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Abstract
We give an interpretation of the global shallow water quasi-geostrophic equations on the
sphere S

2 as a geodesic equation on the central extension of the quantomorphism group on
S
3. The study includes deriving the model as a geodesic equation for a weak Riemannian

metric, demonstrating smooth dependence on the initial data, and establishing global-in-time
existence and uniqueness of solutions. We also prove that the Lamb parameter in the model
has a stabilizing effect on the dynamics: if it is large enough, the sectional curvature along
the trade-wind current is positive, implying conjugate points.
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1 Introduction

The quasi-geostrophic model for atmospheric and oceanographic flows was formulated by
Charney in 1949 [5]. Roughly, it is derived as follows. On a domain where the horizontal
length scale is much greater than the vertical, the 3-D Navier-Stokes equations are well
approximated by the 2-D shallow-water equations. In a rotating frame of reference, these
equations contain the Coriolis force, whose strength compared to the inertia of a typical
horizontal velocity gives rise to the dimensionless Rossby number. In the limit of small
Rossby numbers, the waves due to gravity become highly oscillatory and can be filtered out.
This sequence of approximations leads to the quasi-geostrophic equations. They take the
form of an incompressible, inviscid 2-D fluid, expressed in the potential vorticity function q
as

∂t q + {ψ, q} = 0, (1a)

with a relation between q and the stream function ψ to be discussed next.
Charney considered the quasi-geostrophic model on a strip located at an approximately

constant latitude. This so called “β-plane approximation” allows the Coriolis parameter to
be varied linearly in space, which in turn leads to a relation between potential vorticity and
stream function given by

q = �ψ + βz + h (1b)

where z denotes the (linearized) latitude and the function h represents the bottom floor
topography. The same equations were derived by Hasegawa and Mima [13] in the context of
turbulence modelling in plasma physics, so the developments in this paper may be relevant
also in that context.

For a global fluid on the entire sphere S
2, the tacit assumption has often been to take as

quasi-geostrophic approximation the same equations (1) with z = cosϑ for the latitudinal
angle ϑ ∈ [−π, π]. However, Charney’s basic assumptions in the β-plane approximation
then fails. A correction was given by Schubert and Silvers [23], Verkley [28], and also via a
different method by Luesink et al. [18], which led to the global quasi-geostrophic equations

∂t q + {ψ, q} = 0, q = (� − γ z2)ψ + 2z

Ro
+ 2zh. (2)

Here, γ is the dimensionless Lamb parameter defined as

γ = 4	2r2

gH
= r2

L2Bu
,

where r is the radius of the sphere, 	 is the rotation frequency, g is the gravitational accel-
eration, H is the typical thickness of the fluid layer, and L is a characteristic length scale.

Moreover, the constant Bu represents the Burger number, defined as Bu = (Ro
Fr

)2
, where Ro

is the Rossby number, representing the ratio between the typical horizontal velocity and the
velocity induced by the rotation of the sphere, while Fr is the Froude number, representing
the ratio between the typical horizontal velocity and the speed of the fastest gravity wave.
The Burger number quantifies the relative dominance of rotation and stratification in the fluid
dynamics of the system.

In this paper we carry out a geometrical analysis of the global quasi-geostrophic equa-
tions (2), with the following results.
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(1) In section 2, we show that the equations can be cast as geodesic equations on the infinite-
dimensional group of quantomorphisms on S

3. This result is analogous to Arnold’s
[2] discovery that the incompressible Euler equations can be interpreted as geodesic
equations on the group of volume-preserving diffeomorphisms.

(2) In section 3, we use the geodesic interpretation to give local and global well-posedness
results. These results are analogous to Ebin and Marsden’s [7] local analysis based on
Arnold’s discovery, and to Ebin’s [6] global well-posedness result for symplectomor-
phism groups.

(3) In section 5, we study Misiołek’s criterion for positivity on the sectional curvature and
we show that the Lamb parameter γ has a stabilizing effect on the dynamics, in the
sense that if it is large enough the sectional curvature becomes positive.

Our results are directly linked to the work of Ebin and Preston [9] and Lee and Preston
[19] on the analysis of the equations (1). Relative to their work, the main complication for the
equations (2) arises from the non-isotropy of the infinite-dimensional Riemannian metric due
to the term γ z2 in the relation between the stream function ψ and the potential vorticity q .

2 Geodesic interpretation

2.1 The Hopf fibration

We give here a summary of the Hopf fibration π : S
3 −→ S

2, which is a nontrivial circle
bundle over S

2.
A point on S

3 can be represented by two complex numbers w1 and w2 satisfying |w1|2 +
|w2|2 = 1. We shall use the Hopf coordinates, where w1 and w2 are expressed as

w1 = eiξ1 cos η, w2 = eiξ2 sin η,

with η ∈ (0, π/2) and ξ1, ξ2 ∈ (0, 2π). These limits for η and ξ1, ξ2 do not cover the whole
S
3, but they do cover an open subset of full measure. The Euclidean metric on C

2 induces
the standard metric on S

3, given by

gS
3 = cos2 η dξ21 + sin2 η dξ22 + dη2. (3)

Set λ = 2η, ζ = ξ1 − ξ2, and χ = 1
2 (ξ1 + ξ2). Then the standard metric (3) on S

3 can be
written as

gS
3 = 1

4

(

dλ2 + sin2 λdζ 2
)

+ (

dχ + 1

2
cos λdζ

)2
. (4)

Note that

gS
2 = 1

4

(

dλ2 + sin2 λ dζ 2) ,

is the metric on S
2 of radius 1

2 .
In this formulation, the projection π : S

3 −→ S
2 maps the point (w1, w2) =

(eiξ1 cos η, eiξ2 sin η) to

(

w̄1w2,
1

2
(|w1|2 − |w2|2)

) = 1

2

(

sin(λ) cos(ξ1 − ξ2), sin(λ) sin(ξ1 − ξ2), cos(λ)
)

.

As we can see from (3) and (4), the surjection π is a Riemannian submersion.
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The circle action of S
1 on S

3 is

eit (eiξ1 cos η, eiξ2 sin η) = (ei(ξ1+t) cos η, ei(ξ2+t) sin η).

Indeed, this action generates the fibers of the Hopf fibration, and the corresponding Reeb
field is

∂ξ1 + ∂ξ2 .

This is a Killing vector field for the metric (3), as it preserves the Riemannian metric on
S
3 and is equivariant under the symmetry of the S

1-action. Moreover, by the chain rule we
obtain ∂χ = ∂ξ1 + ∂ξ2 .

On the other hand, S
3 is naturally diffeomorphic to SU (2), the group of unitary 2 × 2

matrices with determinant 1. The isometry between the Lie group SU (2) and S
3 is expressed

as

F : SU (2) −→ S
3 ;

(

w1 w2

−w̄2 w̄1

)

�−→ (w1, w2).

A basis for the Lie algebra of left invariant vector fields on SU (2) is given by orthogonal
matrices

E := E1 =
(

i 0
0 −i

)

, E2 =
(

0 1
−1 0

)

, E3 =
(

0 i
i 0

)

for su(2). The differential d F maps B := {E1, E2, E3} to {∂ξ1 + ∂ξ2 , ∂η, ∂ξ1 − ∂ξ2}.

2.2 The quantomorphism group

Consider S
3 with the standard round metric (3). As we have seen, the Hopf fibration with

this metric is a Riemannian submersion. It is also a Boothby-Wang fibration, in the sense that
π∗ω = dθ1, where {θi }i=1,2,3 forms the dual basis to the vector fields {Ei }i=1,2,3. For θ1 we

need that θ1 ∧ dθ1 coincides with the volume form μ generated by the metric gS
3
. Then the

symplectic quotient of S
3 via the circle action is S

2. From here on we set θ := θ1.

Definition 2.1 The quantomorphism group of Sobolev class s is defined by

Ds
q(S3) = {ϕ ∈ S

3 −→ S
3 | ϕ isan Hs diffeomorphismand ϕ∗θ = θ}.

In other words, quantomorphisms are contact diffeomorphisms that preserve the fixed contact
form. Moreover, [8, Cor. 2.7] implies that if s > 5

2 then Ds
q(S3) is a C∞ submanifold of the

space Ds
E,μ(S3) of all Hs volume-preserving diffeomorphisms that commute with the flow

of the Reeb vector field. Set

Hs+1
E (S3, R) = { f | f : S

3 −→ R is Hs+1andE f = 0}.
Practically, f ∈ Hs+1

E (S3, R) means that f can be regarded as an Hs+1 function lifted from
S
2. Then we have

g := TidDs
q(S3) = {Sθ f | f : S

3 −→ R, f ∈ Hs+1
E (S3, R)}

where

Sθ : Hs+1
E (S3, R) −→ TidDs

q(S3)
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and Sθ f = u if and only if θ(u) = f and iudθ = −d f (for more details, see [8]). It
is worth mentioning that the function f is the standard contact Hamiltonian, and u is the
associated contact Hamiltonian vector field. For consistencywith the notation in [8], however,
we continue to denote this relation by the operator Sθ . As explained in Remark 2.2, when ρ

is a nonzero constant, this recovers exactly the results of [8].
It is worth mentioning that the function f the standard contact Hamiltonian, and u the

corresponding contact Hamiltonian field. However, we keep the notation using the operator
Sθ to remain consistent with the notation in [8]. In particular, for ρ = const we recover the
results of [8]. As derived in [8, p. 20], the operator Sθ is given by

Sθ f = f E − 1

2
(E3 f )E2 + 1

2
(E2 f )E3. (5)

For any x ∈ S
3, there exists an isomorphism between Ann(E) ⊂ T ∗

x S
3 and ker(θ) ⊂ TxS

3,
determined by �(θ2) = −E3 and �(θ3) = E2.

In the sequel, suppose that

ρ : S
2 −→ R

is a function in Hs . Usually, we assume that ρ is nonzero almost everywhere, but in some
cases, such as Proposition 2.4, weaker conditions can be imposed; for example, it suffices
to require that ρ is not identically zero. For convenience, we will use the same symbol ρ to
denote the lifted function ρ ◦π : S

3 −→ R. LetA : X(S3) −→ X(S3) be the operator which
acts on vector fields by

A : u �−→ ρ2gS
3
(u, E)E + gS

3
(u, E2)E2 + gS

3
(u, E3)E3.

Then A induces the positive definite inner product 〈 , 〉A : g × g −→ R given by

〈Sθ f , Sθ g〉A = 〈 f ρ2E − 1

2
(E3 f )E2 + 1

2
(E2 f )E3 , Sθ g〉

= 〈 f ρ2E − 1

2
�(d f ) , Sθ g〉 (6)

Remark 2.2 The principal S
1-bundle π : S

3 −→ S
2 admits an s1 = TeS

1-valued 1-form θ .
Using the connection form θ and following the formulation (4), the Berger metric can be
written as

gS
3

α = π∗gS
2 + α2θ∗(dt)2

where α is a nonzero constant. More precisely, α determines the length of the Reeb field, as
described in [8], Example 1.3. Practically, if we identify s1 withR, then for any v,w ∈ TpS

3,
θ∗(dt)2 is given by θp(v)θp(w). A class of non-standard metrics on the total space S

3 can
be defined using a differentiable function

ρ : S
2 −→ R

via

gS
3

ρ = π∗gS
2 + (ρ ◦ π)2θ∗(dt)2 (7)

For example, see [4, p. 270]. Equivalently, we can write

gS
3

ρ = 1

4

(

dλ2 + sin2 λdφ2
)

+ (ρ ◦ π)2
(

dχ+1

2
cos λdζ

)2
. (8)
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Depending on the range of ρ, the metric (7) could be semi-Riemannian or Riemannian. The
Reeb field E with respect to the metric (7) is a Killing vector field. This metric inspires the
definition of the operator A in the weak inner product (6).

In the next step, we compute the adjoint of the operator Sθ with respect to the L2-type
metric (6).

Proposition 2.3 The adjoint of the operator Sθ with respect to the weak metric (6) exists and
is given by

S∗
θ,A : TidDs

q(S3) −→ Hs−1
E (S3, R)

aE + bE2 + cE3 �−→ ρ2a + 1

2
(E3b) − 1

2
(E2c)

Proof For any w = aE + bE2 + cE3 ∈ TidDs
q(S3) and any f ∈ Hs+1

E (S3, R) we have

〈Sθ f , w〉A =
∫

S3
gS

3
(A(Sθ f ), w)dμ

=
∫

S3
gS

3(
f ρ2E − 1

2
(E3 f )E2 + 1

2
(E2 f )E3 , aE + bE2 + cE3

)

dμ

=
∫

S3

(

f ρ2a − 1

2
(E3 f )b + 1

2
(E2 f )c

)

dμ

=
∫

S3
f
(

ρ2a + 1

2
(E3b) − 1

2
(E2c)

)

dμ

which implies that

S∗
θ,A(aE + bE2 + cE3) = ρ2a + 1

2
(E3b) − 1

2
(E2c). (9)

In the next step, we show that if [E, w] = 0, then

E
(

S∗
θ,A w

) = 0

which implies that S∗
θ,A w belongs to Hs−1

E (S3, R). Suppose h : S
3 −→ R is a differentiable

function. Since E is a Killing vector field for the metric gS
3
and L EA = AL E we get

∫

S3
hL E

(

S∗
θ,A w

)

dμ = −
∫

S3

(

S∗
θ,A w

)

L E hdμ

= −
∫

S3
gS

3(
Sθ L E h,Aw

)

dμ

=
∫

S3
−gS

3(
L E Sθ h,Aw

)

dμ

=
∫

S3
−gS

3(
L E Sθ h,Aw

) + EgS
3(
Sθ h,Aw

)

dμ

=
∫

S3
gS

3(
Sθ h, L EAw

)

dμ

=
∫

S3
gS

3(
Sθ h,AL Ew

)

dμ = 0.

Since the function h is arbitrary, we conclude that L E
(

S∗
θ,A w

) = 0 for any E-invariant
vector field w. �
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Now, for ρ almost everywhere nonzero, we define the contact Laplacian by

�θ,A : Hs+1
E (S3, R) −→ Hs−1

E (S3, R) ; f �−→ S∗
θ,ASθ f .

Proposition 2.4 The contact Laplacian is given by

�θ,A : Hs+1
E (S3, R) −→ Hs−1

E (S3, R)

f �−→ (ρ2 − �) f

where � denote the Laplacian on the sphere S
2 lifted to S

3. Moreover �θ,A reduces to an
invertible elliptic operator on S

2.

Proof For any h ∈ Hs+1
E (S3, R), we observe that

�θ,A f = S∗
θ,ASθ f

= S∗
θ,A

(

f E − 1

2
(E3 f )E2 + 1

2
(E2 f )E3

)

= f ρ2 − 1

4
E2
3 f − 1

4
E2
2 f = f ρ2 − � f

where � denotes the Laplacian on the two-dimensional sphere with radius 1
2 . Moreover,

〈ASθ f ,Sθ f 〉 =
∫

S3
f �θ,A f dμ

=
∫

S2
( f 2ρ2 − f � f )dν

=
∫

S2
( f 2ρ2 + |∇ f |2)dν ≥ 0

and
∫

S2
( f 2ρ2 + |∇ f |2)dν = 0

if and only if f = 0. As a result, if we reduce the contact Laplacian to S
2, we obtain

�θ,A : Hs+1(S2, R) −→ Hs−1(S2, R) ; f �−→ ρ2 f − � f

which is clearly elliptic. �


Remark 2.5 The invertibility of the operator �θ,A = ρ2 − � can also be proved using
the strong maximum principle, see for example [15, Cor. 2.11]. Furthermore, this type of
Schrödinger operator has been studied by Gurarie [12]. Note that when ρ = 0, the constant
functions lie in the kernel of �θ,A = −�. However, if ρ is nonzero at least at one point,
then �θ,A is invertible.

Lemma 2.6 Let f : S
3 −→ R be E-invariant. Moreover, suppose dν is the volume form for

the standard metric on S
2 with radius 1

2 . Then, for f̃ : S
2 −→ R defined by f̃ (π(x)) = f (x),

we have
∫

S3
f dμ = 2π

∫

S2
f̃ dν.
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Proof Consider the coordinates λ = 2η, χ = ξ1+ξ2
2 and ζ = ξ1 − ξ2. Then 0 ≤ λ ≤ π ,

0 ≤ χ ≤ 2π and −2π ≤ ζ ≤ 2π . Moreover the volume form on S
3 with respect to the

standard metric (3) is

dμ = − sin η cos ηdξ1 ∧ dξ2 ∧ dη

and the E-invariant functions are functions of λ and ζ . As a result we get
∫

S3
f dμ = −

∫ π
2

0

∫ 2π

0

∫ 2π

0
f (ξ1, ξ2, η) sin η cos ηdξ1 ∧ dξ2 ∧ dη

= 2π
∫ π

0

∫ 2π

−2π
f̃ (λ, ζ )

1

4
sin λdζ ∧ dλ = 2π

∫

S2
f̃ dν.

�

The fibration π : S

3 −→ S
2 induces the projection

� : Ds
q(S3) −→ Ds

ν(S
2) (10)

ϕ �−→
(

ϕ̃(π(x)) = π ◦ ϕ(x)
)

where

Ds
ν(S

2) = {ϕ ∈ S
2 −→ S

2;ϕisaHssymplecticdiffeomorphism}.
Since every quantomorphism is E-invariant, the map � is well-defined. Following Ebin and
Preston [8, Thm. 4.4], we propose next a metric on the base space Ds

ν(S
2) that makes � a

Riemannian submersion.
We first note that�θ,A1 = ρ2. For the Hamiltonian vector fields u = ∇⊥ f̃ and v = ∇⊥g̃

in g̃ := TeDs
ν(S

2) we then define the (weak) inner product

〈〈u, v〉〉 = 2π
∫

S2
f̃
(

(ρ2 − �)g̃
)

dν − 2π

∫

S2
f̃ ρ2dν

∫

S2
g̃ρ2dν

∫

S2
ρ2dν

. (11)

This inner product is extended to a right-invariant metric on Ds
ν(S

2). Here, “weak” means
that the topology induced by this metric is weaker than the Hs topology.

The following result is a modification of [8, Thm 4.4 and Prop. 4.5].

Theorem 2.7 i. The map � : (Ds
q(S

3), 〈, 〉A) −→ (Ds
ν(S

2), 〈〈, 〉〉) is a Riemannian
submersion.

ii. The Euler-Arnold equation of (Ds
ν(S

2), 〈〈, 〉〉) is given by

∂t (ρ
2 − �) f̃ + { f̃ , (ρ2 − �) f̃ } = 0. (12)

Proof i. For f̃ , g̃ ∈ Hs(S2, R), consider f , g ∈ Hs(S3, R) defined by f (x) = f̃ (π(x)) and
g(x) = g̃(π(x)). Set f̄ = f + a and ḡ = g + b, where a and b are real constants chosen to
ensure that Sθ f̄ and Sθ ḡ are horizontal. Specifically, we select a and b such that

〈Sθ f̄ , E〉A = 〈Sθ ḡ, E〉A = 0.

Note that, 〈Sθ f̄ , E〉A = 0 if and only if
∫

S3
gS

3(ASθ ( f + a),Sθ 1
)

dμ =
∫

S3
( f + a)�θ,A1dμ
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=
∫

S3
f ρ2dμ + a

∫

S3
ρ2dμ

= 2π
(

∫

S2
f̃ ρ2dν + a

∫

S2
ρ2dν

) = 0.

This implies that a = −
∫

S2 f̃ ρ2dν
∫

S2 ρ2dν
. Similarly, for ḡ, we have b = −

∫

S2 g̃ρ2dν
∫

S2 ρ2dν
. As a result we

have

〈Sθ f̄ ,Sθ ḡ〉A
=

∫

S3
f �θ,Agdμ + a

∫

S3
g�θ,A1dμ + b

∫

S3
f �θ,A1dμ + ab

∫

S3
�θ,A1dμ

= 2π
∫

S2
f̃ (ρ2 − �)g̃dν − 2π

∫

S2
f̃ ρ2dν

∫

S2
ρ2dν

∫

S2
g̃ρ2dν − 2π

∫

S2
g̃ρ2dν

∫

S2
ρ2dν

∫

S2
f̃ ρ2dν

+2π

∫

S2
f̃ ρ2dν

∫

S2
g̃ρ2dν

∫

S2
ρ2dν

= 2π
∫

S2
f̃ (ρ2 − �)g̃dν − 2π

∫

S2
f̃ ρ2dν

∫

S2
ρ2dν

∫

S2
g̃ρ2dν = 〈〈u, v〉〉

ii.Toprove this part,wewillwrite theEuler-Arnold equation ∂t u+ad∗
u u = 0 forDs

Ham(S2)

in the context of the metric given by (11). Consider u = ∇⊥ f̃ , v = ∇⊥g̃, w = ∇⊥h̃ ∈ g̃.
Then we have

〈〈ad∗
u v,w〉〉 = 〈〈v, adu w〉〉 = −〈〈v,∇⊥{ f̃ , h̃}〉〉

= −2π
∫

S2
g̃
(

(ρ2 − �){ f̃ , h̃})dν + 2π

∫

S2
g̃ρ2dν

∫

S2
{ f̃ , h̃}ρ2dν

∫

S2
ρ2dν

= 2π
∫

S2
{ f̃ , (ρ2 − �)g̃}h̃dν − 2π

∫

S2
g̃ρ2dν

∫

S2
{ f̃ , ρ2}h̃dν

∫

S2
ρ2dν

= 2π
∫

S2

(

{ f̃ , (ρ2 − �)g̃} −
∫

S2
g̃ρ2dν

∫

S2
ρ2dν

{ f̃ , ρ2}
)

h̃dν.

As a result for the time dependent vector field u and arbitrary w ∈ g̃ we get

〈〈∂t u + ad∗
u u, w〉〉 = 2π

∫

S2

(

∂t (ρ
2 − �) f̃ −

∫

S2
∂t f̃ ρ2dν

∫

S2
ρ2dν

ρ2

+{ f̃ , (ρ2 − �) f̃ } −
∫

S2
f̃ ρ2dν

∫

S2
ρ2dν

{ f̃ , ρ2}
)

h̃dν.

which means that ∂t u + ad∗
u u = 0 if and only if

∂t (ρ
2 − �) f̃ + { f̃ , (ρ2 − �) f̃ } − ∂t

∫

S2
f̃ ρ2dν

∫

S2
ρ2dν

ρ2 −
∫

S2
f̃ ρ2dν

∫

S2
ρ2dν

{ f̃ , ρ2} = 0

It is always possible to choose c(t) : R −→ R and replace theHamiltonian function f̃ = f̃ (t)
with f̃ (t) + c(t) such that

∫

S2
( f̃ + c)ρ2dν = 0. Notice that u = ∇⊥ f̃ = ∇⊥( f̃ + c)

which means that we can always choose a Hamiltonian function for u with the property
∫

S2
f̃ φ̃ρ̄dν = 0. As a result, the Euler-Arnold equation becomes

∂t (ρ
2 − �) f̃ + { f̃ , (ρ2 − �) f̃ } = 0.

�
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3 Local and global well-posedness

Theorem 3.1 (Local well-posedness) Geodesics of (Ds
q(S3), 〈, 〉A) exists locally in the sense

of the Picard-Lindelöf theorem. That is, for any choice of initial conditions, there exists a
(non-empty) maximal time interval (−Ta, Tb) for which a solution exists, is unique, and
depends smoothly on the initial data.

Proof Following [7] and [9] we show that the geodesics correspond to the integral curves
of a smooth vector field on Ds

q(S3). For f ∈ Hs+1
E (S3, R) define m(t) := �θ,A Sθ f (t).

Consider the vector field

Z : Ds
q(S3) −→ TDs

q(S3) ; η �−→ (Sθ (�θ,A)−1)ηm0

where

(Sθ (�θ,A)−1)η = d Rη(Sθ (�θ,A)−1) ◦ (Rη)
−1m(0)

and u(t) = Sθ f (t) = η̇(t) ◦ η−1(t). Before demonstrating that this vector field is smooth,
we first show that the integral curves of Z correspond to the solutions of

∂t (�θ,A f (t) ◦ η(t)) =
(

∂t�θ,A f (t) + Sθ f (t)
(

�θ,A f (t)
)

)

◦ η(t)

=
(

∂t�θ,A f (t) + { f (t),�θ,A f (t)}
)

◦ η(t) = 0

Let ε > 0 and η : (−ε, ε) −→ Ds
q(S3) be an integral curve of Z . The η̇(t) = Sθ f (t)◦η(t) =

Z(η(t)). Then

Sθ f (t) ◦ η(t) = d Rη(S
∗
θ,A)−1(Rη)

−1m(0)

⇐⇒ d Rη Sθ f (t) = d Rη(S
∗
θ,A)−1(Rη)

−1m(0)

⇐⇒ Sθ f (t) = (S∗
θ,A)−1(Rη)

−1m(0)

⇐⇒ S∗
θ,A Sθ f (t) = m(0) ◦ η(t)−1

⇐⇒ S∗
θ,A Sθ f (t) = m(0) ◦ η(t)−1

⇐⇒ �θ,A f (t) = m(0) ◦ η(t)−1

⇐⇒ �θ,A f (t) ◦ η(t) = m(0)

⇐⇒ ∂t (�θ,A f (t) ◦ η(t)) = 0

which is true for any geodesic of the metric (Ds
q(S3), 〈, 〉A).

On the other hand, for a first-order differential operator X , the operator

Xη(h)(p) := X(h ◦ η−1) ◦ η|p (13)

depends smoothly on η ∈ Ds(S3) and h ∈ Hs(S3) (see, e.g., [7] or [9, Thm. 3.1]).
In the next step, we show that

(S∗
θ,A)η : TηDs(S3) −→ Hs−1(S3, R) ; vη �−→ Rη(S

∗
θ,A) ◦ (d Rη)

−1vη
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is smooth. Note that generally for w = aE + bE2 + cE3 ∈ TeDs(S3) we have

(S∗
θ,A)(w) = ρ2a + 1

2
E3b − 1

2
E2c

More precisely, for any differentiable function f : S
3 −→ R we have

∫

S3
f (S∗

θ,A)(w)dμ =
∫

S3
gS

3(A Sθ f , w
)

dμ

=
∫

S3
gS

3(
f hρ2E − 1

2
(E3 f )E2 + 1

2
(E2 f )E3, aE + bE2 + cE3

)

dμ

=
∫

S3

(

f aρ2gS
3(

E, E
) − 1

2
(E3 f )bgS

3(
E2, E2

) + 1

2
(E2 f )cgS

3(
E3, E3

)

)

dμ

=
∫

S3
f aρ2dμ − 1

2

∫

S3
(E3 f )bdμ + 1

2

∫

S3
(E2 f )cdμ

=
∫

S3
f aρ2dμ + 1

2

∫

S3

(

f (E3b) + f bdiv(E3)
)

dμ − 1

2

∫

S3

(

f (E2c) + f cdiv(E2)
)

dμ

=
∫

S3

(

f aρ2 + 1

2
f (E3b) − 1

2
f (E2c)

)

dμ

=
∫

S3
f
(

aρ2 + 1

2
(E3b) − 1

2
(E2c)

)

dμ.

As a result for the operator (S∗
θ,A)η we have

Rη(S
∗
θ,A) ◦ (d Rη)

−1
(

aE ◦ η + bE2 ◦ η + cE3 ◦ η
)

= Rη(S
∗
θ,A)

(

a ◦ η−1E + b ◦ η−1E2 + c ◦ η−1E3

)

= Rη

(

ρ2a ◦ η−1 + 1

2
E3(b ◦ η−1) − 1

2
E2(c ◦ η−1)

)

= (ρ2 ◦ η)a + 1

2
E3(b ◦ η−1) ◦ η − 1

2
E2(c ◦ η−1) ◦ η

which is smooth by (13). Since (S∗
θ,A)η is smooth on TηDs(S3), it remains smooth when

restricted to TηDs
q(S3), as Ds

q(S3) ⊆ Ds(S3) is a smooth submanifold. On this submanifold,

the operator (S∗
θ,A)η becomes an isomorphism from TηDs

q(S3) to Hs−1
E (S3, R). Furthermore,

the operator

�θ,A : Hs+1
E (S3, R) −→ Hs−1

E (S3, R)

is linear and smooth. The same holds true for the inverse of �θ,A. As a result,

(S∗
θ,A)−1

η (h) = (Sθ (�θ,A)−1
η )(h)

is also smooth. This implies that the vector field Z is smooth.
Since Z is a smooth vector field on a Banachmanifold, its integral curves exist by the stan-

dard theory of ordinary differential equations on Banach manifolds. Moreover, the solutions
depend smoothly on the initial values. �


Theorem 3.2 (Global well-posedness) For initial data f0 ∈ Hs+1(S2, R) � Hs+1
E (S3, R)

with s > 2, the solution of equation (12) exists for all time.
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Proof The idea for the proof originates from [8, Thm. 4.6] and [9, Thm. 3.3], with minor
modifications. In particular, we shall refer to the computations in [8, Thm. 4.6] at various
steps.

Let (−Ta, Tb) denote the maximum time interval for the Hs+1 time-dependent stream
function

f (t) : S
2 −→ R

which solves equation (12). If Ta is finite, then limt→Ta ‖ f (t)‖Hs+1 = ∞. The same holds
for −Tb. To show the global existence, we prove that the norm ‖ f (t)‖Hs+1, or equivalently
‖u(t)‖s with u(t) = ∇⊥ f (t), remains bounded. To this end, we consider three objects:
the Hs+1 stream function f , the Hs velocity field u(t) = ∇⊥ f (t), and the corresponding
Hamiltonian diffeomorphisms ηt . Define the quantity

m(t) = (ρ2 − �) f (t).

Suppose f (t) is a solution of (12). Then

∂t
(

m(t) ◦ η(t)
) = (ρ2 − �)∂t f (t) ◦ η(t) + dm(t)∂tη(t)

=
(

(ρ2 − �)∂t f (t) + u(t)m(t)
)

η(t)

=
(

(ρ2 − �)∂t f (t) + { f , (ρ2 − �) f }
)

η(t) = 0,

which implies that the quantitym(t)◦η(t) = m(0) is conserved. This conserved quantity will
be used to show that the corresponding velocity field u(t) is quasi-Lipschitz. More precisely
for the inverse of the elliptic operator

�θ,A : Hs+1(S2, R) −→ Hs−1(S2, R) ; f �→ (ρ2 − �) f

consider the Schwartz kernel1 k : S
2 × S

2 −→ R defined by

f (x) =
∫

S2
k(x, y)�θ,A f (y)dy.

For more details see [26, Ch. 7] and [8, p. 28].
In this step, we show that f is bounded uniformly in time. Since f is a solution of (12),

then
∫

S2
�θ,A f is constant in time. Furthermore,

∫

S2
�θ,A f dν =

∫

S2
f �θ,A1dν =

∫

S2
f ρ2dν ≥ min f

∫

S2
ρ2dν.

Suppose that |d f | < K . Then the bound

max f − min f < π K (14)

implies that max f is also bounded and consequently f is bounded uniformly in time.
Consider, around a point of S

2, a normal neighborhood with radius π (the injectivity
radius for the sphere with radius 1). There is a method to reconstruct the differential d f from

1 We recall that, the Schwartz kernel of an elliptic invertible operator P on a compact manifold N is a
distributional kernel kP : N × N −→ R, which acts by integrating against functions f on M via:

P f (x) =
∫

N
kP (x, y) f (y) dvolN (y),

where dvolN is the Riemannian volume form on N . kP (x, y) is smooth on N × N \ Diag, where Diag =
{(x, x) | x ∈ N } is the diagonal.
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�θ,A f , as utilized in various sources, including Theorem 2.5.1 of [22], Lemma 1.4 of [14],
Lemma 6.3 of [6], Theorem 1.1 of [3], [8] and Theorem 3.3 of [9]. In fact, replacing �θ in
[8] with the operator �θ,A we observe that

|d f ′(y) − d f (y)| ≤ K |x − y| log ( π

|x − y|
)

(15)

where |x − y| denotes the distance on sphere and π represents the diameter of the manifold
S
2. We recall that for y ∈ S

2 with |x − y| < π , d f ′(y) ∈ TyS
2 is the parallel transport along

a parametrized geodesic χ with the property χ(0) = x and χ(1) = y, see [8, pp.29-30]. If
we divide both sides of (15) by |x − y|γ for 0 < γ < 1 then

|d f ′(y) − d f (y)|
|x − y|γ ≤ K |x − y|α log ( π

|x − y|
)

where α = 1−γ . But log
(

π
|x−y|

)

grows slower than |x − y|α . As a result d f (or equivalently

u = ∇⊥ f ) is Cα 2. The parameter K in the previous estimate is independent of time and by
increasing K and compactness of S

2, we can also drop the condition |x − y| < π . According
to [14, Sec. 2.5], there then exist positive constants C and β such that the flow satisfies

|η(t)(x) − η(t)(y)| ≤ C |x − y|β
indicating that the flow η is Cβ . In the next step, we demonstrate that η−1 is also Hölder
continuous. For t0 ∈ [0, Te), define v(t) := −u(t0 − t), with σ as the flow associated with
v. It follows that σ(t0) = η−1(t0). As shown in [8, pp. 30-31], the flow σ is Cα , confirming
the Hölder continuity of η−1. From the equation

�ρ f (t) = �ρ f (0) ◦ σ(t)

and the fact that f (0) ∈ Hs+1(S2, R), we conclude that

�ρ f (0) ∈ Hs−1(S2, R) ⊆ Cα(S2, R).

Moreover, we proved that σ isCα as well. As a result,�ρ f (t) is alsoCα(S2, R) independent
of t . Since �ρ is elliptic, the stream function f (t) is bounded in C2+α(S2, R) and u = ∇⊥ f
is bounded in C1+α(T S

2).
Finally, we show f (t) to be bounded in the Hs+1 topology, or equivalently that�θ,A f (t)

is bounded in Hs−1. We note that

∂t�θ,A f = −∇⊥ f (�θ,A f )

so

∂t

∫

S2
(�θ,A f )2dν =

∫

S2
∂t (�θ,A f )2dν

= 2
∫

S2
(∂t�θ,A f )(�θ,A f )dν

= −2
∫

S2
(∇⊥ f �θ,A f )(�θ,A f )dν

2 Locally, for k ∈ N ∪ {0}, the Ck+α norm of a diffeomorphism η on a manifold M is defined as follows

|η|Ck+α = max
j≤k

|D j η|∞ + sup
x �=y

|Dkη(x) − Dkη(y)|
|x − y|α ,

where ‖D j η‖∞ is the sup-norm of the D j η.
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= −
∫

S2
∇⊥ f (�θ,A f )2dν

= −
∫

S2
div

(

(�θ,A f )2∇⊥ f
)

dν +
∫

S2
(�θ,A f )2div(∇⊥ f )dν = 0.

Moreover, taking s − 1 spatial derivatives

∂t

∫

S2
|∇s−1�θ,A f |2dν = 2

∫

S2
〈∇s−1∂t�θ,A f ,�θ,A f 〉dν

= −2
∫

S2
〈∇s−1∇∇⊥ f �θ,A f ,∇s−1�θ,A f 〉dν

= −2
∫

S2
〈∇∇⊥ f ∇s−1�θ,A f ,∇s−1�θ,A f 〉dν

−2
∫

S2
〈[∇s−1,∇∇⊥ f ]�θ,A f ,∇s−1�θ,A f 〉dν

= −
∫

S2
∇∇⊥ f 〈∇s−1�θ,A f ,∇s−1�θ,A f 〉dν

+2
∫

S2
〈[∇∇⊥ f ,∇s−1]�θ,A f ,∇s−1�θ,A f 〉dν

= 2
∫

S2
〈[∇∇⊥ f ,∇s−1]�θ,A f ,∇s−1�θ,A f 〉dν.

where [, ] denotes the commutator. For the last term of the above equation we use the
estimate

‖[∇l ,∇u]g‖ = ∇l(ug) − u∇l g‖H0 ≤ K
(‖u‖Hl ‖g‖C0 + ‖∇u‖C0‖g‖Hl−1

)

,

which can be found in [26, Ch. 13, Prop. 3.7]. We let l = s − 1, u = ∇⊥ f , and g = �θ,A f
from which we obtain

∫

S2

〈[∇Sθ f ,∇s−1]�θ,A f ,∇s−1�θ,A f
〉

μ ≤ K‖∇⊥ f ‖C1‖�θ,A f ‖2Hs−1 .

Thus,

d

dt
‖�θ,A f ‖2Hs−1 ≤ K‖∇⊥ f ‖C1‖�θ,A f ‖2Hs−1 .

If ‖∇⊥‖C1‖ is finite then, using Gronwall’s inequality, we get

‖�θ,A f ‖2Hs−1 ≤ exp(K
∫ t

0
‖∇⊥ f (s)‖C1ds).

However, we already proved that f belongs to C2+α(S2, R). The same reasoning combined
with a time reversal gives boundedness on (−Tb, 0]. This completes the proof. �
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4 Central extension and the second advected quantity

To obtain the full equations (2) as geodesics, we impose the term generated by the factor
( 2
Ro + 2h)z into the geometric formulation (12) by considering the 1-dimensional central
extension of Dq(S3).

Following [8, 19, 25, 27] we consider the central extension of the Lie algebra g =
TeDq(S3) with R, which we denoted by ĝ = g �	 R. For u = Sθ f and v = Sθ g in
g, consider the trivial cocycle

	(u, v) =
∫

S3
ϕ{ f , g}dμ (16)

where ϕ : S
3 −→ R is a fixed function. The contribution induced by 	 in the geodesic

equation accounts for that part of the Coriolis force induced by ( 2
Ro + 2h)z in (2). We recall

that for (u, a), (v, b) ∈ g �	 R, the Lie bracket is

[

(u, a), (v, b)
] = (

Sθ { f , g},	(u, v)
)

.

By construction, the element with the form (0, a) ∈ ĝ belongs to the center of the Lie algebra
ĝ. The inner product on ĝ is given by

〈〈(u, a), (v, b)〉〉A = 〈u, v〉A + ab. (17)

Now, we will find an operator T : g −→ g defined by the relation

〈T u, v〉A = 	(u, v).

Lemma 4.1 For any u = Sθ f , v = Sθ g ∈ g the operator

T : g −→ g ; u �−→ Sθ (�θ,A)−1{ϕ, f }
satisfies 	(u, v) = 〈T u, v〉A.

Proof Using the fact that
∫

S3
ϕ{ f , g}dμ =

∫

S3
ϕ(Sθ f )(g)dμ = −

∫

S3
g(Sθ f )(ϕ)dμ =

∫

S3
{ϕ, f }gdμ

we have

	(u, v) =
∫

S3
{ϕ, f }gdμ

=
∫

S3

(

�θ,A�−1
θ,A{ϕ, f }

)

gdμ

=
∫

S3
gS

3(ASθ �−1
θ,A{ϕ, f } , Sθ g

)

dμ

= 〈Sθ �−1
θ,A{ϕ, f },Sθ g〉A

which completes the proof. �
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4.1 The geodesic equation on̂G = D̂q(S3).

Suppose the Lie group ̂G exists and is the 1-dimensional central extension ofDq(S3), so that
Te ̂G = ĝ = g ×	 R.

Note that similar central extensions are well known in the β-plane approximation [19,
30, 31] and in the infinite-conductivity (superconductivity) equations [16, 29], where an
additional additive term also appears.

At this stage, we extract the Euler-Arnold (geodesic) equation of the group ̂G with the
(weak) metric (17). For the coadjoint operator on ĝ, using [25, Sec. 2.1] we have

̂ad
∗
(u,a) : ĝ −→ ĝ; (v, b) �−→ (ad∗

u v − bT u, 0).

Moreover, for the curve (u, a) : (−ε, ε) −→ ĝ the corresponding Euler-Arnold equation on
(̂G, 〈〈, 〉〉) is

{

∂t u + ad∗
u u − a(t)T u = 0

∂t a(t) = 0.
(18)

The second equation implies that a(t) = a is constant.Moreover, for arbitrary u = Sθ f , v =
Sθ g, w = Sθ h ∈ g we have

〈ad∗
u v,w〉A = 〈v, adu w〉A

= −
∫

S3
gS

3(A Sθ g,Sθ { f , h})dμ

= −
∫

S3
(�θ,Ag){ f , h}dμ

=
∫

S3
{ f ,�θ,Ag}hdμ

=
∫

S3

(

�θ,A�−1
θ,A{ f ,�θ,Ag}

)

hdμ

=
∫

S3
gS

3(ASθ �−1
θ,A{ f ,�θ,Ag} , Sθ h

)

dμ

= 〈Sθ �−1
θ,A{ f ,�θ,Ag},Sθ h〉A.

As a result, the Euler-Arnold equation (18) takes the form

0 = ∂t Sθ f + Sθ �−1
θ,A{ f ,�θ,A f } − a Sθ �−1

θ,A{ϕ, f }
= Sθ �−1

θ,A
(

∂t�θ,A f + { f ,�θ,A f } − a{ϕ, f }
)

or equivalently

∂t�θ,A f + { f ,�θ,A f } − a{ϕ, f } = 0. (19)

Remark 4.2 Suppose that ϕ is E-invariant. More precisely, for a given differentiable function
h : S

2 −→ R, we consider the lift of the map

ϕ : S
2 −→ R ; (z, φ) �−→ 2z

Ro
+ 2zh(z, φ) (20)
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and set ρ2 = γ z2, where z, φ denote colatitude and longitude, respectively, and γ and Ro
are as defined in (2). Denote the lift of this function to S

3 by ϕ. Then, for a = 1, equation
(19) reduces to the equation on S

2 given by

∂t (γ z2 − �) f + { f , (γ z2 − �) f + 2z

Ro
+ 2zh} = 0. (21)

For this Euler-Arnold equation, the transported quantity is given by m̂(t) = (γ z2−�) f +
2z
Ro + 2zh. Moreover, any uniform bound on m̂ provides a uniform bound for the quantity
m in Theorem (3.2), and vice versa. Consequently, the global existence theorem applies in a
similar manner to m̂ as well.

5 Curvature andMisiołek’s criterion

Let G be a manifold (possibly infinite-dimensional in the Banach category) which is also a
topological group such that right translation is smooth (sometimes called a half-Lie group).
Moreover, suppose that G is equipped with a right-invariant (weak) metric defined by an
inner product 〈〈, 〉〉 on g. Let [, ] denote the Lie bracket on g := TeG. The Misiołek criterion
(also called Misiołek curvature, cf. [27]) is given by

MC
(

u, v
) = −〈〈[u, v], [u, v]〉〉 − 〈〈[[u, v], v], u〉〉

= 〈〈ad∗
u [u, v] + ad∗[u,v]u, v〉〉. (22)

Its significance is the following: if u is a stationary solution of the Euler–Arnold equation
associated with (G, 〈〈, 〉〉) and there exists v ∈ g such that MC(u, v) > 0, then the sectional
curvature in the plane spanned by u and v is positive and there exists a conjugate point for
the geodesic curve corresponding to u. For details, see [21, 27].

Suppose M is a closed Riemannian manifold with volume form ν. Then, for G = Ds
ν(M)

equipped with the right-invariant L2 metric and u, v ∈ TeDs
ν(M), the formula (22) reduces

to the original criterion by Misiołek [21]

MCν(u, v) := 〈∇u[u, v] + ∇[u,v]u, v〉L2 .

In the case where M is a 2-dimensional manifold and u = ∇⊥ f , v = ∇⊥g for smooth
functions f , g ∈ C∞(M), the criterion simplifies to

MCν(u, v) = 〈�{ f , g}, { f , g}〉L2 − 〈{� f , g}, { f , g}〉L2 . (23)

In the next Lemma, we compute Misiołek’s criterion for
(Ds

q(S3) , 〈 , 〉A
)

and its reduced
version on Ds

ν(S
2).

Lemma 5.1 For u = Sθ f and v = Sθ g we have the following results.
(a) Misiołek’s criterion is given by

MCA(

u, v
) = −〈�θ,A{ f , g}, { f , g}〉L2 − 〈{g,�θ,A f }, { f , g}〉L2 . (24)

(b) Using the projection � introduced in (10), the above criterion reduces to

MCA(

u, v
) = γ 〈 f {z2, g}, { f , g}〉L2 + MCν(u, v). (25)

Proof The proof of part a is similar to that of Lemma 2.4 in [24]. For the second part, we
observe that

123



   17 Page 18 of 20 K. Modin et al.

MCA(

u, v
) = −〈(γ z2 − �){ f , g}, { f , g}〉L2 − 〈{g, (γ z2 − �) f }, { f , g}〉L2

= −γ 〈z2{ f , g}, { f , g}〉L2 + 〈�{ f , g}, { f , g}〉L2

+γ 〈{z2 f , g}, { f , g}〉L2 − 〈{� f , g}, { f , g}〉L2

= −γ 〈z2{ f , g}, { f , g}〉L2 + 〈�{ f , g}, { f , g}〉L2

+γ 〈z2{ f , g}, { f , g}〉L2 + γ 〈 f {z2, g}, { f , g}〉L2

−〈{� f , g}, { f , g}〉L2

= γ 〈 f {z2, g}, { f , g}〉L2 + 〈�{ f , g}, { f , g}〉L2

−〈{� f , g}, { f , g}〉L2

= γ 〈 f {z2, g}, { f , g}〉L2 + MCν(u, v),

where the last equality follows from the formula (23). �


We shall now use the result in Lemma 5.1 to investigate conjugate points near the trade-
wind current, which is the stationary solution with vector field uT = ∇⊥T for the stream

function T (z) := 1
2

√

15
8π z2. This flow, referred to as thePassat flow by Lukatskii [20, p. 176],

generates a velocity profile analogous to the trade-wind current studied by Arnold originally
on the torus (see also [1, p. 228, Fig. 49] and [25, Fig. 1]). In particular, along the trade-wind
solution we have from Lemma 5.1 that for any v = ∇⊥g

MCA(

uT , v
) = γ

∫

S2
|z{z2, g}|2dμ + MCν(uT , v).

As a possible refinement, a more realistic trade-wind current could be modeled with a stream
function proportional to z3, rather than z2 as in the present example. This choice, previously
considered by Yoshida [32] and Khesin et al. [17] in the context of the Euler equations for
a perfect fluid, ensures that currents in both the northern and southern hemispheres flow
west to east. While the current paper focuses on the simpler z2 stream function, it would be
interesting in future work to compute the corresponding sectional curvatures and conjugate
points for this alternative candidate, which may provide a more accurate representation of
large-scale atmospheric flows.

Corollary 5.2 If the Lamb parameter fulfills γ >
−MCν (uT ,v)

∫

S2 |z{z2,g}|2dν
, then conjugate points along

the trade-wind current appear. Comparing this with the fact that the curvature of uT , in the
absence of the Coriolis force, is non-positive in most directions [20, 25], we observe that for
a suitable choice of the parameter γ , the Misiołek criterion MCA(uT , v) (and consequently
the sectional curvature) in any non-zonal direction v = ∇⊥g is positive.

Our developments concerning curvature and conjugate points has so far been without the
Coriolis force.We nowgive a corresponding result on the central extension group in section 4,
thus allowing non-vanishing Coriolis forces.

Proposition 5.3 For (u, a), (v, b) ∈ ĝ and ϕ as in Remark 4.2, we have

M̂C
A(

(u, a), (v, b)
) = MCA(

u, v
) − (〈{ϕ, f }, g〉)2 − a〈{ϕ, { f , g}}, g〉. (26)

Proof Set (w, d) := [

(u, a), (v, b)
]

.Thenwegetw = [u, v] andd = 	(u, v) = 〈{ϕ, f }, g}.
As a result,
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M̂C
A(

(u, a), (v, b)
) = 〈〈̂ad∗

(u,a)(w, d) + ̂ad
∗
(w,d)(u, a), (v, b)〉〉A

= 〈〈(ad∗
u w + ad∗

w u − dT u − aT w, 0), (v, b)〉〉A
= 〈ad∗

u w + ad∗
w u − dT u − aT w, v〉A

= 〈ad∗
u w + ad∗

w u, v〉A − d〈T u, v〉A − a〈T w, v〉A
= MCA(

u, v
) − d〈{ϕ, f }, g〉 − a〈{ϕ, { f , g}}, g〉

= MCA(

u, v
) − (〈{ϕ, f }, g〉)2 − a〈{ϕ, { f , g}}, g〉.

�


In particular, for the trade-wind solution we have the following result.

Corollary 5.4 Let ϕ be given by equation (20) with h = h(z). Then, the stream function T (z)
of the trade wind velocity field uT is a solution of the equation (21). Using Corollary 5.2 and
the previous proposition we get

M̂C
A(

(uT , a), (v, b)
) = γ

∫

S2
|z{z2, g}|2dμ + MCν(uT , v)

−a〈{ϕ, {T (z), g}}, g〉.
Notably, for suitable choices of γ and a, we can always get a positive value of

M̂C
A(

(uT , a), (v, b)
)

.

Remark 5.5 In light of Corollaries 5.2 and 5.4, we observe the stabilizing effect of the Lamb
parameter γ in our specific cases. It would be interesting to further explore the influence of
the parameters γ and a on the behavior of other zonal solutions, as was done numerically
in [10, 11, 18], and for the quasi-geostrophic setting in [19]. Additionally, the term h in (2),
which encodes the topography, may also play a significant role in determining the curvature
and the appearance of conjugate points.
Another possible direction is to replace the sphere with the torus. Although the general
procedure remains similar, one must then work with a different prequantum bundle.
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