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Abstract
We propose and study conformal integrators for linearly damped stochastic Poisson systems.
We analyse the qualitative and quantitative properties of these numerical integrators: preser-
vation of dynamics of certain Casimir and Hamiltonian functions, almost sure bounds of the
numerical solutions, and strong and weak rates of convergence under appropriate conditions.
These theoretical results are illustrated with several numerical experiments on, for exam-
ple, the linearly damped free rigid body with random inertia tensor or the linearly damped
stochastic Lotka–Volterra system.

Keywords Stochastic differential equations · Linearly damped stochastic Poisson systems ·
Casimir and Hamiltonian functions · Geometric numerical integration · Stochastic
conformal integrator · Strong and weak convergence

Mathematics Subject Classification 60H10 · 60H35 · 65C20 · 65C30 · 65P10.

1 Introduction

The design and analysis of structure-preserving numerical methods, i. e. Geometric Numer-
ical Integration (GNI), has been a major focus of research in numerical analysis of Ordinary
Differential Equations (ODEs) for 35 years, see for instance [3, 11, 14, 18, 33]. Prominent
examples of applications of GNI are Hamiltonian and Poisson systems of classical mechan-
ics. In order to model energy dissipation, e.g. due to frictional forces, in Hamiltonian and
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Poisson systems, one may introduce a linear (possibly time-dependent) damping term into
the model. In this case, one speaks of conformal Hamiltonian and Poisson systems, see for
instance [24, 30]. Efficient numerical methods for conformal ordinary and partial differential
equations have been proposed and studied in e.g. [1, 5, 19, 20, 28–31] and references therein.

The focus of this work is on the design and analysis of conformal exponential integrators
for randomly perturbed linearly damped Poisson systems of the form

dy(t) =
(
B(y(t))∇H0(y(t)) − γ (t)y(t)

)
dt +

M∑
m=1

B(y(t))∇Hm(y(t)) ◦ dWm(t) (1)

with a structure matrix B : R
d → R

d×d , Hamiltonian functions Hj : R
d → R, for j =

0, 1, . . . , M , a damping term γ : R → R, and independent standard real-valued Wiener
process Wm for m = 1, . . . , M . This Stochastic Differential Equation (SDE) is understood
in the Stratonovich sense, which as usual is indicated by the symbol ◦ in the SDE. See
Section 2 for the precise setting and details on the notation. Examples of systems which
belong to the general class of systems (1) above are given by

dy(t) = B(y(t))∇H(y(t))
(
dt + c ◦ dW (t)

) − γ (t)y(t) dt, (2)

where c > 0. In the above problem, one takes M = 1, W = W1, H0 = H and H1 = cH in
the SDE (1). Some results which are specific to this subclass of systems will be given in this
work.

Our work is built upon recent developments for linearly damped stochastic Hamiltonian
systems in [36, 37] and for undamped stochastic Lie–Poisson systems [4], as well as on early
works in the deterministic case from [8, 30].

The contributions of our work are the following.

– We design stochastic exponential integrators for (1) and we show that quadratic Casimirs
are damped accordinglywith the evolution law of the exact solution, i. e. that the proposed
scheme is a stochastic conformal integrator, see Proposition 2. Moreover, for the specific
class of systems (2),we show that if theHamiltonian function is homogeneous of degree p
then its damping behavior is also preserved by the proposed integrator, see Proposition 3.

– We show that under certain conditions on Casimir and Hamiltonian functions, the results
above provide almost sure bounds for the exact and numerical solutions, see Corollaries 1
and 2. This is a crucial stepwhen the drift and diffusion coefficients of the SDEs (1) and (2)
are not assumed to be globally Lipschitz continuous, which happens in some of the
considered examples.

– We prove strong and weak convergence results for the proposed stochastic exponential
integrators, under the conditions ensuring almost sure moment bounds on the exact and
numerical solutions. We show that in general the strong and weak rates of convergence
are equal to 1/2 and 1 respectively, see Theorems 1 and 4. Moreover, we show that when
M = 1, the strong rate of convergence is equal to 1, see Theorems 2 and 3.

– We provide numerical experiments in order to illustrate the qualitative behavior and the
convergence results for the proposed stochastic conformal integrators.

The paper is organized as follows. Section 2 presents the setting, themain examples and the
main qualitative properties of linearly damped stochastic Poisson systems considered in this
article. We then introduce and analyse the qualitative properties of the proposed stochastic
conformal exponential integrators in Section 3. In Section 4, we state and prove the strong
andweak convergence results for our numerical schemes. Finally, qualitative and quantitative
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properties of the studied numerical methods are illustrated in several numerical experiments
in Section 5.

2 Setting

In this section, we first provide notation and define the class of SDEs considered in this
article. Next, we describe examples which fit in this class of linearly damped stochastic
Poisson systems. Finally, we study the main qualitative properties of their solutions.

2.1 Notation

Let d be a positive integer which denotes the dimension of the considered problem. The
Poisson structure is determined by a mapping B : R

d → R
d×d which takes values in the set

of skew–symmetric matrices, i. e. one has B(y)T = −B(y) for all y ∈ R
d .

Let the positive integer M denote the dimension of the stochastic perturbation, and con-
sider independent standard real-valued Wiener processes W1 = (

W1(t)
)
t�0, . . . ,WM =(

WM (t)
)
t�0 defined on a probability space denoted by (Ω,F, P). In addition, consider

Hamiltonian functions H0, H1, . . . , HM : R
d → R. Finally, let γ : R → R denote the

damping function, which is assumed to be continuous.
In this article, we consider two classes of linearly damped stochastic Poisson systems.

The first class of systems is defined as

⎧
⎪⎪⎨
⎪⎪⎩
dy(t) =

(
B(y(t))∇H0(y(t)) − γ (t)y(t)

)
dt +

M∑
m=1

B(y(t))∇Hm(y(t)) ◦ dWm(t), t � 0,

y(0) = y0,
(3)

where y0 is a given initial value (which is assumed to be deterministic). The noise in the
SDE (3) is understood in the Stratonovich sense.

Assume that the structure matrix B is a mapping of class C2, that the Hamiltonian function
H0 is of class C2, and that the Hamiltonian functions H1, . . . , HM are of class C3. Under
those regularity conditions, the SDE (3) admits a unique local solution (defined for t ∈ [0,T),
where T is a stopping time with values in [0,∞]), see for instance [23, Chapter 2] or [16,
Section 4.8].

We also study a second class of linearly damped stochastic Poisson systems, given by

⎧
⎨
⎩
dy(t) = B(y(t))

(
∇H(y(t))dt + c∇H(y(t)) ◦dW (t)

)
− γ (t)y(t)dt, t � 0,

y(0) = y0,
(4)

where c > 0 measures the size of the random perturbation. The system of SDEs (4) can be
obtained from the first class (3) with a single Wiener process, i. e. M = 1, and with a single
Hamiltonian function H0 = H and H1 = cH . This class of SDEs is a damped version of
randomised Hamiltonian/Poisson systems, see for instance [2, Chap. V.4], [27], [17, Sect.
3.1], or [7]. Local well-posedness of (4) is ensured by assuming that the structure matrix B
is a mapping of class C2 and that the Hamiltonian function H is of class C3, the solution is
then defined for t ∈ [0,T), where T is a stopping time with values in [0,∞].
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Global well-posedness for (3) and (4), i. e. having T = ∞ almost surely, requires addi-
tional assumptions. A sufficient condition which exploits the structure of the systems (3)
and (4) will be stated below.

2.2 Examples

We now give some examples of linearly damped stochastic Poisson systems. All these exam-
ples are considered in the numerical experiments in Section 5.

Example 1 [Linearly damped stochastic Hamiltonian systems] Let d = 2n be an even integer
and decompose y = (y1, y2) ∈ R

n × R
n . Let I ∈ R

n×n be the identity matrix in dimension

n and consider the symplectic matrix J =
(

0 I
−I 0

)
∈ R

d×d . Choosing B(y) = J−1 =
(
0 −I
I 0

)
for all y ∈ R

d for the structure matrix, the system (3) gives the linearly damped

stochastic Hamiltonian system

d

(
y1(t)
y2(t)

)
=

(−∇y2H0(y1(t), y2(t))
∇y1H0(y1(t), y2(t))

)
dt − γ (t)

(
y1(t)
y2(t)

)
dt

+
M∑

m=1

(−∇y2Hm(y1(t), y2(t))
∇y1Hm(y1(t), y2(t))

)
◦ dWm(t)

This class of problems has been studied in [36, 37] for instance.
Considering the second class of systems (4), choosing H(y) = 1

2 y
2
1 −cos(y2), one obtains

a linearly damped version of the stochastic mathematical pendulum studied for instance in
[7]:

d

(
y1(t)
y2(t)

)
=

(− sin(y2(t))
y1(t)

)
(dt + c ◦dW (t)) − γ (t)y(t)dt . (5)

Note that the drift and diffusion coefficients in (5) have bounded first and second order
derivatives. It is thus straightforward to check that this system of SDEs is globally well-
posed.

Let us now describe several examples with non-constant structure matrices B(y). These
provide linearly damped versions of the stochastic Poisson systems studied in [4, 7, 9, 10,
15, 21, 34].

Example 2 [Linearly damped stochastic rigid body system] Let d = 3, denote y =
(y1, y2, y3) ∈ R

3, and let M = 3. Consider the structure matrix

B(y) =
⎛
⎝

0 −y3 y2
y3 0 −y1

−y2 y1 0

⎞
⎠ , ∀y ∈ R

3.

Given two families (I1, I2, I3) and ( Î1, Î2, Î3) of pairwise distinct positive real num-
bers (called principal moments of inertia), defined the Hamiltonian functions H0(y) =
1
2

(
y21
I1

+ y22
I2

+ y23
I3

)
and Hm(y) = 1

2
y2m
Îm

for m = 1, 2, 3 and for all y ∈ R
3. One then

obtains a damped version of the stochastic rigid body system given in [4, Example 2.4] when
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considering the system (3):

d

⎛
⎝
y1(t)
y2(t)
y3(t)

⎞
⎠ =

⎛
⎝

(I−1
3 − I−1

2 )y3(t)y2(t)
(I−1

1 − I−1
3 )y1(t)y3(t)

(I−1
2 − I−1

1 )y2(t)y1(t)

⎞
⎠dt − γ (t)

⎛
⎝
y1(t)
y2(t)
y3(t)

⎞
⎠dt +

⎛
⎝

0
y1(t)y3(t)/ Î1
y2(t)y1(t)/ Î1

⎞
⎠ ◦dW1(t)

(6)

+
⎛
⎝

−y3(t)y2(t)/ Î2
0

y1(t)y2(t)/ Î2

⎞
⎠ ◦dW2(t) +

⎛
⎝

y2(t)y3(t)/ Î3
−y1(t)y3(t)/ Î3

0

⎞
⎠ ◦dW3(t).

Example 3 [Linearly damped stochastic Lotka–Volterra system] Let d = 3 and denote y =
(y1, y2, y3) ∈ R

3. Let a, b be two real numbers. Consider the structure matrix

B(y) = y1−ab
1 yb+1

2

⎛
⎝

0 a 1
−a 0 −ab
−1 ab 0

⎞
⎠ , ∀ y ∈ R

3,

and the Hamiltonian function

H(y) = yab1 y−b
2 y3, ∀ y ∈ R

3.

One then obtains a stochastic version of the linearly damped Lotka–Volterra system from [30]
when considering the system (4):

d

⎛
⎝
y1(t)
y2(t)
y3(t)

⎞
⎠ =

⎛
⎝

y1(t)(y2(t) − aby3(t))
y2(t)(−a2by3(t) − aby1(t))
y3(t)(−aby2(t) − ab2y1(t))

⎞
⎠dt

+ c

⎛
⎝

y1(t)(y2(t) − aby3(t))
y2(t)(−a2by3(t) − aby1(t))
y3(t)(−aby2(t) − ab2y1(t))

⎞
⎠ ◦dW (t) − γ (t)

⎛
⎝
y1(t)
y2(t)
y3(t)

⎞
⎠dt . (7)

Example 4 [Linearly damped stochastic Maxwell–Bloch system] Let d = 3, denote y =
(y1, y2, y3) ∈ R

3 and M = 1. Consider the structure matrix

B(y) =
⎛
⎝

0 −y3 y2
y3 0 0

−y2 0 0

⎞
⎠ , ∀ y ∈ R

3,

and the Hamiltonian functions

H0(y) = 1

2
y21 + y3 and H1(y) = y3, ∀ y ∈ R

3.

One then obtains a damped version of the stochastic Maxwell–Bloch system given in [4,
Example 2.3] when considering the system (3):

d

⎛
⎝
y1(t)
y2(t)
y3(t)

⎞
⎠ =

⎛
⎝

y2(t)y3(t)
y1(t)y3(t)

−y1(t)y2(t)

⎞
⎠dt − γ (t)

⎛
⎝
y1(t)
y2(t)
y3(t)

⎞
⎠dt +

⎛
⎝
y2(t)
0
0

⎞
⎠ ◦dW (t). (8)

Finally, we also consider the following stochastic Poisson system in dimension 3 with a
constant structure matrix inspired by [34].
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Example 5 [Linearly damped stochastic three-dimensional Poisson system] Let d = 3 and
denote y = (y1, y2, y3) ∈ R

3. Consider the structure matrix

B(y) =
⎛
⎝

0 1 −1
−1 0 1
1 −1 0

⎞
⎠ , ∀ y ∈ R

3,

and the Hamiltonian function

H(y) = sin(y1) + sin(y2) + sin(y3), ∀ y ∈ R
3.

One then obtains a damped version of the stochastic Poisson system from [34] when consid-
ering the system (4):

d

⎛
⎝
y1(t)
y2(t)
y3(t)

⎞
⎠ =

⎛
⎝

cos(y2(t)) − cos(y3(t))
− cos(y1(t)) + cos(y3(t))
cos(y1(t)) − cos(y3(t))

⎞
⎠dt

+ c

⎛
⎝

cos(y2(t)) − cos(y3(t))
− cos(y1(t)) + cos(y3(t))
cos(y1(t)) − cos(y3(t))

⎞
⎠ ◦dW (t) − γ (t)

⎛
⎝
y1(t)
y2(t)
y3(t)

⎞
⎠dt . (9)

Note that the drift and diffusion coefficients in this example have bounded first and second
order derivatives. It is thus straightforward to check that this system of SDEs is globally
well-posed.

Remark 1 In this article, we do not impose that the structure matrix B(y) satisfies the Jacobi
identity, and we thus do not investigate the property of the SDE (3) being conformal Poisson
symplectic. We refer to [37, Sect. 3] for results in the stochastic Hamiltonian setting, when
B(y) = J−1 with the standard symplectic matrix J , as in Example 1. The Jacobi identity
is verified for Examples 2 and 4, which are damped version of the stochastic Lie–Poisson
systems studied for instance in [4]. The Jacobi identity is also satisfied in Examples 1 and 5.
We mention that even in the deterministic setting conformal Poisson symplectic numerical
integrators are not constructed for general classes of problems, but only for some specific
examples, see [14, Section VII.4.2].

2.3 Qualitative Properties

In this section, we study the qualitative behavior of the solutions of the linearly damped
stochastic Poisson systems (3) and (4). Let us recall that a mapping C : R

d → R (of class
C1) is called a Casimir function of undamped deterministic or stochastic versions of (3)
(γ ≡ 0) if

∇C(y)T B(y) = 0, ∀ y ∈ R
d ,

see for instance [4, 14] and references therein. For undamped stochastic and deterministic
Poisson systems, Casimir functions are preserved. However for linearly damped versions of
such systems, they are not preserved anymore, see Proposition 1 below. For damped systems,
a function which satisfies the condition above is called a conformal Casimir function in the
sequel.

Moreover, let p ∈ (0,∞) and recall that a function F : R
d → R is called homogeneous

of degree p if one has

F(λy) = λpF(y), ∀ λ ∈ (0,∞), ∀ y ∈ R
d .
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If the homogeneous function F is of class C1, the property above yields the identity

∇F(y)T y = pF(y), ∀ y ∈ R
d .

For a continuous homogeneous function F of degree p, note that one has F(0) = 0. In
addition, if one setsm(F) = min

y∈Rd ; ‖y‖=1
F(y), then for all y 
= 0 one has

F(y) = ‖y‖pF

(
y

‖y‖
)

� m(F)‖y‖p.

The class of homogeneous functions covers the cases of linear functionals F(y) = βT y,
where β ∈ R

d (p = 1) and of quadratic functionals F(y) = 1
2 y

T Dy, where D is a symmetric
matrix (p = 2), and more generally of homogeneous polynomials of degree p. This also
covers the case F(y) = ζ

∏d
k=1 y

pk
k with ζ ∈ R and pk ∈ R for k = 1, . . . , d , see for

instance [30] in the deterministic context.

Remark 2 Let us discuss the existence and properties of Casimir and Hamiltonian functions
for the examples described in Section 2.

– The linearly damped stochastic pendulum problem from Example 1 does not have a

Casimir function. TheHamiltonian H(y) = y21
2 −cos(y2) is not a homogeneous function.

– The linearly damped stochastic free rigid body fromExample 2 has the quadratic Casimir
function C(y) = 1

2

(
y21 + y23 + y23

)
, which satisfies m(C) = 1

2 . The Hamiltonian func-
tions H0 and Hm , for m = 1, 2, 3, are homogeneous functions of degree 2, which satisfy
m(H0) > 0 andm(H1) = m(H2) = m(H3) = 0.

– For the stochastic Lotka–Volterra problem from Example 3, the Hamiltonian function
H(y) = yab1 y−b

2 y3 is homogeneous of degree ab − b + 1, which satisfies m(H) = 0.
This system has the Casimir function C(y) = ab ln(y1) − b ln(y2) + ln(y3) which is not
quadratic.

– The linearly damped stochasticMaxwell–Bloch system fromExample 4 has the quadratic
Casimir C(y) = 1

2 (y
2
2 + y23 ), which satisfies m(C) = 0. The Hamiltonian function

H0(y) = 1
2 y

2
1 + y2 is not homogeneous.

– The system of SDEs from Example 5 has the quadratic Casimir C(y) = 1
2 y

T Dy with
the matrix

D =
⎛
⎝
1 1 1
1 1 1
1 1 1

⎞
⎠ ,

which satisfiesm(C) = 0 (since the matrix D is not invertible). The Hamiltonian of this
system is not an homogeneous function.

Let us recall that for the undamped version of the stochastic Poisson system (3), any
Casimir function (of class C2) is preserved along the exact solutions. Similarly, for the
undamped version of the stochastic Poisson system (4), the Hamiltonian is preserved along
solutions. Such properties do not hold in general for damped versions, however one has the
following result when the Casimir and Hamiltonian functions are assumed to be homoge-
neous.

Proposition 1 Consider the linearly damped stochastic Poisson system (3). Assume that C
is a Casimir function of class C2, which is an homogeneous function of degree p ∈ (0,∞).
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Then, the mapping C is a conformal Casimir function for the linearly damped stochastic
Poisson system (3): if

(
y(t)

)
t∈[0,T)

denotes the solution to (3), almost surely one has

C(y(t)) = exp

(
−p

∫ t

0
γ (s)ds

)
C(y0), ∀ t ∈ [0,T).

Consider the linearly damped stochastic Poisson system with one noise (4). Assume that the
Hamiltonian function H is of class C2 and is an homogeneous function of degree q ∈ (0,∞).
Then, one has the following energy balance: if

(
y(t)

)
t∈[0,T)

denotes the solution to (4), almost
surely one has

H(y(t)) = exp

(
−q

∫ t

0
γ (s)ds

)
H(y0), ∀ t ∈ [0,T).

The proof of this result follows and generalises the computations done in [30, Section 3.2],
see also [37, Theorem 1].

Proof The computations for the evolution laws of the Casimir or the Hamiltonian functions
are performed in the sameway. In the proof below,we thus use the unique notation F to denote
either a Casimir or a Hamiltonian. If F= C is a Casimir function for the system (3), then
by definition one has ∇FT B ≡ 0. If F= H is the Hamiltonian function for the system (4),
one has ∇FT B∇F ≡ 0. By the product rule for Stratonovich SDEs and the definition of the
considered problems, one then obtains the identity

dF(y(t)) = −γ (t)∇F(y(t))T y(t)dt .

The function F is assumed to be an homogeneous function of degree p, which yields the
identity

dF(y(t)) = −pγ (t)F(y(t))dt .

Therefore, for all t ∈ [0,T), one has almost surely

F(y(t)) = exp

(
−p

∫ t

0
γ (s)ds

)
F(y0).

The proof is completed. ��
Proposition 1 above can be used to show almost sure global existence and boundedness

of the exact solutions to linearly damped stochastic Poisson systems (3) and (4), under
appropriate conditions.

Corollary 1 Let F be an homogeneous function of degree p. Moreover, assume that F is
either a Casimir function of class C2 in the case of the SDE (3) or a Hamiltonian function of
class C2 in the case of the one-noise SDE (4). Assume thatm(F) = min

y∈Rd ; ‖y‖=1
F(y) > 0 is

positive.
Then almost surely one has T = ∞. Furthermore, for any initial value y0 ∈ R

d and any
final time T ∈ (0,∞), there exists a positive real number R(γ, T , y0, F) ∈ (0,∞) such that
for all t ∈ [0, T ], one has almost surely

‖y(t)‖ � F(y0)
1
p

m(F)
1
p

exp

(∫ T

0
|γ (s)|ds

)
≤ R(γ, T , y0, F) < ∞.

In the case of quadratic functionals C(y) = 1
2 y

T Dy, the conditionm(C) > 0 is satisfied
if and only if the symmetric matrix D is positive definite. This holds for the rigid body system
described in Example 2 and Remark 2.
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Proof Recall that for F an homogeneous function of degree p, one has F(y) =
‖y‖pF

(
y

‖y‖
)

� m(F)‖y‖p . The identity obtained in Proposition 1 yields the upper bound

F(y(t)) � exp

(
p

∫ t

0
|γ (s)|ds

)
F(y0), ∀ t ∈ [0,T).

As a result, owing to the condition m(F) > 0, one has almost surely

‖y(t)‖p � F(y(t))

m(F)
� F(y0)

m(F)
exp

(
p

∫ T

0
|γ (s)|ds

)
= R(γ, T , y0, F)p.

To prove that T = ∞ almost surely, it is sufficient to show that P
(
T � T ) = 0 for all

T ∈ (0,∞). Note that the stopping time T satisfies the following explosion criterion: if
T < ∞, then

‖y(t)‖ →
t→T

∞.

Using the upper bound above, one then obtains

P
(
T � T

) = P
(
sup

t∈[0,T)

‖y(t)‖ � R(γ, T , y0, F),T � T
)

� P
(
sup

t∈[0,T)

‖y(t)‖ � R(γ, T , y0, F),T < ∞)

= 0,

due to the explosion criterion. Therefore one has T = ∞ almost surely.
This concludes the proof. ��

Remark 3 Proposition 1 and Corollary 1 can be applied to the damped stochastic rigid body
system from Example 2, which thus admits a unique global solution. Corollary 1 cannot
directly be applied to the damped stochastic Maxwell–Bloch system from Example 4. How-
ever, by virtue of Proposition 1, one can use the almost sure upper bound on C(y(t)) to
obtain almost sure upper bounds for the components y2(t) and y3(t) of the damped stochas-
tic Maxwell–Bloch system. Almost sure upper bounds for the component y1(t) cannot be
obtained, but it is straightforward to obtain upper bounds for the second-order moments
E[‖y1(t)‖2] and E[ sup

t∈[0,T ]
‖y1(t)‖2] by the application of Itô’s formula. This then yields

global well-posedness of solutions to the damped stochastic Maxwell–Bloch system from
Example 4. The damped stochastic pendulum system (5) from Example 1 and the damped
stochastic three-dimensional Poisson system (9) from Example 5 have globally Lipschitz
coefficients and thus a unique global solution.

Remark 4 Assume that the system of SDE (3) admits several Casimir functions C1, . . . ,CJ ,
for a given integer J > 1, such that for all j ∈ {1, . . . , J } the condition m(C j ) > 0 is
satisfied and C j is homogeneous of degree p j . Applying the result from Corollary 1 for each
j ∈ {1, . . . , J }, one obtains the upper bounds

sup
t∈[0,T ]

‖y(t)‖ � C j (y0)
1
p j

m(C j )
1
p j

exp

(∫ T

0
|γ (s)|ds

)
.

Taking the minimum over j ∈ {1, . . . , J } of the right-hand side above, one then obtains

sup
t∈[0,T ]

‖y(t)‖ � min
1� j�J

⎛
⎝C j (y0)

1
p j

m(C j )
1
p j

⎞
⎠ exp

(∫ T

0
|γ (s)|ds

)
.
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Similarly, for the one-noise SDE (4), one may combine upper bounds obtained for Casimir
function(s) and for the Hamiltonian function.

3 Stochastic Conformal Exponential Integrator

In this section, we present a numerical method for approximating solutions to the linearly
damped stochastic Poisson systems (3) and (4). When quadratic Casimir functions are con-
formal Casimir in the sense of the property exhibited in Proposition 1, we show that the
proposed stochastic exponential integrator preserves the conformal Casimir property. We
call this property conformal quadratic Casimir for the system (3). Furthermore, the numer-
ical integrator satisfies an energy balance for the SDE systems (4) when the Hamiltonian is
homogeneous. Finally, we prove that the proposed integrator converges strongly with order
1/2 for the system (3) and with order 1 for the system (4), and weakly with order 1 for the
systems (3) and (4), under appropriate conditions.

3.1 Description of the Integrator

Let T ∈ (0,∞) denote an arbitrary final time and N be a positive integer. Define the time-
step size τ = T /N . Set tn = nτ for n = 0, 1, . . . , N and tn+ 1

2
= tn + τ

2 = tn+tn+1
2 for

all n ∈ {0, . . . , N − 1}. Define the Wiener increments ΔWm,n = Wm(tn+1) − Wm(tn) for
n ∈ {0, 1, . . . , N − 1} and m ∈ {1, . . . , M}. The numerical scheme is implicit and it is
thus required to consider truncated Wiener increments Δ̂Wm,n , defined as follows: given an
integer k ∈ N, introduce the threshold Aτ,k = √

2k| log(τ )|, the auxiliary function

χτ,k(ζ ) =
{

ζ
|ζ | min

(|ζ |, Aτ,k
)
, ζ 
= 0,

0, ζ = 0,

and set

Δ̂Wm,n = √
τχτ,k

(
ΔWm,n√

τ

)
. (10)

We need below the following properties of the truncated Wiener increments. First, by con-
struction one has the almost sure upper bound |Δ̂Wm,n | � |ΔWm,n |, therefore the truncated
Wiener increments inherit moment bounds properties from the standard Wiener increments
ΔWm,n . Moreover, one has the almost sure upper bound |Δ̂Wm,n | � √

τ Aτ,k . Finally, for all
p ∈ [1,∞), there exists a Ck,p ∈ (0,∞) such that one has

(
E[|ΔWm,n − Δ̂Wm,n |p]

) 1
p � Ck,pτ

1+k
2 , (11)

and such that one has

0 � E[ΔW 2
m,n] − E[Δ̂Wm,n

2] � (1 + Aτ,k)τ
k+1. (12)

See for instance [26, Section 2.1] for further details on truncated Wiener increments.
Let us recall that the discrete gradient ∇H : R

d × R
d → R

d associated with an Hamil-
tonian function H : R

d → R is defined by

∇H(z0, z1) =
∫ 1

0
∇H

(
(1 − η)z0 + ηz1

)
dη, ∀ z0, z1 ∈ R

d , (13)
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see for instance [12, 32] and references therein.
Finally, for all n ∈ {0, . . . , N − 1}, set

X0
n =

∫ tn

tn+1/2

γ (s)ds and X1
n =

∫ tn+1

tn+1/2

γ (s)ds. (14)

The proposed numerical scheme is inspired by the numerical methods for ODEs studied
in [30] and by the energy-preserving schemes for stochastic Poisson systems studied in [7].
The stochastic conformal exponential integrator for the linearly damped stochastic Poisson
system (3) is defined by

eX
1
n yn+1 − eX

0
n yn = B

(
eX

0
n yn + eX

1
n yn+1

2

)
∇H0(e

X0
n yn, e

X1
n yn+1)τ

+ B

(
eX

0
n yn + eX

1
n yn+1

2

)
M∑

m=1

∇Hm(eX
0
n yn, e

X1
n yn+1)Δ̂Wm,n,

(15)

for all n ∈ {0, . . . , N − 1}, where y0 ∈ R
d is an arbitrary given initial value.

When considering the linearly damped stochastic Poisson system (4), the proposed inte-
grator is given by

eX
1
n yn+1 − eX

0
n yn = B

(
eX

0
n yn + eX

1
n yn+1

2

) {
∇H(eX

0
n yn, e

X1
n yn+1)

(
τ + cΔ̂Wm,n

)}
.

(16)
Observe that the numerical scheme (15) has the following equivalent formulation, using

auxiliary variables ẑn, zn+1 ∈ R
d :

⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

ẑn = exp
(−

∫ t
n+ 1

2

tn
γ (s) ds

)
yn,

zn+1 = ẑn + B

(
ẑn + zn+1

2

) (
∇H0(ẑn, zn+1)τ +

M∑
m=1

∇Hm(ẑn, zn+1)Δ̂Wm,n

)
,

yn+1 = exp
(−

∫ tn+1

t
n+ 1

2

γ (s) ds
)
zn+1.

(17)
Therefore the stochastic conformal exponential integrator (15) can be interpreted as a splitting
integrator, where a Strang splitting strategy is applied, for the subsystem

dy(t) = −γ (t)y(t)dt

which is solved exactly on the intervals [tn, tn+ 1
2
] and [tn+ 1

2
, tn+1], and the subsystem

dz(t) = B(z(t))∇H0(z(t))dt +
M∑

m=1

B(z(t))∇Hm(z(t)) ◦ dWm(t)

which is solved approximately on the interval [tn, tn+1] with z(tn) = ẑn by an extension of
the energy-preserving scheme from [7].

The numerical integrator (15) and the equivalent formulation (17) are implicit schemes, it
is thus necessary to justify that it admits a unique solution, assuming that the time-step size
τ is sufficiently small. This is performed in two steps: first when the SDE (3) has globally
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Lipschitz drift and diffusion coefficients, second after studying the qualitative properties of
the numerical solutions to obtain almost sure upper bounds.

Lemma 1 Assume that either

– the structurematrix B is constant and for all m ∈ {0, 1, . . . , M} theHamiltonian function
Hm is of class C2 with bounded second order derivatives;

– the structure matrix B is of class C1, is bounded and has bounded first order derivative
and for all m ∈ {0, 1, . . . , M} the Hamiltonian function Hm is of class C2 with bounded
first and second order derivatives.

Recall that k denotes the integer used to define truncated Wiener increments. There exists
τ k > 0 such that if τ ∈ (0, τ k) then the numerical scheme (15) admits a unique solution.

The well-posedness of the numerical scheme (16) follows from Lemma 1 with a straightfor-
ward modification of the assumptions.

Proof Let us consider the equivalent formulation (17) of the numerical scheme (15). It suffices
to show that for n ∈ {0, . . . , N −1}, given ẑn ∈ R

d and truncatedWiener increments Δ̂Wm,n

for m ∈ {1, . . . , M}, there exists a unique solution z = zn+1 to the fixed point equation

z = ẑn + B

(
ẑn + z

2

) (
∇H0(ẑn, z)τ +

M∑
m=1

∇Hm(ẑn, z)Δ̂Wm,n

)
. (18)

A sufficient condition is to prove that the auxiliary mapping

z �→ ψ(z; ẑn, τ, Δ̂W1,n, . . . , Δ̂WM,n)

= ẑn + B

(
ẑn + z

2

) (
∇H0(ẑn, z)τ +

M∑
m=1

∇Hm(ẑn, z)Δ̂Wm,n

)

is a contraction if τ ∈ (0, τ k), i. e. that there exists Ck,τ ∈ (0, 1) such that
∣∣ψ(z; ẑn, τ, Δ̂W1,n, . . . , Δ̂WM,n) − ψ(z′; ẑn, τ, Δ̂W1,n, . . . , Δ̂WM,n)

∣∣
� Ck,τ |z − z′|, ∀ z, z′ ∈ R

d .

This follows from the following elementary computations: for all z, z′ ∈ R
d one has

∣∣∣ψ(z; ẑn, τ, Δ̂W1,n, . . . , Δ̂WM,n) − ψ(z′; ẑn, τ, Δ̂W1,n, . . . , Δ̂WM,n)
∣∣∣

� τ

∣∣∣∣
[
B

(
ẑn + z

2

)
− B

(
ẑn + z′

2

)]
∇H0(ẑn, z)

∣∣∣∣

+
M∑

m=1

∣∣∣∣
[
B

(
ẑn + z

2

)
− B

(
ẑn + z′

2

)]
∇Hm(ẑn, z)Δ̂Wm,n

∣∣∣∣

+ τ

∣∣∣∣B
(
ẑn + z′

2

) [∇H0(ẑn, z) − ∇H0(ẑn, z
′)
]∣∣∣∣

+
M∑

m=1

∣∣∣∣B
(
ẑn + z′

2

) [∇Hm(ẑn, z) − ∇Hm(ẑn, z
′)
]
Δ̂Wm,n

∣∣∣∣

� Ck,τ |z − z′|
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with Ck,τ given by

Ck,τ = τ
(1
2
‖B ′‖∞‖∇H0‖∞ + ‖B‖∞‖∇2H0‖∞

)

+ √
2kτ | log(τ )|

M∑
m=1

(1
2
‖B ′‖∞‖∇Hm‖∞ + ‖B‖∞‖∇2Hm‖∞

)
.

Observe that Ck,τ → 0 when τ → 0, then choosing τ k such that Ck,τ < 1 for all τ ∈ (0, τ k)
concludes the proof of the contraction property of the auxiliary mapping.

Applying the fixed point theorem and a recursion argument then shows the well-posedness
of the implicit numerical scheme (15) if the time-step size is sufficiently small τ ∈ (0, τ k).
The proof is thus completed. ��

Note that Lemma1 can be applied to the damped stochastic pendulum system (5) described
in Example 1 and for the damped stochastic three-dimensional Poisson system described in
Example 5.

3.2 Qualitative Properties

In this section we study the qualitative behavior of the numerical solution defined by (15).
First, we show that the proposed numerical scheme satisfies the conformal Casimir property
of the exact solution of (3) given in Proposition 1, when quadratic Casimir functions are
considered. Second, we show that for the system (4), then one obtains the same energy
balance as in Proposition 1, when the Hamiltonian function is homogeneous of degree p.

To establish the qualitative results above, it is not necessary to assume that the numeri-
cal schemes (15) and (16) have unique solutions. In fact, as for the exact solutions, under
appropriate conditions, such qualitative properties can be employed to show that there exists
a unique solution to the numerical scheme (see Corollary 2 below).

Remark 5 Note that, in general, a Casimir function can be an arbitrary function. However,
already in the undamped and deterministic setting, it is know that only linear and quadratic
invariants can be preserved automatically by a numerical scheme, see for instance [14].
Hence, our focus is on numerical discretisations of the SDE (3) preserving the property of
conformal quadratic Casimirs. For non-quadratic Casimir functions, one should exploit the
structure of a specific problem to derive conformal numerical schemes.

For the proofs below, the formulation (17) of the numerical scheme (15) is used.

Proposition 2 Consider the linearly damped stochastic Poisson system (3). Assume that C
is a quadratic conformal Casimir function.

The stochastic exponential integrator (15) is conformal quadratic Casimir: for any value
of the time-step size τ = T /N, if

(
yn

)
0�n�N is a numerical solution given by (15), for all

n ∈ {0, . . . , N − 1}, almost surely one has almost surely

C(yn+1) = exp

(
−2

∫ tn+1

tn
γ (s)ds

)
C(yn).

Proof Consider the equivalent formulation (17) of the scheme (15). Since C is a quadratic
mapping, one has

C(zn+1) − C(ẑn) = ∇C

(
zn+1 + ẑn

2

)T

(zn+1 − ẑn).
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Using the definition of a Casimir functional, one has the identity

∇C

(
zn+1 + ẑn

2

)T

B

(
zn+1 + ẑn

2

)
= 0,

therefore applying the formulation (17) of the numerical scheme, for all n ∈ {0, . . . , N − 1}
one thus obtains

C(zn+1) − C(ẑn) = 0.

In addition, C is a quadratic function, therefore it is an homogeneous function of degree
2, and by (17), for all n ∈ {0, . . . , N − 1} one has almost surely

C(yn+1) = exp

⎛
⎝−2

∫ tn+1

t
n+ 1

2

γ (s) ds

⎞
⎠C(zn+1)

= exp

⎛
⎝−2

∫ tn+1

t
n+ 1

2

γ (s) ds

⎞
⎠C(ẑn)

= exp

⎛
⎝−2

∫ tn+1

t
n+ 1

2

γ (s) ds

⎞
⎠ exp

(
−2

∫ t
n+ 1

2

tn
γ (s) ds

)
C(yn)

= exp

(
−2

∫ tn+1

tn
γ (s)ds

)
C(yn).

The proof is thus completed. ��

Proposition 3 Consider the linearly damped stochastic Poisson system (4). Assume that the
Hamiltonian function H is homogeneous of degree p.

The stochastic conformal exponential integrator (16) satisfies an almost sure energy bal-
ance: for any value of the time-step size τ = T /N, if

(
yn

)
0�n�N is a numerical solution

given by (16), for all n ∈ {0, . . . , N − 1} one has almost surely

H(yn+1) = exp

(
−p

∫ tn+1

tn
γ (s)ds

)
H(yn).

Proof Consider the equivalent formulation (17) of the scheme (15).
Using the definition (13) of the discrete gradient ∇H , one has

H(zn+1) − H(ẑn) = ∇H(ẑn, zn+1)
T (zn+1 − ẑn).

Since the structure matrix B(z) is skew-symmetric for all z ∈ R
d , one has the identity

∇H(ẑn, zn+1)
T B

(
zn+1 + ẑn

2

)
∇H(ẑn, zn+1) = 0,

therefore applying the formulation (17) of the numerical scheme, for all n ∈ {0, . . . , N − 1}
one thus obtains

H(zn+1) − H(ẑn) = 0.
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Furthermore, assuming that the Hamiltonian function H is an homogeneous function of
degree p, by (17), for all n ∈ {0, . . . , N − 1} one has almost surely

H(yn+1) = exp

⎛
⎝−p

∫ tn+1

t
n+ 1

2

γ (s)ds

⎞
⎠ H(zn+1) = exp

⎛
⎝−p

∫ tn+1

t
n+ 1

2

γ (s)ds

⎞
⎠ H(ẑn)

= exp

⎛
⎝−p

∫ tn+1

t
n+ 1

2

γ (s)ds

⎞
⎠ exp

(
−p

∫ t
n+ 1

2

tn
γ (s)ds

)
H(yn)

= exp

(
−p

∫ tn+1

tn
γ (s)ds

)
H(yn).

The proof is thus completed. ��
Under the same conditions as in Corollary 1 (existence of a unique global solution to the

SDEs), the results from Propositions 2 and 3 provide almost sure upper bounds for numerical
solutions given by (15) and (16). Moreover, such upper bounds can be applied to justify that
the numerical integrators admit unique solutions for sufficiently small time-step size.

Corollary 2 Consider the linearly damped stochastic Poisson system (3), and assume that
it admits a quadratic Casimir function C(y) = 1

2 y
T Dy with a symmetric positive definite

matrix D. Recall that k denotes the integer used to define truncated Wiener increments.
There exists τ k(γ, T , y0) > 0 such that if the time-step size satisfies τ ∈ (0, τ k(γ, T , y0)),

then there exists a unique solution
(
yn

)
0�n�N to the numerical scheme (15).

Moreover, for all n ∈ {0, . . . , N − 1} one has almost surely

‖yn‖ �
√
C(y0)√
m(C)

exp

(∫ T

0
|γ (s)|ds

)
,

where m(C) = min
y∈Rd ; ‖y‖=1

C(y) > 0.

Consider the linearly damped stochastic Poisson system (4), and assume that the Hamilto-
nian H is an homogeneous function of degree p which satisfiesm(H) = min

y∈Rd ; ‖y‖=1
H(y) >

0.
There exists τ k(γ, T , y0) > 0 such that if the time-step size satisfies τ ∈ (0, τ k(γ, T , y0)),

then there exists a unique solution
(
yn

)
0�n�N to the numerical scheme (16).

Moreover, for all n ∈ {0, . . . , N − 1} one has almost surely

‖yn‖ � H(y0)
1
p

m(H)
1
p

exp

(∫ T

0
|γ (s)|ds

)
.

Proof First, consider a solution
(
yn

)
0�n�N to the numerical scheme (15), and assume that

C is a quadratic Casimir function for (3). Owing to Proposition 2, for all n ∈ {0, . . . , N } one
obtains the almost sure identity

C(yn) = exp

(
−2

∫ tn

0
γ (s)ds

)
C(y0)

and thus the almost sure upper bound

C(yn) � exp

(
2

∫ T

0
|γ (s)|ds

)
C(y0).
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Using the inequality
C(y) � m(C)‖y‖2, ∀ y ∈ R

d

then provides the first almost sure upper bound stated in Corollary 2.
Second, consider a solution

(
yn

)
0�n�N to the numerical scheme (16), and assume that

the Hamiltonian function H is homogeneous of degree p. Owing to Proposition 3, for all
n ∈ {0, . . . , N − 1} one obtains the almost sure identity

H(Yn,y(t)) = exp

(
−p

∫ t

tn
γ (s)ds

)
H(y), ∀ t ∈ [tn, tn+1].

and thus the almost sure upper bound

H(yn) � exp

(
p

∫ T

0
|γ (s)|ds

)
H(y0).

Using the inequality
H(y) � m(H)‖y‖p, ∀ y ∈ R

d

then provides the second almost sure upper bound stated in Corollary 2.
Finally, note that due to the almost sure upper bounds

sup
0�n�N

‖yn‖ � R(γ, T , y0)

on any numerical solution
(
yn

)
0�n�N to the numerical schemes (15) and (16), it can be

considered that the structure matrix B has a bounded first order derivative and that the
Hamiltonian functions H0, H1, . . . , HM have bounded second order derivatives (by virtue
of our assumptions in Section 2). One can then apply the result of Lemma 1 to justify the
existence of τ k(γ, T , y0) > 0 such that the numerical scheme (15) admits a unique solution if
the time-step size satisfies the condition τ ∈ (0, τ k(γ, T , y0)). The proof is thus completed.

��
Remark 6 Proposition 2 and Corollary 2 can be applied for the damped stochastic rigid body
problem fromExample 2: the numerical scheme (15) admits a unique solution which satisfies
the same almost sure upper bounds as the exact solution of (3) in that example.

4 Strong andWeak Convergence Results

We now state and prove the strong and weak error estimates for the stochastic conformal
exponential integrator (15) when applied to the linearly damped stochastic Poisson sys-
tems (3) and (4).

To perform the convergence analysis, we assume that the following conditions hold, con-
cerning the systems (3) or (4) and the numerical schemes (15) or (16).

Assumption 1 Let
(
y(t)

)
t∈[0,T ] denote the solution to the linearly damped stochastic Poisson

system (3), and given the time-step size τ = T /N , let
(
yn

)
n∈{0,...,N } denote the solution

to (15).
There exists a positive real number R(T , y0) ∈ (0,∞) and an integer N (T , y0) ∈ N such

that almost surely one has

sup
t∈[0,T ]

‖y(t)‖ + sup
N�N (T ,y0)

max
n∈{0,...,N } ‖yn‖ � R(T , y0).
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Assumption 2 Let
(
y(t)

)
t∈[0,T ] denote the solution to the linearly damped stochastic Poisson

system (4), and given the time-step size τ = T /N , let
(
yn

)
n∈{0,...,N } denote the solution

to (16).
There exists a positive real number R(T , y0) ∈ (0,∞) and an integer N (T , y0) ∈ N such

that almost surely one has

sup
t∈[0,T ]

‖y(t)‖ + sup
N�N (T ,y0)

max
n∈{0,...,N } ‖yn‖ � R(T , y0).

Notice that, owing toCorollary 1 and toCorollary 2,Assumption 1 is satisfied if the linearly
damped stochastic Poisson system (3) admits a quadratic Casimir function C(y) = 1

2 y
T Dy

with a symmetric positive definite matrix D, and Assumption 2 is satisfied if the Hamiltonian
function H is homogeneous of degree p and satisfiesm(H) = min

y∈Rd ; ‖y‖=1
H(y) > 0.

First, we show that, under Assumption 1, the numerical scheme (15) is of strong order
1/2 when applied to the linearly damped stochastic Poisson system (3).

Theorem 1 Consider the solution
(
y(t)

)
t∈[0,T ] to the linearly damped stochastic Poisson

system (3) and the solution
(
yn

)
n∈{0,...,N } given by the numerical scheme (15) with time-step

size τ = T /N and with the truncated Wiener increments defined by (10) with k � 1.
Let Assumption 1 be satisfied. Moreover, assume that the structure matrix B is of class C4,

and that for all m ∈ {0, 1, . . . , M} the Hamiltonian functions Hm are of class C5. Finally,
assume that γ is of class C1.

There exists C(T , y0) ∈ (0,∞) and N (T , y0) ∈ N such that for all N � N (T , y0) one
has

sup
n∈{0,...,N }

(
E[‖yn − y(tn)‖2

) 1
2 � C(T , y0)τ

1
2 .

Second, we show that, under Assumption 1, the numerical scheme (15) is of strong order
1 when applied to the linearly damped stochastic Poisson system (3) with M = 1.

Theorem 2 Consider the solution
(
y(t)

)
t∈[0,T ] to the linearly damped stochastic Poisson

system (3) with one noise and the solution
(
yn

)
n∈{0,...,N } given by the numerical scheme (15)

with time-step size τ = T /N and with the truncated Wiener increments defined by (10) with
k � 2.

Let Assumption 1 be satisfied. Moreover, assume that the structure matrix B is of class
C4, and that the Hamiltonian functions H0 and H1 are of class C5. Finally, assume that γ is
of class C1.

There exists C(T , y0) ∈ (0,∞) and N (T , y0) ∈ N such that for all N � N (T , y0) one
has

sup
n∈{0,...,N }

(
E[‖yn − y(tn)‖2

) 1
2 � C(T , y0)τ.

Third, we show that, under Assumption 2, the numerical scheme (16) is of strong order 1
when applied to the linearly damped stochastic Poisson system with one noise (4).

Theorem 3 Consider the solution
(
y(t)

)
t∈[0,T ] to the linearly damped stochastic Poisson

system (4) and the solution
(
yn

)
n∈{0,...,N } given by the numerical scheme (16) with time-step

size τ = T /N and with the truncated Wiener increments defined by (10) with k � 2.
Let Assumption 2 be satisfied. Moreover, assume that the structure matrix B is of class

C4, that the Hamiltonian function H is of class C5. Finally, assume that γ is of class C1.
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There exists C(T , y0) ∈ (0,∞) and N (T , y0) ∈ N such that for all N � N (T , y0) one
has

sup
n∈{0,...,N }

(
E[‖yn − y(tn)‖2

) 1
2 � C(T , y0)τ.

Finally, we show that, the numerical scheme (15) is of weak order 1 when applied to the
linearly damped stochastic Poisson system (3) with M � 2. Note that when M = 1 the result
also holds, and is a straightforward consequence of Theorem 3.

Theorem 4 Consider the solution
(
y(t)

)
t∈[0,T ] to the linearly damped stochastic Poisson

system (3) with M ≥ 2 and the solution
(
yn

)
n∈{0,...,N } given by the numerical scheme (15)

with time-step size τ = T /N and with the truncated Wiener increments defined by (10) with
k � 2.

Let Assumption 1 be satisfied. Moreover, assume that the structure matrix B is of class C4,
and that for all m ∈ {0, 1, . . . , M} the Hamiltonian functions Hm are of class C5. Finally,
assume that γ is of class C1.

Let ϕ : R
d → R be a function of class C4.

There exists C(T , y0, ϕ) ∈ (0,∞) and N (T , y0) ∈ N such that for all N � N (T , y0)
one has

|E[ϕ(yN )] − E[ϕ(y(T ))]| ≤ C(T , y0, ϕ)τ.

The main steps for the proofs of convergence are inspired by [4]: Due to the conformal
properties of the proposed numerical methods, one can consider an auxiliary SDE with
globally Lipschitz coefficients and bounded derivatives. For this auxiliary SDE, one can
use standard techniques to prove strong and weak error estimates. To do so, one performs
Stratonovich–Taylor expansions of the exact and numerical solutions. Finally, one compares
these expansions in order to get local error estimates and prove the convergence results.

4.1 Preliminary Results

Let us first introduce additional notation. In this section, the values of the initial value y0 ∈ R
d

and of the time-step size τ = T /N are fixed. It is assumed that either Assumption 1 or 2 is
satisfied, and that N � N (T , y0) = N0.

For all r � 0, let B(0, r) = {y ∈ R
d : ‖y‖ � r}.

For all m ∈ {0, . . . , M}, introduce the vector fields fm : R
d → R

d given by

fm(y) = B(y)∇Hm(y), ∀ y ∈ R
d ,

and set

g0(t, y) = f0(y) − γ (t)y + 1

2

M∑
m=1

f ′
m(y) fm(y), ∀ (t, y) ∈ [0, T ] × R

d .

Observe that the linearly damped stochastic Poisson system (3) can bewritten as Stratonovich
and Itô SDEs

dy(t) = ( f0(y(t)) − γ (t)y(t)) dt +
M∑

m=1

fm(y(t)) ◦dWm(t)

= g0(t, y(t))dt +
M∑

m=1

fm(y(t))dWm(t),

(19)
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for t ∈ [0, T ], with initial value y(0) = y0.
Let R = R(T , y0) be such that Assumption 1 or Assumption 2 is satisfied. For any

y ∈ B(0, R) and any n ∈ {0, . . . , N − 1}, define the stochastic process (
Yn,y(t)

)
t∈[tn ,tn+1]

which is solution to the Stratonovich SDE

⎧⎪⎪⎨
⎪⎪⎩
dYn,y(t) = (

f0(Y
n,y(t)) − γ (t)Yn,y(t)

)
dt +

M∑
m=1

fm(Yn,y(t)) ◦dWm(t), ∀ t ∈ [tn, tn+1],

Yn,y(tn) = y.
(20)

Proceeding as in the proof of Proposition 1, if C is a quadratic Casimir function, one has
almost surely

C(Yn,y(t)) = exp

(
−2

∫ t

tn
γ (s)ds

)
C(y), ∀ t ∈ [tn, tn+1].

As a result, when Assumption 1 holds, one obtains the following almost sure upper bound

sup
t∈[tn ,tn+1]

‖Yn,y(t)‖ � M(C)
1
2

m(C)
1
2

exp

(∫ T

0
|γ (s)|ds

)
R = R′(T , y0), ∀ y ∈ B(0, R),

wherem(C) = min
y∈Rd ; ‖y‖=1

C(y) andM(C) = max
y∈Rd ; ‖y‖=1

C(y). This is obtained in a similar

way to the proof of Corollary 1 using that C is a homogeneous function of degree 2.
Similarly, when considering the system (4) (and thus taking M = 1 and H0 = H1 = H

in the auxiliary SDE (19)), if the Hamiltonian function H is homogeneous of degree p, one
has almost surely

H(Yn,y(t)) = exp

(
−p

∫ t

tn
γ (s)ds

)
H(y), ∀ t ∈ [tn, tn+1].

As a result, when Assumption 2 holds, one obtains the following almost sure upper bound

sup
t∈[tn ,tn+1]

‖Yn,y(t)‖ � M(H)
1
p

m(H)
1
p

exp

(∫ T

0
|γ (s)|ds

)
R = R′(T , y0), ∀ y ∈ B(0, R),

where m(H) = min
y∈Rd ; ‖y‖=1

H(y) andM(H) = max
y∈Rd ; ‖y‖=1

H(y).

Assuming that the structure matrix B is of class C4 and that the Hamiltonian functions
H0, H1, . . . , HM are of class C5, imply that the vector fields f0, . . . , fM are of class C4 on the
ball B(0, R′). Those vector fields and their derivatives of order less than 4 are thus bounded
on the ball B(0, R′). Note that all these bounds are independent of the time-step size τ . In
particular, one can consider that the SDE (19) (interpreted in its Itô formulation) has globally
Lipschitz continuous drift and diffusion coefficients.

The error analysis requires to identify the Stratonovich–Taylor expansion for the solution
of (20) given by Lemma 2 below.
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Lemma 2 There exists C(R′) ∈ (0,∞) such that, for all N � N0, all n ∈ {0, . . . , N − 1}
and all t ∈ [tn, tn+1], one has

Y n,y(t) − y = (t − tn) ( f0(y) − γ (tn)y) +
M∑

m=1

fm(y)(Wm(t) − Wm(tn))

+
M∑

m,
=1

f ′
m(y) f
(y)

∫ t

tn

∫ s

tn
◦dW
(r) ◦dWm(s) + Rex

n (t, y), (21)

where the reminder term Rex
n (t, y) satisfies

(
E[‖Rex

n (t, y)‖2])
1
2 ≤ C(R′)(t − tn)

3
2 ≤ C(R′)τ

3
2 , (22)

‖E[Rex
n (t, y)]‖ ≤ C(R′)(t − tn)

2 ≤ C(R′)τ 2, (23)

for all n ∈ {0, . . . , N − 1}, all t ∈ [tn, tn+1] and all y ∈ B(0, R).

We refer for instance to [16, Section 5.6] and [4] for a proof.
For all n ∈ {0, . . . , N−1} and all y ∈ B(0, R), define Yn,y

n+1 as the solution to the stochastic
conformal exponential scheme (15) at iteration n + 1 with value y at iteration n:

eX
1
n Y n,y

n+1 − eX
0
n y = B

(
eX

0
n y + eX

1
n Y n,y

n+1

2

)
∇H0(e

X0
n y, eX

1
n Y n,y

n+1)τ

+ B

(
eX

0
n y + eX

1
n Y n,y

n+1

2

)
M∑

m=1

∇Hm(eX
0
n y, eX

1
n Y n,y

n+1)Δ̂Wm,n,

(24)

where we recall that X0
n and X1

n are given by (14). Taking into account the equivalent formu-
lation (17) of the integrator (15), it is convenient to introduce the auxiliary random variables

̂Zn,y
n = exp

(
−

∫ t
n+ 1

2

tn
γ (s) ds

)
y and Zn,y

n+1 = exp

(∫ tn+1

tn+ 1
2

γ (s) ds

)
Yn,y
n+1.

The random variable Zn,y
n+1 is the unique solution of

Zn,y
n+1 = ̂Zn,y

n +B

⎛
⎝

̂Zn,y
n + Zn,y

n+1

2

⎞
⎠

(
∇H0(

̂Zn,y
n , Zn,y

n+1)τ +
M∑

m=1

∇Hm(̂Zn,y
n , Zn,y

n+1)Δ̂Wm,n

)
.

Note that owing to Assumption 1 or Assumption 2 one obtains the almost sure upper bounds

sup
N∈N

max
n∈{0,...,N−1} ‖̂Zn,y

n ‖ � R′ and sup
N∈N

max
n∈{1,...,N } ‖Zn,y

n+1‖ � R′,

with R′ = R′(T , y0) defined above. The numerical solution Yn,y
n+1 has the following

Stratonovich–Taylor expansion
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Lemma 3 There exists C(R′) ∈ (0,∞) such that, for all N � N0 and all n ∈ {0, . . . , N−1},
one has

Y n,y
n+1 − y = τ ( f0(y) − γ (tn)y) +

M∑
m=1

fm(y)Δ̂Wm,n

+ 1

2

M∑
m,
=1

f ′
m(y) f
(y)Δ̂Wm,nΔ̂W
,n + Rnum

n (y), (25)

where the reminder term Rnum
n (y) satisfies

(
E[‖Rnum

n (y)‖2])
1
2 ≤ C(R′)τ

3
2 , (26)

‖E[Rnum
n (y)]‖ ≤ C(R′)τ 2, (27)

for all y ∈ B(0, R) and for all n ∈ {0, . . . , N − 1}.
Proof One has the decomposition

Yn,y
n+1 − y = ̂Zn,y

n − y + Zn,y
n+1 − ̂Zn,y

n + Yn,y
n+1 − Zn,y

n+1. (28)

Let ζ = ̂Zn,y
n , and recall that the auxiliary variable Zn,ζ

n+1 is the unique solution to the
fixed point equation (18)

z = ζ + B

(
ζ + z

2

) (
∇H0(ζ, z)τ +

M∑
m=1

∇Hm(ζ, z)Δ̂Wm,n

)

= ψ(z; ζ, τ, Δ̂W1,n, . . . , Δ̂WM,n).

The main task in the proof is to obtain the following claim:

Zn,y
n+1 − ζ = τ f0(ζ ) +

M∑
m=1

fm(ζ )Δ̂Wm,n + 1

2

M∑
m,
=1

f ′
m(ζ ) f
(ζ )Δ̂Wm,nΔ̂W
,n + rnumn (ζ ),

(29)

where the reminder term rnumn (ζ ) satisfies

(
E[‖rnumn (ζ )‖2])

1
2 ≤ C(R′)τ

3
2 ,

‖E[rnumn (ζ )]‖ ≤ C(R′)τ 2,

for all ζ ∈ B(0, R′) and for all n ∈ {0, . . . , N − 1}.
For all ζ ∈ B(0, R′), all τ ∈ (0, τ k(γ, T , y0)) and allw1, . . . , wm ∈ [−√

τ Aτ,k,
√

τ Aτ,k],
the unique solution of the fixed point equation

z = ψ(z; ζ, τ, w1, . . . , wM )

can be written as
z = Φ(ζ, τ,w1, . . . , wM ).

To simplify the notation, in the sequel the expressionΦ(ζ)
∣∣
0 means that themappingΦ(ζ) =

Φ(ζ, τ,w1, . . . , wM ) is evaluated with τ = 0, w1 = 0, . . . , wM = 0. The same notation is
used for partial derivatives with respect to τ or to w1, . . . , wM .
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Owing to the local inversion theorem, the mapping Φ is of class C4, since the structure
matrix B is of class C4 and the Hamiltonian functions H0, H1, . . . , HM are of class C5.

As a consequence, one has the following Taylor expansion of the mapping Φ

Φ(ζ, τ,w1, . . . , wM ) = Φ(ζ)
∣∣
0 + τ∂τΦ(ζ )

∣∣
0 +

M∑
m=1

wm∂wmΦ(ζ)
∣∣
0 + 1

2
τ 2∂2τ Φ(ζ )

∣∣
0

+ τ

M∑
m=1

wm∂τ ∂wmΦ(ζ)
∣∣
0 + 1

2

M∑
m1,m2=1

wm1wm2∂wm1
∂wm2

Φ(ζ)
∣∣
0

+ 1

6
τ 3∂3τ Φ(ζ )

∣∣
0 + 1

2
τ 2

M∑
m=1

wm∂2τ ∂wmΦ(ζ)
∣∣
0

+ 1

2
τ

M∑
m1,m2=1

wm1wm2∂τ ∂wm1
∂wm2

Φ(ζ)
∣∣
0

+ 1

6

M∑
m1,m2,m3=1

wm1wm2wm3∂wm1
∂wm2

∂wm3
Φ(ζ)

∣∣
0

+ R(ζ, τ, w1, . . . , wM ),

where there exists C ∈ (0,∞) such that for all ζ ∈ B(0, R′), all τ ∈ (0, τ k(γ, T , y0)) and
all w1, . . . , wm ∈ [−√

τ Aτ,k,
√

τ Aτ,k], one has

|R(ζ, τ, w1, . . . , wM )| � C

(
τ 4 +

M∑
m=1

w4
m

)
.

For the proof of the claim (29), it is sufficient to compute the values of the function Φ

Φ(ζ)
∣∣
0,

of the first order derivatives
∂τΦ(ζ )

∣∣
0, ∂wmΦ(ζ)

∣∣
0,

and of the second order derivatives

∂wm1
∂wm2

Φ(ζ)
∣∣
0.

Indeed, all the other terms in the Taylor expansion of themappingΦ are either of higher order
than necessary or have expectation equal to 0 when evaluated at w1 = Δ̂W1,n, . . . , wM =
Δ̂WM,n . Let us now compute these terms.

First, by definition of the fixed point equation, one has Φ(ζ)
∣∣
0 = Φ(ζ, 0, 0, . . . , 0) = ζ .

To compute the first order derivative, using the definition of the mapping Φ, writing

Φ(ζ) = ζ + B

(
ζ + Φ(ζ)

2

) (
∇H0(ζ,Φ(ζ ))τ +

M∑
m=1

∇Hm(ζ,Φ(ζ ))wm

)
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and applying the first order derivative operator ∂τ yield

∂τΦ(ζ ) = B

(
ζ + Φ(ζ)

2

)
∇H0(ζ,Φ(ζ )) + τ

2
B ′

(
ζ + Φ(ζ)

2

)
∂τΦ(ζ )∇H0(ζ,Φ(ζ ))

+ τ B

(
ζ + Φ(ζ)

2

)
∂z2∇H0(ζ,Φ(ζ ))∂τΦ(ζ )

+
M∑

m=1

wm

2
B ′

(
ζ + Φ(ζ)

2

)
∂τΦ(ζ )∇Hm(ζ,Φ(ζ ))

+
M∑

m=1

wmB

(
ζ + Φ(ζ)

2

)
∂z2∇Hm(ζ,Φ(ζ ))∂τΦ(ζ ).

Evaluating the above equation at τ = 0, w1 = 0, . . . , wM = 0 and using the identity
Φ(ζ)

∣∣
0 = ζ give

∂τΦ(ζ )
∣∣
0 = B(ζ )∇H0(ζ ).

Similarly, for the other first order derivative of Φ, one obtains

∂wmΦ(ζ) = τ

2
B ′

(
ζ + Φ(ζ)

2

)
∂wmΦ(ζ)∇H0(ζ,Φ(ζ ))

+ τ B

(
ζ + Φ(ζ)

2

)
∂z2∇H0(ζ,Φ(ζ ))∂wmΦ(ζ)

+ B

(
ζ + Φ(ζ)

2

)
∇Hm(ζ,Φ(ζ ))

+
M∑


=1

w


2
B ′

(
ζ + Φ(ζ)

2

)
∂wmΦ(ζ)∇H
(ζ,Φ(ζ ))

+
M∑


=1

w
B

(
ζ + Φ(ζ)

2

)
∂z2∇H
(ζ,Φ(ζ ))∂wmΦ(ζ).

Evaluating the above equation at τ = 0, w1 = 0, . . . , wM = 0 and using the identity
Φ(ζ)

∣∣
0 = ζ give

∂wmΦ(ζ)
∣∣
0 = B(ζ )∇Hm(ζ ).

Let us now compute the second order derivatives ∂wm1
∂wm2

Φ(ζ)
∣∣
0. Since there are no other

derivatives that need to be computed, it is not restrictive to eliminate all the terms that vanish
when τ = 0, w1 = 0, . . . , wM = 0. Using the formula above for ∂wmΦ(ζ), one obtains
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∂wm1
∂wm2

Φ(ζ)
∣∣
0 = 1

2
B ′

(
ζ + Φ(ζ)

∣∣
0

2

)
∂wm1

Φ(ζ)
∣∣
0∇Hm2(ζ,Φ(ζ )

∣∣
0)

+ B

(
ζ + Φ(ζ)

∣∣
0

2

)
∂z2∇Hm2(ζ,Φ(ζ )

∣∣
0)∂wm1

Φ(ζ)
∣∣
0

+ 1

2
B ′

(
ζ + Φ(ζ)

∣∣
0

2

)
∂wm2

Φ(ζ)
∣∣
0∇Hm1(ζ,Φ(ζ )

∣∣
0)

+ B

(
ζ + Φ(ζ)

∣∣
0

2

)
∂z2∇Hm1(ζ,Φ(ζ )

∣∣
0)∂wm2

Φ(ζ)
∣∣
0

= 1

2
B ′(ζ )

(
B(ζ )∇Hm1(ζ )

) ∇Hm2(ζ )

+ 1

2
B(ζ )∇2Hm2(ζ )

(
B(ζ )∇Hm1(ζ )

)

+ 1

2
B ′(ζ )

(
B(ζ )∇Hm2(ζ )

) ∇Hm1(ζ )

+ 1

2
B(ζ )∇2Hm1(ζ )

(
B(ζ )∇Hm2(ζ )

)
.

In the computations above, the following property is used:

∂z2∇H(z1, z2) =
∫ 1

0
η∇2H ((1 − η)z1 + ηz2) dη

and thus

∂z2∇H(z, z) =
∫ 1

0
η dη∇2H(z) = 1

2
∇2H(z).

Observe that, using the notation fm(z) = B(z)∇Hm(z), the second order derivatives can be
rewritten as

∂wm1
∂wm2

Φ(ζ)
∣∣
0 = 1

2
f ′
m2

(ζ ) fm1(ζ ) + 1

2
f ′
m1

(ζ ) fm2(ζ ).

In particular, when m1 = m2 = m, one obtains the expression

∂2wm
Φ(ζ)

∣∣
0 = f ′

m(ζ ) fm(ζ ).

As a consequence of all the above computations, one obtains

Zn,y
n+1 = ζ + τ f0(ζ ) +

M∑
m=1

fm(ζ )Δ̂Wm,n

+ 1

2

M∑
m1,m2=1

1

2

(
f ′
m2

(ζ ) fm1(ζ ) + f ′
m1

(ζ ) fm2 (ζ )
)
Δ̂Wm1,nΔ̂Wm2,n + rnumn

= ζ + τ f0(ζ ) +
M∑

m=1

fm(ζ )Δ̂Wm,n + 1

2

M∑
m1,m2=1

f ′
m2

(ζ ) fm1(ζ )Δ̂Wm1,nΔ̂Wm2,n + rnumn ,

where the reminder term rnumn satisfies
(
E[‖rnumn ‖2]) 1

2 � Cτ
3
2 and ‖E[rnumn ]‖ � Cτ 2.

This concludes the proof of the claim (29). Recalling the decomposition (28), one first
has

̂Zn,y
n − y = −τγ (tn)

2
y + r (1)

n , (30)
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where
|r (1)
n (y)| � C(R′)τ 2.

Combining (30) and the claim (29) (with ζ = ̂Zn,y
n ), one thus obtains

Zn,y
n+1 − y = Zn,y

n+1 − ̂Zn,y
n + ̂Zn,y

n − y

= −τγ (tn)

2
y + τ f0(y) +

M∑
m=1

fm(y)Δ̂Wm,n

+ 1

2

M∑
m,
=1

f ′
m(y) f
(y)Δ̂Wm,nΔ̂W
,n + r (2)

n (y),

where
(
E[‖r (2)

n (y)‖2]
)1/2 ≤ C(R′)τ

3
2 ,

‖E[r (2)
n (y)]‖ ≤ C(R′)τ 2.

Finally, one has

Yn,y
n+1 − Zn,y

n+1 = −τγ (tn)

2
Zn,y
n+1 + r (3)

n (y)

where the reminder verifies
|r (3)
n (y)| � C(R′)τ 2.

Using the expansion above and the decomposition (28), one obtains

Yn,y
n+1 − y = Yn,y

n+1 − Zn,y
n+1 + Zn,y

n+1 − y

= −τγ (tn)y + τ f0(y) +
M∑

m=1

fm(y)Δ̂Wm,n

+ 1

2

M∑
m,
=1

f ′
m(y) f
(y)Δ̂Wm,nΔ̂W
,n + r (4)

n (y),

where
(
E[‖r (4)

n (y)‖2]
) 1

2 ≤ C(R′)τ
3
2 ,

‖E[r (4)
n (y)]‖ ≤ C(R′)τ 2.

Taking into account the identity −γ (tn)y + f0(y) = g0(tn, y) then concludes the proof
of (25). ��

4.2 Proofs of the Convergence Results

The strong convergence results are straightforward consequences of the fundamental theo-
rem for mean-square convergence, see for instance [25, Theorem 1.1], combined with the
Stratonovich–Taylor expansions given in Lemmas 2 and 3. In all cases, owing to Assump-
tions 1 or 2, the exact and numerical solutions take values in a ball B(0, R) of radius
R = R(T , y0) (depending on the time T and on the initial value y0), and as explained above
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the structure matrix B and the Hamiltonian functions H0, H1, . . . , HM , and their derivatives,
can be assumed to be bounded.

Before proceeding with the proof, let us compare the terms appearing at second order in
the Stratonovich–Taylor expansions (21) (with t = tn+1) and (25). On the one hand, observe
that when m = 
, for the exact solution one has

f ′
m(y) fm(y)

∫ tn+1

tn

∫ s

tn
◦dWm(r) ◦dWm(s) = 1

2
f ′
m(y) fm(y)ΔW 2

m,n

whereas for the numerical solution one has

1

2
f ′
m(y) fm(y)Δ̂Wm,nΔ̂Wm,n .

Up to the error due to the truncation of the noise, which is given by (11), the two terms above
thus match. On the other hand, when m 
= 
, for the exact solution one has

f ′
m(y) f
(y)

∫ tn+1

tn

∫ s

tn
◦dW
(r) ◦dWm(s) 
= 1

2
f ′
m(y) f
(y)ΔWm,nΔW
,n

whereas for the numerical solution one has

1

2
f ′
m(y) f
(y)Δ̂Wm,nΔ̂W
,n .

As a consequence, the two terms do not match, even when the truncation of the noise is
removed. This explains why the general case M ∈ N and the case M = 1 are treated
separately and different orders of convergence 1/2 and 1 are obtained.

Proof of Theorem 1 Owing to the discussion above, in general the terms obtainedwhenm 
= 


in the Stratonovich–Taylor expansions (21) and (25) do not match and need to be taken into
account in reminder terms.

Recall that the truncatedWiener increments Δ̂Wm,n are defined by (10)with k � 1. Owing
to (11), the Stratonovich–Taylor expansion (25) of the numerical solution given in Lemma 3
yields

Yn,y
n+1 − y = τg0(tn, y) +

M∑
m=1

fm(y)ΔWm,n + 1

2

M∑
m=1

f ′
m(y) fm(y)ΔWm,nΔWm,n + ρnum

n (y)

where the reminder term ρnum
n (y) satisfies

(
E[‖ρnum

n (y)‖2])
1
2 ≤ Cτ and ‖E[ρnum

n (y)]‖ ≤ Cτ
3
2 .

Similarly, the Stratonovich–Taylor expansion (21) of the exact solution (with t = tn+1) given
in Lemma 2 yields

Yn,y(tn+1)−y = τg0(tn, y)+
M∑

m=1

fm(y)ΔWm,n+1

2

M∑
m=1

f ′
m(y) fm(y)ΔWm,nΔWm,n+ρex

n (y)

where the reminder term ρex
n (y) satisfies

(
E[‖ρex

n (y)‖2])
1
2 ≤ Cτ and ‖E[ρex

n (y)]‖ ≤ Cτ
3
2 .

The application of the fundamental theorem for mean-square convergence [25, Theorem 1.1]
then yields the strong error estimates with mean-square order of convergence 1/2 stated in
Theorem 1. ��
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Proof of Theorem 2 Assuming that M = 1, the discussion above implies that one only needs
to deal with the error due to the truncation of the Wiener increments, defined by (10). Using
the inequality (11) with k � 2, the Stratonovich–Taylor expansion (25) of the numerical
solution given in Lemma 3 yields

Yn,y
n+1 − y = τg0(tn, y) + f1(y)ΔW1,n + 1

2
f ′
1(y) f1(y)ΔW1,nΔW1,n + ρnum

n (y)

where the reminder term ρnum
n (y) satisfies

(
E[‖ρnum

n (y)‖2])
1
2 ≤ Cτ

3
2 and ‖E[ρnum

n (y)]‖ ≤ Cτ 2.

Similarly, the Stratonovich–Taylor expansion (21) of the exact solution (with t = tn+1) given
in Lemma 2 yields

Yn,y(tn+1) − y = τg0(tn, y) + f1(y)ΔW1,n + 1

2
f ′
1(y) f1(y)ΔW1,nΔW1,n + ρex

n (y)

where the reminder term ρex
n (y) satisfies

(
E[‖ρex

n (y)‖2])
1
2 ≤ Cτ

3
2 and ‖E[ρex

n (y)]‖ ≤ Cτ 2.

The application of the fundamental theorem for mean-square convergence [25, Theorem 1.1]
then yields the strong error estimates with mean-square order of convergence 1 stated in
Theorem 2. ��
Proof of Theorem 3 It suffices to apply Theorem 2 with H0 = H1 = H . ��

Let us now turn to the proof of Theorem 4 on weak error estimates. Notice that if φ :
R
d → R is a mapping of class C4, with bounded derivatives of order 1 to 4, then applying

the Stratonovich–Taylor expansions (21) (with t = tn+1) and (25), one obtains for all n ∈
{0, . . . , N − 1} the weak Taylor expansions of the exact and numerical solutions (i. e. Taylor
expansions for the expected value of a functional φ(·) applied to the exact and numerical
solutions)

E[φ(Yn,y(tn+1)] = φ(y) + τ∇φ(y) · ( f0(y) − γ (tn)y)

+
M∑

m=1

τ∇φ(y) · ( f ′
m(y) fm(y)) + 1

2

M∑
m=1

τ∇2φ(y) · ( fm(y), fm(y))

+ εexn (y),

E[φ(Yn,y
n+1)] = φ(y) + τ∇φ(y) · ( f0(y) − γ (tn)y)

+
M∑

m=1

E[Δ̂Wm,n
2]∇φ(y) · ( f ′

m(y) fm(y))

+ 1

2

M∑
m=1

E[Δ̂Wm,n
2]∇2φ(y) · ( fm(y), fm(y))

+ εnumn (y),

where the reminder terms εexn (y) and εnumn (y) satisfy

sup
0�n�N−1

(
εexn (y) + εnumn (y)

)
� C(φ)τ 2,
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with

C(φ) � C
4∑
j=1

sup
y∈Rd

‖∇ jφ(y)‖.

for some C ∈ (0,∞).
Using the inequality (12) on the second moment of the truncated Wiener increments, one

then obtains ∣∣E[φ(Yn,y(tn+1)] − E[φ(Yn,y
n+1)]

∣∣ � C(φ)(1 + Aτ,k)τ
k+1.

The weak Taylor expansions of the exact and numerical solutions above are not used directly
in the proof of Theorem 4 below. Instead, an approach based on the expression and the
decomposition of the weak error using the solution of an associated Kolmogorov equation is
employed.

Proof of Theorem 4 Let T = tN ∈ (0,∞), define for all t ∈ [0, T ] and all y ∈ R
d

uT (t, y) = E[ϕ(y(T ))|y(t) = y] = E[ϕ(Y t,y(T ))],
where

(
Y t,y(s)

)
s�t is the solution to the Itô SDE

⎧
⎪⎪⎨
⎪⎪⎩
dY t,y(s) = g0(t, Y

t,y(s)) ds +
M∑

m=1

fm(Y t,y(s)) dWm(s), ∀ s � t,

Y t,y(t) = y.

The notation for the drift and diffusion coefficients is the same as in the SDE (19), however the
initial value is imposed at time t instead of time 0. Proceeding as in the proof of Proposition 1,
if y ∈ B(0, R), where R = R(T , y0), then one has Y t,y(s) ∈ B(0, R′) with R′ = R(T , y0)
given above.

The mapping uT is the solution to the backward Kolmogorov equation
⎧
⎪⎪⎨
⎪⎪⎩

∂

∂t
uT (t, y) = ∇yu

T (t, y).g0(t, y) + 1

2

M∑
m=1

∇2
y u

T (t, y).( fm(y), fm(y)), ∀ (t, y) ∈ [0, T ] × R
d ,

uT (T , y) = ϕ(y),∀ y ∈ R
d .

(31)
If the function ϕ is of class C4, one can prove the following upper bounds on the derivatives
of order 1 to 4 of uT (t, y) with respect to y, we refer for instance to the monograph [6]: there
exists CR′,T (φ) inf(0,∞) such that one has

4∑
j=1

sup
t∈[0,T ]

sup
y∈B(0,R)

‖∇ j uT (t, y)‖ ≤ CR′,T (ϕ).

Using the backward Kolmogorov equation (31), one then obtains the following upper bounds
on the first and second order derivatives of uT (t, y) with respect to t : one has

2∑
j=1

sup
t∈[0,T ]

sup
y∈B(0,R)

‖ ∂ j

∂t j
uT (t, y)‖ ≤ CR′,T (ϕ).

The definition of the mapping uT yields the following expression for the weak error:

E[ϕ(yN )] − E[ϕ(y(tN ))] = E[uT (tN , yN )] − E[uT (0, y0)].
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Applying the standard telescoping sum argument then gives

E[ϕ(yN )] − E[ϕ(y(tN ))] =
N−1∑
n=0

(
E[uT (tn+1, yn+1)] − E[uT (tn, yn)]

)
.

For all n ∈ {0, . . . , N − 1}, the local weak error term E[uT (tn+1, yn+1)] − E[uT (tn, yn)] is
decomposed into two contributions:

E[uT (tn+1, yn+1)] − E[uT (tn, yn)] = E[uT (tn+1, yn)] − E[uT (tn, yn)]
+ E[uT (tn+1, yn+1)] − E[uT (tn+1, yn)]. (32)

For the first local weak error term appearing in (32), a second order Taylor expansion of
t �→ uT (t, yn) provides

E[uT (tn+1, yn)] − E[uT (tn, yn)] = τE[ ∂

∂t
uT (tn+1, yn)] + δ1n,

where the reminder term satisfies

|δ1n | ≤ CR′,T (ϕ)τ 2,

owing to the bounds on the first and second order temporal derivatives of uT stated above.
For the second local weak error term appearing in (32), using the weak Taylor expansion

of the numerical solution with y = yn and φ = uT (tn+1, ·) and the error bound (12) on the
truncated Wiener increments, one obtains

E[uT (tn+1, yn+1)] − E[uT (tn+1, yn)] = τE[∇yu
T (tn+1, yn)].g0(tn, yn)

+ 1

2
τ

M∑
m=1

E[∇2
yu

T (tn+1, yn).( fm(yn), fm(yn))] + δ2n ,

where the reminder term satisfies

|δ2n | ≤ CR′,T (ϕ)
(
(1 + Aτ,k)τ

k+1 + τ 2
)

,

owing to the bounds on the spatial derivatives of order 1 to 4 of uT stated above.
Choosing k = 2 then gives the upper bound

|δ2n | � CR′,T (ϕ)τ 2.

Taking into account that uT is solution to the backward Kolmogorov equation (31), from
the decomposition (32) the local error term is thus given by

E[uT (tn+1, yn+1)] − E[uT (tn, yn)] = δ1n + δ2n,

and as a result one obtains

|E[ϕ(y(tN ))] − E[ϕ(yN )]| = |E[uT (0, y0)] − E[uT (tN , yN )]|

≤
N−1∑
n=0

(|δ1n | + |δ2n |)

≤ CR′,T (ϕ)τ.

This concludes the proof of Theorem 4. ��
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5 Numerical Experiments

This section presents several numerical experiments in order to numerically confirm the
above theoretical results and in order to compare the stochastic conformal exponential inte-
grator (15) with two classical numerical schemes for SDEs. When applied to the linearly
damped stochastic Poisson system (3), these two numerical schemes are

– the Euler–Maruyama scheme (applied to the converted Itô SDE with drift denoted by
B(yn)∇H0(yn))

yn+1 = yn + τ
(
B(yn)∇H0(yn) − γ (tn)yn

) +
M∑

m=1

B(yn)∇Hm(yn)Δ̂Wm,n

– the stochastic midpoint scheme, see for instance [16, 22, 25],

yn+1 = yn + τ

(
B

(
yn + yn+1

2

)
∇H0

(
yn + yn+1

2

)
− γ

(
tn + tn+1

2

)
yn + yn+1

2

)

+
M∑

m=1

B

(
yn + yn+1

2

)
∇Hm

(
yn + yn+1

2

)
Δ̂Wm,n .

These schemes will be denoted by Sexp, EM, and Midpoint in all figures. Note that the
integral in the discrete gradient in the stochastic conformal exponential integrator (15) can
be computed exactly for polynomial Hamiltonians for instance, else we useMatlab’s integral
quadrature formula.

5.1 A Linearly Damped Stochastic Mathematical Pendulum

As a first example, we consider the linearly damped stochastic mathematical pendulum from
the introduction, see Example 1:

d

(
y1(t)
y2(t)

)
=

(− sin(y2(t))
y1(t)

)
(dt + c ◦dW (t)) − γ (t)y(t)dt, (33)

with c = 1 and γ (t) = 2.
For this problem we will only illustrate the strong rate of convergence of the stochastic

conformal exponential integrator (15) as well as of the above described classical numerical
integrators for SDEs. Note that the SDE (33) has globally Lipschitz coefficients. In the
SDE (33), we set the end time T = 1 and take the initial value y(0) = (0.2, 1). The numerical
schemes are applied with the time-step sizes τ = 2−5, . . . , 2−12. The reference solution is
given by the stochastic conformal exponential integrator (15) with reference time-step size
τref = 2−14. The expectation are approximated using Ms = 500 independent Monte Carlo
samples. We have verified that this is enough for the Monte Carlo error to be negligible. The
strong rates of convergence of these time integrators are illustrated in Figure 1.

The proposed exponential integrator has a strong order of convergence 1, as stated in
Theorem 3. The strong order of convergence of the Euler–Maruyama scheme is seen to be
1/2, this is in accordance with the results from the literature in this standard setting, see
for instance [16]. The stochastic midpoint scheme is known to have strong order 1, see for
instance [26, Theorem 2.6], and this is the rate that is observed in the figure. We do not
display plots for the weak errors since, in the present setting, it is clear that the weak rates of
convergence are 1 for these numerical methods.
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Fig. 1 Linearly damped stochastic mathematical pendulum (33): Strong convergence.

5.2 Linearly Damped Free Rigid Body with Random Inertia Tensor

In this numerical experiment, we consider the free rigid body with random inertia tensor
from [4], see also Example 2. The damping function in the SDE (3) is γ (t) = 1

2 cos(2t). The
considered linearly damped stochastic rigid body system thus reads

d

⎛
⎝
y1
y2
y3

⎞
⎠ = B(y) (∇H0(y)dt + ∇H1(y) ◦dW1(t)

+∇H2(y) ◦dW2(t) + ∇H3(y) ◦dW3(t)) − γ (t)ydt, (34)

where y = (y1, y2, y3), the skew-symmetric matrix

B(y) =
⎛
⎝

0 −y3 y2
y3 0 −y1

−y2 y1 0

⎞
⎠ ,

the Hamiltonian function

H0(y) = 1

2

(
y21
I1

+ y22
I2

+ y23
I3

)
,

and the diffusion functions Hk(y) = y2k
2 Îk

, for k = 1, 2, 3. Here, Ik, Îk , for k = 1, 2, 3
are positive and pairwise distinct real numbers called moment of inertia. Observe that the
linearly damped stochastic Poisson system (34) has the conformal quadratic CasimirC(y) =
1
2

(
y21 + y22 + y23

)
.

In Figure 2, we display the quadratic CasimirC(y) along the numerical solutions given by
the Euler–Maruyama scheme, the stochastic midpoint scheme, and the stochastic conformal
exponential integrator (15). We use the following parameters: the initial value reads y(0) =
(cos(1.1), 0, sin(1.1)), the moment of inertia are I1 = 2, I2 = 1, I3 = 2/3 and Î1 = 1, Î2 =
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Fig. 2 Linearly damped stochastic rigid body system (34): Evolution of the quadratic Casimir C(y) =
1
2

(
y21 + y22 + y23

)
.

2, Î3 = 3, the end time is T = 10, the time-step size is τ = 0.1. The preservation of
this conformal quadratic Casimir by the stochastic exponential integrator (15), proved in
Proposition 2, is numerically illustrated in this figure.

The strong convergence of the stochastic conformal exponential integrator (15) is illus-
trated in Figure 3. To produce this figure, we use the same parameter setting as in the previous
numerical experiment, except that we take T = 1. The numerical schemes are applied with
the range of time-step sizes τ = 2−5, . . . , 2−14. The reference solution is given by stochas-
tic conformal exponential integrator with τref = 2−16. The expectations are approximated
using Ms = 1000 independent Monte Carlo samples. We have verified that this is enough
for the Monte Carlo error to be negligible. In this figure, one can observe the strong order
of convergence 1 in case of one noise (only W1 in the SDE (34)), resp. order 1/2 in case of
several noises. This illustrates the results of Theorems 1 and 2.

The weak convergence of the stochastic conformal exponential integrator (15) stated in
Theorem 4 is illustrated in Figure 4. We use the initial value y(0) = (cos(1.1), 0, sin(1.1)),
thefinal timeT = 1 and themoments of inertia as above.The stochastic exponential integrator
is applied with the range of time-step sizes τ = 2−6, . . . , 2−12. The reference solutions are
computed using this numerical scheme with τref = 2−12. The expectation are approximated
using Ms = 500000 independent Monte Carlo samples. In this figure, one can observe the
weak order of convergence 1 for the errors in several test functions. This illustrates the results
of Theorem 4.

We finally illustrate the property of energy balance of the stochastic conformal exponential
integrator given in Proposition 3. The results are presented in Figure 5. This is done for the
linearly damped SDE

dy(t) = B(y(t))∇H0(y(t)) ( dt + ◦ dW (t)) − γ (t)y(t) dt (35)
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Fig. 3 Linearly damped stochastic rigid body system (34): Strong convergence of the numerical schemes.

Fig. 4 Linearly damped stochastic rigid body system (34) (with 3 noises): Weak convergence of the stochastic
conformal exponential integrator.
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Fig. 5 Linearly damped stochastic rigid body system (35): Evolution of the quadratic Hamiltonian H0(y) =
1
2

(
y21
I1

+ y22
I2

+ y23
I3

)
.

with B and H0 from the system (34).Weuse the sameparameters as those in thefirst numerical
experiment but take the damping function to be γ (t) = sin(t). The correct preservation of
the energy balance by the stochastic conformal exponential integrator (15) is numerically
illustrated in this figure.

Let us remark that, in all the above numerical experiments, the results of the stochastic
conformal exponential integrator (15) and of the stochastic midpoint scheme are very similar.
This is due to the fact that the Hamiltonians in the linearly damped stochastic rigid body
systems are quadratic (hence the result of the discrete gradient is a midpoint rule) and to
the fact that the terms eX

0
n and eX

1
n are close to the identity. These two time integrators are

however not the same, especially when considering non-quadratic Hamiltonians as in the
next numerical experiment.

5.3 Linearly Damped Stochastic Lotka–Volterra System

We consider the following linearly damped stochastic Lotka–Volterra system from Exam-
ple 3:

d

⎛
⎝
y1
y2
y3

⎞
⎠ = B(y) (∇H(y)dt + ∇H(y) ◦dW (t)) − γ (t)ydt, (36)

where y = (y1, y2, y3), the skew-symmetric matrix

B(y) = y1−ab
1 yb+1

2

⎛
⎝

0 ac c
−ac 0 −d
−c d 0

⎞
⎠ ,
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Fig. 6 Linearly damped stochastic Lotka–Volterra system (36): Evolution of the Hamiltonian H(y) =
yab1 y−b

2 y3.

and the Hamiltonian function reads

H(y) = yab1 y−b
2 y3.

Here, a, b, c are real numbers and d = abc. Deterministic Lotka–Volterra systems are
considered in, e.g., [8, 13, 30], stochastic versions in, e.g., [7, 35].

We take the parameters a = −1, b = −2, c = 1, γ (t) = sin(t), T = 20, and the initial
value y(0) = (0.2, 0.4, 0.6). The correct preservation of the energy balance by the stochastic
conformal exponential integrator (15) is numerically illustrated in Figure 6. This numerically
confirms the results of Proposition 3 for a non-quadratic Hamiltonian.

The strong rate of convergence 1 of the stochastic conformal exponential integrator can
be observed in Figure 7. To produce this figure, we use a = −1, b = −1, c = 1, the final
time T = 0.5, and the same parameters as above. The numerical schemes are applied with
the range of time-step sizes τ = 2−5, . . . , 2−12. The reference solutions are computed using
the conformal exponential integrator with τref = 2−12. The expectations are approximated
using Ms = 500 independent Monte Carlo samples. Observe that the theoretical results from
the previous section cannot be applied here sincem(H) = 0. We do not display plots for the
weak errors since, in the present setting, it is clear that the weak rates of convergence are 1
for these numerical methods.

5.4 A Linearly DampedVersion of the Stochastic Maxwell–Bloch System

We consider a damped version of the stochastic Maxwell–Bloch system from laser-matter
dynamics, see [4] and Example 4:
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Fig. 7 Linearly damped stochastic Lotka–Volterra system (36): Strong convergence of the numerical schemes.

d

⎛
⎝
y1
y2
y3

⎞
⎠ = B(y) (∇H0(y)dt + ∇H1(y) ◦dW (t)) − γ (t)ydt, (37)

where y = (y1, y2, y3), the skew-symmetric matrix

B(y) =
⎛
⎝

0 −y3 y2
y3 0 0

−y2 0 0

⎞
⎠ ,

and the Hamiltonian functions read

H0(y) = 1

2
y21 + y3 and H1(y) = y3.

This systemhas the conformal quadratic CasimirC(y) = 1
2

(
y22 + y23

)
. Figure 8 illustrates the

preservation of the conformal Casimir quadratic by the stochastic exponential integrator (15)
as stated in Proposition 2. We use the following parameters: y(0) = (1, 2, 3), the final time
T = 5, the time-step size τ = 1/100 and the damping coefficient γ (t) = cos(2t)/2.

We illustrate the strong rate of convergence 1 of the stochastic conformal exponential
integrator in Figure 9. This figure is obtained using the followingparameters: y(0) = (1, 2, 3),
the final time T = 1, and the damping coefficient γ (t) = cos(2t)/2. The numerical schemes
utilize the range of time-step sizes τ = 2−5, . . . , 2−12. The reference solutions are obtained
using the conformal exponential integrator with τref = 2−12. The expectations are estimated
using Ms = 500 independent Monte Carlo samples. We do not display plots for the weak
errors since, in the present setting, it is clear that the weak rates of convergence are 1 for
these numerical methods.
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Fig. 8 Linearly damped stochastic Maxwell–Bloch system (37): Evolution of the quadratic Casimir C(y) =
1
2

(
y22 + y23

)
.

Fig. 9 Linearly damped stochasticMaxwell–Bloch system (37): Strong convergence of the numerical schemes.
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Fig. 10 Linearly damped stochastic Poisson system (38): Evolution of the quadratic CasimirC(y) = 1
2 y

T Dy.

5.5 A DampedVersion of the Stochastic Poisson System in [34]

We consider a damped version of the stochastic Poisson system in [34], see Example 5:

d

⎛
⎝
y1
y2
y3

⎞
⎠ = B(y) (∇H(y)dt + c∇H(y) ◦dW (t)) − γ (t)ydt, (38)

where y = (y1, y2, y3), the skew-symmetric constant matrix

B(y) =
⎛
⎝

0 1 −1
−1 0 1
1 −1 0

⎞
⎠ ,

and the Hamiltonian function

H(y) = sin(y1) + sin(y2) + sin(y3).

Let us first observe that the SDE (38) has the quadratic Casimir C(y) = 1
2 y

T Dy with the
matrix

D =
⎛
⎝
1 1 1
1 1 1
1 1 1

⎞
⎠ .

We are thus in the setting of Proposition 1, resp. Proposition (2). Let us apply the stochastic
conformal exponential integrator (15) with the following parameters: T = 2, y0 = (1, 2, 3),
γ (t) = t , c = 1, and τ = 0.02. The evolution of the quadratic Casimir along the numerical
solution of the proposed integrator can be seen in Figure 10. The result is in agreement
with Proposition 2. Note also the slightly less favorable behaviour of the classical Euler–
Maruyama scheme and the good performance of the stochastic midpoint scheme, see below
for a discussion on this performance.
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Fig. 11 Linearly damped stochastic Poisson system (38): Strong convergence.

The goal of the next numerical experiment is to illustrate the strong rate of convergence
of the stochastic conformal exponential integrator as stated in Theorem 3. Note that the
SDE (38) has globally Lipschitz coefficients. The strong rate of convergence is illustrated
in Figure 11. We use the following parameters: T = 0.5, y0 = (1, 2, 3), c = 1, and the
damping function γ (t) = 1

2 cos(2t). The numerical schemes are applied with the time-
step sizes τ = 2−5, . . . , 2−12. The reference solution is computed by stochastic conformal
exponential integrator (15) with τref = 2−14. The expectations are approximated using Ms =
400 independent Monte Carlo samples. We have verified that this is enough for the Monte
Carlo error to be negligible. A strong order of convergence 1 is observed for the proposed
exponential integrator, the same order as the stochasticmidpoint scheme (see for instance [26,
Theorem 2.6]). The strong order of convergence of the Euler–Maruyama scheme is observed
to be 1/2. This is what is expected in this standard setting of globally Lipschitz coefficients,
see for example [16]. We do not display plots for the weak errors since, in the present setting,
it is clear that the weak rates of convergence are 1 for these numerical methods.
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