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Abstract

Pdnanoalloys offer a spark-free, plasmonic, andhighly tunable platform forH2 sensing,
which is a crucial aspect of a safe hydrogen economy. Owing to a fortunate combination
of thermodynamic and optical properties, Pd nanoparticles rapidly absorb H2, which
induces ameasurable optical shift. Pure Pd sensors suffer, however, from issues such as
hysteresis during hydrogenation and CO poisoning. Alloyingwith Au and Cu have been
found to mitigate these issues, but introduces challenges related to long-term stability
and performance.

The vast configurational space accessible through alloying and nanostructuring makes
computational modeling an efficient route to understand and optimize nanoalloys for
H2 sensing. This thesis develops multiscale models to better understand the optical
and thermodynamic properties of Pd nanoalloys forH2 sensing, anchored at the atomic
scale via first-principles calculations.

The effect of alloyingPdwithAu andCuon the surface composition and adsorbate cover-
ages under different environments is studied via cluster expansion models. It is found
that Pd segregates to the surface inH2 and CO environments, due to strong adsorption,
while Au segregates to the surface under vacuum conditions. Cu shows amore complex
behavior, with a non-trivial preference for the subsurface layer under most conditions,
and only modest presence in the top surface layer. The H–CO coadsorption behavior is
primarily governed by the fabrication conditions, dictatingwhether Pd orAu segregates
to the surface, while tuning the exact bulk alloy composition has only a minor effect.
The experimentally observed role of Cu in mitigating CO poisoning must therefore go
beyond adsorption thermodynamics, potentially by providing energetically feasible H
absorption paths through the surface when the energetically most favorable paths are
blocked by CO.

TheH sensitivity of nanodisk devices is optimized by combining atomic-scale dielectric
functions with continuum electrodynamic simulations of nanoalloy structures. Single
disk simulations suggest that the H-induced plasmon shift is limited by an interplay
between localized surface plasmonic resonances and interband transitions. In addition,
a computational platform for designing optimal nanoarray-based sensors for specific
targets is presented, paving the way for future efforts in multiplexed sensor design.

Keywords: Hydrogen sensing, Palladium, nanoalloys, nanoplasmonics, surface segre-
gation, CO poisoning, surface phase diagram, coadsorption, Bayesian optimization
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1
Introduction

Here we stand or here we fall, history won’t care at all

Queen

The hydrogen (H) economy envisions an energy system with H2 as the primary en-
ergy carrier, enabling the transition toward a carbon-free energy system. H2 possesses
the highest gravimetric energy density of any fuel and can be produced from renew-
able sources [1], making it an attractive alternative to fossil fuels. Fuel cells convert
the chemical energy of H2 into electricity and operate efficiently across a wide range
of power scales, from portable units on the order of 1W to stationary plants approach-
ing 1MW [2]. In recent years, H2-powered fuel cells have gained attention for heavy
vehicles (∼100 kW) such as trucks [3], buses [4], and trains [5], where battery-powered
electric solutions are limited by energy density and material abundance. Despite these
advances, widespread adoption of the hydrogen economy remains constrained by chal-
lenges in efficient production [1, 6], compact storage [1, 7], and detection of leaks [8].

This thesis is related to the safety issues arising from the high flammability of H2
mixedwith air. Because leaks cannot be entirely prevented, reliableHdetection is essen-
tial for the safe handling and storage of H2. H2 sensing is an active research field with
approaches that exploit changes in, for instance, the optical [9–21] or electrical [22–24]
properties of a material upon interaction with H, leading to measurable shifts in opti-
cal spectra or electrical resistance, that can be correlated to the H2 partial pressure of
the surrounding environment. Specifically, this thesis concerns plasmonic H2 sensing
basedonPd-alloy nanostructures. This sensing conceptwasfirst demonstratedbyLang-
hammer et al. in 2007 [11] and has since been widely explored [12–20, 25–27]. However,
remaining issues related to, for instance, poor kinetics, long-term stability and cross-
sensitivity to other species motivates further investigations.
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Chapter 1. Introduction

1.1 Pd-based nanoplasmonic hydrogen sensing
When a Pd nanoparticle (NP) is subjected to an electric field, the conduction electrons
can start to collectively oscillate, forming a localized surface plasmon resonance (LSPR)
[28, 29]. Here, localized refers to the confinement of the plasmon to the nanoscaled
particle, in contrast to bulk plasmons in extended materials. The excitation of this res-
onance produces a characteristic peak in the optical extinction spectrum at the reso-
nance frequency. Upon H absorption, the electronic structure of Pd changes, causing a
shift in the plasmon resonance, typically toward lower frequencies. Pd is furthermore
well known for its ability to reversibly absorb large amounts of H [11, 30]. The combina-
tion of this fast H uptake with the H-induced optical shift forms the basis of Pd-based
nanoplasmonic H2 sensing.

Bymonitoring the plasmon peak position over time and calibrating it against known
H2 pressures, the sensor can quantify the surroundingH2 concentration. Formally, the
H sensitivity can be defined as [31]

𝑆 = 𝑑𝑓opt
𝑑𝑝H2

= 𝑑𝑓opt
𝑑𝑐H

× 𝑑𝑐H
𝑑𝑝H2

= 𝑆opt × 𝑆th, (1.1)

where 𝑓opt is the optical readout (for example, the plasmonic peak position), 𝑝H2
is the

H2 partial pressure and 𝑐H is the absorbed H concentration. The separate optical 𝑆opt
and thermodynamic 𝑆th contribution to the sensitivity demonstrates that a comprehen-
sive understanding of Pd-basedH2 sensors requires consideration of both their thermo-
dynamic and optical properties.

1.2 Alloying to improve material properties
Alloying is a key strategy for tuningmaterial propertieswhich has proven effective in Pd-
basednanoplasmonicH2 sensing. PurePdNPs exhibit hysteresis in theirHabsorption–
desorption isothermsdue toamiscibility gapbetween themetal𝛼- andhydride𝛽-phases,
preventing accurate pressure determination within this region. Alloying with, for in-
stance, Au can suppress this phase separation and eliminate the hysteresis [15, 27, 32].

Pd NPs also suffer from CO poisoning, where adsorbed CO molecules block surface
sites and hinder H uptake. Twomain strategies have been suggested tomitigate this ef-
fect. The first involves coating the nanostructures with selective barrier materials that
permit H2 diffusion while blocking larger molecules [18, 33, 34]. The second, less obvi-
ous strategy, relies on alloying with Cu. At Cu concentrations as low as 5 %, significant
reduction ofCOpoisoning has been observed [35, 36]. Theunderlyingmechanismof the
mitigating effect of Cu on CO is, however, not fully understood.

Reliable and long-termstableH2 sensors requireminimizationof bothhysteresis and
CO poisoning. Recent experiments show that alloy compositions around 25 % Au and

2



1.2. Alloying to improve material properties

DFT

TD-DFT

MACE CE MC

FDTD BO

Paper I, II

Paper III

Paper IV Paper V

Part II

Part I

Figure 1.1: Overview of the system studied in this thesis and the employed modeling frame-
work. The first part of the thesis examines the surface state of alloy–adsorbate systems via a
multiscale approach starting from first-principles density-functional theory (DFT) calculations,
via machine-learned interatomic potentials (MLIPs) and cluster expansions (CEs), to Monte
Carlo (MC) simulations of thermodynamic averages. The second part studies the optical re-
sponse of nanoalloys via time-dependent density-functional theory (TDDFT)-informed finite-
difference time-domain (FDTD) simulations, and utilizes Bayesian optimization (BO) to opti-
mize the nanostructres with respect to geometry and composition.
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Chapter 1. Introduction

10 %Cusimultaneously address both issues [35, 36]. At the same time, alloying increases
the compositional complexity and makes prediction of various properties more chal-
lenging. Atomic-scale chemical ordering can introduce effects such as phase separa-
tion and surface segregation. The equilibrium surface state is, in general, environment-
dependent,meaning that the conditions during fabrication, operation, and storage can
affect the alloy composition of the surface region and, as a consequence, the adsorption
tendency of different species. These phenomena affect the ability to absorb H, and in
turn the performance of devices. Therefore, knowledge about the segregation and ad-
sorption behavior is key for making informed design decisions.

1.3 Objective and structure of thesis
Alloying and nanoengineering enable systematic tuning of thermodynamic and optical
properties by varying geometry, composition, and alloying elements, giving rise to a
vast configuration space. Computational modeling provides an efficient route to ex-
plore this space, reducing the time and cost required for experimental screening. The
objective of this thesis is to develop and apply multiscale modeling approaches to ad-
dress key challenges in the design, fabrication, and long-term stability of Pd-based hy-
drogen sensors. These approaches bridge multiple length scales, from first-principles
calculations of electronic properties to thermodynamic modeling of the atomic config-
uration or continuum descriptions of the optical response at the mesoscale (Fig. 1.1).
Specifically, the aim of this thesis is to answer the following questions:

• What is the surface segregation behavior of Pd-alloys under realistic conditions?

• How does alloying with Cumitigate CO poisoning?

• How can computational modeling be used to design optimal H sensors?

Although the thermodynamic and optical aspects of Pd-based nanoplasmonic sens-
ing are closely linked, they are investigated using different methodological approaches
(Fig. 1.1). For this reason, this thesis is organized into twomain parts: Part I, which ad-
dresses thermodynamics, and Part II, which focuses on optical properties. Each part
comprises three main sections: a review of the theoretical background, a description
of the computational methods (spanning two chapters in Part II), and a presentation
of the principal results. Finally, Part III summarizes the main findings and limitations,
and outlines directions for future work.
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Part I

Thermodynamics of Pd-alloy surfaces
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2
Thermodynamical principles

for bulk and surfaces

Insanity laughs, under pressure we’re breaking

Queen

Pd is a core component in many H technologies due to its unique ability to quickly
absorb and desorb large quantities of H, in relation to the amount of H2 in the immedi-
ate environment, at ambient conditions. This is possible due to the thermodynamics of
the Pd–H system. Alloying is a common strategy for material optimization in various
applications as it introduces tunability of thematerial properties. This strategy requires
knowledge about how the introduction of additional species affects the thermodynam-
ics of the system.In this section, the thermodynamics of hydrogenated Pd-alloys are
discussed with emphasis on the effects of alloying on surface segregation and the inter-
action with gas environments.

According to the lawsof thermodynamics, a system inconstant temperature andpres-
sure environments strives towards the state with lowest Gibbs free energy [37],

𝐺 = 𝑈 + 𝑝𝑉 − 𝑇𝑆. (2.1)

The Gibbs free energy is an example of a thermodynamic potential, and consists of the
internal energy 𝑈 of thematerial as well as the work 𝑝𝑉 associatedwith taking up space
corresponding to its volume 𝑉 and the entropy contribution −𝑇𝑆 corresponding to the
heat that can be extracted from its environment of temperature 𝑇 . Other common ther-
modynamic potentials, relevant for other conditions, include the enthalpy

𝐻 = 𝑈 + 𝑝𝑉 ,

7



Chapter 2. Thermodynamical principles for bulk and surfaces

and Helmholtz free energy
𝐹 = 𝑈 − 𝑇𝑆,

as well as the grand potential, closely related to 𝐹 , presented in Sect. 3.4.1.
For many solids, including the alloy surfaces considered in this thesis, the change in

the 𝑝𝑉 term between two relaxed atomic configurations is small compared to the other
contributions and can be neglected [38]. In such cases, the Gibbs and Helmholtz free
energies can be used interchangeably. The Helmholtz free energy is dominated by the
internal electronic energy 𝐸el, the vibrational free energy 𝐹vib and the configurational
entropy associated with the atomic configuration 𝑆conf,

𝐹(𝑇 , 𝑉 ) ≃ 𝐸el + 𝐹vib − 𝑇𝑆conf,
for non-magnetic materials, neglecting electronic excitations.

In ab-initio thermodynamics, the energy contributions are obtained from ab-initio
(first-principles) calculations, often based on density-functional theory (DFT) [38]. DFT
calculations are typically used to determine the zero-temperature and zero-pressure
ground state electronic energy at a fixed volume, often corresponding to the relaxed
volume 𝑉0 obtained via structural relaxation. The energy of this state is

𝐹(0, 𝑉0) = 𝐸DFT + 𝐸ZPE,
where 𝐸DFT is the DFT electronic energy and 𝐸ZPE the zero-point vibrational energy.

At finite temperatures, the vibrational free energy 𝐹vib(𝑇 ) (including 𝐸ZPE) and con-
figurational entropy 𝑆conf contribute to the free energy,

𝐹(𝑇 , 𝑉0) ≃ 𝐸DFT + 𝐹vib(𝑇 ) − 𝑇𝑆conf.
neglecting any temperature dependence of the electronic energy. In most cases, the
absolute free energy is not of importance but rather the difference in free energy be-
tween two states. For the Pd-based alloys considered in this thesis, the change in vi-
brational energy between atomic configurations can typically be neglected [39], leaving
only the DFT energy and the configurational entropy which can be obtained via Monte
Carlo (MC) simulations (Sect. 3.4). In the following, it is demonstrated how the Gibbs
free energy dictates the bulk, surface and adsorption properties of a system.

2.1 Bulk thermodynamics
In a bulkmulticomponent system, the average atomic configurationwill be the onemin-
imizing the Gibbs free energy. For a binary system A1−𝑥B𝑥 , the free energy is

𝐺(𝑇 , 𝑝, 𝑥) = (1 − 𝑥)𝐺A + 𝑥𝐺B + Δ𝐺mix

8



2.1. Bulk thermodynamics
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Figure 2.1: (a) Schematic illustration of the Gibbs free energy for a mixed system consisting of
atoms A and B. If any part of the Gibbs free energy curve is concave-down, the systemwill sepa-
rate into two phases with compositions 𝑥1, 𝑥2 in this region following the tangent line below the
curve. (b) Phase diagram obtained by following 𝑥1(𝑇 ) and 𝑥2(𝑇 ).

where 𝐺X are the free energies of the separated systems and

Δ𝐺mix = Δ𝐻mix − 𝑇Δ𝑆mix

is the change in free energyuponmixing [37, Chapter 5]. IfΔ𝐺mix is negative, the system
is miscible. For a regular solution, with random mixing and a single parameter Ω for
interatomic interactions, the changes in enthalpy and entropy are given by

Δ 𝑆mix = −𝑁𝑘𝐵 [𝑥 ln 𝑥 + (1 − 𝑥) ln (1 − 𝑥)]
Δ𝐻mix = Ω𝑥 (1 − 𝑥),

where 𝑁 is the number of atoms and 𝑘𝐵 is the Boltzmann constant. The entropy contri-
bution will always favor mixing, while the enthalpy favors mixing if Ω < 0 and phase
separation otherwise.

Figure 2.1a shows the Gibbs free energy of a regular solution with Ω < 0 as a func-
tion of the concentration 𝑥B for different temperatures. At high temperatures, the
curve is concave-up everywhere (Δ𝐺mix < 0) which indicates that the system is mis-
cible over the entire concentration range. As the temperature decreases, the curve will
formaconcave-downregion in themiddle, inwhich the systemwill separate intophases
with concentrations 𝑥1 and 𝑥2 corresponding to the interception with a tangent below
the curve. As temperature decreases further, the interception points move toward the
edges, until eventually the energetically favorable state is separation into the two pure A
and B phases. By tracking the interception points, a phase diagram can be constructed
(Fig. 2.1b). In the following, the bulk thermodynamic properties of the Pd–Au–Cu–H
system are discussed.
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Chapter 2. Thermodynamical principles for bulk and surfaces
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Figure 2.2: Phase diagrams for Pd–H [30], Pd–Au [40], and Pd–Cu [41]. Pd–H exhibits two
phases with the same crystal structure, 𝛼 and 𝛽, with phase separation at temperatures below
approximately 600K. Pd–Au is miscible in the entire region with a few ordered structures re-
ported, indicated by the dashed lines. Pd–Cu ismostlymiscible but have several ordered phases
in the Cu-rich end, causing phase separation (white areas next to the orange area).

2.1.1 The Pd–H system

H absorption is associated with an expansion of the Pd lattice. At moderate tempera-
tures (≲600K) , this causes phase separation between the H-poor 𝛼-phase and the H-
rich 𝛽-phase as the H content increases (Fig. 2.2). The relation between the H uptake
and the H2 pressure is associated with a jump from low to high H content, at the so-
called plateau pressure, and hysteresis caused by the energy barriers of forming 𝛽 in 𝛼
and vice versa [30] (Fig. 2.3). These phenomena are an issue in the context ofH2 sensing,
since the H content is not a well-defined function of H2 pressure in this region.

2.1.2 The Pd–Au system

PdAu alloys are miscible over the entire composition range (Fig. 2.2). Some ordered
phases have been observed, but these do not cause significant phase separation [40].
Alloying Pd with Au is often beneficial in H applications since the miscibility gap and
hysteresis associatedwith the Pd–H system vanish at approximately 20 % Au [27, 32, 42]
(Fig. 2.3). This effect is attributed to the fact that Au atoms are larger than Pd atoms,
as indicated by their respective lattice parameters 4.1Å and 3.9Å (Fig. 4.1c), causing a
lattice expansion similar to the expansion needed to absorb large quantities of H [43,
Chapter 3]. At the same time, the H solubility decreases with Au content [32].
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Figure 2.3: Hysteresis in PdAu [27] and PdCu [35] NPs during H absorption and desorption at
ambient temperature.

2.1.3 The Pd–Cu system
PdCu alloys are completely miscible for compositions with more than 60 % Pd (Fig. 2.2),
which are the primary focus of this thesis. For higher Cu content, however, several or-
dered phases can be found which cause phase separation. This includes the B2-phase
close to 50 % Cu, which exhibits a different crystal structure (CsCl structure) than the
solid solution. This difference in crystal structure causes difficulties inmodeling, in par-
ticular using lattice-based methods such as cluster expansion (CE). Since the Cu atom
is smaller than Pd, with lattice parameter 3.6Å compared to 3.9Å (Fig. 4.1c), alloying
with Cu does not have the same benefits on the H absorption thermodynamics as alloy-
ing with Au. Similar to alloying with Au, the H solubility decreases with increasing Cu
content [44], but at the same time the plateau pressure increases significantly (Fig. 2.3)
limiting the potential for H2 sensing.

2.2 Surface thermodynamics
Theenergy landscapeof anatomclose to a surfacediffers fromanatomin thebulkdue to
the change in coordination number, surface relaxation, and potential interaction with
adsorbates. The energy difference gives rise to the concept of surface free energy,

𝛾 (𝑇 , 𝑝, 𝑁 ) = 1
2𝐴 [𝐺slab(𝑇 , 𝑝, 𝑁 ) − 𝑁𝑔bulk(𝑇 , 𝑝)] (2.2)

where𝑁 is the number of atoms in the surface slab and 𝑔bulk is the energy per atom for
the corresponding bulk structure. The surface energy is the energy per area required
to form a surface by making a cut in a bulk material. Surface orientations with lower
energy are more stable, and therefore more likely to naturally occur for surface slabs
and nanoparticle (NP) [45].
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Chapter 2. Thermodynamical principles for bulk and surfaces

For an alloy, the different energy landscapes generally result in differences in the
chemical ordering of atoms close to the surface compared to the bulk. The most sta-
ble state will be the one that minimizes the surface free energy which for a binary alloy
A1−𝑥B𝑥 (where 𝑥 is the bulk composition) reads [46]

𝛾 (𝑇 , 𝑝, 𝑁 , 𝑥, Γ) = 1
2𝐴 [𝐺slab(𝑇 , 𝑝, 𝑁 , 𝑥, Γ) − 𝑁𝑔bulk(𝑇 , 𝑝, 𝑥) − Δ𝜇 Γ] (2.3)

where Γ is the surplus of B atoms in the slab compared to the corresponding bulk mate-
rial andΔ𝜇 = 𝜇B − 𝜇A is the difference in the bulk-consistent chemical potential satisfy-
ing (1 − 𝑥)𝜇A + 𝑥𝜇B = 𝑔bulk(𝑥) (Fig. 2.1). The extension for systems withmore than two
components is straightforward.

The strive towards the minimal surface energy drive phenomena such as surface seg-
regation and surface ordering. These processes strongly influence surface properties
and are critical for performance in applications like catalysis and sensing, where the
composition of the outermost atomic layers plays a decisive role. The surface segrega-
tion behavior of an arbitrary alloy is generally difficult to predict since it requires knowl-
edge about the energetics of all possible atomic configurations. There are, however,
some general segregation indicators that can be identified [47–50]:

• Puremetal surfaceenergy: The specieswith the lower surface energy tends to seg-
regate towards the surface. This is generally considered the strongest indication
of surface segregation.

• Size-mismatch: If there is a large size difference between solute and host, the
solute tends to segregate to the surface [48], in particular if it is larger [50, 51].

• Adsorption energies (if adsorbates are involved): The species with the lower ad-
sorption energy tends to segregate to the surface [52].

A more quantitative approach is to calculate the segregation energy 𝐸seg from dilute
alloy surface slabs consisting of a single A (solute) atom in B (host),

𝐸seg𝑛 = 𝐸A in 𝑛 − 𝐸A in bulk, (2.4)

where the energies on the right-hand side are calculated for a single A atom in layer 𝑛
and for a single A atom in bulk.

2.3 Gas–surface interactions
If a surface is placed in a gas environment, the gas species X can adsorb with an associ-
ated adsorption energy

𝐸adsX = 𝐸slab:X − 𝐸slab − 𝐸gasX , (2.5)
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2.3. Gas–surface interactions

where𝐸slab:X is the energy of the slabwith the adsorbed species,𝐸slab is the energy of the
slab alone, and 𝐸gasX is the energy of the species in the gas phase. Similar to the previous
section (Eq. (2.2)), the stable (average) state is the one that minimizes the surface free
energy [38]

𝛾 (𝑇 , 𝑝, 𝑁 , 𝑁X) = 1
2𝐴 [𝐺slab(𝑇 , 𝑝, 𝑁 , 𝑁X) − 𝑁𝑔bulk(𝑇 , 𝑝) − 𝑁X𝜇X(𝑇 , 𝑝)] (2.6)

where 𝑁X is the number of adsorbates with chemical potential 𝜇X. This expression can
be readily extended for alloy surfaces according to Eq. (2.3), multiple adsorbed species
and H absorption ¹.

According to the ideal gas law, the chemical potential of a species in the gas phase is

𝜇(𝑇 , 𝑝) = 𝑔(𝑇 , 𝑝) = 𝜇0(𝑇 , 𝑝0) + 𝑘𝐵𝑇 ln
𝑝
𝑝0 (2.7)

given in relation to a reference pressure 𝑝0, where 𝜇0 is the temperature-dependent ref-
erence chemical potential

𝜇0(𝑇 , 𝑝0) = 𝜇0(0, 𝑝0) + 𝑔0(𝑇 ) = 𝐸DFT + 𝐸ZPE + ℎ0(𝑇 ) − 𝑇 𝑠0(𝑇 ). (2.8)

Here,𝐸DFT and𝐸ZPE are theground state electronic andzero-point energy of the species
in the gas phase. The temperature-dependence is captured by the free energy of the ref-
erence state, 𝑔0(𝑇 ) = ℎ0(𝑇 ) − 𝑇 𝑠0(𝑇 ), which can be calculated or taken from thermody-
namic tables based on experimental data [53].

The treatment of the vibrational free energy should be reconsidered in the context
of modeling open surface–gas systems. Since the number of gas species can vary
(Eq. (2.6)), relying on cancellation between configurations is no longer appropriate. In-
stead, a lack of treatment needs to be motivated by overall small vibrational contribu-
tions of the adsorbate. If the vibrational contribution of the adsorbate can be approxi-
mated as independent of the configuration, it can be treated as a correction to𝐺slab that
is incorporated in 𝜇X. This will be discussed further in the context of pressure conver-
sion in Sect. 4.1.1.

¹This thesis is limited to studies of surface adsorption and H absorption is thus not taken into ac-
count.
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Figure2.4: Constructing a SPD from the surface free energy as a function of the adsorbate chem-
ical potential. The adsorbate coverage 𝜃 is indicated by the colors.

If the surface free energy (Eq. (2.6)) as a function of adsorbate chemical potential is
known, one can construct a surface phase diagram (SPD) that indicates the adsorbate
coverage at a given chemical potential, or, if an appropriate reference chemical potential
(Eq. (2.8)) can be established, as a function of temperature and pressure (Fig. 2.4).
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3
Atomistic modeling

A kind of magic

Queen

From the previous chapter, it is clear that accurately and efficiently describing the en-
ergetics of the alloy–adsorbate system is essential for studying its thermodynamics. An
atomistic modeling framework for the quantum-mechanical properties of interacting
many-body systems is therefore required, which is a common objective in many fields
of materials science.

DFT MACE CE MC

ab-initio

active learning

MLIP lattice model sampling

active learning

Paper I, II

Paper III

Figure 3.1: Schematic illustration of the atomistic modeling framework, starting from the ab-
initio level with DFT, via MLIP and CEmodels to MC sampling of thermodynamic averages.

Thegold standard for such calculations is density-functional theory (DFT),which pro-
vides first-principles energies and forces for systems with up to about 1000 atoms with
high accuracy. However, DFT remains computationally demanding and becomes infea-
sible for larger systems. To address this limitation, a range of computational methods
has been developed, including interatomic potentials that predict energies and forces
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Chapter 3. Atomistic modeling

from atomic positions, and lattice-based models that predict the energetics of systems
mapped onto an ideal lattice. With recent advances in performance and accessibility
in the field of machine learning (ML), DFT-based machine-learned interatomic poten-
tials (MLIPs) have become increasingly popular, since they approachDFT-level accuracy
while being many orders of magnitude faster (see comparison in Paper III). Even with
the most efficient MLIPs, however, accessible timescales are typically limited to a few
nanoseconds which is far shorter than those relevant for phase separation, surface seg-
regation, andH absorption. In such cases, lattice-basedMonte Carlo (MC) simulations
are better suited as they circumvent kinetic barriers by only considering the energy dif-
ference between two configurations. For the alloy–adsorbate systems considered in
this thesis, lattice-based models, such as cluster expansions (CEs), remain the best op-
tion since the adsorbates can be mapped to an adsorbate–vacancy lattice. In contrast,
definingmeaningful and sampling-efficientMC trialmoves for adsorbateswithin inter-
atomic potential frameworks is not straightforward.

Figure 3.1 summarizes the atomistic modeling approaches used in this thesis. In Pa-
per I and Paper II, CEs are constructed from DFT training data for binary {111}-alloy
surfaces with adsorbedH to studyH-driven surface segregation viaMC simulations. In
Paper III, this framework is extended to ternary alloys andmultiple surface orientations
with H and CO adsorbed to investigate coadsorption. This expansion in scope requires
a substantially larger training set (by 1 to 2 orders ofmagnitude), which is enabled by de-
veloping a MACE MLIP to serve as DFT-emulator. The following sections describe the
computational methods in more detail.

3.1 Density functional theory
Density-functional theory (DFT) is a widely used method for calculating the quantum-
mechanical ground state of many-body systems containing up to thousands of atoms.
In this thesis, the Vienna Ab initio Simulation Package (VASP) [54, 55] is used for all DFT
calculations. This section provides a brief overview of the theoretical framework ofDFT,
following Ref. [56].

3.1.1 The Hohenberg–Kohn theorems
Consider a many-body system consisting of electrons and nuclei. Because nuclei are
much heavier than electrons, their characteristic timescales ofmotion aremuch longer.
From the perspective of the nuclei, the electrons appear to adjust instantaneously to
nuclear motion, whereas the electrons perceive the nuclei as fixed. This separation of
timescales is the basis of the Born–Oppenheimer approximation [57], under which the
wavefunctions of the electrons and the nuclei are separated. The nuclei are then treated
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3.1. Density functional theory

as stationary when solving for the electronic ground state, and their contributions are
typically handled separately using classical methods.

The electronic Hamiltonian for a system with fixed nuclei, expressed in Hartree
atomic units (ℏ = 𝑚𝑒 = 𝑒 = 4𝜋𝜖0 = 1), is [56, Chapter 6]

𝐻̂ = −12 ∑𝑖
∇2𝑖 +∑

𝑖
𝑉ext(𝒓𝑖) + 1

2 ∑𝑖≠𝑗
1

|𝒓𝑖 − 𝒓𝑗 |
, (3.1)

where the first term is the kinetic energy, the second represents the external po-
tential 𝑉ext(𝒓) (including electron–nucleus interactions), and the last term is the
electron–electron Coulomb interaction. For most systems, solving the corresponding
Schrödinger equation directly is not feasible, but the problem can be reformulated via
DFT.

DFT is based on the Hohenberg–Kohn theorems [58]. The first theorem states that
the external potential 𝑉ext(𝒓), and in turn all properties of the many-body system, are
uniquely determined by the ground state electron density 𝑛0(𝒓). The second theorem
states that a total energy functional 𝐸[𝑛] of the electron density 𝑛(𝒓) can be defined
for any external potential, and that the density minimizing this functional is the exact
ground state density 𝑛0(𝒓). Consequently, all ground state properties can, in principle,
be obtained by finding andminimizing the functional 𝐸[𝑛].

3.1.2 The Kohn–Sham ansatz
Ageneral expression for the total energy functional of an interactingmany-body system
is [56, Chapter 6]

𝐸HK[𝑛] = 𝑇 [𝑛] + 𝐸int[𝑛] + ∫ d𝒓𝑉ext(𝒓)𝑛(𝒓) + 𝐸𝐼 𝐼 , (3.2)

where 𝑇 and 𝐸int are the electronic kinetic and potential energies, respectively, and 𝐸𝐼 𝐼
is the ion–ion interaction energy.

To simplify the problem, the Kohn-Sham (KS) ansatz [59] can be used, which replaces
the many-body problem by an auxiliary non-interacting problem of independent elec-
trons. The underlying assumption is that the independent-particle problem can be de-
fined such that it reproduces the ground state density of the interacting system. Rewrit-
ing the functional Eq. (3.2) in terms of the non-interacting system yields [56, Chapter 7]

𝐸KS[𝑛] = 𝑇KS[𝑛] + 𝐸Hart[𝑛] + 𝐸xc[𝑛] + ∫ d𝒓𝑉ext(𝒓)𝑛(𝒓) + 𝐸𝐼 𝐼 , (3.3)

where 𝑇KS is the non-interacting kinetic energy and 𝐸Hart[𝑛] is the Hartree energy,

𝐸Hart[𝑛] = 1
2 ∫ d𝒓d𝒓′ 𝑛(𝒓)𝑛(𝒓

′)
|𝒓 − 𝒓′| ,
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which represents the classical Coulomb interaction in terms of the electron density. All
othermany-bodyeffects are collected in theexchange-correlation (XC) functional𝐸xc[𝑛],
which encodes the difference between the interacting and non-interacting kinetic and
internal energies. If 𝐸xc was known, solving the auxiliary problemwould yield the exact
ground state energy and density.

Solving the auxiliary problem is equivalent to minimizing 𝐸KS (Eq. (3.3)) under the
constraint of a fixed number of electrons. This can be done using the Lagrange multi-
plier method and leads to the Schrödinger-like KS equations (Eq. (3.4)–(3.6)) [56, Chap-
ter 7]

(𝐻̂KS − 𝜖𝑖) 𝜓𝑖(𝒓) = 0, (3.4)

with the effective Hamiltonian

𝐻̂KS = −12∇
2 + 𝑉KS(𝒓), (3.5)

and the effective KS potential

𝑉KS(𝒓) = 𝑉ext(𝒓) +
𝛿𝐸Hart
𝛿𝑛(𝒓) + 𝛿𝐸xc

𝛿𝑛(𝒓) = 𝑉ext(𝒓) + 𝑉Hart(𝒓) + 𝑉xc(𝒓). (3.6)

Here, 𝜓𝑖(𝒓) and 𝜖𝑖 are the KS wavefunctions and eigenvalues of the non-interacting sys-
tem. The corresponding ground state density for a system of𝑁 electrons is

𝑛0(𝒓) =
𝑁
∑
𝑖=1

|𝜓𝑖(𝒓)|2, (3.7)

where the sum runs over the𝑁 lowest eigenstates.

3.1.3 Solving the Kohn-Sham equations
Solving the KS equations requires the effective potential 𝑉KS (Eq. (3.6)), which depends
on the electron density, but the density itself is only known once the problem is solved.
This circular dependence is resolved through a self-consistent procedure consisting of
the following steps [56, Chapter 9]:

1. Choose an initial guess for the ground state density.

2. Calculate the effective potential (Eq. (3.6)).

3. Solve the KS equation (Eq. (3.4)).

4. Calculate the new density (Eq. (3.7)).
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3.1. Density functional theory

5. If the new density is consistent with the previous one, the problem is solved. Oth-
erwise, repeat from step 2 with the updated density.

Since the KS equations are set up to minimize 𝐸KS, the self-consistent density corre-
sponds to the ground state. The ground state energy (as well as other properties such as
forces and stresses) of the interacting system can then be calculated via the total energy
functional Eq. (3.3).

In each iteration, the density is calculated based on a set of KS wave functions. For
crystalline materials with periodic boundary conditions, the wave functions are typi-
cally expanded in plane waves restricted to the first Brillouin zone [56, Chapter 12]. For
systems without periodic boundary conditions in all directions, such as surfaces and
molecules, plane waves can still be employed by introducing sufficiently large vacuum
regions in the non-periodic directions.

The wave functions have the form

𝜓𝑖,𝒌(𝒓) = ∑
𝑮

𝑐𝑖,𝑮(𝒌) 𝑒𝑖(𝒌+𝑮)⋅𝒓 , (3.8)

where 𝑐𝑖,𝑮(𝒌) are Fourier coefficients, 𝒌 is a wave vector and 𝑮 are reciprocal lattice vec-
tors. The effective KS potential has the periodicity of the lattice and can be expressed as
a sum of Fourier components

𝑉KS(𝒓) = ∑
𝑮

𝑉KS(𝑮)𝑒𝑖𝑮⋅𝒓 . (3.9)

Lastly, the KS equation (Eq. (3.4)) can be expressed in 𝒌-space as
∑
𝑮′

𝐻𝑮,𝑮′(𝒌)𝑐𝑖,𝑮′(𝒌) = 𝜖𝑖(𝒌)𝑐𝑖,𝑮(𝒌), (3.10)

where
𝐻𝑮,𝑮′(𝒌) = 1

2|𝒌 + 𝑮|2𝛿𝑮,𝑮′ + 𝑉KS(𝑮 − 𝑮′). (3.11)

This expansion is truncated using an energy cutoff associated with the wave vector |𝒌 +
𝑮|.

A plane wave basis efficiently captures the periodicity of the system but poorly repre-
sents the rapid variations of the wave function close to the atomic cores (in contrast to,
for example, an atomic orbital basis set). As a result, high energy cutoffs are required
for accurate descriptions, which yields a high computational cost. To address this, pseu-
dopotentials can be introduced, which are effective potentials representing the joint ef-
fect of nuclei and core electrons on the valence electrons [56, Chapter 11]. Pseudopo-
tentials are constructed for each atomic species prior to the DFT calculation and yield
smooth valence electron wave functions, reducing the computational cost. A related,
more complex approach is the projector augmentedwave (PAW)method [60, 61], which
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defines a linear transformation between the all-electron wave function and the smooth
valence wave function, allowing core and valence states to be treated at different lev-
els. The PAWmethod is typically combinedwith the frozen-core approximation [62], in
which core electron wave functions remain fixed during the self-consistency cycle.

3.1.4 The exchange–correlation functional
A crucial remaining step is determining the XC functional 𝐸xc[𝑛]. The equivalence be-
tween the total energy functional of the interacting and non-interacting systems holds
only if 𝐸xc is known exactly [56, Chapter 7], but in practice this functional needs to be
approximated. A wide range of XC functionals has been developed, each with specific
advantages and limitations, and the choice depends on the system, the properties of
interest, and the available computational resources.

Since the kinetic and long-range Hartree energy contributions are treated explicitly,
𝐸xc can be approximated as a local or semi-local functional of the density [56, Chapter 8].
The simplest such approximation is the local density approximation (LDA),

𝐸LDAxc [𝑛] = ∫ d𝒓 𝑛(𝒓) 𝜖LDAxc (𝑛(𝒓)), (3.12)

where 𝜖LDAxc is the exchange–correlation energy density of a homogeneous electron gas
with density 𝑛(𝒓) [56, 59]. This approach is motivated by the fact that valence electrons
of metals with nearly free electrons often behave similarly to a homogeneous electron
gas.

Another family ofXC functionals is basedon thegeneralized-gradient approximation
(GGA)

𝐸GGAxc [𝑛] = ∫ d𝒓 𝑛(𝒓) 𝜖GGAxc (𝑛(𝒓), |∇𝑛(𝒓)|), (3.13)

which introduces a dependence on the density gradient, accounting for variations in
the local environment, and can thus be classified as semi-local [56, Chapter 8]. Sev-
eral such functionals exist, reyling on different approximations and parametrizations
of 𝜖GGAxc [63–65].

To include van der Waals interactions, a non-local XC functional is required. Such
functionals belong to the family of van der Waals density functionals [66–69] and have
the general form

𝐸vdW-DF
xc [𝑛] = 𝐸GGAx [𝑛] + 𝐸LDAc [𝑛] + 𝐸nlc [𝑛]. (3.14)

with an exchange term fromGGAaswell as two correlation terms corresponding to LDA
and non-local contributions. The latter contribution has the form

𝐸nlc [𝑛] = 1
2 ∫ d𝒓 d𝒓′ 𝑛(𝒓) 𝐾(𝒓, 𝒓′) 𝑛(𝒓′), (3.15)
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with a kernel function 𝐾(𝒓, 𝒓′) describing the interaction strength between the density
at two points [69, 70]. In this thesis, the vdW-DF-cx functional [68] is used due to its
excellent performance for non-magnetic transition metals in general [71] and for the
surface properties of Pd, Au, and Cu in particular [72].

3.2 Machine-learned interatomic potentials
An interatomic potential is a function that, given a set of atoms 𝑖with chemical species
𝑧𝑖 and positions 𝒓𝒊, returns the total energy 𝐸 of the system. Traditional interatomic
potentials rely on physics-based models and are typically computationally efficient but
fail to approach DFT-level accuracy. Over the past two decades, machine-learned in-
teratomic potentials (MLIPs) have emerged, using ML models trained on DFT data to
achieve high accuracy at a greatly reduced cost [73, 74]. MLIPs provide the potential en-
ergy surface of the system, as well as the forces via differentiation, and can be used in
molecular dynamics andMC simulations or as general-purpose DFT emulators.

Most MLIPs operate by transforming atomic positions and species into learnable
atomic descriptors, which are then fed into an ML model that outputs the total energy.
MLIPs can be broadly categorized as local or graph-based [74]. LocalMLIPs use descrip-
tors that describe the local environment of each atomand serve as inputs tomodels such
as a linear regressors, kernel functions, or neural networks. GraphMLIPs are based on
a graph representationwhere each atom is represented by a node and interactions by an
edge, and information is exchanged via message passing between nodes. The message
passing allows for learning the local environment of an atomwithout an explicit descrip-
tion. Graph MLIPs are generally slower than local ones, particularly when many-body
interactions are important, which requires manymessage passing steps [74].

3.2.1 Message passing atomic cluster expansion
The message passing atomic cluster expansion (MACE)¹ model combines elements of
both local and graph MLIPs [73–75]. The system is represented as a graph, with infor-
mation exchanged between nodes throughmessage passing, while the ACE descriptors
capturemany-body interactions through polynomial basis functions that efficiently en-
code the local environment.

In MACE, the state of node 𝑖 at message-passing step 𝑡 is represented by a tuple [75],

𝜎 (𝑡)𝑖 = (𝒓𝑖, 𝑧𝑖, 𝒉(𝑡)𝑖 ),

¹Note that atomic cluster expansion and cluster expansion are two different frameworks.
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where 𝒓𝑖 and 𝑧𝑖 denote the position and species of atom 𝑖, and 𝒉(𝑡)𝑖 its learnable features.
Exchanging information between nodes consists of three steps; message construction,
feature update and readout.

Duringmessage construction, a message is created for each node 𝑖 by summing over
its neighbors 𝑗,

𝑴(𝑡)
𝑖 = ∑

𝑗
𝒖1(𝜎 (𝑡)𝑖 ; 𝜎 (𝑡)𝑗 ) +∑

𝑗1,𝑗2
𝒖2(𝜎 (𝑡)𝑖 ; 𝜎 (𝑡)𝑗1 ; 𝜎 (𝑡)𝑗2 ) + ⋯ + ∑

𝑗1,…,𝑗𝜈
𝒖𝜈(𝜎 (𝑡)𝑖 ; 𝜎 (𝑡)𝑗1 ; … ; 𝜎 (𝑡)𝑗𝜈 ), (3.16)

where 𝒖 are learnable ACE-based message functions and 𝜈 is the maximum correlation
order, effectively including interactions with body order 𝜈 + 1. Next, the messages are
used to update the features,

𝒉(𝑡+1)𝑖 = 𝑼𝑡(𝜎 (𝑡)𝑖 , 𝑴(𝑡)
𝑖 )

where 𝑼𝑡 is a learnable update function. This process of constructing messages and up-
dating features can be repeated multiple times, and each repetition creates a new layer
in the graph neural network. Multiple layers extend the receptive field of the nodes.
With one layer, the node only sees its immediate neighbors, i.e., other nodes within
a cutoff radius. With two layers, the node is affected also by the neighbors of its neigh-
bors, and soon, effectively increasing the receptivefield. After 𝑇 message-passing steps,
learnable readout functions 𝑹𝑡 map the node states to the total energy,

𝐸 = ∑
𝑖

𝑇
∑
𝑡=1

𝑹𝑡(𝜎 (𝑡)𝑖 ).

Standard graph MLIPs incorporate only two-body interactions through edges. Cap-
turing higher body order effects requires many message-passing layers to transmit in-
formation across the graph. By constructing messages with ACE descriptors, MACE
directly encodes high body order interactions with a low number of layers, resulting in
more efficient models [75].

3.3 Cluster expansions
For many crystalline systems, configurational energy and entropy are the most impor-
tant contributions to the free energy. Exhaustively sampling all possible atomic config-
urations using DFT or even a MLIP is practically impossible for relevant system sizes
in most cases. Instead, one has to choose between studying a few selected atomic con-
figurations or employ models that enable efficient sampling of the configuration space,
such as lattice-based CEs.
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3.3. Cluster expansions

ACE is a generalized Isingmodel that predicts the energy as a function of the atomic
configuration on a fixed lattice [76], based on reference data typically obtained from
DFT calculations. In this thesis, alloy CEs [76] are used to model surface segregation
and adsorption behavior of Pd-alloys in H2 and CO environments, implemented via the
open-source Python package ICET [77].

3.3.1 Definitions and formalism
In a CE, the atomic configuration is represented by a configuration vector

𝝈 = {𝜎1, 𝜎2, ..., 𝜎𝑁 },
where 𝜎𝑖 specifies the occupation of lattice site 𝑖 and 𝑁 is the total number of sites. For
a binary systemwith species𝐴 and 𝐵, 𝜎𝑖 is commonly set to 0 for species𝐴 and 1 for 𝐵.

A cluster is defined as a set of 𝑘 lattice sites. Clusters are classified by their order 𝑘 and
their geometric size, which can be defined based on the distances between sites. Clus-
ters obey the symmetry of the underlying lattice, and a group of symmetrically equiva-
lent clusters form an orbit.

For each site 𝑖, a set of𝑀 point functionsΘ𝑛(𝜎𝑖) is defined as

Θ𝑛(𝜎𝑖) =
⎧
⎨
⎩

1, 𝑛 = 0
− cos (𝜋(𝑛+1)𝜎𝑖𝑀 ) , 𝑛 odd
− sin (𝜋𝑛𝜎𝑖𝑀 ) , 𝑛 even

where𝑀 is the number of allowed species on the site and 𝑛 = 0, 1, … ,𝑀 − 1 is the point
function index. The point functions form a complete, orthogonal basis of the configura-
tion space [78] with basis functions

Π𝜶 (𝝈) = Θ𝑛1(𝜎1)Θ𝑛2(𝜎2) ⋅ ⋅ ⋅ Θ𝑛𝑙 (𝜎𝑙),
where 𝜶 = {𝑛1, 𝑛2, … , 𝑛𝑁 } assigns a point function index to each site. For binary alloys,
𝑛𝑖 takes the value 1 for all sites belonging to the cluster and 0 elsewhere, ensuring that
only sites in the cluster contribute. Formulticomponent systems with𝑀 species, 𝑛𝑖 can
take values 1, 2, … ,𝑀 − 1 for sites included in the cluster. Different index permutations
produce multiple basis functions Π(𝑠)𝜶 (𝝈) associated with the same cluster 𝛼, where (𝑠)
indicates the corresponding point function index.

Any function 𝑓 of the configuration (most often the energy) can be expanded exactly
as

𝑓 (𝝈) = 𝑓0 +∑
𝜶,𝑠

𝑓 (𝑠)𝜶 Π(𝑠)𝜶 (𝝈),

where 𝑓 (𝑠)𝜶 are the contributions fromnon-zeroorder clusters and 𝑓0 is the configuration
independent zeroth order contribution [76]. In practice, the number of included orbits
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Chapter 3. Atomistic modeling

has to be truncated by imposing upper limits for the cluster order and size. Using lat-
tice symmetry, the sum over all clusters can be reduced to a sum over all orbits, each
represented by one of its clusters 𝜶 , and the averaged basis function over all clusters 𝜶 ′
in the orbit,

𝑓 (𝝈) = 𝐽0 +∑
𝜶,𝑠

𝑚𝜶 𝐽 (𝑠)𝜶 ⟨Π(𝑠)
𝜶 ′ (𝝈)⟩𝜶 . (3.17)

Here, 𝑚𝜶 is the multiplicity of the orbit containing 𝛼 and the energetic contributions
have been replaced by the effective cluster interactions (ECIs) 𝐽 (𝑠)𝜶 .

For systems where the allowed species differ across sites, a CE consisting of multiple
sublattices can be constructed. For the alloy–adsorbate systems studied in this thesis,
this corresponds to one sublattice for the metal slab and one for the adsorbates, where
the latter can be occupied by adsorbates or vacancies to represent different coverages.

3.3.2 Cluster expansion construction
A CE is constructed by determining the optimal ECIs based on reference data 𝒇 =
[𝑓1(𝝈1), 𝑓2(𝝈2), …]𝑇 for a set of selected atomic configurations {𝝈1, 𝝈2, …}. The reference
data is typically obtained from first-principles calculations. Although the CE models
an ideal lattice, the reference structures often have fully relaxed atomic positions and
cell sizes. The structures are then rescaled andmapped onto the ideal lattice, effectively
incorporating relaxation effects into the lattice model.

To find the optimal ECIs, represented by the vector 𝑱 = [𝐽0, 𝐽1, 𝐽2, …]𝑇 (the index 𝑠 is
omitted for brevity), Eq. (3.17) is rewritten as a linear problem

𝒇 = 𝜫𝑱 . (3.18)

Each row𝜫𝑖 of the sensingmatrix𝜫 contains the averaged basis functions for all orbits
multiplied by their multiplicities, and is referred to as a cluster vector,

𝜫𝑖 = [1, 𝑚𝜶1⟨Π𝜶 ′1 (𝝈𝑖)⟩𝜶1 , 𝑚𝜶2⟨Π𝜶 ′2 (𝝈𝑖)⟩𝜶2 , …]. (3.19)

Solving the linear problem is equivalent to finding

𝑱opt = argmin
𝑱

{‖𝜫𝑱 − 𝒇 ‖22 + 𝑱 𝑇𝜦𝑱 + ‖𝑴𝑱 ‖1} , (3.20)

which includes standard ℓ2 (𝜦) and ℓ1 (𝑴 ) regularization terms. Different choices of 𝜦
and𝑴 correspond to different regression methods. The unregularized ordinary least-
squares solution is obtained by setting 𝜦 = 𝑴 = 0. Setting 𝜦 = 0 and𝑴 = 𝛼𝑰 yields
the least absolute shrinkage and selection operator method [79]. Conversely, choosing
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3.3. Cluster expansions

𝜦 ≠ 0 and𝑴 = 0 corresponds to different variations of ridge regression, with the stan-
dard ridge approach obtained by 𝜦 = 𝛼𝑰 , Bayesian ridge by Λ𝑖𝑗 = 𝛿𝑖𝑗𝜆𝑖 and automatic
relevance detection regression by extendingBayesian ridge regressionwith hyperpriors
for𝜆𝑖 and subsequent pruning [80]. Regularizationgenerally produces sparserECIs and
is often essential for obtaining stable CEs, as further discussed in Paper I.

3.3.3 Improving cluster expansions with physical intuition
For low symmetry systems, such as surfaces, the number of ECIs can become very large,
making data-efficient fitting challenging. Paper I introduces several strategies for ad-
dressing this issue, including coupling of similar orbits and applying weights and con-
straints to improve the prediction of specific properties. Below, two approaches for in-
corporating physical intuition into the CE construction process are presented.

3.3.3.1 Exploiting local symmetries

For a bulk binary alloy with a simple face-centered cubic (FCC) structure, the primitive
cell consists of a single site. Consequently, the list of orbits includes one singlet, one
nearest neighbor-pair, and so forth. For a surface slab of the same alloy, however, the
primitive cell consists of one site per atomic layer. This creates several symmetrically
inequivalent singlets and nearest neighbor-pairs. For example, the nearest neighbor-
pair between layers 𝑖 and 𝑖+1 is not equivalent to thepair between layers 𝑖+1 and 𝑖+2, and
as a result they will be represented by different ECIs. However, if the slab is sufficiently
thick and layer 𝑖 lies far from the surface, the behavior of these pairs should nevertheless
be similar and approach that of the single nearest neighbor-pair in the bulk.

This observation motivates the introduction of local symmetries that couple orbits
with matching order and geometric radii that are expected to behave similarly despite
not being strictly symmetrically equivalent. By merging coupled orbits, the number of
ECIs is reduced. In Paper I – III, this approach is successfully applied to Pd-alloy sur-
faces with adsorbates. In Paper III, the approach is further extended by training bulk
ECIs separately for a bulk system, enabling a consistent bulkdescriptionacrossmultiple
CEs representing different surface orientations.

3.3.3.2 Bayesian cluster expansion

A more general framework for incorporating physical intuition is through a Bayesian
CE,where prior beliefs about the systemare encoded viaBayesianpriors [81–83]. Below,
this approach is introduced based on Ref. 81.

Assuming Gaussian priors for the ECIs yields the posterior distribution

𝑃(𝒘|𝑿) ∝ ∏
𝛼

𝑒−𝑤2𝛼/2𝜎2𝛼 ∏
𝛼,𝛽≠𝛼

𝑒−(𝑤𝛼−𝑤𝛽 )2/2𝜎2𝛼𝛽 .
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Thefirst product controls themagnitude of theECIs via 𝜎𝛼 , the prior standarddeviation,
which can be parametrized to, for example, yield decreasingECIwith increasing cluster
size or order. The second product introduces coupling between orbits through 𝜎𝛼𝛽 , the
inverse coupling strength between orbits 𝛼 and 𝛽. By decreasing 𝜎𝛼𝛽 for orbits that are
believed to be similar, the effect will be similar to that of merging.

The priors enter the linear regression problem (Eq. (3.20)) via the regularization ma-
trix 𝜦, extending the standard Bayesian ridge formulation. The resulting matrix has
diagonal elements

Λ𝛼𝛼 = 𝜎2
𝜎2𝛼

+ ∑
𝛽≠𝛼

𝜎2
𝜎2𝛼𝛽

,

and off-diagonal elements

Λ𝛼𝛽 = Λ𝛽𝛼 = − 𝜎2
𝜎2𝛼𝛽

,

where 𝜎 is a scaling constant.

3.3.4 Training data generation
Thepredictive accuracy of a CE depends strongly on the atomic configurations included
in the training set. Configurations that are poorly represented during training will be
associatedwith a larger error in the predicted energy. Increasing the size of the training
set typically improves accuracy and reduces the risk of overfitting, but doing so requires
additional costly DFT calculations. It is therefore important to select structures with
care.

Many different approaches to structure selection for CEs have been proposed [83–
90]. Randomgeneration is conceptually simple but often inefficient, asmany randomly
drawn configurations share similar cluster vectors (Eq. (3.19)), limiting the information
gained and leading to poorly conditioned regression problems (Eq. (3.18)). For systems
with small unit cells, all symmetrically distinct structures up to a given size can be enu-
merated [85, 86], but this becomes infeasible for larger unit cells since the number of
structures quickly becomes unmanageable. In the following, two approaches to struc-
ture generation are presented.

3.3.4.1 Active learning

Active learning refers to the iterative process of training intermediatemodels used to ex-
pand the training set by identifying structures that are of particular importance for the
problem. That could, for example, include structures close to the ground state [87, 89],
structures that minimize the variance of the predicted property [84, 88, 89], or struc-
tures associatedwith largemodel uncertainty [90]. Active learning is widely used inML
as it provides a pragmatic and flexible strategy for improving model accuracy.
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3.4. Monte Carlo simulations

3.3.4.2 Orthogonalization of cluster vectors

A compelling idea is to generate a training set where each structure contributes with
as much new information as possible, by aiming for structures with orthogonal cluster
vectors [83]. In Ref. [83], the following iterative algorithm is proposed

1. Generate a random cluster vector.

2. Orthogonalize this vector with respect to the cluster vectors of all previously se-
lected structures.

3. Identify the structure whose cluster vector most closely matches the orthogonal-
ized vector and add it to the training set.

When bench-marked against other methods for the bulk system in Paper I, this ap-
proachwas outperformed. This is likely due to correlations between the elements of the
cluster vectors making it impossible to obtain a sensing matrix with perfectly orthog-
onal rows. For the surface systems modeled in Paper II and Paper III, however, this
approach was adopted formost of the structures (Paper II) or as a starting point for fur-
ther structure generation (Paper III) with good results.

3.4 Monte Carlo simulations
CEs are often sampled with MC simulations to obtain thermodynamic information
about the system. MCmethods form a broad class of algorithms that use random sam-
pling to evaluate deterministic properties [91, Chapter 10]. For alloymodeling,MC sim-
ulations, and specifically theMetropolis algorithm [92], provide an efficient way to sam-
ple the vast configuration space and obtain thermodynamic averages such as free ener-
gies, site occupancies, or order parameters.

The probability of a specific atomic configuration 𝝈 is

𝑝(𝝈) = 1
𝑍 exp [−Φ(𝝈)𝑘𝐵𝑇

] , (3.21)

where 𝑍 is the partition function, Φ is the thermodynamic potential associated with
the chosen thermodynamic ensemble (introduced in the following sections), 𝑘𝐵 is the
Boltzmann constant, and 𝑇 is the temperature. A simulation starts from an initial su-
percell with an arbitrary atomic configuration. At each step, the system is subjected
to a trial step where the atomic configuration undergoes some random change, for in-
stance, swapping the atomic species of two lattice sites. The probabilities (Eq. (3.21)) of
the atomic configuration before (𝝈1) and after (𝝈2) the swap are compared. If the ratio
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between the latter and the former is larger than a uniform random number 𝜉 ∈ (0, 1),
𝑝(𝝈2)
𝑝(𝝈1)

> 𝜉 , (3.22)

the new configuration (𝝈2) is accepted, otherwise the system remains in the old configu-
ration (𝝈1). Note that the partition function𝑍 never has to be calculated explicitly. With
this algorithm, lower energy configurations are always accepted, while higher energy
configurations are accepted only sometimes, which enables exploration of low energy
configurations without becoming trapped in local minima. Quantities of interest are
recorded during the simulation, and because configurations are sampled according to
Eq. (3.21), the resulting averages correspond to ensemble averages.

The choice of thermodynamic ensemble, which determines the thermodynamic po-
tential in Eq. (3.21), depends on the properties of the system. For example, an isolated
systemwith a constant number of particles, volume, and energy is described by the mi-
crocanonical ensemble. In themicrocanonical ensemble, amacrostate is defined by the
values of the constant macroscopic variables (𝑁 , 𝑉 , 𝐸). A macrostate generally corre-
sponds tomultiplemicrostateswith varying probabilities. During aMC simulation, the
system changes between differentmicrostates while remaining in the samemacrostate.
In the following, two thermodynamic ensembles relevant to this thesis are presented.

3.4.1 The canonical ensemble
The canonical ensemble represents a system at constant volume 𝑉 with a fixed number
of atoms of each species 𝑁𝑖 (where 𝑖 is the atomic species) in contact with an infinite
thermal reservoir at constant temperature 𝑇 . Amacrostate in the canonical ensemble is
thus described by (𝑁𝑖, 𝑉 , 𝑇 ). The thermodynamic potential, which determines the prob-
ability of a microstate, corresponds to the internal energy.

In this thesis, the internal energy is represented by the configurational energy pre-
dicted by the CEs while other contributions, such as vibrations, are neglected. The mi-
crostate is then determined by the atomic configuration 𝝈 and the probability is

𝑝C(𝝈) = 1
𝑍 exp [−𝐸(𝝈)𝑘𝐵𝑇

] , (3.23)

where 𝐸 is the configurational energy obtained, for example, from a CE. Since the num-
bers of particles of each species are constant, the atomic concentrations are fixed, and
a suitable trial step consists of swapping the species of two sites.

3.4.2 The semi-grand canonical ensemble
In the semi-grand canonical (SGC) ensemble, the total number of atoms𝑁 , the volume
𝑉 and the temperature 𝑇 are constant. The difference from the canonical ensemble is
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that the number of atoms per species,𝑁𝑖, can vary (under the condition that𝑁 = ∑𝑖 𝑁𝑖)
while the chemical potential difference Δ𝜇𝑖 = 𝜇1 − 𝜇𝑖 (for each species 𝑖 > 1 in relation
to the first species) is constant [93]. Fixing the chemical potential difference effectively
controls the average concentrations during a MC simulation. The SGC ensemble thus
represents a system in contact with an infinite reservoir with fixed temperature and
chemical potential differences, such that both energy and atoms can be exchanged, and
amacrostate is described by (𝑁 , Δ𝜇𝑖, 𝑉 , 𝑇 ).

The probability of a microstate in the SGC ensemble is defined as

𝑝SGC(𝝈) = 1
𝑍 exp [−𝐸(𝝈) + ∑𝑖>1 Δ𝜇𝑖𝑁𝑖

𝑘𝐵𝑇
] , (3.24)

where 𝐸 is the configurational energy and the second term is associated to the potential
energy related to the chemical potentials. A trial step consists of changing theoccupancy
of one site.

The SGC ensemble has two main advantages over the canonical ensemble. First, the
control of Δ𝜇𝑖 allows for efficient sampling over the entire concentration range and the
free energy can be obtained by integration of the thermodynamic relation

Δ𝜇𝑖 = − 1
𝑁

𝜕𝐹
𝜕𝑐𝑖

, (3.25)

which is convenient for, for example, phase diagram construction. Second, for surface–
adsorbate systems, knowledge of the chemical potential 𝜇𝑖(𝑇 , 𝑝𝑖) provides a link to the
corresponding partial pressure 𝑝𝑖 (Eq. (2.7)).
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4
Segregation and adsorption

on Pd-alloy surfaces

I want to break free

Queen

PlasmonicH2 sensingbeginswithHadsorbing to the surface. Therefore, understand-
inghow the atomic configuration and the presence of competing gas species affectHad-
sorption is essential. Here, the modeling framework described in Chapter 3 is applied
to Pd-alloy surfaces exposed to different gas environments to study surface segregation
and adsorption. The first objective is to determine how the environment influences sur-
face segregation tendencies, an aspect that is crucial for optimizing fabrication condi-
tions and ensuring long-term stability. The second objective is to quantify howdifferent
alloy surfaces affect the CO–H coadsorption behavior, which is central to understand-
ing CO poisoning.

4.1 Adsorption and segregation in simple systems
Qualitative insights regarding the surface segregation tendencies of alloys can be ob-
tained by studying pure metal and dilute alloy surfaces. Figure 4.1a shows the segrega-
tion energies associated with a single Au or Cu atom positioned in different atomic lay-
ers of a Pd surface slab with a 2 × 2 surface supercell and 10 layers. In vacuum, Au shows
a strong preference for the surface. This is in line with the general segregation predic-
tors presented in Sect. 2.2, due to the lower surface energy and larger lattice parameter
(Fig. 4.1c) of Au compared to Pd. For the case of Cu in Pd in vacuum, the segregation
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Figure 4.1: Surface properties relevant for adsorption and segregation. (a) Segregation energies
for Pd-{111} alloyed with Au or Cu in the dilute limit, in vacuum or with a monolayer of H or
CO adsorbed to the FCC surface site, obtained from DFT in Paper III. (b) Adsorption energies
for 25 % surface coverage of H or CO at the energetically favorable {111}-FCC site on Pd, Cu, and
Au, obtained fromDFT in Paper III. (c) Surface energies and lattice parameters 𝑎lat from Ref. 72
calculated with density-functional theory (DFT) using the same functional and general settings
as in the work of this thesis, and experimentally measured surface energies from Ref. 94. (d) H
absorption path in Pd-{111} with relaxed site energies and (NEB) kinetic barriers calculated with
the MACEmodel in Paper III.

tendencies are notably weaker than for Au with a small preference for Pd at the surface
and Cu in the second atomic layer. With CO orH adsorbed to the surface, Pd is strongly
preferred in the surface layer, also in line with the discussion in Sect. 2.2, due to the
strong adsorption between these species and Pd (Fig. 4.1b).

Figure 4.1d shows the energetics of a H atom adsorbing to a Pd surface and migrat-
ing into the bulk. The site energies and kinetic barriers are obtained from structural
relaxation and nudged elastic band (NEB) [95–97] calculations via the message passing
atomic cluster expansion (MACE) model in Paper III. Here, the H chemical potential
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4.1. Adsorption and segregation in simple systems

(shown to the left) can be viewed as the controller of the H absorption process. Increas-
ing the chemical potential (i.e., increasing the pressure)will first fill the adsorption sites
at the surface. Upon further increase, the first octahedral (subsurface) site will be filled,
and lastly the subsequent octahedral sites all the way into the bulk. Although this thesis
is limited to the adsorption of H, this picture is useful to have in mind in the following
discussion.

4.1.1 From chemical potential to pressure
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Figure 4.2: Converting the chemical potential to partial pressure for PdwithH (upper panel) and
CO (lower panel) adsorbed to the surface. The first column shows the adsorbate coverages as a
function of the chemical potential based onMonte Carlo (MC) simulations at 300K. The second
column shows experimental records of adsorbate coverages as a function of the partial pressure
[98–106], aswell as theMC simulated coverages after converting to partial pressure based on the
reference chemical potential 𝜇0 shown in the third panel. The reference chemical potential 𝜇0 is
either from thermodynamical tables (JANAF) [53], modeling of the bulk Pd–H system [107] (Bulk
fit, for H specifically) or from a fit of the data from the first two columns (Fit).

The cluster expansion (CE)-MC framework of this thesis can provide adsorbate cov-
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erages as a function of the involved chemical potentials. In order to relate such results
to reality, a conversion between chemical potential and partial pressure is necessary. A
conceptually simple approach is to use JANAF thermodynamical tables [53] to calculate
the gas phase free energy entering in the reference chemical potential 𝜇0 (Eq. (2.8)). This
is one of the approaches considered for H and CO in Paper III, with an additional con-
stant correction factor to account for the typical error in adsorption energy compared
to experimental measurements (Fig. 4.2). A limitation of this approach is the notorious
difficulty in achieving quantitative agreement betweenfirst-principles calculations and
experiments [108], as well as the lack of vibrational free energy contributions from the
adsorbates. For both H and CO on Pd, the resulting pressure-converted MC-simulated
coverages are underestimated compared to the experimental records, when using the
JANAF data (Fig. 4.2).

Another approach is to use experimental data of the observable of interest as a refer-
ence point. For example, one can use information about the surface coverage (Fig. 4.2),
in which case any relevant vibrational contributions should be included in 𝜇0. This
approach relies on the availability of such experimental data, and for Pd:H, in partic-
ular, few observations are available at the relevant coverages, temperatures and pres-
sures. Furthermore, the plateau pressure of the Pd–H bulk system can be considered,
for which a lot more experimental data is available [107]. While such an approach accu-
rately recovers the plateau pressure for the Pd–H bulk system, surface-specific adsor-
bate effects are not taken into account. Compared to the other two approaches, the 𝜇0
obtained in this fashion shifts the H uptake to lower pressures. Based on further anal-
ysis of the results below (Sect. 4.2), it appears that this last approach yields the most
reliable conversion for the case of H.

This comparison illustrates that converting the chemical potential to partial pressure
is inherently difficult and is associated with large uncertainty Already an error of 0.1 eV
in the reference chemical potential, which is comparable with the typical uncertainty
of adsorption energy calculations at the DFT level, leads to several orders of magnitude
uncertainty in the pressure. Still, pressure conversion is a crucial aspect in order to
relate simulated results to reality.

4.2 Surface segregation of Pd-alloys in H2

In Paper II, the surface segregation behavior of PdAu- and PdCu-alloys in different H2
environments is studied. The atomic configuration, both alloyants and adsorbates, are
allowed to fully equilibrate to study the surface state in equilibrium with its environ-
ment. This corresponds to the effect of long-term storage in a constant environment,
or annealing at high enough temperatures to overcome kinetic barriers on reasonable
timescales.

The Pd–Au system exhibits strong segregation of the first atomic layer, shifting
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Figure 4.3: H-induced segregation at 300K for PdAu (upper panel) and PdCu (lower panel) {111}
surfaces. Indicated to the right are the approximate pressure regions corresponding to ambient
(6 × 10−5 bar [109]), operating (1mbar–100mbar H2 [110, 111]) and UHV (∼10−12 bar) conditions
where the spread stems from the different 𝜇0 values in Fig. 4.2.

abruptly from at least 75 % Au and no H adsorption to 100 % Pd and 100 % H coverage
at a threshold H chemical potential. These findings are in line with the trends expected
based on the principles described above, as well as the literature for PdAu surfaces in
vacuum [39, 112–119] and in H2 [117, 119–121].

Because of the uncertainty associated with the pressure conversion (Sect. 4.1.1), the
estimated pressure intervals corresponding to operating and ambient conditions both
span over the shift in segregation behavior, in the limit of high Pd bulk concentration.
According to Fig. 4.3, however, H adsorbs on PdAu at approximately 𝜇H = −0.4 eV and
the onset for H absorption is expected a few tenths of an eV above this value (Fig. 4.1d).
This suggests that the upper ends of the estimated pressure ranges are more realistic,
since that places the operating range (where H clearly absorbs) at 𝜇H = −0.2 eV. That
would place the system at ambient conditions right above the transition to Pd-rich and
H-covered.

For the Pd–Cu system, the shift in segregation tendencies is more gradual. Three
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Chapter 4. Segregation and adsorption on Pd-alloy surfaces

separate regions can be identified. For high H coverages, the first and second atomic
layers are dominated by Pd, similar to the case of Pd–Au. At moderate H coverages,
however, a very slight excess of Cu in the first and second layers is observed in the Pd-
rich bulk composition limit. With noH adsorbed, the surface is again dominated by Pd
while the second atomic layer sees a strong surplus of Cu.

This non-trivial behavior is interesting in the light of an apparent discrepancy in the
literature regarding segregation of the Pd–Cu system in vacuum. Many experimental
studies find Pd enrichment in the surface region (∼6 layers), but Cu enrichment in the
topmost surface layer(s) [122–124]. While one computational study supports this [125],
the majority of theory-based work reports the opposite behavior with a slight enrich-
ment of Pd in the topmost surface layer [39, 112, 113, 119], at least for low Cu concen-
trations [117, 126]. For the Pd–Cu system in a H2 environment, the literature includes
findings of a Pd enrichment at the surface [117, 127] and Pd depletion at the surface for
high Cu concentrations [128, 129].

The discrepancy of the segregation behavior in vacuum is primarily between theoret-
ical and experimental work, and could be attributed to lacking resolution of experimen-
tal techniques and systematic errors in the computational methods. The findings of
Paper II suggest an alternative explanation, where the experimental ultra-high vacuum
(UHV) conditions correspond to the region with Cu surplus at the surface, while com-
putational work considers “true” vacuum, which is associated with a Pd surplus at the
surface.

4.3 Competing H and CO adsorption on Pd-alloys
InPaper III, the coadsorptionofHandCOonPdAuCusurfacesunder realistic operating
conditions is studied, meaning timescales that allow for equilibration of the adsorbate
coverage while leaving the alloy configuration unchanged. The alloy configurations are
obtained fromMC simulations at elevated temperatures with varyingH coverage,mod-
eling the experimental procedure of annealing in H2 [35, 36]. Subsequently, the config-
uration is kept fixed while runningMC on the adsorbate sublattice at 300K. This proce-
dure results in surface phase diagrams (SPDs) of theH andCO coverage as a continuous
function of their respective chemical potentials, in analogy to the one-dimensional dis-
crete SPD of Fig. 2.4.

Figure 4.4 shows SPDs for various annealing conditions and alloy compositions. For
Pd75Au25, the amount of CO and H adsorbed increases with the H coverage during an-
nealing (Fig. 4.4a-c), approaching the limit of the pure Pd surface (Fig. 4.4d). This is a
direct consequence of an increase in the amount of Pd at the surface with increasing H
coverage during annealing, which favors CO and H adsorption.

When introducing Cu and varying the alloy composition (Fig. 4.4e–g), the SPD re-
mains almost identical to that of Pd75Au25 (Fig. 4.4c). In Paper III it is shown that this
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Figure 4.4: Surface phase diagram (SPD) of the CO and H coverage on PdAuCu-alloy {111} sur-
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coverage during annealing. The lower panel shows the (lack of) variation with the Cu concentra-
tion for alloys annealed with 100 %H.

is true for all considered alloy compositions and annealing conditions. Alloyingwith Au
and Cu is, however, found to increase the amount of H adsorbed in the coadsorption
limit, as can be seen in Fig. 4.4 in the lower right corner of the operating region for the
alloys annealed in 100 %H (Fig. 4.4c, e–g) compared to pure Pd (Fig. 4.4d) as well as in
Fig. 4.5a. This observation could explain why alloying in general is successful in reduc-
ing CO poisoning [35, 36].

The experimentally observed mitigating effect of Cu, specifically, on CO [35, 36] is
not apparent from adsorption thermodynamics alone (Fig. 4.5a). The measured opti-
cal response in a mixture of CO and H2 reveals that CO poisoning greatly affects the H

37



Chapter 4. Segregation and adsorption on Pd-alloy surfaces

Pd

H2 + COH2 H2 + COH2 H2 + COH2

O
pt

ic
al

 re
sp

on
se

Time

Pd75Au25 Pd70Au25Cu5

H + CO

𝜃 H
= 5

0%

𝜃CO= 50%

−0.75       −0.50       −0.25       −0.00
−2.5

−2.0

−1.5

−1.0

Chemical potential 𝜇H (eV)

Annealed in 50% H

C
he

m
ic

al
 p

ot
en

tia
l 𝜇

C
O
 (e

V)

Pd
Pd75Au25

Pd65Au25Cu10 −0.6

−0.4

−0.2

0.0

0.2

En
er

gy
 (e

V)

Au in layer 1
Au in layer 2
Au in layer 3
Pure Pd

Cu in layer 1
Cu in layer 2
Cu in layer 3
Pure Pd

O1surf. O2 O3 O4surf. O1 O2 O3

Au in Pd Cu in Pd
a) H–CO coadsorption b) Kinetic barriers in dilute alloys

c) Suggested CO poisoning behavior

Figure 4.5: (a)The 50 % coverage contour lines from the SPDs for Pd, Pd75Au25, and Pd65Au25Cu10,
with the H–CO coadsorption region highlighted in pink. (b) Change in site energies and kinetic
barriers when introducing a single Au or Cu atom in atomic layers 1, 2, or 3 of a Pd slab with a
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absorption kinetics without Cu, motivating studies of the associated kinetic barriers.
Figure 4.5b shows the energy landscape for H absorption and migration for a 10-layer
Pd slabwith a 3×4 surface supercell, with a single Au or Cu atomplaced in atomic layers
1, 2, or 3, respectively. Clearly, passing a Au atom is associated with a large increase in
the initial and final site energy as well as the associated kinetic barrier, while a single
Cu atom has a minimal effect on the Hmigration energetics, compared to pure Pd.

Based on the results for coadsorption behavior and kinetic barriers, the following hy-
pothesis can be formulated (Fig. 4.5c). For pure Pd, the surface is completely blocked
by CO under operating conditions. For the alloys, the surface is only partially blocked,
allowing some H to adsorb. H still needs to absorb through the surface, and the bar-
riers associated with this process will depend on the local chemical environment. It is
thus suggested that the presence of Cu in the surface region provides viable paths for H
absorption when the most favorable paths are blocked by CO.
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Part II

Optical properties of Pd nanoalloys
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5
Plasmonic resonances
of metal nanoparticles

Mmmnum ba de
Dum bum ba be

Doo buh dum ba beh beh

Queen

H2 sensing relies not only on efficient H uptake, but also on the H-induced shift in
optical response. In this chapter, the optical response of metal nanoparticles (NPs) is
described within the framework of classical electrodynamics. Starting from the dielec-
tric function (DF), the mechanisms behind the formation of localized surface plasmon
resonances (LSPRs) and surface lattice resonances (SLRs) are explained.

5.1 The dielectric function
The intrinsic optical properties of a material are encoded in its dielectric function (DF).
This includes electronic and ionic excitations, aswell as various types of electron scatter-
ing [28, Chapter 9]. If the DF is known, it can be applied in classical frameworks such
as Mie theory or electrodynamic simulations to study macroscopic optical properties
based on the atomistic quantummechanical properties of thematerial. To qualitatively
connect the DF to the underlying physical phenomena, the classical Drude and Lorentz
models provide a useful foundation.
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TheDrudemodel [28, Chapter 9],

𝜀(𝜔) = 1 − 𝜔2𝑝
𝜔2 + 𝑖𝛾𝜔 , (5.1)

describes the optical properties of a free-electron system (Fig. 5.1). Despite its simplic-
ity, it captures key physical phenomena. The plasma frequency, 𝜔2𝑝 = 𝑛𝑒2

𝑚∗𝜀0 , depends
on the free-electron density 𝑛 and the effective mass 𝑚∗ (with the elementary charge 𝑒
and the vacuum permittivity 𝜀0 as constants), and corresponds to the bulk plasmon fre-
quency. A Drude metal is highly reflective at frequencies below 𝜔𝑝, typically covering
the visible spectrum. Above 𝜔𝑝, the DF approaches the permittivity of vacuum, and the
metal becomes transparent. The damping constant, 𝛾 = 𝜏−1, is the inverse of the av-
erage time 𝜏 between collisions of electrons with other electrons, defects, or phonons,
with phonon scattering dominating at ambient temperatures. Together, 𝜔𝑝 and 𝛾 de-
termine the electrical conductivity, 𝜎DC = 𝜀0𝜔2𝑝𝛾−1.

The Lorentz model [28, Chapter 9],

𝜀(𝜔) = 1 + 𝜔2𝑝
𝜔20 − 𝜔2 − 𝑖𝛾𝜔 ,

describes the optical response of a harmonic oscillator with resonance frequency 𝜔0,
where the oscillator represents a bound electron or ion (Fig. 5.1). At resonance, Im 𝜀 in-
creases, leading to higher absorption, followed by an increase in reflectance at slightly
higher frequencies due to a dip in Re 𝜀. Far from resonance, the material behaves like
vacuum. Note that setting the resonance frequency, or equivalently the spring constant,
to zero reduces the model to the Drude case (Eq. (5.1)).
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Neither the Drude nor the Lorentz model alone fully capture the optical response of
realmetals. Inmost cases, the optical properties depend on both free and localized elec-
trons, with the latter represented by multiple oscillators of different frequencies and
amplitudes. The DF can then be modeled by a combination of the Drude and Lorentz
models, the Drude–Lorentz model [28, Chapter 9],

𝜀(𝜔) = 1 − 𝜔2𝑝
𝜔2 + 𝑖𝛾𝜔 +∑

𝑗

𝜔2𝑝,𝑗
𝜔20,𝑗 − 𝜔2 − 𝑖𝛾𝑗𝜔

, (5.2)

where the sum runs over all relevant Lorentz-type contributions (Fig. 5.1). In such met-
als, the optical response depends on how the bound-electron resonances are spectrally
positioned relative to the free-electron behavior. This interplay gives rise to the charac-
teristic colors of different metals.

Figure 5.2 shows the dielectric functions of Pd, Au, and Ag calculated using time-
dependent density-functional theory (TDDFT) in Ref. 130. Au and Ag exhibit similar
DFs, characterized by a sharp Drude peak below 1 eV and an increase in the imaginary
part near 2 eV for Au and 4 eV for Ag, corresponding to the d-band onset, i.e., the dis-
tance between the upper edge of the d-band and the Fermi level [130]. For Pd, the imag-
inary part of the DF is qualitatively different because the d-band edge lies slightly above
the Fermi level [130], enabling d-band transitions even at thermal energies. As a result,
the imaginary part remains large over a broad energy range, with no distinct separation
between the Drude peak and d-band transitions.

Differences in the imaginary part of the DF is crucial for LSPRs, which, as will be
discussed in Sect. 5.2, occur when Re 𝜀 is negative (specifically below −2 for oblate el-
lipsoids). A large Im 𝜀 at the LSPR frequency leads to strong absorption losses causing
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broadening of the resonance. Consequently, Ag and Au generally exhibit stronger and
narrower LSPRs than Pd.

Metals can also exhibit spectrally localized interband transitions, corresponding to
single oscillators that produce pronounced Lorentz-like features in the DF [131, 132].
These transitions cause an increase primarily in absorption, resembling a LSPR, but
differ in that they are bulk phenomena independent of the environment or geometry.
When an interband transition lies spectrally close to a LSPR, the two can couple, lead-
ing to avoided-crossing behavior [131, 132].

5.2 Localized surface plasmon resonances
A plasmon is a collective oscillation of free electrons driven by an external electric field.
In aNP, spatial confinement gives rise to a distinct plasmonmode, the localized surface
plasmon resonance (LSPR), in which free electrons oscillate collectively between oppo-
site sides of the particle, producing an internal oscillating field. The spectral position
and width of the LSPR depend on the material, size, shape, and surroundingmedium.

The LSPR can be described within classical electrodynamics. The polarizability 𝛼(𝜔)
of a material is defined as

𝛼(𝜔) = 1
𝜀𝑚

𝒑(𝜔)
𝑬(𝜔) ,

where 𝑬 is the total electric field, 𝜀𝑚 is the relative permittivity of the surrounding
medium, and 𝒑 is the induced dipole moment. If the polarizability is known, the ab-
sorption, scattering, and extinction cross sections follow as

𝜎abs(𝜔) = 𝑘 Im 𝛼(𝜔)
𝜎sca(𝜔) = 𝑘4

6𝜋 |𝛼(𝜔)|2

𝜎ext(𝜔) = 𝜎abs(𝜔) + 𝜎sca(𝜔),
(5.3)

where 𝑘 is the wavenumber of the electric field.
Many NP shapes can be approximated as ellipsoids, for which the polarizability can

be calculated exactly [28, Chapter 5]. Although this approachhasmanybenefits, its com-
plex form limits intuitive interpretation, can be computationally demanding, and can-
not be easily extended to interacting particles. In the following, two simplistic models
based onMie theory are presented, which yield good agreement with the full theory for
small particles and facilitate building physical intuition about the nature of LSPRs.

5.2.1 The quasistatic approximation
The quasistatic approximation of Mie theory assumes that for a NP much smaller than
the wavelength, the electromagnetic field is effectively static and homogeneous across

44



5.2. Localized surface plasmon resonances

the NP at any given time. Under this approximation, the polarizability of a sphere is
given by [28, Chapter 5]

𝛼QS(𝜔) = 3𝑉 𝜀(𝜔) − 𝜀𝑚
𝜀(𝜔) + 2𝜀𝑚

, (5.4)

where 𝜀(𝜔) is the DF of the sphere and 𝜀𝑚 is the relative permittivity of the surround-
ingmedium. The LSPR corresponds to themaximum in extinction, or equivalently, the
maximum in polarizability (Eq. (5.3)). If Im 𝜀(𝜔) is small or at least slowly varying, the
resonance condition becomes

Re 𝜀(𝜔) = −2𝜀𝑚. (5.5)

A similar expressioncanbederived for small ellipsoids. Foranellipsoidwith semiaxes
𝑏𝑥 , 𝑏𝑦 , and 𝑏𝑧, the polarizability along a principal axis 𝑏𝑖 is given by [28, Chapter 5]

𝛼QS,𝑖(𝜔) = 𝑉 𝜀(𝜔) − 𝜀𝑚
𝐿𝑖(𝜀(𝜔) − 𝜀𝑚) + 𝜀𝑚

, (5.6)

where 𝐿𝑖 is the geometrical factor

𝐿𝑖 = 1
2𝑏𝑥𝑏𝑦𝑏𝑧 ∫

∞

0
𝑑𝑞 [(𝑏2𝑖 + 𝑞)√(𝑏2𝑥 + 𝑞)(𝑏2𝑦 + 𝑞)(𝑏2𝑧 + 𝑞)]

−1
,

which satisfies the relation
𝐿𝑥 + 𝐿𝑦 + 𝐿𝑧 = 1. (5.7)

Maximizing the polarizability yields the resonance condition for an ellipsoid

Re 𝜀(𝜔) = 𝜀𝑚 (1 − 1
𝐿𝑖
) . (5.8)

Note that for a sphere, all geometrical factors are equal, 𝐿𝑖 = 1
3 , and Eq. (5.8) reduces to

Eq. (5.5).
For the purposes of this thesis, nanodisks are of interest which are characterized by

their radius 𝑟 and height ℎ. These can be approximated as oblate spheroids (𝑏𝑥 = 𝑏𝑦 =
𝑟 > 𝑏𝑧 = ℎ/2) with the incident field polarized parallel to the 𝑥𝑦-plane. Figure 5.3 shows
extinction spectra for such ellipsoids. The resonance condition (Eq. (5.8)) indicates that
the resonance frequency depends on themagnitude of the appropriate geometrical fac-
tor 𝐿𝑖, which in turn depends on the relative sizes of the semiaxes. In this case, the
relevant factor is 𝐿𝑥 = 𝐿𝑦 = 𝐿𝑥𝑦 . As the radius 𝑟 increases, 𝐿𝑥𝑦 decreases, meaning
that for an oblate ellipsoid 𝐿𝑥𝑦 < 1/3 (Eq. (5.7)). Consequently, the resonance condition
(Eq. (5.8)) shifts to more negative values of Re 𝜀(𝜔) as the aspect ratio 𝑏𝑥𝑦/𝑏𝑧 = 2𝑟/ℎ in-
creases. This corresponds to lower photon energy, or equivalently, a longer wavelength
(Fig. 5.2), consistent with the results in Fig. 5.3.
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Figure 5.3: LSPRs for Pd and Ag oblate ellipsoids with height 20 nm, described by the quasistatic
approximation (transparent) and MLWA (opaque). The extinction is normalized with the pro-
jected disk area (∝ 𝑟2) and the quasistatic approximation for Ag is further scaled downaccording
to the legend.

Although the discussion above is not strictly valid for many real nanoplasmonic sys-
tems due to larger particle sizes, complex geometries, and non-negligible Im 𝜀(𝜔), they
provide a useful foundation for understanding the general behavior of the LSPR. In par-
ticular, they show that the LSPR peak shifts to longer wavelengths as the aspect ratio
increases.

5.2.2 The modified long-wavelength approximation
For large NPs, the quasistatic approximation becomes inaccurate because the internal
electric field within the particle becomes inhomogeneous in response to the external
field. This effect is captured by the modified long-wavelength approximation (MLWA),
which extends the quasistatic approximation by including two correction terms that ac-
count for dynamic depolarization and radiation damping [133].

According to the MLWA, the polarizability is given by

𝛼MLWA = 𝛼QS
1 − 𝑘3𝑖

6𝜋 𝛼QS −
𝑘2
4𝜋𝑏𝛼QS

, (5.9)

where 𝑘 is thewavenumber in themediumand 𝑏 is the semiaxis of the particle parallel to
the incident electric field. The 𝑘3 term represents radiation damping, arising from the
electromagnetic radiation emitted by oscillating dipoles, while the 𝑘2 term accounts for
dynamic depolarization caused by phase differences between dipoles at different parts
of the particle [134].
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To illustrate the effect of these corrections, Fig. 5.3 compares results from both the
quasistatic approximation and the MLWA for Pd and Ag NPs. For the smallest NP con-
sidered, a disk-like ellipsoid with a radius of 25 nm, both methods produce similar re-
sults. For larger NPs, however, the quasistatic approximation underestimates the size-
dependent peak shift and overestimates the amplitude. This is particularly severe in the
case of Ag, leading to unphysically sharp peaks that must be scaled down by one to two
orders of magnitude to appear on the same y-scale as the MLWA spectra.

5.3 Surface lattice resonances
When NPs are arranged in an ordered array, they can produce constructive in-plane
diffraction of light. This occurs at Rayleigh anomalies (RAs), which are determined by
the array geometry. For a two-dimensional square array illuminated at normal inci-
dence, the RAs occur at wavelengths [135]

𝜆(𝑖,𝑗)RA = 𝑛𝑎
√𝑖2 + 𝑗2

,

where 𝑛 is the refractive index of the surroundingmedium, 𝑎 is the array periodicity and
𝑖, 𝑗 are indices corresponding to theRAorder. When aRAand a LSPRare spectrally close,
they can couple to form a surface lattice resonance (SLR) [29, 133]. Unlike LSPRs, which
are localized to individual particles, SLRs are associated with enhanced field intensities
between particles and sharp features in the extinction spectra.

SLRs can be described using the coupled dipole approximation. In this framework,
each NP is represented as an electric dipole subject to both the incident field and the
fields generated by all other dipoles, resulting in a modified polarizability [29]

𝛼SLR = 1
𝛼−1LSPR − 𝑆 ,

for normally incident light polarized along one of the symmetry axes of the array. Here,
𝑆 is a geometry factor given by

𝑆 = 1
4𝜋 ∑

𝑗
exp(𝑖𝑘𝑟𝑗) [

(1 − 𝑖𝑘𝑟𝑗)(3 cos2 𝜃𝑗 − 1)
𝑟3𝑗

+ 𝑘2 sin2 𝜃𝑗
𝑟𝑗

] ,

where 𝑟𝑗 is the distance from the central particle to particle 𝑗, and 𝜃𝑗 is the angle between
𝒓𝒋 and the dipole moment of particle 𝑗. The single-particle polarizability 𝛼LSPR can, for
instance, be taken as 𝛼MLWA (Eq. (5.9)).

Figure 5.4 illustrates how SLRs emerge from the coupling between LSPRs and RAs.
The RAs introduce indents in the extinction spectra. When a RA lies close to the LSPR,
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Figure 5.4: SLRs for an arrays with pitch 𝑎 = 600 nm of Pd or Ag oblate ellipsoids with height
20 nm in vacuum and the underlying RAs (vertical gray lines) and LSPRs (described withMLWA,
transparent colored lines). The extinction is normalized with the projected disk area (∝ 𝑟2).

their coupling produces a sharp SLR feature at a slightly longer wavelength. This effect
is significantly stronger for Ag than for Pd, due to the previously discussed lossy nature
of Pd (Sect. 5.1). If the LSPR is pushed away from the RA bymodifying theNP geometry,
the associated sharpening and amplification largely disappear.
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6
Electrodynamic simulations

Thunderbolts and lightning, very, very frightening

Queen

The approximative methods outlined in Chapter 5 provide qualitative insight into
plasmonic phenomena. To achieve quantitative agreement for realistic systems with
nanoparticle (NP) sizes on the order of 100 nm as well as more complex geometries, in-
cluding substrates and coatings, continuum electrodynamic simulations at the macro-
scopic scale are required. The atomistic material properties enter through the dielec-
tric function (DF) (Fig. 6.1), as discussed in Sect. 5.1. This chapter presents the finite-
difference time-domain (FDTD) framework for continuumelectrodynamic simulations,
beginning fromMaxwell’s equations.

DFT TD-DFT FDTD BO
fit

Optical 
response Optimization

Paper IV Paper V

Atomic 
structures

Dielectric 
functions

Figure 6.1: Schematic illustration of the modeling of optical properties. Density-functional the-
ory (DFT) and TDDFT calculations (outside the scope of this thesis) provide the intrinsic optical
materials properties used in FDTD simulations to study, and optimize via Bayesian optimiza-
tion (BO) (introduced in Chapter 7), the optical response of alloy nanostructures.
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Chapter 6. Electrodynamic simulations

6.1 Maxwell’s equations
The time-dependent macroscopic Maxwell’s equations in differential form, excluding
electric andmagnetic current sources, are given by [136, Chapter 3]

𝜕𝑫
𝜕𝑡 = ∇ × 𝑯 − 𝑱 (6.1)

𝜕𝑩
𝜕𝑡 = −∇ × 𝑬 − 𝑴 (6.2)

∇ ⋅ 𝑫 = 0 (6.3)
∇ ⋅ 𝑩 = 0 (6.4)

where 𝑬 is the electric field, 𝑫 the electric displacement field, 𝑯 the magnetic field, 𝑩
the magnetic flux density, 𝑱 the electric current density and 𝑴 the magnetic current
density. These are connected through the constitutive relations

𝑫 = 𝜀𝑬 (6.5)
𝑩 = 𝜇𝑯, (6.6)

where 𝜀 and 𝜇 are the electric permittivity andmagnetic permeability, respectively. The
current densities can include both independent sources (𝑱s and𝑴s) and nondispersive
losses represented by the electric andmagnetic conductivities (𝜎 and 𝜎∗),

𝑱 = 𝑱s + 𝜎𝑬 (6.7)
𝑴 = 𝑴s + 𝜎∗𝑯. (6.8)

The material properties enter through 𝜀, 𝜇, 𝜎 , and 𝜎∗. In this thesis, only non-
magnetic materials are considered (𝜇 = 1, 𝜎∗ = 0), and the relevant material-specific
property is the permittivity, or DF, 𝜀. The DF of an arbitrary alloy is generally unknown
but can be calculated using time-dependent density-functional theory (TDDFT), as out-
lined in Ref. [130].

6.2 Finite-difference time-domain method
The finite-difference time-domain (FDTD) method solves the six coupled partial differ-
ential equations given by Eq. (6.1) and Eq. (6.2) by explicit time evolution. Themethod is
typically implementedonaYeegrid [137],where the𝑬 and𝑯 components arepositioned
on a staggered three-dimensional grid offset by half a grid cell. Each 𝑬 component is
then surrounded by four perpendicular 𝑯 components and vice versa, as illustrated in
Fig. 6.2. This arrangement enables central-difference derivatives with second-order ac-
curacy, enforces continuity of tangential 𝑬 and normal 𝑯 at interfaces, and implicitly
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Figure 6.2: Illustration of the Yee grid.

satisfies Eq. (6.3) and Eq. (6.4) [136, Chapter 3]. The Yee grid is typically cubic, with spa-
tial resolution Δ𝑥 = Δ𝑦 = Δ𝑧 = Δmuch smaller than the wavelength [137].

Similarly, the evolution in time follows a leapfrog scheme in which the 𝑬 and𝑯 com-
ponents are offset by half a time step. Consequently, the time evolution is fully explicit,
and the time derivatives are approximated using central differences with second-order
accuracy. Numerical stability requires that the time step satisfies theCourant condition
[136, Chapter 4]

Δ𝑡 < Δ
𝑐√3

(in 3D), (6.9)

where 𝑐 is the speed of light.
A FDTD simulation is performed in a finite computational cell bounded by suitable

boundary conditions. Systems periodic in one or more directions naturally use peri-
odic boundary conditions in those directions. For non-periodic boundaries, a perfectly
matched layer is commonly applied. The perfectly matched layer is a fictitious mate-
rial designed to absorb all incident fields without reflection [136, Chapter 7], effectively
simulating an unbounded domain.

In the following, the implementation of a FDTD method on a Yee grid is outlined
based on Ref. [136, Chapter 3]. This is first done for materials with non-dispersive opti-
cal properties and later extended to dispersive media.

The notation is defined as follows. Any function 𝑢 of space and time is written as

𝑢(𝑖Δ𝑥, 𝑗Δ𝑦, 𝑘Δ𝑧, 𝑛Δ𝑡) = 𝑢𝑛𝑖,𝑗,𝑘
with spatial and temporal derivatives approximated by central differences

𝜕𝑢𝑛𝑖,𝑗,𝑘
𝜕𝑥 =

𝑢𝑛𝑖+1/2,𝑗,𝑘 − 𝑢𝑛𝑖−1/2,𝑗,𝑘
Δ𝑥 + 𝒪[(Δ𝑥)2]

𝜕𝑢𝑛𝑖,𝑗,𝑘
𝜕𝑡 =

𝑢𝑛+1/2𝑖,𝑗,𝑘 − 𝑢𝑛−1/2𝑖,𝑗,𝑘
Δ𝑡 + 𝒪[(Δ𝑡)2].
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Chapter 6. Electrodynamic simulations

The first of the six partial differential equations, Eq. (6.1) in 𝑥-direction, is
𝜕𝐸𝑥
𝜕𝑡 = 1

𝜀 [
𝜕𝐻𝑧
𝜕𝑦 − 𝜕𝐻𝑦

𝜕𝑧 − 𝐽𝑥] , (6.10)

where Eq. (6.5) has been used to express𝐷𝑥 in terms of 𝐸𝑥 . Applying central differences
gives

𝐸𝑥 |𝑛+1/2𝑖,𝑗+1/2,𝑘+1/2 − 𝐸𝑥 |𝑛−1/2𝑖,𝑗+1/2,𝑘+1/2
Δ𝑡 =

= 1
𝜀 [

𝐻𝑧 |𝑛𝑖,𝑗+1,𝑘+1/2 − 𝐻𝑧 |𝑛𝑖,𝑗,𝑘+1/2
Δ𝑦 −

𝐻𝑦 |𝑛𝑖,𝑗+1/2,𝑘+1 − 𝐻𝑦 |𝑛𝑖,𝑗+1/2,𝑘
Δ𝑧 − 𝐽𝑥 |𝑛𝑖,𝑗+1/2,𝑘+1/2] .

At time step 𝑛 + 1/2, the term 𝐸𝑥 |𝑛+1/2𝑖,𝑗+1/2,𝑘+1/2 can be updated since all other terms corre-
spond to earlier time steps. The sameprocedure applies to the remainingfive equations,
yielding 𝑬 at half-integer time steps (𝑛 + 1/2) and𝑯 at integer time steps (𝑛 + 1).

For dispersive materials, i.e., materials with a frequency-dependent permittivity
(DF), the FDTDalgorithmmust bemodified. This canbe achieved by the auxiliary differ-
ential equation method [136, Chapter 9]. The electric displacement field can be written
as

𝑫 = 𝜀𝑬 = 𝜀0𝑬 + 𝑷, (6.11)

where 𝑷 is the induced polarization. Given an analytical form of the DF 𝜀(𝜔), such as
the Drude–Lorentz model (Sect. 5.1), the polarization and electric fields are related in
frequency space by

𝑷(𝜔) = [𝜀(𝜔) − 𝜀0] 𝑬(𝜔). (6.12)

Applying an inverse Fourier transform yields a differential equation for the time evo-
lution of 𝑷 , which is solved numerically with central differences alongside Maxwell’s
equations. Lastly, Eq. (6.10) becomes

𝜕𝐸𝑥
𝜕𝑡 = 1

𝜀0
[𝜕𝐻𝑧
𝜕𝑦 − 𝜕𝐻𝑦

𝜕𝑧 − 𝜕𝑃𝑥
𝜕𝑡 − 𝐽𝑥] , (6.13)

where 𝑃𝑥 is the 𝑥-component of the polarization obtained from the auxiliary differential
equation, typically involving additional 𝐸𝑥 terms.
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7
Bayesian optimization

Whatever happens, I’ll leave it all to chance

Queen

In materials design, coupling physical models, such as the electromagnetic simula-
tions of Chapter 6, with efficient optimization methods accelerates the discovery of
structures with targeted properties. Formally, optimization is the task of finding the
parameters 𝒙 that maximize (or minimize) an objective (or loss or cost) function 𝑓 (𝒙),

max𝒙∈𝒟
𝑓 (𝒙),

where 𝒙 is constrained to the domain𝒟. Different optimizationmethods are suited for
different problems, dependingmainly onwhether 𝑓 (𝒙) is known, differentiable, and/or
computationally expensive to evaluate.

When 𝑓 (𝒙) is available in analytical form or through differentiable simulations,
gradient-based methods are common. These methods are also applicable when 𝑓 (𝒙)
is expensive to evaluate but differentiable, as in structural relaxation. If the function is
unknown or non-differentiable but inexpensive to compute, grid-search or, for larger
domains, stochasticmethods suchMonte Carlo (MC) sampling (Sect. 3.4) are often suit-
able.

In many scientific and engineering applications, the objective function relies on
computationally expensive methods such as finite-difference time-domain (FDTD)
(Sect. 6.2) or density-functional theory (DFT) (Sect. 3.1). In such cases, it is essential
to minimize the number of function evaluations while still exploring the design space
effectively. A class of methods designed for this regime is Bayesian optimization (BO).
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Chapter 7. Bayesian optimization

BO iteratively builds a probabilistic surrogate model of the objective function, typi-
cally a Gaussian process (GP), which captures both the estimatedmean value and uncer-
tainty of 𝑓 (𝒙) (Fig. 7.1). A prior encodes initial beliefs about the behavior of the function,
which is combinedwith the observed data to predict themean and variance over the en-
tire domain. An acquisition function guides the selection of the next data point by bal-
ancing exploration of regionswith large uncertainty and exploitation of areaswith high
probability of finding a new maximum. As a result, BO typically reaches convergence
with far fewer evaluations than conventional optimization methods. It is well suited
for objective functions that are expensive to evaluate and/or unknown but accessible
through (possibly noisy) observations over complex design spaces. In the following, the
BO framework is presented following Ref. 138.
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Figure 7.1: BO in one dimension. In this example, the sensor performance (objective function
𝑓 (𝑥)) of a nanodisk array is optimized as a function of the array pitch (𝑥). New data points are
iteratively added based on the maxima of the (upper confidence bound) acquisition function in
the previous step, effectively exploring the entire interval.

7.1 Bayes’ theorem
Themathematical basis of BO is Bayes’ theorem,

𝑃(𝑀 | 𝐸) ∝ 𝑃(𝐸 |𝑀) 𝑃(𝑀),
which states that the posterior probability of amodel𝑀 given evidence𝐸 is proportional
to the likelihood of 𝐸 given𝑀 multiplied by the prior probability of𝑀. Applied to the
optimization problem, this becomes

𝑃(𝑓 | 𝒚1∶𝑛, 𝒙1∶𝑛) ∝ 𝑃(𝒚1∶𝑛, 𝒙1∶𝑛 | 𝑓 ) 𝑃(𝑓 ), (7.1)
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where 𝑓 is the unknown objective function, and 𝒚1∶𝑛 = {𝑦1, … , 𝑦𝑛} are the observations
at the sampled points 𝒙1∶𝑛 = {𝒙1, … , 𝒙𝑛}. Here,

• 𝑃(𝑓 ) is the prior probability of a possible objective function, encoding beliefs
about the function space such as smoothness, periodicity, and scale.

• 𝑃(𝒚1∶𝑛, 𝒙1∶𝑛 | 𝑓 ) is the likelihood, quantifying how probable the observed data are
given the function 𝑓 .

• 𝑃(𝑓 | 𝒚1∶𝑛, 𝒙1∶𝑛) is the posterior probability of 𝑓 given the observed data, repre-
senting updated beliefs about 𝑓 after combining the prior and observed data via
the likelihood.

In practice, this is often implemented via GP surrogate functions.

7.2 Gaussian processes
AGaussian process (GP) is an extension of the Gaussian distribution from random vari-
ables to random functions. AGaussian distribution is a distribution over a randomvari-
able 𝑥 through its mean and variance,

𝑥 ∼ 𝒩 (𝜇, 𝜎2).
Analogously, a GP is a distribution over functions, specified by a mean function 𝑚(𝒙)
and a covariance (kernel) function 𝑘(𝒙, 𝒙′),

𝑓 (𝒙) ∼ 𝒢𝒫(𝑚(𝒙), 𝑘(𝒙, 𝒙′)).
In BO, the GP serves as a probabilistic surrogate for the true objective function. Rather
than returning a single value 𝑓 (𝒙), it yields the mean and variance that describe the
posterior distribution of 𝑓 (𝒙) given the observed data.

In most cases, it is sufficient to set the prior mean function to zero, 𝑚(𝒙) = 0. The
covariance function, however, determines how function values at different points are
correlated and must be chosen carefully. A common choice is the radial basis function
(RBF) or squared exponential kernel,

𝑘RBF(𝒙𝑖, 𝒙𝑗) = 𝜎2RBF exp( − 1
2𝑙2 ||𝒙𝑖 − 𝒙𝑗 ||2),

parametrized by the length scale 𝑙 controlling how rapidly correlations decay with dis-
tance, and the variance 𝜎2RBF setting the amplitude of the function.

In each BO iteration, the GP predicts themean and variance of the objective function
across the domain (Fig. 7.1). This is achieved at iteration 𝑛 + 1 based on the following
derivations. An observation 𝑦𝑖 is defined as

𝑦𝑖 = 𝑓 (𝒙𝑖) + 𝜖𝑖,
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where the difference between the true objective function and the observation is repre-
sented by Gaussian noise, 𝜖𝑖 ∼ 𝒩 (0, 𝜎2noise). Based on the 𝑛 observations 𝒚1∶𝑛 at loca-
tions 𝒙1∶𝑛, the kernel matrix is calculated

𝑲 = [
𝑘(𝒙1, 𝒙1) ⋯ 𝑘(𝒙1, 𝒙𝑛)

⋮ ⋱ ⋮
𝑘(𝒙𝑛, 𝒙1) ⋯ 𝑘(𝒙𝑛, 𝒙𝑛)

] + 𝜎2noise𝑰 .

From the properties of GPs it follows that the previously observed values 𝒚1∶𝑛 and the
predicted 𝑓𝑛+1 at a new point 𝒙𝑛+1 are jointly Gaussian [139],

[𝒚1∶𝑛𝑓𝑛+1] ∼ 𝒩(0, [𝑲 𝒌
𝒌𝑇 𝑘(𝒙𝑛+1, 𝒙𝑛+1)] ),

with
𝒌 = [𝑘(𝒙𝑛+1, 𝒙1) 𝑘(𝒙𝑛+1, 𝒙2) ⋯ 𝑘(𝒙𝑛+1, 𝒙𝑛)] .

The predictive posterior distribution can then be derived as [139]

𝑃(𝑓𝑛+1 | 𝒚1∶𝑛, 𝒙1∶𝑛+1) = 𝒩(𝜇𝑛(𝒙𝑛+1), 𝜎2𝑛 (𝒙𝑛+1)),
where

𝜇𝑛(𝒙𝑛+1) = 𝒌𝑇𝑲−1𝒚1∶𝑛,
𝜎2𝑛 (𝒙𝑛+1) = 𝑘(𝒙𝑛+1, 𝒙𝑛+1) − 𝒌𝑇𝑲−1𝒌. (7.2)

In the sense of Bayes’ theorem (Eq. (7.1)), the prior is the structure of the GP and the
likelihood arises by adding the data and noise.

7.3 Maximizing the acquisition function
Computable expressions are now available for the predicted mean and variance at any
candidate point 𝒙𝑛+1 (Eq. (7.2)), but it is still not clear how to select 𝒙𝑛+1. To address this,
anacquisition function𝑢(𝒙) is introduced, designed toadopthighvalues in regionswith
high uncertainty and/or large predictedmean. The acquisition function depends on the
GP predictions 𝜇𝑛(𝒙) and 𝜎𝑛(𝒙) and must be inexpensive to evaluate, in contrast to the
objective function, so that it can be efficiently maximized.

A simple and widely used choice is the upper confidence bound (Fig. 7.1),

𝑢UCB(𝒙) = 𝜇𝑛(𝒙) + 𝛽 𝜎𝑛(𝒙),
which balances the predicted mean and uncertainty via the hyperparameter 𝛽. By tun-
ing 𝛽, the balance between exploitation of regionswith high predictedmean (low 𝛽) and
exploration of regionswith high uncertainty (high 𝛽) can be controlled. Maximizing the
acquisition function with a suitable optimization method identifies the next observa-
tion point

𝒙𝑛+1 = argmax𝒙∈𝒟
𝑢(𝒙).
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8
Optical properties

of Pd nanoalloys for H2 sensing

One shaft of light that shows the way

Queen

TheH-induced optical shift of Pd nanoalloys is the mechanism behind plasmonic H2
sensing. Building on the theoretical background in Chapter 5 and the computational
framework introduced in Chapter 6 and Chapter 7, this chapter presents the main re-
sults concerning the intrinsic optical properties of the Pd–Au–H system and their man-
ifestation in single nanodisks and periodic nanodisk arrays.

8.1 Dielectric functions of the Pd–Au–H system
In order to simulate the optical response of Pd-based nanoalloys during hydrogenation,
the DF of each relevant composition needs to be known. While both experimental and
theoretical records of the DFs of Pd [140], PdH [141–143] and PdAu [130] are available in
the literature, previous reports for the full Pd–Au–H systemwere not found.

In Paper IV, DFs for the Pd–Au–H system were therefore calculated using TDDFT
(Fig. 8.1a). It is found that adding H or Au to Pd has a similar effect on the DF, as can
be rationalized based on the electronic configurations. The main electronic difference
betweenPdandAu is that Pdbelongs to an earlier columnof the periodic table, resulting
in one less valence electron compared to Au, which leaves its d-band partially unfilled,
as discussed in Sect. 5.1. By absorbing H, Pd gains an electron which effectively makes
it more similar to Au.
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Figure 8.1: (a) Dielectric functions (DFs) of the Pd–H Pd–Au systems calculated from time-
dependent density-functional theory (TDDFT) and fitted using a composition-parametrized
(smooth) Lorentzian representation. (b) The individual Lorentzians of the smooth DFs for the
Pd–H system with the amplitude qualitatively represented by the marker size and the broaden-
ing by the marker opacity (with lower opacity for larger broadening).

The calculated DFs contain notable fine structure (Fig. 8.1a). Generally, finite-
difference time-domain (FDTD) simulations require fitting the DF to some functional
form. In Paper IV, each DF is individually fitted to a Drude-Lorentz representation
(Eq. (5.2)), which preserves most of the fine structure. This set of DFs will be referred
to as the as-calculated DFs. Paper V also employs a Drude-Lorentz representation, but
here each feature is parametrized by the composition. This approach allows for a con-
tinuous representation of the DF over the relevant composition range, which removes
most of the fine structure (Fig. 8.1a), andwill therefore be referred to as the smoothDFs.
Note that the resulting features (illustrated in Fig. 8.1b for PdHy) do not necessarily rep-
resent the underlying physical mechanisms of the Drude and Lorentz features.

8.2 H2 sensitivity in Pd-alloy single disks
In Paper IV, the optical H sensitivity of Pd-alloy single disk is studied based on the as-
calculated DFs. Figure 8.2a shows single disk extinction spectra, for two nanodisk ge-
ometries and varying H concentration. From such simulations, the optical sensitivity
(Eq. (1.1)) is calculated from the slope of the (typically linear) shift in peak position as a
function of H concentration. Fig. 8.2b shows the resulting optical sensitivity for Pd and
Pd75Au25 for a wide range of nanodisk geometries. It is found that the optical sensitiv-
ity primarily depends on the disk diameter, while the Au concentration and disk height
have a limited effect in the intervals considered. Two distinct regimes can be identified.
For disks with diameters below approximately 100 nm, the optical sensitivity decreases
linearlywith thediameterwhile for larger disks, the optical sensitivity remains constant
at approximately 200 nm/cH.
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The two regimes are the result of a double peak phenomenon prominent for smaller
nanodisks, as illustrated in the lower panel of Fig. 8.2a. Studying the optical response
of Pd vs. PdH nanodisks as a function of the disk aspect ratio provides further insight
(Fig. 8.3). For Pd, the (single) feature shifts in energy with the aspect ratio, as is char-
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Figure8.3: Doublepeakphenomenonobserved forPdH(compared to the singlepeakofPd)using
the as-calculatedDFs and the associated avoided crossing behavior following the peak positions
as a function of the aspect ratio. The high-energy feature in PdH corresponds to a feature in the
DF, shown to the right. The plus and minus signs indicates the sign of the optical sensitivity in
that region.
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acteristic for a localized surface plasmon resonance (LSPR). For PdH, the low-energy
feature shifts in a similar way for large aspect ratios, while the high-energy feature re-
mains constant in energy, indicating plasmonic nature for the former while the latter
has the characteristics of an interband transition. This is further supported by the fact
that the high-energy feature is visible in the DF. As the two features become spectrally
close, the trends change and the high-energy feature begins shifting to higher energies
while the low-energy feature flattens out. This is indicative of coupling between the fea-
tures causing an avoided crossing [131, 132]. In Fig. 8.3b the obtained signs of the optical
sensitivity in particular regions is indicated by plus and minus signs. For large aspect
ratios, before the onset of the avoided crossing, the low-energy feature dominates and
the sensitivity is positive and constant. As the aspect ratio decreases, the high-energy
feature of PdH will become dominant, causing a sudden drop to a negative sensitivity.
Further decrease of the aspect ratio eventually causes the features to cross, resulting in
zero sensitivity, followed by an increasing positive sensitivity.

In contrast, experimentalmeasurements on randomnanodisk arrays exhibit amono-
tonic increase in optical sensitivity as a function of the (average) disk diameter, ap-
proaching the constant sensitivity trend as the upper limit. The difference between
the experimental and simulated sensitivities can be attributed to several broadening
channels present in the experimental measurements, such as uneven hydrogenation
[144, 145], size distribution, grain boundaries [146] and other defects. Such effects are
hard to explicitly account for in simulations, but by recalculating the optical sensitiv-
ity with the smooth DFs, one obtains a trend that is very similar to the experimentally
observed one (Fig. 8.2b-c). This can only be explained by the overall smoothening and
broadening of the extinction spectra upon removal of most of the fine structure from
the DFs. It is thus probable that the imperfections of the real samples leads to similar
smoothening, which appears to lead to an effective averaging between the two trends
obtained from simulations of pristine single disks using the as-calculated DFs.

8.3 Optimized nanoalloy arrays for H2 sensing
Thefindings in the previous section indicate that alloyingwith Au does not significantly
alter the optical sensitivity. However, from the discussion in Part I, it is clear that Au
has a huge impact on the thermodynamical sensitivity (Eq. (1.1)). Therefore, studies of
the optical sensitivity alone have limited significance.

In Paper V, the optical response of periodic nanodisk arrays is optimized using sim-
ulations based on the smooth DFs and subsequently verified by experimental measure-
ments. The nanodisks are coated with poly(methyl methacrylate), matching the index
of the silica substrate, to support surface lattice resonance (SLR) formation. A Bayesian
optimization (BO) framework is developed to optimize the sensor geometry and compo-
sition at predefined target pressures (1, 10 or 100mbar). The thermodynamic sensitivity
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Figure 8.4: Optimizing geometries and compositions for (a) full spectrum (Δ𝜆/FWHM) and (b)
single wavelength (extinction change at 650 nm) sensors. Each panel shows the predicted fig-
ure of merit (FoM) landscape close to the optima to the left and the corresponding simulated
(opaque) andmeasured (transparent) spectra for target pressures of 100mbar (top) and 10mbar
(bottom). (c) Comparison of all considered figure of merits (FoMs) for all samples, where each
column corresponds to one FoMat a specific target pressure and the largest value of that column
is assigned the darkest color. Successful optimization is thus indicated by dark colors on the di-
agonal.

is explicitly included by relating the target pressure to a specific H concentration based
on computational data from Ref. [107]. The optical sensitivity is extended such that it
quantifies either the peak shift, referred to as a full spectrum sensor, or the shift in ex-
tinction at a single wavelength (450, 550 or 650 nm). In the former case, the BO maxi-
mizes the peak shift Δ𝜆 over full width at half maximum (FWHM), known as a quality
factor, and in the latter, the extinction shift at the selectedwavelength. These quantities
are the FoMs, or objective functions, of the BO.

Examples of predicted FoM landscapes as well as extinction spectra corresponding
to the optimized geometries for the full spectrum (Fig. 8.4a) and single wavelength
(650 nm, Fig. 8.4b) show that the BO navigates the five dimensional search space well
and is able to find both wide and narrow optima. The experimentally measured ex-
tinction spectra are in qualitative agreement with the simulated spectra, but there are
notable shifts which affect the measured FoM and ultimately limits the success of this
approach. Qualitative rather than quantitative agreement between FDTD and experi-
mental measurement is often observed, due to two main sources of discrepancy. First,
the intrinsic optical properties represented by the DFs will generally differ between the
TDDFT calculations of pristine bulk material and the real samples due to approxima-
tions in the calculations as well as grain-boundaries and other defects in the samples.
While the discussion in the previous section indicates that the smooth DFs improve the
qualitative agreement with experiments, resulting in similar trends for the optical sen-

61



Chapter 8. Optical properties of Pd nanoalloys for H2 sensing

sitivity, the quantitative agreement for a specific sample is not evaluated. Second, the
geometrical description of the samples is associated with some level of uncertainty in-
herent to the fabrication process and due to the limited resolution in the simulations.
The latter is particularly severe in this work due to annealing required to form alloys,
which is associated with a noticeable change in the geometry, not yet accounted for.

Cross-referencing all considered FoMs on all samples shows that themajority of sam-
ples performbest at their indented target (Fig. 8.4c). In particular, all singlewavelength
sensors performwell. Themagnitude of the change in extinction primarily depends on
themagnitude of the extinction, which generally favors low packing densities. Such ge-
ometries are associated with broad features, and as a result, the predicted optima are
less sensitive to differences between experiment and simulation. The full spectrum sen-
sors benefit from sharp features which naturally results in more narrow optima. The
full spectrum sensors for the two lower target pressures, which exhibit very narrow op-
tima, completely miss their targets in the experimental verification. To reach the full
potential of this approach, better agreement between experiments and simulations is
thus necessary.
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