregation
or applying post-aggregation adjustments. These include optimizing aggregation weights [Reddi et al., 2021], learning
adaptive weights [Li et al., 2023], iterative moving averages to refine the global model [Zhou et al., 2023], and promoting
gradient diversity during updates [Zeng et al., 2023]. Both categories of work overlook shifts in the target distribution,
leaving this area unexplored.

Another related area is personalized federated learning, which focuses on fine-tuning models to optimize performance
on each client’s specific local data [Collins et al., 2022, Boroujeni et al., 2024]. This setting differs fundamentally from
our work, which focuses on improving generalization to new target clients without any training data available for fine-
tuning. Label distribution shifts have also been explored with methods such as logit calibration [Zhang et al., 2022, Xu
et al., 2023], novel loss functions [Wang et al., 2021], feature augmentation [Xia et al., 2023], gradient reweighting [Xiao
et al., 2023], and contrastive learning [Wu et al., 2023]. However, like methods aimed at mitigating the effects of general
shifts, these do not address the challenge of aligning models with an unseen target distribution, as required in our setting.

Generalization under domain shift in federated learning remains underdeveloped [Bai et al., 2024]. The work most
similar to ours is that of agnostic federated learning (AFL) [Mohri et al., 2019], which aims to learn a model that performs
robustly across all possible target distributions within the convex hull of client distributions. One notable approach is
tailored for medical image segmentation, where clients share data in the frequency domain to achieve better generalization
across domains [Liu et al., 2021]. However, this technique requires data sharing, making it unsuitable for privacy-
sensitive applications like ours. A different line of work focuses on addressing covariate shift in federated learning
through importance weighting [Ramezani-Kebrya et al., 2023]. Although effective, this method requires sending samples
from the test distribution to the server, which violates our privacy constraints.



Table 1: Comparison of mean accuracy and standard deviation (+) across different algorithms. The reported values are
over 8 independent random seeds for the CIFAR-10 and Fashion-MNIST tasks, and 3 for PACS. C' indicates the number
of labels per client and 3 the Dirichlet concentration parameter. M is the number of clients. The Oracle method refers to
a FedAvg model trained on clients whose distributions are identical to the target.

Data set Label split M FedPALS FedAvg FedProx SCAFFOLD AFL FedRS Oracle
Fashion-MNIST c=3 10 92.4+21 67.1£22.0 66.9+20.8 69.5 +19.3 789+ 14.7 85.3 £ 13.5 97.6 £2.1
: C=2 80.6 +23.7 53.9+36.2 529+357 54.9+36.8 78.6+20.0 63.14+20.2 97.5+4.0
CIFAR-10 =3 65.6 +10.1 44.0 £ 8.4 435 +7.2 433+7.4 53.2+0.9 44.0 £8.0 85.5 £ 5.0
C=2 10 728+174 46.7+£158 47.7+£15.6 46.7+t14.9 54.7+£0.1 49.4+£9.5 89.2+ 3.9
B=0.1 62.6+179 40.8 £9.2 41.9 £9.7 43.5+£10.5 53.4+11.5 57.1+11.2 79.2+3.7
PACS C=6 3 86.0+2.9 73.4+£1.6 75.3+1.3 73.9+£0.3 74.5+0.9 76.1£1.6 90.5+ 0.3

5 Experiments

‘We perform a series of experiments on benchmark data sets to evaluate FedPALS in comparison with baseline federated
learning algorithms. The experiments aim to demonstrate the value of the central server knowing the label distributions
of the client and target domains when these differ substantially. Additionally, we seek to understand how the parameter A,
controlling the trade-off between bias and variance in the FedPALS aggregation scheme, impacts the results. Finally, we
investigate how the benefits of FedPALS are affected by the sparsity of label distributions and by the distance d(7, S) :=
mingean—1 |T(Y) — aTS(Y)||3 from the target to the convex hull of clients.

Experimental setup While numerous benchmarks exist for federated learning [Caldas et al., 2018, Chen et al., 2022]
and domain generalization [Gulrajani and Lopez-Paz, 2020, Koh et al., 2021], respectively, until recently none have
addressed tasks that combine both settings. To fill this gap, Bai et al. [2024] introduced a benchmark specifically
designed for federated domain generalization (DG), evaluating methods across diverse datasets with varying levels of
client heterogeneity. In our experiments, we use the PACS Li et al. [2017] and iWildCAM data sets from the Bai et al.
[2024] benchmark to model realistic label shifts between the client and target distributions. We modify the PACS dataset
to consist of three clients, each missing a label that is present in the other two. Additionally, one client is reduced to
one-tenth the size of the others, and the target distribution is made sparse in the same label as that of the smaller client.
For further details see Appendix A.

Furthermore, we construct two additional tasks by introducing label shift to standard image classification data sets,
Fashion-MNIST [Xiao et al., 2017] and CIFAR-10 [Krizhevsky, 2009]. We apply two label shift sampling strategies:
sparsity sampling and Dirichlet sampling. Sparsity sampling involves randomly removing a subset of labels from clients
and the target domain, following the data set partitioning technique first introduced in McMahan et al. [2017]. Each client
is assigned C' random labels, with an equal number of samples for each label and no overlap among clients.

Dirichlet sampling simulates realistic non-i.i.d. label distributions by, for each client 7, drawing a sample p; ~
Dirichlet x (3), where p; (k) represents the proportion of samples in client 7 that have label k € [K]. We use a symmetric
concentration parameter 5 > 0 which controls the sparsity of the client distributions. See Appendix A.2.

While prior works have focused on inter-client distribution shifts assuming that client and target domains are equally
distributed, we apply these sampling strategies also to the target set, thereby introducing label shift between the client
and target data. Figures 2b & 5b (latter in appendix) illustrate an example with C' = 6 for sparsity sampling and Dirichlet
sampling with 8 = 0.1, where the last client (Client 9) is chosen as the target. In addition, we investigate the effect of
T(Y) ¢ Conv(S) in a task described in B.4.

Baseline algorithms and model architectures Alongside FedAvg, we use SCAFFOLD, FedProx, AFL and FedRS [Karimireddy
et al., 2020, Li et al., 2020b, Mohri et al., 2019, Li and Zhan, 2021] as baselines. The first two chosen due to their
prominence in the literature for handling non-iid data, and AFL which is similar in concept to FedPALS and aims to
optimize for an unseen domain. We also include FedRS, designed specifically to address label distribution skew. For the
synthetic experiment in Section B.4, we use a logistic regression model. For CIFAR-10 and Fashion-MNIST, we use small,
two-layer convolutional networks, while for PACS and iWildCAM, we use a ResNet-50 pre-trained on ImageNet. Early
stopping, model hyperparameters, and A in FedPALS are tuned using a validation set that reflects the target distribution
in the synthetic experiment, CIFAR-10, Fashion-MNIST, and PACS. This tuning process consistently resulted in setting
the number of local epochs to £ = 1 across all experiments. For iWildCAM, we adopt the hyperparameters reported
by Bai et al. [2024] and select A using the same validation set used in their work. We report the mean test accuracy and
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Figure 2: Results on CIFAR-10 with sparsity sampling, varying the number of labels per clients C' across 10 clients.
Clients with IDs 0-8 are used in training, and Client 9 is the target client. The task is more difficult for small C, when
fewer clients share labels, and the projection distance is larger.
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Figure 3: Target accuracy/F1-score during training of FedPALS compared to baselines on PACS (a) and iWildCam (b),
averaged over 3 random seeds. M is the number of training clients. Non-zero A-values chosen to correspond to an ESS
of 25%, 50% and 75%.

standard deviation for each method over 3 independent random seeds for PACS and iWildCam and 8 seeds for the smaller
Fashion-MNIST and CIFAR-10, to ensure robust evaluation.

5.1 Experimental results on benchmark tasks

We present results for three tasks with selected skews in Table 1 and explore detailed results below. Across these tasks,
FedPALS consistently outperforms or matches the best-performing baseline. For PACS, Fashion-MNIST and CIFAR-10,
we include results for an Oracle FedAvg model, which is trained on clients whose distributions are identical to the target
distribution, eliminating any client-target distribution shift (see Appendix A for details). A FedPALS-Oracle would be
equivalent since there is no label shift. The Oracle, which has perfect alignment between client and target distributions,
achieves superior performance, underscoring the challenge posed by distribution shifts in real-world scenarios where such
alignment is absent.

CIFAR-10/Fashion-MNIST. Figure 2c shows the results for the CIFAR-10 data set, where we vary the label sparsity
across clients. In the standard i.i.d. setting, where all labels are present in both the training and target clients (C' = 10), all
methods perform comparably. However, as label sparsity increases and fewer labels are available in client data sets (i.e., as
C decreases), we observe a performance degradation in standard baselines. In contrast, our proposed method, FedPALS,
leverages optimized aggregation to achieve a lower target risk, resulting in improved test accuracy under these challenging
conditions. Similar trends are observed for Fashion-MNIST, as shown in Figure 6 in Appendix B. Furthermore, the results
in the highly non-i.i.d. cases (C' = 2,3 and 8 = 0.1) are summarized in Table 1. Additional experiments in Appendix B



examine how the algorithms perform with varying numbers of local epochs (up to 40) and clients (up to 100).

PACS. As shown in Figure 3a, being faithful to the target distribution is crucial for improved performance. Lower
values of A generally correspond to better performance. Notably, FedAvg struggles in this setting because it systematically
underweights the client with the distribution most similar to the target, leading to suboptimal model performance. In
fact, this even causes performance to degrade over time. Interestingly, the baselines also face challenges on this task:
both FedProx, FedRS and SCAFFOLD perform similarly to FedPALS when A = 93. However, FedPALS demonstrates
significant improvements over these methods, highlighting the effectiveness of our aggregation scheme in enhancing
performance. We also see that FedPALS + FedProx performs comparably to just using FedPALS in this case, although
it does have higher variance. Additionally, in Table 1, we present the models selected based on the source validation set,
where FedPALS outperforms all other methods. For comprehensive results, including all FedPALS models and baseline
comparisons, refer to Table 4 in Appendix B.

iWildCam. The test performance across communication rounds is shown in Figure 3b. Initially, FedPALS widens the
performance gap compared to FedAvg, but as training progresses, this gain diminishes. While FedPALS quickly reaches
a strong performing model, it eventually plateaus. The rate of convergence and level of performance reached appears to
be influenced by the choice of A, with lower values of A leading to faster plateaus at lower levels compared to larger ones.
This suggests that more uniform client weights and a larger effective sample size are preferable in this task. Given the
iWildCam dataset’s significant class imbalance — with many classes having few samples — de-emphasizing certain clients
can degrade performance. We also note that our assumption of label shift need not hold in this experiment, as the cameras
are in different locations, potentially leading to variations in the conditional distribution p(X | Y). The performance
of the models selected using the source validation set is shown in Table 3 in Appendix B. There we see that FedPALS
performs comparably to FedAvg and FedProx while outperforming SCAFFOLD. Unlike in other tasks, where FedProx
performs comparably or worse than FedPALS, we see FedProx achieve the highest Fl-score on this task. Therefore, we
conduct an additional experiment where we use both FedProx and FedPALS together, as they are not mutually exclusive.
This results in the best performing model, see Figure 3b. Due to memory issues with the implementation FedRS was not
able to run for this experiment and is omitted. AFL fails to learn in this task and is thus also omitted, although results
are shown in Table 3 in Appendix B. Finally, as an illustration of the impact of increasing A, we provide the weights of
the clients in this experiment alongside the FedAvg weights in 4 in Appendix B. We note that as A increases, the weights
increasingly align with those of FedAvg while retaining weight on the clients whose label distributions most resemble that
of the target.

6 Discussion

‘We have explored target-aware federated learning under label shift, a scenario where client data distributions differ from
a target domain with a known label distribution, but no target samples are available. We demonstrated that traditional
approaches, such as federated averaging (FedAvg), which assume identical distributions between the client aggregate and
the target, fail to adapt effectively in this context due to biased aggregation of client updates. To address this, we proposed
FedPALS, a novel aggregation strategy that optimally combines client updates to align with the target distribution, ensuring
that the aggregated model minimizes target risk. Empirically, across diverse tasks, we showed that under label shift,
FedPALS significantly outperforms standard methods like FedAvg, FedProx, FedRS and SCAFFOLD, as well as AFL.
Specifically, when the target label distribution lies within the convex hull of the client distributions, FedPALS finds the
solution with the largest effective sample size, leading to a model that is most faithful to the target distribution. More
generally, FedPALS balances the trade-off between matching the target label distribution and minimizing variance in the
model updates. Our experiments further highlight that FedPALS excels in challenging scenarios where label sparsity and
client heterogeneity hinder the performance of conventional federated learning methods.

One of the limitations of FedPALS is label shift-the assumption that label-conditional input distributions are equal
in all clients and the target. We observed empirically that selecting the trade-off parameter \ is crucial for optimal
performance in tasks such as iWildCam, where this assumption may not fully hold. Future work should aim to detect and
overcome violations of this assumption.
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A Experimental details

Here we provide additional details about the experimental setup for the different tasks. The code will be made available
upon acceptance.

A.1 Choice of hyperparameter \

A salient question in Cases 2 & 3, as discussed in Section 3.1, is how to choose the strength of the regularization, A. A
larger value will generally favor influence from more clients, provided that they have sufficiently many samples. When
T ¢ Conv(S), the convex combination closest to 7" could have weight on a single vertex. This will likely hurt the
generalizability of the resulting classifier. In experiments, we compare values of A that yield different effective sample
sizes, such as 10%, 25%, 50% or 75% of the original sample size, N. We can find these using binary search by solving (9)
and calculate the ESS. One could select A heuristically based on the the ESS, or treat A as a hyperparameter and select it
using a validation set. Although this would entail training and evaluating several models which can be seen as a limitation.
We elect to choose a small set of A values based on the ESS heuristic and train models for these. Then we use a validation
set to select the best performing model. This highlights the usefulness of the ESS as a heuristic. If it is unclear which
values to pick, one could elect for a simple strategy of taking the ESS of A = 0 and 100% and taking ! equidistributed
values in between the two extremes, for some small integer .

A.2 Sampling strategies

Sparsity sampling entails randomly removing a subset of labels from clients and the target domain following the data
set partitioning technique introduced in McMabhan et al. [2017]. Each client is assigned C' random labels, with an equal
number of samples for each label and no overlap among clients. Sparsity sampling has been extensively used in subsequent
studies [Geyer et al., 2017, Li et al., 2020a, 2022].

Dirichlet sampling simulates non-i.i.d. label distributions by, for each client 7, drawing a sample p; ~ Dirichlet i (5),
where p; (k) represents the proportion of samples in client 4 that have label k£ € [K]. The concentration parameter 3 > 0
controls the sparsity of the client distributions. In dirichlet sampling, using a smaller [ results in more heterogeneous
client data sets, while a larger value approximates an i.i.d. setting. This widely-used method for sampling clients was first
introduced by Yurochkin et al. [2019].

A.3 Oracle construction

The Oracle method serves as a benchmark to illustrate the performance upper bound when there is no distribution shift
between the clients and the target. To construct this Oracle, we assume that the client label distributions are identical to
the target label distribution, effectively eliminating the label shift that exists in real-world scenarios.

In practice, this means that for each dataset, the client data is drawn directly from the same distribution as the target.
The aggregation process in the Oracle method uses FedAvg, as no adjustments for label shift are needed. Since the client
and target distributions are aligned, FedPALS would behave equivalently to FedAvg under this setting, as there is no need
for reweighting the client updates.

This method allows us to assess the maximum possible performance that could be achieved if the distributional
differences between clients and the target did not exist. By comparing the Oracle results to those of our proposed method
and other baselines, we can highlight the impact of label shift on model performance and validate the improvements
brought by FedPALS.

A.4 Perturbation of target marginal 7

In an experiment we perturb the given target label marginals, 7, to evaluate the performance impact of noise in the
estimate. We do this by generating gaussian noise, €, and then we add the noise to the label marginal to create a new target
Tp. We modulate the size of the noise with a parameter ¢ and only add the positive noise values.

Tp =T + dmax(e, 0)
This is then normalised and used as the new target label marginal. This perturbation was done on the PACS experiment

with § € [1073,1072,5 x 107!] and repeated for three seeds. The results are given in Table 2 where we see that the
performance decreases with increasing noise.
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0 Accuracy
1073 88.8
1072 85.2

5x 1071 81.4

Table 2: Results of perturbing 7~ with varying noise levels ¢.

A.5 Synthetic task

We randomly sampled three means p; = [6,4.6],u2 = [1.2,—1.6], and pu3 = [4.6,—5.4] for each label cluster,
respectively.

A.6 PACS

In this task we use the official source and target splits which are given in the work by Bai et al. [2024]. We construct the
task such that the training data is randomly assigned among three clients, then we remove the samples of one label from
each of the clients. This is chosen to be labels ’0’, 1’ and ’2’. Then the client that is missing the label "2’ is reduced so
that it is 10% the amount of the original size. For the target we modify the given one by removing the samples with label
’2’, thereby making it more similar to the smaller client. To more accurately reflect the target distribution we modify the
source domain validation set to also lack the samples with label *2’. This is reasonable since we assume that we have
access to the target label distribution.

We pick four values of A, [0,12,42,93], which approximately correspond to an ESS of 15%, 25%, 50% and 75%
respectively. We use the same hyperparameters during training as Bai et al. [2024] report using in their paper. Furthermore,
we use the cross entropy loss in this task.

A7 iWildCam

We perform this experiment using the methodology described in Bai et al. [2024] with the heterogeneity set to the
maximum setting, i.e., A = 0 in their construction.! We use the same hyperparameters which is used for FedAvg in
the same work to train FedPALS. We perform 80 rounds of training and, we then select the best performing model based
on held out validation performance and report the mean and standard deviation over three random seeds. This can be seen
in Table 3. We pick four values of A, [0,600,2500,5800], which approximately correspond to an ESS of 8%, 25%, 50%
and 75% respectively. We use the cross entropy loss in this task.

Due to FedProx performing comparably to FedPALS on this task, in contrast with other experiments, we also perform
an experiment where we do both FedProx and FedPALS. This is easily done as FedProx is a client side method while
FedPALS is a weighting method applied at the server. This results in the best performing model.

‘We use the same hyperparameters during training as Bai et al. [2024] report using in their paper. However, we set the
amount of communication rounds to 80.

B Additional empirical results
Figure 4 illustrates the aggregation weights of clients in the iWildCam experiment for A corresponding to different effective
sample sizes.

We report the performance of the models selected using the held out validation set in Table 3 and Table 4 for the
iWildCam and PACS experiments respectively.

B.1 Results on CIFAR-10 with Dirichlet sampling

Figure 5 shows the results for the CIFAR-10 experiment with Dirichlet sampling of client and target label distributions.

B.2 Training dynamics for Fashion-MNIST

Figure 7 shows the training dynamics for Fashion-MNIST and CIFAR-10 with different label marginal mechanisms.

INote that this is not the same X used in the trade-off in FedPALS.
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Figure 4: An illustration of the aggregation weights of clients in the iWildCam experiment using FedPALS for different
ESS. The clients are sorted by amount of samples in descending order. The magnitude of the weights produced by
federated averaging is shown as dots. Note that with increasing the ESS, the magnitudes more closely resemble that of
federated averaging.

Table 3: Results on iWildCam with 100 clients, standard deviation reported over 3 random seeds.

Algorithm F1 (macro)
FedPALS, A =0 0.13+£0.00
FedPALS, \ = 600 0.18 £ 0.00
FedPALS, \ = 2500 0.19+0.00
FedPALS, \ = 5800 0.21 £ 0.00
FedProx+FedPALS, A\ = 5800 0.23 £+ 0.00
FedAvg 0.20 £ 0.01
FedProx 0.21 +£0.00
SCAFFOLD 0.15+0.01
AFL 0.005 £ 0.0

B.3 Local epochs and number of clients

In Figure 8c we show results for varying number of clients for each method. For the cases with number of clients
50 and 100, we use the standard sampling method of federated learning where a fraction of 0.1 clients are sampled in
each communication round. In this case, we optimize o for the participating clients in each communication round.
Interestingly, we observe that while FedAvg performs significantly worse than FedPALS on a target client under label
shift, it outperforms both FedProx and SCAFFOLD when the number of local epochs is high (£ = 40), as shown in
Figure 8b.

B.4 Synthetic experiment: effect of projection distance on test error

When the target distribution 7'(Y") is not covered by the clients, FedPALS finds aggregation weights corresponding to
a regularized projection of T" onto Conv(S). To study the impact of this, we designed a controlled experiment where
the distance of the projection is varied. We create a classification task with three classes, Y = {0, 1,2}, and define
p(X | Y = y) for each label y € Y by a unit-variance Gaussian distribution N (s, I'), with randomly sampled means
iy € R2. We simulate two clients with label distributions S;(Y") = [0.5,0.5,0.0] T and S5(Y) = [0.5,0.0,0.5]T, and
n; = 40, ny = 18 samples, respectively. Thus, FedAvg gives larger weight to Client 1. We define a target label distribution
T(Y') parameterized by ¢ € [0, 1] which controls the projection distance d(T', S) between T'(Y") and Conv(S),

T5(Y) == (1 = 0)Tproj(Y) + 0Texe (V)
with T (Y) = [0,0.5,0.5] T ¢ Conv(S(Y")) and Ty (V) = [0.5,0.25,0.25] T € Conv(S(Y")). By varying , we control

the projection distance d(T', S) between each T and Conv(S) from solving (8), allowing us to study its effect on model
performance.
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Table 4: Results on PACS with 3 clients with mean and standard deviation reported over 3 random seeds.

Algorithm Accuracy
FedPALS, A =0 86.0 £2.9
FedPALS, \ = 12 84.3+25
FedPALS, \ = 42 81.7+1.2
FedPALS, \ = 93 77.3+1.6
FedProx+FedPALS,\ =0 87.2+4.1
FedAvg 73.44+1.6
FedProx 75.3+1.3
SCAFFOLD 73.9+£0.3
AFL 5+0.9
—eo— FedPALSA =0
—e— FedPALS A = 1000
0.7 —e— FedPALS A =10000
FedAvg
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convex hull clients and target with 8 = 0.1. (c) Accuracy under Dirichlet sampling.

Figure 5: Results on CIFAR-10 with Dirichlet sampling across 10 clients, varying concentration parameter 3. Clients
with IDs 0-8 are clients present during training, and client with ID 9 is the target client.

We evaluate the global model on a test set with ne = 2000 samples drawn from the target distribution 7'(Y") for each
value of § and record the target accuracy for FedPALS and FedAvg. Figure 9 illustrates the relationship between the target
accuracy and the projection distance d(7, S) due to varying §. When d(S,T") = 0 (i.e., T(Y) € Conv(9)), the target
accuracy is highest, indicating that our method successfully matches the target distribution. As d(S,T') increases (i.e., T’
moves further away from Conv(SS)), the task becomes harder and accuracy declines. For all values, FedPALS performs
better than FedAvg. For more details on the synthetic experiment, see Appendix A.

C Proofs
C.1 FedPALS updates

Proposition 1 (Repeated) (Unbiased SGD update). Consider a single round ¢ of federated learning in the batch stochastic
gradient setting with learning rate 7. Each client ¢ € [M] is given parameters 6; by the server, computes their local
gradient, and returns the update 6; ; = 0; — anRi(hgt)‘ Let weights a¢ satisfy T'(X,Y) = Zf\il a$S;(X,Y). Then,
the aggregate update 0,11 = ZZL af0; ; satisfies

Efer1 | 6. = E[6F,, | 6:]
where 67 1 is the batch stochastic gradient update for Ry that would be obtained with a sample from the target domain.

Proof.

M M M
Orp1 = Zaff)i,t = Z 0560, — 7/V]§!i(h9t)) =0;—n Z ozl-VRi(hgt) (11)
i=1 i=1 =1
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Figure 6: Results on Fashion-MNIST with label sampling across 10 clients, varying parameter C'. Clients with IDs 0-8
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C.2 FedPALS in the limits
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Moreover, we have the following result.
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Figure 8: Comparison of CIFAR-10 results with different clients and settings. (a) 100 clients for C' = 2, 3,10, A = 1000.
(b) 10 clients and number of labels C' = 3. We plot test accuracy as a function of number of local epochs E. The total
number of communication rounds 7" are set such that T = E/150, where 150 is the number of rounds used for £ = 1.
(c) Test accuracy as a function of number of clients, with C' = 3.

Proposition 3. The optimization problem
a2
min -~ st Zai=1 a; >0V,
i i

has the optimal solution o = s where i € 1,m]

Proof. From the constrained optimization problem we form a Lagrangian formulation

2
Llopr) =D S p(1 = ai) b

i

-

~~

N ;9
h(a)

We then use the KKT-theorem to find the optimal solution to the problem.

5

Vol(a®) =0 = Vi: 2%7;177:0. a7
In other words, the following ratio is a constant,
.oaf
Vi Y =c¢
n

for some constant c. We have the additional conditions of primal feasibility, i.e.
ha*) =0
g9(a”) <0

From the first constraint, we have sz\il o = 1, and thus,

M M
*

g aizcg n; =1

i=1 i=1

which implies that ¢ = 1/ 3-™ n; and thus

. ;i
Vi:af =

i T <M
Ei=1 n;
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Figure 9: Synthetic experiment. Accuracy of the global model as a function of the projection distance d(7T', S) between
the target distribution 7'(Y") and client label distributions Conv(S(Y')). Means and standard deviations reported over 5
independent runs.
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Abstract

Although common in real-world applications, heterogeneous client label sets are rarely investigated in
federated learning (FL). Furthermore, in the cases they are, clients are assumed to be willing to share
their entire label sets with other clients. Federated learning with private label sets, shared only with the
central server, adds further constraints on learning algorithms and is, in general, a more difficult problem
to solve. In this work, we study the effects of label set heterogeneity on model performance, comparing the
public and private label settings—when the union of label sets in the federation is known to clients and
when it is not. We apply classical methods for the classifier combination problem to FL using centralized
tuning, adapt common FL methods to the private label set setting, and discuss the justification of both
approaches under practical assumptions. Our experiments show that reducing the number of labels available
to each client harms the performance of all methods substantially. Centralized tuning of client models for
representational alignment can help remedy this, but often at the cost of higher variance. Throughout, our
proposed adaptations of standard FL methods perform well, showing similar performance in the private label
setting as the standard methods achieve in the public setting. This shows that clients can enjoy increased
privacy at little cost to model accuracy.

1 Introduction

Federated learning (FL) enables collaborative model training across distributed clients without centralizing their
private data [16]. While promising, the effectiveness of FL is often challenged by statistical heterogeneity, where
the data distributions vary significantly across clients. A particularly common and disruptive form of this is
label shift [15], where the distribution of class labels differs from one client to another. Even more challenging
is label set heterogeneity |7], where clients’ local label sets are disjoint subsets of a global label set.

In applications where access to instances of particular classes holds a competitive advantage, clients may be
unwilling to reveal the identities of the classes they observe. Consider, for instance, a consortium of competing
pharmaceutical companies wanting to train a model to predict which drug compounds individual patients will
have adverse reactions to |3, 12]. Each company has proprietary data on its own set of compounds and reactions,
some of which are used by other clients in the federation, and some which are not. They are willing to collaborate
to build a more powerful, generalizable model, but would never share the full list of compounds they classify with
other clients, as this would reveal information about their R&D pipeline. Instead, clients must communicate
model updates with the central server pertaining only to their private label set.

Learning with heterogenous client label distributions has been tackled by several methods, including model
distillation [5], contrastive learning [7], and latent space alignment based on class names [23]. However, the
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literature is more sparse when considering label sets which are not identical across clients, although there are
some works which consider it [15]. Moreover, classical methods for federated learning, adapted for label shift
or otherwise, can not be applied directly with private label sets. In this setting, the models learned on the
clients will necessarily be incompatible for regular aggregation since they will make classifiers for different label
sets. Therefore, there is a need to develop methods to deal with this complication to ensure that learning is
successful.

In this work, we investigate the effects of client label sparsity and heterogeneity on federated learning perfor-
mance when client label sets are shared by the whole federation (public) and when they are unknown to other
clients (private). We define the private label set problem in Section 3 and adapt popular FL model aggregation
strategies for it in Section 4.1. We show that such methods are not well justified when client representations
are poorly aligned and propose an alternative method based on the literature on classifier combination in Sec-
tion 4.2, tuning the central classifier for heterogeneous client representations using an unlabeled dataset at the
server. We conduct experiments in image classification on two data sets and show empirically how the sparsity
and privacy of label sets affect performance (Section 5). We find that both the private and public label settings
are more challenging when clients hold smaller and more diverse subsets of the global label set. Finally, in the
private label setting, our proposed adaptations achieve comparable performance to methods for public labels,
implying that clients can retain more privacy at little to no cost in accuracy.

2 Related Work

The question of how to combine classifiers trained on disparate label sets have been studied in the binary setting
previously in the context of centralized (non-federated) learning. See for example [20] for a comparison of several
methods which focuses on combining binary classifiers based on the classifier probabilites.

A similar line of work is the Open-set literature, where the label sets in the clients may be incomplete and
the sets may not match between clients. In [2] they learn distribution estimators in the clients to approximate
the overall label distribution using uncertainty of the global model.

[23] deals with clients which do not share the same label set. They propose having the clients share the
names of the labels and aligning the embedding of these names across the representations of clients. However,
this requires sharing the names of the labels which may be undesirable, especially in a private label set setting.
In a similar vein, [15] restricts the softmax to account for the missing labels in the clients. The algorithm
proposed hinges on knowing which labels a client has to account for which precludes its use in the private label
set setting.

Moreover, our setting is also related to shift in client label distributions. There are many works which
aim to handle cases when there is a imbalance between client label distributions. This can be done by using
regularization which penalizes large deviations in client updates [13, 14| or using control variates to steer the
learning [10]. Other techniques include clustering clients with similar data distributions and training separate
models for each cluster [4, 17, 19] and meta-learning to enable models to quickly adapt to new data distributions
with minimal updates [1, 9]. However, these techniques are not adapted to the private label set setting.

Another related field is that of semi supervised federated learning where some works make use of unlabeled
data in FL settings [8]. In these works the unlabeled data is usually available on the client side, which differs
from our setting.

3 Problem setup

We consider the problem of federated learning (FL) of a single model h, trained to classify points € X into
classes y € ¥ = {1,...,|V|} given inputs x € X C R% A central server coordinates learning on m clients,
indexed by k = 1,...,m, each observing labeled data from an unknown distribution py(X,Y’). Central to our
setting is that clients do not have all labels in their data, i.e., clients k are exposed only to a subset Y C Y of
labels.

Our goal is to learn a probabilistic classifier h : X — Ay, where Ay is the simplex over all classes, that
minimizes the expected prediction risk with respect to a loss function L : Ay x Y — R,

minihmize R(h) R(h) =E[L(h(X),Y)]. (1)
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Figure 1: a): A schematic view of the two settings which we consider in our work. The private setting where
the clients are unaware of the full label set and the public setting where this is known. b): Results on CIFAR10
where each client has 5 labels available in their respective dataset. The tuning methods with MSE and Pairwise
losses perform the best in the private setting. Errorbars represent a 95% confidence interval. Note, FedRS is
not applicable with private labels as it needs knowledge of the full label set.

Here, the expectation E is defined over an unknown distribution p(X,Y’), assumed to be a convex combination
of clients p(X,Y) = Y ;- wipe(X,Y) where w € A,, assigns a weight to each client. In the classical FL
setting, it is assumed implicitly that the weight is proportional to the number of samples nj held by the
client, wy = ny/ (227:1 ny), and the risk is computed over a distribution that matches the client aggregate,
as exploited in the aggregation scheme of federated averaging (FedAvg) [16]. However, our methods can be
adapted to targeted federated learning where p cannot be expressed by a convex combination of clients [22].
The model h(z) = (¢(x)) typically consists of feature extractor ¢ and a classifier ¢, typically parameterized
by a neural network with parameters 64 and a linear-softmax classifier with parameters 6y, respectively. That
is, ho(z) = o(0,,¢(x)) where 6 = (64,0y).



Algorithm 1: FedAvg with private label sets
Data: Client label sets {Vi} and reverse indices {I;}
Result: Classifier h(z) = 0(912(;5(35))
Initialize central parameters §° = (69, 65)
for each roundt =0,...,T —1 do
for each client k =1,...,m do
Distribute (Gfb,% [Vk]) to client k
Receive client update (65 ;, 6% ;)
end
Ot =30, 65 2 where n=Y )L mg
for each label y € Y do
‘ ijl(y) = kwems %k(lk(y)):l—f; where g =37,y Nk
end

end
Return classifier with parameters 6 = (67 ,67)

We will consider two settings for the label set (illustrated in Figure 1):

e Public labels: All clients know the full global label set ). This is the standard FL setting but with
emphasis on label set heterogeneity.

e Private labels: Each client know only their local label set )}, and all communication with the central
server is restricted to this set. That is, classifier parameters 6, (y) for labels y ¢ )y are not shared with
client k.

In both cases, the central server knows the full label set and the label sets of all clients to allow for tailoring
communication to clients with heterogeneous and private label sets. We expand on methods for handle the
private label case next.

4 Methods for heterogeneous label sets

When the label set is public, we can simply use existing FL. methods to learn our classifiers. The issue of label
set heterogeneity still remains, and aligning the models to combat any effects of misaligned representations may
be warranted. However, in the case where the label set is private, some further modifications have to be made.
We detail this and a method of tuning models for alignment in the following sections.

4.1 Model averaging with private label sets

The main challenge addressed in this work is private label set heterogeneity: each client k observes labels from
a subset Vi, C Y and are unaware of other labels Y\ V. Without loss of generality, we assume that for all
clients k, every label in )y is observed with positive probability, Yy € Vi : pr(Y = y) > 0, and other labels are
unobserved, Vy € Vi : pr(Y =y) = 0.

In the private setting, standard methods (e.g., FedAvg [16], FedProx [13]|, FedRS [15]) cannot be applied
without modification as clients do not have access to the full set of parameters 6, of the shared classifier .
Moreover, the server can only receive updates from client k to parameters concerning their subset of labels Y.
To overcome this obstacle, we propose a simple modification to common model averaging strategies that handles
the lack of a full classifier by using the restricted classifiers and reweighting them.

Client-side modification In each round ¢, each client k is sent the full set of current encoder parameters 9;
and the subset of current classifier parameters corresponding to their label set, % D] = [0%(y) :y € Wi]T €
Rkl Clients then proceed with local updates as normal.



Server-side modification In each round, ¢, the server receives parameter updates (%k,%’k) from each
client k& and averages the classifier parameters for each label y based on the clients which have the label in
their label set, weighted according to their sample size (see Algorithm 1). Encoder parameter updates %k are
averaged as normal.

Surprisingly, this simple method is well-justified under the softmax classifier model, provided that the clas-
sifier h(z) = o(6,,¢(x)) is well-specified and clients’ conditional label distributions (mechanisms) are what we
call subset consistent.

Assumption 1 (Subset-consistent labeling mechanisms). The labeling mechanisms of clients k = 1,..,n, each
with a distributions p(X,Y) on a label set YV, are subset-consistent if the target label distribution p(X,Y)
satisfies

Vk,z:pp(Y=y|Y €V, X =a)=pY =y|Y eV, X =2) .

Now, suppose that hy(z) is well-specified for the true labeling function p(Y | X) given an optimal encoder
¢, that is, there are parameters 6, such that

e=0u ) " 6(2) T
p(Y=y|X=2)= m = U(evﬁ(ﬂf))y .
v

Then, the subset-conditional outcome can be parameterized as a softmax classifiers with parameters 0, [V, the
subset of 0y restricted to Vi,

p(Y =y| X =) e
p(Y=y|X=2Yel)= = —
Yy p¥ =y | X =1) Y em € 0),6(x)
= (04[] " 6(@))y, ©)

since the normalization terms over the full label set cancel. As a result, the optimal model in this circumstance
has the same parameters 0(y) both centrally and in all clients k with y € ). Consequently, given an optimal
encoder ¢(x) in the sense above, any convex combination of unbiased estimates éw,k of client-optimal parameters
is unbiased for the server-optimal parameters 6. Client weighting based on sample size (as in Algorithm 1)
achieves the largest effective sample size (smallest variance) [22].

Remark. In the deterministic case, where Va, 3y* : p(Y = y* | X = &) = 1, Assumption 1 corresponds to
the often-used covariate shift assumption [18] since the event Y € Y, does not alter the distribution of Y for a
given on x. In this case, aggregating perfect client models hy(y | x) is trivial for a given z, since all of them will
return 1 for the correct label. In general, for stochastic labels px(y | Y € Vi, x) #pi(y | Y € Vi, x) for Vi # V.
In either case, Assumption 1 allows both marginal distributions py(X) and py(Y) to vary with k.

Based on the simple modifications above, we can also adapt the FedProx [13] algorithm and other centralized
model-averaging strategies. For FedProx, we simply omit a comparison of the final layers in the regularization
term on the client as their sizes do not match.

The approach detailed in this section is by itself a viable method and will produce a classifier for all classes.
However, when representations are not optimal for all clients at once, or when there isn’t a single classifier that
is optimal in all clients, the justification from (2) fails, and simply averaging client parameters. may not be the
best strategy. We explore an alternative strategy next.

4.2 Representation alignment by central tuning

The fundamental problem of federated learning is the aggregation of multiple client models into a single central
model that is beneficial to the whole federation. The classical approach of parameter averaging, and its adap-
tation to private label sets above, is specific to a few model classes (e.g., neural networks) and poorly justified
when the averaged representation is suboptimal for some clients. Stepping back, the aggregation problem may
be viewed as a special case of classifier combination or couplings [20, 6|. Classifier combination methods were
developed to combine several binary classifiers, e.g., support vector machines, on different pairs of labels into
a single multi-class classifier. Today, this technique is rare as multi-class classifiers are trained routinely using
neural networks with softmax outputs or (ensembles of) decision trees. However, in federated learning with



heterogenous and private label sets, we face the same problem again since no client nor the server has access to
labeled data from all classes.

Traditionally, classifier combination operates on the classifier functions themselves not on their parameters.
In our case, the classifiers are estimates of the conditional label probability pi(Y | X) specific to each client
k and their label sets Vi. It is appropriate to ask whether there exists a perfect combination of perfect
client classifiers, one that yields minimal error on the target distribution p(X,Y). To understand this, we
draw inspiration from the binary-to-multi-class problem of classifier combination [6] and note an important
distinction to our setting: usually, classifier combination applies to multiple classifiers trained on different
subsets of the same data, or at least on data from the same distribution. This implies a structure between
the probability distributions that the classifiers aim to fit. For example, with J = {0, 1,2}, a binary classifier
can be used to distinguish classes 0 and 1 by training on samples (z,y) labeled with y € {0,1}. By design,
pY=1|Ye{0,1},X=2)=pY =1|X=2)/p(Y €{0,1} | X =x).

In general, the clients in federated learning may have completely unrelated label distributions. However, if
we suppose again that Assumption 1 holds, a perfect combination of perfect classifiers may be found.

Proposition 1 (Perfect classifier combination). Let Assumption 1 hold for a set of clients k = 1,...,m such
that clients jointly cover all labels, UV, = Y. Then, the perfect central classifier p(Y =y | X = x) can be

aggregated from perfect client classifiers {ppy(Y =y | X = =)} ,.

Proof. By Assumption 1, for all clients &, inputs @ € X, and outputs y € Yy,

plyle) __ plyl=) 3)
Yeyle) X,y |z)

Pk(y\YGykJ):p

In other words, Va,y, 3k : p(y | ) = c(z)pr(y | Y € Vi, &) with ¢(x) a normalizing constant. O

The result for softmax classifiers in (2) is a special case of this result.

In practice, of course, we cannot expect to have perfect models of each client to combine—especially not
during federated learning. However, Proposition 1 gives direction for what a good aggregated model should
satisfy. Consider an estimated client model hy(y | ) ~ pr(y | Y € Vi, ) and a good central model h(y | ) =~
p(y | «). By (3), it should hold that,

Vk € ml gy € Vet hily | @)h(y' | @) ~ by’ | @)h(y | @) -

This is a generalization of the argument in [20] to multi-class subset classifiers. We may use this to construct
an aggregation criterion for the central model h, given a set of client models {hy(y | Vi, )}, first for a fixed
input x,

P - AN ’ , 2
mininize > wp Y (hk(y | @)haly') = hi(y' | 2)ha(y))® . (4)
k=1 Y,y €V
y#y'

If all client models are perfect, the minimizer of (4) is a perfect central model at @ under the conditions of
Proposition 1. For high-dimensional or continuous x, it is not feasible to fit a separate central classifier to
each possible input. Instead, we may use function approximation by fitting a classifier h(y | X) from a class
H C {h:X — Ay} to minimize the expected error over p(X).

m

N 2 .
mlggﬁlze Zwk Z Ex [(hk(y ‘ X)h(yl | X) - hk(y, | X)n(y | X)) ] (5)
k=1 yy'eYy
y#y'

We call this the pairwise tuning loss and will use this as one of our objectives when combining classifiers
centrally. In practice, the marginal distribution p(X) is unknown and the expectation is intractable to compute,
so we must solve (5) with respect to the empirical expectation I@[X ] over a sample of data. Consequently, to use
this method, we require that the central server has access to an unlabeled data set of points @1, ..., x,, drawn
from p(X). Since access to tuning data is not required by methods based on parameter averaging, we must
bear that in mind when comparing the empirical performance of the two approaches.



For additional comparison, we also consider tuning-based classifier combination using the direct MSE loss
used in [20],
minimize > wy Y Ex [(h;c(y | X)— h(y | X))z] _ (6)
heH ot =

In summary, we solve one of the two optimization problems above at each update to tune the classifier to be
more aligned with the predictions of the client models. The tuned classifier is sent back to the clients and
training proceeds as normal.

5 Experiments

We use the well-known datasets CIFAR-10 [11] and Fashion-MNIST [21] for constructing our experiments. We
perform ablations where we vary the number of labels that a client has access to from 2-10. This entails choosing
a random set of labels for each client which they then get distributed from the dataset equally. This means that,
absent further intervention, the clients will not have an identical amount of labeled examples across the ablation
points. To control for this, we perform a subsampling step where we subsample the client dataset randomly to
consistently have 2000 samples in each client. When evaluating the impact of tuning on an unlabeled dataset
centrally (Section 4.2), we use an unlabeled dataset with 5000 samples for CIFAR10 and 6000 for FashionMNIST.
We use the standard test set splits for both datasets, both have 10000 samples.

In the public label set setting, we use FedAvg, FedProx [13] and FedRS [15] as baselines. In the private
setting, we adapt FedAvg and FedProx to compare this approach to the central tuning (see Sections 4.1-4.2 for
further details). As FedRS depends on knowledge of the full label set on the clients, we cannot use this method
in the private setting.

When performing central tuning, we train the server classifier for 3 epochs using one of two loss functions
(Pairwise or MSE) in equations (5) and (6), respectively. The model aggregation then follows that of FedAvg
(or our adaptation of FedAvg in the private setting). We aggregate the results for different labels per client
over 10 independent random seeds and the error bars denote a 95% bootstrapped confidence interval over these
splits. For the ablation over epochs per client, we aggregate over 3 random seeds. Further details, including the
choice of hyperparameters for each method, can be found in Appendix A.

5.1 Experimental Results

We present the detailed results of our experiments below. For each method, we show the test accuracy of the
model snapshot that achieves the highest validation accuracy during a run and then aggregate this across several
seeds. More results, including an ablation over client epochs, can be found in Appendix C.

CIFAR10: We present the results varying the amount of labels per client in Figure 2 with the specific case
of 5 labels per client being shown in Figure 1b. We clearly see performance decreasing with decreasing number
of labels. This effect is not due to decreasing sample size as that is fixed in the experiments. In the public
label setting we see that FedRS performs the best while the tuning approach with the pairwise loss performs
better than FedAvg and FedProx. Tuning with MSE loss seems to struggle here while, in the private setting,
it performs the best. In the private setting, we can see that the tuning approach is superior to the adapted
methods, although their variance is higher. Moreover, the MSE loss performs slightly better than the pairwise
loss. Interestingly, the pairwise tuning seems to outperform Fed Avg and FedProx in the public setting suggesting
that the tuning of the representation can be of use in this setting also. This is likely because representational
(mis)alignment can be an issue for federated learning whether labels are private or public. It is noteworthy that
the adaptation of FedAvg and FedProx seem to exhibit a surprising robustness against the challenges of the
private label sets, since they aggregate models from clients with disparate label sets. However, as the clients
have an identical amount of labels, each of the feature extractors are trained to output the same label amounts
which could help explain the robustness.

Fashion-MNIST: As we can see in Figure 3, the tuning methods do not outperform the adapted methods
in the private setting on Fashion-MNIST. However, their large variance suggests that with more careful training
they might perform at least equivalently. This may be due to the task being simple and an alignment of
classifiers is unnecessary. We show results for 3 labels per client in Figure 4, where we see that the methods
perform similarly in the private setting.
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Figure 2: The performance of the methods in both the private (left) and public (right) settings on CIFAR10.
Note that in the regular setting the pairwise loss performs better than FedAvg and the MSE loss while in the
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Figure 3: The performance of the methods in both the private and public settings on FashionMNIST. We note
that the tuning approaches do not outperform the adapted methods in the private setting.

The relationship that the pairwise loss performs better than the MSE loss in the public setting and worse
in the private setting holds true here also. This could be due to the pairwise loss having cases where the loss
is large due to lack of labels in clients. See Appendix B for a discussion of this issue. We see a robustness
of FedAvg and Fedprox to the private label sets here as well. This indicates that the adapted methods are a
pragmatic choice that also works well in this restricted setting.

In the public setting, we see that the tuning methods underperform the other baselines, with FedAvg,
FedProx, and FedRS all performing about equally well. This suggests that there is either limited misalignment
between client representations or that it does not adversely affect performance. Instead, the central tuning seems
to interfere with the successful learning during federation in the public setting, possibly due to increased variance
in the central model. We can observe this variance in the figures over communication rounds in Appendix C.1
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Figure 4: The results for the private and public settings for 3 labels per client on the FashionMNIST dataset.

6 Discussion

This work investigated the impact of label set heterogeneity on Federated Learning, with a specific focus on
the challenging and practical private label set setting where clients are unaware of the global label space. Our
experiments reveal several key insights into the behavior of both standard and adapted FL algorithms under
these conditions.

A primary finding is the surprising robustness of our adaptation of FedAvg to private label sets. We hy-
pothesize that even when individual clients train on a small subset of labels, the shared feature extractor learns
a common, semantically rich representation space. The simple aggregation strategy for the classifier weights
(Algorithm 1), which combines knowledge on a per-class basis, proves to be a powerful and efficient method for
stitching together these partial views into a coherent whole. This establishes adapted FedAvg as a formidable
baseline, suggesting that complex alignment mechanisms may not always be necessary if there is sufficient label
overlap across the client population.

Further, the tuning approaches do seem to work well for the private setting in some cases while performing
worse than adapted methods in others. We also observe that the tuning yields better performance when the
sparsity is more extreme. This may be due to the alignment problem being harder with an increasing amount
of labels. Notably, we observed a performance reversal between the two tuning losses. In the public setting,
the pairwise loss was superior, whereas in the more challenging private setting, the MSE loss performed better.
We attribute this phenomenon to a critical vulnerability in the pairwise loss, detailed in Appendix B. When a
label is globally absent from all participating clients in a round (a scenario far more likely with fewer labels per
client) the pairwise loss generates problematic gradients by comparing against a class for which no client has
information. The MSE loss, by directly comparing the global model’s predictions to each client’s predictions
on their known classes, appears more resilient to this issue. It provides a more stable, albeit less constrained,
learning signal in the face of extreme sparsity.

A key limitation of the tuning methods are the fact that solving the optimization problem for each com-
munication round could become difficult computationally as the amount of labels, and the number of clients,
increases. Also, the existence of unlabeled data is an additional burden to bear that may be impractical in
application. The adapted methods do not share these limitations and could be an alternative if tuning methods
are computationally infeasible or if there does not exist an unlabeled dataset centrally.

In future work, more realistic datasets could be considered which naturally exhibit label set heterogeneity.
In addition, some other FL methods could perhaps be adapted to the private label set setting. Moreover, there
could be further consideration of and comparison with other tuning losses.
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A Experimental details

Here we detail the specifics of our experiments. In general we do a 80/20 train and validation split. For the
tuning methods we train the classifier for three epochs over the unlabeled dataset each round. Both the central
tuning and the client training uses the Adam optimizer with identical learning rates.

A.1 Model

We use a simple CNN model for both experiments.

Layer

# Filters

Convolution
Convolution
2 x 2 Max pooling
Convolution
Convolution
2 x 2 Max pooling
Flatten
Fully connected
Dropout (0.5)

3

w

WL w1

Table 1: Layers of the CNN used in the experiments.

Hyperparameters

Learning rate
Batch size
Epochs per round

Number of communication rounds

FedProx p
FedRS a

1x1073
64
1
100
1x1072
0.5

Table 2: hyperparameters used during training.
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Effect of pairwise loss function with a missing label

Consider the loss function:

loss_tensor = (hgy, - Pi — hiy, -p]-)2

where:

hi,y, is the probability output by client model & for class ¢ (mapped to the client’s local label space).
Dy, is the probability output by client model % for class j (mapped to the client’s local label space).
p; is the probability output by the global model for class .

pj is the probability output by the global model for class j.

Scenario: A single label, label 9, is not present in any client’s dataset. All other labels (0-8) are present in
at least one client.
Consequences:

1.

C

Zero client probabilities for label 9: Because no client has seen label 9, their models will output
near-zero (or zero) probabilities for this label:

hk,yg ~0 Vk

. Problematic loss calculation when label 9 is involved: The loss calculation becomes problematic

when either i = 9 or j = 9. Let’s analyze both cases:
e Case 1: i =9
loss_tensor = (hyy, D9 — hio - 25)* 2 (Mg, - Py —0-15)* = (hiy, - po)*

The loss depends on the global model’s probability for label 9 (pg) and the client’s probability for other
labels j. The global model is penalized if pg is non-zero, even though no client provides information
about label 9.

e Case 2: j=9
loss_tensor = (hy,y, - Pi — kg, - po) = (0 pi — iy, - po)® = (P, - po)”

Similar to Case 1, the loss depends on pg and client probabilities for other labels. The global model
is penalized, and gradients related to label 9 are based on "noise" from the clients.

. Global model degradation: The global model’s representation for label 9 is negatively impacted. The

loss pushes pg towards zero because that’s the only way to reduce the loss when paired with the near-zero
client probabilities. This harms the global model’s ability to generalize, even for labels present in client
data.

. Unfair penalization: The global model receives gradients that are based on a comparison against the

absent label, creating unstable behaviour.

Additional empirical results

Here we show some additional results.

C.1 Test accuracy over communication rounds

Here we present the test accuracy over time for the public and private settings. We compare FedAvg to the
tuning methods we propose. We can see in Figures 5—8 that the convergence of the methods seem to occur at
similar times in the training. To note is the increased variance in the tuning methods.
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Figure 7: Test accuracy over rounds in the CIFAR10 task. The labels sets are private.
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Figure 10: The results for the private and public settings with 3 labels per client on the CIFAR10 dataset.

C.2 Labels per client barplots

Here are additional barplots to compare performance at different labels per client.

C.3 Local epochs

Here we present the results of experiments on CIFAR10 with varying labels per client in figures 11-13. Note,
that the central tuning step is done here with a SGD optimizer and not Adam as in other experiments. We see
that our ablations across different values of epochs per round do not seem to meaningfully impact performance.
Furthermore, the same pattern of the MSE loss performing better in the private setting than the pairwise is
seen here.
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Figure 11: Ablation with differing amounts of local epochs on CIFAR10. We do not observe any particular drop
in performance for either FedAvg or the tuning methods.
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Figure 12: Comparison of different labels per client on CIFAR10 with E=5.
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