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Abstract—In this paper, we investigate 3-D localization and
frequency synchronization with multiple reconfigurable intelli-
gent surfaces (RISs) in the presence of carrier frequency offset
(CFO) for a stationary user equipment (UE). In line with
the 6G goals of sustainability and efficiency, we focus on a
frugal communication scenario with minimal spatial and spectral
resources (i.e., narrowband single-input single-ouput system),
considering both the presence and blockage of the line-of-sight
(LoS) path between the base station (BS) and the UE. We design
a generalized likelihood ratio test (GLRT)-based LoS detector,
channel parameter estimation and localization algorithms, with
varying complexity. To verify the efficiency of our estimators, we
compare the root mean-squared error (RMSE) to the Cramér-
Rao bound (CRB) of the unknown parameters. We also evaluate
the sensitivity of our algorithms to the presence of uncontrolled
multi-path components (MPC) and various levels of CFO. Simula-
tion results showcase the effectiveness of the proposed algorithms
under minimal hardware and spectral requirements, and a wide
range of operating conditions, thereby confirming the viability of
RIS-aided frugal localization in 6G scenarios.

Index Terms—Reconfigurable intelligent surfaces, joint local-
ization and frequency synchronization, frugal localization, single-
input single-output.

I. INTRODUCTION

ACCURATE positioning is a pre-requisite for many mod-
ern use-cases, finding applications in various areas such

as autonomous driving, augmented reality, navigation, etc.
[1]. While Global Positioning System (GPS) stands out as
the ubiquitous solution for navigation, its efficacy is often
compromised in scenarios where a direct line-of-sight (LoS) to
satellites is obstructed, such as in tunnels and dense urban envi-
ronments. An alternative solution is to use cellular networks.
Cellular networks have been used for positioning since the
first generation (1G) of mobile networks [2]. In 4G networks,
time-difference-of-arrival (TDoA) and angle-of-arrival (AoA)-
based techniques were introduced, which rely on multiple base
stations to estimate the position of a mobile device. These
techniques proved to be more accurate than the previous ones,
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but required additional infrastructure. In 5G networks, the
adoption of mmWave frequencies and beamforming techniques
improved the accuracy of positioning [3]–[5]. In 6G networks,
the use of reconfigurable intelligent surfaces (RISs) is expected
to further enhance the accuracy and reliability of cellular-based
localization [6]–[9].

In advancement of wireless communications through suc-
cessive generations, achieving sustainability and improving
energy and spectral efficiency has always been a central objec-
tive, and the upcoming 6G is no exception [10]. As pointed out,
4G networks succeeded in improving positioning by putting a
minimum requirement on hardware resources and 5G managed
to progress further in positioning by accessing large chunks of
bandwidth in mmWave and large antenna arrays. Therefore, the
question remains whether 6G will continue this trend or if there
could be another solution to achieve improved positioning
without leveraging more resources. The use of RISs appears
to be a key point in this regard.

RISs constitute one of the key-technology enablers for 6G
[11], providing an additional, controllable path between the
base station (BS) and the user equipment (UE). Primarily, RISs
are designed as a cost-effective and energy-efficient solution to
address signal blockage challenges without the need to densify
the network with more BSs. This approach is favored due to the
simpler hardware requirements and lower maintenance costs
associated with RIS [12], [13]. RISs consist of a large number
of small elements that can be manipulated to reflect incident
waves in desired directions [14]. Deploying RISs in an envi-
ronment allows for the engineering of the propagation medium,
enhancing signal strength and reducing interference at targeted
locations [15]. This ultimately enhances communication rate
and coverage while providing significant gains in localization
performance [16].

The use of RISs in radio localization has been extensively
studied in the literature, with numerous works exploring the
potential of RISs to improve UE localization thanks to the
additional reflected paths [17]–[21]. Notable contributions in-
clude [6], [17], [18], which discuss the challenges, opportuni-
ties, and research directions related to RIS-aided positioning.
Since localization often comes as a by-product of cellular
communication systems, it is advantageous if it is frugal
with resources, such as antennas and time-frequency alloca-
tions, to avoid compromising the quality and infrastructure
requirements of wireless communications—so far the primary
objective of cellular networks. Along this line, RIS-enabled
localization with single BS and single antenna is discussed in
[22], [23]. In [22], a localization and clock-synchronization
approach to single-input single-output (SISO), single RIS
wideband (WB) case was introduced. In [23], authors propose
a method for single-antenna receiver 2-D localization and
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achieve centimeter-level localization accuracy with fingerprint-
ing the RIS-phases over time. A broader perspective on frugal
localization was taken in [24], which conducted an analysis
on UE localization scenarios with minimal required number
of BS and RISs, showing that it is possible to estimate the
UE’s position with one BS and two RISs under narrowband
(NB) communication even without a direct path from the BS
to the UE.

A common weakness in the above works is that they ignore
the presence of carrier frequency offset (CFO) between the BS
and the UE. Since both CFO and the use of diverse RIS phase
profiles [25] (i.e., beam sweeping for angle-of-departure (AoD)
estimation from the RIS using beamspace measurements at
the UE [21], [26]) over time lead to phase variations across
consecutive transmissions, the impacts of CFO and RIS profile
variation add up together in the time-series of phase shifts,
resulting in the so-called angle-Doppler/CFO coupling effect,
as noted in [27], [28]. In real systems, accurate estimation
and compensation of CFO are vital for localization and com-
munication performance. Techniques vary by application; for
instance, in [29] a pilot-based approach using orthogonal pilots
and a Hadamard matrix structure allows efficient CFO esti-
mation and compensation, enhancing localization accuracy by
reducing phase distortions. Similarly, [30] employs a synthetic
aperture method to jointly estimate AoD and CFO, improving
resolution in multi-path environments. CFO estimation and
compensation are also covered extensively in standard commu-
nication literature, such as [31, Ch. 6 & 8], where both pilot-
based and non-data-aided techniques are discussed as effective
solutions for mitigating CFO in practical systems. From an
experimental perspective, [24] demonstrates SISO localization
of a stationary UE with one BS and two RISs in the absence of
a CFO. However, this study has the impractical requirement
that the BS and UE share a common oscillator to eliminate
CFO issues. Moreover, the approach relies on using directional
RIS beams to sweep potential locations and estimate AoDs
from the RISs. This method is ineffective with random RIS
phase profiles, which are commonly used in RIS-aided com-
munications when UE locations are unknown, e.g., [32]–[34].
Overall, no systematic study has been conducted to address the
problem of frugal localization and frequency synchronization
with the help of RISs under angle/CFO coupling effect and
when employing random RIS phase configurations. Therefore,
in light of the existing literature, two crucial questions emerge
that remain unanswered: (i) is it possible to perform joint
3-D downlink localization and frequency synchronization in
the challenging NB (i.e., single-carrier) SISO scenario with
multiple RISs employing random phase configurations?; and
(ii) can efficient and low-complexity algorithms be developed
for LoS presence detection, channel parameter/CFO estimation
and localization in both the presence and absence of the direct
LoS path between the BS and the UE?

In an attempt to address the identified shortcomings of exist-
ing studies on RIS-aided localization and fill the corresponding
research gaps, we consider the frugal localization problem of a
UE in case of NB SISO signaling via one BS and several RISs
employing random phase profiles. The novel contributions of
this paper can be summarized as follows.

• Frugal localization under CFO: We formalize the prob-
lem of NB RIS-aided SISO localization and frequency

synchronization under the assumption of CFO between
the transmitter and the receiver with parsimonious usage
of resources. We develop novel low-complexity estimators
of the unknowns, including the CFO and AoDs, which
enable us to perform localization. Different estimation
algorithms under various circumstances are designed,
including one estimation algorithm in case the direct LoS
between the BS and the UE is present, as well as two
estimation algorithms in case of blocked LoS between the
BS and UE. Our estimators achieve the theoretical bounds
at moderate to high transmit power. Our estimators are
inspired by maximum-likelihood (ML) estimation, but
unlike conventional ML approaches—which suffer from
high computational complexity due to high-dimensional
search spaces—our estimators maintain very low com-
plexity while still achieving the theoretical bounds at
moderate to high transmit powers. This balance between
accuracy and efficiency constitutes the core novelty of
our approach. Simulation results show the efficiency of
the estimator with respect to theoretical bounds.

• LoS detection: We design a generalized likelihood ratio
test (GLRT)-based detector to determine if the LoS exists
or not, which complements the above contribution to a full
localization and synchronization algorithm. Our proposed
algorithm is capable of attaining the theoretical bounds at
a moderate to high transmit power.

• Sensitivity analysis: We assess the sensitivity of our
algorithm to multi-path components (MPC), which shows
that our algorithm quickly converges to the achievable
bounds with Rician factor as small as 10. We also study
the sensitivity of location estimation under UE motion.
Moreover, we compare the performance of our algorithm
with prior works in which CFO is not compensated
for by ignoring CFO as an unknown. The performance
drastically deteriorates at CFO values much smaller than
values typically found in UE, suggesting the importance
of accurate estimation of the CFO. The analyses provide
a detailed insight about the applicability of the proposed
algorithms.

• Resource Efficiency: We prove that with a minimalistic
spectral and BS/UE hardware configuration, including a
single antenna and single subcarrier and sufficient number
of RISs, it is possible to perform accurate positioning.
Therefore, our approach sets a new benchmark for re-
source efficiency in communication systems, potentially
reducing the cost and complexity of deployment, which
is in accordance with 6G objectives.

The paper is structured as follows. In Sec. II, the system
setup is detailed. Sec. III describes orthogonal RIS profile
design to facilitate per-RIS AoD and CFO estimation. Sec. IV
describes the overall flow of the algorithm, including channel
parameter estimation under LoS and non-line-of-sight (NLoS),
localization under LoS and NLoS, and detection of if the
LoS is present or not. Channel parameter turns out to be the
main challenge and low-complexity methods are derived in
Sec. V: in Sec. V-A, estimation algorithms in case the direct
link between the BS and UE (LoS) exists will be explained.
Sec. V-B sheds light on estimation algorithms in the more
challenging scenario in which the LoS path does not exist.
The performance of the estimators and detector are shown and
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Fig. 1. Frugal localization scenario involving one single-antenna BS, R = 2
RISs and one single-antenna user with NB (single-carrier) communication.

discussed in Sec. VI. Finally, Sec. VII concludes the findings
of the paper.

Notation: Vectors and matrices are shown by bold-face
lower-case and bold-face upper-case letters respectively. The
notations (.)T and (.)H indicate transpose and hermitian trans-
pose. All one vector with size n denoted by 1n and the identity
matrix with size n is represented by In. The L2 norm of a
vector is shown by ∥.∥. The matrix Rz(θ) denotes the 3-D
rotation matrix by an angle θ about the z-axis. The Kronecker
product and the Hadamard product are shown by ⊗ and ⊙
respectively.

II. SYSTEM MODEL

In this section, we describe the proposed localization system
that promotes the parsimonious use of spatial and spectral
resources for joint location and frequency offset estimation
of a static user.

A. Scenario

Consider a RIS-aided downlink (DL) localization system
with a single-antenna BS, R identical N -element RISs, and a
single-antenna UE, as shown in Fig. 1. The BS and the RISs
are located at known positions pBS ∈ R3 and pRIS,r ∈ R3,
r = 1, · · · , R (denoting the RIS centers) respectively, while the
UE has an unknown position p ∈ R3. The RISs are assumed
to have known orientations, represented by the unitary rotation
matrices Rr ∈ SO(3) ⊂ R3×3, r = 1, · · · , R, that map
the global frame of reference to the local coordinate systems
of the RISs. The UE is considered stationary. Moreover, due
to oscillator inaccuracies, the UE is not perfectly frequency-
synchronized to the BS, which leads to an unknown CFO
ν ∈ R at the UE with respect to the BS [35], [36].

B. Geometric Relations

The AoD from the rth RIS to the UE is denoted by θr =[
[θr]az, [θr]el

]T ∈ R2, where
[θr]az = atan2 ([rr]2, [rr]1) , (1)

[θr]el = arccos

(
[rr]3

∥p− pRIS,r∥

)
, (2)

with rr = Rr(p − pRIS,r) representing the vector extending
from the rth RIS to the UE in the local frame of reference of
the rth RIS.

C. Signal Model

The BS transmits NB pilot symbols s = [s0 · · · sM−1]
T ∈

CM over M transmission instances with sampling period Ts
and a power constraint P such that ∥s∥2 = MP . We denote
the continuous-time transmit signal as s(t) =

∑M−1
m=0 smq(t−

mTs), where q(t) is any unit-energy pulse. Assuming the
absence of uncontrolled multipath (i.e., due to reflection or
scattering off passive objects) as in [21], [22], [32], [37], [38],
the received complex baseband signal at the UE, corresponding
to the mth transmission and after matched filtering 1, is given
by

ym = hme
j2πmTsνsm + nm, (3)

where Ts ∈ R is the symbol duration, the term ej2πmTsν

results from the CFO (ν) between the BS and the UE, nm ∈ C
denotes circularly symmetric complex Gaussian noise with
nm ∼ CN (0, σ2), and hm ∈ C represents the overall BS-
UE channel for the mth transmission involving both the LoS
path and the NLoS paths through the RISs, i.e.,2

hm = hLoS,m + hRIS,m. (4)

In (4), hLoS,m ∈ C is the LoS (i.e., direct) channel between
the BS and the UE, written as

hLoS,m = α0, (5)
where α0 ∈ C denotes the LoS channel gain. As to the NLoS
channel in (4), it can be defined as

hRIS,m =

R∑
r=1

αr a
T(θr)diag(γr,m)a(ϕr), (6)

where αr ∈ C is the channel gain over the BS-(rth RIS)-UE
path and ϕr ∈ R2 denotes the known AoA from the BS at the
rth RIS (given the known positions and orientations of the BS
and the RISs). In addition, γr,m ∈ CN represents the phase
profile of the rth RIS at time m and a(·) ∈ CN is the RIS
steering vector, given by [22]

[a(ψ)]n = exp
(
jkT(ψ)qn

)
, (7)

for a generic ψ where qn ∈ R3 denotes the known position
of the nth RIS element with respect to the RIS center in the
local coordinate system of the RIS, and

k(ψ) =
2π

λ
(8)

[sin([ψ]el) cos([ψ]az), sin([ψ]el) sin([ψ]az), cos([ψ]el)]
T

is the wavenumber vector defined for a given angle ψ. Let
Wr ≜ [a(ϕr)⊙ γr,0 · · · a(ϕr)⊙ γr,M−1] ∈ CN×M , (9)

b(ν) ≜ [1 ej2πTsν · · · ej2π(M−1)Tsν ]T ∈ CM . (10)
Then, using (4)–(6) and (9)–(10), the aggregated observations
in (3) over M transmissions can be written as 3

y =
√
P
(
α0 b(ν) +

R∑
r=1

αr xr(θr)⊙ b(ν)
)
+ n, (11)

where y ≜ [y0 · · · yM−1]
T ∈ CM , xr(θr) = W T

r a(θr) and
n ∈ CM is the noise component with n ∼ CN (0, σ2I). In
(11), we have set sm =

√
P , ∀m for simplicity.

1The transmit pulse q(t) is deigned such that the resulting effective pulse
g(t) = q(t) ⊛ q∗(−t) satisfies the Nyquist criterion.

2In a section of the simulation results (Sec. VI-F), uncontrolled MPC will
be incorporated into the channel model as part of a sensitivity analysis.

3In Sec. VI-G, we extend the received signal model to account for UE mo-
tion with velocity v. When the condition |MTs(pi−p)Tv/(λ ∥pi − p∥)| <
1/8 holds (where i ∈ BS, R1, ..., RR), the Doppler-induced phase variation
over the M transmissions is negligible [39].
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D. Joint Localization and Frequency Synchronization Problem

The goal is to estimate the position p and the CFO ν of
the UE from the observation y in (11). For this estimation
problem, the unknown channel-domain parameters are given
by
ηLoS
ch = [αR,0 αI,0 · · · αR,R αI,R ν θT1 · · · θTR] ∈ R4R+3,

(12)
while the unknown location-domain parameter vector is
ηLoS = [αR,0 αI,0 · · · αR,R αI,R ν pT]T ∈ R2R+6. (13)

Here, αR,r ≜ ℜ{αr} and αI,r ≜ ℑ{αr}, r = 0, · · · , R. The
superscript ’LoS’ is used to highlights that the LoS path exists.
Clearly, in case no LoS exists between the UE and the BS, the
channel-domain vector and the location-domain vector would
change into ηNLoS

ch = [αR,1 αI,1 · · · αR,R αI,R ν θ
T
1 · · · θTR] ∈

R4R+1, and ηNLoS = [αR,1 αI,1 · · · αR,R αI,R ν pT]T ∈
R2R+4, respectively. The superscripts ’NLoS’ is used to denote
that the LoS path does not exist.

It should be noted that the LoS path does not directly convey
positional information because the UE’s position is a function
of the AoDs according to (1)–(2). In our formulation, the
LoS component appears solely as a complex scalar whose
phase evolves over time according to the CFO, and does not
include any AoD-dependent terms. However, as we will see
in Sec. VI, the accuracy of CFO estimation is improved if the
LoS is present, and as a result, the residual error in RIS path
separation4 decreases as discussed in Sec. III, simplifying also
the AoD estimation algorithm.

III. RIS PROFILE DESIGN

Estimating the channel-domain parameters in (12) requires a
complex high-dimensional optimization, which is cumbersome
even in the case of R = 2. To circumvent this, we leverage the
controllability offered by the RIS by designing an orthogonal
temporal-coding for RIS phase profiles [40]. In the absence
of CFO, the contributions from R + 1 paths in (11) can
be separated and the unknowns from each RIS path can be
estimated separately.

A. Hadamard-based Design

The idea involves using the rows of the Hadamard matrix
to encode the phase profiles of the RISs, followed by a simple
post processing at the receiver to retrieve the contributions
from each path [40].

We first divide the total transmissions into L ≥ 2⌈log2(R+1)⌉

equal-sized blocks. Choose L such that it is a factor of M . We
next define Pr ∈ CN×(M/L), r = 1, · · · , R as a set of base
phase profiles of length M/L for each RIS. These profiles may
be random in case there is no prior information about the UE
location, or directional in case partial information about the
UE location is available.

We take R rows of the Hadamard matrix5 of length L
(except for the first row, which is constant) as the coding
vectors cr ∈ RL for the rth RIS, r = 1, · · · , R. Then we

4To be able to estimate AoDs separately from each RIS, signal compo-
nents corresponding to different RISs in (11) need to be separated.

5Recall that a Hadamard matrix C of length L is an L × L matrix, is
made up of entries in {−1,+1}, and satisfies CC⊤ = LI. The amplitude
constraint is compatible with the RIS profile constraint.

then form the full phase profile of each RIS at transmission
m = kL+ l, k = 0, · · · ,M/L− 1,

γr,kL+l = ([cr]l)Pr [:,k], (14)
where Pr [:,k] denotes the kth column of Pr, [cr]l denotes the
lth element of cr, and l = 0, · · · , L−1. This indexing structure
is used to map the two indices (k, l) into a single index m,
where 1 ≤ m ≤M .

At the receiver side, to extract the rth RIS components from
(11), it is enough to reshape the received signal y ∈ CM as
Y = [y0:L−1|yL:2L−1| · · · |yM−L:M−1] ∈ CL×(M/L), (15)

and then compute

yr =
1

L
YTcr, r = 1, · · · , R. (16)

where yr ∈ CM/L is the filtered signal containing the rth RIS
components. It is possible to separate the LoS component using
y0 = 1/LYTc0, where c0 = 1L. As a result, despite the RIS-
reflected paths having significantly lower energy than the LoS
path due to the approximately random phase configuration,
the use of orthogonal temporal coding for RIS phase profiles
ensures their extraction through coherent integration. The
details of this extraction are provided in the next subsection,
with an example.

B. Example
As an example, we fix the number of RISs to R = 2.

Note that to separate the contributions from the three paths
(LoS, RIS 1 and RIS 2), the minimum required coding length
is L = 4. We take c0 = [1, 1, 1, 1]T, c1 = [1,−1, 1,−1]T

and c2 = [1, 1,−1,−1]T. The vectors z0 =
√
Pα0 b(ν) and

zr =
√
Pαr xr(θr) ⊙ b(ν), r = 1, 2 and l = 0, 1, 2, 3

represent the noise-free received signal contributions from the
LoS and RIS paths, respectively. These vectors capture the
signal components corresponding to each path before noise is
introduced.

We can express the 4 consecutive noise-free samples of each
path as follows:
[z0]4k+l =

√
Pα0e

j2π(4k+l)Tsν , (17)

[z1]4k+l =
√
Pα1 ([cr]l g1(ϕ1,θ1, k)) e

j2π(4k+l)Tsν , (18)

[z2]4k+l =
√
Pα2 ([c2]l g2(ϕ2,θ2, k)) e

j2π(4k+l)Tsν , (19)
where gr(ϕr,θr, k) = (a(ϕr) ⊙ Pr [:,k])

Ta(θr), r = 1, 2.
Then, by applying (16) and in the case of ν = 0, the filtered
measurements y0, y1 and y2 will be as follows

[y0]k =
√
Pα0 + [ñ0]k, (20)

[y1]k =
√
Pα1g1(ϕ1,θ1, k) + [ñ1]k, (21)

[y2]k =
√
Pα2g2(ϕ2,θ2, k) + [ñ2]k, (22)

where [ñr]k = 1/4
∑3

l=0[cr]l[n]4k+l (see App. A). Therefore,
yr, r = 1, 2 contain the contribution from the rth RIS and y0
contain the LoS contribution without any interference from
the other RISs. However, if ν ̸= 0, this coding would result in
some residual inter-RIS interference and the separation cannot
be done perfectly. The solution is to first estimate the CFO (ν̂)
and remove it from the observations by ỹ = y ⊙ b(−ν̂), then
proceed with this coding. Hence in the following sections, we
proceed with estimating the CFO and cancel it out from the
received signal.

IV. HIGH-LEVEL ALGORITHM DESCRIPTION

In this section, we provide a high-level description of the
proposed joint localization and synchronization algorithm to
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tackle the problem in Sec. II-D, covering both the channel-
domain parameter estimation and localization. In Sec. IV-A,
the maximum likelihood solution to the channel parameter
estimation problem is presented under both LoS and NLoS sce-
narios. Then, in Sec. IV-B, the maximum likelihood solutions
to the localization and synchronization problem are presented,
assuming that we already know whether the LoS link exists.
Finally, Sec. IV-C concludes the section by addressing the
joint LoS detection and localization problem, meaning that the
presence of the LoS path is unknown. The overall high-level
algorithm is summarized in Algorithm 1.

A. Channel-domain Parameter Estimation

The ML estimate of the channel-domain parameters from
(11) can be obtained by solving the following optimization
problems:
[ν̂, θ̂1, · · · , θ̂R, α̂0, α̂1, · · · , α̂R] = (23)

argmin
ν,θ1,··· ,θR,
α0,α1,··· ,αR

∥∥y −
√
Pα0b(ν)−

√
P

R∑
r=1

αrxr(θr)⊙ b(ν)
∥∥2 ,

if LoS exists, which we will refer to as LoS scenario, and
[ν̂, θ̂1, · · · , θ̂R, α̂1, · · · , α̂R] = (24)

argmin
ν,θ1,··· ,θR,
α1,··· ,αR

∥∥y −
√
P

R∑
r=1

αrxr(θr)⊙ b(ν)
∥∥2 ,

if LoS is blocked, which we will refer to as NLoS scenario.
1) Conditional Channel Gain Estimation: The ML estimate

of the path gains can be derived easily in closed-form as a
function of the estimated CFO and AoDs as follows. First, we
start by writing the received signal in the below form

y = A(χch)α+ n, (25)
where χch = [ν,θT1 , · · · ,θTR]T, A(χch) =

√
P [b(ν) x1(θ1)⊙

b(ν) · · · xR(θR)⊙b(ν)] and α = [α0 α1 · · · αR]
T, in case

LoS exists and A(χch) =
√
P [x1(θ1)⊙b(ν) · · · xR(θR)⊙

b(ν)] and α = [α1 · · · αR]
T in case LoS is obstructed.

Accordingly, the path gains can be estimated in closed-form
as

α̂(χch) = (A(χch)
HA(χch))

−1A(χch)
Hy. (26)

2) Compressed Channel Parameter Estimation: We can
now plug the channel gain estimates in (26) back into (23)
and (24) to derive the compressed ML cost functions, reducing
their dimensionality to (2R+1) (which, however, still lead to
very high computational complexity):
[ν̂, θ̂1, · · · , θ̂R] = argmin

ν,θ1,··· ,θR

(27)

∥∥y −
√
Pα̂0(χch)b(ν)−

√
P

R∑
r=1

α̂r(χch)xr(θr)⊙ b(ν)
∥∥2.

in case LoS exists, and
[ν̂, θ̂1, · · · , θ̂R] = (28)

argmin
ν,θ1,··· ,θR

∥∥y −
√
P

R∑
r=1

α̂r(χch)xr(θr)⊙ b(ν)
∥∥2.

in case LoS is obstructed.
As discussed in Sec. III, it is possible to significantly

simplify the optimization problems (27) and (28) with time-
orthogonal RIS phase profiles, assuming a good estimate of the
CFO is available. Sec. V will provide a detailed explanation of
how to solve these two optimization problems with reasonable
complexity, leveraging the orthogonal RIS profile design.

B. Localization

The direct ML approach to solve the localization and
synchronization problem in in Sec. II-D is as follows:

[ν̂, p̂] = argmin
ν,p

∥∥y−
√
Pα̂0(χp)b(ν)−

√
P

R∑
r=1

α̂r(χp)xr(p)⊙ b(ν)
∥∥2, (29)

in LoS scenario, and

[ν̂, p̂] = argmin
ν,p

∥∥y −
√
P

R∑
r=1

α̂r(χp)xr(p)⊙ b(ν)
∥∥2,

(30)
in NLoS scenario, where α̂0(χp) and α̂r(χp) can be found
from (26) by replacing χp = [ν,pT] with χch using A(χp) =√
P [b(ν) x1(θ1(p)) ⊙ b(ν) · · · xR(θR(p)) ⊙ b(ν)], (1)

and (2).
Both problems can be solved using a gradient descent method,
starting from an initial estimate of ν and p. The initial
estimate of ν is provided directly by the channel parameter
estimator in (27) or (28), while the initial estimate of p can be
obtained from the AoD estimates in (27) or (28). This coarse
position estimation problem can be solved by using geometric
arguments by finding the least-squares intersection of the lines
extending from the pRIS,r towards the UE with estimated AoD
θ̂r, through

pr = pRIS,r + βrur, r = 1, · · · , R, (31)
where ur = RT

r k(θ̂r)/
∥∥RT

r k(θ̂r)
∥∥ is the unitary direction

vector and βr is unknown.
In order to locate the UE, we need to find the closest point

in the 3-D space to these lines. The least-square problem for
the intersection of R lines can be written as [41]

p̂ = argmin
p

R∑
r=1

∥∥(p− pRIS,r)− ((p− pRIS,r)
Tur)ur

∥∥2 .
(32)

It follows that [42]

p̂ =
( R∑

r=1

(
I− uru

T
r

))−1( R∑
r=1

(
I− uru

T
r

)
pRIS,r

)
. (33)

C. Joint LoS Detection and Localization

In practice, the UE may not know if the LoS between itself
and the BS is blocked. To address this, we will introduce
a GLRT-based method to perform LoS detection. Once the
presence or absence of the LoS path is known, we can choose
the correct set of estimations. We formulate a hypothesis
testing problem as follows:

y =

{
yNLoS(ζ, ν) + n, under H0

yLoS(α0, ν) + yNLoS(ζ, ν) + n, under H1

, (34)

where ζ = [αR,1 αI,1 · · · αR,R αI,R θ
T
1 · · · θTR]T. The null

hypothesis H0 refers to the case where the LoS path is blocked
in (11), while the alternate hypothesis H1 refers to the case in
which the LoS path exists in (11). In (34),

yLoS(α0, ν) ≜
√
Pα0 b(ν), (35)

yNLoS(ζ, ν) ≜
R∑

r=1

√
Pαr xr(θr)⊙ b(ν). (36)

The GLRT for the problem in (34) can be expressed as [43]

L(y) = maxα0,ζ,ν p(y |H1;α0, ζ, ν)

maxζ,ν p(y |H0; ζ, ν)

H1

≷
H0

ψ, (37)
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Algorithm 1 Joint LoS Detection and Parameter Estimation
Algorithm

Input: Received signal y ∈ CM in (11).
Output: Estimates ν̂, θ̂1, · · · , θ̂R

1: Solve under H0: Estimate ν̂NLoS, ζ̂NLoS (see Section V-B)
2: Solve under H1: Estimate ν̂LoS, ζ̂LoS and α̂0 (see Sec-

tion V-A)

3: LoS detection via (38): Llog(y)
H1

≷
H0

σ2 logψ.

4: Based on the result, choose the final set of estimates
accordingly.

where ψ is a threshold. Writing the log-likelihood ratio
Llog(y) ≜ σ2 logL(y), we obtain

Llog(y) =

(
min
ζ,ν

∥∥y − yNLoS(ζ, ν)
∥∥2−

min
α0,ζ,ν

∥∥y − yLoS(α0, ν)− yNLoS(ζ, ν)
∥∥2)

H1

≷
H0

ψ′ = σ2 logψ. (38)

There are two separate optimization problems to tackle in (38),
identical to (23) and (24), which will be solved in Sec. V:
under LoS in Sec. V-A and NLoS in Sec. V-B. We can plug-
in the resulting estimated LoS and NLoS parameter values into
(38) to perform LoS detection. The algorithm is summarized
in Algorithm 1.

V. CHANNEL PARAMETER ESTIMATION

In this section, we elaborate on the channel parameter
estimation procedures that solve (27) and (28). First, we start
under the assumption that LoS exists in Sec. V-A, tackling
(27), then we continue with blocked LoS assumption in
Sec. V-B, focusing on (28). The section concludes with a
complexity analysis in Section V-C.

A. Channel Parameter Estimation under LoS

In this scenario, the LoS path is the dominant path as the
RIS-induced paths are usually very weak. Hence, we treat the
RIS paths as noise for CFO estimation, and then recover the
signal per RIS, by harnessing the orthogonal RIS profiles.

1) CFO Estimation: We form the ML estimation of CFO
with the assumption that the contribution from the RIS paths
is negligible. Under this assumption, we can rewrite the ML
problem in (27) as follows:
ν̂ = argmin

ν

∥∥y −
√
Pα̂0(ν)b(ν)

∥∥2 = argmax
ν

|bH(ν)y|2,

(39)
which is a 1-D line search over the interval −1/(2Ts) < ν <
1/(2Ts) to find coarse estimates. Then we can implement a
1-D quasi-Newton algorithm to find refined estimates of CFO.

2) RIS Separation: Using the estimated CFO ν̂, we wipe
off its effect from the original observation in (11) as

ỹ = y ⊙ b(−ν̂). (40)
Then, assuming the residual CFO ν − ν̂ is negligible, we
separate each RIS path by first forming the reshaped CFO-
removed signal Ỹ using (15) and then filtering it using (16):

ỹr =
1

L
ỸTcr, r = 1, · · · , R. (41)

The CFO-removed, filtered contribution from the rth RIS can
then be modeled explicitly as

ỹr =
√
Pαrx̄r(θr) + nr. (42)

Algorithm 2 LoS Estimation Algorithm to Solve (27)
Input: Received signal y ∈ CM in (11).
Output: Estimates ν̂, θ̂1, · · · , θ̂R.

1: ν̂ = argmaxν b(ν)
Hy.

2: ỹ = y ⊙ b(−ν̂).
3: Ỹ = reshape(ỹ, L,M/L) via (15).
4: for r = 1, · · · , R do
5: ỹr = 1/L ỸTcr.
6: θ̂r = argmaxθ |ỹH

r x̄r(θ)|2/ ∥x̄r(θ)∥2 .
7: end for

Here, nr contains noise plus any residual interference (due to
residual CFO). The term x̄r(θr) = W̄ T

r a(θr) ∈ CM/L, and
W̄r ∈ CN×M/L contains the uncoded RIS phase profiles, i.e.,
W̄r ≜ [a(ϕr)⊙ γr,0 a(ϕr)⊙ γr,L · · · a(ϕr)⊙ γr,M−L].

(43)
3) AoD Estimation per RIS: For CFO-free rth RIS con-

tribution in (42), we can formulate the corresponding ML
problem as

[α̂r, θ̂r] = argmin
αr,θr

∥∥ỹr −√
Pαrx̄r(θr)

∥∥2. (44)

The path gain can be estimated in closed-form as a function
of θr as follows:

α̂r(θr) =
x̄H
r (θr)ỹr√

P ∥x̄r(θr)∥2
. (45)

Plugging (45) into (44) yields

θ̂r =argmin
θr

∥∥ỹr − x̄r(θr)
x̄H
r (θr)ỹr

∥x̄r(θr)∥2
∥∥2 (46)

=argmin
θr

ỹH
r

(
I− x̄r(θr)x̄

H
r (θr)

∥x̄r(θr)∥2

)
ỹr. (47)

Therefore, the ML problem in (44) reduces to

θ̂r = argmax
θr

|ỹH
r x̄r(θr)|2

∥x̄r(θr)∥2
. (48)

For each RIS r, this problem is solved separately by first
performing a 2-D grid search for coarse estimation and then
refining by applying a 2-D quasi-Newton algorithm with the
coarse estimate as the starting point.

The overall algorithm to solve (27) is summarized in Algo-
rithm 2.

B. Channel Parameter Estimation without LoS

In (28), the challenge is that unlike the previous scenario
(27), in which there exists a dominant LoS path, here the CFO
and AoDs are coupled in the received signal (as the CFO
cannot be estimated using the LoS path therefore its effect
remains in the time-domain phase shifts). In this section, we
present two low-complexity approaches to tackle this problem:
the first one consists of R 3-D searches, each including 1-
D CFO and 2-D RIS AoD search for each RIS. The second
one involves a single 1-D CFO estimation, followed by R
individual 2-D AoD estimations.

1) ML Estimation: This approach is based on the obser-
vation that by conducting a 1-D search over the CFO, there
will be an optimal value where all per-RIS observations can
be decoupled. The approach operates as follows. For each trial
value of the CFO ν ∈ Cv , we compute ỹ(ν) = y⊙b(−ν) as in
(40), where we make the dependence on ν explicit. Similarly,
we compute ỹr(ν) as in (41). We then estimate the AoD from
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Algorithm 3 NLoS Estimation Algorithm to Solve (28) - ML
Estimation

Input: Received signal y ∈ CM in (11).
Output: Estimates ν̂, θ̂1, · · · , θ̂R

1: for ν ∈ Cv do
2: ỹ(ν) = y ⊙ b(−ν).
3: Ỹ(ν) = reshape(ỹ(ν), L,M/L) via (15).
4: for r = 1, · · · , R do
5: ỹr(ν) = 1/L ỸT(ν)cr.
6: θ̂r(ν) = argmaxθ |ỹH

r (ν)x̄r(θ)|2/ ∥x̄r(θ)∥2 .
7: end for
8: end for
9: ν̂ = argminν∈Cv

∥∥y −
√
P
∑R

r=1 αr(ν)xr(θ̂r(ν)) ⊙
b(ν)

∥∥2.

each RIS θ̂1(ν), · · · , θ̂R(ν) using (48). Finally, we find the
optimal ν (and AoDs as a result) from (28) as

ν̂ = argmin
ν

∥∥y −
√
P

R∑
r=1

α̂r(ν)xr(θ̂r(ν))⊙ b(ν)
∥∥2. (49)

The overall algorithm to solve (28) is summarized in Algo-
rithm 3.

2) Low-complexity Unstructured Estimation: The ML es-
timation in (49) requires a 3-D search and is thus computa-
tionally expensive. The motivation of this second approach is
to de-couple the effect of CFO and AoDs so as to estimate
the CFO with a 1-D search. To do so, we can express into
Y ∈ CL×(M/L) in (15) as

Y = D(ν)CH(χch) +N, (50)
where χch = [ν,θT1 , · · · ,θTR]T, D(ν) =
diag[1, ej2πTsν , . . . , ej2π(L−1)Tsν ] ∈ CL×L and the matrix
C ∈ CL×R is the coding matrix which is composed of the
coding vectors with length L as below

C = [c1, · · · , cR] ∈ RL×R . (51)
In addition, the matrix H(χch) ∈ CR×(M/L) is a function of
both CFO and AoD with elements hr,ℓ = [H(χch)]r,ℓ, (r =
1, · · · , R, ℓ = 1, · · · ,M/L) as follows:
hr,ℓ =

√
Pαr(a

T(ϕr)⊙ Pr
T
[:,ℓ−1])a(θr)e

j2π(ℓ−1)LTsν , (52)
and N ∈ CL×(M/L) is the reshaped noise. With this re-
modeling and ignoring the dependence of H(χch) on the CFO,
we de-couple the effect of CFO and AoDs in the measurement
model by factoring out matrix D(ν), which is a function of
only CFO, and treating the matrix H(χch) as an unstructured
matrix. Therefore, it is enough to apply a 1-D grid search to
estimate the CFO through D(ν), without the need to estimate
AoDs jointly. We will drop the dependence of H on χch to
simplify the notation.

To derive the CFO estimator based on the model in (50),
we begin by vectorizing the observation as
y = vec(Y) = (IM/L ⊗ (D(ν)C))h+ n = E(ν)h+ n,

(53)
where we used the property of the Kronecker product (eq.
520 in [44]). Here, h = vec(H) ∈ CRM/L and E(ν) =
(IM/L⊗(D(ν)C)) ∈ CM×(RM/L). Accordingly, we formulate
the estimator for jointly estimating ν and h as

[ν̂, ĥ] = argmin
ν,h

∥y −E(ν)h∥2 , (54)

where the conditional estimate of h is derived in closed form
as

ĥ(ν) = (EH(ν)E(ν))−1EH(ν)y =
1

L
EH(ν)y, (55)

Algorithm 4 NLoS Estimation Algorithm to Solve (28) - Low-
complexity Unstructured Estimation

Input: Received signal y ∈ CM in (11).
Output: Estimates ν̂, θ̂1, · · · , θ̂R

1: Y = reshape(y, L,M/L) via (15)
2: ν̂ = argmaxν

∥∥CHDH(ν)Y
∥∥2

3: ỹ = y ⊙ b(−ν̂)
4: Ỹ(ν) = reshape(ỹ(ν), L,M/L) via (15)
5: for r = 1, · · · , R do
6: ỹr = 1/L ỸTcr
7: θ̂r = argmaxθ∈θ |ỹH

r x̄r(θ)|2/ ∥x̄r(θ)∥2
8: end for

since EH(ν)E(ν) = LIRM/L. Hence, we can write the
estimate of ν as

ν̂ = argmin
ν

∥∥y − 1

L
E(ν)EH(ν)y

∥∥2
= argmin

ν

∥∥(IM − 1

L
E(ν)EH(ν)

)
y
∥∥2

= argmax
ν

∥∥EH(ν)y
∥∥2. (56)

We can rewrite the objective function in matrix form using
unvec

(
EH(ν)y

)
= (D(ν)C)HY = CHDH(ν)Y. (57)

Here, the operator unvec(a) = A transforms the vector a ∈
CRM/L to the matrixA ∈ CR×(M/L). Hence, the optimization
problem will be

ν̂ = argmax
ν

∥∥CHDH(ν)Y
∥∥2
F
, (58)

where ∥·∥F stands for the Frobenius norm.
Note that the dependence of H on CFO and AoDs is ignored

in the estimation algorithm. In other words, we do not leverage
the full potential of the CFO-dependent observations, which is
the cost of detangling the effects of CFO and AoD. Therefore,
this method is expected to be less accurate than the previous
approach, but the complexity is lower and comparable to
Algorithm 2.

Once an estimate of the CFO is obtained, it is possible to
remove its effect from the observations as in (40), and then
apply the temporal decoding and R 2-D grid searchs to find
estimates of AoDs, as explained in Sec. V-B1. The algorithm
is summarized in Algorithm 4.

Remark 1 (Operation under the presence of LoS). Note that
(50) is a valid representation irrespective of whether the LoS
path exists or not. In case the LoS exists, the coding matrix
will change to C = [c0, c1, · · · , cR] and H ∈ C(R+1)×M/L.
Theoretically, it is possible to use the approach in Algorithm 4
to estimate the CFO in case LoS exists, but under the assump-
tion of dominant LoS, the performance will be much lower
than Algorithm 2.

To address two NLoS estimation algorithms, we refer to
Algorithm 3 as NLoS-ML estimator and Algorithm 4 as NLoS-
LC (low complexity) estimator (with respect to NLoS-ML
estimator).

C. Complexity Analysis

A brief complexity analysis is conducted. Assuming a fixed
number of grid points G in each dimension, the channel param-
eter estimation under LoS (Algorithm 2) has a complexity of
O(GM+RG2M+R2), where the first term denotes the CFO
estimation complexity, the second term corresponds the AoD



8

estimation complexity and the third term shows the localization
time based on (33). The NLoS-ML estimation approach has a
complexity of O(RG3M + R2) which reflects the fact that
we need to perform 3-D estimations. The NLoS-LC has a
complexity of O(GM +RG2M +R2), which illustrates that
the complexity returns to the level of under LoS case with
the expense of a reduction in performance which will be
demonstrated in Sec. VI.

VI. NUMERICAL RESULTS

In this section, we validate the proposed methods for LoS
detection, channel estimation and localization in both the
presence and absence of the LoS path between the BS and
the UE. Several sensitivity studies will also be reported.

A. Scenario, Performance Metric and Simulation Setup

We consider a scenario with R = 2 RIS, which is the
minimal configuration needed to make the localization problem
identifiable. The system parameters are summarized in Table I.
First, we will assume that we know whether the LoS exists
or not, therefore we will only focus on the performance of
the estimators, with and without the presence of LoS. Next,
we will relax the aforementioned assumption to assess the
performance of the detector together with the estimators.

The path gains (due to propagation loss) α0, α1 and α2 in
(11) are determined based on the free space path loss (FSPL)
model, containing random phases between [0, 2π), similar to
[45]:

|α0| =
λ

4πdBS-UE
(59)

|αr| =
λ2

16π2dBS-RISrdRISr-UE
, r = 1, 2, (60)

where the effective area of each RIS element has been assumed
to be λ2/4π, dI-J, I = {BS, RISr}, J = {UE, RISr} is the
distance between the entity I and the entity J. In order to
assess the performance of the estimators, we calculate the root
mean-squared error (RMSE) of our estimates averaged over
100 Monte-Carlo trials, and then compare them with Cramér-
Rao bound (CRB) as the benchmark. More details on how we
derive CRB of different unknowns in our setup are provided
in Appendix B. To assess the performance of the detector,
the false alarm probability is calculated over 500 Monte-Carlo
trials, and the threshold is chosen numerically to attain a
detection probability close to 1. The detection performance
turns out to be relatively insensitive to the value of the
threshold for the power levels considered in the simulations.

B. Localization under LoS

In this section, we investigate the accuracy of our proposed
estimation algorithm, Algorithm 2, in Sec. V-A under the
assumption that a dominant LoS path exists between the BS
and the UE. To do so, we find the RMSE of the CFO,
AoDs, and position, and compare them to the CRBs. For
achieving higher precision estimates, we employ the quasi-
Newton algorithm to perform 1-D CFO refinement and two
2-D AoD refinements.

TABLE I
SIMULATIONS PARAMETERS

Parameters Symbol Value

Number of RISs R 2
Wavelength λ 1 cm
Sampling time Ts 10 µsec
RIS dimensions N 64× 64

RIS element spacing d 0.5 cm
Speed of Light c 3× 108 m/s
Noise PSD N0 -174 dBm/Hz
UE’s Noise Figure nf 8 dB
Noise power σ2 N0/Ts × nf W
Number of Transmissions M 256
BS position pBS [0, 0, 0] m
UE position p [5, 2, 0.5] m
RIS1 position pRIS,1 [10, -10, 0] m
RIS2 position pRIS,2 [0, 10, 0] m
RIS1 rotation matrix R1 Rz(θ = 0)

RIS2 rotation matrix R2 Rz(θ = π)

1) Channel Parameter Estimation: In Fig. 2, the RMSE of
CFO together with the CRB are depicted versus the transmit
power P . The CFO is fixed to −40 kHz6. Since the LoS is
dominant, even at low transmit power we manage to achieve
the bound. Fig. 3 shows the RMSE of AoDs versus transmit
power for RIS1 and RIS2. We will refer to AoD for RIS1
as AoD1 and AoD for RIS2 as AoD2. It can be observed
that the bounds related to the azimuth and elevation angles
of AoD2 are smaller than those of AoD1, and with our
algorithm it is possible to achieve the CRB at lower transmit
power for AoD2 than for AoD1. The reason is as follows:
According to Table I, RIS2 is closer to the BS and the UE
than RIS1, suggesting that α1 < α2. Since the received
power at the UE through BS-RIS2-UE path is larger than
through BS-RIS1-UE, it is easier to estimate AoD from RIS2
than from RIS1, resulting in lower CRB and RMSE. Overall,
Fig. 2 and Fig. 3 demonstrate the effectiveness of the channel
estimation algorithm in Algorithm 2, indicating convergence
to the theoretical bounds already at low transmit powers.

2) Localization: Fig. 4 shows the RMSE and the CRB
on location estimation against the transmit power. It can be
observed that the proposed localization algorithm in Sec. IV-B
can attain the bound at the transmit power for which the
RMSE of both AoDs have attained their respective bounds,
as expected.

C. Localization without LoS

In this subsection, we perform the same experiments as
explained in the previous subsection for measurements that
do not contain the LoS path contribution in (11), using the
two approaches, Algorithm 3 and Algorithm 4, as explained
in Sec. V-B and compare the results. To obtain more accurate
estimates, we utilize the quasi-Newton algorithm to perform 5-
D CFO/AoD refinement using the objective function in (28).

1) Channel Parameter Estimation: Fig. 5 and 6 show the
RMSE of CFO and AoDs versus transmit power according
to the NLoS-ML estimator (Algorithm 3) and low-complexity

6Later, in Fig. 10, we show that the CRB and RMSE from our algorithms
remain nearly constant across different CFO values, making the choice of
ν = −40 kHz arbitrary.
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Fig. 2. LoS case, CFO estimation performance vs. transmit power.
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Fig. 3. LoS case, AoD1 and AoD2 estimation performance vs. transmit power.

unstructured (marked by NLoS-LC - Algorithm 4) estimator.
The results show that with NLoS-ML estimator, it is possible
to touch the bound at lower transmit power comparing to the
NLoS-LC estimator. This advantage is achieved at the expense
of higher complexity comparing to the NLoS-LC estimator.

2) Localization: Accordingly, Fig. 7 represents the posi-
tional RMSE versus transmit power for two approaches. It
can be observed that it is possible to achieve the bound at
lower transmit power in NLoS-ML estimator than in NLoS-
LC estimator, as previous results suggested. Similar to the
results presented in Sec. VI-B for the scenario with LoS, Fig. 5,
Fig. 6 and Fig. 7 reveal the effectiveness of Algorithm 3 and
Algorithm 4, as well as the localization algorithm in Sec. IV-B
to solve (30).

Remark 2. The sharp decline in RMSE observed in figures
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Fig. 4. LoS case, position estimation performance vs. transmit power.
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Fig. 5. NLoS case, CFO estimation performance vs. transmit power.
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Fig. 6. NLoS case, AoD1 and AoD2 estimation performance vs. transmit
power.

such as Fig. 3, Fig. 4, etc. is attributed to a well-known
phenomenon known as waterfall behavior [46], [47]. This
phenomenon occurs when increasing the transmit power leads
to a point where the signal begins to dominate the noise.
Consequently, the RMSE converges to the CRB, resulting in
a rapid drop-off in RMSE [6], [22], [27].

Remark 3. It is worth noting that while the presented op-
timization problems in Sec. IV are not globally convex, the
objective functions decrease smoothly toward the ML solution
in the region of interest. This structure allows gradient descent
to reliably converge to the correct solution when initialized
close to the optimum. The effectiveness of our initialization
methods is confirmed by the fact that the final estimates
consistently achieve the CRB.

D. Joint LoS Detection and localization

Here, we analyze the results of the presented LoS detector
(Algorithm 1) using two alternative NLoS estimators, i.e.
NLoS-ML estimator (Algorithm 3) and NLoS-LC estimator
(Algorithm 4).

Fig. 8 shows the false alarm probability vs. transmit power
for different estimators presented in Sec. V-B. By false alarm,
we refer to the case that a LoS path does not exist but the
detector declares that a LoS path exists. While using NLoS-ML
estimator (Algorithm 3) in case of NLoS hypothesis yields al-
most all zero false alarm probability within the desired transmit
power range, using low-complexity approach (Algorithm 4)
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Fig. 8. False alarm probability as a function of the transmit power.

results in non-zero false alarm probability. This outcome is due
to the fact that the quality of our detector is closely tied to the
accuracy of the corresponding estimator, which is noticeably
compromised in case of low-complexity estimator.

Fig. 9 presents the positioning RMSE and CRB versus
transmit power with LoS and without LoS respectively. It
should be pointed out that the CRB in LoS and NLoS scenarios
are almost the same, reflecting the fact that the LoS path does
not convey any significant localization information. When LoS
exists, the performance of the detector using either estimator
are similar, since the detector is able to detect the presence
of LoS, then the positional RMSE is based on the output of
the LoS algorithm and is similar to Fig. 4. On the other hand,
when LoS does not exist, by using NLoS-ML estimator the
detector is able to verify that LoS path does not exist even at
low transmit power (cf. Fig. 8), therefore the positional RMSE
is calculated using the output of the NLoS algorithm and the
results are similar to Fig. 7 with NLoS-NLoS-ML estimator.
In case of using NLoS-LC estimator, we observe non-zero
false alarm probability in Fig. 8, but according to Fig. 7, using
NLoS-LC estimator already results in poor RMSE at medium
transmit power, therefore the non-zero false alarm probability
does not considerably affect the estimation accuracy comparing
to Fig. 7.

E. Comparison with Existing Methods

Here, we compare our proposed CFO-aware localization
method to a CFO-agnostic localization method (similar to the
one proposed in [25]) to highlight the effect of CFO estimation
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Fig. 9. Position estimation performance vs. transmit power, using LoS
detector, in LoS and NLoS cases.
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Fig. 10. CFO sensitivity analysis, with and without LoS, P = 35dBm.

on the quality of our positioning outcome. The result is shown
in Fig. 10 for both the LoS scenario (denoted by the legend
’RMSE-LoS-noCFO’) and NLoS scenario (denoted by the
legend ’RMSE-NLoS-noCFO’). The transmit power is fixed
to P = 35 dBm. It can be observed that when we ignore
the presence of CFO and bypass the CFO estimation step, the
RMSE of the estimated position is close to the bound only for
very small CFO and deviates from the CRB for larger CFO,
with larger deviation when LoS path exists. The reason is that
the LoS component behaves as a strong source of interference
when the CFO is not accounted for, resulting in high inter-
RIS interference in RIS path separation based on temporal
coding, as pointed out in Sec. III-B. As a result, the quality
of the subsequent AoDs and position estimation significantly
deteriorates for non-zero CFO. For the sake of comparison,
the RMSEs achieved by the proposed estimation algorithms
and the corresponding CRBs are also depicted (denoted by the
legends ’RMSE-LoS’, ’RMSE-NLoS-ML’ for the NLoS-ML
estimator and ’RMSE-NLoS-LC’ for the NLoS-LC estimator),
which shows that using our proposed algorithms, regardless
of the value of CFO, it is possible to estimate the position
with an accuracy matching the theoretical limits, proving the
robustness of our proposed algorithms against increasing CFO
values.

F. Sensitivity Analysis to Uncontrolled Multipath

Here, we discuss the performance of our estimators in
presence of uncontrolled MPCs in the LoS BS-UE channel
and the NLoS BS-RIS-UE channel. To account for MPCs, the
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BS-UE channel and the channel between the RISs and the
UE are modeled as Rician [48]. The BS-RIS path is typically
regarded as a LoS path because the BS is considered to be
directive and the positions of BS and RISs are known [49],
[50]. Given our scenario with single-antenna BS and two RISs
at different positions, the BS cannot be directive towards both
RISs simultaneously. Thus, a more realistic approach would
be to consider MPCs in the channel between the BS and the
RISs as well. This results in an updated version of the received
signal in (11):

y = yMPC
LoS +

2∑
r=1

yMPC
RISr + n, (61)

where yMPC
LoS denotes the LoS path including MPCs, defined

as

yMPC
LoS =

√
Pα0

(√
κ0

κ0 + 1
+

√
1

κ0 + 1
h̃

)
b(ν) , (62)

and yMPC
NLoS denotes the aggregation of the RIS paths together

with their MPCs, given by

yMPC
RISr =

√
Pαr

((√ κBr

κBr + 1
W T

r +

√
1

κBr + 1
V T
r

)
×(√ κRr

κRr + 1
a(θr) +

√
1

κRr + 1
h̃r

))
⊙ b(ν). (63)

Here, κ0, κBr, κRr are the Rician factors and h̃ ∼ CN (0, 1),
h̃Br ∼ CN (0, I), h̃r ∼ CN (0, I) are the MPC (excluding the
direct path) in the BS-UE, BS- rthRIS and rthRIS-UE paths
respectively, and Vr ≜ [h̃Br ⊙ γr,0 · · · h̃Br ⊙ γr,M−1] ∈
CN×M . For sufficiently large κ0, κBr and κRr, (61) will
converge to (11). The details on how (63) is derived are
explained in Appendix C.

Fig. 11 shows the effect of MPC on our estimators, in which
we take κBr = κRr = κ0 = κ for the sake of simplicity.
The transmit power is chosen to be P = 35 dBm. It can be
observed that with κ as small as 10, sub-dm accuracy can
be achieved and that the proposed algorithms can attain near-
optimal performance in the sense of converging to the bounds
when the direct paths in the BS-RIS, RIS-UE and BS-UE
channels are 20 dB stronger than MPCs (i.e., when κ = 100).

Operating at a frequency of 30 GHz, we expect the Rician
factor to be significant, indicating that the LoS and RIS paths
will dominate and that the MPC will generally be weak.
However, we must acknowledge that in scenarios where the
Rician factor is low, the stochastic nature of NLoS components
can lead to performance degradation. For example, strong
ground reflections from the RIS may introduce substantial
interference, complicating the resolution of multipath effects.
This limitation underscores the importance of considering en-
vironmental conditions when interpreting results. Thus, while
our findings are promising under typical conditions, they also
highlight the challenges posed by strong multipath reflections
and the inherent limitations of our approach.

G. Sensitivity Analysis to UE Velocity

Here, we analyze the performance of our estimators in the
presence of UE mobility with velocity v. To account for the
impact of UE motion, we extend the received signal model in
(11) as

y =
√
P
(
α0 b(ν0) +

R∑
i=1

αi (W
T
i a(θi))⊙ b(νi)

)
+ n ,

(64)
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Fig. 11. Position estimation performance in presence of MPC vs. κ at P = 35
dBm.
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Fig. 12. Position estimation performance vs. UE speed at P = 35 dBm.
where ν0 = vBS/λ+ν, vBS = vT(pBS−p0)/ ∥pBS − p0∥ , and
νi = vRIS,i/λ+ν , vRIS,i = v

T(pRIS,i−p0)/ ∥pRIS,i − p0∥ and
p0 represents the UE’s initial position. In Fig. 12, we illustrate
how the performance of our estimators varies with UE speed
∥v∥ for R = 2. The direction of the UE velocity is fixed to
v/ ∥v∥ = [1, 0, 0]T. As expected, our algorithm performs well
only for very low UE speeds, as our frugal setup is specifically
designed for localizing a stationary UE. Higher UE mobility
introduces errors that our approach is not optimized to handle.
Hence, the gap between the RMSE and the CRB increases with
increasing ∥v∥ due to mismatch between the assumed model in
(11) and the true one in (64). According to [39], the Doppler-
induced phase variation over the M transmissions is negligible
when the condition |MTs(pi − p0)Tv/(λ ∥pi − p0∥)| < 1/8
holds for all i ∈ BS, R1, . . . , RR. Based on the system
parameters in Table I, this condition is approximately satisfied
for ∥v∥ < 1 m/s, which coincides with the velocity range
where our method maintains sub-dm accuracy in Fig. 12.

H. Analysis of Ergodic Capacity

To further assess the performance of the proposed RIS-
enabled localization and synchronization system, we analyze
the ergodic capacity under practical RIS beamforming based
on estimated UE positions. In each trial, the RISs are con-
figured to steer their reflections toward an estimated UE
position while compensating for the AoA from the BS 7.
The SNR is then computed at the true UE position using the
resulting beamforming configuration. This process is repeated
over 500 independent trials, each corresponding to a different

7In this case, γr,m = a(−θ̂r)⊙ a(−ϕr) for m = 0, · · · ,M − 1.
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Fig. 14. Position error bound vs. number of RIS at P = 35 dBm.

estimated UE position. The ergodic capacity is calculated as
E[log2(1+ SNR)], with the expectation taken across all trials.
Fig. 13 presents the ergodic capacity results for the LoS,
NLoS-ML, and NLoS-LC scenarios. In the LoS case, the direct
path dominates, making localization accuracy less impactful.
Under NLoS conditions, however, capacity improves signifi-
cantly once accurate positioning is achieved. As shown in Fig.
7, this occurs at P = 10 dBm for the NLoS-ML algorithm
and at P = 32 dBm dBm for the NLoS-LC algorithm.

I. Analysis of Localization Bound with Increasing Number of
RISs

In the previous subsections, we have considered the minimal
hardware infrastructure necessary for enabling localization and
synchronization. Here, we analyze the impact of increasing
the number of RISs on the CRB of position estimation, where
LoS path exists. The RISs are arranged symmetrically on a
square centered at the origin, where the BS is located. The
RIS phase profiles are chosen randomly. Fig. 14 shows how
the CRB on positioning changes as we add more RISs, in the
presence of a LoS path. The results suggest that adding more
RISs improves positioning accuracy, especially when going
from two to three, where we achieve sub-millimeter precision.
This improvement comes from the additional redundant mea-
surements provided by the new RISs. However, after reaching
six RISs, the improvement saturates. This saturation occurs
because adding more RISs increases the number of unknowns
to estimate—the complex channel gains corresponding to the
additional RISs—and also introduces more propagation paths,
which amplifies cross-path interference and further compli-
cates position-domain estimation.

Remark 4. While our focus is on a frugal single-antenna,
single-carrier setup, the proposed algorithms can be extended
to systems with multiple antennas and multiple carriers. In
such cases, additional measurements such as AoD from the
LoS path and time-of-arrival (ToA) become available, en-
abling more accurate localization and synchronization. These
extensions offer improved accuracy at the cost of increased
infrastructure and resource usage.

VII. CONCLUSION

In this paper, we proposed a frugal approach for 3-D
localization and frequency synchronization of a single-antenna
stationary UE using SISO RIS-enabled communication, even
without a LoS path. Our method leverages a single-antenna BS
and multiple RISs under NB communication, reducing both
system complexity and cost.

We developed estimation algorithms and a GLRT-based LoS
detector, and showed through simulations that our method
attains theoretical performance bounds at moderate to high
transmit powers. Accurate CFO estimation proved essential,
as neglecting it caused severe degradation. Robustness was
confirmed under multipath with Rician factors as small as 10,
while mobility analysis showed the approach is best suited for
stationary or very low-speed users.

The algorithms offer practical computational complexity,
particularly with parallel processing. Overall, our results
demonstrate that accurate localization is possible with minimal
spectral and hardware resources, supporting sustainable 6G
deployments. Future work includes experimental validation
and extending the framework to mobile UEs.

APPENDIX A
RIS PHASE PROFILE - TEMPORAL CODING

By applying (15) and (16) we have

[y0]k =

√
P

4
α0

(
(+1)ej2π(4k)Tsν + (+1)ej2π(4k+1)Tsν+

(+1)ej2π(4k+2)Tsν + (+1)ej2π(4k+3)Tsν
)
+

√
P

4
α1

(
(+g1(ϕ1,θ1, k)) e

j2π(4k)Tsν+

(−g1(ϕ1,θ1, k)) e
j2π(4k+1)Tsν+

(+g1(ϕ1,θ1, k)) e
j2π(4k+2)Tsν+

(−g1(ϕ1,θ1, k)) e
j2π(4k+3)Tsν

)
+

√
P

4
α2

(
(+g2(ϕ2,θ2, k)) e

j2π(4k)Tsν+

(+g2(ϕ2,θ2, k)) e
j2π(4k+1)Tsν+

(−g2(ϕ2,θ2, k)) e
j2π(4k+2)Tsν+

(−g2(ϕ2,θ2, k)) e
j2π(4k+3)Tsν

)
+ [ñ0]k, (65)

[y1]k =

√
P

4
α0

(
(+1)ej2π(4k)Tsν + (−1)ej2π(4k+1)Tsν+

(+1)ej2π(4k+2)Tsν + (−1)ej2π(4k+3)Tsν
)
+

√
P

4
α1

(
(+g1(ϕ1,θ1, k)) e

j2π(4k)Tsν+

(+g1(ϕ1,θ1, k)) e
j2π(4k+1)Tsν+

(+g1(ϕ1,θ1, k)) e
j2π(4k+2)Tsν+

(+g1(ϕ1,θ1, k)) e
j2π(4k+3)Tsν

)
+
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√
P

4
α2

(
(+g2(ϕ2,θ2, k)) e

j2π(4k)Tsν+

(−g2(ϕ2,θ2, k)) e
j2π(4k+1)Tsν+

(−g2(ϕ2,θ2, k)) e
j2π(4k+2)Tsν+

(+g2(ϕ2,θ2, k)) e
j2π(4k+3)Tsν

)
+ [ñ1]k, (66)

[y2]k =

√
P

4
α0

(
(+1)ej2π(4k)Tsν + (+1)ej2π(4k+1)Tsν+

(−1)ej2π(4k+2)Tsν + (−1)ej2π(4k+3)Tsν
)
+

√
P

4
α1

(
(+g1(ϕ1,θ1, k)) e

j2π(4k)Tsν+

(−g1(ϕ1,θ1, k)) e
j2π(4k+1)Tsν+

(−g1(ϕ1,θ1, k)) e
j2π(4k+2)Tsν+

(+g1(ϕ1,θ1, k)) e
j2π(4k+3)Tsν

)
+

√
P

4
α2

(
(+g2(ϕ2,θ2, k)) e

j2π(4k)Tsν+

(+g2(ϕ2,θ2, k)) e
j2π(4k+1)Tsν+

(+g2(ϕ2,θ2, k)) e
j2π(4k+2)Tsν+

(+g2(ϕ2,θ2, k)) e
j2π(4k+3)Tsν

)
+ [ñ2]k, (67)

where [ñr]k = 1/4
∑3

l=0[cr]l[n]4k+l.

APPENDIX B
FISHER INFORMATION MATRIX ANALYSIS

Here, we provide more details about the theoretical limits
used to assess the estimation algorithms. We use Fisher infor-
mation matrix (FIM) analysis and evaluate it for the channel
parameters and the positional parameters. The FIM for channel
parameters can be found as below [51]

Fch =
2

σ2

M−1∑
m=0

ℜ

{
∂[z]m
∂ηch

(
∂[z]m
∂ηch

)H
}
, (68)

where z is the noiseless part of the received signal in (11)
and ηch ∈ {ηLoS

ch ,ηNLoS
ch }. Then, we can translate Fch to the

positional FIM, Fpo, accordingly Fpo = JTFchJ , where J
is the Jacobian matrix with elements Jm,n = ∂[ηch]m/∂[η]n.
and η ∈ {ηLoS,ηNLoS}. In case of measurements with LoS,
J ∈ R10×11 and Fpo ∈ R10, and in case of measurements
without LoS, J ∈ R8×9 and Fpo ∈ R8.

Finally in terms of the error bounds, in case of mea-
surements with LoS, the position error bound (PEB) can be
calculated by

PEB =
√

trace
(
[F−1

po ]7:9,7:9
)
, (69)

and the error bound on CFO can be found by(
E
[
(ν − ν̃)2

])1/2 ≥
(
[F−1

po ]10,10
)1/2

.
In case of measurements without LoS, PEB can be found

using PEB =
(
trace([F−1

po ]5:7,5:7)
)1/2

, and the error bound on

CFO can be calculated accordingly using
(
[F−1

po ]8,8
)1/2

. Error
bounds on other parameters can be calculated similarly.

APPENDIX C
RECEIVED SIGNAL MODEL IN THE PRESENCE OF

MULTI-PATH COMPONENTS

The received signal at the mth transmission is

ym =
√
P
(

hBS-UE +

2∑
r=1

hT
BS-RISr(ϕr)diag(γr,m)hRISr-UE(θr)

)
× ej2πmTsν + nm. (70)

Here, hBS-UE is the channel between the BS and the UE,
hBS-RISr(ϕr) is the channel between the BS and the rthRIS
and hRISr-UE(θr) is the channel between the rthRIS and the
UE as below

hBS-UE = α0

(√ κ0
κ0 + 1

+

√
1

κ0 + 1
h̃
)
, (71)

hBS-RISr(ϕr) = αBr

(√ κBr

κBr + 1
a(ϕr) +

√
1

κBr + 1
h̃Br

)
,

(72)

hRISr-UE(θr) = αRr

(√ κRr

κRr + 1
a(θr) +

√
1

κRr + 1
h̃r

)
,

(73)
and αBrαRr = αr. Therefore, ym would be

ym =
√
P
(

hBS-UE +

2∑
r=1

αBr

(√ κBr

κBr + 1
[Wr]

T
mhRISr-UE(θr)

+

√
1

κBr + 1
(h̃T

Br ⊙ γT
r,m)hRISr-UE(θr)

))
ej2πmTsν + nm,

(74)
where [Wr]m is the mth column of Wr as introduced in (9).
Therefore, by defining Vr such that the mth column is [Vr]m =
h̃Br ⊙ γr,m, using (71) and (73) and concatenating all M
measurements, (63) will be derived.
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