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ABSTRACT

We show that there exists a separable, nuclear C*-algebra with real rank
zero and trivial K-theory such that its multiplier and corona algebra have
real rank one. This disproves two conjectures of Brown and Pedersen.

We also compute the real rank of the stable multiplier algebra and the
stable corona algebra of countably decomposable type I and type Ilo
factors. Together with results of Zhang this completes the computation
of the real rank for stable multiplier and corona algebras of countably
decomposable factors.

1. Introduction

The real rank is a noncommutative dimension theory that was introduced by
Brown and Pedersen in [BP91]. It assigns a number rr(4) € {0,1,...,00}
to each C*-algebra A, and it is considered a noncommutative generalization
of covering dimension since for a compact, Hausdorff space X, the real rank
of C(X) agrees with dim(X), the covering dimension of X.

More accurately, the real rank should be thought of as a noncommutative
generalization of local covering dimension, since for a locally compact, Haus-
dorff space X, the real rank of Cy(X) agrees with locdim(X), which is equal
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to the supremum of the covering dimension of all compact subsets of X; see
[BP09, Section 2.2(ii)]. For o-compact, locally compact, Hausdorff spaces, the
local covering dimension agrees with the covering dimension ([Pea75, Proposi-
tion 5.3.4]), but in general the covering dimension can be strictly larger than
the local covering dimension.

A major theme of research about noncommutative dimension theories in gen-
eral, and the real rank in particular, is to determine to what extent results about
the covering dimension of topological spaces can be generalized to the noncom-
mutative setting. In this paper, we consider the noncommutative analog of the
classical result that for a o-compact, locally compact, Hausdorff space X, the
(local) covering dimension of X agrees with that of its Stone-Cech compactifi-
cation SX; see for example [Pea75, Proposition 6.4.3].

Considering a C*-algebra A as a noncommutative topological space, the
multiplier algebra M (A) is the noncommutative analog of the Stone-Cech com-
pactification. One might therefore expect that the real rank of a C*-algebra A
agrees with that of its multiplier algebra, at least when A is o-unital (the non-
commutative analog of o-compactness). One always has rr(A) < rr(M(A)), but
in general the real rank of A can be strictly smaller than that of M (A), already
for separable, subhomogeneous C*-algebras; see [Brol6, Example 3.16(i)]. This
raises the problem of finding necessary and sufficient conditions for the equal-
ity rr(A4) = rr(M (A)).

A particularly relevant instance of this problem occurs for rr(A) = 0, in which
case we aim to determine when the multiplier algebra M (A) has real rank zero.
This problem has interesting connections to generalizations of the Weyl-von
Neumann theorem and quasidiagonality, which has been extensively studied by
Lin [Lin91, Lin93, Lin95] and Zhang [Zha91, Zha92b, Zha92c, Zha90a, Zha92a).

Zhang [Zha91] disproved a conjecture of Pedersen by showing that rr(A) = 0
does not generally imply rr(M(A)) = 0. Indeed, for the stabilization of the
Calkin algebra (Example 3.4), we have

0=rr(Q®K)<rr(M(Q&K))=1.

More generally, it is known that a K -theoretic obstruction arises: If rr(M (A))=0
and if the K-theory of M (A) vanishes (which is for example automatic if A is
stable), then K;(A)=0. This includes the above example, since

K1 (Q ® K)=Z#0.
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This led Brown and Pedersen (with input from Zhang) to formulate the

following three conjectures in [BP91, Remarks 3.22]:
(1) rr(M(A)) = 0 for every AF-algebra A;
(2) rr(M(A)) =0 for every A with rr(A) =0 and K;(A) = 0;
(3) rr(M(A)/A) = 0 for every A with rr(A) = 0.

The initial evidence for the first conjecture was a verification for matroid
algebras (a special class of AF-algebras) by Brown-Pedersen [BP91, Theo-
rem 3.21] and Higson-Rgrdam [HRr91, Theorem 4.4]. Soon after, Lin showed
that rr(M(A)) = 0 whenever A is a o-unital C*-algebra with real rank zero,
stable rank one and K;(A) = 0; see [Lin93, Theorem 10]. Since AF-algebras
have these properties, this in particular confirmed the first conjecture. It also
verified the second conjecture under the additional assumption of stable rank
one (and o-unitality).

The third conjecture has been confirmed by Lin for o-unital, simple C*-
algebras with real rank zero and stable rank one ([Lin93, Theorem 15]), and
by Zhang for o-unital, simple, purely infinite C*-algebras ([Zha92b, Corol-
lary 2.6(i)]). Note that the second and third conjectures are closely related:
By considering the extension

0—>A— M(A) - MA)/A—=0

we see that rr(M(A)) = 0 if and only if rr(A) = rr(M(A)/A) = 0 and the index
map Ko(M(A)/A) — K1(A) vanishes; see [LR95, Proposition 4]. This shows
that the third conjecture is stronger than the second, and that both conjectures
are equivalent if A is stable.

In this paper, we settle the second and third Brown-Pedersen conjectures

negatively by exhibiting several counterexamples. This also solves Problem 13
in [Zha08].

Example A (4.8): There exists a separable, nuclear C*-algebra A with real rank
zero, with trivial K-theory and such that

rr(M(A)) =rr(M(A)/A) = 1.

Another unexpectedly easy counterexample is given by the countably decom-
posable type I, factor, that is, the algebra of bounded operators on a separable,
infinite-dimensional Hilbert space. Further examples are given by countably
decomposable type 11 factors. In both cases, the stable multiplier and corona
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algebra have real rank one. Together with Zhang’s results for type II; fac-
tors ([Zha92b, Example 2.11]) and for countably decomposable type III factors
([Zha92b, Examples 2.7(iv)], see also Example 3.7), this completes the compu-
tation of the real rank for stable multiplier and corona algebras of countably
decomposable factors:

THEOREM B (4.10, 6.5): Let N be a countably decomposable factor.
If N has type I, or type Il,, then

rr(M(N@K)) =rr(M(NeK)/(N®K)) =1.
If N has type 11y or type II1, then
rrf(M(N®K)) =rr(M(N®K)/(N®K)) =0.

This raises the problem of computing the real rank for stable multiplier and
corona algebras of factors that are not countably decomposable, and more gen-
erally of arbitrary von Neumann algberas; see Remark 6.6.

We ask if there are also simple counterexamples to the second and third
Brown—Pedersen conjectures:

Question C: Is there a simple, separable C*-algebra A with rr(A) = 0 and
K1(A) = 0 such that rr(M(A)/A) # 07

METHODS. One difficulty in computing the real rank of the stable multiplier
algebras of a factor N of type I, or type Il is that IV is not simple as a C*-
algebra. To address this, we study the following problem: Given an extension

0—-—A—F—B—=0

of C*-algebras, how can we estimate the real rank of M(E)? It is natural to
assume that F is o-unital, since then the map F — B naturally induces a
surjective morphism M (E) — M (B), and we obtain an extension

0—-J— M(E)— MB)—0

where J is a hereditary sub-C*-algebra in M(A); see Paragraph 4.1 and
Lemma 4.2.

In [Thi24], the extension real rank, denoted by xrr(-), was introduced as a
method to bound the real rank of an extension of C*-algebras. (The main
results are recalled in Section 2.) Applying Theorem 2.4, we obtain

max{rr(J),rr(M(B))} <rr(M(FE)) < max{xrr(J),rr(M(B))}.
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We are thus faced with the problem of computing the (extension) real rank
of hereditary sub-C*-algebras of M (A).

Problem D: Given a C*-algebra A, estimate the (extension) real rank of hered-
itary sub-C*-algebras of M(A).

In Sections 5 and 6, we solve this problem for simple, purely infinite C*-
algebras, and for certain simple C*-algebras with stable rank one. The latter
includes as a special case A = K, which we consider in Section 4. As a conse-
quence, we obtain estimates for the real rank of multiplier algebras of extensions
by such ideals:

THEOREM E (4.7,5.7,6.3): Let 0 > A — F — B — 0 be an extension of C*-
algebras. Assume that A is simple, and that E is o-unital. Assume further,
that A is purely infinite, or that A has real rank zero, stable rank one, strict
comparison of positive elements by traces, and finitely many extremal traces

(normalized at some nonzero projection). Then:

rr(M(B)) <rr(M(E)) < max{l,rr(M(B))}.

If we additionally assume that K,(A) = 0, then
rr(M(E)) = rr(M(B)).

CONVENTIONS. Throughout, we let I denote the C*-algebra of compact op-
erators on a separable, infinite-dimensional Hilbert space. Further, we let B
denote the algebra of bounded operators on a separable, infinite-dimensional
Hilbert space. The Calkin algebra is

Q:=B/K.

Given a C*-algebra A, we let Aq, and A, denote the subsets of self-adjoint and
positive elements, respectively.

By an extension 0 - A — E — B — 0 of C*-algebras, we mean that F is
a C*-algebra containing A as a closed ideal such that B is isomorphic to E/A.

ACKNOWLEDGEMENTS. The author thanks Eduard Vilalta for valuable feed-
back on a first version of this paper. The author also thanks the anonymous
referee for his thorough reading of a former version of this work and for providing
many useful comments.
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2. Preliminaries on real rank of extensions

In this section, we recall estimates of the real rank of an extension of C*-algebras
from [Thi24]. We begin with the definition of the (extension) real rank.

Let A be a unital C*-algebra. For n > 1, a self-adjoint tuple (a1, ...,a,) € A%,
is said to be unimodular if it generates A as a left ideal. One can show that

a tuple (ar,...,a,) € A” is unimodular if and only if >;_, a? is invertible.

Definition 2.1 (Brown—Pedersen [BP91]): The real rank of a unital C*-alge-
bra A, denoted by rr(A), is defined as the smallest integer n > 0 such that the
set of unimodular, self-adjoint (n + 1)-tuples is dense in A%, By convention,
we set rr(A) = oo if there is no n with this property. The real rank of a
nonunital C*-algebra is defined as that of its minimal unitization.

Definition 2.2 ([Thi24, Defintion 3.1]): Let A be a C*-algebra, let n > 0,
and let ma: M(A) — M(A)/A denote the quotient map. We say
that A has property (A,) if for every (ag,...,a,) € M(A)LF such that

sa
(ra(ao),...,ma(ay)) is unimodular, and for every & > 0, there exists a uni-
modular tuple (bg,...,b,) € M(A)%H such that

sa
lao —boll < e&,...,[lan —bull <e,
and

malag) =mwa(bo),...,mal(an) = 7a(by).

The extension real rank of A, denoted by xrr(A), is the smallest inte-
ger n > 0 such that A has property (A,,) for all m > n. We set xrr(A) = oo if
there is no n such that A has (A,,) for all m > n.

THEOREM 2.3 ([Thi24, Theorem 2.4]): Let 0 - A — E — B — 0 be an
extension of C*-algebras. Then

max{rr(A),rr(B)} < rr(F) <rr(4) +rr(B) + 1.

THEOREM 2.4 ([Thi24, Theorem 3.7]): Let 0 - A — E — B — 0 be an
extension of C*-algebras. Then

max{rr(A),rr(B)} < rr(F) < max{xrr(A),rr(B)}.

The next result allows us to estimate the extension real rank of a C*-algebra
given as an extension.
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PROPOSITION 2.5 ([Thi24, Proposition 4.2]): Let 0 - A — E — B — 0 be an
extension of C*-algebras. Then

xrr(E) < max{xrr(A4),xrr(B)}.

PROPOSITION 2.6 ([Thi24, Corollary 5.4]): Let A be a C*-algebra. Assume
that xrr(A) <1, rr(A) =0 and K1(A) = 0. Then

xrr(A4) = 0.

3. Real rank of multiplier algebras of some simple C*-algebras

In this section, we estimate the real rank of the multiplier algebra of some
simple C*-algebras. In particular, and based on the seminal work of Zhang
and Lin, we compute the real rank of the multiplier algebra of o-unital, sim-
ple C*-algebras that are either purely infinite, or have real rank zero and stable
rank one; see Theorem 3.2. We recover the computation of the real rank of
the stable multiplier algebra of 1I; factors (Example 3.6) and of (countably
decomposable) type III factors (Example 3.7).

In the next result, we consider the index map Ko(M(A)/A) — K1(A) from
the six-term exact sequence in K-theory ([Bla06, Corollary V.1.2.22]) induced
by the extension

0—-A— M(A) - M(A)/A — 0.

If A and M(A)/A have real rank zero, then the vanishing of this index map is
equivalent to the condition that every projection from M (A)/A lifts to M (A);
see, for example, [Thi24, Proposition 2.5]. If, moreover, A is stable, then the K-
theory of M (A) vanishes ([WO93, Theorem 10.2]), and then it is also equivalent
to the condition K;(A) = 0.

In Theorem 3.2 below we will see that for many simple C*-algebras with real
rank zero, the corona algebra has real rank zero as well, which then allows us to
compute the real rank of the multiplier algebra. In [LN16] and [Ng22] it is shown
that the corona algebra also has real rank zero for certain simple C*-algebras
with nonzero real rank, such as the Jiang—Su algebra.
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PROPOSITION 3.1: Let A be a C*-algebra such that the corona algebra M (A)/A
has real rank zero. Then
rr(A) < xrr(A) = rr(M(A)) <rr(A) + 1.
If A and M(A)/A have real rank zero, then

ser(A) = rr(M(A)) = 0, if the index map Ko(M(A)/A) — K1(A) vanishes,
1, otherwise.

Proof. Applying Theorems 2.3 and 2.4 for the extension
0—-A— M(A) - M(A)/A— 0,

we get

rr(M(A)) < rr(A) + rr(M(A)/A) +1 = 12(A) + 1,
and

(M (A)) < max{xer(A), rr(M(A4)/A)} = xar(A).
By [Thi24, Proposition 3.11], we have

() < xrr(A) < rr(M(A)).

By combining these estimates, we get rr(A4) < xir(A) =rr(M(A)) <rr(A) + 1.

By [Thi24, Corollary 2.6], an extension of real rank zero C*-algebras has real
rank zero or one, depending on whether the index map from K of the quotient
to K of the ideal vanishes. The computation of rr(M(A)) follows.

THEOREM 3.2: Let A be a o-unital, simple C*-algebra that is purely infinite
or has real rank zero and stable rank one. Then rr(M(A)/A) =0 and

0, if the index map Ko(M(A)/A) — K1(A) vanishes,

xrr(A) = 1r(M(A)) =
1, otherwise.

Proof. We will see that in both cases we have rr(A) = 0 and rr(M(A)/A) =0,
whence the result follows from Proposition 3.1. In the case that A has real rank
zero and stable rank one, we have rr(M(A)/A) = 0 by [Lin93, Theorem 15].
Now assume that A is purely infinite. Then rr(4) = 0 by [Bla06, Proposi-
tion V.3.2.12]; see also [Zha92b, Theorem 1.2(ii)]. Further, A is either unital
or stable by [Zha92b, Theorem 1.2(i)]. It follows that rr(M(A)/A) = 0, using
[Zha92b, Corollary 2.6(i)] in the stable case.
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COROLLARY 3.3: Let A be a unital, simple C*-algebra that is purely infinite or
has real rank zero and stable rank one. Then rr(M(A® K)/(A® K)) =0 and

0, if K1(A)=0,

xr(A®@K) =rr(M(A®K)) =
1, otherwise.

Proof. By [W093, Theorem 10.2], the K-theory of the the multiplier algebra of
a stable C*-algebra vanishes. Applying the six-term exact sequence in K-theory
([Bla06, Corollary V.1.2.22]), it follows that the index map

Ko(M(A®K)/(A®K)) = K1(A® K) = K1 (A)

is an isomorphism. Thus, the index map vanishes if and only if K;(A4) = 0.
Now the result follows from Theorem 3.2.

Example 3.4: Consider the Calkin algebra @) := B/K. Then @ is a unital,
simple, purely infinite C*-algebra with K1(Q) = Z # 0. It follows from
Corollary 3.3 that

r(M(Q®eK)/(QeK)) =0, and xr(Q®K)=1r(M(Q&®K))=1.

The computation of the real rank of the stable corona algebra of @ was first
obtained by Zhang [Zha92b, Examples 2.7(iii)].

Example 3.5: Let Ap be an irrational rotation algebra. We refer to [Bla06,
Examples 11.8.3.3(i) and 11.10.4.12(i)] for details. The C*-algebra Ay is unital,
simple, has real rank zero ([BKR92, Theorem 1.5]), stable rank one ([Put90,
Theorem 1]), and Ki(A4g) = Z2 # 0 ([WO93, Section 12.3]). It follows from
Corollary 3.3 that

rr(M(Ag @ K)/(Ag @ K)) =0, and =xrr(4p@K) =1r(M(4g @ K)) =1.

The computation of the real rank of the stable corona algebra of Ay was first
obtained by Lin [Lin93, Theorem 15].

We now turn to the stable multiplier algebras of von Neumann factors.
Using the description of the norm-closed ideals in factors ([Bla06, Proposi-
tion I11.1.7.11]), we see that a factor N is simple as a C*-algebra if and only if
it is type I,, for finite n (that is, N = M, (C)), N is type II;, or N is countably
decomposable and type III. In the case of type I,,, we have N Q@K = K, and then

rr(M(N ® K)) =rr(B) = 0.
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We now consider the real rank of the stable multiplier algebra of factors of
type II; and type III. It is well-known that every von Neumann algebra has
real rank zero and vanishing Kj-group, and that every finite von Neumann
algebra has stable rank one.

Example 3.6: Let N be a type I1; factor. Then N is a unital, simple C*-algebra
that has real rank zero, stable rank one, and vanishing Ki-group. Thus, we have

r(M(N®@K))=0, and xr(Ne@K)=1rr(M(N®K))=0

by Corollary 3.3. The computation of the real rank of the stable multiplier
algebra of type I1; factors was first obtained by Zhang [Zha92b, Examples 2.11];
see also [Lin93, Theorem 10].

Example 3.7: Let N be a countably decomposable type III factor. Then N is
a unital, simple, purely infinite C*-algebra with K;(N) = 0. Thus, we have

xr(N @ K) =rr(M(N®K)) =0

by Corollary 3.3. The computation of the real rank of M(N ® K)) was first
obtained by Zhang [Zha92b, Examples 2.7(iv)]. However, contrary to what is
stated in [Zha92b, Examples 2.7(iv)], a type III factor is only simple if it is
countably decomposable. Therefore, it remains open if we have rr(M ® ) = 0
for arbitrary type III factors; see also Remark 6.6.

4. Extensions by the algebra of compact operators

In this section, we consider extensions
0-K—-FE—B—=0

where E is o-compact. We solve Problem D for K (Lemma 4.6) and deduce in
Proposition 4.7 that
rr(M(E)) = rr(M(B)).

We use this to exhibit a separable, nuclear counterexample to the second
and third Brown—Pedersen conjectures (Example 4.8) and to compute the real
rank of the stable multiplier and corona algebra of the algebra B of bounded
operators on a separable, infinite-dimensional Hilbert space (Theorem 4.10).

First, we consider the general framework for studying the multiplier and
corona algebras of extensions.
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4.1: Let 0 > A - E 5 B — 0 be an extension of C*-algebras. The natural
extension 7**: E** — B** is a surjective morphism whose kernel is naturally
isomorphic to A**; see [Bla06, I11.5.2.11]. We realize the multiplier algebra of
a C*-algebra D as

M(D)={xz € D* : 2D + Dx C D}.

Applying this for E and B, we see that #** maps M(FE) to M(B), and we
denote this morphism by 7: M(E) — M(B).
Let us now assume that F is o-unital. Then 7 is surjective by [Ped86, The-

orem 10], and we set J := ker(7). We obtain the following inclusions of
extensions:
0 A E———=B 0
NI Al Al
0——J——= M(E) —> M(B) —=0
NI Al Al
O A** E** 7‘—** B** 0-

We thus have
J=A"NM(E)C A™.

The surjective morphism 7: M (E) — M (B) induces a surjective morphism
7: M(E)/E — M(B)/B,

with kernel K := ker(7). We obtain the following extension:

0— K= M(E)/JE —"~ M(B)/B —— 0.
Note that K is naturally isomorphic to J/A.
LEMMA 4.2: Retain the notation from Paragraph 4.1. Then
ACJC M),

and J is a hereditary sub-C*-algebra of M (A). Further, K = J/A C M(A)/A
is a hereditary sub-C*-algebra of M (A)/A.

Proof. We will use that J = A**NM(E) C A**. We first establish the following:

Cram: Let x € J and e € E. Then xe,ex € A.
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Indeed, since x € J C M(E) and e € E, we have ze, ex € E. Further,
since x € J C A**, and since A** is an ideal (in fact a summand) in E**, we
have ze,ex € A**. Using that A = E N A**, we obtain ze, ex € A. This proves
the claim.

It follows directly from the claim that J is contained in

M(A)={x e A" : A+ Ax C A}.

To show that J C M(A) is hereditary, let z, y € J and let z € M(A). We
need to verify xzzy € J. We clearly have xzy € A**, and it remains to verify
that zzy € M(E). Let e € E. Using the claim, we have ex € A. Since z € M (A),
we get exz € A, and then exzy € A C E. Analogously, we have zzye € E.
Since this holds for every e € E, we have xzy € M(E), as desired.

Using that J C M (A) is hereditary, it follows that K = J/A C M(A)/A is
hereditary as well.

ProposiTION 4.3: Let 0 - A — E — B — 0 be an extension of C*-algebras,
and assume that E is o-unital.

Ifrr(M(A)) =0, then

rr(M(B)) < rr(M(E)) <rr(M(B)) + 1.
Ifrr(M(A)/A) =0, then
rr(M(B)/B) <rr(M(E)/FE) <rr(M(B)/B) + 1.

Proof. By Paragraph 4.1 and Lemma 4.2, we have extensions
0—-J— M(E)—MB)—0, and 0—-K — M(E)/E— M(B)/B —0,

where J is a hereditary sub-C*-algebra of M(A), and K is a hereditary
sub-C*-algebra of M(A)/A.

By [BP91, Corollary 2.8], real rank zero passes to hereditary sub-C*-algebras.
Thus, if rr(M(A)) = 0, then rr(J) = 0, and the estimate for rr(M(E)) follows
from Theorem 2.3. Similarly, if rr(M(A)/A) = 0, then rr(K) = 0, and the
estimate for rr(M(E)/E) follows analogously.

Thus, in the setting of Proposition 4.3, if rr(M(A)) = 0, then the real rank
of M(FE) can take at most two values, and we are led to wonder if rr(M(E))
is equal to rr(M(B)) or to rr(M(B)) + 1. The following result of Brown—
Pedersen provides an answer when M (B) has real rank zero. This suggests
Question 4.5 below.
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PROPOSITION 4.4 ([BP09, Theorem 4.8]): Let 0 - A - E — B — 0 be an
extension of C*-algebras. Assume that E is o-unital, and that rr(M(A)) = 0
and rr(M(B)) = 0. Then

rr(M(E)) =0.

Question 4.5: Let 0+ A— E — B —0 be an extension of C*-algebras. Assume
that E is o-unital, and that rr(M(A)) = 0. Do we have rr(M(E)) = rr(M(B))?

In Proposition 4.7, we will answer Question 4.5 positively for the case A = K.
Recall that we let @ := B/K denote the Calkin algebra.

LEMMA 4.6: We have xrr(J) = 0 for every hereditary sub-C*-algebra J C B.
Further, we have xrr(K) < 1 for every hereditary sub-C*-algebra K C Q.

Proof. If K is a hereditary sub-C*-algebra of ), then K is simple and purely
infinite and therefore xrr(K) < 1 by [Thi24, Proposition 5.11(2)]. Now, if J is
a hereditary sub-C*-algebra of B, then we obtain an extension

0—>JNK—=J—=J/(JNK)—D0.

Note that J N C is a hereditary sub-C*-algebra of K and therefore isomorphic
to K or to a complex matrix algebra. In either case, we have xrr(J N K) = 0,
for example by [Thi24, Proposition 5.9(1)]. Further, J/(J N K) is a hereditary
sub-C*-algebra of @, and thus xrr(J/(J N K)) < 1 as shown above. Apply-
ing that the extension real rank does not increase when passing to extensions,
Proposition 2.5, we get

xrr(J) < max{xrr(J NK),xrr(J/(JNK))} < 1.

Since rr(B) = 0, and since real rank zero passes to hereditary sub-C*-algebras
by [BP91, Corollary 2.8], we also have rr(J) = 0. Further, we have K1(J) =0
by [Zha90c, Theorem 2.1]. Then xrr(J) = 0 by Proposition 2.6.

PROPOSITION 4.7: Let 0 - K — E — B — 0 be an extension of C*-algebras
and assume that E is o-unital. Then

rr(M(E)) = rr(M(B)),

and

rr(M(B)/B) <rr(M(E)/E) <max{l,rtr(M(B)/B)}.
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Proof. By Paragraph 4.1 and Lemma 4.2, we have extensions
0—-J—ME)—>MB)—0, and 0— K — M(E)/E— M(B)/B — 0,

where J is a hereditary sub-C*-algebra of B, and K is a hereditary sub-C™*-
algebra of @. By Lemma 4.6, we have xrr(J) = 0 and xrr(K) < 1, and now the
result follows from Theorem 2.4.

Example 4.8: We construct a concrete separable, nuclear counterexample to the
second and third Brown—Pedersen conjectures. Let B be the stable Kirchberg
algebra in the UCT class and with K¢(B) = 0 and K1(B) = Z. (This algebra is
unique by the Kirchberg-Phillips classification theorem, [Rgr02, Theorem 8.4.1],
and it exists by [Rer02, Proposition 4.3.3].)

Next, we compute the extension group Ext(B, ). Applying [Blad8, Propo-
sition 17.6.5] at the first step, and using the Universal Coefficient Theorem
([Bla98, Theorem 23.1.1]) at the second step, we have

Ext(B,K) =2 KK'(B,K) = Hom(K.(B), K.(K)) = Hom(Z,Z) = Z.

Using Voiculescu’s theorem on the existence of absorbing extensions ([Bla98,
Theorem 15.12.3]), we realize the element 1 € Z = Ext(B, ) by an essential,

nonunital extension

0K —-A—=B—0.

We show that A is a separable, nuclear C*-algebra with real rank zero,
trivial K-theory, and such that

rr(M(A)) =rr(M(A)/A) = 1.

First, A is an extension of separable, nuclear C*-algebras and therefore sep-
arable and nuclear itself; see [Bla06, Proposition IV.3.1.3]. Further, since K
and B have real rank zero, and since the induced map Ky(A4) — Ky(B) is
surjective, it follows that A has real rank zero; see [LR95, Proposition 4].

Since the extension realizes the class 1 € Z = Ext(B, K), the associated index
map

Z=K(B)— KoK)=Z

is an isomorphism. Using the six-term exact sequence in K-theory ([Bla06,
Corollary V.1.2.22]), we get

Ko(A) = K1(A) = 0.
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Using Proposition 4.7 at the first step, and applying Corollary 3.3 at the
second step (using that K;(B) # 0), we have

rr(M(A)) =rr(M(B)) = 1.
To see that rr(M(A)/A) = 1, we consider the extension
0—A— MA) — M(A)/A— 0.

Since the real rank does not increase when passing to quotients, we deduce
that rr(M(A)/A) < 1; see Theorem 2.4. To reach a contradiction, assume
that rr(M(A)/A) = 0. Using the six-term exact sequence in K-theory, and
using that K;(A) = 0, we see that the map Ko(M(A)) — Ko(M(A)/A) is sur-
jective, and then rr(M(A)) = 0 by [LR95, Proposition 4], which is the de-
sired contradiction. Thus, M (A)/A does not have real rank zero, and so

rr(M(A)/A) = 1.

Remark 4.9: In [Osa93], Osaka found non-o-unital counterexamples to the sec-
ond and third Brown—Pedersen conjectures. Indeed, while for a o-compact,
locally compact, Hausdorff space X, we have locdim(X) = dim(8X), there ex-
ists a non-o-compact, locally compact, Hausdorff space Y with locdim(Y) = 0
and dim(8Y) > 1; see [Osa93] and [DH22, Section 3.3]. Then the commuta-
tive C*-algebra Co(Y) satisfies

rr(Co(Y)) =0, Ki(Co(Y))=0, and rr(M(Co(Y))) >1.

It is a general phenomenon that multiplier algebras of non-c-unital C*-
algebras can behave rather strange. For example, there exists a
non-o-unital C*-algebra A such that M(A) agrees with the minimal unitiza-
tion of A; see [GK18]. In this case, the corona algebra M (A)/A is isomorphic
to C, and A is complemented in M (A) as a Banach space.

On the other hand, if B is a nonunital, o-unital C*-algebra, then B is not
complemented in M (B) as a Banach space ([Tay72, Corollary 3.7]), and the
corona algebra M (B)/B is not separable ([Ped86, Corollary 2, Theorem 13]).

Therefore, o-unitality is a common and natural assumption when working
with multiplier algebras.

As another major application of Proposition 4.7, we compute the real rank
of the stable multiplier and stable corona algebra of B. Since B ® K has real
rank zero and trivial Ki-group, this provides another natural counterexample
to the second and third Brown—Pedersen conjectures.
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THEOREM 4.10: We have
rr(M(B®K))=rr(M(Be®K)/(BeK))=1.
Further, we have xrr(B ® KC) = 0. Thus, given any extension
0>BK—-FE—B—0,

we have
rr(E) = rr(B).
Proof. By tensoring the extension 0 - K — B — @ — 0 by K, and identify-
ing £ ® KL with IC, we obtain the extension
0->K—=>BK—=>QxK —0.

Using Proposition 4.7 at the first step, and Example 3.4 at the second
step, we get
rrf(M(B®K)) =rr(M(Q®K)) =1.

By [Thi24, Proposition 3.11], the extension real rank is dominated by the
real rank of the multiplier algebra. Thus, we have xrr(B ® K) < 1. We also
have rr(B® K) = 0 and K;1(B® K) = 0, and so xrr(B ® K) = 0 by Proposi-
tion 2.6. The statement about the real rank of extensions by B® K follows from
Theorem 2.4.

Finally, to compute the real rank of the stable corona algebra of B, we consider

the extension
0=->BK—->MBK)—>MB2K)/(BeK)—0.
Using at the first step that xrr(8 ® ) = 0 (and Theorem 2.4), we get
rr(M(BeK)/(BeK))=rr(M(B®K)) =1.

Remark 4.11: In the setting of Proposition 4.7, if rr(M(B)/B) = 0, then the
real rank of M (E)/E takes the value 0 or 1, and both are possible. The value 0
arises for example from trivial extensions. On the other hand, for the extension

0-K—=>BK—-QK—=0
we have
mr(M(BoK)/(BoK) =1, and r(MQ®K)/(Q®K)) =0
by Theorem 4.10 and Example 3.4.
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Example 4.12: We have
IT(B A max B) = I'I'(B Qmax Q) = maX{]-a I'I‘(Q Qmax Q)}

Indeed, since the maximal tensor product preserves short exact sequences
([Bla06, I1.9.6.6]), we have an extension

OHB®max’C4)B®lnaXB*>B®maXQ*>0)

to which we may apply Theorem 4.10 to obtain that B ®pax B and B ®max @
have the same real rank.
Next, we consider the extension

04)’C®maxQ4>B®maxQ4)Q®lnaXQ4)0
Using that xrr(Q ® K) = 1 by Example 3.4, and applying Theorem 2.4, we have

I1(Q Omax Q) < 11(B Omax @) < max{l, r1(Q @max @) }-
On the other hand, applying [Osa99, Corollary 1.2] at the first step, and using at
the second step that the minimal tensor product B® B is a quotient of B®yax B,
we have
1 <1r(B® B) < 11(B ®@max B) = 11(B @max @)-
We deduce that the real rank of B ®max @ is equal to max{1,rr(Q @max Q)}-

Question 4.13: What is the real rank of ) ®max Q7

If r1(Q ®max Q) = 0, then Example 4.12 would imply that
rr(B @max B) = r(B® B) =1,

which would answer [0sa99, Question 3.3]. I suspect, however, that the real
rank of @ ®max @ is nonzero. On the other hand, note that the minimal tensor
product @ ® @ is simple, unital and purely infinite, whence rr(Q ® Q) = 0 by
Zhang’s theorem [Bla06, Proposition V.3.2.12].

5. Extensions by simple, purely infinite C*-algebras
In this section, we consider extensions
0-A—-F—B—=0

where F is o-unital, and A is simple and purely infinite. We solve Problem D
for A (Lemma 5.6) and deduce in Proposition 5.7 that

rr(M(B)) <1r(M(FE)) < max{1l,rr(M(B))}.
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Thus, we have rr(M (E))=rr(M(B)), unless rr(M (B))=0 while rr (M (E))=1,
and we will see in Example 5.8 that this exceptional case can occur. We also
show that rr(M(E)) = rr(M(B)) if we additionally assume that K;(A) = 0.
We obtain analogous results for the real rank of the corona algebra M (E)/E.

Since we do not want to assume that A is separable or o-unital, we first
devise a method to reduce the problem of computing rr(M(E)) to suitable
subextensions 0 - A’ — E' — B’ — 0, where A’ is separable. To that end, we
show that for a o-unital C*-algebra F, the multiplier algebra M (E) is exhausted
by the images of maps M (D) — M(E) for separable sub-C*-algebras D C F
containing an approximate unit of E.

Here we use that a morphism ¢: D — E between C*-algebras naturally in-
duces a unital morphism @: M (D) — M(E) if the image of ¢ contains an ap-
proximate unit for F.

LEMMA 5.1: Let E be a o-unital C*-algebra, and let L C M (FE) be a separable
sub-C*-algebra. Then there exists a separable sub-C*-algebra D C E contain-
ing an approximate unit for E and such that the image of the naturally induced
map M (D) — M(E) contains L.

Proof. Let (e,)n be a countable approximate unit for E, and let Lo C L be a
countable dense subset. Let D be the sub-C*-algebra of E generated by

{en:meN}U{epa:neNjac Lo} U{ae,:n e€N,a e Lp}.

Then D is a separable sub-C*-algebra of E containing the approximate unit
(én)n. The inclusion ¢: D — E extends to an injective homomorphism

U DY — B
We realize the multiplier algebra of D as
M(D)={x € D" : 2D + Dz C D},

and similarly for M(FE). Since D contains an approximate unit for FE, the
map ¢** sends M (D) into M (E). We may therefore view M (D) as a subalgebra
of M(E), as shown in the following diagram:

E ¢ M(E) ¢ E*

1V, 1V, 1V
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To verify L C M (D), it suffices to show that M (D) contains Lg. Let a € Ly.
If a = 0 then a € M (D). We now assume that a # 0. Let d € D, and £ > 0.
Since (ey,), is an approximate unit for £ (and hence for D), we obtain n € N
such that ||e,d — d|| < ¢/||a||. Then

lad — ae,d|| < e.

Since ae, belongs to D by construction, we have ae,d € D. Thus, ad has
distance less than € to D. Since this holds for every ¢ > 0, we get ad € D, and
thus aD C D. Similarly, we obtain Da C D, and thus a € M (D).

5.2: Let A be a (nonseparable) C*-algebra. We use Sep(A4) to denote the
collection of separable sub-C*-algebras of A, equipped with the partial order
given by inclusion. Following the terminology from model theory, we say that
a family F C Sep(A) is a club if it is o-complete (for every countable, upward
directed subset Fy C F, we have | JFy € F) and cofinal (for every B € Sep(A)
there exists C' € F with B C C); see [Farl9, Section 6.2].

A property P for C*-algebras is said to satisfy the Lowenheim—Skolem condi-
tion if for every C*-algebra A satisfying P there is a club in Sep(A) of (separa-
ble) C*-algebras satisfying P. Many common properties of C*-algebras satisfy
the Lowenheim—Skolem condition, including properties that are axiomatizable
in model theory [Far19, Section 7.3], and properties that are ‘separably inher-
itable’ in the sense of Blackadar [Bla06, Definition II.8.5.1]; see, for example,
[Thi24, Paragraph 4.5].

A countable intersection of clubs in Sep(A) is again a club, which shows
that the conjunction of countably many properties with the Lowenheim—Skolem
condition also satisfies the Lowenheim—Skolem condition.

LEMMA 5.3: Let A be a o-unital C*-algebra, and let n € N. Then the following
statements are true:
(1) Assume that for every separable sub-C*-algebra B CA there exists a sub-
C*-algebra D C A with B C D andrr(M (D)) <n. Thenrr(M(A))<n.
(2) Assume that for every separable sub-C*-algebra B C A there exists
a sub-C*-algebra D C A such that B C D and rr(M(D)/D) < n.
Then rr(M(A)/A) < n.

Proof. We will only verify (1). The proof of (2) is analogous.
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Let (ao,...,a,) € M(A)%H be a self-adjoint (n + 1)-tuple in M (A), and
let € > 0. We need to find a unimodular tuple (by. . ..,b,) € M(A)s, such that
lbo — aoll < &,...,||bn —anl|| <e.

By Lemma 5.1, there exists a separable sub-C*-algebra B C A contain-
ing an approximate unit for A such that the image of the induced inclu-
sion M(B) — M(A) contains ag,...,a,. By assumption, we obtain a
sub-C*-algebra D C A such that B C D and rr(M(D)) < n. Then D contains
an approximate unit for A, and the image of the inclusion M (D) — M(A)

also contains ag,...,a,. Using that rr(M (D)) < n, we can find the desired
tuple (bo....,by) in M(D).

Example 5.4: We can apply Lemma 5.3 to show that B ® K contains many
separable sub-C*-algebras that are counterexamples to the second and third
Brown-Pedersen conjectures. (See Example 4.8 for a concrete separable and
nuclear counterexample.)

By Theorem 4.10, we have

r(BK)=0, Ki(BeK)=0, and mr(M(BeK)/BaK)=1.
Since ‘real rank zero’ and ‘vanishing Ky-group’ each satisfy the Lowenheim—
Skolem condition ([Bla06, Paragraph I1.8.5.5]), there exists a club F of separable
sub-C*-algebras A C BQK satisfying rr(A)=0 and K;(A)=0. If every A€ F sat-
isfied rr(M(A)/A) = 0, then Lemma 5.3 would imply rr(M (B ® K)/B ® K)) =0,
a contradiction. Thus, there exists A € F such that
rr(4) =0, K1(4A)=0, and rr(M(A4)/A)#D0.

We now turn to a technical result that allows us to estimate the real rank of
the multiplier and corona algebra of an extension with a nonseparable ideal.

LEMMA 5.5: Let 0— A—E 5 B—0 be an extension of C*-algebras, let n€N,
and assume that E is o-unital. Then the following statements are true:

(1) If A contains a club of separable sub-C*-algebras A’ C A such that
every hereditary sub-C*-algebra J of M(A’) satisfies xrr(J) < n, then

rr(M(B)) < 1r(M(FE)) < max{n,rr(M(B))}.

(2) If A contains a club of separable sub-C*-algebras A’ C A such that every
hereditary sub-C*-algebra K of M (A’)/A’ satisfies xrr(K) < n, then

rr(M(B)/B) <rr(M(E)/E) < max{n,rr(M(B)/B)}.
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Proof. We identify A with an ideal in E, and we let 7: M(FE) — M(B) be
the natural morphism induced by 7. Since E is o-unital, 7 is surjective by
[Ped86, Theorem 10]. It follows that the natural map M (FE)/E — M(B)/B is
surjective as well. By Theorem 2.3, we have

rr(M(B)) <rr(M(E)), and rr(M(B)/B) <rr(M(E)/E).

We now verify the upper bounds. Set k := max{n,rr(M(B))}, which we may
assume to be finite. Let (ao,...,ax) € M(E)EF! be a self-adjoint (k + 1)-tuple
in M (E), and let £ >0. We need to find a unimodular tuple (bg. ..., b,) € M (E)sa
such that

||b0 7(10” < 5,...,ku —akH <E.

Since 1r(M(B)) < k, the tuple (7(ag),...,7(ax)) € M(B)EF! can be ap-
proximated by a unimodular, self-adjoint tuple, which then may be lifted to a
self-adjoint tuple in M (E) close to (aqg, . .., ax). Thus, without loss of generality,
we may assume that (7(ao), ..., 7(ax)) is unimodular.

By Lemma 5.1, there exists a separable sub-C*-algebra D C E contain-
ing an approximate unit for E such that the image of the induced inclu-
sion M (D) — M(E) contains ag,...,ax. Then D N A is a separable sub-C*-
algebra of A. By [Thi23, Lemma 3.2(1)], if S C Sep(A) is a club of separable
sub-C*-algebras, then so is {E’ € Sep(FE) : E'N A € S}. Using the assumption,
we may therefore assume that D N A has the property that every hereditary
sub-C*-algebra J of M (DN A) satisfies xrr(J) < n. Let ¢ denote the restriction
of m to D. We have the following inclusion of extensions:

s

0 A E B 0
1V} U U
0—=DNA——=D—2+D/(DNA) —=0.

Since D is separable (and hence o-unital), the surjective morphism g naturally
induces a surjective morphism g: M (D) — M(D/(DnNA)), and as explained in
Paragraph 4.1 and Lemma 4.2 the kernel J of g is isomorphic to a hereditary
sub-C*-algebra of M (D N A). We have the following commutative diagram:

M(E) M(B)
U ) U
0——>J—— M(D)—2> M(D/(DN A)) — 0.
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By construction, we have xrr(J) < n < k. Further, the tuple (ao,...,ax)
belongs to M(D) . Let us see that (g(ag),...,0(ax)) is unimodular.
Since (7 (ao), . .., 7(ak)) is unimodular, there exists § > 0 such that

k

ﬁ(aj)Q > 5]-M(B)
=0

It follows that N

Z 0(a;)* = 01a(py(pnay),

§=0
and thus (g(ag),...,0(ax)) is unimodular. Now, since xrr(J) < k, it follows
from Definition 2.2 that (ag,...,ar) can be approximated by a unimodular,
). The image of this tuple in M (F) has the desired
properties. This verifies (1). The proof of (2) is similar. We omit the details.

self-adjoint tuple in M (D

LEMMA 5.6: Let A be a o-unital, simple, purely infinite C*-algebra. Then:
(1) If J C M(A) is a hereditary sub-C*-algebra, then xrr(J) < 1. If we
additionally assume that K1(A) = 0, then xrr(J) = 0.
(2) If K C M(A)/A is a hereditary sub-C*-algebra, then xrr(K) < 1. If we
additionally assume that Ko(A) = 0, then xrr(K) = 0.

Proof. By [Zha92b, Theorem 1.2], A is either unital or stable. In the first
case, we have M(A) = A and M(A)/A = {0}, and then (2) clearly holds. To
verify (1), let J C M(A) = A be a hereditary sub-C*-algebra. The result is
clear if J = {0}. If J is nonzero, then it is Morita equivalent to A and therefore
simple and purely infinite. Then xrr(J) < 1 by [Thi24, Proposition 5.11(2)].
If additionally K;(A) = 0, then also Ki(J) = 0, and then xrr(J) = 0 by
[Thi24, Proposition 5.9(2)].

We may therefore assume that A is stable. Then it follows from results of
Zhang that M (A)/A is simple and purely infinite. Indeed, M (A)/A is simple by
[Zha90b, Theorem 3.3]. Further, every hereditary sub-C*-algebra of M(A)/A
contains an infinite projection by [Zha89, Theorem 1.3(a)], and it is known
that this characterizes pure infiniteness for simple C*-algebras; see, for example
[Bla06, Proposition V.2.3.3]. See also [Lin04].

To verify (2), let K C M(A)/A be a hereditary sub-C*-algebra. Without loss
of generality, we may assume that K is nonzero. Then K is Morita equivalent
to M(A)/A, whence K is simple and purely infinite, and then xrr(K) < 1 by
[Thi24, Proposition 5.11(2)].
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Let us now additionally assume that Ko(A) = 0. Since A is stable, we
have Ko(M(A)) = K1(M(A)) = 0; see, for example, [W0O93, Theorem 10.2].
Using the six-term exact sequence in K-theory ([Bla06, Corollary V.1.2.22]) at
the second step, we get

K (K) >~ Ki(M(A)/A) 2 Kyo(A) =0,
and then xrr(K) = 0 by [Thi24, Proposition 5.9(2)].

To verify (1), let J C M(A) be a hereditary sub-C*-algebra. We have the
following inclusion of extensions:

0 A M(A) —= M(A)JA——0
U U U
0 JNA J J/(JNA) —= 0.

Since JN A C A and J/(JNA) C M(A)/A are hereditary sub-C*-algebras,
they are simple and purely infinite (or the zero algebra), and hence have
extension real rank at most one by [Thi24, Proposition 5.11(2)], Using
Proposition 2.5 at the first step, we get

xrr(J) < max{xrr(J N A),xrr(J/(JNA))} <1.

Let us now additionally assume that K;(A)=0. Then M (A) has real rank
zero by [Zha92b, Corollary 2.6(ii)]. Since real rank zero passes to heredi-
tary sub-C*-algebras by [BP91, Corollary 2.8], we get rr(J) = 0. Further,
we have K;(J) =0 by [Zha90c, Theorem 2.4]. Then xrr(J)=0 by Proposi-
tion 2.6.

We stress that in the next result, we do not assume that A is separable

or o-unital.

PRrOPOSITION 5.7: Let 0 - A — E — B — 0 be an extension of C*-algebras.
Assume that F is o-unital, and that A is simple and purely infinite. Then the
following statements are true:

(1) We have
rr(M(B)) <rr(M(FE)) < max{1l,rr(M(B))}.
If we additionally assume that K;(A) =0, then

re(M(E)) = rr(M(B)),
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(2) We have
1r(M(B)/B) < rr(M(E)/E) < max{1,rx(M(B)/B)}.
If we additionally assume that Ko(A) = 0, then
wr(M(E)/E) = rx(M(B)/B).

Proof. Since the property ‘simple and purely infinite’ satisfies the Léwenheim—
Skolem condition ([Farl9, Example 7.3.4]), A contains a club F of separable
sub-C*-algebras of A that are simple and purely infinite. For each A’ € F
and for all hereditary sub-C*-algebras J C M(A’) and K C M(A")/A’, we
have xrr(A) < 1 and xrr(K) < 1 by Lemma 5.6. Now the estimates for rr(M(E))
and rr(M(E)/E) follow from Lemma 5.5.

Let us now additionally assume that K;(A) = 0. Since the property
‘vanishing K;-group’ satisfies the Lowenheim—Skolem condition ([Bla06, Para-
graph I1.8.5.5]), we obtain a club Fj of separable sub-C*-algebras of A that are
simple, purely infinite and have vanishing K;-group. For each A’ € F; and ev-
ery hereditary sub-C*-algebra J C M (A’), we have xrr(A4) < 0 by Lemma 5.6.
Then

1r(M(E)) = rr(M(B))

by Lemma 5.5.

If instead we additionally assume that Ko(A) = 0, then a similar argu-
ment (using that vanishing Ky-group satisfies the Lowenheim—Skolem condi-
tion) gives rr(M(E)/E) = (M (B)/B).

Example 5.8: Let @ denote the Calkin algebra, and consider the extension
0-QK->MQeK)—>MQaK)/(QeK)— 0.

Then @ ® K is simple and purely infinite. Further, we have that M (Q ® K) and
M(Q®K)/(Q ®K) are unital and therefore agree with their multiplier alge-
bras. By Example 3.4, we have

r(M(Q®K)=1, and m(M(Q®K)/(Q&®K))=0.

This shows that in Proposition 5.7(1), the exceptional case rr(M(B)) = 0
and rr(M(E)) = 1 can occur.
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6. Extensions by certain simple C*-algebras with stable rank one

In this section, we consider extensions
0>A—F—-B—0

where F is o-unital, and A is simple, with real rank zero, stable rank one,
strict comparison of positive elements by traces, and finitely many extremal
traces (normalized at some nonzero projection). We solve Problem D for A
(Lemma 6.2) and deduce in Proposition 6.3 that

rr(M(B)) <rr(M(E)) < max{1,rr(M(B)}.

Using this, we compute in Theorem 6.5 the real rank of the stable multiplier
and stable corona algebra of a countably decomposable type I, factor N as

rrf(M(N®K)) =rr(M(N®K)/(N®K)) =1.

Together with Theorem 4.10 and results of Zhang [Zha92b] this completes the
computation of the real rank for stable multiplier and corona algebras of count-
ably decomposable factors; see Theorem B

Following Kirchberg-Rgrdam [KRO00, Definition 4.1], we say that a C*-al-
gebra A is purely infinite if A has no characters and if for any a, b € A,
such that a belongs to the ideal generated by b, then a is Cuntz subequivalent
to b. It is known that simple, purely infinite C*-algebras have real rank zero;
see [Bla06, Proposition V.3.2.12]. It is also known that non-simple, purely
infinite C*-algebras need not have real rank zero; see, for example, [PRO7].
The next result shows in particular, that purely infinite C*-algebras with finite
primitive ideal space have real rank at most one.

LEMMA 6.1: Purely infinite C*-algebras with finite primitive ideal space have
extension real rank < 1.

Proof. By induction over n, we show that the result holds for every purely
infinite C'*-algebra whose primitive ideal space contains at most n elements. To
show the case n = 1, let A be a purely infinite C*-algebra with at most one
primitive ideal. Then A is simple (and purely infinite), and therefore xrr(A) <1
by [Thi24, Proposition 5.11(2)].

Next, assume that the result holds for some n, and let A be a purely infi-
nite C*-algebra whose primitve ideal space contains at most n + 1 elements.
Let I C A be any ideal with I # {0} and I # A. By [KR00, Theorem 4.19],
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both I and A/I are purely infinite, and their primitive ideal spaces have at
most n elements. By assumption of the induction, we get

xrr(l) <1 and xrr(A/I) <1,
and then xrr(A) < 1 by Proposition 2.5.

A (C*-algebra A is said to have strict comparison of positive elements
by traces if for any a, b € (A ® K); such that d;(a) < (1 — €)d,(b) for
some € > 0 and all lower semicontinuous, [0, co]-valued (not necessarily densely
finite) traces 7 on A, then a is Cuntz subequivalent to b. By [NR16, Remark 3.7]
and [ERS11, Theorem 6.2], a C*-algebra has strict comparison of positive ele-
ments by traces if and only if its Cuntz semigroup is almost unperforated and
every quasitrace on A is a trace. (We refer to [APT18] and [GP23] for details
on the Cuntz semigroup.)

If A is a simple C*-algebra with real rank zero, stable rank one, and strict
comparison of positive elements by traces, then A necessarily admits nontrivial
(lower semicontinuous, [0, oo]-valued) traces, but there are possibly no bounded
traces. However, for any nonzero projections p, g € A, the Choquet simplices of
tracial states on pAp and qAq are canonically isomorphic. We will say that A
has finitely many extremal traces if for any nonzero projection p € A, the
Choquet simplex of tracial states on pAp has finitely many extreme points.

LEMMA 6.2: Let A be a separable, simple C*-algebra with real rank zero, stable
rank one, strict comparison of positive elements by traces, and finitely many
extremal traces (normalized at some nonzero projection). Then the following
statements are true:
(1) If J C M(A) is a hereditary sub-C*-algebra, then xrr(J) < 1. If we
additionally assume that K;(A) = 0, then xrr(J) = 0.
(2) We have rr(K) = 0 and xrr(K) < 1 for every hereditary sub-C*-
algebra K C M(A)/A.

Proof. For this proof, let us say that a C*-algebra has property (xx) if it satis-
fies the assumptions of this lemma, that is, if it is separable, simple, with real
rank zero, stable rank one, strict comparison of positive elements by traces,
and finitely many extremal traces (normalized at some nonzero projection). In
[Ng22], a C*-algebra is said to have property (x) if it is nonunital, separable,
simple, with strict comparison of positive elements by traces, projection injec-
tivity and surjectivity, and quasicontinuous scale.
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CraM 1: Every nonunital, nonelementary C*-algebra with (x*) has ().

To prove the claim, we first note that every o-unital, simple, nonunital,
nonelementary C*-algebra with real rank zero, stable rank one, and strict
comparison of positive element by traces has projection injectivity and sur-
jectivity by [KNZ19, Theorem 4.5]. Essentially by definition ([KP11, Defi-
nition 2.2]), every simple C*-algebra with real rank zero and with at most
finitely many extremal quasitraces (normalized at some nonzero projection) has
quasi-continuous scale. Further, if a C*-algebra has strict comparison of pos-
itive elements by traces, then every lower-semicontinuous quasitrace is a trace

([INR16, Theorem 3.6]). The claim is proved by combining these results.

CLAIM 2: Let B be a C*-algebra with (x), and let K C M (B)/B be a hereditary
sub-C*-algebra. Then rr(K) = 0 and xrr(K) < 1.

First, we deduce that rr(K) = 0 using that rr(M(B)/B) = 0 by [Ng22,
Theorem 3.8] and that real rank zero passes to hereditary sub-C*-algebras by
[BP91, Corollary 2.8]. Further, M (B)/B is purely infinite and has finitely many
ideals by [KNZ19, Theorem 6.11]; see also [Ng22, Theorem 2.1]. This implies
that M (B)/B has finite primitive ideal space. Since pure infiniteness passes to
hereditary sub-C*-algebras by [KR00, Proposition 4.17], and since the primitive
ideal space of K is naturally isomorphic to a subset of the primitive ideal space
of M(B)/B, we obtain xrr(K) < 1 by Lemma 6.1. This proves the claim.

To verify (2), let K C M(A)/A be a hereditary sub-C*-algebra. If A is unital,
then M(A)/A = {0} and the result is clear. If A is elementary, then M (A)/A
is the Calkin algebra, and it follows that K is purely infinite and simple, and
therefore rr(K) = 0 by [Bla06, Proposition V.3.2.12], and xrr(K) < 1 by [Thi24,
Proposition 5.11(2)]. Finally, if A is non-unital and non-elementary, then it
follows from Claim 1 that A has (x), and the result follows from Claim 2.

To veritfy (1), let J C M(A) be a hereditary sub-C*-algebra. Set

K .= J/(J N A).

We have the following inclusion of extensions:

0 A M(A) — M(A)JA—0
U U U
0 JNA J K 0.
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Since K C M(A)/A is hereditary, we have rr(K) = 0 and xrr(K) < 1 by (2).
Further, since J N A C A is hereditary, and since the properties entering the
definition of (x%) each pass to hereditary sub-C*-algebras, it follows that J N A
also has (xx). In particular, J N A is simple with real rank zero and stable
rank one, and thus xrr(J N A) < 1 by [Thi24, Proposition 5.11(1)]. Using
Proposition 2.5 at the first step, we get

xrr(J) < max{xrr(J N A),xrr(J/(JNA))} <1

Next, let us additionally assume that K;(A4) = 0. Since J N A is Morita
equivalent to A, we get K;(J N A) = 0. Using that J N A and K both have
real rank zero, we deduce that rr(J) = 0 by [LR95, Proposition 4]; see also
[Thi24, Proposition 2.5]. Further, we have K;(J) = 0 by [Lin93, Theorem 9.
Then xrr(J) = 0 by Proposition 2.6.

In the next result, we do not assume that A is separable or o-unital. The
special case A = K was already considered in Section 4.

PROPOSITION 6.3: Let 0 - A — E — B — 0 be an extension of C*-algebras.
Assume that E is o-unital, and that A is simple, with real rank zero, stable
rank one, strict comparison of positive elements by traces, and finitely many
extremal traces (normalized at some nonzero projection). Then the following

statements are true:

(1) We have
rr(M(B)) <rr(M(FE)) < max{1l,rr(M(B))}.
If we additionally assume that K;(A) =0, then
rr(M(E)) = rr(M(B)).
(2) We have
rr(M(B)/B) <rr(M(E)/E) < max{l,rt(M(B)/B)}.

Proof. Pick n such that A has at most n extremal traces (normalized at some
nonzero projection). The proof is similar to that of Proposition 5.7. Let F
denote the collection of separable sub-C*-algebras of A that are simple, have real
rank zero, stable rank one, strict comparison of positive elements by traces, and
that have at most n extremal traces (normalized at some nonzero projection).

Since each of the considered properties passes to inductive limits, we see that F
is o-complete.
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To show that F is cofinal, let B C A be a separable sub-C*-algebra. Since
‘real rank zero’ satisfies the Lowenheim-Skolem condition ([Bla06, Para-
graph 11.8.5.5]), we find a separable sub-C*-algebra C' C A such that B C C
and rr(C) = 0. Choose an increasing sequence of projections (p, )y, in C that
form an approximate unit. Then the unital corners p,,Cp, form an increasing
sequence whose union is dense in C.

Consider p; Ap;, which is a unital, simple C*-algebra with real rank zero,
stable rank one, strict comparison of positive elements by traces, and at most n
extremal tracial states. In [Bla06, Paragraph I1.8.5.5] it is shown that the
property ‘unique tracial state’ satisfies the Lowenheim—Skolem condition for
unital C*-algebras. The proof is easily adapted to show that ‘at most n extremal
tracial states’ satisfies the Lowenheim—Skolem condition for unital C*-algebras.
Using also that the Lowenheim—Skolem condition is satisfied for the properties
‘simple’ ([Bla06, Theorem I1.8.5.6]), for ‘real rank zero’ and ‘stable rank one’
([Bla06, Paragraph I1.8.5.5]), and for ‘strict comparison of positive elements by
traces’ ([FHL*21, Theorem 8.2.2]), we find a separable, unital, simple sub-C*-
algebra Dy C p; Ap; that has real rank zero, stable rank one, strict comparison
of positive elements by traces, and at most n extremal tracial states, and such
that p1Bp; C D;.

Using the same argument successively in each p,Ap,, we obtain a se-
quence (D), such that D, is a separable, unital, simple sub-C*-algebra
of p, Ap, that has real rank zero, stable rank one, strict comparison of positive
elements by traces, and at most n extremal tracial states, and such
that D,,_1 C D,, and p,Cp,, C D, for each n > 2. Set D :=J,, D,,. Then D
belongs to F and contains A, as desired. The situation is shown in the following

diagram:
p1Apt S p2Ape S p3dAps < c A
1V} U 1V} 1V}
D, c D c Dy C c D = U,Dn
U U U U
pCp1i € paCp2 S p3Cps C < C = U,pnCpn.

Now the first estimate for rr(M(F)) and the estimate for rr(M(E)/E) fol-
low from combining Lemma 5.5 with Lemma 6.2, as in the proof of Propo-
sition 5.7. If we additionally assume that K;(A4) = 0, then we use that
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‘vanishing Kj-group’ satisfies the Lowenheim—Skolem condition ([Bla06, Para-
graph I1.8.5.5]) to obtain the improved result for rr(M(E)) from Lemma 5.5
and Lemma 6.2.

Example 6.4: Consider an extension
0>A®K—-E—-B—0

where A is a UHF-algebra (for example, the CAR algebra Ms), and F
is o-unital. Then
rr(M(E)) = rr(M(B)).

THEOREM 6.5: Let N be a countably decomposable 11, factor. Then
xir(N®K)=0, and tmr(M(N®K))=rr(M(N®K)/N®K)=1.

Proof. Let p € N be a projection such that Ny := pNp is a type II; fac-
tor, and let d: Ny — [0,00] denote the unique dimension function on N
with d(p) = 1. Since N is countably decomposable, it follows from [Bla06,
Proposition IT1.1.7.11] that N contains a unique nontrivial (norm-closed) ideal J
given by the norm-closure of

{r € N :d(z"x) < o0}.

Set B := N/J. Since J is a maximal ideal in N, the quotient B is simple.
Since N has real rank zero, so does B, and every projection in B lifts to a pro-
jection in N. Since J contains every finite projection in N, we deduce that every
(nonzero) projection in B lifts to a properly infinite projection and is therefore
properly infinite itself. This implies that B is simple and purely infinite.

Next, we show that K;(B) # 0. Consider the six-term exact sequence
in K-theory induced by the extension 0 — J — N — B — 0. Since J is Morita
equivalent to the IT; factor Ny, we have Ko(J) = Ko(Ng) = R. Further, since N
is a I, factor, we have Ko(IN) = K1(IN) = 0. It follows that K;(B) = R.

R = Ko(J) —— Ko(N) —— Ko(B)
|
0

I
K1(B) =—— Ki(N) =— K1(Q).

Thus, by Corollary 3.3, we have
rr(M(B®K)) =1.
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Now consider the extension
0-JRIK—->NIK—-BK—0.

Then N ® K is o-unital. Since J ® K is Morita equivalent to the II; factor Ny,
we see that J ® K is simple, has real rank zero, stable rank one, strict com-
parison of positive elements by traces, a unique trace normalized at p, and
that K7 (J ® K) = 0. Therefore, Proposition 6.3 applies and we obtain that

rrf(M(N®K)) =rr(M(B®K)) =1.

Arguing as in the proof of Theorem 4.10, we next deduce that xrr(N®K) = 0.
Then, by applying Theorem 2.4 for the extension

0>NeK—->MNK)—- MN®K)/(N®K)—0,

we get

rr(M(N®K)/(N®K))=rr(M(N®K)) =1.

Remark 6.6: We have computed the real ranks of stable multiplier and stable
corona algebras of countably decomposable von Neumann factors. What can
we say about the analogous problem for general von Neumann algebras?

If N is a finite von Neumann algebra, then N has real rank zero, stable
rank one, and trivial K;-group, and then it follows from Lin’s theorem [Lin93,
Theorem 10] that M (N ® K) has real rank zero. We expect that M (N ® K)
also has real rank zero if N is a von Neumann algebra of type III.

On the other hand, if N contains an ideal I such that N/I is a countably
decomposable factor of type I, or type Il, then

rr(M(N ® K)) > (M ((N/I) ® K)) = 1.

We suspect that this holds more generally whenever N has a nonzero summand
of type I or type IIo,. To complete the speculation, we expect that for every
von Neumann algebra N, we have

0, if N has no nonzero summands of type I, or type I,
rr(M(N®K)) = P P

1, otherwise.
With a view towards Proposition 2.6, this would imply that xrr(N ® K) = 0 for
every von Neumann algebra NNV.
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