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Abstract

We give an interpretation of the global shallow water quasi-geostrophic equations on the
sphere S? as a geodesic equation on the central extension of the quantomorphism group on
S3. The study includes deriving the model as a geodesic equation for a weak Riemannian
metric, demonstrating smooth dependence on the initial data, and establishing global-in-time
existence and uniqueness of solutions. We also prove that the Lamb parameter in the model
has a stabilizing effect on the dynamics: if it is large enough, the sectional curvature along
the trade-wind current is positive, implying conjugate points.
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1 Introduction

The quasi-geostrophic model for atmospheric and oceanographic flows was formulated by
Charney in 1949 [5]. Roughly, it is derived as follows. On a domain where the horizontal
length scale is much greater than the vertical, the 3-D Navier-Stokes equations are well
approximated by the 2-D shallow-water equations. In a rotating frame of reference, these
equations contain the Coriolis force, whose strength compared to the inertia of a typical
horizontal velocity gives rise to the dimensionless Rossby number. In the limit of small
Rossby numbers, the waves due to gravity become highly oscillatory and can be filtered out.
This sequence of approximations leads to the quasi-geostrophic equations. They take the
form of an incompressible, inviscid 2-D fluid, expressed in the potential vorticity function ¢
as

dq +{¥,q} =0, (1a)

with a relation between ¢ and the stream function i to be discussed next.

Charney considered the quasi-geostrophic model on a strip located at an approximately
constant latitude. This so called “B-plane approximation™ allows the Coriolis parameter to
be varied linearly in space, which in turn leads to a relation between potential vorticity and
stream function given by

q=Ay+Bz+h (1b)

where z denotes the (linearized) latitude and the function & represents the bottom floor
topography. The same equations were derived by Hasegawa and Mima [13] in the context of
turbulence modelling in plasma physics, so the developments in this paper may be relevant
also in that context.

For a global fluid on the entire sphere S?, the tacit assumption has often been to take as
quasi-geostrophic approximation the same equations (1) with z = cos ¢ for the latitudinal
angle ¥ € [—m, w]. However, Charney’s basic assumptions in the S-plane approximation
then fails. A correction was given by Schubert and Silvers [23], Verkley [28], and also via a
different method by Luesink et al. [18], which led to the global quasi-geostrophic equations

2z

g +{0,q1 =0, q=@B-yD)W+o
()

+ 2zh. 2)

Here, y is the dimensionless Lamb parameter defined as

_ 4922 _ r2
Y="¢H T B0

where r is the radius of the sphere, €2 is the rotation frequency, g is the gravitational accel-
eration, H is the typical thickness of the fluid layer, and L is a characteristic length scale.
Moreover, the constant Bu represents the Burger number, defined as Bu = (%)2, where Ro
is the Rossby number, representing the ratio between the typical horizontal velocity and the
velocity induced by the rotation of the sphere, while Fr is the Froude number, representing
the ratio between the typical horizontal velocity and the speed of the fastest gravity wave.
The Burger number quantifies the relative dominance of rotation and stratification in the fluid
dynamics of the system.

In this paper we carry out a geometrical analysis of the global quasi-geostrophic equa-

tions (2), with the following results.
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(1) Insection 2, we show that the equations can be cast as geodesic equations on the infinite-
dimensional group of quantomorphisms on S3. This result is analogous to Arnold’s
[2] discovery that the incompressible Euler equations can be interpreted as geodesic
equations on the group of volume-preserving diffeomorphisms.

(2) Insection 3, we use the geodesic interpretation to give local and global well-posedness
results. These results are analogous to Ebin and Marsden’s [7] local analysis based on
Arnold’s discovery, and to Ebin’s [6] global well-posedness result for symplectomor-
phism groups.

(3) Insection 5, we study Misiolek’s criterion for positivity on the sectional curvature and
we show that the Lamb parameter y has a stabilizing effect on the dynamics, in the
sense that if it is large enough the sectional curvature becomes positive.

Our results are directly linked to the work of Ebin and Preston [9] and Lee and Preston
[19] on the analysis of the equations (1). Relative to their work, the main complication for the
equations (2) arises from the non-isotropy of the infinite-dimensional Riemannian metric due
to the term yz2 in the relation between the stream function v and the potential vorticity .

2 Geodesic interpretation

2.1 The Hopf fibration

We give here a summary of the Hopf fibration 7 : S* — S?, which is a nontrivial circle
bundle over S2.

A point on S? can be represented by two complex numbers w; and w» satisfying |wy|> +
|wz|? = 1. We shall use the Hopf coordinates, where w and w, are expressed as

w] = 1 cos n, wy= 62 sin n,

with n € (0, r/2) and &1, & € (0, 277). These limits for n and &1, & do not cover the whole
S3, but they do cover an open subset of full measure. The Euclidean metric on C? induces
the standard metric on S?, given by

gS3 = cos’ n d‘g‘lz + sin? n dézz + dnz. 3)

Setl =2n,¢ =& —&,and x = %(El + &). Then the standard metric (3) on S? can be
written as

: 1 1
§%" = (@3 +sin” d¢?) + (dx + 5 cos ad¢ ). @)
Note that
1
& = 7 (@r? +sin* 1 d¢?),

is the metric on S? of radius %
In this formulation, the projection  : S* —> S? maps the point (wy, wy) =
(€61 cos 7, ¢'82 sin 1)) to

1 1
(v ws, 5('“’1'2 —Jwa %)) = 5 (sin() cos(&1 — &), sin(A) sin(1 — £2), cos(1)).

As we can see from (3) and (4), the surjection 7 is a Riemannian submersion.
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The circle action of S* on S is
e (€1 cosn, €52 sinn) = (/€1 cosn, ! E1) siny).

Indeed, this action generates the fibers of the Hopf fibration, and the corresponding Reeb
field is

g, + Og,.

This is a Killing vector field for the metric (3), as it preserves the Riemannian metric on
S? and is equivariant under the symmetry of the S'-action. Moreover, by the chain rule we
obtain 9, = g, + Og,.

On the other hand, S? is naturally diffeomorphic to SU(2), the group of unitary 2 x 2
matrices with determinant 1. The isometry between the Lie group SU (2) and S? is expressed
as

wp w2

F:SU(2)—>SS; ( -
—uwn Wi

> [ e (wl, 11)2).

A basis for the Lie algebra of left invariant vector fields on SU(2) is given by orthogonal

matrices
i 0 01 0
E':E]:(O—i>’ Ez:(-m)’ E3:<io>

for su(2). The differential d F maps B := {E}, E, E3} to {0g, + 0g,, 0y, g, — 0z, }-

2.2 The quantomorphism group

Consider S with the standard round metric (3). As we have seen, the Hopf fibration with
this metric is a Riemannian submersion. It is also a Boothby-Wang fibration, in the sense that
7*w = dby, where {6;};=1 2.3 forms the dual basis to the vector fields {E;};=1 2 3. For 6; we

. . . . 3
need that 6 A d6; coincides with the volume form p generated by the metric g5°. Then the
symplectic quotient of S* via the circle action is S>. From here on we set 6 := ;.

Definition 2.1 The quantomorphism group of Sobolev class s is defined by
Dfl S ={p eSS — S| pisan H* diffeomorphismand ¢*6 = 6}.

In other words, quantomorphisms are contact diffeomorphisms that preserve the fixed contact
form. Moreover, [8, Cor. 2.7] implies that if s > % then D; (S?) is a C* submanifold of the

space D H(S3) of all H® volume-preserving diffeomorphisms that commute with the flow
of the Reeb vector field. Set

Hy S\ R) = {f | f:S® — Ris B andEf = 0},

Practically, f € H f;l (S, R) means that f can be regarded as an H**! function lifted from
S?. Then we have

g:=TuDyS) ={So | f: S — R, feHES R)
where

So : Hyt'(S*, R) — Ty D} (S?)

@ Springer
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and Sp f = u if and only if O(u) = f and i,d0 = —df (for more details, see [8]). It
is worth mentioning that the function f is the standard contact Hamiltonian, and u is the
associated contact Hamiltonian vector field. For consistency with the notation in [8], however,
we continue to denote this relation by the operator Sg. As explained in Remark 2.2, when p
is a nonzero constant, this recovers exactly the results of [8].

It is worth mentioning that the function f the standard contact Hamiltonian, and u the
corresponding contact Hamiltonian field. However, we keep the notation using the operator
Sp to remain consistent with the notation in [8]. In particular, for p = const we recover the
results of [8]. As derived in [8, p. 20], the operator Sy is given by

1 1
Sef=fE—E(Esf)E2+§(E2f)E3- %)

For any x € S3, there exists an isomorphism between Ann(E) C T;‘Sg’ and ker(0) C T, S°,
determined by I'(6,) = —E3 and ['(63) = E».
In the sequel, suppose that

p:SZ—>]R

is a function in H®. Usually, we assume that p is nonzero almost everywhere, but in some
cases, such as Proposition 2.4, weaker conditions can be imposed; for example, it suffices
to require that p is not identically zero. For convenience, we will use the same symbol p to
denote the lifted function pow : S —> R.Let A : £(S?) —> X(S?) be the operator which
acts on vector fields by

3 3 3
Azur— p?¢% (u, E)E + ¢ (u, E2)Ex + g° (u, E3)Es.

Then A induces the positive definite inner product ( , A g x g —> R given by
1 1
(So.f, S0 = (fP*E = S(Esf)Ea+ - (E2)Es , So)

1
= (fp’E — ST@r) . Sog) (©6)

Remark 2.2 The principal S!-bundle 77 : S — S? admits an s' = 7,S'-valued 1-form 6.
Using the connection form 6 and following the formulation (4), the Berger metric can be
written as

¢S = 7*¢% +a20% (1)’

where « is a nonzero constant. More precisely, « determines the length of the Reeb field, as
described in [8], Example 1.3. Practically, if we identify s! with R, then for any v, w € T,,83,
0% (dt)? is given by 6, (v)6,(w). A class of non-standard metrics on the total space S3 can
be defined using a differentiable function

p:S* —R
via
& =76 + (p o m)?0* (@n)? ™
For example, see [4, p. 270]. Equivalently, we can write
3 1 1
gy = 3(ax? +sin2d9?) + (o o ) (dx+ cos rdg ). @)
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Depending on the range of p, the metric (7) could be semi-Riemannian or Riemannian. The
Reeb field E with respect to the metric (7) is a Killing vector field. This metric inspires the
definition of the operator A in the weak inner product (6).

In the next step, we compute the adjoint of the operator Sp with respect to the L>-type
metric (6).

Proposition 2.3 The adjoint of the operator Sy with respect to the weak metric (6) exists and
is given by

Si 4t TuDy (S — HY 'S R)

1 1
aE+bEy+ cE3 —> pza + E(E3b) — E(Ezc)
Proof Forany w = aE + bEy + cE3 € TidD;(S3) and any f € H?’l (S3, R) we have
3
oot = [ 67 A .0
SS 2 1 1
= |, & (F°E = S(Es/)E2+ S(E2 )E3 , aE +bEy + cEs)dp
S;

_ 2 1 1
= /S (rota=SE P+ 3 (Epe)dn

= / f(an o (Esh) — 1(EzC))du
3 2 2
which implies that

1 1
Sy A@E +bE> + cE3) = p*a + 5 (Esb) = —(Ex0). )
In the next step, we show that if [E, w] = 0, then
E(S; qw)=0

which implies that Sj _, w belongs to H 2_1 (S*, R). Suppose /1 : S* — Ris a differentiable
function. Since E is a Killing vector field for the metric gS3 and LA = ALE we get

/ hLEg(S) 4 w)dp = —/ (Si 4w)Lehdp
S3 ! S3 ’

— /3 g83(Sg Lgh, Aw)du
S

—gS3 (LE So h, Aw)du

3

—883 (LESoh, Aw) + Eg83(89 h, Aw)dp

gs3(Sg h, LEAw)du

T~

3

% (Soh, ALgw)dp = 0.

3

Since the function 4 is arbitrary, we conclude that L E(S; N w) = 0 for any E-invariant
vector field w. O

@ Springer
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Now, for p almost everywhere nonzero, we define the contact Laplacian by

Noa: HiP' SR — HE'SUR) 5 fe— Sp 480 f-

Proposition 2.4 The contact Laplacian is given by

Ap 4 HETNS R) — HE (S R)
fr— "= Af

where A denote the Laplacian on the sphere S lifted to S°. Moreover Ag, A reduces to an
invertible elliptic operator on S.

Proof For any h € HJ,S;rl (S3, R), we observe that
Ao af =Sy 48 f
= 53 4(FE~ S(EsDE> + L (B2 ES)
oA 2 2

1

1
=o' JESf - (B f = fp = Af

where A denotes the Laplacian on the two-dimensional sphere with radius % Moreover,
o £.80 1) = [ £80.afdn
- / (F20% = FA P
S2
= [0+ 9P = 0
S2
and
[t +1vian=o
if and only if f = 0. As a result, if we reduce the contact Laplacian to S?, we obtain
Apa: HHER) — HTIUER) ¢ fr— 0’ f —Af
which is clearly elliptic. O
Remark 2.5 The invertibility of the operator Ag,_ 4 = p> — A can also be proved using
the strong maximum principle, see for example [15, Cor. 2.11]. Furthermore, this type of
Schrodinger operator has been studied by Gurarie [12]. Note that when p = 0, the constant
functions lie in the kernel of Ay, 4 = —A. However, if p is nonzero at least at one point,

then Ag_4 is invertible.

Lemma2.6 Let f : S* —> R be E-invariant. Moreover, suppose dv is the volume form for
the standard metric on S* with radius % Then, for f - S? —> R defined by f (7 (x)) = f(x),

we have [ fdu =27 [ fdv.

@ Springer



17 Page80f20 K. Modin et al.

Proof Consider the coordinates A = 25, x = @ and { = & — &.Then0 < A < m,
0 < x <2mand —27 < ¢ < 2m. Moreover the volume form on S3 with respect to the
standard metric (3) is

du = —sinncosndé; Adéx Adn

and the E-invariant functions are functions of A and ¢. As a result we get

% 2 2
/ Fdp = —/ / € £ ) sinncos nd&; A d Ady
S3 0 0 0

T 2
= 27r[ f fx, ;)l sinAd¢ A di = 27r/ fdv.
0o Joon 4 s

The fibration 7 : S —> S? induces the projection
I : D (S’) — Dy(S?) (10)
0 — (P(r(x) =709 ())
where
D; (S?) = {p € S —> S?; pisaH* symplecticdiffeomorphism}.

Since every quantomorphism is E-invariant, the map IT is well-defined. Following Ebin and
Preston [8, Thm. 4.4], we propose next a metric on the base space D} (S?) that makes IT a
Riemannian submersion.

We first note that Ag 41 = p2. For the Hamiltonian vector fields u = V+ f andv = V13
ing:=1,D} (S?) we then define the (weak) inner product

oo Js P2V Jo p%dv
Je2 pPdv
This inner product is extended to a right-invariant metric on D;, (S?). Here, “weak” means

that the topology induced by this metric is weaker than the H* topology.
The following result is a modification of [8, Thm 4.4 and Prop. 4.5].

o)) = 27 /S (0P~ M)y (11

Theorem 2.7 i. The map 11 : (D;(S3), LA — (Di(Sz), {, M) is a Riemannian
submersion.
ii. The Euler-Arnold equation of (D (S?), (, ) is given by

W (p* = A F+{f. (p* =D fy=0. (12)

Proof i. For f, g€ Hi(Sz, R), consider f, g € H*(S, R) defined by f(x) = f(n(x)) and
g(x) = g(w(x)). Set f = f +aand g = g + b, where a and b are real constants chosen to
ensure that Sy f and Sy g are horizontal. Specifically, we select a and b such that

(So f.E)a=(S9g. E)a=0.
Note that, (Sg f, E) 4 = 0 if and only if

/SS ¢S (ASy(f +a), Sy 1)dp = fﬁ (f +a)Ag aldp

@ Springer



Geodesic interpretation of the global quasi-geostrophic equations Page 9 of 20 17

=/ fpzdlwra/ pidu
S3 S3
= 271(f fpzdv—i—a/ pdv) = 0.
§? §?
This implies that a = _ g Sy Similarly, for g, we have b = — Jgz 87y As a result we
P Y Y. for g, Y
have
(So f+ S0 8)a
= / fAg a8d1 —I—a/ ghop aldp + b/ fAp aldu +abf Ag aldp
S3 S3 3 S3
7 = Jor FoPdv [ Js2 8p*dv 72
:271/ (0> = A) du—2n7/ dv—2717/ dv
. fp g o pidv ) gp o p?dv )2 fp
72 5.2
Lol Py {Sz gp>dv
Js2 p2dv
F 2
- dv
= 271/ f(,o2 — A)gdv — 2nf§2f7;;/ g,ozdv = ((u, v)
S2 sz 1Y dv 2
ii. To prove this part, we will write the Euler-Arnold equation d,u+ad’ u = 0 for Df{am(Sz)

in the context of the metric given by (11). Consider u = VX f, v = V13, w = V+h € §.
Then we have

(ads v, w) = (v, ad, w) = —(v, VE{F, h})
Js2 80%dv [ f. h}p*dv

= —271/ g((* = M{f. hY)dv + 27
Sz

Js2 p?dv
5 N2 VAN
_ S0 s s 807V Jo{f. p?thdy
_271/82{]”, (p A)gthdv — 21 fSQ;Ode
V)
_ ;o2 ~_f82gpdv~2~
=2r [ (17,07 -0 ey )i

As a result for the time dependent vector field u and arbitrary w € g we get
fgz 0 f p2dv 2
Je fp*dv

o+ adiuwy =2 [ (30> = 2)f -
SZ

HF (02 = A f) - {f, )02})ﬁdu.

which means that d;u + ad} u = 0 if and only if

at st ]Zdev 2 f82 fpzdl) f 2} -0
Jg v © T oy T

Itis always possible to choose ¢(¢) : R — R and replace the Hamiltonian function f = f (1)

with f(t) + ¢(t) such that fsg (f + c),o2dv = 0. Notice that u = Vlf = Vl(f + ¢)

which means that we can always choose a Hamiltonian function for u with the property

fSQ f épdv = 0. As a result, the Euler-Arnold equation becomes

¥(* = A f+{f. (0> = A fy=0.

H (> — AV F+{f. (0* = A f)—

[}
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3 Local and global well-posedness

Theorem 3.1 (Local well-posedness) Geodesics of (Df] (S, (, ).4) exists locally in the sense
of the Picard-Lindeldf theorem. That is, for any choice of initial conditions, there exists a
(non-empty) maximal time interval (—T,, Tp) for which a solution exists, is unique, and
depends smoothly on the initial data.

Proof Following [7] and [9] we show that the geodesics correspond to the integral curves
of a smooth vector field on Df] (S*. For f € H2+1(S3, R) define m(t) := Ag, 4 So f(2).
Consider the vector field

Z:D)(S’) — TDJ(SY) ;0 (Se(As.a)")ymo
where
(So(A6,0 ™)y = dRy(Se(8g,2)~") 0 (Ry)™'m(0)
and u(t) = Sg f(t) = n(t) o n‘l (t). Before demonstrating that this vector field is smooth,
we first show that the integral curves of Z correspond to the solutions of
0 (B0, AL (00 n(1) = (%0 4f O+ So £ (6,4 ) 0 1)
= (380, 4F O + (f 1), Mg afO)) 0 0(1) =0

Lete > Oandn : (—e,€) — Df] (S?) be an integral curve of Z. The 7j(t) = Sy f(t)on(t) =
Z(n(t)). Then

So f(1) on(t) = dRy(S§ )~ (R~ 'm(0)
&= dRy Sy f(t) = dR, (S} )~ (R)™'m(0)
= Sy f(1) = (S; ) (R 'm(0)
&= S 4S0 f(t) =m(0) on(r)~!
& S} _4So f(t) =m(0) on(r)”!
= Ngaf®) =m0 on)™!
& Ag.af(t)on(t) =m(0)
& 4 (Mg af®)ont) =0

which is true for any geodesic of the metric (Dé S, (, )Ya).
On the other hand, for a first-order differential operator X, the operator

X, (W) (p) := X(hon Y onl, (13)

depends smoothly on 1 € D* (S*) and h € H*(S?) (see, e.g., [7] or [9, Thm. 3.1]).
In the next step, we show that

(Si Dy TD* (S — HTHS R) 1 vy —> Ry(S§_0) o (dR) vy

@ Springer



Geodesic interpretation of the global quasi-geostrophic equations Page 11 of 20 17

is smooth. Note that generally for w = aE + bE> 4+ cE3 € T,D* (S?) we have

1 1
(Si DW) = pa+ 5 Eab = S Eac

More precisely, for any differentiable function f : S* —> R we have

/S F (S5 0w = / ¢ (AS f.w)du

S3

1 1
= /S3 883(fh,02E - §(E3f)E2 + E(Ezf)ELaE +bEy + cE3)dp

3 1 3 1 3
= f (far®s™ (E. E) = 3(Es f)bg™ (Ez. E2) + 5 (E2f)cs™ (Es. E3) )dn

S3

1 1
- / fap®du — - f (Es f)bdp + / (Exf)edp
SS 2 S3 2 S3
1 1
- / fap®du + - / (£ + FodiveEs) )y — f (£(E20) + fediv(En) )dp
3 2 3 2 S3

1 1
= /83 (fap2 + Ef(E3b) - Ef(Ezc))dM

_ , 1 1
= /83 f(ap + E(E3b) - §(E20)>dﬂ-

As a result for the operator (S;" 4)n we have
Ry(S;_4) 0 (an)*l(aE on+bEyon+cEso n)
= Rn(Sz’A)<a on 'E4+bon'Ey+co n_lEg)
_ 2 g, 1 1y L -1
= Ry(paon +2E3(bon ) 2Ez(con )
2 1 -1 1 -1
=(p on)a+5E3(bon yon—5Ex(con)on

which is smooth by (13). Since (Sg, )y 1s smooth on T;,D* (S%), it remains smooth when
restricted to TanI (S%), as D; (S?) € D*(S?) is a smooth submanifold. On this submanifold,

the operator (SZ, _4)n becomes an isomorphism from 75 D; (SHto H zfl (S3, R). Furthermore,
the operator

Apa: HETNWSER) — HE 'S R)
is linear and smooth. The same holds true for the inverse of Ay 4. As a result,
(S50 () = (So(Ag. )y ) ()

is also smooth. This implies that the vector field Z is smooth.

Since Z is a smooth vector field on a Banach manifold, its integral curves exist by the stan-
dard theory of ordinary differential equations on Banach manifolds. Moreover, the solutions
depend smoothly on the initial values. O

Theorem 3.2 (Global well-posedness) For initial data fy € H TS R) ~ HEH(S3, R)
with s > 2, the solution of equation (12) exists for all time.
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17 Page120f20 K. Modin et al.

Proof The idea for the proof originates from [8, Thm. 4.6] and [9, Thm. 3.3], with minor
modifications. In particular, we shall refer to the computations in [§, Thm. 4.6] at various
steps.

Let (—T,, Tp) denote the maximum time interval for the H**! time-dependent stream
function

f@):S* — R

which solves equation (12). If 7}, is finite, then lim;_, 7, || f ()| gs+1 = oc. The same holds
for —T}. To show the global existence, we prove that the norm || f(¢)|| gs+1, or equivalently
lu(t)|ls with u(t) = Vlf(t), remains bounded. To this end, we consider three objects:
the H*! stream function f, the H* velocity field u(t) = V= f(¢), and the corresponding
Hamiltonian diffeomorphisms 7;. Define the quantity

m(t) = (p> = A) f(1).
Suppose f(¢) is a solution of (12). Then
3 (m(t) o n(t)) = (p> = A)d, £ (&) o n(t) + dm (), (1)
= (0 = 20 ) + uOm® )0

= (0 = DA SO+ £, (0 = D) f1)n(0) =0,

which implies that the quantity m(¢) on(t) = m(0) is conserved. This conserved quantity will
be used to show that the corresponding velocity field u(¢) is quasi-Lipschitz. More precisely
for the inverse of the elliptic operator

Aoa: HSTHSER) — HSUSER) 3 fs (02— A)f

consider the Schwartz kernel' k : S* x S? — R defined by

70 = [k »20.4f (1.

For more details see [26, Ch. 7] and [8, p. 28].
In this step, we show that f is bounded uniformly in time. Since f is a solution of (12),
then [ Ag 4 f is constant in time. Furthermore,

/ Ag 4 fdv :/ fAp aldy :/ fp2dv > minf/ p>dv.
s? S2 s2 s2
Suppose that |df| < K. Then the bound
max f —min f < 7K (14)

implies that max f is also bounded and consequently f is bounded uniformly in time.
Consider, around a point of S?, a normal neighborhood with radius 7 (the injectivity
radius for the sphere with radius 1). There is a method to reconstruct the differential df from

1 We recall that, the Schwartz kernel of an elliptic invertible operator P on a compact manifold N is a
distributional kernel kp : N x N — R, which acts by integrating against functions f on M via:

Pf(x) = /N kp(x, y) f(y)dvoly (y),

where dvoly is the Riemannian volume form on N. kp(x, y) is smooth on N x N \ Diag, where Diag =
{(x,x) | x € N} is the diagonal.
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Ag. A f, as utilized in various sources, including Theorem 2.5.1 of [22], Lemma 1.4 of [14],
Lemma 6.3 of [6], Theorem 1.1 of [3], [8] and Theorem 3.3 of [9]. In fact, replacing Ag in
[8] with the operator Ag 4 we observe that

ldf'(y) — df ()| < Klx — y|log (

) 15)

lx — yl

where |x — y| denotes the distance on sphere and 7 represents the diameter of the manifold
S%. We recall that for y € S? with |x — y| < 7, df'(y) € TyS2 is the parallel transport along
a parametrized geodesic x with the property x (0) = x and x (1) = y, see [8, pp.29-30]. If
we divide both sides of (15) by |x — y|” for 0 < y < 1 then

ldf' (y) —df (yl

p—— < K|x — y|*log (

)

where « = 1 —y. Butlog (ﬁ) grows slower than |x — y|*. As aresult df (or equivalently

lx —y

u = V+f)is C% 2. The parameter K in the previous estimate is independent of time and by
increasing K and compactness of S?, we can also drop the condition |x — y| < 7. According
to [14, Sec. 2.5], there then exist positive constants C and § such that the flow satisfies

() (x) — (@) ()| < Clx — y|

indicating that the flow n is C P In the next step, we demonstrate that n~! is also Holder
continuous. For #y € [0, T,), define v(¢) := —u(t9 — t), with o as the flow associated with
v. It follows that o (f9) = n~'(19). As shown in [8, pp- 30-31], the flow o is C*, confirming
the Holder continuity of ~!. From the equation

Apf)=A,f(0)oo(r)
and the fact that f(0) € H® +1(82, R), we conclude that
A, f(0) € HT1(S? R) € C*(S%, R).

1

Moreover, we proved that o is C* as well. As aresult, A, f(¢) is also C* ($%, R) independent
of t. Since A, is elliptic, the stream function f(¢) is bounded in C 2+e(§2 Ry and u = V4 f
is bounded in C1t*(T'S?).

Finally, we show f (¢) to be bounded in the HS*! topology, or equivalently that Ao A f ()
is bounded in H*~!. We note that

W Do af =—Vf(Doaf)

SO

5 / (Bgaf)dv = / 3 (D, f)2dv
S2 S2
—2 /S @804 P)(Bo, 4 1y

=2 /§ Z(VlfAe,Af)(Ae,Af)dV

2 Locally, for k € N U {0}, the Ck+ norm of a diffeomorphism 7 on a manifold M is defined as follows

; D¥n(x) — DRy (y)
Il ks = max D gloo + sup 1210 = D]
Jj=<k x#y lx =yl

s

where HDjnlloQ is the sup-norm of the Djr].
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__ /S OV f (A af P
=~ [ av(@0.an?vtp)av+
/S (B4 £)2div(V* fdv = 0.
Moreover, taking s — 1 spatial derivatives

d, / V! Agaf Py =2 / (V0 Ao f s Do f)dv
S2 S2

(V' IVgs p Mg af. V7 Mg af)dy

2

= =2 | (Vou V' Agaf, VT Ag af)dy

2

-2

—— o—

(V71 Vyr 1A af. VI Ag af)dy

2

Vi (VS Ag af VT Mg af)dv

2

2 / ([Vor ;. V" 1Agaf. V5 Ag 4 fdv
SQ

|
g

=2 [ (9921 V1804 F. T B0 a1

where [, ] denotes the commutator. For the last term of the above equation we use the
estimate

V!, Vgl = Viug) — uViglizo < K (lull gilliglco + IVullcollgl git),

which can be found in [26, Ch. 13, Prop. 3.7]. Welet/ =s — 1, u = Vlf, and g = Ag 4 f
from which we obtain

/S V507, VT80, S VT A af ) < KIVE Fllet A0 Af e
Thus,
8o AfIs < KIVE Fllctl Mg af I
dt 6,A Hs—1 = c! 6,A Hs—1*
If |Vt lc1l is finite then, using Gronwall’s inequality, we get
) t
180, Af 120 < exp(K fo IVE £l crds).

However, we already proved that f belongs to C2t%(S2, R). The same reasoning combined
with a time reversal gives boundedness on (—7p, 0]. This completes the proof. O
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4 Central extension and the second advected quantity

To obtain the full equations (2) as geodesics, we impose the term generated by the factor
(% + 2h)z into the geometric formulation (12) by considering the 1-dimensional central
extension of D, ($?).

Following [8, 19, 25, 27] we consider the central extension of the Lie algebra g =
Tqu(S3) with R, which we denoted by § = g xqg R. Foru = Sy f and v = Sy g in
g, consider the trivial cocycle

Qu,v) = /S olf g)du (16)

where ¢ : S —> R is a fixed function. The contribution induced by €2 in the geodesic
equation accounts for that part of the Coriolis force induced by (R% + 2h)z in (2). We recall
that for (u, a), (v, b) € g xq R, the Lie bracket is

[(w.a), (v.b)] = (Se{f. g} Q(u,v)).

By construction, the element with the form (0, @) € § belongs to the center of the Lie algebra
g. The inner product on g is given by

((u, @), 0, D)™ = (u, v)* + ab, (17
Now, we will find an operator 7 : g —> g defined by the relation

(Tu, v)* = Qu,v).

Lemma4.1 Foranyu = Sg f,v = Sy g € g the operator

T:g—> g ; ur— Se(Ag0) o, f)

satisfies Q2(u,v) = (Tu, v) 4.

Proof Using the fact that

f olf g)du = f 0(So F)@)dn = — / ¢(So ) (@)dpt = / (0. fledu
S3 53 53 S3

we have
Q(u,v)=/sq{w,f}gdu
=/S3 (Ae,AA;IA{% f})gdu
= [ &5 (4spA;! So g)d
= /.8 (ASo Ay 4le. 1. Seg)du
= (So Ay {0, 1.0 8)a
which completes the proof. O

@ Springer



17 Page 16 0f 20 K. Modin et al.

4.1 The geodesic equation on G = Dy(S3).

Suppose the Lie group G exists and is the 1-dimensional central extension of D, (S%), so that
Tea = ﬁ =g XQ R.

Note that similar central extensions are well known in the S-plane approximation [19,
30, 31] and in the infinite-conductivity (superconductivity) equations [16, 29], where an
additional additive term also appears.

At this stage, we extract the Euler-Arnold (geodesic) equation of the group G with the
(weak) metric (17). For the coadjoint operator on §, using [25, Sec. 2.1] we have

aAdfu,a) 19— 08 (,b)—> (adj v —bTu,0).

Moreover, for the curve (u, a) : (—e, €) —> g the corresponding Euler-Arnold equation on

(G, (, ) is

* —_ =
{8tu+aduu at)Tu =0 (18)

dra(t) = 0.

The second equation implies that a(¢) = a is constant. Moreover, for arbitrary u = Sp f, v =
Se g, w =S¢ h € g we have

)A = (v, ady w>A

- /S 3 ¢ (ASp g, Solf, h))du

ad® v, w
(ad, v,

=- /S (o a9l hdy
= /SS{f, Ay, agthdp
B /83 (AG*AAg,Lt{fv AG,Ag}>hdu

= /S . % (ASo AT LS. Do.ag) . Soh)dp
= (S Ay 4{f No..ag}. So h)a.
As aresult, the Euler-Arnold equation (18) takes the form
0=0,Ss f +So Ay 4{f. Ao.af} —aSe Ay e, £}
= S0 8514 (0. S +(f. Aa.af) — ale. 1)

or equivalently

o doaf +{f. Aoaft—ale, f}=0. 19)

Remark 4.2 Suppose that ¢ is E-invariant. More precisely, for a given differentiable function
h:S? — R, we consider the lift of the map

2z

go:SQ—HR ; (z,¢)+—>R
o

+2zh(z, ¢) (20)
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and set p> = yz2, where z, ¢ denote colatitude and longitude, respectively, and y and Ro
are as defined in (2). Denote the lift of this function to S3 by ¢. Then, for a = 1, equation
(19) reduces to the equation on S? given by

W(yE =N f+1{S, (yzz—A)f+%+22h}=0. Q21

For this Euler-Arnold equation, the transported quantity is given by i (f) = (yz2—A) f +
]%—f) + 2zh. Moreover, any uniform bound on m provides a uniform bound for the quantity
m in Theorem (3.2), and vice versa. Consequently, the global existence theorem applies in a
similar manner to m as well.

5 Curvature and Misiotek’s criterion

Let G be a manifold (possibly infinite-dimensional in the Banach category) which is also a
topological group such that right translation is smooth (sometimes called a half-Lie group).
Moreover, suppose that G is equipped with a right-invariant (weak) metric defined by an
inner product ({, )) on g. Let[, ] denote the Lie bracket on g := T,G. The Misiotek criterion
(also called Misiotek curvature, cf. [27]) is given by

MC(M, U) = _«[M, U]s [M, U]» - «[[I/l, 'U], v]7 M»

N (22)
= ((ady[u, vl +ad], ,u, v).

Its significance is the following: if u is a stationary solution of the Euler—Arnold equation
associated with (G, ((, ))) and there exists v € g such that M C (u, v) > 0, then the sectional
curvature in the plane spanned by u and v is positive and there exists a conjugate point for
the geodesic curve corresponding to u. For details, see [21, 27].

Suppose M is a closed Riemannian manifold with volume form v. Then, for G = D} (M)
equipped with the right-invariant L? metric and u, v € T,Di (M), the formula (22) reduces
to the original criterion by Misiolek [21]

MC,(u,v) = (Vy[u, vl 4+ Vi i, v) 2.

In the case where M is a 2-dimensional manifold and u = V* f, v = V!¢ for smooth
functions f, g € C°°(M), the criterion simplifies to

MCU(”7 U) = (A{fa g}v {f7 g})L2 - ({Af! g}a {f? g})Lz' (23)

In the next Lemma, we compute Misiotek’s criterion for (Dfi S, () A) and its reduced
version on Dj (S?).

Lemma5.1 Foru = Sy f and v = Spg we have the following results.
(a) Misiotek’s criterion is given by

MC'A(M, U) = _(AO,A{fa g}7 {f’ g})L2 - ({g7 AQ,Af}7 {f7 g})Lz' (24)
(b) Using the projection Tl introduced in (10), the above criterion reduces to
MCA(u,v) = y(f{z% &) {f, 802 + MCy(u, v). (25)

Proof The proof of part a is similar to that of Lemma 2.4 in [24]. For the second part, we
observe that
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MCA(u,v) = —((yz* = M. g) (. gz — g (22 = D) FL S 8)) 12
—y (2 gh A 8N e+ (ALf. g) (S 8)) 2

)
U2 L g S g — UAf. gl (f. )2
)
)

= —y({f. gL {f gDz +(ALf. g} (f. gD
S g f gl e + v (fL2 ) (f . ghie
—({Af, g {f gh2

=y (f{* gh {f. gz + (ALf. ). {f. 812
—({Af.gh {f. gh2

=y ({2 g {f. gl 2 + MCy(u, v),

where the last equality follows from the formula (23). O

We shall now use the result in Lemma 5.1 to investigate conjugate points near the trade-
wind current, Which is the stationary solution with vector field uy = VT for the stream

function 7'(z) := 2 15 z2. This flow, referred to as the Passat Sflow by Lukatskii [20, p. 176],
generates a velocity proﬁle analogous to the trade-wind current studied by Arnold originally
on the torus (see also [1, p. 228, Fig. 49] and [25, Fig. 1]). In particular, along the trade-wind
solution we have from Lemma 5.1 that for any v = Vg

MCA(ur,v) =y /2 lz{z?, g}1Pdu + MC, (ur, v).
S

As a possible refinement, a more realistic trade-wind current could be modeled with a stream

function proportional to z3, rather than z2 as in the present example. This choice, previously
considered by Yoshida [32] and Khesin et al. [17] in the context of the Euler equations for
a perfect fluid, ensures that currents in both the northern and southern hemispheres flow
west to east. While the current paper focuses on the simpler z2 stream function, it would be
interesting in future work to compute the corresponding sectional curvatures and conjugate
points for this alternative candidate, which may provide a more accurate representation of
large-scale atmospheric flows.

—MC,(ur,v)
Js2 12{22.8}Pdv’
the trade-wind current appear. Comparing this with the fact that the curvature of ur, in the

absence of the Coriolis force, is non-positive in most directions [20, 25], we observe that for
a suitable choice of the parameter y, the Misiotek criterion M C Aur, v) (and consequently
the sectional curvature) in any non-zonal direction v = V=g is positive.

Corollary 5.2 [f the Lamb parameter fulfills y > then conjugate points along

Our developments concerning curvature and conjugate points has so far been without the
Coriolis force. We now give a corresponding result on the central extension group in section 4,
thus allowing non-vanishing Coriolis forces.

Proposition 5.3 For (u, a), (v, b) € g and ¢ as in Remark 4.2, we have
—A A
MC™ ((u,a), (v, b)) = MCH(u,v) — ({o, f}. gN* —alle. {f. g}}.8).  (26)

Proof Set(w, d) := [(u, a), (v, b)]. Thenwe getw = [u, v]andd = Q(u,v) = ({¢, f}, g}.
As a result,

@ Springer



Geodesic interpretation of the global quasi-geostrophic equations Page 19 of 20 17

—A
MC ((u,a), (v, b)) =

—

(ad(, o) (w. d) + adjy, o (. @), (v, b))

((ad* w + ad® u —dTu — aTw, 0), (v, b))
ad* w4 ad* u — dTu — aTw, v)A

ad’ w + ad’ u, WA — d(Tu, v)* — a(Tw, v)*
= MCA(u,v) —d({e. f1.8) —alle. {f. g}}. &)
= MC(u,v) — (o, [}, &) —allp, {f. gl 8-

—

—~ —~

In particular, for the trade-wind solution we have the following result.

Corollary 5.4 Let ¢ be given by equation (20) with h = h(z). Then, the stream function T (z)
of the trade wind velocity field ut is a solution of the equation (21). Using Corollary 5.2 and
the previous proposition we get

W((ur,a), (v.b)) =y /82 |2{z*, g}Pdp + MC, (ur, v)
—a{{p, {T(2), g}}, &)

Notably, for suitable choices of y and a, we can always get a positive value of
/\.A
MC ((MT,G),(U,b)).

Remark 5.5 In light of Corollaries 5.2 and 5.4, we observe the stabilizing effect of the Lamb
parameter y in our specific cases. It would be interesting to further explore the influence of
the parameters y and a on the behavior of other zonal solutions, as was done numerically
in [10, 11, 18], and for the quasi-geostrophic setting in [19]. Additionally, the term % in (2),
which encodes the topography, may also play a significant role in determining the curvature
and the appearance of conjugate points.

Another possible direction is to replace the sphere with the torus. Although the general
procedure remains similar, one must then work with a different prequantum bundle.
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