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1 Introduction

The pure spinor formalism for superstrings [1] has proven to be the most powerful and efficient
framework for calculating string scattering amplitudes, surpassing other standard formalisms
such as the Ramond-Neveu-Schwarz (RNS) and Green-Schwarz (GS) [2–6]. Similarly, the
10D pure spinor superparticle, constructed in [7] as the field theory limit of the pure spinor
superstring, as well as its ambitwistorial counterpart [8–10], have been demonstrated to be
highly effective for computing 10D super-Yang-Mills (SYM) amplitudes [11–13]. Furthermore,
non-minimal pure spinor variables have been used to derive manifestly supersymmetric actions
for maximally supersymmetric theories, including 10D SYM and 11D Supergravity [14, 15].
Together, these developments highlight the pure spinor superparticle as a promising framework
for computing field-theory scattering amplitudes.

In string theory, amplitudes are typically formulated within a first-quantized framework,
where we consider the quantum theory of a single string propagating through spacetime,
and interactions are represented by insertions on the worldsheet of this string. In contrast,
quantum field theory (QFT) is usually developed within a second-quantized approach, where
particles are treated as excitations of a quantum field, and the individual trajectories of
particles are not considered. However, the amplitudes of QFT can also be reformulated
in a first-quantized manner, as illustrated by Strassler through the worldline formalism
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in [16], firstly introduced for one-loop computations and partially extended to treat tree-level
amplitudes in [17, 18]. This approach utilizes the path integral of a single particle, with
interaction insertions representing the effects of background fields. The worldline formalism
is particularly advantageous in scenarios where standard perturbative QFT techniques are
unavailable or cumbersome, such as in the case of gravity. In particular, the worldline
formalism is an effective tool for studying scattering amplitudes in 10D SYM theory and
11D Supergravity, as these theories can be expressed in a first-quantized framework that
manifests supersymmetry.

In this paper, we will use the worldline formalism to compute tree-level scattering
amplitudes of 10D SYM using the pure spinor formulation of the superparticle, which
exhibits manifest super-Poincaré covariance [7]. The use of the worldline formalism for such
calculations is challenging, mainly due to the structure of the contractions and operators
associated with the worldline [17]. In this work, we aim to explore these structures within
the framework of a BRST-quantized theory. A key aspect of our investigation is the insertion
of pinching operators — interpreted as arising from higher-order corrections in the external
fields — which are crucial for the BRST invariance of the amplitude. We demonstrate that
these operators correspond to the higher-order poles in the OPE between two integrated
vertices in string theory, U(z)U(0), and have the role of contact terms in the amplitude,
enabling us to express the 10D SYM amplitude in terms of cubic kinematic numerators that
explicitly satisfy the generalized Jacobi identities.

The computation of scattering amplitudes within the pure spinor superparticle framework
was addressed for the first time in [11], using canonical quantization. In this work, we will
perform a similar construction, but using the path integral over the worldline instead of
canonical quantization. In particular, we will explicitly produce all the necessary insertions
on the worldline, including subtree diagrams, and interpret these as coming from BRST
invariance direction on the action.

In [2], the tree-level N-point amplitude of 10D SYM was computed by taking the infinite
tension limit of the disk open superstring amplitude. A key contribution of this paper was the
identification of the BRST cohomology structure of the kinematical numerators, known as the
BRST building blocks, which allow the amplitude to be bootstrapped using BRST invariance
arguments. These building blocks naturally emerge from the superstring computation, and
in our approach, we show that the same structure appears within the worldline formalism.
Remarkably, the ideas presented in this work can be appropriately generalized to 11D for
computing tree-level supergravity scattering amplitudes. We discuss these issues further
in the accompanying papers [19, 20].

This paper is organized as follows. In section 2, we will review the 10D pure spinor
superparticle and its BRST cohomology. The non-minimal pure spinors are introduced
to construct the b-ghost, satisfying {Q, b} = 1

2P 2. In section 2.3, we will couple the pure
spinor superparticle to a SYM background, as was done in [7]. The insertions needed for the
worldline tree amplitude will arise as the multiparticle expansion of the on-shell background
fields, and their defining properties will be seen as deriving from the BRST consistency of
the interacting action. In this section, the insertions needed for the worldline will be seen
to satisfy the same master equations as the Berends-Giele currents of SYM. In section 3,
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we will provide a prescription for the 10D SYM tree amplitude in the pure spinor worldline
formalism and prove the BRST invariance of the prescription. In sections 3.3, 3.4, and 3.5
we will explicitly compute the 4-point, 5-point, and N-point amplitudes of the 10D SYM,
showing that our result agrees with the amplitudes obtained as the low-energy limit of the
open superstring in [2, 21, 22].

2 Pure spinor superparticle in 10D

The 10D pure spinor superparticle action in an Euclidean flat background is given by [7]

S =
∫

dτ

(
ẋmpm − 1

2p2 + pαθ̇α + ωαλ̇α
)

, (2.1)

where xm is SO(10) vector with m = 1, . . . , 10, θα is a fermionic Majorana-Weyl spinor and
λα is a bosonic Weyl spinor, with α = 1, · · · , 16. The fields pm, pα, wα are the conjugate
momenta corresponding to xm, θα, λα respectively. The spinor fields λα satisfy the pure
spinor constraint

λαγm
αβλβ = 0, (2.2)

where the γm
αβ and γαβ

m are the 16 × 16 symmetric Pauli matrices in 10D, which satisfy
(γ(m)αδγ

n)
δβ = 2ηmnδα

β . The constraints (2.2) generate the pure spinor gauge transformation

δωα = Λm(γmλ)α, (2.3)

which leaves the action (2.1) invariant for arbitrary Λm. The constraints (2.2) and gauge
symmetry (2.3) reduce the 16 complex components of each bosonic ghost to 11. The linear
combinations of the ωα field that are invariant under the pure spinor gauge transformations
are the ghost charge current J and Lorentz current Nmn, given by

J = −ωαλα, Nmn = 1
2(ωγmnλ). (2.4)

Under the action of J , λα has ghost number +1 and ωα has ghost number −1. The
superparticle action (2.1) implies the following Euclidean canonical commutators

[pm, xn] = −δn
m, {pα, θβ} = δβ

α, [ωα, λβ ] = −δβ
α. (2.5)

To be more precise, the Poisson brackets and commutators associated with the bosonic ghosts
have to be defined in a way that preserves the pure spinor constraint, [ωα, (λγmλ)] = 0. This
implies that {ωα, λβ} has to be corrected by a projection operator Kβ

α . For the computations
carried over in this work, the existence of Kβ

α has no consequence.
We will be interested in computing path integral correlation functions for the superparticle

action. It is convenient to write the operator algebra obtained by quantization of (2.1) in
terms of the path integral fields. We obtain the following free field contractions

pm(τ1)xn(τ2) ∼ −δn
mσ12,

pα(τ1)θβ(τ2) ∼ δβ
ασ12,

ωα(τ1)λβ(τ2) ∼ −δβ
ασ12, (2.6)
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where we introduced the convenient notation 1
2sign(τi − τj) = σij . These contractions are

equivalent to the canonical commutation relations. This can be checked by using the map
between graded commutators and operator insertions on the path integral, given by

[A(τ), B(τ)} ∼ A(τ + ϵ)B(τ) ∓ B(τ)A(τ − ϵ), (2.7)

where ϵ → 0 and the sign is − for commutators, and + for anticommutators.
The superparticle action is complemented by the BRST operator

Q = λαdα, (2.8)

where dα = pα − 1
2(γmθ)αpm are the fermionic constraints of the Brink-Schwarz superparti-

cle [23]. The physical spectrum is defined as the cohomology of the BRST operator (2.8).
To find the physical spectrum of the theory, it is convenient to split the BRST cohomology
into different ghost number sectors. It can be proven that the cohomology is trivial for ghost
numbers larger than 3, so an arbitrary wave function on the cohomology can be expanded as

Ψ(x, θ, λ) = Ψ(0) + Ψ(1) + Ψ(2) + Ψ(3). (2.9)

where Ψ(k) has ghost number k. The wave functions on the ghost number sectors 0, 1, 2, and
3 describe, respectively, the ghosts, fields, antifields, and antighosts of the BV formulation
of 10D SYM [7], so the pure spinor superparticle furnishes a description of 10 SYM. The
ghost number 1 part is the most relevant for our purposes since it corresponds to the physical
degrees of freedom of 10D SYM. To see this, one can write Ψ(1) = λαAα where Aα is an
arbitrary wave function of the matter variables, Aα = Aα(x, θ). The BRST cohomology
implies equations for this wave function

QΨ(1) = 0, δΨ(1) = QΛ, (2.10)

that we recognize respectively as the linearized equations of motion and gauge symmetry
of 10D SYM [24]

(γmnpqr)αβDαAβ = 0, δAα = DαΛ, (2.11)

where Dα = ∂α + 1
2(γmθ)α∂m is the covariant superderivative.

In the usual BRST quantization of theories carrying diffeomorphism invariance, a b-ghost
operator exists satisfying {Q, b} = 1

2p2. This is useful because it allows one to trivialize
the BRST cohomology for off-shell fields (fields carrying a non-zero eigenvalue of p2). Even
though the pure spinor superparticle (2.1) is a BRST gauge-fixed action, this theory has no
obvious analogous of the b-ghost operator because such an object must carry ghost number
−1. This motivates the enlargement of the action (2.1) through the introduction of a new
set of variables, called the non-minimal pure spinor variables, which allows one to define
a composite b-ghost operator.

2.1 Non-minimal variables

It was shown in [25] that one can define a composite b-ghost operator for the pure spinor
string by adding non-minimal variables to the pure spinor formalism. The same thing can
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be done for the pure spinor particle. The set of new variables consists of a bosonic pure
spinor λ̄α and a fermionic spinor rα satisfying the constraints

λ̄γmλ̄ = 0, λ̄γmr = 0. (2.12)

These non-minimal variables λ̄α and rα enter into the enlarged action together with their
respective conjugate momenta ω̄α and sα

S =
∫

dτ

(
ẋmpm − 1

2p2 + pαθ̇α + ωαλ̇α + ω̄α ˙̄λα + sαṙα

)
. (2.13)

To preserve the BRST cohomology, in such a way that this new set of variables describes
the same physics as the action studied in the last subsection, the BRST charge must be
modified according to the quartet argument [25]

Q = λαdα + rαω̄α. (2.14)

Using the non-minimal variables, one can construct the composite b-ghost satisfying

{Q, b} = p2

2 . (2.15)

The explicit form of the b-ghost was initially proposed in [25] and is a complicated expression.
The expression for the b-ghost has been disentangled in [26] and a further simplification was
proposed in [12] using the so-called physical operators, introduced in [27]. Throughout this
paper, we will use this version for the b-ghost, which reads

b = −∆mAm, (2.16)

where the bold letters denote the so-called physical operators defined in [12] and [27], given by

Am = (λ̄γmd)
2(λλ̄)

+ (λ̄γmnpr)
8(λλ̄)2 Nnp, (2.17)

∆m = −pm − (λγmnr)
4(λλ̄)

An. (2.18)

2.2 Uniqueness in the BRST cohomology

It proves useful to define another operator from the b-ghost field. This is obtained by
promoting the canonical momenta in b to first-order differential operators, that is

pm → −∂m, dα → Dα, ωα → −∂λα , (2.19)

as suggested by equation (2.5). Doing this to the canonical momenta appearing in equa-
tion (2.16) defines the operator b0. It can be thought of as the zero-mode of the Laurent
expansion of the string b-ghost, (b(z) = b0/z2 + · · · ), but for the particle. In particular,
equation (2.15) implies that the b0 operator satisfies the BRST cohomology

{Q, b0} = □, (2.20)
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where □ is the Laplacian ∂m∂m. This equation trivializes the BRST cohomology in the
space orthogonal to the kernel of the Laplacian. Indeed, suppose that Φ is a BRST closed
wave function with non-zero energy, i.e. {Q, Φ} = 0 and □Φ = hΦ for h ≠ 0. These
conditions imply that

Φ =
{

Q,
b0(Φ)

h

}
, (2.21)

which establishes that every BRST closed wave function with non-zero energy is also BRST
exact. As we will see, this is enough to reformulate the N -point tree-level amplitude as
a question on BRST cohomology.

2.3 Superparticle in a SYM background

The worldline prescription depends on the coupling of the particle to an external background.
We will perform this construction in this subsection, and we shall see that BRST symmetry
implies that the external fields satisfy the equations of motion of multiparticle SYM [24].

The pure spinor superparticle action (2.1) can be coupled to a SYM background by
introducing external fields. To describe the color degrees of freedom of SYM, one must also
introduce fermions on the worldline. For SO(N) (or U(N)) gauge group, one needs N real
(or complex) fermions. For instance, for SO(N), the Euclidean action is [7]

Scoupled =
∫

dτ
{

ẋmp̃m − 1
2 p̃2 + θ̇αp̃α + λ̇αωα

− 1
2ηI η̇I − gηIηJ

(
θ̇αAIJ

α + ΠmAIJ
m + d̃αWIJα + 1

2NmnFIJ
mn

)}
, (2.22)

where Πm = ẋm + 1
2(θ̇γmθ), and ηI are worldline fermions that encode the color degrees of

freedom. For SO(N), the indices I and J are in the fundamental representation, and the
fields AIJ

α ,AIJ
m ,WIJα,FIJ

mn depend on xm and θα and should be understood as valued in the
Lie-algebra. For SU(N), the indices I and J belong to the fundamental and antifundamental,
as appropriate.

The external fields describe multiparticle SYM [28], as we will see shortly. It is convenient
to use a basis T IJ

a for the Lie-algebra and redefine the external fields in this basis, e.g.
ηIηJAIJ

α = ηIηJT IJ
a Aa

α. Defining further Ta = ηIηJT IJ
a , it is clear that [Ta, Tb] = if c

abTc if we
normalize the internal fermions ηI appropriately, where f c

ab are the structure constants of
the Lie-algebra. We will omit the Lie-algebra generators and write simply Aα ≡ TaAa

α. We
will see that the superfields Aα,Am,Wα and Fmn satisfy a perturbiner expansion where each
coefficient is a Berends-Giele current. Performing this change of basis, the action reads

Scoupled =
∫

dτ
{

ẋmp̃m − 1
2 p̃2 + θ̇αp̃α + λ̇αωα

− 1
2ηI η̇I − g

(
θ̇αAα + ΠmAm + d̃αWα + 1

2NmnFmn

)}
. (2.23)

As happens for the free particle, this pure spinor action is complemented by a BRST charge,
which is given by

Qcoupled = λαd̃α. (2.24)
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Moreover, the space of physical states is once again identified with the cohomology of the
BRST charge.

The fields p̃m and p̃α appearing in the action (2.23) and BRST charge (2.24) are not
equal to the canonical momenta of the corresponding variables. Taking derivatives with
respect to the velocities, we can compute the canonical momenta to be

pm = ∂L

∂ẋm
= p̃m − gAm,

pα = ∂L

∂θ̇α
= p̃α − g

(
Aα + 1

2(γmθ)αAm

)
.

Further insight is obtained if we transform the action (2.23) to express it in Hamiltonian
form by performing a Legendre transformation on the velocities. The Hamiltonian is given by

Hcoupled(xm, pm, θα, pα, λα, ωα) = (ẋmpm + θ̇αpα + λ̇αωα − L)
∣∣∣
q̇=q̇(p)

= 1
2p2 + g

(
pmAm + dαWα + 1

2NmnFmn

)
+ g2

(1
2A

2 + AαWα
)

, (2.25)

where dα = pα − 1
2(γmθ)αpm. The first term of the Hamiltonian is the energy of the free

superparticle, H = 1
2p2, and the terms proportional to g are the perturbation due to the

SYM background. We write Hcoupled = H +U, splitting the free and interacting pieces of the
Hamiltonian. The object U will turn out to contain the correct insertions for the worldline
amplitude, and plays a similar role to the vertex operators of usual worldsheet string theory.
However, as we will see, to describe the full tree-level amplitude, we must allow U to be
non-local. Using equation (2.25), we see that U can be expanded as

U = g

(
pmAm + dαWα + 1

2NmnFmn

)
+ g2

(1
2A

2 + AαWα
)

. (2.26)

The Hamiltonian form of the action is given by

Scoupled = S −
∫

dτU, (2.27)

where S =
∫

dτ
(
ẋmpm + θ̇αpα + λ̇αωα − 1

2p2
)

is the free superparticle action. It is also
convenient to express the BRST charge Qcoupled in terms of the canonical momenta. It splits
into the free BRST charge Q = λαdα and a perturbation term

Qcoupled = λαd̃α = λαdα + gλαAα = Q + V, (2.28)

where V is defined as

V = gλαAα. (2.29)

The objects U and V will turn out to be the generating functions for the Berends-Giele
currents of the theory.

The theory is only consistent when the background fields obey the BRST consistency con-
ditions, as follows. The BRST charge must be nilpotent, {Qcoupled, Qcoupled} = 0. This implies

{Q,V} = −1
2{V,V}. (2.30)
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Further, the BRST charge must be conserved in time, [Hcoupled, Qcoupled] = 0. Expanding
in terms of the background vertices, we find

[Q,U] = [H,V] + [U,V]. (2.31)

These equations are equivalent to the SYM equations of motion for the external SYM fields.
Indeed, expanding U as in (2.26) and V as in (2.29), the equation that follows from (2.30) is

(γmnpqr)αβ (DαAβ + {Aα,Aβ}) = 0, (2.32)

while (2.31) implies the equations

[∇α,Am] = [∂m,Aα] + (γmW)α, (2.33)

{∇α,Wβ} = 1
4(γmn) β

α Fmn, (2.34)

[∇α,Fmn] = ∇[m(γn]W)α, (2.35)

where we defined the covariant derivatives ∇α = Dα + Aα, with Dα = ∂α + 1
2(θγm)α∂m, and

∇m = ∂m + Am. These imply the equations of motion of 10D non-Abelian SYM [24, 28–30].
These equations can be solved order by order on the SYM coupling g using the perturbiner

method of Selivanov [24, 31, 32]. In this approach, one expands the fields in terms of
multiparticle asymptotic states. Each asymptotic particle i is proportional to a plane wave
eiki·x and a color factor T i.

To organize the expansion, we define words P containing letters from the natural numbers
(eg. P = 1253), that might also stand for bracketing of words (eg. P = [1, 4] = 14 − 41) [24].
If P is a word containing the letters P1 . . . Pm, then we define the corresponding momentum
kP = kP1 + · · · + kPm . The Lie-algebra generator with a word as superscript, T P , is defined
as T P = T P1 . . . T Pm . Each natural number is used as the index of an external state. We
expand the superfield Aα in terms of plane wave states

Aα =
∑
P

AαP T P ekP x = AαiT
iekix + AαijT ijekijxij + . . . , (2.36)

and similarly for Am, Wα and Fmn. The coefficients in the expansion are the Berends-Giele
currents of SYM. We define the rank of an object with subscript P as |P |, where |P | is the
number of letters in the word P . The rank is also the number of particles in the respective
state (e.g. Aα12 has rank 2 and represents two-particle asymptotic states of SYM).

Collecting the non-Abelian SYM equations (2.32)–(2.35) order by order in the coupling
g and the Lie-algebra generators T P , one finds the equations that each of the rank-|P |
coefficients must satisfy. From now onwards, we also fix g = 1 after performing the expansion,
to simplify the notation. The solution depends on the gauge choice. A convenient choice
is the Lorenz gauge ([∂m,Am] = 0), where the coefficients can be determined recursively.
For AP

α , for instance, one finds

AP
α = 1

sP

∑
RQ=P

A[RQ]
α , (2.37)
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where

A[P Q]
α = −1

2
[
AP

α (kP · AQ) + AP
m(γmWP )α − (P ↔ Q)

]
(2.38)

and sP = 1
2k2

P . The notation RQ = P refers to the deconcatenation sum of the word P — we
sum over all non-empty words R and Q such that the union of the letters of R and Q, ordered
such that R is to the left, gives P . For instance, if P = 123, then the tuple (R, Q) takes the
two values (1, 23) and (12, 3). The full solution for the Berrends-Giele currents in this gauge
can be found in [33]. To achieve our goal, all we need to know is that the Berrends-Giele
constructed using the recursion (2.38) (and similarly for the remaining fields) are such that
the action (2.27) is BRST consistent in the sense of equations (2.31) and (2.30).

There is a point we must stress here. Since the currents are non-local (due to the factors
of 1/sP ), this multiparticle action will also carry non-local information, which is ultimately
what allows one to describe subtree diagrams in this worldline formalism.

We now turn to study general properties of the operators defined in (2.26) and (2.29),
without direct reference to their SYM components. The perturbiner expansion of the SYM
fields implies perturbiner expansions for U and V. In the latter case, we find

V =
∑
P

VP T P = ViT
i + VijT ij + . . . . (2.39)

The VP are Berends-Giele currents, which we will also refer to as unintegrated vertex currents.
For U, the second term in equation (2.26) is of order four in the internal fermions of the
worldline, which means that we must expand (e.g. for SU(N) group)

U =
∑
P

UP T P ekP x +
∑
P Q

DP Q(T P ⊙ T Q)ekP Qx, (2.40)

where ⊙ is the symmetric tensor product. UP are the integrated vertex currents, and DP

will be refered to as contact terms or pinching operators. We say that an object with P as
a subscript is of rank-|P |, where |P | is the number of letters in the word. The operators
with a single index (Ui and Vi) represent single-particle states. The operators with two
anti-symmetric indices (Uij and Vij) are two-particle states. Note that the coefficients VP

and UP are non-local, since they can be written in terms of the SYM Berends-Giele currents
defined previously. DP generally has less propagators than the other objects, which justifies
its interpretation as a contact term.

The second-order vertices represent quadratic effects equivalent to interaction with states
containing two particles. In the string, we only need the rank-1 operators and can drop
all of the higher-rank terms, due to conformal symmetry on the worldsheet. This is not
possible for the particle. The amplitude is only BRST invariant after adding all of the
higher-rank vertices, as we will see.

The equations obeyed by the vertices at each rank are obtained by matching powers of
the SYM coupling and the Lie-algebra generators in (2.30) and (2.31), as we did for the SYM
fields. Plugging in equation (2.39) in equation (2.30), one finds the following equations for
the unintegrated vertex up to quadratic order (the exponential factors are implicit)

{Q, Vi} = 0, (2.41)
{Q, Vij} = −ViVj . (2.42)
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Plugging (2.40) into (2.31), one finds that up to quadratic order, the integrated vertices satisfy

[Q, Ui] = [H, Vi], (2.43)
[Q, Uij ] = [H, Vij ] + UiVj − UjVi, (2.44)

[Q, Dij ] = 1
2 ([Ui, Vj ] + [Uj , Vi]) . (2.45)

The linear equations (2.41) and (2.43) are the usual equations of motion of the vertices of
pure spinor SYM, while the equations for Vij and Uij give the two-particle SYM equations of
motion [24, 28]. More generally, the equations obtained by the multiparticle vertices are

{Q, VP } = −
∑

R+Q=P

VRVQ, (2.46)

[Q, UP ] = [H, VP ] +
∑

RQ=P

URVQ − UQVR, (2.47)

while the pinching operator satisfies

[Q, DP ] = 1
2
∑

RQ=P

[UR, VQ] + [UQ, VR]. (2.48)

The deconcatenation sum RQ = P was defined below equation (2.38). Note that (2.46) is
exactly the equation satisfied by Berends-Giele currents.

2.4 Matching to string theory OPEs

There is a match between these operators and the objects that one encounters in the string
amplitude, which we will now review. Remember that the basic objects of pure spinor string
theory are the vertex operators U s(z) (conformal weight one and ghost number zero) and
V s(z) (conformal weight zero and ghost number one). Both carry plane wave factors ek·X(z)

(in our conventions k is purely imaginary), which produce the Koba-Nielsen factor. In this
subsection we use the superscript s to differentiate the string vertex operators from the
objects we introduced before. We employ the OPE conventions of [2]. The string vertex
operators are constrained to satisfy the BRST cohomology

{Q, V s} = 0, {Q, U s} = ∂V s. (2.49)

One should notice the similarity between (2.49) and the equations obeyed by the single-
particle vertices of the particle, (2.41) and (2.43). Indeed, there is a map between the vertex
operators of the string (and the OPEs constructed from these objects) and the particle
vertex currents introduced above, that we now describe. We will focus on the rank-two
objects, which are simple to study.

The OPE between two integrated vertices in string theory is given by (we suppose that
z2 > z1 and factor out the contribution to the Koba-Nielsen factor)

U s
1 (z1)U s

2 (z2) ∼ (z2 − z1)−k1·k2

(2(1 + s12)
z2

12
Ds

12(z2) + 1
z12

U s
12(z2)

)
. (2.50)
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where Ds
12 is the double pole and U s

12(z2) is the single pole. We have factorized 2(1 + s12)
from the double pole for later convenience. The U s

12 operator represents a two-particle state
coupling to the worldsheet, so we imagine it should be related to the vertex current U12
defined above. This is the right intuition.

To derive the equations for [Q, Ds
12] and [Q, U s

12], we will compute the action of the
BRST charge around an insertion containing U s

1 (z1) and U s
2 (z2). There are two ways we

can perform the computation — by either acting with Q first and then taking the OPE, or
first taking the OPE and then acting with Q.

In the first case, after acting with Q on U s
1 U s

2 we obtain ∂1V s
1 (z1)U s

2 (z2)+U s
1 (z1)∂2V s

2 (z2).
The OPE of this last expression might be computed with ease if we first introduce the
multiparticle field L12. This is the singular piece of the U sV s OPE (in this subsection,
singular means more singular than the Koba-Nielsen factor), defined such that

U s
1 (z1)V s

2 (z2) = (z2 − z1)−k1·k2

( 1
z12

L12(z1, z2) + : U s
1 (z1)V s

2 (z2) :
)

(2.51)

∼ (z2 − z1)−k1·k2

( 1
z12

L12(z2, z2) + ∂1L12(z1, z2)|z1=z2 + : U s
1 (z2)V s

2 (z2) :
)

(2.52)

Explicitly, L12 can be written in terms of the SYM fields as

L12(z1, z2) =:
[
− (k2 · A1(z1))V2(z2) + W α

1 (z1)DαV2(z2)

− 1
4(λ(z2)γmnA2(z2))Fmn

1 (z1)
]
ek1·X(z1)+k2·X(z2) : . (2.53)

Now, if we take the derivative with respect to z2 and keep only divergent pieces, we
find that

U s
1 (z1)∂2V s

2 (z2) ∼ k1 · k2
z12

(z2 − z1)−k1·k2
( 1

z12
L12(z2, z2) + ∂1L12(z1, z2)|z1=z2

+ : U s
1 (z2)V s

2 (z2) :
)

+ (z2 − z1)−k1·k2

( 1
z2

12
L12(z2, z2) + 1

z12
∂2L12(z2, z2)

)

= (z2 − z1)−k1·k2

(
1 + s12

z2
12

L12(z2, z2) + 1
z12

∂2L12(z2, z2)

+ s12
z12

[∂1L12(z1, z2)|z1=z2 + : U s
1 (z2)V s

2 (z2) :] .

)

We recall that s12 = k1 · k2. We can perform the same computation for ∂1V s
1 (z1)U s

2 (z2). If
we then match with the double pole obtained after applying Q in (2.50), we see that

QDs
12 = 1

2(L12 + L21), (2.54)

which is precisely analogous to (2.45). This leads us to split L12 into its symmetric and
antisymmetric pieces. Collecting now the single pole, one finds that

Q
U s

12
s12

= ∂
1

s12
(L12 − L21) + : U s

1 V s
2 : − : V s

1 U s
2 : + Q(. . . ). (2.55)
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This is analogous to (2.44) up to the BRST exact piece of the right-hand side, which is
proportional to QDs

12 after using (2.54). In other words, we can map V12 to (L12−L21)
s12

and
U12 to Us

12
s12

up to contact terms. In particular, we see that it is possible to construct the
numerators of the particle vertex currents from the string theory OPEs. Note that it is
natural that the equation for U s

12 does not exactly reproduce (2.44), since the definition of
the string OPE depends on what point we choose to perform the Laurent expansion, and
the string OPE also contains information about massive state excitations. Furthermore,
we note that if one produces a new set of gauge-equivalent vertices U s′ and V s′ such that
the corresponding L′

ij is antisymmetric, then the BRST cohomology of the single pole of
the U s′U s′ OPE exactly reproduces (2.44).

In the string amplitude computation, it can be shown that the BRST trivial piece L(12)
cancels — roughly, the double pole piece Ds

12 can be incorporated into the Lij to update
Lij → L[ij] [2]. In this way, the string amplitude can be written solely in terms of L[12]. This
generalizes to more than two particles. The single poles of the string are (up to contact terms
and BRST transformations) equal to the numerators of the Berends-Giele currents, while the
higher-order poles are the contact terms. The interpretation of the worldline computation
will be similar. Namely, the particle pinching operator Dij will act as a contact term in the
amplitude that allows one to enhance the BRST properties of the kinematical numerators.
As in string theory, the cancellation of these contact terms can be understood as coming
from integration by parts identities.

2.5 Multiparticle worldline insertions

In this subsection, we will furnish expressions different expressions for the worldline insertions.
We start by giving the expression in terms of the SYM fields. First, we quote the results
of [24] for the SYM Berends-Giele currents in Lorenz gauge. These are given in terms of
the multiparticle SYM fields [24], which are the operators written in usual roman letters.
At rank one, Aα = Aα, and similarly for other fields. At rank two,

A12
α = − 1

2s12

[
A1

α(k1 · A2) + A1
m(γmW 2)α − (12)

]
, (2.56)

A12
m = − 1

2s12

[
A1

m(k1 · A2) + A1
nF 2

mn − (W 1γmW 2) − (12)
]
,

Wα
12 = − 1

2s12

[
W α

1 (k1 · A2) + W mα
1 A2

m + 1
2(γrsW 1)αF 2

rs − (12)
]
,

Fmn
12 = − 1

2s12

[
F mn

1 (k1 · A2) + F
p|mn
1 A2

p + 2F mp
1 F n

2p + 4γ
[m
αβW

n]α
1 W β

2 − (12)
]
.

Using these fields, we can construct the multiparticle worldline insertions,

V1 = λαA1α, (2.57)
V12 = λαA12α. (2.58)
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We can also construct the worldline insertions and pinching operators. Comparing equa-
tions (2.26) and (2.40), we find

U1 = pmA1m + dαWα
1 + 1

2NmnF1mn, (2.59)

U12 = pmA12m + dαWα
12 + 1

2NmnF12mn, (2.60)

D12 = 1
2(A1 · A2 + W1A2 + W2A1). (2.61)

Note that the worldline insertions are proportional to inverse powers of the Mandelstam
variables and thus non-local. This procedure can be carried over to a higher number of
external particles, and the BRST consistency conditions can be checked explicitly using the
SYM equations of motion. We also note that D12 has less propagators than the other objects
at rank two — this again generalizes to more particles.

The previous equations give one set of solution to the consistency conditions, but this
solution is not unique. Indeed, the worldline insertions are gauge-dependent objects, and
it is useful to exploit this gauge freedom to introduce other representations of VP and UP .
These will be constructed with the b-ghost operator introduced in section 2.1. First, we
notice that the equations (2.46) mean that the unintegrated vertices VP are Berends-Giele
currents [32, 34]. The natural ansatz for VP is

VP = 1
sP

∑
RQ=P

[UR, VQ], (2.62)

which determines the higher-rank VP in terms of lower point operators. We can check that
this satisfies the correct consistency equation (2.46). Acting with the BRST charge on (2.62)
and using equation (2.47), we find

{Q,VP }= 1
sP

∑
RQ=P

{
[[H,VR],VQ]+

∑
R1R2=R

[UR1VR2 ,VQ]−[VR1UR2 ,VQ]−
∑

Q1Q2=Q

[UR,VQ1VQ2 ]
}

= 1
sP

∑
RQ=P

{
−kR·kQVRVQ−

∑
R1R2=R

VR1 [UR2 ,VQ]−
∑

Q1Q2=Q

[UR,VQ1 ]VQ2

}
=− 1

sP

{ ∑
RQ=P

kR·kQVRVQ+
∑

RQ1Q2=P

VR[UQ1 ,VQ2 ]+
∑

R1R2Q=P

[UR1 ,VR2 ]VQ

}
. (2.63)

To obtain the second equality, we used [H, VR] = ∂τ VR = (kR · P )VR, so that [[H, VR], VQ] =
−kR · kQVRVQ, and also applied the Jacobi identity for the remaining terms in the first and
second line. If we now plug in the iterative definition (2.62) into (2.63), we see that

{Q, VP } = − 1
sP

∑
RQ=P

{
kR · kQ + sR + sQ

}
VRVQ

= −
∑

RQ=P

VRVQ, (2.64)

where we remember that sP = k2
P /2. We have also used the identity k2

P = (kR + kQ)2 ⇒
sP = kR · kQ + sR + sQ. This establishes that the recursive relation (2.62) satisfies the
consistency condition (2.46).
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Using the b-ghost, it is also possible to construct a recursion for the integrated vertices.
For single particles, we define

Ũi = [b, Vi]. (2.65)

We can use equation (2.16) to furnish an expression for Ũi in terms of the physical operators

Ũi = −Âm(Vi)∆m + ∆̂m(Vi)Am. (2.66)

It is possible to establish that Ũi is related to Ui of equation (2.60) by a BRST-exact piece [12,
35]. Further, one can easily check that such an object satisfies the BRST consistency (2.43)
by using the equation {Q, b} = H. Likewise, we define recursively

ṼP = 1
sP

∑
RQ=P

[ŨR, ṼQ], (2.67)

ŨP = [b, ṼP ] = −Âm(ṼP )∆m + ∆̂m(ṼP )Am. (2.68)

All of these fields satisfy the BRST consistency conditions necessary for the consistency of
the coupled action. Using the tilded insertions, no pinching operators are necessary. Indeed,
the equation for the pinching operator say that its BRST variation is the symmetric piece
of the multiparticle field,

[Q, D̃P ] = 1
2
∑

RQ=P

([ŨR, ṼQ] + [ŨR, ṼQ]). (2.69)

But for the tilded insertions, one can easily see that [ŨR, ṼQ] = −Âm(ṼR)∆̂m(ṼQ) +
∆̂m(ṼR)Âm(ṼQ) is antisymmetric in R ↔ Q (Am and VP are fermionic, while ∆m is bosonic).
Thus the r.h.s. of the last equation vanishes, and [Q, D̃P ] = 0. But this is defining equation
on D̃P — it is the only constraint we need to impose on the pinching operators to define a
BRST invariant amplitude. So we can simply take D̃P = 0 without losing any information.

We can produce another yet set of insertions that are given in terms of the b0 operator,
which is the differential operator obtained by performing the substitution (2.19) to the
b-ghost field (2.16). We first go to Siegel gauge by imposing b0(V ′

i ) = 0. If we now define
U ′

i = [b, V ′
i ], we can check that

[U ′
i , V ′

j ] = b0(V ′
i V ′

j ). (2.70)

The same thing holds true if we recursively construct the higher rank vertices as

V ′
P = 1

sP

∑
RQ=P

b0(V ′
RV ′

Q), (2.71)

U ′
P = [b, V ′

P ]. (2.72)

Since b0(V ′
RV ′

Q) = [U ′
R, V ′

Q] in the Siegel gauge, it is clear that this set of multiparticle vertices
satisfy the BRST consistency conditions. Moreover, since the b0 operator is nilpotent, the
unintegrated vertices satisfy

b0(V ′
P ) = 0. (2.73)

for all P .
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We can also study the pinching operators in the Siegel gauge. One finds

[Q, D′
P ] = 1

2
∑

RQ=P

b0(V ′
RV ′

Q) + b0(V ′
QV ′

R) = 0, (2.74)

which means that we can take D′
P = 0. Here, we have used the anti-commutativity of

the VP currents.
Using uniqueness in the BRST cohomology as in subsection (2.2), one can show that

any two sets of worldline insertions satisfying the consistency conditions are related rank by
rank by BRST-exact pieces and total derivatives. We will use this to show that the worldline
amplitude prescription does not depend on which set of insertions one uses. The operators
constructed with the b-ghost will prove particularly useful.

3 Tree-level amplitude in 10D

In this section, we will formulate a prescription to construct the tree-level scattering amplitudes
of 10D N = 1 SYM using the pure spinor superparticle, and then check that we obtain
results that agree with the α′ → 0 limit of the open superstring.

In SYM, tree-level amplitudes can be decomposed into color-ordered amplitudes. The
N -point amplitude AN can be written as

AN (1, 2, . . . , N) = gN−2 ∑
σ(1,...,N)/ZN

Tr(T σ1 . . . T σN )AN (σ1, σ2, . . . , σN ),

where g is the SYM coupling constant, the T a are a basis of the Lie-algebra, and σ(1, . . . , N)
are the non-cyclic permutations of the external indices {1, . . . , N}. The factor AN (σ1, . . . , σN )
is the color-ordered amplitude, and only receives contributions from sub-diagrams in which
the external legs are arranged in the order σ1, . . . , σN .

In the worldline formulation, the correlator AN (σ1, . . . , σN ) is written as a path integral
over the fields defined on the particle worldline. The construction begins with the choice
of the worldline, which can be the line connecting any pair of external states. These are
interpreted as the initial and final states of the superparticle. The remaining legs are then
represented by vertices (VP and UP ) coupling to the worldline, and can be seen as interactions
of the superparticle with the SYM background. The amplitude is completely determined
from the vertices and the worldline Green function, without the need to sew lower-point tree
graphs to the worldline [17]. We note however that the inserted vertices, being generally
non-local, naturally contain the information of lower-point tree graphs.

The two particles that define the worldline are represented by unintegrated vertex
operators located at the endpoints of the worldline, τ = ±∞. Due to the invariance of
the worldline under global translations of τ , one of the remaining insertions must also be
represented by an unintegrated vertex. The amplitude does not depend on the position of
this third unintegrated insertion, and we fix it to be at τ = 0. The remaining particles
are represented by integrated vertices, whose proper time is integrated over the worldline.
The amplitude AN is given by the sum of all amplitudes with N external states in the
correct ordering. In particular, the interval of integration of the integrated vertices is such
that this ordering is respected.
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We will suppose that the external states are ordered clockwise as 1, 2, . . . , N . When
using this ordering, it is convenient to choose the worldline to be the line connecting 1 and
N − 1, and also fix the position of the insertion VN (this is convenient because it ensures
that we will not need to insert any multiparticle unintegrated vertices on the worldline). The
propagation of the superparticle in the SYM background is described by the path integral

A =
〈

V1(∞)
{∫

dτU
}

VN−1(−∞)
〉

=
∑ 1

(N − 2)!

〈
V1(∞)

(∫
dτU

)N−3
VN (0)VN−1(−∞)

〉
, (3.1)

where U is the multiparticle superfield (2.26), described in the last section, and we have used
the residual translation symmetry of the worldline to fix the Nth insertion as an unintegrated
vertex. Expanding U into multiparticle states and restricting the sum to obey the correct
number of external states and ordering, we find the color-ordered amplitude AN as

AN =
∑

|R1|+···+|Rk|=N−3

∫
dτ1 . . . dτk (3.2)

× ⟨V1(∞)(UR1 + DR1)(τ1) . . . (URk
+ DRk

)(τk)VN (0)VN−1(−∞)⟩,

where UP is the multiparticle integrated vertices and DR are the pinching operators, as
defined in section 2.

This correlator is evaluated by first contracting all momenta, using the worldline contrac-
tions (2.6). This has the effect of promoting the canonical momenta to differential operators
of the zero mode variables, up to the factors of σij = 1

2sign(τi − τj)

pm → −∂m, dα → Dα, ωα → −∂λα . (3.3)

After that, one must perform the integration over the zero modes. One advantage of using
the Hamiltonian action is that since there are no insertions of ẋm on the worldline, one does
not have to worry about possible ill-defined products of Dirac deltas.

3.1 Integration over zero modes

After getting rid of the canonical momenta, one still needs to integrate over xm, θα and λα to
obtain a number out of equation (3.2). The integration over xm furnishes a Koba-Nielsen-like
measure on the space of τi, as follows.

After contracting pm, the amplitude (3.2) is proportional to the exponential factor

AN ∝
∫

Dx{−
∫

dτpmẋm}
∏
P

{kP · x(τP )}. (3.4)

This integral can be easily performed if we collect the plane wave factors under the integral,
by writing kj · x(τj) =

∫
dτδ(τ − τj)kj · x(τ). The integral over the xm zero mode xm = const.

furnish the momentum conservation delta function, which we omit. The integral over the
non-zero modes furnishes, under integration by parts, a Dirac delta, as we can easily see above∫

Dx


∫

dτ

ṗm +
∑

j

δ(τ − τj)kjm

xm

 = δ

ṗm +
∑

j

δ(τ − τj)kjm

 . (3.5)

– 16 –



J
H
E
P
1
2
(
2
0
2
5
)
0
4
4

We can use this Dirac delta to integrate over the pm field next. The equation

ṗm(τ) = −
∑

j

δ(τ − τj)kjm (3.6)

uniquely determines the canonical momenta pm once we impose that pm must be equal to
the momentum of the boundary states at ±∞. We find

pm(τ) = −
∑
P

στP km
P . (3.7)

It can also be useful to employ the alternative expression

pm(τ) = −1
2

( ∑
τP <τ

km
P −

∑
τP >τ

km
P

)
, (3.8)

which has the advantage of also being well-defined for τ = τP . We can use equation (3.8) to
evaluate the factor of the path integral that comes from the kinetic energy of the particle.
We obtain the following measure for the τP integration{1

2

∫
dτp2

}
=
∏

i

{
1
2(τi+1 − τi)

(∑
j≤i

kPj

)2
}

, (3.9)

which can also be written as{1
2

∫
dτp2

}
=
∏

i

{
− 1

2τikPi ·
(∑

j<i

kPj −
∑
j>i

kPj

)}
. (3.10)

After integration against
∏

i dτi, the factor (3.9) will furnish the channels of the amplitude
corresponding to the worldline. Note that there are also channels corresponding to lower-point
tree graphs sewed to the worldline; the corresponding Mandelstam variables come from the
vertex operator insertions, as in equation (3.4).

To finish the computation of the amplitude, one must also perform the integration of
the zero modes of θα and λα. This is carried out by projecting the remaining expression
onto the pure spinor measure, which is the unique measure in the cohomology of the BRST
charge with the correct ghost number of +3, given by

⟨(θγmλ)(θγnλ)(θγpλ)(θγmnpθ)⟩ = 1. (3.11)

3.2 BRST invariance of the amplitude

One can prove that the amplitude (3.2) is BRST closed and invariant. This means that the
value of the amplitude does not depend on which cohomology class the worldline insertions
UP and VP belong to. Let us prove BRST closedness. First of all, for legibility, let us omit
the τ dependence of the operators in equation (3.2), and define the sum of the unintegrated
vertex with the pinching operator as UP = UP + DP . Then (3.2) can be rewritten as

AN =
∑

|R1|+···+|Rk|=N−3

∫
dτ1 . . . dτk⟨V1UR1UR2 . . .URk

VN VN−1⟩. (3.12)
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Now let the BRST charge act on (3.12). When Q hits a unintegrated vertex UP , using
equations (2.47) and (2.47) one obtains

QUP = ∂VP +
∑

RQ=P

(
U[RVQ] + [U{R, VQ}]

)
. (3.13)

Thus, QAN is given by the following sum

QAN = −
N−3∑
k=1

∑
|R1|+···+|Rk|=N−3

∫
dτ1 . . . dτk

×
k∑

i=1

〈
V1UP1 . . .UPi−1

∂VPi +
∑

RiQi=Pi

(
U[Ri

VQi] + [U{Ri
, VQi}]

)UPi+1 · · ·UPk
VN VN−1

〉
.

(3.14)

The integral over τi might be performed right away for the total derivative terms ∂VPi .
Integrating over τi, each of these terms in the last sum gives

−
∑

k

∑
i

∫
dτ1 · · · dτk⟨V1UP1 · · ·UPi−1∂VPiUPi+1 · · ·UPk

VN VN−1⟩ (3.15)

= −
∑

k

∑
i

∫
dτ1 · · · d̂τi · · · dτk⟨V1UP1 · · ·UPi−1(τi−1)VPi(τi−1 − ϵ)UPi+1 · · ·UPk

VN VN−1⟩

+
∫

dτ1 · · · d̂τi · · · dτk⟨V1UP1 · · ·UPi−1VPi(τi+1 + ϵ)UPi+1(τi+1) · · ·UPk
VN VN−1⟩,

where d̂τi indicates that the dτi differential is omitted. After relabeling τi and τi+1, the
last equation becomes

−
∑

k

∑
i

∫
dτ1 · · · dτi−1dτdτi+2 . . . dτk

× ⟨V1UP1 · · ·
(
VPi(τ + ϵ)UPi+1(τ) − UPi(τ)VPi+1(τ − ϵ)

)
· · ·UPk

VN VN−1⟩, (3.16)

where we have dropped the terms in which VP1 approaches +∞ and VPk
approaches −∞. The

subtraction VPi(τ + ϵ)UPi+1(τ) − UPi(τ)VPi+1(τ − ϵ) can be written as an operator insertion
on the worldline after appropriate normal ordering

VPi(τ + ϵ)UPi+1(τ) − UPi(τ)VPi+1(τ − ϵ)

= VPiUPi+1(τ) − UPiVPi+1(τ) + 1
2
(
[UPi , VPi+1 ] + [UPi+1 , VPi ]

)
(τ) (3.17)

= V[Pi
UPi+1] + [U{Pi

, VPi+1}].

Therefore, after summing equation (3.15) over all P and all i and normal ordering, we obtain

N−3∑
k=1

∑
|R1|+···+|Rk|=N−3

∫
dτ1 . . . dτk (3.18)

×
∑

i

∑
RiQi=Pi

〈
V1UP1 · · ·UPi−1

(
U[Ri

VQi] + [U{Ri
, VQi}]

)
(τi)UPi+1 · · ·UPk

VN VN−1
〉

,
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Figure 1. The action of Q kills off internal propagators in the amplitude. There is a relative sign
from whether the insertion is being collapsed to a vertex in its future or in its past. In this example, 2
is being collapsed to its past in the first diagram and to its future in the second one.

so the two kinds of terms in equation (3.14) cancel, and the amplitude is indeed BRST closed.
Pictorially, the BRST charge acts by cutting propagators on the amplitude, as in figure 1.

As mentioned before, the amplitude is also BRST invariant. This means that the value
of the amplitude does not depend on what specific choice of vertex operators is made, as long
as the choice is consistent in the sense of equations (2.46) and (2.47). The demonstration
follows the same steps as the proof performed above.

3.3 4-point amplitude

In this subsection we will compute the 4-point amplitude to give a first example of the
prescription detailed in the last subsections. The tree-level 4-pt amplitude contains only
single-particle insertions and is given by

A4 =
∫ ∞

−∞
dτ2⟨V1(∞)U2(τ2)V4(0)V3(−∞)⟩. (3.19)

To evaluate this expression, we will first integrate over xm, obtaining a kinematic measure
such as in (3.9). Then we will use the worldline contractions of the non-zero modes to promote
the canonical momenta to differential operators as in (3.3). Finally, we should project onto
the pure spinor measure (3.11) to obtain the amplitude in terms of the external polarizations,
but we leave this last step implicit. There exists software that automates this last step [2].

The xm dependence of the correlator in equation (3.19) comes from the plane wave
factors of the worldline insertions. Using the results of subsection 3.1, the path integral
over the xm and pm fields furnishes∫

DxDp{−
∫

dτ

(
pmẋm − 1

2p2
)
}

4∏
j=1

{kj · x(τj)} = {(σ2is2i)τ2}, (3.20)

where we have also defined sij = ki · kj and used the massless condition k2
i = 0. We can

check that this factor gives the correct Mandelstam poles for the amplitude. The regions
of integration τ2 > 0 and τ2 < 0 correspond to the subdiagrams of figure 2.

When integrated against dτ , the kinematic measure gives the correct propagators corre-
sponding to each of the diagrams in figure 2. Indeed, we can notice that∫ ∞

0
dτ2 (3.4){(σ2is2i)τ2} =

∫ ∞

0
dτ2 (3.4){−s21τ2} = 1

s21
, (3.21)∫ ∞

0
dτ2 (3.4){(σ2is2i)τ2} =

∫ 0

−∞
dτ2 (3.4){+s23τ2} = 1

s23
, (3.22)
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Figure 2. The two subdiagrams that contribute to the 4-pt function. Note that time flows from the
right to the left in our figures.

which is the correct result. This behavior generalizes to tree amplitudes with more external
legs, but some of the poles come from the multiparticle vertices as in equation (2.40). Now,
we consider the contraction of the canonical momenta. Let us denote by Û the differential
operator obtained by substituting the canonical momenta of the integrated vertex U using the
rules of equations (3.3). One then obtains for the 4-pt function (3.19) the following expression,

A4 =
∫

dτ2{(σ2is2i)τ2}
〈
σ21Û2(V1)V4V3 + σ23V1Û2(V4)V3 + σ24V1V4Û2(V3)

〉
, (3.23)

where each vertex operator also carries a factor of (3.4) {k · x} where xm is the constant
mode of the position variable. For concreteness, we also perform the τ2 integration, obtaining

A4 = 1
2s21

⟨−Û2(V1)V4V3 + V1Û2(V4)V3 + V1V4Û2(V3)⟩

+ 1
2s23

⟨−Û2(V1)V4V3 − V1Û2(V4)V3 + V1V4Û2(V3)⟩. (3.24)

Each of the terms in the last equation corresponds to one of the subdiagrams in figure 2.
It would be natural to expect that the summand corresponding to the channel s21 would
have a numerator where Û2 acts only on V1 (as figure 2 suggests), and similarly for the
channel s23. In our partial result, however, this is not true, unless it is possible to somehow
integrate by parts the action of Û2 in equation (3.24). That this is possible in the pure
spinor formalism is not clear at first, because the integration over θα and λα is obtained by
projection onto the pure spinor measure (3.11) instead of ordinary integration. In appendix A
we will argue that this is indeed allowed.

After performing such integration by parts, we rewrite the 4-pt amplitude as

A4 = − 1
s21

⟨Û2(V1)V4V3⟩ + 1
s23

⟨V1V4Û2(V3)⟩. (3.25)

It is of interest to understand the BRST cohomology of the numerators appearing in tree
amplitudes. The last equation can be written as

A4 = 1
s

ns + 1
u

nu, (3.26)

where we introduced the kinematical numerators

Û2(V1)V4V3 = −ns, V1Û2(V4)V3 = nt, V1V4Û2(V3) = nu. (3.27)
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The requirement that the amplitude be BRST closed fixes the BRST cohomology of the
kinematical numerators ni. Indeed, the 4-pt amplitude can only obey QA4 = 0 for every
value of the Mandelstam variables if there exists some operator O such that

Qns = −sO, Qnu = uO. (3.28)

The objects satisfying equation (3.28) were studied thoroughly in [2]. These are the BRST
building blocks, that we review in appendix B. We use the BRST building blocks to organize
our expressions.

We now return to equation (3.25) and compute the action of the integrated vertex on
the unintegrated vertex, Ûi(Vj). Using the equations of motion of SYM, one finds

Ûi(Vj) = −
(
(Ai · kj)Vj + (Wiγ

mλ)Ajm + Q(WiAj)
)
. (3.29)

This can be further rewritten if we use the identity

Q(A1 · A2) = k1 · A2V1 + (λγmW1)Am
2 + (1 ↔ 2). (3.30)

which can be checked explicitly from (2.60). We find

1
s12

Û2(V1) = λαAα12 + 1
s12

QD12 = V21 + 1
s12

QD12. (3.31)

Plugging this into (3.25), the BRST-exact piece decouples trivially after integration by parts.
So the four-point function can be written as

A4 = −⟨V12V3V4⟩ − ⟨V1V23V4⟩, (3.32)

where we also used the fact that Vij is antisymmetric in i and j (notice also that V is fermionic).
We have thus seen that the BRST exact pieces decouple and the amplitude can be written in
terms of the Berends-Giele currents VP , which are constructed with the BRST building blocks
(see appendix B). This is the correct result obtained by the α′ → 0 limit of the superstring [2].

This simple argument for the decoupling of the BRST exact piece of Û(V ) is no longer
true at higher points, because there the BRST charge can hit other integrated vertices after
integration by parts. This will produce residual terms, but they cancel exactly with the
contributions coming from the pinching operators in equation (3.2).

3.4 5-point amplitude

For the color ordering 12345, the tree level 5-point amplitude coming from (3.2) is given by

A5 =
∫ ∞

−∞
dτ2

∫ τ2

−∞
dτ3
〈
V1(∞)U2(τ2)U3(τ3)V5(0)V4(−∞)

〉
+
∫ ∞

−∞
dτ⟨V1(∞) (U23(τ) + D23(τ)) V5(0)V4(−∞)

〉
, (3.33)

where in the second line we included the contribution from the two-particle integrated vertex
U23 of equation (2.60) and also from the pinching operator D23 of equation (2.61).

As before, the xm path integral gives a kinematical measure that is integrated in
τ to give the propagators of the amplitude. After this is done, one integrates over the
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Figure 3. The diagrams that contribute to the 5-pt function. We have split the diagrams according
to the region of integration. On the first line, all the diagrams have only single particle insertions,
while in the second line the insertions of U23 are represented by a subtree. Finally, the third line
includes contact terms, represented by the pinching operators D23.

canonical momenta, which has the effect of promoting the integrated vertices to differential
operators. Computing the correlator, we find a sum of sixteen contractions in the first line of
equation (3.33) and three in the second line. We can simplify this expression by integrating the
action of the integrated vertices by parts, as before. To do this, we must first perform a gauge
transformation of the vertex operators that takes advantage of the properties of the b-ghost.

The gauge transformation that we will perform is

UP 7→ ŨP , (3.34)

where the tilded vertices, defined in subsection 2.5, are constructed from the b-ghost operator.
In particular, the pinching operator turns out to be BRST closed and can be taken to be zero
without loss of generality as explained below equation (2.69). After this gauge transformation
is performed, the amplitude can be written as

A5 =
∫ ∞

−∞
dτ2

∫ τ2

−∞
dτ3
〈
V1(∞)Ũ2(τ2)Ũ3(τ3)V5(0)V4(−∞)

〉
+
∫ ∞

−∞
dτ⟨V1(∞)Ũ23(τ)V5(0)V4(−∞)

〉
. (3.35)

The first term in the equation above corresponds to the three diagrams in the first line of
figure 3, while the second term corresponds to the diagrams in the second line.

We shall now proceed to the computation of the correlator. The path integral over the
canonical momenta is equivalent to replacing the canonical momenta in the integrated vertex
insertions with the corresponding differential operators, up to σij factors. For instance

⟨pm(τ1)O(x(τ2))⟩ = σ12⟨∂mO(x(τ2))⟩. (3.36)

Performing this substitution in equation (3.35), one defines the hatted operators ˆ̃Ui and
ˆ̃Uij . Using the properties of the b ghost, it is possible to integrate these operators by parts
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(see appendix A), which greatly simplifies the computation of the correlator. To illustrate,
let us take the first integral in equation (3.35) and consider the interval of integration
∞ > τ2 > τ3 > 0, corresponding to the first diagram of figure 3. The corresponding piece
of the amplitude is equal to∫ ∞

0
dτ2

∫ τ2

0
dτ3e−τ2s12e−τ3(s13+s23)

〈
V1(∞)Ũ2(τ2)Ũ3(τ3)V5(0)V4(−∞)

〉
= − 1

2

∫ ∞

0
dτ2

∫ τ2

0
dτ3e−τ2s12e−τ3(s13+s23)

〈( ˆ̃U2(V1)Ũ3V5V4 − V1
ˆ̃U2(Ũ3V5V4)

)〉
= −

∫ ∞

0
dτ2

∫ τ2

0
dτ3e−τ2s12e−τ3(s13+s23)

〈 ˆ̃U2(V1)Ũ3V5V4
〉
, (3.37)

where we integrated the action of ˆ̃U2 by parts in the last line. Using the same argument for
the action of Ũ3 and performing the integral over the kinematic measure, one obtains the
value of the correlator together with the corresponding kinematical poles of the amplitude

1
s12s45

⟨ ˆ̃U3( ˆ̃U2(V1))V5V4⟩. (3.38)

This computation is conceptually important because it demonstrates how the contractions
coming from the worldline can be arranged as Berends-Giele currents. A useful pictorial inter-
pretation of this result is that, in the corresponding diagram of this correlator — specifically
the first diagram of figure 3 — each integrated vertex acts only on the leg where it sits.

If we repeat this procedure to all channels, we obtain the following expression for the
amplitude

A5 = 1
s12s45

⟨ ˆ̃U3( ˆ̃U2(V1))V5V4⟩ + 1
s12s34

⟨ ˆ̃U2(V1)V5
ˆ̃U3(V4)⟩ + 1

s15s34
⟨V1V5

ˆ̃U3( ˆ̃U2(V4))⟩

+ 1
s45

⟨ ˆ̃U23(V1)V5V4⟩ + 1
s15

⟨V1V5
ˆ̃U23( ˆ̃U4)⟩. (3.39)

To compare with the previous result for SYM amplitudes in the pure spinor formalism of [2],
we will write this result in terms of the BRST building blocks Tij and Tijk. As it turns
out, any set of composite operators satisfying the right BRST cohomology can be used to
express the amplitude, and different composite operators are related by BRST-exact pieces
and contact terms that cancel in the full color-ordered amplitude. The BRST cohomology
and symmetries of Tij and Tijk are enough to obtain our result.

The BRST building blocks are composite fields that satisfy the following BRST co-
homology [2]

{Q, T12} = s12V1V2, (3.40)
{Q, T123} = s123T12V3 + s12(T13V2 − T12V3 + V1T23), (3.41)

and the symmetries T(12) = T(12)3 = T123 + cyclic = 0. In order to express our result (3.39)
in terms of the BRST building blocks, we note that the composite vertices ˆ̃Ui(Vj), ˆ̃Ui( ˆ̃Uj(Vk))
and ˆ̃Uij(Vk) satisfy the same relation under BRST transformation, namely

{Q, ˆ̃U2(V1)} = s12V2V1, (3.42)

{Q, ˆ̃U3( ˆ̃U2(V1))} = s123
ˆ̃U2(V1)V3 + s12( ˆ̃U3(V2)V1 + V2

ˆ̃U3(V1) − V3
ˆ̃U2(V1)). (3.43)
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This set of equations means that the composite vertices can be mapped to the BRST building
blocks up to contact terms. Let us see how this plays out. At two-particles, one can see
that {Q, ˆ̃U2(V1) − T21} = 0. The uniqueness of the BRST cohomology then implies that
the composite vertex is related to this building block at this rank by a BRST exact piece;
i.e. there exists E21 such that

ˆ̃U2(V1) = T21 + [Q, E21]. (3.44)

The anti-symmetry of both the composite vertex and the BRST building block implies that
Eij is also antisymmetric, E(ij) = 0. For the three-particle composite fields, one can find
from (3.41), (3.43) and (3.44),

{Q, ˆ̃U3( ˆ̃
2U(V1))} = {Q, T123 − s123V3E21 + s21(E32V1 − E31V2 + E21V3)}. (3.45)

The uniqueness of the BRST cohomology then implies that

ˆ̃U3( ˆ̃
2U(V1)) = T123 − s123V3E21 + s21(E32V1 − E31V2 + E21V3) + [Q, · · · ]. (3.46)

The terms that come multiplied by Mandelstam variables are named contact terms. The
result thus obtained is that the composite field is equal to the BRST building blocks plus
contact terms and BRST-exact pieces. The [Q0, · · · ] in the last equation does not contribute
to the 5-pt function, but if we were interested in the higher point functions, we would need
to include them, and they would give contact terms for the higher-order composite fields.
Proceeding similarly, one finds that

s23
ˆ̃U23(V1) = T321 − s123V1E23 + s23(E12V3 − E13V2 + E23V1) + [Q, · · · ]. (3.47)

To write the result (3.39) in terms of the BRST building blocks, we plug the equa-
tions (3.44), (3.46) and (3.47). The contact terms Eij cancel between diagrams and the
final result for the 5-point function is

A5 = ⟨T123V5V4⟩
s12s45

+ ⟨T12T34V5⟩
s12s34

+ ⟨V1T432V5⟩
s15s34

+ ⟨T321V4V5⟩
s23s45

+ ⟨V1T234V5⟩
s23s15

. (3.48)

This result agrees with the low energy limit of the pure spinor superstring disk am-
plitude [2]. The same result can be obtained without the b-ghost by writing down all the
contractions coming from (3.33), and using the BRST cohomology to obtain an expression
similar to (3.39), but including pinching operators. Then one can again argue that the
pinching operators cancel with the BRST exact piece of the multiparticle vertices, and the
result is again that of eq. (3.48).

3.5 N-point amplitude

The N -point SYM tree-level amplitude was computed in [33] using the Berends-Giele currents
constructed from the BRST building blocks. The result is given by

A′
N =

N−2∑
j=1

⟨M1...jMj+1...N−1VN ⟩, (3.49)
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where the Berends-Giele currents Mi...j are defined iteratively through their BRST cohomology.
They satisfy

QM1...p =
p−1∑
j=1

M1...jMj+1...p, (3.50)

with Mi = Vi. One should notice that this is the same recursion relation that defines the
multiparticle unintegrated vertices as in equation (2.46). We will now show that the worldline
amplitude of equation (3.2) can be written in the same way as in equation (3.49), using
a potentially different set of Berends-Giele currents. We will then use the uniqueness in
the BRST cohomology to establish that the value of the amplitude is independent of the
representation of the Berends-Giele currents, proving that the worldline prescription gives the
same result as equation (3.49). For convenience, we will write down the worldline amplitude
prescription (equation (3.2)) again

AN =
∑

|R1|+···+|Rk|=N−3

∫
τj>τj+1

dτ1 . . . dτk

× ⟨V1(∞)VN (0)VN−1(−∞)(UR1 + DR1)(τ1) . . . (URk
+ DRk

)(τk)⟩. (3.51)

Gauge invariance allows us to rewrite AN in terms of the b-ghost vertex insertions, which
are denoted by a tilde, as follows

AN =
N−3∑
k=1

∑∑k

i=1 |Pi|=N−3

∫
τj>τj+1

dτ1 . . . dτk⟨V1ŨP1 . . . ŨPk
VN VN−1⟩. (3.52)

The worldline wick contractions promote the vertex insertions to differential operators as
explained in subsection 3.4. Due to the properties of the b-ghost, we can integrate the action
of these operators by parts, obtaining a sum of strings of operators acting on V1 or VN−1
according to where τi is greater or smaller than zero

AN =
N−3∑
k=1

∑∑k

i=1 |Pi|=N−3

∑
j

(−1)j
∫

τj>0>τj+1
dτ1 . . . dτk

×
〈( ˆ̃UP1 . . . ˆ̃UPj V1

)
VN

( ˆ̃UPj+1 . . . ˆ̃UPk
VN−1

)〉
. (3.53)

Although this expression seems complicated, we can readily identify it as a sum of Berends-
Giele currents as defined in (3.50). For instance, summing over all partitions of j + 1, . . . , N −
2, we find ∑∑

Pi=j+1,...,N−3

∫
0>τj+1

dτj+1 . . . dτk

( ˆ̃UPj+1 . . . ˆ̃UPk
VN−1

)
= Ṽj+1...N−1, (3.54)

where the multiparticle field Ṽj+1...N−1 is defined as in (2.62) — the factors of 1/sP come
from the proper time integration. Thus equation (3.53) can be written as

AN = −
N−2∑
j=1

⟨Ṽ1...j Ṽj+1...N−1VN ⟩, (3.55)
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where we used the shuffle symmetry of the Berends-Giele currents [32]. A similar argument
can be constructed without using the b-ghost, but one needs to subtract contact terms
appropriately when defining the Berends-Giele currents to guarantee the correct BRST
cohomology.

We will now prove that every set of Berends-Giele currents gives rise to the same
scattering amplitude. Suppose that

AN = −
N−2∑
j=1

⟨V1...jVj+1...N−1VN ⟩, (3.56)

for some set of Berrends-Giele currents satisfying

QVP = −
∑

RQ=P

VRVQ. (3.57)

Suppose further that there exists another set of Berrends-Giele currents and construct A′
N as

A′
N = −

N−2∑
j=1

⟨V ′
1...jV ′

j+1...N−1VN ⟩, (3.58)

Suppose further that V ′
i = Vi. The two sets of Berrends-Giele currents will be related to

each other by contact terms and BRST-exact pieces. For instance

Q(V ′
12 − V12) = 0 ⇒ V ′

12 = V12 + QE12, (3.59)

for some E12, since the BRST cohomology is trivial for off-shell fields by what is argued
in subsection 2.2. This implies that

QV ′
123 = QV123 + Q(−E12V3 + V1E23)

⇒ V ′
123 = V123 − E12V3 + V1E23 + Q(E123), (3.60)

for some E123. This process can be continued for all ranks of the currents. Schematically

V ′
P = VP + Q(EP ) + contact terms. (3.61)

Now consider A′
N , and expand the V ′

P appearing in the expansion as VP , plus contact terms
and BRST exact pieces. We will fix P = 1 . . . k and track the term proportional to EP to
see that it cancels. This term comes from V ′

P and also from every higher rank current V ′
P Q,

where Q = (k + 1) . . . j for some j. Let us study the case Q = k + 1,

QV ′
P (k+1) = −V ′

P V ′
k+1 + . . .

= −VP V ′
k+1 − QEP V ′

k+1 + . . .

= −VP V ′
k+1 − Q(EP V ′

k+1) + . . . ,

⇒ V ′
P (k+1) = VP (k+1) − EP V ′

k+1 + . . . , (3.62)

where the . . . include all terms that do not have EP . Similarly

QV ′
P (k+1)(k+2) = −VP V ′

(k+1)(k+2) − Q(EP V ′
(k+1)(k+2)) + . . .

⇒ V ′
P (k+1)(k+2) = VP (k+1)(k+2) − EP V ′

(k+1)(k+2) + . . . . (3.63)
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In general, one finds (for Q = (k + 1) . . . j)

QV ′
P Q = −VP V ′

Q − Q(EP V ′
Q) + . . .

⇒ V ′
P Q = VP Q − EP V ′

Q + . . . . (3.64)

Using this equation, the terms proportional to EP are easily seen to cancel in A′
N . Indeed,

fix P = 1 . . . k. Then (here, Q is a shortcut for ((k + 1) . . . N − 1), and Q1Q2 run over
the deconcatenation sum of Q)

A′
N = −

N−2∑
j=1

⟨V ′
1...jV ′

j+1...N−1VN ⟩

= −⟨V ′
P V ′

QVN ⟩ −
∑

Q1Q2=Q

⟨V ′
P Q1V ′

Q2VN ⟩ + . . .

= −⟨VP V ′
QVN ⟩ − ⟨QEP V ′

QVN ⟩ −
∑

Q1Q2=Q

⟨V ′
P Q1V ′

Q2VN ⟩ + . . .

= −⟨VP V ′
QVN ⟩ + ⟨EP QV ′

QVN ⟩ −
∑

Q1Q2=Q

⟨V ′
P Q1V ′

Q2VN ⟩ + . . .

= −⟨VP V ′
QVN ⟩ −

∑
Q1Q2=Q

⟨EP V ′
Q1V ′

Q2VN ⟩ −
∑

Q1Q2=Q

⟨V ′
P Q1V ′

Q2VN ⟩ + . . .

= −⟨VP V ′
QVN ⟩ −

∑
Q1Q2=Q

⟨VP Q1V ′
Q2VN ⟩ + . . . , (3.65)

where the . . . contain no term proportional to EP . A similar argument can be constructed
for the cancellation of the EP where P ≠ 1 . . . k (for instance by using shuffle symmetry).
After all of the EP terms are canceled, one finds that

A′
N = −

N−2∑
j=1

⟨V ′
1...jV ′

j+1...N−1VN ⟩ (3.66)

= −
N−2∑
j=1

⟨V1...jVj+1...N−1VN ⟩ = AN .

Thus the amplitude has the same numerical value for all consistent sets of Berrends-Giele
currents. In particular, the worldline prescription gives the same result as the one obtained
from the BRST building blocks of [2].

4 Discussions

We have developed a prescription for computing tree-level scattering amplitudes in the 10D
SYM theory using the pure spinor worldline formalism for the superparticle. In particular, we
have studied the necessary insertions on the worldline, and showed that the pinching operators
act as contact terms that enhance the BRST properties of the kinematical numerators,
elucidating how this phenomenon first observed in string theory also appears in the particle.
In particular, one might interpret the multiparticle fields appearing in the computation of the
amplitude as Berends-Giele currents. Once this is done, the computation of the amplitude
boils down to the computation of these currents, which singles out the known result in terms
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of the BRST building blocks. In this sense, the computation of the amplitude is formulated
as a recursive construction in BRST cohomology, as in [21]. We notice that, in the worldline,
this reformulation arises quite naturally from the integration by parts procedure that we
carried over. The use of the Hamiltonian path integral (as opposed to the usual Lagrangian)
in our computation of the worldline amplitude was established as a way to avoid ill-defined
distributions (coming from products of Dirac deltas) in the formalism.

Our study provides a foundation for further investigation into the worldline formalism of
other supersymmetric theories. A natural next step is the extension to 11D supergravity, using
the 11D pure spinor superparticle formalism [36–44]. We start this research program in our
companion papers [19, 20]. Furthermore, the ideas developed in the present manuscript might
shed light on the construction of N-point amplitudes for ambitwistor models constructed from
their particle counterparts [45–47]. Additionally, exploring loop-level amplitudes within this
formalism may offer new insights into the interplay between worldline methods and traditional
Feynman diagram techniques. By establishing the effectiveness of the worldline approach for
10D SYM, we pave the way for a broader application of first-quantized techniques in field
theory, potentially simplifying amplitude computations in supersymmetric and gravitational
theories.
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A Integration by parts

The last step in the evaluation of the scattering amplitude (3.2) is the integration over the
worldline zero modes. While in the minimal pure spinor formalism this is described ad-hoc
by the projection on the measure (3.11), the non-minimal pure spinor formalism allows one
to justify this result from first principles. One defines the quantum mechanical correlator
⟨O⟩ as the path integral over the non-minimal variables with insertion O

AN =
∫

DΦN e−SO, (A.1)
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where DΦ represents the measure for integration over all non-minimal fields and N is a
regularization factor that ensures that the integral over the bosonic fields is finite. After
integrating out xm and the various non-zero modes using the contractions of equation (2.6),
one is left with an integral over the zero modes of λα, λ̄α, rα and θα

AN =
∫

[dλ][dλ̄][dr]d16θN f(λ, λ̄, r, θ), (A.2)

for some function f . The holomorphic top-form on the respective spaces gives the zero-mode
integration measure

[dλ]λα1λα2λα3 = (ϵT−1)α1α2α2
β1...β11

dλβ1 . . . dλβ11 , (A.3)

[dλ̄]λ̄α1 λ̄α2 λ̄α3 = (ϵT )β1...β11
α1α2α2dλ̄β1 . . . dλ̄β11 , (A.4)

[dr] = (ϵT−1)α1α2α2
β1...β11

λ̄α1 λ̄α2 λ̄α3

(
∂

∂rβ1

)
. . .

(
∂

∂rβ11

)
. (A.5)

where the tensors (ϵT−1)α1α2α2
β1...β11

and (ϵT )β1...β11
α1α2α2 are symmetric and gamma matrix traceless

in (α1, α2, α3) and antisymmetric in [β1, . . . , β11]. Their explicit form can be found in [25],
but this will not be needed here. The presence of the regulator N is necessary because the
integral over the unbounded bosonic ghosts diverges in its absence. This regulator N is
BRST trivial and thus cannot change the value of the amplitude. It is given by

N = {−{Q, λ̄αθα}} = {−λ̄αλα − rαθα}, (A.6)

where only the zero-modes of the fields appearing in the last equation contribute. Due to
BRST invariance, the amplitude does not depend on the specific choice of regulator. Plugging
equation (A.6) into (A.2), the integration furnishes exactly the rule of equation (3.11) [25, 48].

The measure (A.6) commutes with the b field defined in (2.16). To show this, note first that

[b, {Q, λ̄αθα}] = −[Q, {b, λ̄αθα}]. (A.7)

since [H, λ̄αθα] = 0. It is simple to check that the (anti)commutator of the physical operators
with λ̄αθα vanishes

[∆m, λ̄αθα] = (λ̄γmr)
2(λ̄λ)

= 0, {Am, λ̄αθα} = (λ̄γmλ̄)
2(λ̄λ)

= 0, (A.8)

where we used the non-minimal pure spinor constraints. This establishes that [b,N ] = 0. It
can actually be shown that [Am,N ] = [∆m,N ] = 0. This is an important result because it
allows one to integrate the action of b by parts in a correlator. This can be demonstrated
with ease in the Siegel gauge. A generic kinematical numerator will be given by

⟨O1[U ′
P ,O2]⟩ =

∫
[dλ][dλ̄][dr]d16θ N

(
O1[U ′

P ,O2]
)

, (A.9)

for unspecified operators O1,2. Writing U ′
P = −Âm(V ′

P )∆m + ∆̂m(V ′
P )Am, we find

⟨O1[U ′
P ,O2]⟩ = ⟨O1

(
−Âm(V ′

P )∆̂m(O2) + ∆̂m(V ′
P )Am(O2)

)
⟩.

= ⟨
(
Âm(V ′

P )∆̂m(O1) − ∆̂m(V ′
P )Am(O1)

)
O2⟩.

= −⟨[U ′
P ,O1]O2⟩, (A.10)
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where we integrated by parts in the second line, and used the fact that Am is fermionic while
∆m is bosonic. We have also used the Siegel gauge condition b0(V ′

P ) = 0, and the fact that
the physical operators commute with the measure N . Finally, we have also used the fact
that Nmn acts as a total derivative on pure spinor space,∫

[dλ] λα(γmn) β
α ∂λβ [f(λ)] = 0, (A.11)

provided that the function f is sufficiently well-behaved at the boundaries.
In Siegel gauge, this implies that the kinematical numerators explicitly satisfy generalized

Jacobi identities, as show in [12]. Indeed, the kinematical numerators appearing in the tree
amplitude in Siegel gauge are generally given by

⟨b0(V ′
AV ′

B)V ′
CV ′

D⟩. (A.12)

Using the fact that b0 is a quadratic differential operator, we find

b0(V ′
AV ′

BV ′
C) = b0(V ′

AV ′
B)V ′

C + b0(V ′
BV ′

C)V ′
A + b0(V ′

CV ′
A)V ′

B. (A.13)

Integrating by parts, we obtain the following generalized Jacobi identities

⟨b0(V ′
AV ′

B)V ′
CV ′

D⟩ + ⟨b0(V ′
BV ′

C)V ′
AV ′

D⟩ + ⟨b0(V ′
CV ′

A)V ′
BV ′

D⟩ = 0. (A.14)

B BRST building blocks

In [2], the contractions of the N-point function are organized using the BRST building blocks.
They behave like the composite operators Ûi1 · · · Ûik

(V ) in the sense that they describe
multiparticle states and obey the BRST cohomology of equation (2.46). But they also satisfy
symmetries that are reminiscent of the generalized Jacobi identities and can be used to
construct the Berends-Giele currents of SYM. In this appendix, we will briefly explain their
construction. The interested reader should consult the original reference [2].

The composite fields that appear in the worldline prescription (3.2) are given by strings
of integrated vertices UPi acting on the unintegrated vertices Vi, ÛP1 · · · ÛPk

(Vi). At the first
level, we obtain the two-particle composite field

Ûi(Vj) = −
(
(Ai · kj)Vj + (Wiγ

mλ)Ajm + Q(WiAj)
)
. (B.1)

The worldline prescription also forces us to consider the composite fields representing
a larger number of particles, such as

Û3Û2V1,

Û[23]V1,

Û4Û3Û2V1,

...

(B.2)

The string theory computation contains equivalent objects. These are the composite
fields Lijkn..., defined as the single pole contraction of integrated and unintegrated vertices.

– 30 –



J
H
E
P
1
2
(
2
0
2
5
)
0
4
4

At first order, we define the composite field L21 is computed by taking the single pole in
the OPE of U2 colliding with V1,

L21(z1) = lim
z2→z1

(z2 − z1)U2(z2)V1(z1). (B.3)

At higher orders, the composite field Lijkn... is defined by taking zi → zj , zk → zn, etc in
the OPE. These can be obtained recursively. For instance,

L2131···n1 = lim
zn→z1

(zn − z1)Un(zn)L2131···(z1). (B.4)

The equivalence between the composite vertices of the particle and the Lijkn... can be
established with ease since the extraction of the single pole in U(z)O(0) where O has
conformal weight zero is equivalent to the particle contraction [U,O]. The composite fields
satisfy the BRST cohomology

QL21 = s12V1V2, (B.5)

QL2131 = s123L21V3 + s12
[
L31V2 + V1L32 − L21V3

]
, (B.6)

and similarly for higher-order vertices. This can be obtained by using the descent equation
[Q, U ] = ∂V . This BRST cohomology allows one to assign a diagrammatic interpretation
to the composite fields, as done in [2]. This form of the BRST cohomology is fixed by the
requirement of BRST invariance of the tree-amplitude. Let us see how this works out for
the color-ordered 4-pt function. If we write generally

A4 = ns

s
+ nt

t
, (B.7)

then this can only satisfy QA4 = 0 for arbitrary values of the external momenta if Qns = sO
and Qnt = −tO for some O. This is exactly the general structure of BRST cohomology
of the composite fields given by equation (B.5), so it is intuitive that the composite fields
correspond to the kinematical numerators of the tree-amplitude.

Different kinematical numerators have different properties. It is of interest to enhance the
properties of the kinematical numerators by performing generalized gauge transformations,
which is equivalent to the cancellation of contact terms between diagrams. The contact terms
correspond to the BRST exact pieces of the composite fields.

The BRST exact piece of L21 can be found by direct inspection to be the symmetric part,

L12 + L21 = −QD12. (B.8)

where D12 = (A1 · A2 + W1A2 + W2A1). In the string, this might be established with ease
by considering the BRST charge acting on the OPE of two integrated vertices U1(z)U2(0).
By first taking the double pole and then acting with Q, we obtain −[Q, D12](0)/z where
−D12 is the (symmetric) double pole of the OPE. By first acting with the BRST charge and
then taking the double pole, we obtain (L21 + L12)(0)/z2, and since the order of operations
cannot alter the result, this establishes that L{12} is BRST exact on the string. For the
superparticle, one notes that the consistency condition (2.45) implies that Û1(V2) + Û2(V1)
must be BRST trivial.
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When we subtract the BRST exact pieces, we define the BRST building blocks Tij···.
For instance,

T12 = L[12] = L21 − L{21} = L21 + 1
2QD12. (B.9)

This is the rank-2 BRST building block. It satisfies the same BRST cohomology as L21,
but has the advantage of also being anti-symmetric,

T{12} = 0. (B.10)

The higher-order BRST building blocks are constructed similarly. From the BRST cohomology
of the rank-2 composite field, we obtain

QL2131 = s123T12V3 + s12
[
T13V2 + V1T23 − T12V3

]
− 1

2Q
(
s123D12V3 + s12

[
D13V2 − V1D23 − D12V3

])
. (B.11)

This implies that

Q

(
L2131 + 1

2s123D12V3 + 1
2s12

[
D13V2 − V1D23 − D12V3

])
= s123T12V3 + s12

[
T13V2 + V1T23 − T12V3

]
. (B.12)

We define T123 as the object inside parenthesis, but stripped of its BRST exact pieces,

T123 = L2131 + 1
2s123D12V3 + 1

2s12
[
D13V2 − V1D23 − D12V3

]
+ Q(· · · ). (B.13)

The construction of the BRST building blocks goes on in this iterative manner. The BRST
building blocks satisfy the BRST cohomology appropriate for kinematical numerators, e.g.

QT12 = s12V1V2, (B.14)

QT123 = s123T12V3 + s12
[
T13V2 + V1T23 − T12V3

]
, (B.15)

and similarly for higher rank BRST building blocks. The subtraction of the BRST exact
pieces also enhances the symmetry properties of these objects, e.g.

T{12} = 0, (B.16)
T{12}3 = T{123} = 0. (B.17)

The composite fields obtained in the worldline formalism are equivalent to the Lijkn···
composite fields, as argued. In particular, they satisfy the same BRST cohomology as the
Lijkn··· and the BRST building blocks Tijk···. By arguments of uniqueness in the BRST
cohomology, we might relate any such set of operators by the subtraction of contact terms and
BRST exact pieces. As we have seen, the worldline amplitude is naturally written in terms
of the Ûi · · · ÛjVk composite fields. The pinching operators conspire to kill off the BRST
exact pieces of these fields, enhancing the symmetry properties of the numerators. Crucially,
this procedure allows one to bootstrap the tree-level amplitude from BRST invariance once
one computes the composite fields Ûi · · · ÛjVk, as we did.
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