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Abstract
We consider a so-called quantum graph with standard continuity and Kirchhoff vertex
conditions where the Kirchhoff vertex condition is perturbed by Gaussian noise. We
show that the quantumgraph setting is very different from the classical one dimensional
boundary noise setting, where the transition semigroup is known to be strong Feller,
by giving examples and counterexamples to the strong Feller property. In particular,
when the graph is a tree, and there is noise present in all of the boundary vertices
except one, then the transition semigroup associated with the problem is strong Feller
at any time T > 0. This turns out to be also a necessary condition for equilateral star
graphs. We also comment on the existence and uniqueness of the invariant measure
and the regularity of the solution.
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1 Introduction

We consider a so-called quantum graph; that is, is a metric graph G, equipped with a
diffusion operator on each edge and certain vertex conditions. Our terminology follows
[9, Chap. 1] (see also [8] and [25]), we list here only the most important concepts. The
graph G consists of a finite set of vertices V = {v} and a finite set E = {e} of edges
connecting the vertices. We denote by n = |V| the number of vertices. In general, a
metric graph is assumed to have directed edges; that is edges having an origin and a
boundary vertex. In our case, dealing with self-adjoint operators, we can just consider
undirected edges. Each edge is assigned a positive length �e ∈ (0,+∞), and we
denote by x ∈ [0, �e] a coordinate of G.

The metric graph structure enables one to speak about functions z on G, defined
along the edges such that for any coordinate x , the function takes its value z(x). If we
emphasize that x is taken from the edge e, we write ze(x). Thus, a function z on G can
be regarded as a vector of functions that are defined on the edges, therefore we will
also write

z = (ze)e∈E ,

and consider it as an element of a product function space.
To write down the vertex conditions in the form of equations, for a given function

z on G and for each v ∈ V, we introduce the following notation. For any v ∈ V, we
denote by Ev the set of edges incident to the vertex v, and by dv = |Ev| the degree
of v. Let ze(v) denote the value of z in v along the edge e in the case e ∈ Ev. Let
Ev = {e1, . . . , edv }, and define

Z(v) = (ze(v))e∈Ev =
⎛
⎜⎝
ze1(v)

...

zedv (v)

⎞
⎟⎠ ∈ R

dv , (1.1)

the vector of the function values in the vertex v.
For vertices with dv > 1, let Iv be the bi-diagonal matrix

Iv =
⎛
⎜⎝
1 −1

. . .
. . .

1 −1

⎞
⎟⎠ ∈ R

(dv−1)×dv .

It is easy to see that if we set
IvZ(v) = 0Rdv−1 , (1.2)

this means that all the function values coincide in v. If it is satisfied for each vertex
v ∈ V with dv > 1 for a function z on G, which is continuous on each edge, including
the one-sided continuity at the endpoints, then we call z continuous on G.
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50 M. Fkirine et al.

Similarly, for a function z on G which is differentiable on each edge; that is, z′e
exists for each e ∈ E including the one-sided derivatives at the endpoints, we set

Z ′(v) = (z′e(v)
)
e∈Ev =

⎛
⎜⎝
z′e1(v)

...

z′edv (v)

⎞
⎟⎠ ∈ R

dv , (1.3)

the vector of the function derivatives in the vertex v. We will assume throughout the
paper that derivatives are taken in the directions away from the vertex v (i.e. into the
edge), see [9, Sec. 1.4.].

Let (�,F ,P) be a complete probability space endowed with a right-continuous
filtration F = (Ft )t∈[0,T ]. Let the process

(β(t))t∈[0,T ] = ((βv(t))t∈[0,T ]
)
v∈V ,

be an Rn-valued Brownian motion (Wiener process) with covariance matrix

Q ∈ R
n×n

with respect to the filtration F; that is, (β(t))t∈[0,T ] is (Ft )t∈[0,T ]-adapted and for all
t > s, β(t) − β(s) is independent of Fs .

We consider the problem written formally as

⎧⎪⎪⎪⎨
⎪⎪⎪⎩

że(t, x) = (cez
′
e)

′(t, x) − pe(x)ze(t, x), x ∈ (0, �e), t ∈ (0, T ], e ∈ E, (a)

0 = IvZ(t, v), t ∈ (0, T ], v ∈ V, (b)

β̇v(t) = C(v)�Z ′(t, v), t ∈ (0, T ], v ∈ V, (c)

ze(0, x) = z0,e(x), x ∈ [0, �e], e ∈ E. (d)

(1.4)
Here że and z′e denote the time and space derivative, respectively, of ze. For each
v ∈ V, Z(t, v) and Z ′(t, v) denote the vector of the function values in v introduced in
(1.1) and (1.3), respectively, for the function on G defined as

z(t, ·) = (ze(t, ·))e∈E .

Analogously to (1.1), for each v ∈ V and Ev = {e1, . . . , edv } the 1-rowmatrix in (1.4c)
is defined by

C(v)� = (ce1(v), . . . , cedv (v)
) ∈ R

1×dv .

Equations (1.4b) assume continuity of the function z(t, ·) on the metric graph G,
cf. (1.2). If we set 0 ∈ R

dv on the left-hand-side of equations (1.4c), we obtain the
usual Kirchhoff vertex conditions for the system which is the generalization of the
Neumann boundary condition on an interval, cf. (4.3c). Therefore, we refer to the
noise in equation (1.4c) as Kirchhoff noise.
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It is clear by definition, that (1.4b) consists of

∑
v∈V

(dv − 1) = 2|E| − |V| = 2|E| − n

equations. At the same time, (1.4c) consists of n equations. Hence, we have altogether
2|E| (boundary or vertex) conditions in the vertices.

The functions ce are (variable) diffusion coefficients or conductances, and we
assume that

ce ∈ Lip[0, �e], 0 < c0 ≤ ce(x), for all x ∈ [0, �e] and e ∈ E.

The functions pe are non-negative, bounded functions, hence

0 ≤ pe ∈ L∞(0, �e), e ∈ E.

In equation (1.4d) we pose the initial conditions on the edges.
In the recent paper [22] the authors investigated (a nonlinear version of) (1.4) and

proved, among other things, that the transition semigroup associated with the (1.4) is
Feller. However, the strong Feller property of the solution has not been established
there and this property is in the focus of the present paper. The model (1.4) can be
viewed as the quantum graph analogue of the model considered by Da Prato and
Zabczyk in [14] in case of a single interval and classical Neumann boundary noise.
In the latter paper the authors show that the transition semigroup associated with the
problem is always strong Feller. It turns out that in our setting this is not true in general.
We show that in certain situations the transition semigroup is strong Feller, however,
we also show that there are ample situations where the strong Feller property fails to
hold even for simple configurations such as a equilateral star graph if the system is
not noisy enough.

One general strategy for investigating the strong Feller property, see for example,
[15, Chapter 9.4] is to consider an associated null controllability problem.While there
exist several results for control problems on quantum graphs, these mainly deal with
thewave equation, see for example, [1, 3, 5, 7, 16, 24] for an admittedly incomplete list.
The Dirichlet boundary vertex null controllability of the heat equation for metric trees
is mainly approached via an exact controllability problem for the wave equation [1, 3]
with the exception of the recent paper [6], where Hilbert Uniqueness Method is used,
in particular, the authors study the observability of the adjoint system with a Carleman
inequality. We are not aware of results concerning the Neumann vertex control of the
heat equation on metric graphs. There are several possible approaches to the problem.
One could study the adjoint problem as in [6] and use the Hilbert Uniqeness Method
with a Carleman inequality, consider the exact controllability of the associated wave
equation or try to use the method of moments directly. This latter approach would be
rather problematic to use due to the lack of sufficient information on the separation of
consecutive eigenvalues of the system operator, in general. We will hence consider the
exactNeumann-controllability of the associatedwave equationwhichwas investigated
in [5] through a method originally introduced in [4] for Dirichlet boundary control on
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52 M. Fkirine et al.

metric trees. In [5], unlike in [24, Chapter 5], it is not assumed that there is a boundary
vertex with zero Dirichlet boundary condition. This latter is essential in [24, Chapter
5] as it ensures that the energy in fact is a norm on the state space. We therefore rely
on the theory of so-called ST-active sets from [5], which is essential in dealing with
control problems for the wave equation for general metric graphs, to show that the
wave equation is exactly controllable on metric trees if one applies Neumann controls
at all of the boundary vertices except for possibly one of them, where Neumann zero
boundary condition is assumed. One can then apply the theory of vector-exponentials
in a similar fashion as in [1, 3] to obtain the null-controllability of the heat equation
on metric trees if one applies Neumann controls at all of the boundary vertices except
one, where Neumann zero boundary condition is assumed.

Having this null-controllability result at hand, Theorem 4.6 shows that if the covari-
ancematrix Q = diag(qv)v∈V in (4.2) is diagonal, and qv �= 0 for all boundary vertices
except for, possibly, one of them, then the transition semigroup associated with the
problem is strong Feller at any time T > 0. It turns out that for the Laplace operator
on an equilateral star-graph the conditions of Theorem 4.6 are also necessary. Finally,
we mention here that for the wave equation it is known that for general metric trees (at
least for Dirichlet control) it is also necessary to apply controls at all of the boundary
vertices except for, possibly, one of them. One, unfortunately, cannot use this result to
conclude the same general result for the null controllability of the heat equation as one
only has the exact controllability of the wave equation yields the null controllability
of the heat equation on appropriate state spaces and not vice versa.

The paper is organized as follows. In Sect. 2 we give a short introduction into
control theory for operator semigroups containing the notions and results we need in
subsequent sections.

In Sect. 3 we consider a general abstract boundary noise problem (3.1) and identify
the associated abstract null-control problem to consider in order to prove the strong
Feller property of the transition semigroup.

In Sect. 4wefirst show that the problem (4.1) can be treated using the setting of Sect.
3. In Theorem 4.6 we show that if ce = 1 and the covariance matrix Q = diag(qv)v∈V
in (4.2) is diagonal, and qv �= 0 for all boundary vertices except for, possibly one of
them, then the transition semigroup associated with the problem is strong Feller at any
time T > 0. Then, in Example 4.8, we demonstrate that for equilateral star graphs
with zero potential and the Laplace operator on the edges the transition semigroup is
strong Feller if and only if noise is present at all boundary vertices, except for, possibly,
one of them; that is, the assumptions of Theorem 4.6 are also necessary in this case.
We end the section with Example 4.11 which shows that the existence of a loop in
the graph always destroys the strong Feller property. We would like to highlight that
these examples show that quantum graph setting is very different from the classical
one dimensional boundary noise setting, where the transition semigroup is known to
be strong Feller [14].

In Sect. 5, in Theorem 5.1, we give a necessary and sufficient condition for the
existence of the invariant measure for the solutions of the general problem (3.1). The
result [13, Thm. 9.1.1 (iii)] states that if the transition semigroup is strong Feller, then
the invariant measure exists if and only if the semigroup T is exponentially stable. We
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show in Corollary 5.2 that for the quantum graph problem (4.1) the assumption being
strong Feller can be omitted.

In Appendix A we prove a regularity result in Proposition A.1 which shows that
the solutions of (4.1) have a continuous version in the Sobolev space of the edges of
order less than 1

4 without the uniform boundeness assumption of the vertex values of
eigenfunctions of [22, Theorem 3.8].

In Appendix B we cite definitions and results from [4, 5] and show, in Proposition
B.5, how they can be applied for the situation in Theorem 4.6.

2 A short introduction to control theory

Throughout this section, we assume that H , U are Hilbert spaces and T > 0 is a
real number. First, we introduce some classical background on semigroup theory. Let
A be the generator of a strongly continuous semigroup T = (T(t))t≥0 on H , with
growth bound ω0(T). We denote by H−1 the completion of H with respect to the
norm ‖x‖−1 = ‖R(λ, A)x‖, where R(λ, A) := (λ − A)−1, and λ is an arbitrary (but
fixed) element in the resolvent set ρ(A). It is easy to verify that H−1 is independent
of the choice of λ, since different values of λ lead to equivalent norms on H−1.
The space H−1 is isomorphic to D(A∗)∗ and we have D(A) ⊂ H ⊂ H−1 densely
and with continuous embedding. The semigroup T extends to a strongly continuous
semigroup on H−1, whose generator is an extension of A, with domain H . We denote
the extensions of T and A by T−1 := (T−1(t))t≥0 and A−1, respectively.

Next, consider the control system

{
ż(t) = A−1z(t) + Bu(t), t ∈ (0, T ],
z(0) = z0 ∈ H ,

(2.1)

where B ∈ L(U , H−1) and u ∈ L2(0, T ;U ) is a control function. The mild solution
of the equation (2.1) is given by

z(t) = T(t)z0 + �t u, u ∈ L2(0, T ;U ), z0 ∈ H , (2.2)

where �t ∈ L(L2(0, T ;U ), H−1) is defined by

�t u :=
∫ t

0
T−1(t − s)Bu(s)ds. (2.3)

Notice that in the above formula, T−1 acts on H−1 and the integration is carried out
in H−1. This motivates the following definition.

Definition 2.1 The operator B ∈ L(U , H−1) is called an admissible control operator
for A if Ran(�τ ) ⊂ H for some τ > 0 (hence, for all τ > 0).

It is worth noting that if B is an admissible control operator for A, then the closed
graph theorem guarantees that �t ∈ L(L2(0, T ;U ), H) for all t ≥ 0. As a result,
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54 M. Fkirine et al.

for any u ∈ L2(0, T ;U ) and z0 ∈ H , the solutions z(·) of the initial value problem
(2.1) stay in H and form a continuous H -valued function of t . The operators �t are
commonly referred to as input maps associated with the pair (A, B), see [31, Def. 2.1].

Definition 2.2 Let B ∈ L(U , H−1) be an admissible control operator for A. Given
T > 0, the system (2.1) is said to be

• null-controllable in time T , if for any z0 ∈ H there exists a controlu ∈ L2(0, T ;U )

such that the solution of (2.1) satisfies z(T ) = 0.
• exactly controllable in time T , if for any z0, z1 ∈ H there exists a control u ∈

L2(0, T ;U ) such that the solution of (2.1) satisfies z(T ) = z1.

It is easy to see that null controllability in time T is equivalent to the following
property:

RanT(T ) ⊂ Ran�T . (2.4)

In the following we will deal with an abstract boundary control problem of the form

⎧⎪⎨
⎪⎩

ż(t) = Amaxz(t), t ∈ (0, T ],
Gz(t) = u(t), t ∈ (0, T ],
z(0) = z0 ∈ H ,

(2.5)

where u ∈ L2(0, T ;U ) is a control function.

Assumptions 2.3 Assume that Amax : D(Amax) ⊂ H → H is a closed linear operator,
where the embedding D(Amax) → H is a continuous linear map with dense range,
and G : D(Amax) → U is a linear operator such that the following assumptions are
satisfied.

(A1) The operator G : D(Amax) → U is surjective.
(A2) The operator

A := (Amax)|D(A),

D(A) := {z ∈ D(Amax) : Gz = 0U } = ker G
(2.6)

generates a C0-semigroup T := (T(t))t≥0 on H .

It is shown by Greiner [20, Lemmas 1.2, 1.3] that under the above assumptions, the
domainD(Amax) can be viewed as the direct sum ofD(A) and ker(λ− Amax) for any
λ ∈ ρ(A). Moreover, the operator G|ker(λ−Amax) is invertible and the inverse

Dλ := (G|ker(λ−Amax)

)−1 : U → ker(λ − Amax) ⊂ H , λ ∈ ρ(A),

is bounded. The operatorDλ is called theDirichlet operator associated with Amax and
G.

For a fixed λ ∈ ρ(A) we consider the following control operator

B := (λ − A−1)Dλ ∈ L(U , H−1). (2.7)
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Using the resolvent identity, it is straightforward that the definition of B is independent
of the choice of λ.

Indeed, for any u ∈ U and λ ∈ ρ(A) we have Dλu ∈ ker(λ − Amax) so λDλu =
AmaxDλu. Hence,

(Amax − A−1)Dλu = (λ − A−1)Dλu = Bu.

Since Dλ is the inverse of G|ker(λ−Amax) and D(Amax) = D(A) ⊕ ker(λ − Amax), it
follows that

Amax = (A−1 + BG)|D(Amax).

Thus, by Gz(t) = u(t), the system (2.5) is equivalent to the problem (2.1). We then
have the following proposition; see, for instance, [27, Rem. 10.1.4.].

Proposition 2.4 If Assumptions 2.3 are satisfied, then the boundary control system
(2.5) can be reformulated as a control problem of the form (2.1) with A defined in
(2.6) and B given by (2.7).

3 Strong Feller property of the transition semigroup

We first aim to investigate the strong Feller property of the mild solution of the fol-
lowing formal general boundary noise problem on the separable Hilbert space H with
boundary space U : ⎧⎪⎨

⎪⎩

ẇ(t) = Amaxw(t), t ∈ (0, T ]
Gw(t) = β̇(t), t ∈ (0, T ],
w(0) = z0,

(3.1)

where the process
(β(t))t∈[0,T ],

is an U -valued Brownian motion with covariance operator Q.

Assumptions 3.1 We assume the following.

1. For the operators Amax and G and for the spaces H and U Assumptions 2.3 are
satisfied, and dimU = n < ∞, hence Q is an n × n matrix.

2. The generator (A,D(A)) in (2.6) is self-adjoint, dissipative and has compact resol-
vent. In particular, A generates a contractive analytic semigroup (T(t))t≥0 on H .

3. Analogously to (2.7), define

B := (1 − A−1)D1 ∈ L (U , H−1) .

Using the analiticity of the semigroup, we obtain that the operator T−1(t)B maps
U into H for any t > 0. Assume that

∫ T

0

∥∥∥T−1(t)BQ
1
2

∥∥∥2
HS(U ,H)

dt < +∞,
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where HS denotes the space of Hilbert–Schmidt operators between the appropriate
spaces.

Assumptions 3.1 imply that A has only point spectrum with eigenvalues (−λk)k∈N
that form a sequence of nonpositive real numbers satisfying

0 ≤ λ0 ≤ λ1 ≤ · · · ≤ λk ≤ λk+1 ≤ · · ·

and
λk → +∞, k → ∞.

We may then choose a complete orthonormal set ( fk)k∈N ⊂ D(A) of eigenfunctions
such that

A fk = −λk fk, k ∈ N. (3.2)

Within this context, the scale of Hilbert spaces

D(A) ⊂ H ⊂ H−1,

introduced in Sect. 2, can be completed to a scale (Hα)α∈R as follows.

Definition 3.2 For every α ≥ 0 and for any λ > 0 we set

Hα := D((λ − A)α),

equipped with its natural norm ‖ · ‖α; that is, for u ∈ H we have u ∈ Hα if and only if

‖u‖2α :=
∑
k∈N

(λ − λk)
2α|〈u, fk〉|2 < ∞.

For α > 0, the space H−α is defined as the dual of Hα with respect to the pivot space
H . Equivalently, H−α is the completion of H for the norm

‖u‖2−α =
∑
k∈N

(λ − λk)
−2α|〈u, fk〉|2.

It is well known that the above norms are equivalent for all λ > 0.

Remark 3.3 If Assumptions 3.1 are satisfied, it follows from [14, Thm 2.2] and [19,
Thm. 3.1] that the input map �T , defined in (2.3), is a Hilbert–Schmidt operator from
L2(0, T ;U ) into H . Since every Hilbert–Schmidt operator is bounded, it follows that
B is an admissible control operator for A, see also [18, Prop. 3.4] .

By Assumptions 3.1, using the terminology of [14], system (3.1) can be written in
an Itô form as {

dw(t) = Aw(t)dt + Bdβ(t), t ∈ (0, T ],
w(0) = z0,

(3.3)
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and the weak solution w(t) = w(t, z0) ∈ H , t ∈ [0, T ] of (3.3) is given by

w(t) = T(t)z0 +
∫ t

0
T−1(t − s)Bdβ(s).

We mention that, for all t ∈ (0, T ], w(t) is a Gaussian random variable with mean
vector T(t)z0 and covariance operator Qt ∈ L(H) given by

Qt x =
∫ t

0
T−1(s)BQB∗

T
∗(s)xds, ∀x ∈ D(A∗) = D(A).

Let Bb(H) (resp. Cb(H)) be the space of Borel measurable (resp. continuous)
bounded functions from H to R. We shall denote by Pt , t ∈ [0, T ], the transition
semigroup corresponding to problem (3.3):

Ptφ(z0) := E (φ(w(t, z0))) , t ∈ [0, T ], φ ∈ Bb(H). (3.4)

Definition 3.4 The transition semigroup Pt is said to be a strong Feller semigroup at
time T > 0 if

for any φ ∈ Bb(H), PTφ ∈ Cb(H) holds.

It is well known that Pt is strong Feller at time T > 0 if and only if

Ran T(T ) ⊂ Ran Q
1
2
T ,

see for example [13, Thm. 7.2.1].
Let �t , t ∈ [0, T ], be the input maps associated with (A, B), see (2.3). It follows

from [15, Cor. B3] that

Ran �T Q
1
2 = Ran Q

1
2
T .

Remark 3.5 Taking in consideration (2.4), we deduce that Pt is strong Feller at time
T > 0 if and only if the problem

{
ż(t) = Az(t) + BQ

1
2 u(t), t ∈ (0, T ],

z(0) = z0,
(3.5)

is null controllable in time T > 0 (see Definition 2.2).

In the following, we will investigate the null controllability of the above problem
to obtain a necessary and sufficient condition for the strong Feller property of the
transition semigroup.

By Assumptions 3.1, for any z0 ∈ H and any u ∈ L2(0, T ;U ) the problem (3.5)
has a unique mild solution z ∈ C([0, T ], H) given by

z(t) = T(t)z0 +
∫ t

0
T−1(t − s)BQ

1
2 u(s)ds = T(t)z0 + �t Q

1
2 u. (3.6)
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Proposition 3.6 Let Assumptions 3.1 be satisfied. Let ( fk)k∈N ⊂ D(A) be a set of
linearly independent eigenfunctions of A corresponding to (λk)k∈N forming a total
subset in H. Then the problem (3.5) is null controllable in time T > 0 if and only if
for any z0 ∈ H there is a control u ∈ L2 (0, T ;U ) satisfying

e−λk T 〈z0, fk〉H = −
n∑
j=1

(
Q

1
2 B∗ fk

)
j

∫ T

0
e−λk (T−s)u j (s) ds for all k ∈ N. (3.7)

Proof By (2.2) we know that for any z0 ∈ H and u ∈ L2(0, T ;U ), the mild solution
z(t) defined in (3.6) exists and is unique. We take any eigenfunction fk from the total
subset satisfying (3.2). Then

〈z(T ), fk〉H = 〈T(T )z0, fk〉H + 〈�T Q
1
2 u, fk〉H

= e−λkT 〈z0, fk〉H + 〈Q 1
2 u,�∗

T fk〉L2(0,T ;U )

= e−λkT 〈z0, fk〉H +
∫ T

0
e−λk (T−s)〈B∗ fk, Q

1
2 u(s)〉U ds

= e−λkT 〈z0, fk〉H +
∫ T

0
e−λk (T−s)〈Q 1

2 B∗ fk, u(s)〉U ds

= e−λkT 〈z0, fk〉H +
n∑
j=1

∫ T

0
e−λk (T−s)

(
Q

1
2 B∗ fk

)
j
u j (s)ds

= e−λkT 〈z0, fk〉H +
n∑
j=1

(
Q

1
2 B∗ fk

)
j

∫ T

0
e−λk (T−s)u j (s)ds,

where we have used that for every T > 0 the adjoint �∗
T of the operator �T is in

L (H , L2(0, T ;U )
)
and is given by

(
�∗

T x
)
(t) = B∗

T
∗(T − t)x, t ∈ [0, T ],

for any x ∈ D(A∗), see [27, Prop. 4.4.1]. Since the closure of the linear hull of the
functions ( fk) is H , z(T ) = 0 is equivalent to the fact that 〈z(T ), fk〉H = 0 for each
k. This implies that the problem is null controllable if and only if for any z0 ∈ H there
is a control u ∈ L2 (0, T ;U ) such that (3.7) holds. ��

4 Strong Feller property of the solution of the network problemwith
Kirchhoff noise

In this section we aim to investigate the strong Feller property of the transition semi-
group of the network problem on the metric graph G with Kirchhoff noise in the
vertices, see (1.4),
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On the strong Feller property of the heat equation on quantum graphs… 59

⎧⎪⎪⎪⎨
⎪⎪⎪⎩

że(t, x) = (cez
′
e)

′(t, x) − pe(x)ze(t, x), x ∈ (0, 1), t ∈ (0, T ], e ∈ E, (a)

0 = IvZ(t, v), t ∈ (0, T ], v ∈ V, (b)

β̇v(t) = C(v)�Z ′(t, v), t ∈ (0, T ], v ∈ V, (c)

ze(0, x) = z0,e(x), x ∈ [0, �e], e ∈ E, (d)

(4.1)
where the process

(β(t))t∈[0,T ] = ((βv(t))t∈[0,T ]
)
v∈V ,

is an R
n-valued Brownian motion (Wiener process) with |V| = n and covariance

matrix
Q ∈ R

n×n, (4.2)

and
0 < c0 ≤ ce ∈ Lip[0, �e], for some constant c0,

0 ≤ pe ∈ L∞(0, �e), e ∈ E.

We start with the deterministic problem on the network:

⎧⎪⎪⎪⎨
⎪⎪⎪⎩

że(t, x) = (cez
′
e)

′(t, x) − pe(x)ze(t, x), x ∈ (0, �e), t ∈ (0, T ], e ∈ E, (a)

0 = IvZ(t, v), t ∈ (0, T ], v ∈ V, (b)

0 = C(v)�Z ′(t, v), t ∈ (0, T ], v ∈ V, (c)

ze(0, x) = z0,e(x), x ∈ [0, �e], e ∈ E, (d)

(4.3)
where 0 denotes the constant 0 vector of dimension dv − 1 on the left-hand-side of
(4.3b). Recall that equations (4.3b) assume continuity of the function z(t, ·), cf. (1.2),
and equations (4.3c) are calledKirchhoff conditionswhich become standard Neumann
boundary conditions in vertices of degree 1.

We show that this system can be written in the form of (2.5) with u(t) = 0. First
we consider the Hilbert space

H :=
∏
e∈E

L2 (0, �e) (4.4)

as the state space of the edges, endowed with the natural inner product

〈 f , g〉H :=
∑
e∈E

∫ �e

0
fe(x)ge(x)dx, f = ( fe)e∈E , g = (ge)e∈E ∈ H.

OnH we define the operator

Amax := diag

(
d

dx

(
ce

d

dx

)
− pe

)

e∈E
(4.5)

with maximal domain

D(Amax) =
{
z ∈ H2 : IvZ(v) = 0, v ∈ V

}
, (4.6)
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where
H2 :=

∏
e∈E

H2(0, �e)

with H2(0, �e) being the Sobolev space of twice weakly differentiable L2(0, �e)-
functions having their first and secondweak derivatives in L2(0, �e).We also introduce
the boundary space

Y := �2(Rn) ∼= R
n . (4.7)

Notice that for fixed z ∈ D(Amax), the boundary (or vertex) conditions can be
written as

0Rdv−1 = IvZ(v), 0 = C(v)�Z ′(v), v ∈ V, (4.8)

cf. (4.3b) and (4.3c).

Remark 4.1 Define Av as the square matrix that arises from Iv by inserting an addi-
tional row containing only 0’s; that is,

Av =

⎛
⎜⎜⎜⎝

1 −1
. . .

. . .

1 −1
0 . . . 0 0

⎞
⎟⎟⎟⎠ ∈ R

dv×dv .

Furthermore, let Bv be the square matrix defined by

Bv =

⎛
⎜⎜⎜⎝

0 . . . 0
...

...

0 . . . 0
ce1(v) . . . cedv (v),

⎞
⎟⎟⎟⎠ ∈ R

dv×dv .

It is straightforward that for a fixed v ∈ V, equations (4.8) have the form

AvZ(v) + BvZ
′(v) = 0Rdv ,

where the dv × (2dv) matrix (Av, Bv) has maximal rank. Thus, our vertex conditions
have the form as in [9, Sec. 1.4.1].

We now define the boundary operator G : D(Amax) → Y by

Gz :=
(
C(v)�Z ′(v)

)
v∈V . (4.9)

With these notations, we can finally rewrite (4.3) in form of

⎧⎨
⎩
ż(t) = Amaxz(t), t ∈ (0, T ],
Gz(t) = 0, t ∈ (0, T ],
z(0) = z0,
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cf. (2.5). Define
A := Amax|D(A), D(A) = ker G (4.10)

see Assumptions 2.3. We claim now that we are in the situation of Sects. 2 and 3.

Proposition 4.2 For the spaces H = H and U = Y defined in (4.4), (4.7) and for
the operators Amax defined in (4.5), (4.6) and G defined in (4.9) Assumptions 3.1 are
satisfied.

Proof The surjectivity of G follows by [22, Prop. A.1]. Assumptions 3.1(1) and (2)
follow then by [22, Prop. 2.3] and [22, Prop. 3.6]. Assumption (3) is a consequence
of [22, Thm. 3.3], c.f. Proposition A.1. ��

The above proposition implies that the bounded operators

Dλ := (G|ker(λ−Amax)

)−1 : Y → ker(λ − Amax) ⊂ H, λ ∈ (0,+∞)

and
B := (1 − A−1)D1 ∈ L (Y,H−1) , (4.11)

can be defined, and by Remark 3.3, B is an admissible control operator for A, where
A is the operator in (4.10).

It is shown in [22, (3.11)] that for the space H 1
2
, see Definition 3.2, we have

H 1
2

∼=
{
z ∈ H1 : IvZ(v) = 0, v ∈ V

}
,

where
H1 :=

∏
e∈E

H1(0, �e).

Here H1(0, �e) is the standard Sobolev space of absolutely continuous functions on
the edge e having square integrable weak derivatives. That is, H 1

2
is isomorphic to

the space of absolutely continuous functions on the edges satisfying the continuity
condition in the vertices.

We now introduce the boundary operator L : D(L) → Y defined by

D(L) = H 1
2
,

Lz := (z(v))v∈V ∈ Y,

where z(v) denotes the common vertex value of the function z ∈ D(L) on the edges
incident to v. That is, L assigns to each function z that is continuous on G the vector of
the vertex values of z. Observe that D(Amax) ⊂ D(L) holds. In the following claim,
the adjoint of B which is a bounded operator from D(A∗) = D(A) ∼= H1 to Y , is
identified with its extension to H 1

2
, where we use that H1 ⊂ H 1

2
with an embedding

H1 → H 1
2
being a continuous linear map with dense range.
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Proposition 4.3 For the adjoint of the operator B defined in (4.11)

B∗ = −L on H 1
2
.

Proof Let α ∈ Y and h ∈ D(A∗) = D(A). Using the fact that A is self-adjoint and
[22, Prop. 2.3], we obtain

〈Bα, h〉H−1,D(A) = 〈(1 − A−1)D1α, h〉H−1,D(A) = 〈D1α, (1 − A∗)h〉H
= 〈D1α, (1 − A)h〉H
= 〈D1α, h〉H + 〈D1α, (−A)h〉H
=
∑
e∈E

∫ �e

0
(D1α)e(x) · he(x) dx +

∑
e∈E

∫ �e

0
ce(x) · (D1α)′e(x) · h′

e(x) dx (4.12)

+
∑
e∈E

∫ �e

0
pe(x) · (D1α)e(x) · he(x) dx .

We now integrate by parts in the second term of (4.12) and obtain

∑
e∈E

∫ �e

0
ce(x) · (D1α)′e(x) · h′

e(x) dx =
∑
e∈E

[
ce(x) · (D1α)′e(x) · he(x)

]�e
0

−
∑
e∈E

∫ �e

0

(
ce(x) · (D1α)′

)′
e (x) · he(x) dx .

Using D1α ∈ Ker(1 − Amax), we have that

(D1α)e − (ce · (D1α)′
)′
e + pe · (D1α)e = 0 for all e ∈ E,

thus

〈Bα, h〉H =
∑
e∈E

[
ce(x) · (D1α)′e(x) · he(x)

]�e
0 .

Since h is continuous on G, we obtain

∑
e∈E

[
ce(x) · (D1α)′e(x) · he(x)

]�e
0 = −

∑
v∈V

∑
e∈Ev

ce(v) · (D1α)′e(v) · he(v)

= −
∑
v∈V

h(v)
∑
e∈Ev

ce(v) · (D1α)′e(v)

= −
∑
v∈V

h(v) · (GD1α)v

= −
∑
v∈V

h(v) · (α)v = 〈α,−Lh〉Y ,
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where we have used that, by definition, GD1α = α. Combining all the above facts,
we have that

〈Bα, h〉H−1,D(A) = 〈α,−Lh〉Y .

Thus B∗ = −L holds on D(A). Using the density of D(A) ∼= H1 inH 1
2
we obtain

B∗ = −L on H 1
2
.

��
By the previous consideration for the deterministic version of the problem, system

(4.1) can be reformulated in H as follows:

⎧⎪⎨
⎪⎩

ẇ(t) = Amaxw(t), t ∈ (0, T ]
Gw(t) = β̇(t), t ∈ (0, T ],
w(0) = z0,

(4.13)

cf. (3.1). Hence, as seen in Sect. 3, the system (4.13) can be written in an Itô form as

{
dw(t) = Aw(t)dt + Bdβ(t), t ∈ (0, T ],
w(0) = z0,

(4.14)

see (3.3). On the other hand, it follows from [22, Thm. 3.5] that for any z0 ∈ H,
problem (4.14) has a unique mild solution w(t) = w(t, z0) ∈ H, t ∈ [0, T ], given by

w(t) = T(t)z0 +
∫ t

0
T−1(t − s)Bdβ(s), (4.15)

where (T(t))t≥0 is the contractive analytic semigroup on H generated by A, see
Proposition 4.2. We define the transition semigroup of the solutions (4.15) as in (3.4),
that is,

Ptφ(z0) := E (φ(w(t, z0))) , t ∈ [0, T ], φ ∈ Bb(H). (4.16)

In the same way as in Sect. 3 in Remark 3.5, one observes that (Pt )t∈[0,T ] is strong
Feller at time T > 0 if and only if the problem

{
ż(t) = Az(t) + BQ

1
2 u(t), t ∈ (0, T ],

z(0) = z0,
(4.17)

is null controllable at time T > 0, see (3.5), where the operators are defined in (4.10),
(4.11) and (4.2).

From now on we assume that the diffusion coefficients in (4.1) are ce = 1, e ∈ E.
In the following we give a sufficient condition for the null controllability of (4.17), or,
equivalently, the strong Feller property of the transition semigroup defined in (4.16)
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to hold. By Proposition 4.2 there exists an increasing sequence of non-negative real
numbers

0 ≤ λ0 ≤ λ1 ≤ · · · ≤ λk ≤ λk+1 ≤ · · · , λk → +∞, (4.18)

and a set ( fk)k∈N ⊂ D(A) of eigenfunctions such that

A fk = −λk fk, k ∈ N, (4.19)

where the functions ( fk)k∈N form a complete orthonormal system inH. By [12, (2.2)
and Thm. 4.3] we have that there exist constants l1, l2 > 0 such that

l1 · k2 ≤ −λk ≤ l2 · k2, k ∈ N. (4.20)

If the (algebraic) multiplicity of an eigenvalue is d, then for some k, λk = λk+1 =
· · · = λk+d−1 holds (where d = 1 can happen). Therefore, we also consider the strictly
increasing subsequence of (λk) consisting of distinct eigenvalues of A, denoted by
(μk); that is, the sequence

0 ≤ μ0 < μ1 < · · · < μk < · · · , k ∈ N, (4.21)

where −μk , k ∈ N are the distinct eigenvalues of A. Since the multiplicity of eigen-
values are uniformly bounded (see, for example, [12]) it follows from (4.20) that for
some constants l̃1, l̃2 > 0,

l̃1 · k2 ≤ −μk ≤ l̃2 · k2, k ∈ N

holds. It is well-known thatμ0 = 0 and the corresponding eigenspace is 1 dimensional
and is spanned by the constant 1 function on G.

We are going to prove the strong Feller property of the transition semigroup Pt

defined in (4.16), that is, the null-controllability of problem (4.17) in the case G is a
tree and the control acts in all boundary vertices, except for, possibly, one of them.

Definition 4.4 In a graph Gwe call a vertex of degree 1 a boundary vertex, and denote
the set of boundaryvertices by�.Apath in a graph is an alternating sequenceof vertices
and edges (vn, en, vn−1, en−1, . . . , v1, e1, v0) with no repeated edges or vertices. G is
a tree if it is connected and contains no cycle, or, equivalently, if for any two different
vertices v and v′, there is a unique path P(v, v′) inGwith starting point v and finishing
point v′.

For the proof we will need the following notions which we cite from [2, Def. I.1.13,
I.1.16.].

Definition 4.5 A system E = (ξk)k∈N isminimal, if for any j , the element ξ j does not
belong to the closure of the linear hull of all the remaining elements.
A system E = (ξk)k∈N is said to be an L-basis, if E is the image of an isomorphic
mapping of some orthonormal family.
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It is straightforward that by Proposition 2.4, system (4.17) can be written in the
following equivalent form:

⎧⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎩

że(t, x) = z′′e(t, x) − pe(x)ze(t, x), x ∈ (0, �e), t ∈ (0, T ], e ∈ E,

0 = IvZ(t, v), t ∈ (0, T ], v ∈ V,

Q
1
2 uv(t) =

∑
e∈Ev

z′e(t, v), t ∈ (0, T ], v ∈ V,

ze(0, x) = z0,e(x), x ∈ [0, �e], e ∈ E.

(4.22)

Theorem 4.6 Let G be a tree, ce = 1. If the covariance matrix Q = diag(qv)v∈V in
(4.2) is diagonal, and qv �= 0 for all boundary vertices except for, possibly, one of
them, where it may be zero, then the transition semigroupPt defined in (4.16) is strong
Feller at any time T > 0.

Proof Wewill deduce the result from the exact controllability of the a boundary control
problem for a wave equation on a network:

⎧⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎩

z̈e(t, x) = z′′e(t, x) − (pe(x) + 1) · ze(t, x), x ∈ (0, �e), t ∈ (0, T ], e ∈ E

0 = IvZ(t, v), t ∈ (0, T ], v ∈ V,

Q
1
2 uv(t) =

∑
e∈Ev

z′e(t, v), t ∈ (0, T ], v ∈ V,

ze(0, x) = że(0, x) = 0 x ∈ [0, �e], e ∈ E.
(4.23)

Defining
�1 := � \ {γ1}

for γ1 ∈ � arbitrary and J ∗ = ∅, we obtain by Proposition B.5 that {�1, J ∗} is an
ST active set of G in the sense of Definition B.2, that is of [5, Def. 3.2]. Hence, we
can apply [5, Thm. 3.14] to obtain that the system (4.23) is exactly controllable on
H 1

2
. Furthermore, for the corresponding operator A − I d there is a strictly positive

sequence
0 < λ̃0 ≤ λ̃1 ≤ · · · ≤ λ̃k ≤ λ̃k+1 ≤ · · · , λ̃k → +∞,

with
λ̃k = λk + 1, k ∈ N

such that
(A − I d) fk = −λ̃k fk, k ∈ N,

where (−λk) are the eigenvalues of A, and the eigenfunctions fk, k ∈ N form a
complete orthonormal system inH, see (4.18) and (4.19).

We will use the method introduced in [3] to show that (4.17), that is (4.22) with
first equations

że(t, x) = z′′e(t, x) − (pe(x) + 1) · ze(t, x), x ∈ (0, �e), t ∈ (0, T ], e ∈ E (4.24)
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is null-controllable at any time τ > 0, for any z0 ∈ H− 1
2
. For this purposewe introduce

the spectral data

αk :=
(

fk(v)√
λ̃k

)

v∈�1

∈ R
m, k ∈ N,

where m = |�1| is the number of the vertices in �1. By [2, Thm. III.3.10] we know
that the exactly controllability of system (4.23) at time T is equivalent to the fact that

E±k(t) := αk · e±i
√

λ̃k t , k ∈ N,

forms an L-basis in L2 (0, T ;Cm). From [2, Thm. II.5.20] we obtain that the system

Qk(t) := αk · e−λ̃k t , k ∈ N,

is minimal in L2 (0, τ ;Rm) for any τ > 0. Furthermore, for the corresponding bi-
orthogonal family

Q′
k ∈ L2(0, τ ;Rm), k ∈ N,

with

〈Q�, Q
′
k〉L2(0,τ ;Rm ) :=

∑
v∈�1

∫ τ

0
(Qk(s))v · Q′

k(s)v ds = δk,�, k, � ∈ N, (4.25)

there exist positive constants C(τ ) and β such that

∥∥Q′
k

∥∥
L2(0,τ ;Rm )

≤ C(τ ) · ∥∥E ′
k

∥∥
L2(0,τ ;Cm )

eβ
√

λ̃k , k ∈ N,

for any τ > 0. Since {E±k}k∈N is an L-basis in L2 (0, T ;Cm), there exists c > 0 such
that ∥∥E ′

k

∥∥
L2(0,T ;Cm )

≤ c, k ∈ N,

holds, see [2, page 26]. Together with (4.20) and the fact that z0 ∈ H− 1
2
we obtain

that for the control defined as

ũ(s) =
∞∑
k=0

〈z0, fk〉H√
λ̃k

e−λ̃kT Q′
k(T − s) ∈ L2 (0, T ;Rm) (4.26)

is satisfied. Furthermore, from (4.25) follows that

〈z0, fk〉H√
λ̃k

· e−λ̃k T = 〈Qk, ũ
T 〉L2(0,T ;Rm ), k ∈ N. (4.27)

with ũT (s) = ũ(T − s) holds.

123



On the strong Feller property of the heat equation on quantum graphs… 67

By Propositions 3.6 and 4.3 we know that system (4.22) with first equations (4.24)
is null-controllable at time T > 0, for z0 ∈ H− 1

2
if and only if there is a control

ỹ ∈ L2(0, T ;Rn) satisfying the moment problem

〈z0, fk〉H√
λ̃k

· e−λ̃k T = −
∑
v∈V

√
qv · fk(v)√

λ̃k

∫ T

0
e−λ̃k (T−s) ỹv(s) ds, k ∈ N. (4.28)

Define

ỹv(s) =
{

1√
qv
ũv(s), v ∈ �1,

0, v /∈ �1

for s ∈ [0, T ]. Then by (4.26), ỹ ∈ L2(0, T ;Rn) holds. Taking inner product, from
(4.27) and the assumption on Q follows that (4.28) is satisfied by ỹ.

Turning back to the original problem, we have to show the null-controllability of
problem (4.17), that is of (4.22). For a given z0 ∈ H− 1

2
, define

u(s) =
∞∑
k=0

〈z0, fk〉H√
λ̃k

· e−(λk+1)T+s Q′
k(s) ∈ L2 (0, T ;Rm) ,

where
(
Q′

k(t)
)
is the biorthogonal family introduced above, and let

yv(s) =
{

1√
qv
uv(s), v ∈ �1,

0, v /∈ �1
(4.29)

for s ∈ [0, T ]. Let � ∈ N arbitrary. Then we have

−∑v∈V
√
qv · f�(v)

∫ T
0 e−λ�(T−s)yv(s) ds =∑v∈V

√
qv · f�(v)

∫ T
0 e−λ�s yv(T − s) ds

=∑v∈�1
f�(v)

∫ T
0 e−λ�s

∑∞
k=0

〈z0, fk 〉H√
λ̃k

· e−λkT−s(Q′
k(s))v ds

=∑∞
k=0

〈z0, fk 〉H√
λ̃k

· e−λkT
∑

v∈�1
f�(v)

∫ T
0 e−λ̃�s(Q′

k(s))v ds

=∑∞
k=0

〈z0, fk 〉H√
λ̃k

· e−λkT
√

λ̃� · 〈Q�, Q′
k〉L2(0,T ;Rm )

=∑∞
k=0〈z0, fk〉H · e−λkT · δk,� = 〈z0, f�〉H · e−λ�T .

Thus, we obtained that for any z0 ∈ H− 1
2
and T > 0, with control defined in (4.29),

〈z0, f�〉H · e−λ�T = −
∑
v∈V

√
qv · f�(v)

∫ T

0
e−λ�(T−s)yv(s) ds, � ∈ N,

is satisfied. Hence, by Proposition 3.6, system (4.22) is null-controllable at any time
T > 0 for any z0 ∈ H− 1

2
hence for for any z0 ∈ H and equivalently, the transition

semigroup Pt is strong Feller at any time T > 0. ��
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Fig. 1 Star graph

Example 4.8 below shows that, in general, the above theorem cannot be strength-
ened.

Definition 4.7 We say that a tree G is a star graph if it has one central vertex called
vc, boundary vertices v1, v2 . . . , vN , and the edges of G connect the central vertex to
the boundary vertices, see Figure 1.

Example 4.8 (Equilateral Neumann star graph) Let G be a star graph having N
edges, with central vertex vc and boundary vertices v1, v2, . . . , vN . Assume that
Q = diag(qv)v∈V is diagonal, �e = � > 0, pe = 0 and ce = 1 for all e ∈ E
(hence, A is the Laplacian on G). Then if qv = 0 holds for more than one boundary
vertex, the transition semigroup Pt defined in (4.16) is not strong Feller at any time
T > 0.

Proof Parameterize the edges on [0, �] so that the 0’s correspond to the boundary ver-
tices. By [9, Ex. 2.1.12] and [9, Thm. 3.7.1] there is a sequence of distinct eigenvalues
of A with

−μk = −
( 1
2 + k

)2
π2

�2
, k ∈ N,

and all eigenvalues have multiplicity N − 1, see also [29, 30]. For each k ∈ N, there
are N − 1 linearly independent normalized eigenfunctions of the form

gk,1(x) =
√
1

�

(
cos(

√
μk x),− cos(

√
μk x), 0, 0, . . . , 0

)
,

gk,2(x) =
√
1

�

(
cos(

√
μk x), 0,− cos(

√
μk x), 0, 0, . . .

)
,

...

gk,N−1(x) =
√
1

�

(
cos(

√
μk x), 0, 0, . . . ,− cos(

√
μk x)

)
,

123



On the strong Feller property of the heat equation on quantum graphs… 69

where the coordinates are the values of the functions on the N edges. Hence, the
eigenfunctions become 0 when evaluated at the central vertex vc, while

gk, j (v1) =
√
1

�
, gk, j (v j+1) = −

√
1

�
, j = 1, 2, . . . , N − 1,

and
gk, j (vi ) = 0 i ≥ 2, i �= j + 1, j = 1, 2, . . . , N − 1.

By the assumption on Q and with an appropriate labelling of the vertices; that is, of
the edges, there exists j such that for each k ∈ N,

(
Q

1
2 Lgk, j

)
v

= √
qvgk, j (v) = 0 for each v ∈ V.

Finally, recall that B∗ = −L by Proposition 4.3. Thus for all eigenfunctions gk, j ,
k ∈ N the right-hand-side, hence the left-hand-side of (3.7) would be zero for all
z0 ∈ H which is impossible. Hence, by Proposition 3.6, the problem (4.17) is not null
controllable in any time T > 0, and equivalently, the transition semigroup Pt defined
in (4.16) is not strong Feller at any time T > 0. ��

We also show an example for general star graphs with different edge lengths. Here
we have to assume that the edge lengths for which no boundary noise is present, fulfill
a certain rational dependence condition.

Example 4.9 (General Neumann star graph) Let G be a star graph having N edges,
with central vertex vc and boundary vertices v1, v2, . . . , vN . Assume that pe = 0,
ce = 1, the edge lengths are �i > 0, i = 1, 2, . . . , N , Q = diag(qv)v∈V is diagonal
and qv = 0 holds for at least two boundary vertices v1 and vi such that

�1

�i
= 2n1 + 1

2ni + 1
for some n1, ni ∈ N. (4.30)

Then the transition semigroup Pt defined in (4.16) is not strong Feller at any time
T > 0.

Proof We parametrize the edges on [0, �i ], i = 1, 2, . . . , N , so that the 0’s correspond
to the boundary vertices. We are going to define an eigenfunction supported on the
edges 1 and i with

fk,i (x) = (cos(√μk x), 0, 0, . . . , sk,i cos(
√

μk x)), 0, . . . , 0
)
. (4.31)

Since noise is not present in v1 and vi , for z0 = fk,i (3.7) can not be satisfied. Thus,
by Proposition 3.6 and the equivalence of the null controllability to the strong Feller
property we obtain the statement.

By assumption (4.30) there are integers n1 and ni such that

μk = (ni + 1
2 )

2π2

�2i
= (n1 + 1

2 )
2π2

�21
. (4.32)
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Let fk,i be the normalized eigenfunction as in (4.31) with thisμk and with appropriate
coefficients rk,i , sk,i which we specify below. From (4.32) follows that

cos(
√

μk�1) = cos(
√

μk�i ) = 0

thus the continuity condition in vc is satisfied for fk,i . Let sk,i = −1 if the parity of
n1 and ni is the same, and let sk,i = 1 otherwise. Then

sin((n1 + 1

2
)π) + sk,i sin((ni + 1

2
)π) = 0

holds, hence √
μk sin(

√
μk�1) + √

μksk,i sin(
√

μk�i ) = 0

and thus the Kirchhoff–Neumann condition in vc is satisfied. The Neumann-condition
in the boundary vertices holds by the definition (4.31). Thus, the proof is completed.

��
Remark 4.10 The above example can be generalized by ”attaching” arbitrary trees to
at most N−2 edges of the star graph with arbitrary edges lengths, such that the lengths
of the remaining 2 edges satisfy (4.30). We can define an eigenfunction in the same
way as in (4.31), which is supported only on these 2 edges. When noise is not present
in the corresponding 2 boundary vertices, the system can not be null controllable,
hence Pt is not strong Feller at any time T > 0.

The next example shows that the existence of a loop always destroys the strong
Feller property.

Example 4.11 Assume that G contains a loop, that is a chain of vertices

v, v1, v2, . . . , vn, v

connected by edges,with eachof the intermediate verticesv1, v2, . . . , vn havingdegree
2. Assume that pe = 0, ce = 1. Then the transition semigroup Pt defined in (4.16)
is not strong Feller at any time T > 0. By [10, Rem. 2.1], we may assume that there
is a looping edge in G, that is, an edge having the same origin and boundary vertex.
Then [10, Ex. 3.3] implies that there is an eigenfunction fk of A which is supported
exclusively on the loop and, in particular, its value equals to zero on all vertices of
G. Hence, as B∗ = −L by Proposition 4.3, it follows from Proposition 3.6 that the
problem (4.17) is not null controllable in any time T > 0, and equivalently, the
transition semigroup Pt defined in (4.16) is not strong Feller at any time T > 0.

5 Existence of an invariant measure

In this section, we are interested in the existence of an invariant measure for the general
boundary noise problem (3.1), that is, for (3.3). A probabilitymeasureμ on (H ,B(H))
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is said to be invariant for (3.3) if

∫
H
Ptφ(x)μ(dx) =

∫
H

φ(x)μ(dx),

for all φ ∈ Cb(H), and t > 0, where Pt is the transition semigroup defined in (3.4).

Theorem 5.1 Assume that Assumptions 3.1 are satisfied, moreover, B ∈ L(U , H− 1
2
)

holds. Then the system (3.1), that is, (3.3) has an invariant measure if and only if ker A
is empty or there exists an orthonormal basis � := ( fn)n∈� of ker A such that

‖Q 1
2 B∗ fn‖ = 0, ∀ fn ∈ �. (5.1)

Proof By [15, Thm. 11.17.(iii)], the existence of the invariant measure is equivalent
to the fact that ∫ +∞

0

∥∥∥T−1(t)BQ
1
2

∥∥∥2
HS(U ,H)

dt < +∞, (5.2)

where HS denotes the Hilbert-Schmidt norm between the appropriate spaces.
Let T > 0 and let ( fk)k∈N be an orthonormal basis of H formed by the eigenfunc-

tions of A with corresponding eigenvalues −λk , see (3.2). Then, we have

∫ T

0

∥∥∥T−1(t)BQ
1
2

∥∥∥2
HS(U ,H)

dt =
∫ T

0

∥∥∥Q 1
2 B∗

T(t)
∥∥∥2
HS(H ,U )

dt

=
∑
k∈N

∫ T

0
e−2λk t dt ·

∥∥∥Q 1
2 B∗ fk

∥∥∥2 (5.3)

Now, assume that for all orthonormal basis � of ker A there exists f0 ∈ � such that
‖Q 1

2 B∗ f0‖ > 0. It follows from (5.3) that

∫ T

0

∥∥∥T−1(t)BQ
1
2

∥∥∥2
HS(U ,H)

dt ≥
∫ T

0
e−2λ0t dt ·

∥∥∥Q 1
2 B∗ f0

∥∥∥2

≥ T
∥∥∥Q 1

2 B∗ f0
∥∥∥2 .

Hence ∫ +∞

0

∥∥∥T−1(t)BQ
1
2

∥∥∥2
HS(U ,H)

dt = +∞.

Consequently, the system (3.1) does not have an invariant measure.
For the converse, we assume that there exists an orthonormal basis � := ( fn)n∈�

of ker A such that (5.1) holds. By completing � to an orthonormal basis ( fk)k∈N of
H formed by the eigenfunctions of A with corresponding eigenvalues −λk , it follows
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from (5.3) that

∫ T

0

∥∥∥T−1(t)BQ
1
2

∥∥∥2
HS(U ,H)

dt =
∑
λ j>0

∫ T

0
e−2λ j t dt · ‖Q 1

2 B∗ f j‖2

=
∑
λ j>0

1 − e−2λ j T

2λ j
· ‖Q 1

2 B∗ f j‖2

=
∑
λ j>0

1 − e−2λ j T

2λ j
· ‖Q 1

2D
∗
1(1 − A) f j‖2

=
∑
λ j>0

1 − e−2λ j T

2λ j
· ‖Q 1

2D
∗
1(1 + λ j ) f j‖2

≤
∑
λ j>0

1 + λ j

2λ j
· ‖Q 1

2 (1 + λ j )
1
2D

∗
1 f j‖2

≤ sup
λ j>0

1 + λ j

2λ j

∑
λ j>0

‖Q 1
2 (1 + λ j )

1
2D

∗
1 f j‖2

≤ 1

2

(
1

μ1
+ 1

)
‖(1 − A)

1
2D1Q

1
2 ‖2HS(U ,H)

= 1

2

(
1

μ1
+ 1

)
‖(1 − A)−

1
2 BQ

1
2 ‖2HS(U ,H),

where μ1 is defined in (4.21) and we have used B := (1 − A−1)D1. Moreover, it
follows from the assumptions that

‖(1 − A)−
1
2 BQ

1
2 ‖HS(U ,H) < ∞.

Hence, by taking T → +∞, we obtain that (5.2) holds, thus the invariant measure
exists. ��

The result [13, Thm. 9.1.1.(iii)] states that if the transition semigroup is strongFeller,
then the invariant measure exists if and only if the semigroupT is exponentially stable.
In the following we show that for the quantum graph problem (4.1) the assumption
being strong Feller can be omitted.

To obtain the result, we observe that by Proposition 4.3, B∗ can be extended as a
bounded operator B∗ ∈ L(H 1

2
,Y). Thus, we conclude that

B ∈ L(Y,H− 1
2
).

Corollary 5.2 Assume that ce = 1, e ∈ E. Then, for the network boundary noise
problem (4.1) the invariant measure exists if and only if the semigroup T generated
by A in (4.10) is exponentially stable. In particular, if an invariant measure for (4.1)
exists, then it is unique.
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Proof Propositions 4.2 and 4.3 imply that for the problem (4.1) the assumptions of
the above theorem are satisfied. By [23, Thm. 1], if ker A is not empty, it is a 1
dimensional subspace and the corresponding eigenvector can be chosen to be strictly
positive. Hence, by Theorem 5.1, the invariant measure exists if and only if ker A = ∅,
thus the claim follows. ��

Appendix A: Regularity of the solution

We again consider system (4.1) having mild solution

w(t) = T(t)z0 +
∫ t

0
T−1(t − s)Bdβ(s) := T(t)z0 + K (t),

with B := (1 − A−1)D1, see (4.15). In this section we show that the uniform bound-
edness assumption on the vertex values of eigenfunctions of Theorem 3.8 in [22] is
unnecessary to obtain the desired regularity of K (t), that is, of w(t).

Proposition A.1 For α < 1
4 , the stochastic convolution process K (·) defined in (4.15)

has a continuous version inHα . In particular, w(·) has an Hα continuous version.

Proof Similarily to the argument in the proof of [22, Thm. 3.8], by a straightforward
modification of [14, Thm. 2.3] to include the covariance matrix Q, we have to show
that if α < 1

4 , then there exists γ > 0 such that

∫ T

0
t−γ

∥∥∥T−1(t)BQ
1
2

∥∥∥2
HS(Y,Hα)

dt < +∞.

By [11, Thm. 4.1], for α < 1
4 and ε > 0 small enough, (1− A)

1
2+α+ε

D1 is a bounded

operator from Y to H. Hence, B ∈ L
(
Y,Hα+ε− 1

2

)
holds for any α < 1

4 and ε > 0

small enough. Thus,

∫ T

0
t−γ

∥∥∥T−1(t)BQ
1
2

∥∥∥2
HS(Y,Hα)

dt

=
∫ T

0
t−γ

∥∥∥(1 − A)
1
2−ε

T(t)(1 − A)α+ε− 1
2 BQ

1
2

∥∥∥2
HS(Y,H)

dt

≤
∫ T

0
t−γ

∥∥∥(1 − A)
1
2−ε

T(t)
∥∥∥2 dt ·

∥∥∥(1 − A)α+ε− 1
2 B
∥∥∥2
HS(Y,H)

· Tr(Q)

≤ cT ·
∫ T

0
t−γ · 1

t1−2ε dt,

where, in the last inequality we used the analiticity of the semigroupT and the fact that

the Hilbert-Schmidt norm of (1 − A)α+ε− 1
2 B is finite since Y is finite dimensional.

The last integral is finite if γ < 2ε, which implies the statement. ��
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Appendix B: ST active set of a tree

In this section we show how [5, Thm. 3.14] can be used in the proof of Theorem 4.6.
To keep the paper self-contained, we cite all necessary definitions and results from [4,
5] and prove in Proposition B.5 how they apply for the situation in Theorem 4.6.

We denote by �G = (V, �E) a directed graph obtained by orienting the edges of
G = (V, E). We call a directed graph acyclic, if there is no directed circle (directed
path having the same vertex as starting and finishing point, see Definition 4.4) in it.
By [5, Lem. 2.2], there is always a directed acyclic graph – abbreviated as DAG –,
�G = (V, �E) based on G.

Definition B.1 ([5, Def. 3.1]) Let �G = (V, �E) be a DAG (directed acyclic graph) based
on G. Let U be a union of directed paths. We say U is a tangle-free (TF) path union
of G if U satisfies the conditions:

1. The direction of all edges are the same as the direction of all paths they are on.
2. All paths P ∈ U are disjoint except for the starting and finishing vertices.
3. If a finishing vertex v of a path is the starting vertex of another path, there must be

an incoming edge of v that is not a finishing edge, and an outgoing edge of v that
is not a starting edge.

4. �G =⋃P∈U P .

As before, Ev denotes the set of all edges which are incident to v. In �G, we denote
by E+

v and E−
v the set of edges which are outgoing and incoming edges, respectively,

for v. A source is a vertex without incoming edges; a sink is a vertex without outgoing
edges. We denote the sets of sources and sinks by �G+ and �G−, respectively.

The following concept is crucial in the proof of Theorem 4.6.

Definition B.2 ([5, Def. 3.2]) Let �G be a DAG based on G. We say that I ∗ is a single-
track (ST) active set of vertices of �G if

I ∗ = {v : v ∈ �G+},

J ∗ is a single-track (ST) active set of edges of �G if

J ∗ =
⋃
v∈V

E∗
v, (B1)

with
E∗
v = all but one elements of E+

v , v ∈ V.

The set {I ∗, J ∗} is then called a ST active set.

Observe that I ∗ is uniquely determined by �G+. However, ST active set of edges can be
defined in several ways. By the following result, there is a one-to-one correspondence
between the ST active set of edges and the TF path unions of G.
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Lemma B.3 ([5, Lem. 3.3]) Let �G be a DAG and I ∗ its ST active set of vertices. Then
each TF path union U corresponds to a ST active set of edges J ∗ such that for every
path in U, the index of its starting edge is in

J
∗ =

(⋃
v∈I ∗

Ev

)
∪ J ∗.

Conversely, from every ST active set of edge indices J∗ one can construct a TF path
union U, such that for every e ∈ J

∗
, e is the starting edge of a path in U.

Let G be a tree. Our upcoming result is based on the following lemma. We recall
that we denote the set of boundary vertices – that is, vertices of degree 1 – by �, and
P(v, v′) denotes the uniquely determined path in G with starting point v and finishing
point v′, see Definition 4.4.

Lemma B.4 ([4, Lem. 1]) Let G be a tree graph and I ⊂ � be a subset of its boundary
vertices. Then G has a union representation

G =
⋃
v∈I

P(v, v′), (B2)

of disjoint (except the endpoints) paths if and only if

I = � or I = � \ {γ1}

for an arbitrary γ1 ∈ �.

Notice that a path union representation (B2) in the tree graphG uniquely determines
an orientation of the edges that is a directed graph, �G, such that each edge is oriented
according to the orientation of the (unique) path it is contained in.

Proposition B.5 For a tree graph G and the vertex set I = � or I = � \ {γ1} (with
γ1 ∈ � arbitrary), consider a path union representation (B2) from Lemma B.4 and
the corresponding directed graph �G. Then (B2) is a TF path union of G and the
corresponding ST active set given by Lemma B.3 is

I ∗ = I , J ∗ = ∅.

Furthermore, I ∗ ⊂ �, J ∗ = ∅ is an ST active set if and only if I ∗ = � or I ∗ := �\{γ1}
for some γ1 ∈ �.

Proof Since G is a tree, �G is a DAG based on G. It is straightforward that (1), (2) and
(4) of Definition B.1 are satisfied for the path union (B2). Since all paths have starting
points in boundary vertices, no interior vertex – that is, a vertex of degree at least 2
– is a starting point of a path, hence (3) of Definition B.1 is also satisfied. This fact
also implies, that each interior vertex has (at least one) incoming edge, and in the case
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I = � \ {γ1}, γ1 is a sink. Thus, the sources of �G are exactly the elements of I , that
is, I ∗ = I .

Otherwise, since the paths are disjoint, and no interior vertex is a starting point for a
path, all interior vertices as well as the elements of I have exactly one outgoing edge.
Thus, by (B1), J ∗ = ∅.

For the last statement observe that by Lemma B.3, there is a one-to-one correspon-
dence between the ST active sets and the TF path unions of G such that the starting
deges of the paths are exactly the elements of J

∗
. Since I ∗ ⊂ �, J ∗ = ∅, we have

J
∗ =

⋃
v∈I ∗

{ev},

where ev is the unique edge incident to v ∈ I ∗. Hence, the paths in the TF path union
corresponding to {I ∗, J ∗} have starting points only in I ∗. By Lemma B.4, this can
happen if and only I ∗ has the given form. ��
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