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Abstract
In this paper we develop a new method for numerically approximating sensitivities in
parameter-dependent ordinary differential equations (ODEs). Our approach, intended
for situations where the standard forward and adjoint sensitivity analyses become
too computationally costly for practical purposes, is based on the Peano-Baker series
from control theory. Using this series, we construct a representation of the sensitivity
matrix S and, from this representation, a numerical method for approximating S. We
prove that, under standard regularity assumptions, the error of our method scales as
O(�t2max), where �tmax is the largest time step used when numerically solving the
ODE. We illustrate the performance of the method in several numerical experiments,
taken from both the systems biology setting and more classical dynamical systems.
The experiments show the sought-after improvement in running time of our method
compared to the forward sensitivity approach. In experiments involving a random
linear system, the forward approach requires roughly

√
n longer computational time,

where n is the dimension of the parameter space, than our proposed method.

Mathematics Subject Classification 65L05 · 65L20

1 Introduction

Mathematical models are used in all areas of science and engineering to model more
and more complex real-world phenomena. An important aspect of such modeling is to
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understand how changes and uncertainty inmodel parameters translate to the output of
a model. The first question is the topic of sensitivity analysis, an active research area at
the intersection of several branches of mathematics and its applications; see e.g. [1–5]
and references therein. Motivated by problems arising in systems biology, specifically
concerning statistical inference and uncertainty quantification ofmodels based on non-
linear dynamical systems, in this paperwe consider the rather classical question of local
sensitivity analysis in ODE models. More precisely, we are interested in the design of
efficient numerical methods for approximating the sensitivity matrix for such models.
Although our motivation originally comes from wanting sensitivity approximation
methods that are suitable for Markov chain Monte Carlo (MCMC) methods in the
systems biology setting–see Section 1.1 for more details and references–we note that
the general problem of computing sensitivities in an ODE model is of great interest in
a number of fields.

The general starting point is a system of ordinary differential equations (ODEs),
which we take to be of the form{

ẋ(t) = f (t, x,p) ,

x(t0) = x0 ,
(1.1)

where x(t) represents the state of the system at time t , and p denotes a set of model
parameters1; a more precise definition, including the state spaces of the different
quantities involved, is given in Sect. 2.

For such a model, it is important to understand how changes in the parameter-
vector p affect the output x: we are interested in computing the derivatives S j

i (t) =
∂xi (t)/∂ p j , the sensitivities of the model, for all component-combinations (i, j)2.
The sensitivities provide local information about the parameter space that is important
for a variety of tasks within modeling where this space is explored, e.g., quantifying
uncertainty, finding optimal parameters, and experimental design [2, 3, 5, 6].

For all but very simple systems the sensitivities are not available in an (explicit)
analytical form. Instead,we have to turn to different types of approximations [3, 5]. The
two standard approaches for obtaining numerical approximations to the sensitivities
of an ODE or PDE model are (i) the forward, or variational, approach [2, 3], and (ii)
the adjoint approach [7–9]. There is a vast literature on both methods and here we
only give a brief review; for a comparison of the two approaches, see [6].

Between the forward and adjoint methods, forward sensitivity analysis is the more
straightforward of the two. It is based on finding an ODE system satisfied by the
sensitivities S j

i (t), along with appropriate initial values. The solution to this system
can then be approximated together with that of the original ODE for x [3, 6]. It is
well-known that for high-dimensional problems–nx × n p � 1, where nx and n p are

1 In a typical systems biology setting there is also often an input function u(t) explicit in the arguments of
f . Because such inputs u(t) do not play any role in developing the numerical methods that are the focus of
this paper, and for simplicity of notation, we here consider u(t) as embedded into f .
2 In some cases we are interested in computing the sensitivities of an output function h applied to the state

x, i.e. S̄ j
i (t) = ∂h(x)i (t)/∂ p j . By the chain rule, we can reduce this problem to the computation of the

sensitivities S j
i of the state x; in fact, S̄ j

i (t) = ∑
k

∂h(x)i
∂xk

S j
k (t).
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the dimension of the state space and parameter space, respectively–computation of the
sensitivities using forward sensitivity analysis becomes slow. As a consequence, this
method can be too computationally costly for certain applications, and more efficient
methods are needed. Indeed, the manuals of solvers such as cvodes [10] warn against
this approach for large systems [11], favouring adjoint methods where possible.

Adjoint sensitivity analysis is designed to ease the computation of sensitivities with
respect to p of an objective function

G(x,p) =
∫ T

0
g(x, t,p)dt,

for some function g (satisfying certain smoothness assumptions). Alternatively, the
method can be used to compute sensitivities of g(x(T ), T ,p), that is a function only
defined at the final time T . Themethod amounts to introducing an augmented objective
function from G by introducing Lagrange multipliers associated with the underlying
ODE, and computing the derivatives dG/dp j of this objective function; see e.g. [7–9]
for the details.

In contrast to the forward sensitivity analysis, the adjointmethod does not rely on the
actual state sensitivities, ∂xi/∂ p j , but rather on the adjoint state process. It is possible,
albeit impractical, to formulate the problem so that the adjoint sensitivity analysis
computes ∂xi/∂ p j , the quantities of interest in this paper: define g(x, t,p) = xi (t)
and use the adjoint sensitivity method to compute the sensitivities of g at the specific
times T = tk . However, this must be repeated for each component xi of the state x
and for each time tk at which an approximation of the sensitivity of the ODE model is
sought. As a result, the use of adjoint sensitivity is not recommended for this purpose,
especially when (i) the dimension of the state space is large, and (ii) there are many
time points tk at which the sensitivities are to be computed.

The forward sensitivity and the adjointmethods are both too computationally expen-
sive for the type of applications we have in mind, in particular when there is a need to
approximate sensitivities in larger models (i.e., high-dimensional state and/or parame-
ter space).As afirst step towards resolving this issue,we introduce a newmethod, based
on the Peano-Baker series [12], referred to as the Peano-Baker Series (PBS) method.
It turns out that this method can be unstable when applied to stiff problems3, which
are common in systems biology applications. We therefore modify the PBS method
by adding a stiffness detection mechanism and refining the time steps accordingly:
this leads to the PBS algorithm with refinement (PBSR). Additionally, we introduce an
algorithm that we call the Exponential (Exp) algorithm, which is cheaper, though in
general less accurate, and has the advantage of being unconditionally stable. Because
wewill mainly work with stiff problems, the PBSR and Exp algorithm are themethods
that we will implement in practice.

The methods we propose utilize two different approximation techniques, that differ
in their stability properties, accuracy and computational time. By the use of these two
techniques, we can handle various dynamical properties that arise in different parts

3 Stiffness has no rigorous definition, here we treat the term as meaning that we need an algorithm of high
order and small step sizes; see, e.g., [13].
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of the state and parameter space associated with the ODE system, e.g. stiffness and
transient versus equilibrium behaviour. We show that by combining these techniques
we construct numerical methods to approximate the sensitivity matrix with a compu-
tational time and an accuracy that are suitable for use within MCMC methods, which
is our main motivation for the sensitivity approximation (see Sect. 1.1). Using the
proposed methods in the context of MCMC sampling is, however, ongoing work and
in this paper we consider the methods solely from a numerical analysis perspective.

The remainder of the paper is organised as follows. In Section 1.1 we expand briefly
on our particular motivation for studying the problem of computing sensitivities in an
ODE system. This is followed by an outline of the notation used throughout the paper
(Sect. 1.2). In Sect. 2 we give a precise formulation of the ODE model and the associ-
ated sensitivities of interest. Next, in Sect. 3 we derive analytical representations of the
sensitivities in two different cases: when the solution is at equilibrium (Theorem 3.1),
and in the general case (Theorem 3.3). In Sect. 4 the analytical representations are used
to propose a newmethod, the PBSmethod, outlined in Algorithm 1, for approximating
sensitivities in the ODE setting considered in this paper. Before analysing the method,
we discuss related stability issues in Sect. 5, where we introduce the PBSR and the
Exp algorithms (Algorithms 2 and 3, respectively), and analyze their properties. The
main theoretical result of the paper is the error analysis of the PBS and PBSRmethods,
presented in Sect. 6 in Theorem 6.1 and in Corollary 6.2, respectively; the correspond-
ing proofs are given in Sect. 7. In Sect. 8 we present some numerical experiments that
showcase the performance of the proposed methods. In particular, we compare our
methods with the forward sensitivity approach and show superior performance. We
end the paper with a discussion in Sect. 9.

1.1 Motivation

Our interest in the problem originally stems from uncertainty quantification formodels
of intracellular pathways, such as those studied in [14]. Forward sensitivity analysis via
cvodes is prohibitively slow for such systems; for example, when sensitivity analysis
is added for the model used in [14] for modelling the CaMKII system (see also Sect. 8
for additional details on this model), the simulation time increases roughly 100-fold,
compared to simulations without sensitivity analysis.

In the systems biology setting, the state process x(t) corresponds to the concen-
tration of different compounds internal to the cell (e.g. proteins, protein complexes,
or ions), and the parameters p = (p1, . . . , pnp ) encode e.g. reaction rate coefficients
of the chemical reactions involved in the system. In this setting, we are interested
in uncertainty quantification for the unknown parameters within a Bayesian frame-
work. One of the standard methods for uncertainty quantification involves sampling
from posterior distributions, which can be carried out via MCMC methods [15]. We
implement some methods from the MCMC class in the R package UQSA4 [16].

In general, MCMC sampling often requires one to compute different quantities
that will involve the sensitivity matrix S, such as the parameter derivatives of the
log-likelihood function. As a motivating example, recent developments in the MCMC

4 Uncertainty Quantification and Sensitivity Analysis.

123



Sensitivity Approximation by the Peano-Baker Series 307

community propose to take a differential-geometric perspective on sampling, exploit-
ing potential underlying concepts related to statistical inference [17–19]. This in turn
relies on an appropriate choice of the metric tensor on the parameter space. A good
choice of metric tensor [17, 20] is the expected Fisher information. For a generic ran-
dom variable Y (e.g. a model for the observation of data) and associated parameter θ ,
with conditional probability density function pY |θ , the expected Fisher information is
defined as:

F(θ) = −EY |θ
[

∂2

∂θ2
log

(
pY |θ (Y | θ)

)]
. (1.2)

In the case of a Gaussian measurement error model, the distribution of each (indepen-
dent) observable Yi j has two scalar parameters: μi j and σi j , where i is the state index
and j the measurement time-point index. When combined with an ODE model, the
entries of the Fisher information F then contain the sensitivities of themodel alongside
the parameters of the noise model [17, 21]:

F(θ)
j
i =

∑
m,l

S i
m(tl)σ

−2
ml S

j
m (tl) , (1.3)

where l is the index of measurement times within a time series.
The quality of the sensitivity estimates in (1.3), and possibly the log-likelihood and

its derivatives, affects the efficiency of MCMC in terms of the convergence speed.
Even an efficiently implemented MCMC method, such as the simplified manifold
MALA (smmala, see [17]), will require repeatedly approximating the sensitivities
for all time points l, possibly millions of times for different values of θ . Because the
sensitivities S j

i (t) are required in (1.3), and also to compute the gradient of the log-
likelihood function, the adjoint sensitivity analysis method is not appropriate for this
type of setting.

Our main goal is to construct a method that can approximate the sensitivities5 after
the initial value problem for x(t) has been solved independently (not simultaneously)6.
This decoupling of the two problems allows us to use any numerical solver, in almost
any programming language, rather than being tied to a solver that is built to include for-
ward sensitivity analysis (such as cvodes). Furthermore, the problems we encounter
in systems biology are often stiff, and so are the associated sensitivity equations. To
avoid slowing down numerical solvers, we would like the stiffness of the sensitivity
equations (i.e., the ODE system for S) to not affect the solver’s step size for the ODE
system for x.

In MCMC sampling, when there is an underlying ODE system, the sensitivities are
used to inform theMCMCupdate step.Amore precise approximation of the sensitivity

5 The sensitivities must be approximated for all time points {tl } that appear in the likelihood function, i.e.,
any phase of the time span under consideration: initial, transient and equilibrium (possibly a limit cycle).
6 To evaluate the likelihood function p(Y | θ), we need to solve the initial value problem (1.1) for x. This
solution has to be as accurate as possible, as it directly affects the inferred shape of the posterior distribution.
For this reason, we can safely assume that in all the error terms in this manuscript, the relative error of x
will be comparatively small. In practice, we will use the best available solvers and set tight tolerances when
solving for x(t).
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matrixwill lead to better–as inmore alignedwith the true transition kernel, based on the
true sensitivity matrix S–proposals for the next state of the underlying Markov chain.
This in turn should lead to faster convergence to equilibrium of the chain in the case
of MCMC algorithms such as such as smmala and rmhmc, meaning fewer MCMC
iterations are needed to reach convergence of the Markov chain. However, precise
approximations of the sensitivity matrix lead to a higher cost per iteration, increasing
the cost of the update step, and thus the entire MCMC scheme. In this paper we
propose new methods for approximating the sensitivity matrix that are more efficient
for our purposes. The trade-off between accuracy and efficiency of the sensitivity
approximation should lead to an increasedoverall performanceof theMCMCmethod7.
We are planning to implement the sensitivity approximation methods proposed in this
paper into the MCMC methods available in the R package UQSA, and investigate the
impact on performance.

1.2 Notation

The following notation is used. Elements in R
n are denoted by bold font, e.g. x, y, z,

whereas x, y, z denote elements of R; note that the relevant dimension n will change
between different vectors. With some abuse of notation, 0 denotes the zero element
in R

n for any n ≥ 1. The identity matrix is denoted by I, or In whenever we want to
emphasise the size n × n. For a matrix A, the matrix exponential eA is defined in the
usual way:

eA =
∑
h≥0

1

h!A
h .

Objects with a hat, such as f̂ or x̂, refer to approximations. For k ∈ N and an open set
A in R

n , Ck(A;Rm) is the space of continuous functions on A, taking values in R
m ,

with continuous partial derivatives up to the kth order; for m ≥ 2, the latter is defined
in the usual way through natural projections. For a compact set K , Ck(K ;Rm) refers
to functions that are Ck(A;Rm) on some open neighbourhood A of K .

For a function f : R
n → R

m , fl denotes the l-th entry of the value of f , with
l = 1, . . . ,m, and ∇ f denotes the Jacobian matrix of f .

For a normed space (X , ‖ · ‖), C0([0, T ];X ) denotes the space of continuous
functions from [0, T ] to X , and ‖ · ‖[0,T ] denotes the supremum norm over this space:
for g ∈ C0([0, T ];X ),

‖g‖[0,T ] = sup
t∈[0,T ]

‖g(t)‖.

Unless otherwise stated, we will let ‖ · ‖ denote an arbitrary matrix norm; because we
are working on a finite-dimensional space, the specific choice of matrix norm is not
important for the results of this paper (discussed more in Sect. 6).

7 Such a comparison is outside the scope of this manuscript.
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When listing the arguments of a function, we omit nested repetitions of arguments:
when t , x, and p appear together in an argument list, they always belong to the same
time-slice and parametrization. For example, in (1.1) f (t, x,p) means the same as
f (t, x(t),p), or indeed f (t, x(t,p),p).
Additional notation that is particular to this work is defined as needed, particularly

in the error analysis in Sects. 6-7.

2 Problem formulation

The general problem of interest is to compute sensitivities for the solution of the
parametrised initial value problem (IVP)

{
ẋ(t) = f (t, x,p) ,

x(t0) = x0 ,
(2.1)

with x(t) ∈ R
nx , and p ∈ R

n p . As noted in Sect. 1, although our interest in this
problem comes from a desire to conduct uncertainty quantification for models in
systems biology, the problem is much more general and arises in a wide variety of
areas within applied mathematics. We therefore work in a general framework for the
remainder of this paper.

We assume the existence and uniqueness of solutions:

Assumption 1 The function f : R × R
nx × R

n p → R
nx is globally Lipschitz con-

tinuous in the state variable coordinate, for all values of t and p, and uniformly
C1(Rn p ; R

nx ) in the parameter coordinate for all values of t and x.

This is in accordance with the Picard-LindelÃ¶f theorem for existence and unique-
ness of the solution to the initial value problem with f and x0.

Definition 1 Given a solution x of the ODE system (2.1), the sensitivity at time t of
the l-th component of x with respect to parameter pi is defined as

S i
l (t) = ∂xl(t)

∂ pi
, l = 1, . . . , nx , i = 1, . . . , n p. (2.2)

By differentiating (2.1) with respect to p, we obtain that the time derivative of the
sensitivities can be expressed in matrix form as

Ṡ(t) = ∇x f (t, x,p) · S(t) + ∇p f (t, x,p), (2.3)

where Ṡ(t),S(t),∇p f (t, x,p) ∈ R
nx×n p are matrices with elements (l, i) ∈

{1, . . . , nx } × {1, . . . , n p} given, respectively, by

Ṡ i
l (t) , S i

l (t) and
∂ fl(t, x,p)

∂ pi
,
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310 O. Eriksson et al.

and ∇x f (t, x,p) ∈ R
nx×nx with entries

∇x f (t, x,p)
j

l = ∂ fl(t, x,p)

∂x j
, (l, j) ∈ {1, . . . , nx } × {1, . . . , nx } .

Because the initial condition x0 does not depend on p, we have S i
l (t0) = ∂x0,l

∂ pi
= 0 and

equation (2.3) is a linearODEsystemwith initial conditionS|t=t0 = S0 = 0 ∈ R
nx×n p .

Let {tk}Kk=1, with 0 = t0 < t1 < · · · < tK = T , be the time instants at which
we want to compute the sensitivity matrix S, and let Sk ∈ R

nx×n p denote the exact
sensitivity matrices at times tk , with k = 0, . . . , K . We can then formulate K ODE
problems in an iterative fashion,

{
Ṡ(t) = ∇x f (t, x,p) · S(t) + ∇p f (t, x,p)

S(tk) = Sk
, k = 0, . . . , K − 1, (2.4)

where the (k + 1)th problem in the sequence is used to determine the solution at time
step tk+1, given the sensitivity matrix at the previous time step tk as initial condition.
We will adopt a slight abuse of notation and refer to S as the sensitivity matrix, and
similar for the corresponding approximations, although to be precise it is a matrix-
valued function.

The matrix of coefficients ∇x f and the forcing term ∇p f in (2.4) both depend
on t, x(t), and p, and computing the solution S(t) therefore becomes a difficult task
in general. We address this problem by developing a new, efficient algorithm for
approximating the sensitivity matrix S at times {tk}Kk=1.

A comment on the sequence {tk}Kk=1 of times at which S is to be evaluated is in
place. In Sect. 1.1 we briefly discussed the specific application of approximating the
sensitivity matrix of an ODE in the context of uncertainty quantification in biological
models. There, as inmany other application areas, it is natural to consider a sequence of
time instants ti , i = 1, . . . , nt , that represent times of measurements of experimental
data. However, in experimental settings it is rather common to have measurements
only at a small number nt of times. In order to obtain a good numerical approximation
of (2.4), we therefore need a finer collection of time steps. For this reason, even when
there are physical time instants to consider, we introduce a finer collection of time steps
t̃0, . . . , t̃K , such that it contains all the time steps at which measurements are available,
i.e. {t1, . . . , tnt } ⊂ {t̃0, . . . , t̃K }; the inclusion is enforced because in this experimental
setting the goal is to approximate the sensitivity matrix S at the nt measurement times.
Moreover, we let t̃0 be equal to the time of the initial condition: t̃0 = t0. To simplify
and to conform to the notation used in (2.4), we drop the tilde from the new time steps
{t̃k}Kk=0, which in the following are denoted by t0, . . . , tK .

123



Sensitivity Approximation by the Peano-Baker Series 311

3 Analytical solutions for the sensitivity matrix S

In this section we derive analytical representations for the sensitivity matrix S(t) ∈
R
nx×n p along the trajectory of the solution x(t) of the original ODE system (2.1). To

simplify notation, we will here denote ∇x f (t, x,p) and ∇p f (t, x,p) as time depen-
dent matrices A(t) ∈ R

nx×nx and B(t) ∈ R
nx×n p , respectively, defined on a closed

interval I ⊂ R such that [t0; tK ] ⊂ I . The system (2.4) then takes the form

{
Ṡ(t) = A(t) · S(t) + B(t),

S(tk) = Sk,
(3.1)

which in general represents a first order inhomogeneous linear differential equation
with non-constant coefficient matrix A(t) and forcing term B(t). Such systems are
well-understood from a theoretical point of view [22, 23] and there exist a variety of
numerical methods for solving them [24–27]. Although efficient numerical methods
are readily available for the nx−dimensional system in x(t) (2.1), the potentially high-
dimensional nature of the associated sensitivity problem (3.1) renders such methods
inefficient in that setting. Indeed, since S ∈ R

nx×n p , the total dimension of the ODE
system for the sensitivity is in general much higher than the dimension nx of (2.1),
in particular for large values of nx . To remedy this, we approach the problem of
approximating S(t) by exploiting some results from the theory for linear ODEs; some
are versions of well-known results and we include them here to make the paper self-
contained.

In order to derive solutions of (3.1), we start by considering a solution x(t) that
is in an equilibrium point, x(t) ≡ xeq. This leads to a constant matrix of coefficients
A(t) ≡ A and constant forcing term B(t) ≡ B, thus the system (3.1) takes the form

{
Ṡ(t) = A · S(t) + B ,

S(tk) = Sk .
(3.2)

The solution of this system is obtained using well-known results from ODE theory;
we include a proof for completeness.

Theorem 3.1 Let A ∈ R
nx×nx , B ∈ R

nx×n p and Sk ∈ R
nx×n p . The solution S ∈

C1(I ;Rnx×n p ) at a time t ∈ R of the first order linear ODE system (3.2) is given by

S(t) = e(t−tk )·A ·
(
Sk +

∫ t

tk
e(tk−s)ABds

)
. (3.3)

In particular, if A is invertible, (3.3) is equivalent to

S(t) = e(t−tk )·A ·
(
Sk +

(
I − e−(t−tk )·A

)
A−1B

)
. (3.4)
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312 O. Eriksson et al.

Proof We show that the matrix-valued function S defined in (3.3) solves the ODE
system (3.2).

The time derivative Ṡ of the function S defined in (3.3) is given by

Ṡ(t) = A · e(t−tk )·A ·
(
Sk +

∫ t

tk
e(tk−s)ABds

)
+ e(t−tk )·A · e(tk−t)AB

= A · S(t) + B.

Moreover, the value of S at time t = tk is S(tk) = Sk . This proves that S solves the
ODE system (3.2).

Finally, note that when A is invertible,

∫ t

tk
e(tk−s)ABds =

∫ t

tk
e(tk−s)AAA−1Bds =

∫ t

tk

d

ds

(
−e(tk−s)A

)
dsA−1B

=
(
I − e−(t−tk )A

)
A−1B.

It immediately follows that, when A is invertible, (3.3) is equivalent to (3.4). ��
Fromacontrol-theoretic perspective, thematrix exponential e(t−tk )·A corresponds to

the so-called state-transition matrix �(t;tk) in the specific case of a constant matrix
of coefficients A. In general, we consider the first order homogeneous linear ODE
system

Ṡ(t) = A(t) · S(t), (3.5)

with a time dependent matrix of coefficients A(t), assumed to be continuous on the
closed time interval I . In this more general setting, we define the state-transition
matrix �(t;tk) associated with A(t) as the matrix-valued function that, given any
initial condition S(tk) = Sk , allows us to represent the solution of (3.5) at time t ∈ I
as

S(t) = �(t;tk) · Sk .

The state-transition matrix �(t;s) is a well-studied object; see [23], [22, Chap. 1,
Sect. 3] for a detailed description and properties. In particular, in this paper we make
repeated use of the the following proposition, which is a combination of well-known
results (see e.g. [22, 23]); we omit the proof.

Proposition 3.2 The matrix-valued function � : I × I → R
nx×nx satisfies the follow-

ing properties for s, t ∈ I :

1. �(s;s) = I,

2. �(t;s)−1 = �(s; t),
3. for a fixed s ∈ I , the matrix function �(·;s) : I → R

nx×nx satisfies the IVP{
d
dt �(t;s) = A(t) · �(t;s),
�(s;s) = I.

123



Sensitivity Approximation by the Peano-Baker Series 313

In the case of a constant matrix of coefficientsA, the exponential matrix e(t−s)·A is the
state-transition matrix associated with S [22, Chap. 1, Sect. 5], and as such it satisfies
properties 1-3. For time-dependent coefficient and forcing-term matrices A(t) and
B(t), we can formulate the solution for the first order linear ODE system (3.1) in
terms of the matrix-valued function �(·;tk) : I → R

nx×n p associated with A(t).

Theorem 3.3 Let A(·) ∈ C0(I ;Rnx×nx ), B(·) ∈ C0(I ;Rnx×n p ) and �(·;·) ∈ C1(I ×
I ;Rnx×nx ) the state-transition matrix associated with A(t). Let tk ∈ I and S(tk) =
Sk ∈ R

nx×n p . Then, the solution at time t ∈ I of the first order inhomogeneous linear
ODE system (3.1) is given by

S(t) = �(t;tk) ·
(
Sk +

∫ t

tk
�(tk;τ)B(τ )dτ

)
. (3.6)

Proof We show that the matrix-valued function S defined as (3.6) satisfies the ODE
system (3.1).

By differentiating S in time and using properties 2 and 3 of Proposition 3.2 we
obtain

Ṡ(t) =
(
d

dt
�(t;tk)

)
·
(
Sk +

∫ t

tk
�(tk;τ)B(τ )dτ

)
+ �(t;tk) ·

(
�(tk;t)B(t)

)

= A(t) · �(t;tk) ·
(
Sk +

∫ t

tk
�(tk;τ)B(τ )dτ

)
+ I · B(t)

= A(t) · S + B(t).

Therefore, the function S in (3.6) satisfies Ṡ(t) = A(t) · S + B(t).
Moreover, using Property 1 of Proposition 3.2,

S(tk) = �(tk;tk) ·
(
Sk +

∫ tk

tk
�(tk;τ)B(τ )dτ

)
= I · Sk,

thus S(tk) = Sk . This completes the proof. ��
Theorem 3.3 shows that, if the state-transition matrix�(t;tk) can be computed (for

all relevant values tk, t), then the solution for the general ODE system (3.1) can be
obtained, which in turn solves the problem (2.4) for the sensitivity matrix. An explicit
expression for �(t;s) is given by a result from control theory: as proved in [12], the
state-transition matrix �(t;s) associated with the continuous coefficient matrix A(t)
can be expressed in terms of the Peano-Baker series:

�(t;s) =
∞∑
n=0

In(t;s), (3.7)

where the summands are defined recursively as
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I0(t;s) = I,

In+1(t;s) =
∫ t

s
A(τ )In(τ ;s)dτ. (3.8)

In [12] it is also proved that, assuming ‖A(·)‖ locally integrable on the closed time
interval I containing s and t , the series (3.7) converges compactly on I . The proof

is carried out by showing that the sequence of partial sums
{∑N

n=0 In(t;s)
}
N≥1

is

Cauchy on every compact subset J ⊂ I .

Remark 1 We note that if t = s, then the integration interval in (3.8) has Lebesgue
measure zero, from which it follows that In(s;s) = 0 for n ≥ 1 and �(s;s) =
I0(s;s) = I.

Remark 2 As previously mentioned, for a constant matrix of coefficients A the state-
transition matrix �(t;s) is given by e(t−s)·A. In this case, it is possible to move the
constant matrix A outside the integral in (3.8). This leads to the recursive definition

In(t;s) = (t − s)n

n! · An,

and thus

�(t;s) =
∞∑
n=0

(t − s)n

n! · An = e(t−s)·A .

Consider the special case where the solution x of the underlying ODE (2.1) has
reached an equilibrium point xeq. At equilibrium we have

f (t, xeq,p) = 0 . (3.9)

In this case, the gradients ∇x f (t, x,p) and ∇p f (t, x,p) have constant arguments
(t, xeq,p), and thus become constant matrices. To simplify notation, we will omit
their arguments and denote these matrices as ∇x f := ∇x f (t, xeq,p) and ∇p f :=
∇p f (t, xeq,p).

Under this assumption on x, the ODE system (2.4) for S is a first order linear ODE
system with constant matrix of coefficients and constant forcing term. The solution is
therefore provided by Theorem 3.1, with A = ∇x f and B = ∇p f .

Corollary 3.4 Suppose that the solution {x(t)}t∈I of (2.1) at time step tk has reached
an equilibrium point xeq. Assume that ∇x f (t, xeq,p) is invertible. The solution of
(2.4), at time step tk+1 is then given by

S(tk+1) = e�tk ·∇x f ·
(
Sk + (I − e−�tk ·∇x f ) · (∇x f )

−1 · ∇p f

)
. (3.10)

where we denote �tk = tk+1 − tk .
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In the following we will refer to (3.10) as the exponential formula, as it makes use
of the exponential matrix for the state-transition matrix.

This exact solution can be used as an approximation for S(tk+1) also when x(t) is
not at an equilibrium point, with the approximation improving as x(t) moves closer
to an equilibrium point.

In the following section we will show how we can use Theorem 3.3 to design
a formula to approximate the sensitivity matrix S(t) in the general case (when the
solution x is not at equilibrium).

4 Numerical approximations of S based on the Peano-Baker series

For the problem of finding the sensitivities S for the solution of the parametrised IVP
(2.1), Theorem 3.3 gives a general representation of S. Equipped with this representa-
tion, and Corollary 3.4 for the special case when x has reached an equilibrium point,
we are now ready to construct a numerical method for approximating the sensitivity
matrix S.

In general we cannot use the assumption of the solution of (2.1) being at equilib-
rium, as in Sect. 3. That is, in general the matrix of coefficients ∇x f (t, x,p) and the
forcing term ∇p f (t, x,p) are not constant matrices. In fact, in the transient of the
dynamical system (2.1), there could be drastic variations of these objects. Further-
more, not all systems converge to an equilibrium point (where we can eventually use
(3.10) to compute S(tk+1)). For example, it is not unusual in systems biology to have
the solution x(t) of (2.1) converge, as t → ∞, to a limit cycle. In such cases, the
matrices∇x f (t, x,p) and∇p f (t, x,p) are in general never constant. In principle, the
trajectory x(t) could also show a chaotic behaviour, although this is rare in biological
systems.

As previously mentioned, the nx−dimensional ODE problem (2.1) can be solved
rather efficiently with standard off-the-shelf ODE solvers. We therefore assume to
have available approximations x̂k of x(tk) at time steps tk, k = 1, . . . , K . For approx-
imating the sensitivity matrix S, we want to take advantage of the available x̂k’s and
avoid to exploit again an ODE solver for approximating x(t) at intermediate times
t /∈ {t0, . . . , tK }. In addition to a solution x of (2.1), we assume to have access to the
exact expression for the gradients ∇x f (t, x,p) and ∇p f (t, x,p).

For approximating S, we propose amethod that is based on approximating the state-
transition matrix�(t;s) starting from the Peano-Baker series (3.7). More specifically,
the method can be divided into approximating the integrals in (3.6) and (3.8), for
which we can apply numerical integration, and approximating the series (3.7) itself,
for which we use a truncation that is in a sense optimal (explained in more detail below
and in Sect. 7).

For approximating the integrals, because we know approximations of the values xk
for k = 1, . . . , K , the endpoints of the integration intervals, we apply the trapezoidal
rule. In each of the recursive integrals In (n ≥ 1) in (3.8), the integrands are of the
form

∇x f (τ, x,p) · In−1(τ ;s), (4.1)
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with s = tk when we want to compute S(tk+1) given S(tk) (based on (3.6)). The trape-
zoidal rule requires us to evaluate (4.1) for τ = tk and τ = tk+1. To this end, consider
the approximated solutions x̂k and x̂k+1 at time steps tk and tk+1, respectively, given
by the ODE solver. Inserting these into the gradients results in the approximations

∇x f̂k := ∇x f (tk, x̂k,p) ≈ ∇x f (tk, x,p) ,

∇x f̂k+1 := ∇x f (tk+1, x̂k+1,p) ≈ ∇x f (tk+1, x,p) .
(4.2)

Moreover, we recall that I0(tk;tk) = I (from Property 1 of Proposition 3.2) and
In≥1(tk;tk) = 0 (from Remark 1). Combining these with the trapezoidal rule gives the
approximations,

Î0,k := I ,

Î1,k := �tk
2

· (∇x f̂k + ∇x f̂k+1
)
,

În+1,k := �tk
2

· (
0 + ∇x f̂k+1 · În,k

)
, n ≥ 2 ,

(4.3)

for I0(tk+1;tk), I1(tk+1;tk) and In+1(tk+1;tk), n ≥ 2, respectively.
A study of the error introduced by the various approximations, presented in detail

in Sects. 6-7, shows that when the trapezoidal rule is used for the integrals in the
Peano-Baker series, it is reasonable to truncate the series at n = 2. That is, for k =
0, 1, . . . , K − 1, we approximate �(tk+1;tk) by

�̂(tk+1;tk) := Î0,k + Î1,k + Î2,k . (4.4)

In order to treat the integral in (3.6), where the integrand is

�(tk;τ) · ∇p f (τ, x,p) ,

a similar strategy can be used. Similar to (4.2), we define the approximations of the
gradients with respect to p as

∇p f̂k := ∇p f (tk, x̂k,p) ≈ ∇p f (tk, x,p), (4.5)

∇p f̂k+1 := ∇p f (tk+1, x̂k+1,p) ≈ ∇p f (tk+1, x,p).

By the same reasoning as for (4.4), we can truncate the Peano-Baker series at n = 2
and approximate the terms of the truncated series by

I0(tk;tk+1) = I = Î0,k,

I1(tk;tk+1) ≈ −�tk
2

(∇x f̂k + ∇x f̂k+1
) = −Î1,k,

I2(tk;tk+1) ≈ −�tk
2

(
0 + ∇x f̂k+1 · (−Î1,k)

) = Î2,k .
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The resulting approximation �̂(tk;tk+1) of �(tk;tk+1) is then defined as

�̂(tk;tk+1) := Î0,k − Î1,k + Î2,k .

Note that the minus sign in front of the second term is due to the integration interval
being reversed compared to (4.4).

Combining the approximation of �(tk;tk+1) with the trapezoidal rule, and the
property �(tk;tk) = I (Property 1 of Proposition 3.2), the integral in (3.6) can be
approximated as

∫ tk+1

tk
�(tk;τ)∇p f (τ, x,p)dτ ≈ �tk

2
· (∇p f̂k + �̂(tk;tk+1) · ∇p f̂k+1

)
.

Next, we combine this approximation with �̂(tk+1;tk) to obtain an approximation of
the sensitivity matrix S at time tk+1, given S(tk):

S(tk+1) ≈ �̂(tk+1;tk) ·
(
S(tk) + �tk

2
· (∇p f̂k + �̂(tk;tk+1) · ∇p f̂k+1

))
. (4.6)

The right-hand side of (4.6) is the approximation, based on the Peano-Baker series,
that we use for the solutions S of the ODE problems (2.4). In the remainder of the
paper, we will refer to (4.6) as the Peano-Baker series (PBS) formula, as it uses an
approximation of the state-transition matrix based on the Peano-Baker series.

We are now ready to introduce the Peano-Baker Series (PBS) algorithm to approx-
imate the sensitivity matrix S of the solution x of the ODE problem (2.1). The PBS
algorithm, which is described in Algorithm 1, is based on the two formulas to approx-
imate S that we have presented earlier: the PBS formula (4.6) is used in the general
case, and the exponential formula (3.10) at equilibrium.

In Sect. 8.1 we discuss some criteria for the if-statement in Algorithm 1, i.e. when
it is proper to use the exponential formula (3.10) to approximate S(tk+1).

Remark 3 Note that the exact solution (3.6) to the ODE system (3.1) can be rewritten
as

S(t) = �(t;tk) · Sk +
∫ t

tk
�(t;τ)B(τ )dτ.

Based on this formula we can define the following alternative approximation for the
sensitivity matrix S:

S(tk+1) ≈ �̂(tk+1;tk) · S(tk) + �tk
2

· (
�̂(tk+1;tk)∇p f̂k + ∇p f̂k+1

)
. (4.7)

A method based on this alternative approximation leads to a global error of the same
order as the PBS method (Algorithm 1), which is based on the PBS formula (4.6). We
do not investigate further the use of (4.7) for constructing numerical methods in this
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Algorithm 1 Peano-Baker Series (PBS) algorithm for the sensitivity matrix S
Require: x̂k ≈ x(tk ), k = 1, . . . , K
Ensure: Ŝ1, . . . , ŜK
1: ∇x f̂k = ∇x f (tk , x̂k , p)

2: ∇p f̂k = ∇p f (tk , x̂k , p)

3: Ŝ0 = 0 ∈ R
nx×n p

4: for k ∈ {0, . . . , K − 1} do
5: �tk = tk+1 − tk
6: if ∇x f ≈ const and ∇p f ≈ const then

7: Ŝk+1 = e�tk ·∇x f̂k · (
Ŝk + (

I − e−�tk ·∇x f̂k
) · (∇x f̂k )

−1 · ∇p f̂k
)

8: else
9: Î0,k = Inx

10: Î1,k = �tk
2 · (∇x f̂k + ∇x f̂k+1

)
11: Î2,k = �t2k

4 · (∇x f̂k+1 · (∇x f̂k + ∇x f̂k+1
))

12: �̂(tk+1;tk ) = Î0,k + Î1,k + Î2,k
13: �̂(tk ;tk+1) = Î0,k − Î1,k + Î2,k
14: Ŝk+1 = �̂(tk+1;tk ) · (

Ŝk + �tk
2 · (∇p f̂k + �̂(tk ;tk+1) · ∇p f̂k+1

))
15: end if
16: end for

paper. Rather, we will only consider the PBS formula (4.6) and, without confusion,
“PBS algorithm” refers to Algorithm 1.

5 Algorithms to approximate S for stiff problems

The PBS algorithm presented in Sect. 4 has the disadvantage that the PBS for-
mula (4.6), which the method relies on, can be unstable in certain regions when
applied to stiff problems. Moreover, stiffness of the relevant ODEs is common in the
applications that first motivated our interest in methods for computing sensitivities. To
overcome this potential stability issue, the PBS approximation should be implemented
on small time steps; in general, these time steps should be (much) smaller than the
quantities �tk = tk+1 − tk returned by the ODE solver applied to the system (2.1).
With this in mind, we design a stiffness detection mechanism and refine the time steps
where the PBS formula (4.6) would otherwise be unstable. To distinguish this new
method, with the stiffness detection, from the PBS algorithm (Algorithm 1), we refer
to it as the PBS algorithm with refinement (PBSR). An alternative way to overcome
the issue of stiffness is to never use the PBS formula (4.6) and, instead, use the expo-
nential formula (3.10), which is unconditionally stable. We refer to the corresponding
algorithm as the Exponential (Exp) algorithm.

Because of the stability concerns, the PBSR and the Exp algorithms are themethods
that are implemented in practice, rather than the PBS algorithm (Algorithm 1). In the
following sections we will give precise definitions of the PBSR and Exp algorithms,
along with their properties, and discuss the computational cost associated with them.
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5.1 The PBSR and exp algorithms

The PBS algorithm relies on the the PBS formula (4.6), which is based on a truncation
of the Peano-Baker series (3.7). Because of the truncation, the PBS formula (4.6) can
be unstable. Therefore, in the case of stiff problems, it can only be applied on “small
enough” time steps.

The approach to approximate the sensitivity matrix S that we propose in this paper
consists in first solving the ODE system (2.1), and then approximate the sensitivi-
ties given the numerical ODE solution {x̂k} and the time steps {tk} returned by the
ODE solver. However, the time intervals [tk, tk+1] provided by the ODE solver can be
too large for the PBS formula (4.6). A natural idea is then to detect what time inter-
vals [tk, tk+1] are too large and refine them into nint uniformly spaced sub-intervals
{[tk,i , tk,i+1]}ninti=1 of size�tk/nint, with tk,i = tk +(i−1)�tk/nint, i = 1, . . . , nint+1,
where we can apply the PBS formula (4.6). To implement (4.6), we also need an
approximation of the state x on the finer time grid. For this purpose we linearly inter-
polate the ODE solution x̂ on the refinement; i.e. for s ∈ (tk;tk+1) we approximate
x(s) ≈ x̂k + (s − tk)

x̂k+1−x̂k
�tk

.
The number nint of sub-intervals should be large enough to guarantee that the

PBS formula (4.6) is properly used, i.e., that the size �tk/nint of the sub-intervals is
sufficiently small. In Sect. 8 we describe how we determine a good choice of nint in
our numerical examples in order to overcome stiffness.

Introducing a finer time grid comes with an increase in computational cost. To
reduce this additional computational burden, on time intervals [tk, tk+1] where nint
becomes prohibitively large, we avoid the refinement. For such intervals, rather than
relying on the PBS formula (4.6), which would come with stability issues, we use the
exponential formula (3.10): although in general less accurate than the PBS formula,
an advantage of the exponential formula is that it is stable independently of the value
of �tk . The use of the exponential formula, as opposed of refining and using (4.6), is
triggered in two situations, where the second one was already used in Algorithm 1:

(i) if nint is “too large”, and therefore the refinement would lead to a prohibitive
computational cost;

(ii) if ∇x f and ∇p f are approximately constant on [tk, tk+1], and therefore the use
of the exponential formula (3.10) is motivated by Corollary 3.4.

The method just described is the PBS algorithm with refinement (PBSR) and its
pseudo-code is presented in Algorithm 2. In Sect. 8 we describe the definitions of the
conditions (i), that is the stiffness detection mechanism, and (ii) that are implemented
in our numerical experiments; see specifically Sect. 8.1. This mechanism allows us
to overcome the problem of stiffness, making the method robust. However, the exact
definitions and implementation of the two conditions can vary, e.g., depending onwhat
applications one has in mind or how one values speed (i.e., computational cost) vs.
accuracy.

While the PBS formula (4.6) must be implemented on small time steps when the
problem is stiff, the exponential formula (3.10) is stable regardless of the size of
the time intervals [tk, tk+1]. Thus, another way of handling the problem of stiffness
consists in using the exponential formula (3.10) at each time step, without refining
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Algorithm2Peano-Baker Series algorithmwithRefinement (PBSR) for the sensitivity
matrix S
Require: x̂k ≈ x(tk ), k = 1, . . . , K
Ensure: Ŝ1, . . . , ŜK
1: ∇x f̂k = ∇x f (tk , x̂k , p)

2: ∇p f̂k = ∇p f (tk , x̂k , p)

3: Ŝ0 = 0 ∈ R
nx×n p

4: for k ∈ {0, . . . , K − 1} do
5: �tk = tk+1 − tk
6: estimate nint
7: if nint “too large” or ∇x f ≈ const and ∇p f ≈ const then

8: Ŝk+1 = e�tk ·∇x f̂k · (
Ŝk + (

I − e−�tk ·∇x f̂k
) · ∇x f̂ −1

k · ∇p f̂k
)

9: else
10: Ŝtemp = Ŝk
11: for h ∈ {0, . . . , nint − 1} do
12: ta = tk + h

nint
(tk+1 − tk )

13: tb = tk + h+1
nint

(tk+1 − tk )
14: �t = tb − ta
15: x̂a = x̂k + h

nint
(x̂k+1 − x̂k )

16: x̂b = x̂k + h+1
nint

(x̂k+1 − x̂k )

17: ∇x f̂a = ∇x f (ta , x̂a , p)

18: ∇x f̂b = ∇p f (tb, x̂b,p)

19: ∇p f̂a = ∇p f (ta , x̂a ,p)

20: ∇p f̂b = ∇p f (tb, x̂b, p)

21: Î1 = �t
2 · (∇x f̂a + ∇x f̂b

)
22: Î2 = �t2

4 · (∇x f̂b · (∇x f̂a + ∇x f̂b
))

23: �̂(tb;ta) = I + Î1 + Î2
24: �̂(ta;tb) = I − Î1 + Î2
25: Ŝtemp = �̂(tb;ta) · (

Ŝtemp + �t
2 · (∇p f̂a + �̂(ta;tb) · ∇p f̂b

))
26: end for
27: Ŝk+1 = Ŝtemp
28: end if
29: end for

the time intervals. This corresponds to treating the Jacobians as if they were constant
on each time interval [tk, tk+1], and therefore, by Corollary 3.4, we can express the
(approximate) solution for the sensitivity matrix using the exponential formula (3.10).
The corresponding method is the Exp algorithm [21], whose pseudo-code is displayed
in Algorithm 3.

Algorithm 3 Exponential (Exp) algorithm for the sensitivity matrix S
Require: x̂k ≈ x(tk ), k = 1, . . . , K
Ensure: Ŝ1, . . . , ŜK

∇x f̂k = ∇x f (tk , x̂k , p), ∇p f̂k = ∇p f (tk , x̂k , p)

Ŝ0 = 0 ∈ R
nx×n p

for k ∈ {0, . . . , K − 1} do
�tk = tk+1 − tk
Ŝk+1 = e�tk ·∇x f̂k · (

Ŝk + (
I − e−�tk ·∇x f̂k

) · ∇x f̂ −1
k · ∇p f̂k

)
end for
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Note that in the case of severe stiffness, the PBSR algorithm can trigger the use
of the exponential formula (3.10) in most of the time intervals; consequently, in such
cases the PBSR algorithm is equivalent to the Exp algorithm.

5.2 Computational cost and relative accuracy

The PBSR and Exp algorithms are, along with the FS method, the methods we imple-
ment in our numerical experiments (see Sect. 8). To complement this numerical study,
it is of interest to analyze the computational cost of the three algorithms, and compare
them in terms of accuracy.

The FSmethod is themost expensive of the three algorithms. In particular, the larger
the dimension n p of the parameter space is, the less efficient the FS method becomes
when compared to the other two. The reason is that the FS method is based on solving
an ODE system of dimension nx ×(n p +1), because it couples the ODE for the state x
(of dimension nx ) with the ODE for the sensitivity matrix S (of dimension nx ×n p). In
contrast, the PBSRandExpmethods only require solving the (smaller) nx -dimensional
ODE system for x (which in general requires a coarser time grid compared to the ODE
system in the FS method), as well as performing some additional operations on each
of the time intervals [tk, tk+1] that are returned by the ODE solver. The cost of these
additional operations along with solving the nx -dimensional ODE system does not
outweigh the cost of solving the nx × (n p + 1)-dimensional ODE system in the FS
method; the larger n p is, themore expensive FS becomes, when compared to the PBSR
and Exp methods.

To better understand, and compare, the cost of the PBSR and Exp methods, we now
outline the operations used by the twomethods over each ODE time interval [tk, tk+1];
we omit cheaper computations, such as scalar multiplication and matrix summation.
Exp algorithm. In this method the exponential formula (3.10) is applied on each time
interval. The (expensive) operations associated with (3.10) are:

– 1 matrix-matrix multiplication (dimension nx × nx ),
– 1 matrix exponentiation (dimension nx × nx ),
– solving 1 linear system∇x f ·v = ∇p f , where the dimension of∇x f is nx×nx , and
the dimension of ∇p f is nx × n p (1 QR decomposition + n p forward substitution
sequences; or 1 LU decomposition + n p substitution sequences).

PBSR algorithm. The cost of the PBSR method for each time interval depends on
whether or not the current time interval is refined into finer sub-intervals:

(i) if the refinement is applied, the (expensive) operations are 3 · nint matrix-matrix
multiplications (dimension nx × nx ), because the time interval is refined into
nint sub-intervals and the PBS formula (4.6) consists of 3 matrix-matrix multi-
plications;

(ii) if the exponential formula (3.10) is applied (and thus no refinement), the cost is
the same as for the Exp algorithm (described above).

The outline of the (expensive) operations used for each method suggests that, in
general, because of the refinement, the PBSR algorithm requires a larger number of
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operations, and therefore we expect the Exp algorithm to be less computationally
expensive. This will also be confirmed in the numerical experiments in Sect. 8.

The advantage of the PBSR over the Exp algorithm is the higher accuracy it pro-
vides. The reasons for this higher accuracy are (i) the refinement performed in the
PBSR algorithm, and (ii) the higher accuracy of the PBS formula 4.6 (used in the
PBSR algorithm) over the exponential formula 3.10: when the system is not at equi-
librium and �tk is sufficiently small, the PBS formula (4.6) is more accurate than
(3.10), as it takes into account the changes in ∇x f and ∇p f in the interval [tk, tk+1],
whereas only the values of the Jacobians at time tk enter into the exponential formula
(3.10).

Note that when the system reaches a steady state, the Jacobians ∇x f and ∇p f are
(approximately) constant, and the error in the sensitivity matrix approximated with
the Exp algorithm is of the same order as the PBSR approximation. This behaviour
can also be observed in the numerical example in Sect. 8 where we approximate the
sensitivity matrix in the model for the CaMKII signalling pathway, which reaches
convergence in the time span considered (see Figure 3). If one is interested in the
approximation of the sensitivities only at steady state, then the Exp algorithm is to be
preferred, as it is cheaper and provides similar approximation to the PBSR algorithm
(at convergence). However, in our applications (see Sect. 1.1) we need to compute the
Fisher information (1.3), which requires the sensitivities at all time-points {tl} at which
the state of the system is measured. These time-points are typically in the transient
phase. Thus for our applications, and in general for cases where a good approximation
of the sensitivity matrix is required in the transient phase, the PBSR algorithm is more
suitable than the Exp algorithm, despite the slight increase in computational time.

We end this section with a brief discussion of another possible modification of
the algorithms presented so far: an algorithm that performs the same refinement as
the PBSR and applies the exponential formula (3.10) on each sub-interval. Although
a natural idea to consider, we argue that it is not worthwhile to implement such an
algorithm. In fact, because the PBS formula (4.6) is more accurate than the exponen-
tial formula (3.10), such a method becomes less accurate than the PBSR algorithm.
Moreover, the three (expensive) operations in the exponential formula (3.10) (1matrix-
matrixmultiplication, 1matrix exponentiation, solving 1 linear system) aremuchmore
expensive than those in the PBS formula (4.6) (3 matrix-matrix multiplications), as
can be seen from Table 1, where we compare the cost for the different operations.
We do this in two situations corresponding to two of the models used in Sect. 8. The
conclusion is that combining refinement of the time intervals with (only) the exponen-
tial formula comes with a higher computational cost, but no improvement in accuracy
when compared to the PBSR.

6 Error analysis of the approximations of S

In this section we present the result of an error analysis for the approximation of
the sensitivity matrix S obtained by applying the PBS formula (4.6) to the iteratively
defined ODE systems (2.4), as maxk �tk → 0 (or equivalently, as K → ∞).
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Table 1 Relative numerical costs (calculation time ratio) between different operations applied to matrices
of sizes 11 × 11 and 21 × 21 corresponding to Jacobians ∇x f arising from the two models from systems
biology described in Sect. 8 (PKA and CaMKII, respectively) listed in the first column. Operations: double
precision general matrix-matrix multiplication (dgemm) (used as reference for each of the two models),
matrix exponentiation via the scale and square algorithm (expm), solve linear system in place (svx),
LU decomposition (LU). These numerical results are obtained from a C implementation using the GNU
Scientific Library. The standard error is indicated in parentheses (concise error notation)

Model Matrix dimension dgemm expm svx LU

PKA 11 × 11 1 5.96(31) 4.79(27) 0.74(03)

CaMKII 21 × 21 1 8.46(99) 3.22(79) 0.48(07)

The errors involved are represented as vectors or matrices that correspond to the
difference between an exact term and its approximation. In order to provide error
estimates, and conclude on the order of convergence, we will consider the norm ‖ · ‖
of the errors. Since we are working in finite-dimensional vector spaces, all norms are
equivalent and the exact choice is irrelevant to the analysis. Recall also fromSect. 2 that
we have assumed enough regularity of the problem so that existence and uniqueness
of a solution of (2.1) is guaranteed.

To simplify the notation, we define Jk as

Jk :=
∫ tk+1

tk
�(tk;τ) · ∇p f (τ, x,p)dτ,

and the corresponding approximation

Ĵk := �tk
2

· (∇p f̂k + �̂(tk;tk+1) · ∇p f̂k+1).

Having established the notation, we can use Theorem 3.3 to formulate the exact solu-
tion of the ODE system (2.4) for the sensitivity matrix at time step tk+1 as

S(tk+1) = �(tk+1;tk) · (S(tk) + Jk) , (6.1)

while the approximate solution is defined as

Ŝk+1 = �̂(tk+1;tk) ·
(
Ŝk + Ĵk

)
. (6.2)

Figure 1 illustrates the terms and the corresponding errors in the approximation (6.2)
in a graph. Each node in the graph represents a new source of error and the directed
edges show the propagation of error from one node (an approximation) to another, as
a result of the approximation being used instead of the exact quantity.

The main result of this section, Theorem 6.1, is a characterisation of the error in the
approximation of S, at time step k + 1, in terms of the largest time step �tmax used by
the underlying ODE solver. Before we can state this result, we list the assumptions we
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Fig. 1 Error propagation graph

make on the functions involved. The first assumption concerns the numerical solution
x̂k , at each time step tk , of the ODE (2.1),

EODE
k = x(tk) − x̂k,

which is defined as an nx−dimensional error vector. We make the following assump-
tion on the global error of the underlying numerical method.

Assumption 2 The ODE solution of (2.1) has a global error of at least second order,
i.e. for all k = 0, . . . , K − 1,

∥∥EODE
k

∥∥ = O(�t2max).

Next, for partial derivatives of f with respect to x and p we use the notation,

(Hxx )
jh
l := ∂2 fl

∂xh∂x j
,

(
Hxp

)ih
l := ∂2 fl

∂xh∂ pi
.
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Assumption 3 The third order tensors Hxx (t, x,p) and Hxp(t, x,p) of second partial
derivatives with respect to x and p are both bounded with respect to the supremum
norm ‖ · ‖[0,T ].

The fourth assumption concerns boundedness of certain maps with respect to ‖ ·
‖[0,T ].

Assumption 4 The following maps are bounded with respect to ‖ · ‖[0,T ]:

(4.1). t �→ ∇x f (t, x,p),
(4.2). t �→ ∇p f (t, x,p),

(4.3). t �→ d2

dt2
∇x f (t, x,p),

(4.4). t �→ d2

dt2
(∇x f (t, x,p)I1(t;tk)),

(4.5). t �→ d2

dt2
(
�(tk;t) · ∇p f (t, x,p)

)
.

Assumption (4.1) is used in the study of the remainder term of the Peano-Baker
series, after truncation at n = 2, and Assumption (4.2) in the proof of the error in
the terms Jk . The remaining assumptions (4.3)–(4.5) are used for arguments involving
the trapezoidal rule, which explains why the second derivative with respect to time
appears.

The final assumption concerns the sensitivity matrix S and the integrands in the
Jks.

Assumption 5 There exist finite, positive constants CS and CJ, such thatCS ≥ ‖S(t)‖
for all t ∈ [0, T ], and CJ := maxk=0,...,K−1 ‖�(tk; t) · ∇p f (t, x,p)‖[0,T ].

The assumptions are stated not with the aim of full generality, but rather to provide
enough regularity for the overall results to not get obscured by technical details. It is
clear that the assumptions can be made both more explicit and less restrictive if aimed
at specific examples. As an example, the assumptions of Lemma 7.2 are satisfied if,
for example, f ∈ C3(R, R

nx , R
n p ). Similarly, if the vector field f in the ODE (2.1)

is not time-dependent, more explicit error estimates can be obtained. We leave such
refinements of the results for future work considering more specific formulations of
the underlying IVP (2.1).

We are now ready to state the main theorem on the error of the proposed approxi-
mation; the proof is carried out in Sect. 7.

Theorem 6.1 Suppose Assumptions 2–5 hold. Given a discretization 0 = t0 < t1 <

· · · < tK−1 < tK = T of the time interval [0, T ], let �tmax := maxh=0,...,K−1 �th
and �tmin := minh=0,...,K−1 �th , and assume that there exists a finite constant �

such that �tmax
�tmin

≤ �, as �tmax → 0. Then, the error ES
k+1 in the approximation of

the sensitivity matrix S at time step tk+1 obtained by applying the PBS formula (4.6)
to the ODE systems (2.4) satisfies∥∥∥ES

k+1

∥∥∥ = O(�t2max), (6.3)

as �tmax → 0.
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Theorem 6.1 covers the error associated with the PBS algorithm. It turns out that,
if the map t �→ d

dt f (t, x,p) is bounded with respect to ‖ · ‖[0,T ], the result holds also
when a refinement of the time intervals�tk is used, and thePBS formula (4.6) is applied
on the sub-intervals, as in the PBSR algorithm (Algorithm 2). This is formalised in
the following corollary, the proof of which is also provided in Section 7.

Corollary 6.2 Suppose Assumptions 2–5 hold and the map t �→ d
dt f (t, x,p) is

bounded with respect to ‖ · ‖[0,T ]. Given a discretization 0 = t0 < t1 < · · · <

tK−1 < tK = T of the time interval [0, T ], let �tmax := maxh=0,...,K−1 �th and
�tmin := minh=0,...,K−1 �th , and assume that there exists a finite constant � such
that �tmax

�tmin
≤ �, as�tmax → 0. Consider any refinement of the time intervals [th, th+1]

and linearly interpolate the numerical solution x̂ of the ODE system (2.1) on each sub-
interval. Then, the error ES

k+1 in the approximation of the sensitivity matrix S at time
step tk+1 obtained by applying the PBS formula (4.6) to the ODE systems (2.4) defined
on the refined time grid satisfies∥∥∥ES

k+1

∥∥∥ = O(�t2max), (6.4)

as �tmax → 0.

7 Proof of the error estimates for the approximations of S

In the previous section we stated Theorem 6.1 and Corollary 6.2 about the error
estimates for the approximations of S using the PBS formula (4.6) on theODE systems
(2.4) (without andwith refinement of the time intervals, respectively). Herewe provide
the associated proofs, starting from Theorem 6.1, for which we will use a series of
lemmas, corresponding roughly to the directed edges in Figure 1. The first source of
error comes from the numerical solution x̂k , at each time step tk , of the ODE (2.1),
represented by the uppermost node in Figure 1. Under Assumption 2, the error EODE

k
associated with x̂k is O(�t2max).

Next, we consider the approximations of the Jacobians, defined in in (4.2) and (4.5).
As shown by the two directed edges going from the uppermost node in Figure 1, the
errorEODE

k propagates to both these terms: the errors that arise in the Jacobians are due
to the evaluation of the exact Jacobians ∇x f and ∇p f in the approximated solution
x̂k instead of the exact counterpart x(tk):

E∇x
k = ∇x f (tk, x,p) − ∇x f̂k,

E
∇p
k = ∇p f (tk, x,p) − ∇p f̂k .

The following result is standard and included for completeness.

Lemma 7.1 Under Assumptions 2 and 3, the errors E∇x
k and E

∇p
k are both of second

order in �tmax, i.e.∥∥∥E∇x
k

∥∥∥ = O(�t2max) and
∥∥∥E∇p

k

∥∥∥ = O(�t2max),
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as �tmax → 0.

Proof The errors E∇x
k and E

∇p
k are matrices of dimension nx × nx and nx × n p,

respectively. For an arbitrary h ∈ {1, . . . , nx }, let
(
EODE
k

)
h denote the hth component

of the nx−dimensional error vector EODE
k . The entries of E∇x

k and E
∇p
k are then given

by

(
E∇x
k

) j

l
= ∂ fl(tk, x,p)

∂x j
− ∂ fl(x̂k)

∂x j

= ∂2 fl(tk, x,p)

∂xh∂x j
· (
x(tk) − x̂k

)
h + O

(∥∥∥EODE
k

∥∥∥2)

= (Hxx (t, x,p))
jh

l

(
EODE
k

)
h

+ O
(∥∥∥EODE

k

∥∥∥2) ,

and

(
E

∇p
k

) i

l
= ∂ fl(tk, x,p)

∂ pi
− ∂ fl(x̂k)

∂ pi

= ∂2 fl(tk, x,p)

∂xh∂ pi
· (
x(tk) − x̂k

)
h + O

(∥∥∥EODE
k

∥∥∥2)

= (
Hxp(t, x,p)

) ih
l

(
EODE
k

)
h

+ O
(∥∥∥EODE

k

∥∥∥2) .

Given these forms for the entries, we obtain the following bounds,

∥∥∥E∇x
k

∥∥∥ ≤ C1 ‖Hxx (tk, x,p)‖
∥∥∥EODE

k

∥∥∥ + O
(∥∥∥EODE

k

∥∥∥2) ,

∥∥∥E∇p
k

∥∥∥ ≤ C2
∥∥Hxp(tk, x,p)

∥∥ ∥∥∥EODE
k

∥∥∥ + O
(∥∥∥EODE

k

∥∥∥2) ,

where the constants C1 > 0 and C2 > 0 depend on the specific dimensions nx and n p

considered and on the choice of norms.
Under Assumption 3 on Hxx (t, x,p) and Hxp(t, x,p), there exist finite constants

CHxx := ‖Hxx‖[0,T ] and CHxp := ∥∥Hxp
∥∥[0,T ]. By the definition of the supremum

norm, we obtain uniform (with respect to time) bounds for the errors in the Jacobians:

∥∥∥E∇x
k

∥∥∥ ≤ C1CHxx

∥∥∥EODE
k

∥∥∥ + O
(∥∥∥EODE

k

∥∥∥2) ,

∥∥∥E∇p
k

∥∥∥ ≤ C2CHxp

∥∥∥EODE
k

∥∥∥ + O
(∥∥∥EODE

k

∥∥∥2) .

This shows that the norm of either error is of the same order as the error in the ODE
solution, which by Assumption 2 is O(�t2max) as �tmax → 0. ��

123



328 O. Eriksson et al.

Following the error propagation in Figure 1, the approximations of ∇x f (tk, x,p)

as ∇x f̂k , and its counterpart at time step k + 1, are used to approximate the integrals
I1(tk+1;tk) and I2(tk+1;tk), respectively, with Î1,k and Î2,k , as defined in (4.3); note
that the approximation Î1,k is used in Î2,k (see Figure 1). The errors that arise are a
result of both the application of the trapezoidal rule for numerical integration and the
errors in the Jacobians, as described by Lemma 7.1.

Lemma 7.2 Suppose Assumptions 2, 3 and (4.3) hold. Then the error

E∧,I1
k = I1(tk+1; tk) − �tk

2
· (∇x f (tk, x,p) + ∇x f (tk+1, x,p))

due to the approximation of I1(tk+1;tk) by the trapezoidal rule8 is
∥∥∥E∧,I1

k

∥∥∥ = O(�t3k ), (7.1)

and the error EI1
k , from the approximation of I1(tk+1; tk) by Î1,k , satisfies

∥∥∥EI1
k

∥∥∥ = O(�t3max), (7.2)

as �tmax → 0.

Proof It can be proved [27, Sec. 5.2.1] that the error of the trapezoidal rule applied to
the integral of a function g ∈ C2(A, R), with A ⊂ R, on the interval [a, b] ⊂ A is

∫ b

a
g(x)dx − b − a

2
· (g(a) + g(b)) = − (b − a)3

12
· g′′(ξ), (7.3)

for some ξ ∈ (a, b). Using the latter, the components of E∧,I1
k are

(
E∧,I1
k

) j

l
= −�t3k

12
·
(
d2

dt2
∇x f (t, x,p)

) j

l

∣∣∣∣
t=ξ

, (7.4)

where in general ξ ∈ (tk, tk+1) is different for each pair of indices l, j . From the
properties of matrix norms, we have that for every t ∈ [tk, tk+1] and l, j = 1, . . . , nx ,

∥∥∥∥∥
(
d2

dt2
∇x f (t, x,p)

) j

l

∥∥∥∥∥ ≤ C

∥∥∥∥ d2

dt2
∇x f (t, x,p)

∥∥∥∥ .

for a constant C > 0 that only depends on the choice of norm ‖ · ‖.
8 Indicated by the wedge symbol ∧.
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Using Assumption (4.3) for d2

dt2
∇x f (t, x,p), there exist a constant C ′ < ∞ such

that C ′ =
∥∥∥ d2

dt2
∇x f (t, x,p)

∥∥∥[0,T ]. It follows that, for every l, j = 1, . . . , nx ,

∥∥∥∥(
E∧,I1
k

) j

l

∥∥∥∥ ≤ CC ′

12
�t3k .

Using the fact that all matrix norms are equivalent, there exists a constant C ′′ > 0,
which depends on the choice of norm, such that

∥∥∥E∧,I1
k

∥∥∥ ≤ C ′′ max
l, j=1,...,nx

∥∥∥∥(
E∧,I1
k

) j

l

∥∥∥∥ .

Combined with the previous inequality this yields the following upper bound on the
error from the trapezoidal rule,

∥∥∥E∧,I1
k

∥∥∥ ≤ CC ′C ′′

12
�t3k .

This proves (7.1).
Having established an order of convergence for the error due to the trapezoidal rule,

we now expand the error arising from the approximation of I1(tk+1;tk):

EI1
k = I1(tk+1;tk) − Î1,k

= I1(tk+1;tk) − �tk
2

· (∇x f̂k + ∇x f̂k+1)

= I1(tk+1;tk) − �tk
2

· (∇x f (tk, x,p) + ∇x f (tk+1, x,p))

+ �tk
2

·
(
∇x f (tk, x,p) − ∇x f̂k + ∇x f (tk+1, x,p) − ∇x f̂k+1

)
= E∧,I1

k + �tk
2

· (E∇x
k + E∇x

k+1).

Together with Lemma 7.1, this yields the upper bound

∥∥∥EI1
k

∥∥∥ ≤
∥∥∥E∧,I1

k

∥∥∥ + O(�t3max),

which proves the claimed order of convergence (7.2). ��
With these estimates for the errors in ∇x f̂k and Î1,k , we now turn to the approxi-

mation of I2,k . The first part of this lemma, concerning the error due to an application
of the trapezoidal rule, is analogous to the first part of Lemma 7.2.

Lemma 7.3 Suppose Assumptions 2, 3, (4.1)-(4.4) hold. Then, the error

E∧,I2
k = I2(tk+1; tk) − �tk

2
· ∇x f (tk+1, x,p) · I1(tk+1; tk)
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due to the approximation of I2(tk+1; tk) by the trapezoidal rule is∥∥∥E∧,I2
k

∥∥∥ = O(�t3k ), (7.5)

and the error EI2
k , from the approximation of I2(tk+1;tk) by Î2,k , is

∥∥∥EI2
k

∥∥∥ = O(�t3max), (7.6)

as �tmax → 0.

Proof The proof of (7.5) is analogous to the proof of Lemma 7.2: by replacing E∧,I1
k

with E∧,I2
k , and d2

dt2
∇x f (t, x,p) with d2

dt2
(∇x f (t, x,p)I1(t, tk)), and defining

C̃ ′ :=
∥∥∥∥ d2

dt2
(∇x f (t, x,p)I1(t, tk))

∥∥∥∥[0,T ]
,

we obtain

∥∥∥E∧,I2
k

∥∥∥ ≤ CC̃ ′C ′′

12
�t3k .

This proves the order of convergence (7.5).
To show (7.6), we note that this error can be expressed as

EI2
k = I2(tk+1;tk) − Î2,k

= I2(tk+1;tk) − �tk
2

· ∇x f (tk+1, x,p) · I1(tk+1;tk)

+ �tk
2

·
(
∇x f (tk+1, x,p) · I1(tk+1;tk) − ∇x f̂k+1 · Î1,k

)
= E∧,I2

k + �tk
2

·
(
∇x f (tk+1, x,p) · I1(tk+1;tk) − ∇x f (tk+1, x,p) · Î1,k
+∇x f (tk+1, x,p) · Î1,k − ∇x f̂k+1 · Î1,k

)
= E∧,I2

k + �tk
2

·
(
∇x f (tk+1, x,p) · EI1

k + E∇x
k+1 · Î1,k

)
. (7.7)

Applying the norm operator to (7.7) and using the triangle inequality gives

∥∥∥EI2
k

∥∥∥ ≤
∥∥∥E∧,I2

k

∥∥∥ + �tk
2

·
(
‖∇x f (tk+1, x,p)‖

∥∥∥EI1
k

∥∥∥ +
∥∥∥E∇x

k+1

∥∥∥ ∥∥∥Î1,k∥∥∥)
.

From Assumption (4.1), ‖∇x f (tk+1, x,p)‖ = O(1) and, from the definition of Î1,k
(see (4.3)), we have

∥∥∥Î1,k∥∥∥ = O(�tk). From the upper bound in the last displayed

formula, combined with Lemmas 7.1-7.2, we obtain
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∥∥∥EI2
k

∥∥∥ ≤
∥∥∥E∧,I2

k

∥∥∥ + O(�t4max),

which, together with (7.5), proves the order of convergence (7.6). ��

Next, we move to the approximation of �(tk+1;tk). As illustrated in Figure 1, this
approximation depends directly on the approximations of I1(tk+1;tk) and I2(tk+1;tk),
and thus Lemmas 7.2-7.3 will be used to obtain the order of convergence of the
associated error.

Lemma 7.4 Suppose that Assumptions 2, 3 and (4.1)-(4.4) hold. Then, the error E�
k

in the approximation of �(tk+1;tk) by �̂(tk+1;tk) is
∥∥E�

k

∥∥ = O(�t3max),

as �tmax → 0.

Proof Recalling the definition (4.4) of the approximation �̂(tk+1;tk), we can express
the associated E�

k as

E�
k = �(tk+1;tk) − Inx − Î1,k − Î2,k

= �(tk+1;tk) −
2∑

n=0

In(tk+1;tk)

+ Inx + I1(tk+1;tk) + I2(tk+1;tk) − Inx − Î1,k − Î2,k

=
∞∑
n=3

In(tk+1;tk) + EI1
k + EI2

k , (7.8)

Lemmas 7.2 and 7.3 describe the behaviour of EI1
k and EI2

k in terms of �tk . To
study the term

∑∞
n=3 In(tk+1;tk), we recall from the definition (3.8) of the summands

In(tk+1;tk),

In(t;s) =
∫ t

s
∇x f (τ, x,p)In−1(τ ;s)dτ, n ≥ 1.

Since I0(t, s) = Inx , each such term can be expressed as

In(tk+1;tk) =
∫ tk+1

tk

∫ τ1

tk
· · ·

∫ τn−1

tk
∇x f (τn, x,p) · · · ∇x f (τ1, x,p)dτn · · · dτ1.

Using this identity we can obtain an upper bound on the norm of
∑∞

n=3 In(tk+1;tk),
the part of the sum that is removed in the truncation term:
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∥∥∥∥∥
∞∑
n=3

In(tk+1;tk)
∥∥∥∥∥ ≤

∞∑
n=3

‖In(tk+1;tk)‖

=
∞∑
n=3

∥∥∥∥
∫ tk+1

tk

∫ τ1

tk
· · ·

∫ τn−1

tk
∇x f (τn, x,p) · · · ∇x f (τ1, x,p)dτn · · · dτ1

∥∥∥∥
≤

∞∑
n=3

∫ tk+1

tk

∫ τ1

tk
· · ·

∫ τn−1

tk
‖∇x f (τn, x,p) · · · ∇x f (τ1, x,p)‖ dτn · · · dτ1

≤
∞∑
n=3

∫ tk+1

tk

∫ τ1

tk
· · ·

∫ τn−1

tk
‖∇x f (τn, x,p)‖ · · · ‖∇x f (τ1, x,p)‖ dτn · · · dτ1

=
∞∑
n=3

1

n!
(∫ tk+1

tk
‖∇x f (τ, x,p)‖ dτ

)n

≤
∞∑
n=3

1

n! (C∇x )
n(�tk)

n, (7.9)

withC∇x := ‖∇x f (t, x,p)‖[0,T ],which is finite byAssumption (4.1). The last equality
is due to the fact that the multiple integrals

∫ tk+1

tk

∫ τ1

tk
· · ·

∫ τn−1

tk
‖∇x f (τn, x,p)‖ · · · ‖∇x f (τ1, x,p)‖ dτn · · · dτ1,

can be seen as the summands of the Peano-Baker series for the one-dimensional ODE
ż(t) = ‖∇x f (t, x,p)‖ · z(t); since the terms ‖∇x f (τi , x,p)‖ commute (being scalar
functions), such multiple integrals are shown in [12] to be equal to the simpler terms
1
n!

(∫ tk+1
tk

‖∇x f (τ, x,p)‖ dτ
)n

.

If we assume�tk < 1 (in fact, we consider�tmax → 0), then�t3k ≥ �tnk for every
n ≥ 3, and we obtain the upper bound

∥∥∥∥∥
∞∑
n=3

In(tk+1;tk)
∥∥∥∥∥ ≤ (�tk)

3
∞∑
n=3

1

n! (C∇x )
n ≤ �t3k

∑
n≥0

1

n! (C∇x )
n = �t3k e

C∇x .

(7.10)

Taking the norm of (7.8), and using the latter upper bound for
∥∥∑∞

n=3 In(tk+1;tk)
∥∥,

we obtain

∥∥E�
k

∥∥ ≤ �t3k e
C∇x +

∥∥∥EI1
k

∥∥∥ +
∥∥∥EI2

k

∥∥∥ ,

where all three terms at the right-hand side are O(�t3max). This concludes the proof.
��

Before we proceed with analysing the approximation of Jk , which is the last term to
consider before we move on to the approximation of S (the final node in Figure 1), we
discuss the choice of truncating thePeano-Baker series atn = 2. Introducing additional
terms in the approximation (i.e., truncating after a larger number of summands) would
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lead to a higher power of �tk in the upper bound (7.10), which in turn would imply
faster convergence. However, we rely on approximations of the summands in the
Peano-Baker series rather than on the exact terms In , and these approximations retain
an error of order O(�t3max) (see Lemmas 7.2 and 7.3). Therefore, although including
additional terms in the series would suggest a higher order of convergence, this would
be cancelled by the O(�t3max) appearing in Î1,k and Î2,k .

We could also opt to truncate the Peano-Baker series at n = 1 instead of n = 2, i.e.
retaining only Inx and I1(tk+1;tk). In this case, the opposite situation would arise: we
would lower the power of �tk in (7.10) to �t2k , and the error E

�
k would beO(�t2max).

Thus, we would not benefit from the third order convergence of Î1,k . The conclusion is
that if the integrals in I1(tk+1;tk) and I2(tk+1;tk) are approximatedwith the trapezoidal
rule (which produces O(�t3k ) errors), then it is optimal to truncate the Peano-Baker
series atn = 2; optimal heremeans obtaining the highest possible order of convergence
with as few summands as possible.

We now move to the analysis of the approximation error associated with Jk , the
final error to consider before proving Theorem 6.1. Recalling the definition,

Jk :=
∫ tk+1

tk
�(tk;τ) · ∇p f (τ, x,p)dτ,

we note that an application of the trapezoidal rule will lead to the state-transition
matrix �(tk;tk+1)–the inverse of �(tk+1;tk) (see Proposition 3.2)– appearing. How-
ever, for greater efficiency, we compute �(tk;tk+1) by the Peano-Baker series, instead
of computing the inverse �(tk+1;tk)−1. In particular, we observe that �(tk;tk+1) can
be obtained from �(tk+1;tk) by interchanging the limits of integration in each term
In (see (3.7) and (3.8)); interchanging the limits of integration, does not change the
norm of an integral. Similarly, the approximations of the Ins by the trapezoidal rule
are the same (up to the sign) for both �(tk+1;tk) and �(tk;tk+1); thus, they have the
same norm. By replicating the arguments we applied to �(tk+1;tk) throughout Lem-
mas 7.2-7.4, also on its inverse �(tk;tk+1), we obtain the same bound for the error
term E�,inv

k : as �tmax → 0,

∥∥∥E�,inv
k

∥∥∥ =
∥∥∥�(tk;tk+1) − �̂(tk; tk+1)

∥∥∥ = O(�t3max).

Lemma 7.5 Suppose that Assumptions 2, 3, 4 hold. Then, the error E∧,J
k associated

with the approximation of the integral Jk by the trapezoidal rule is∥∥∥E∧,J
k

∥∥∥ = O(�t3k ), (7.11)

and the whole error in the approximation of Jk with Ĵk is∥∥∥EJ
k

∥∥∥ = O(�t3max), (7.12)

as �tmax → 0.
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Proof As in theproofs ofLemmas7.2 and7.3,wecan invoke the error of the trapezoidal
rule (7.3) and obtain

(
E∧,J
k

) j

i
= −�t3k

12
·
(
d2

dt2
(
�(tk;t) · ∇p f (t, x,p)

)) j

i

∣∣∣∣
t=tξ

,

for some ξ ∈ (tk;tk+1). The proof of (7.11) is now analogous to Lemmas 7.2 and 7.3
and we omit the details.

Moving to the errorEJ
k , based on approximating the integral Jk with the trapezoidal

rule, we first expand the error similar to what was done for EI1
k and EI2

k :

EJ
k =

∫ tk+1

tk
�(tk;τ) · ∇p f (τ, x,p)dτ − �tk

2
· (∇p f̂k + �̂(tk;tk+1) · ∇p f̂k+1)

=
∫ tk+1

tk
�(tk;τ) · ∇p f (τ, x,p)dτ (7.13)

− �tk
2

· (∇p f (tk, x,p) + �(tk;tk+1) · ∇p f (tk+1, x,p)

+ �tk
2

· (∇p f (tk, x,p) + �(tk;tk+1) · ∇p f (tk+1, x,p)

− �tk
2

· (∇p f̂k + �̂(tk;tk+1) · ∇p f̂k+1)

= E∧,J
k + �tk

2
·
(
E

∇p
k + �(tk;tk+1) · ∇p f (tk+1, x,p) − �̂(tk;tk+1) · ∇p f̂k+1

)
= E∧,J

k + �tk
2

· (
E

∇p
k + �(tk;tk+1) · ∇p f (tk+1, x,p) − �(tk;tk+1) · ∇p f̂k+1

+ �(tk;tk+1) · ∇p f̂k+1 − �̂(tk;tk+1) · ∇p f̂k+1
)

= E∧,J
k + �tk

2
·
(
E

∇p
k + �(tk;tk+1) · E∇p

k+1 + E�,inv
k · ∇p f̂k+1

)
. (7.14)

From the previous results and Assumption (4.2), the terms in the parenthesis in (7.14)
are O(�t2max), hence∥∥∥EJ

k

∥∥∥ ≤
∥∥∥E∧,J

k

∥∥∥ + O(�t3max) = O(�t3max),

from which the claim (7.12) follows . ��
With Lemma 7.5, we now have estimates for all errors that propagate–as illustrated

in Figure 1–into the approximation Ŝk+1 of the sensitivity matrix at time step tk+1.
We are now ready to prove Theorem 6.1, the characterisation of the error in the
approximation of the sensitivity matrix Ŝk+1 at time step tk+1.

Proof (Proof of Theorem 6.1) To estimate the error ES
k+1 in the approximation of S,

we start from the exact expression for S(tk+1), given in (6.1):

S(tk+1) = �(tk+1;tk) · (S(tk) + Jk) .
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The approximation naturally takes a similar recursive form, using the approximations
�̂(tk+1;tk) and Ĵk ,

Ŝk+1 = �̂(tk+1;tk) ·
(
Ŝk + Ĵk

)
.

In order to analyse the associated error, firstwe replace every exact term in thedefinition
of S(tk+1) with the sum of the corresponding approximation and error; for example,
we replace S(tk+1) with Ŝk+1 + ES

k+1. This leads to the following relation for the
approximating terms and errors, implicitly defining the error ES

k+1,

Ŝk+1 + ES
k+1 =

(
�̂(tk+1;tk) + E�

k

)
·
((

Ŝk + ES
k

)
+

(
Ĵk + EJ

k

))
.

By expanding the product, we identify the expression �̂(tk+1;tk ) · Ŝk + Ĵk on the
right-hand side, which cancels Ŝk+1 on the left-hand side.

As a result, the error in the sensitivity matrix can be expressed as

ES
k+1 = �̂(tk+1;tk) ·

(
ES
k + EJ

k

)
+ E�

k ·
(
Ŝk + ES

k + Ĵk + EJ
k

)
= �̂(tk+1;tk) · ES

k + �̂(tk+1;tk) · EJ
k + E�

k · (S(tk) + Jk) ,

where in the last equality we re-introduced the exact terms for the sensitivity matrix
at time step tk and the exact integral Jk . This recursive expression can be expanded,
using that ES

0 = 0,

ES
k+1 =

k∑
h=0

⎛
⎝ k∏

j=h+1

�̂(t j+1;t j ) ·
(
�̂(th+1;th) · EJ

h + E�
h · (S(th) + Jh)

)⎞
⎠ .

Taking the norm of the error, we obtain the following bound

∥∥∥ES
k+1

∥∥∥
≤

k∑
h=0

⎛
⎝ k∏

j=h+1

∥∥∥�̂(t j+1;t j )
∥∥∥ ·

(∥∥∥�̂(th+1;th)

∥∥∥ ·
∥∥∥EJ

h

∥∥∥ +
∥∥∥E�

h

∥∥∥ · (‖S(th)‖ + ‖Jh‖)
)⎞
⎠ .

(7.15)

To understand the convergence rate of the error ES
k+1, it now suffices to consider the

terms on the right-hand side of (7.15).
We start by considering �̂(t j+1;t j ). From the definition (4.4), applying the norm

operator we obtain

∥∥∥�̂(t j+1;t j )
∥∥∥ ≤ 1 + �t jC∇x + �t2j

2
C2∇x

,
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for every j = 0, . . . , k; here C∇x = ‖∇x f (x(·))‖[0,T ], which is finite by Assump-
tion (4.1). This term is O(1) for �t j → 0. For arguments used later in the proof, it

is convenient to define C�t := C∇x ·
(
1 + �tmaxC∇x

2

)
, which is not a constant, but

depends on�tmax and C�t → C∇x as�tmax → 0. With this definition we can rewrite
the upper bound as

∥∥∥�̂(t j+1;t j )
∥∥∥ ≤ 1 + C�t�t j .

From Lemmas 7.5 and 7.4 we know that the error terms EJ
h and E�

h are O(�t3max).
By Assumption 5, the exact sensitivity matrix at time step th can be bounded as

‖S(th)‖ ≤ CS, hence ‖S(th)‖ = O(1), and
∥∥�(th; t) · ∇p f (t, x,p)

∥∥[0,T ] ≤ CJ for
every h = 0, . . . , k. It follows that the integral term Jh can be bounded as

‖Jh‖ =
∥∥∥∥
∫ th+1

th
�(th;τ) · ∇p f (τ, x,p)dτ

∥∥∥∥ ≤ CJ�th,

and we conclude that ‖Jh‖ = O(�th). As a consequence, the term∥∥∥�̂(th+1;th)
∥∥∥ ·

∥∥∥EJ
h

∥∥∥ + ∥∥E�
h

∥∥ · (‖S(th)‖ + ‖Jh‖),

in (7.15) is O(�t3max) and we can define a new constant 0 < C < ∞, such that

∥∥∥ES
k+1

∥∥∥ ≤
k∑

h=0

⎛
⎝ k∏

j=h+1

∥∥∥�̂(t j+1;t j )
∥∥∥ · C�t3max

⎞
⎠

≤
k∑

h=0

⎛
⎝ k∏

j=h+1

(
1 + C�t�t j

) · C�t3max

⎞
⎠ .

Moreover, we can bound�t j by�tmax, which gives an upper bound forES
k+1 in terms

of �tmax,

∥∥∥ES
k+1

∥∥∥ ≤
k∑

h=0

(1 + C�t�tmax)
k−h · C�t3max.

The sum
∑k

h=0 (1 + C�t�tmax)
k−h can be rewritten as

∑k
h=0 (1 + C�t�tmax)

h ,
which admits the closed formula

k∑
h=0

(1 + C�t�tmax)
h = 1 − (1 + C�t�tmax)

k+1

1 − (1 + C�t�tmax)

= (1 + C�t�tmax)
k+1 − 1

C�t�tmax
. (7.16)
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First, we consider the term (1 + C�t�tmax)
k+1 in the numerator. Since the exponent

k runs over k = 0, . . . , K − 1, and the term inside the parenthesis is non-negative,

(1 + C�t�tmax)
k+1 ≤ (1 + C�t�tmax)

K . (7.17)

Second, the total number of time steps K can be bounded from above,

K ≤ T

�tmin
= T

�tmin

�tmax

�tmax
= �

T

�tmax
.

Inserting this in (7.17) yields

(1 + C�t�tmax)
K ≤ (1 + C�t�tmax)

� T
�tmax .

To finish the proof, we use that the function g : (0,∞) → R, g(x) = (1 + x)
1
x is

monotonically decreasing and that limx→0+ g(x) = e. Since C�t�tmax is increasing
in �tmax, it follows that

(1 + C�t�tmax)
1

C�t�tmax < e,

hence

(1 + C�t�tmax)
� T

�tmax < e�C�t T .

The previous results show that (7.16) is bounded from above by

e�C�t T − 1

C�t�tmax
.

Lastly, inserting this into the upper bound for ES
k+1 yields

∥∥∥ES
k+1

∥∥∥ ≤ e�C�t T − 1

C�t�tmax
· C�t3max = C(e�C�t T − 1)

C�t
�t2max.

Since C�t = O(1), this proves the claimed bound (6.4). ��
Remark 4 Collecting all the error estimates determined in the proofs of Lemmas 7.1-
7.5 and the proof of Theorem 6.1, we obtain that the constant inside the O in (6.4) in
Theorem 6.1 is (

e�C�t T − 1
)

C�t
· C,

with �,C�t , T and C defined above.
Finally, Corollary (6.2) is a direct consequence of the following lemma, which

shows that the error in the linearly interpolated numerical ODE solution x̂ isO(�t2max).
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This is the same order that we assume for EODE
k in Assumption 2. As a consequence,

Lemmas 7.1-7.5 continue to hold, and therefore the same proof as Theorem 6.1 can
be applied also when a refinement of the time intervals is performed and the ODE
solution x̂ is linearly interpolated.

Lemma 7.6 Assume that themap t �→ d
dt f (t, x,p) is boundedwith respect to ‖·‖[0,T ].

For i ∈ {1, . . . , nint} let tk,i = tk + i−1
nint

�tk and

x̂k,i = x̂k + i − 1

nint
(x̂k+1 − x̂k).

Let

EODE
k,i = x(tk,i ) − x̂k,i

be the error of approximating the exact ODE solution x at time tk,i with the interpo-
lation x̂k,i of the ODE numerical solution, {x̂k}Kk=0. Under Assumption 2,

‖EODE
k,i ‖ = O(�t2max).

Proof Let

xinterpk,i = x(tk) + i − 1

nint
(x(tk+1) − x(tk))

be the interpolation of the exact ODE solution x at time tk,i . Because t �→ d
dt f (t, x,p),

i.e. t �→ d2

dt2
x(t), is bounded with respect to ‖ · ‖[0,T ], the linear interpolation error

satisfies

‖x(tk,i ) − xinterpk,i ‖ = O(�t2k ),

as showed in [28, Chap. 5]. Observe that

xinterpk,i − x̂k,i = x(tk) + i − 1

nint
(x(tk+1) − x(tk)) − x̂k − i − 1

nint
(x̂k+1 − x̂k)

= EODE
k + i − 1

nint

(
EODE
k+1 − EODE

k

)
.

Consequently,

‖xinterpk,i − x̂k,i‖ ≤ ‖EODE
k ‖ + i − 1

nint

(
‖EODE

k+1 ‖ + ‖EODE
k ‖

)
= O(�t2max),

by Assumption 2. We conclude that

‖EODE
k,i ‖ = ‖x(tk,i ) − x̂k,i‖ ≤ ‖x(tk,i ) − xinterpk,i ‖ + ‖xinterpk,i − x̂k,i‖,
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where both error on the right hand side of the last inequality are of order O(�t2max),
hence the result. ��

8 Numerical results

In this section we complement the theoretical analysis in Sects. 4-7 with numerical
experiments, illustrating the performance of the proposed sensitivity approximation
methods in a number of examples. First, in Sect. 8.1 we describe some implemen-
tation details of the PBSR and Exp algorithms, first presented in Sect. 5. Next, in
Sect. 8.2 we outline how the accuracy of the different methods is evaluated and show
numerical results for four examples: two biological models, referred to as PKA and
CaMKII, a random linear system, and a model with a limit cycle (the Chua’s circuit
model). The GitHub repository associated with this paper9 presents more implemen-
tation details; another repository10 contains an alternative implementation in C of the
methods described in this manuscript and sets up more examples.

8.1 Implementation details

To test the accuracy and run time of the sensitivity approximation methods proposed
in this paper (described in Sect. 5), we have implemented the methods in the Julia lan-
guage. For this purpose, we used the Julia packages DifferentialEquations.
jl and Sundials.jl to solve the nx−dimensional ODE system for the state vari-
able x. In particular, we used the solver CVODE_BDF from Sundials.jl, for
which we set absolute and relative tolerances of 1e-6 and 1e-5, respectively. The ODE
solver uses an adaptive time stepping algorithm, and therefore returns the approximate
ODE solution {x̂k} on a non-uniform time grid {tk}, where time steps [tk, tk+1] can be
arbitrarily large (within the set time span).

As discussed in Sect. 5, the size �tk of the time intervals [tk, tk+1] does not give
rise to stability concerns in the case of the Exp algorithm (Algorithm 3), as this
method relies only on the exponential formula (3.10), which is stable for all choices
of �tk . For the PBSR algorithm (Algorithm 2), in the case of stiff problems, the time
intervals [tk, tk+1] can be too large for the PBS formula (4.6), causing stability issues.
Therefore, the time intervals are refined into nint sub-intervals {[tk,i , tk,i+1]}ninti=1 of
length �tk/nint; note that we suppress the nints dependence on k in the notation. To
determine a good choice for the number of sub-intervals nint, we consider some of the
error terms in the PBS sensitivity approximation, analysed in Sect. 7. In particular,
a potentially problematic term is the error due to the truncation of the Peano-Baker
series, i.e., the omission of

∑∞
n=3 In(tk,i+1; tk,i ), on the sub-interval [tk,i , tk,i+1] (see

(7.8)). With majorations similar to (7.9), we obtain the upper bound∥∥∥∥∥
∞∑
n=3

I(tk,i+1; tk,i )
∥∥∥∥∥ ≤

∞∑
n=3

1

n!
(

�tk
nint

C

)n

= e
�tk
nint

C − 1 −
(

�tk
nint

C

)
− 1

2

(
�tk
nint

C

)2

,

9 https://github.com/federicamilinanni/JuliaSensitivityApproximation.
10 https://github.com/a-kramer/CSensApprox.
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where C = ‖∇x f ‖[tk,i ,tk,i+1]. One way to ensure that this value is sufficiently small is

to require that �tk
nint

C � 0.1. Based on this, the choice for the number of sub-intervals
becomes nint = �10�tk‖∇x f (x̂k)‖�.

Refining the time grid increases the running time of the algorithm, in particular
when the time span of the whole simulation is of the order of hundreds or thousands
time units, as in the examples considered in the following subsections. To make the
algorithmmore efficient, on time intervals [tk, tk+1]where the proposed nint is deemed
too large, we apply the exponential formula (3.10) instead of refining and using the
PBS formula (4.6). As outlined in Sect. 5, this means that the exponential formula is
used in two situations: for time intervals [tk, tk+1] for which (i) nint is “too large”, or
(ii) ∇x f and ∇p f are approximately constant. In our implementation of the PBSR
algorithm we consider nint “too large” when it exceeds the value 100, and we treat the
Jacobians ∇x f and ∇p f as constant when

‖∇x f̂k+1 − ∇x f̂k‖
‖∇x f̂k‖

< 10−4 and
‖∇p f̂k+1 − ∇p f̂k‖

‖∇p f̂k‖
< 10−4,

respectively. Combining the two criteria, the if-statement in Algorithm 2 that triggers
the use of the exponential formula (3.10) is implemented as:

if nint > 100 OR

‖∇x f̂k+1 − ∇x f̂k‖
‖∇x f̂k‖

< 10−4 AND
‖∇p f̂k+1 − ∇p f̂k‖

‖∇p f̂k‖
< 10−4.

(8.1)

The exponential formula (3.10) requires an implementation of matrix exponentiation.
Each programming language offers a built in11 function for this, typically namedexpm
(we use Base.exp() in Julia). Such methods often rely on the scaling and squaring
method; Julia specifically cites [29]. An unstable/bad implementation of expm could
lead to large numerical inaccuracies, however this is not something we have observed
in practice.

Lastly, in the numerical examples we also implement the Forward Sensitivity
method to approximate the sensitivitymatrix. For this purposewe use the Julia package
DiffEqSensitivity.jl.

8.2 Simulation experiments

In the numerical experiments that follow, we evaluate the accuracy and speed of the
Exp and PBSR algorithms (Algorithms 2 and 3). The accuracy is measured in two
different ways: one is to compare the two algorithms with the FS method, which is
considered to have a high accuracy, and one is to consider minor perturbations, with
respect to the parameter vector, of the ODE solution.

As our first performance measure, after solving the ODE system (2.1) for x, we
consider the time points tk, k = 0, . . . , K , returned by the ODE solver, and for each

11 Alternatively, a linear algebra package.
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time point tk compute approximations of the sensitivity matrix S using the PBSR and
Exp algorithms: ŜPBSRk (PBSR), and ŜExpk (Exp). Besides, we apply the FS method
to obtain the FS approximation of the sensitivity matrix. The time steps used by the
FS method are in general different from those returned by the ODE solver mentioned
above; therefore, we linearly interpolate the FS sensitivity matrix approximation in
the same time points {tk} used for the PBSR and Exp algorithms, thus obtaining the
approximation {ŜFSk }.

Next, for each time point tk , we compute the scalar relative error of the PBSR
(EPBSR

k ) and Exp (EExp
k ) algorithms with respect to the FS method:

EPBSR
k = ‖ŜPBSRk − ŜFSk ‖

‖ŜFSk ‖ , EExp
k = ‖ŜExpk − ŜFSk ‖

‖ŜFSk ‖ .

The method just outlined treats ŜFSk , obtained using the FS method, as the true sen-
sitivity matrix at time tk . However, the FS method also yields an approximation, and
thus ŜFSk comes with an error. We therefore introduce an alternative, in a sense more
objective, way to evaluate the accuracy of the proposed methods. The idea is to use
the sensitivity matrix to approximate the solution of the underlying ODE model after
making a small perturbation δp in the parameter vector p. Consider making such a
perturbation by either adding or subtracting (an appropriate) δp from p: from a Taylor
expansion, we have,

x(t,p + δp) = x(t,p) + S(t, x,p) · δp + 1

2
δTp · S(t, x,p) · δp + O(δ3p) , (8.2)

x(t,p − δp) = x(t,p) − S(t, x,p) · δp + 1

2
δTp · S(t, x,p) · δp + O(δ3p) , (8.3)

where S is the second order sensitivity tensor (i.e. the Hessian of x(t,p), with respect
to p). Subtracting (8.3) from (8.2) leads to a natural criterion to judge how well the
sensitivity works as a linear approximation of the solution with respect to parameter
changes,

x(t,p + δp) − x(t,p − δp) = 2S(t, x,p) · δp + O(δ3p) . (8.4)

For an accurate approximation Ŝ of S, the difference between the left-hand side and
the right-hand side of (8.4), with S replaced by Ŝ, should be small and this therefore
works as a performance measure. In line with this, for an approximation Ŝ, we define,
for a given δp, the following (objective) error estimate:

κ̄δp = ‖x(t,p + δp) − x(t,p − δp) − 2Ŝ(t, x,p) · δp‖
‖ε + x(t,p + δp) − x(t,p − δp)‖ , (8.5)
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where ε is a small quantity, used to regularize the fraction in the cases where the
denominator in (8.5) is vanishingly small12. In practice, we pick several random δp
values and average the resulting errors κ̄δp :

κ̄ = 1

N

N∑
i=1

κ̄δip
, δip = hi � p , (8.6)

where� denotes point-wisemultiplication, or Hadamard product, between the vectors
hi and p (both of dimension n p), and for each i = 1, . . . , N , hi is a random vector
with components

hij ∼ U(10−5, 10−4), j = 1, . . . , n p.

With this definition, the perturbations δip are small compared to p, in the sense that
each component δp, j satisfies |δp, j |/p j � 1, j = 1, . . . , n p.

In each of the examples in the following subsections, the error estimate κ̄ is com-
puted for all the three methods (PBSR, Exp and FS) at each time tk , denoted by κ̄

PBSR
k ,

κ̄
Exp
k and κ̄

FS
k . Note that there is some arbitrariness in the chosen distribution for δp.

A benefit of this alternative, seemingly more objective, performance measure is
that it provides an estimate also of the error in the FS approximation of the sensitivity
matrix, and removes the reliance on any other numerical approximation in evaluating
the accuracy of the PBSR and the Exp algorithms.

Models for molecular signaling pathways: PKA and CaMKII models

The first numerical experiments highlight the original motivation of considering mod-
els from systems biology (see Sect. 1): in this section we apply the PBSR Algorithm 2
and the Exp Algorithm 3 to two models that describe molecular signaling pathways
within neurons involved in learning and memory. In particular, these mechanisms are
involved in the strengthening or weakening of neuron synapses, referred to as long
term potentiation (LTP) and long term depression (LTD), respectively.

A crucial role in signaling pathways is played by protein kinases and phosphatases,
thanks to their ability to, respectively, phosphorylate and dephosphorylate substrate
proteins. In the two models that we consider, the phosphorylating role is performed by
the cAMP-dependent protein kinase A (PKA) and the Ca2+/calmodulin-dependent
protein kinase II (CaMKII), which give the two models their names: PKA and
CaMKII–for more details see references [14, 30, 31].

In the two ODE models, the state vectors x(t) represent the concentrations of the
different forms of the modelled proteins and ions at time t ; the dimension of the state
space is nx = 11 in the PKA model, and nx = 21 in the CaMKII model. In both
models the parameter vector p corresponds to the kinetic constants that characterize
the reactions in the underlying pathway. The dimension of the parameter space is
n p = 35 in the PKA, and n p = 59 in the CaMKII model.

12 Initially, at t0, the sensitivity is exactly 0 in all components, thus x(t0, p + δp) = x(t0, p − δp).
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Fig. 2 Relative error of the sensitivity matrix, against time step, for the PBSR (solid line) and the Exp
(dashed line) algorithms for the PKA model. The simulations are run over the time span [0, 600]. The
gray circles superimposed on the solid line indicate the time steps at which within the PBSR algorithm the
exponential formula (3.10) is used instead of the PBS formula (4.6) because the system is approximately at
equilibrium; the small red triangles show when the exponential formula (3.10) is used instead of the PBS
formula (4.6) because the number of sub-intervals nint in the PBSR refinement is too large

In Figures 2 and 3 we show the relative errors EPBSR (solid line) and EExp (dashed
line) against the time step for the PKA and CaMKII model, respectively. The small
gray circles and red triangles superimposed on the solid line (PBSR algorithm) refer to
the time steps at which the if-statement is satisfied and the exponential formula (3.10)
is used: gray circles correspond to time steps where the use of the exponential for-
mula (3.10) is triggered because the system is approximately at equilibrium, while red
triangles indicate time steps where (3.10) is used because the estimated value of nint
is too large. We observe that the results obtained by the PBSR algorithm are 1 to 2
order of magnitude more accurate than the Exp algorithm at the time steps where the
PBSR formula (4.6) is used (when FS is considered as providing the true sensitivity
matrix).

Figures 4 and5 show theobjective errors κ̄, defined in (8.6),with N = 100.Theblue
and red shaded areas indicate simulation time points where the use of the exponential
formula (3.10) is triggered in the PBSR algorithm: blue corresponds to simulation
time points where the system is approximately in equilibrium, and red indicates time
points where the estimated number of sub-intervals nint for the refinement is too large.
Note that in Figure 2, the PKA system is simulated in the time span [0, 600], during
which it does not reach convergence (final time points are labelled with red triangles),
whereas in Figure 4 we simulate the system over the time span [0, 60000], and the
system then reaches equilibrium (final time points are depicted in a shaded blue area).
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Fig. 3 Relative error of the sensitivity matrix, against time step, for the PBSR (solid line) and the Exp
(dashed line) algorithms for the CaMKII model. The simulations are run over the time span [0, 600]. The
gray circles superimposed on the solid line indicate the time steps at which within the PBSR algorithm the
exponential formula (3.10) is used instead of the PBS formula (4.6) because the system is approximately at
equilibrium; the small red triangles show when the exponential formula (3.10) is used instead of the PBS
formula (4.6) because the number of sub-intervals nint in the PBSR refinement is too large

We observe that in the first instants of the simulations, the errors κ̄
PBSR and κ̄

FS

are about one order of magnitude lower than κ̄
Exp; after the initial phase, the errors

in the three methods result to be close to each other, with κ̄
Exp being slightly higher

in the model of larger dimension (CaMKII), between 10−2 and 10−1. At the time
points where the PBSR algorithm implements the exponential formula (3.10) (red and
blue regions in the Figures) the error κ̄

PBSR is comparable with κ̄
Exp. Interestingly, we

observe that in the larger model (CaMKII) the errors κ̄
PBSR and κ̄

Exp in the PBSR and
Exp approximations decay to 10−5 when the system converges to equilibrium,whereas
the error κ̄

FS in the FS approximation remains of an order of 10−1. This explains why
in Figure 3 the errors EPBSR and EExp in the PBSR and Exp approximations are
large in the final time steps, even though the PBSR and Exp approximation have a
sufficiently high accuracy: in fact, EPBSR and EExp correspond to the relative errors of
the PBSR and Exp sensitivity approximations with respect to the FS approximation,
which in this case is much less accurate.

As a final test, we compared the computational time for the different algorithms in
the PKA and CaMKII models by computing the average runtime (averaged over 100
iterations) for the three methods; the results are presented in Table 2. As expected, the
PBSR shows an increased computational cost compared to the Exp algorithm, whereas
compared to the FS method, the PBSR algorithm is faster. The latter becomes more
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Fig. 4 The estimated relative error κ̄ against time for the PKAmodel. The simulations are run over the time
span [0, 60000]. The blue and red shaded areas both indicate that within the PBSR method the exponential
formula (3.10) is used: blue because the system is close to a (stable) steady state, red because refinement
is numerically prohibitive. The error estimate κ̄ uses small parameter perturbations δp to test how well the
sensitivity matrix predicts the changes in the solution (averaged over N = 100 small, random parameter
perturbations)

pronounced when the dimension of the system is rather high (CaMKII model vs. PKA
model).

Random linear system

In order to numerically investigate the impact of an increase in the dimensions nx
and n p of the underlying ODE system on the algorithms’ computational cost, we
considered a random linear system for which we can choose an arbitrary dimensions
nx ; for convenience, we take this to be equal to the parameter space dimension n p and
denote both with n.

Themodel is obtained by first generating a randommatrixB of dimension n×n and
a random vector p of length n, both with values uniformly distributed in the interval
[0, 1]. Next, we define A := −BTB, and let p2 be the element-wise square of p, and
u an n-dimensional vector of ones. The associated (random) linear system is defined
as

ẋ(t) = Ax + p2 + u ,

and we use this system to test how the dimension of the system affects the runtime of
the three algorithms (PBSR, Exp and FS).
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Fig. 5 The estimated relative error κ̄ against time for the CaMKMIIs model. The simulations are run over
the time span [0, 600]. The blue and red shaded areas both indicate that within the PBSR method the
exponential formula (3.10) is used: blue because the system is close to a (stable) steady state, red because
refinement is numerically prohibitive. The error estimate κ̄ uses small parameter perturbations δp to test
how well the sensitivity matrix predicts the changes in the solution (averaged over N = 100 small, random
parameter perturbations)

Table 2 Average runtime
(averaged over 100 iterations) of
FS, PBSR and Exp algorithms
applied to the PKA and CaMKII
models

PKA CaMKII

FS 0.056 s 1.518 s

PBSR 0.047 s 0.132 s

Exp 0.008 s 0.030 s

In this example, the Jacobians ∇x f and ∇p f are, by construction, constant with
respect to the state x and time–∇x f ≡ A and ∇p f = 2p–and the if-statement (8.1)
in Algorithm 2 is always true. Thus, in the PBSR algorithm, there would never be a
refinement of the time intervals [tk; tk+1] and the exponential formula (3.10) would
always be applied, leading to the same output as the Exp algorithm. Therefore, to
test the approximation based on the Peano-Baker series, we remove the if-statement
and always apply the PBS formula (4.6), including the refinement of the time grid, to
approximate the state-transition matrix and compute S.

We performed tests of the three algorithms on this type of random linear system of
dimensions n = 5, 10, . . . , 95, 100. In Figure 6 we show the average runtime (over
10 iterations) of the FS algorithm (solid line), the PBSR algorithm (dashed line) and
Exp (dotted line). To determine how the runtime scales with the dimension n of the
system, we perform regressions on the form runtime = a · dimensionb, using runtime
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Fig. 6 Average running time (over 10 iterations) of the FS (solid line), PBSR (dashed line) and Exp (dotted
line) algorithms applied to random linear systems of dimension 5, 10, . . . , 100

data for each of the three algorithms. The results suggest a runtime ofO(n2.1) for the
Exp algorithm,O(n3.7) for the PBSR andO(n4.2) for the FS, indicating that the PBSR
algorithm gives an improvement of approximately n0.5 compared to the FS method
for this particular system.

Example with a limit cycle: Chua’s circuit model

As our last example, we consider the following three-dimensional dynamical system,

⎧⎪⎨
⎪⎩
ẋ1 = p1(x2 − x1 − f (x)),

ẋ2 = x1 − x2 + x3,

ẋ3 = −p2x2,

with f (x) = −8/7x1 + 4/63x31 , parameters p1 = 7, p2 = 15, and initial condition
x0 = (0, 0,−0.1)T. This systemmodels Chua’s circuit, an electrical circuit consisting
of two capacitors and an inductor, and the choice of parameters and initial condition
causes the system to converge to a limit cycle.

In this example, the Jacobians ∇x f and ∇p f exhibit high variability within time
steps [tk, tk+1]. Because the PBS formula (4.6) can capture such variations, the PBSR
algorithm (Algorithm 2) provides an approximation of the sensitivity matrix that is
roughly two orders of magnitude more accurate than the Exp algorithm (Algorithm 3);
this is according to both types of error estimates, comparing EPBSR

k and EExp
k (see

Figure 7), and κ̄
PBSR
k and κ̄

Exp
k (see Figure 8), respectively. Moreover, in Figure 8 we

123



348 O. Eriksson et al.

Fig. 7 Relative error of the sensitivity matrix, against time step, for the PBSR (solid line) and the Exp
(dashed line) algorithms for the Chua’s system. The simulations are run over the time span [0, 10]

note that aside from the initial phase, the FS method has an error that is essentially
equivalent to that of the PBSR.

9 Conclusion and future work

In this paper we have addressed the problem of computing the sensitivity matrix of
parameter-dependent ODE models in high-dimensional settings, where the forward
and adjoint methods become too slow for practical purposes. This situation arises in,
e.g., uncertainty quantification using Bayesian methods, where there can be a need to
compute the sensitivity matrix at a large number of time steps and parameter values,
coupled with a high-dimensional parameter space.

We developed a new numerical method based on the Peano-Baker series from con-
trol theory, which appears in the exact solution of S (Theorem 3.3). By truncating the
series and applying the trapezoidal rule for the integrals involved in the exact formula,
we constructed an approximation to S that is suitable for numerical computation,
referred to here as the PBS formula (4.6). In addition to the general representation of
S, given in Theorem 3.3, in Corollary 3.4 we derived a simplified expression for the
solution S in the setting of constant coefficients and forcing term in the ODE for S.
This led to a second formula to approximate the sensitivity matrix S–the exponential
formula (3.10)–which is exact when the system is at equilibrium, and a good approx-
imation when the vector field of the ODE system has almost-constant Jacobians ∇x f
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Fig. 8 The estimated relative error κ̄ for theChua’sCircuitmodel. The error estimate κ̄ uses small parameter
perturbations δp to test how well the sensitivity matrix predicts the changes in the solution (averaged over
N = 100 small, random parameter perturbations)

and ∇p f . Combining these two formulas, we defined the Peano-Baker series (PBS)
algorithm in Sect. 4.

As discussed in Sect. 5, the PBS algorithm may suffer from stability issues, in
particular for stiff problems. To overcome this, we define two additional algorithms:
the PBS with refinement (PBSR) algorithm, where we implement a refinement of
the time grid, along with what can be viewed as a stiffness detection mechanism,
and the Exponential (Exp) algorithm, where only the exponential formula is used
(and no refinement is performed). For applications, such as the type of uncertainty
quantification and MCMC sampling that originally motivated this work (see Sect.
1.1), these are the two algorithms we propose to use.

A rigorous error analysis, carried out in Sects. 6-7, showed that, under standard
regularity assumptions, the proposed algorithm, based on the Peano-Baker series (with
or without refinement of the time grid), admits a global error of order O(�t2max). The
analysis also showed that the proposed method is optimal in the sense of at what term
the Peano-Baker series is truncated.

The theoretical error analysis was complemented by several numerical experiments
in Sect. 8. We compared the performance of the different methods to that of the
forward sensitivity method for two ODE models from systems biology, a random
linear system and a system modelling Chua’s circuit. The results showed that both our
algorithms produced accurate approximations of the sensitivity matrix with significant
speed-up, that seemed to increase rapidly with the dimension of the problem. In the
dynamical system modeling Chua’s circuit, the limit trajectory of the ODE was a
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limit cycle and thus the Jacobians never become (close to) constant. In this example,
the PBSR algorithm produced approximations that had an accuracy of two orders
of magnitude better than that of the Exp algorithm, motivating the use of the PBSR
algorithm for accuracy in general problems. Further motivation for the PBSR comes
from the applications in neuroscience that we considered, where ODE models are
commonly characterised by time-dependent inputs (e.g. so-called Ca-spike trains).
In such systems, the framework is similar to the Chua’s circuit example, where the
Jacobians are time-variant. Therefore, the PBSR algorithm is expected to be more
precise, and thus more useful, than the Exp algorithm.

The methods presented in this paper are expected to be useful in the context of
MCMC methods, particularly for problems arising in, e.g., systems biology: the
speed-up provided by the PBSR and Exp algorithms, compared to forward sensitivity
analysis, has the potential to drastically increase the efficiency ofMCMCmethods. As
a first test of this, we equipped an implementation (in C, using the CVODES solver)
of the simplified manifold Metropolis-adjusted Langevin algorithm (smmala, see,
e.g., [17]) with the Exp algorithm to compute the Fisher Information and posterior
gradients, and compared it to smmalawith conventional forward sensitivity analysis.
The (real) data used for MCMC was obtained at or near the steady-state of the sys-
tem, so the use of the Exp algorithm was suitable. The near-steady-state sensitivity
approximation enabled sampling approximately 100 times faster from the posterior
distribution, compared to using CVODES’ forward sensitivity analysis13. Similar tests
for the PBSR algorithm will be part of future work on the integration of the proposed
methods in the MCMC setting.

In addition to applications to MCMC sampling, future work includes further inves-
tigation of the impact of different implementation aspects of the PBSR algorithm–e.g.
the criteria (based on the Jacobians∇x f and∇p f ) to switch fromPBSR to exponential
formula, and the refinement of the time grid of the ODE solver. Additional compar-
isons with existing methods and a better understanding of the methods performance,
particularly in large-scale systems, is another important direction.
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