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ABSTRACT
In this paper we develop a new framework for non-linear perturbations of the Kerr spacetime. This is based on a characterization of the
Kerr spacetime in terms of a Killing spinor. On the perturbed spacetime, one can construct an approximation of the Killing spinor. Based
on this, a number of quantities are constructed measuring the deviation from Kerr. Evolution equations for these quantities are derived.
Approximations of the Killing vectors, the mass and angular momentum parameters etc., are constructed along with a full set of equations for
their derivatives. In this setting, we don’t need a reference background solution. Instead, we covariantly construct the relevant structures on
the perturbed spacetime itself. This can eliminate many issues and allow for a cleaner analysis.

© 2026 Author(s). All article content, except where otherwise noted, is licensed under a Creative Commons Attribution (CC BY) license
(https://creativecommons.org/licenses/by/4.0/). https://doi.org/10.1063/5.0298916

I. INTRODUCTION
In this paper we study non-linear perturbations of the Kerr spacetime. This is relevant for the Kerr stability problem,6,21–24 the self-force

problem,27 numerical relativity and related problems. A natural way to do this is to compare the perturbed spacetime with a background
Kerr spacetime. In Ref. 5, we followed that approach. This approach is fairly straightforward, but it comes with a number of complications.
Foremost, one needs to compare with the correct background, i.e., one would need to know the final mass and angular momentum. These
parameters can usually not be determined beforehand, so one would need to determine them iteratively or through careful tracking of the
evolution. Even with a good gauge choice there is often some residual gauge freedom that needs to be used to get the correct centre of mass,
axis of rotation etc.

In this paper, we present a different approach. Instead of comparing the perturbed spacetime with a background, we use a characterization
of the Kerr spacetime in terms of a Killing spinor. Following the ideas in 13–16 we can construct an approximate Killing spinor with the
correct asymptotics on the spacetime. In those papers we were able to prove that if the approximate Killing spinor is an actual Killing spinor,
the spacetime must be locally diffeomorphic to Kerr. This can be done independently of coordinate or frame choices.

The idea of this paper is that given an approximate Killing spinor, we can covariantly construct a few spinors that are zero if and only if
the spacetime is locally diffeomorphic to Kerr. We will call them small variables. With an appropriate evolution equation for the approximate
Killing spinor, one would then expect the small variables to decay to zero indicating that the spacetime asymptotes to Kerr. This can be done
in a covariant way without prior knowledge of the final Kerr parameters. This can eliminate many of the problems described above.

Here, we are not constructing a Kerr background with its corresponding principal null directions, Killing vectors, TME operators, sym-
metry operators etc. expressed in coordinates. Instead we use the fact that these structures can be constructed from the Killing spinor in the
Kerr spacetime. Therefore, we can construct approximations of these structures in a perturbed spacetime using an approximate Killing spinor
instead. These structures can be expressed in terms of spinors that are non-zero on Kerr. We call them non-small variables.

In this paper the evolution of the approximate Killing spinor is chosen to satisfy a wave-like equation with a freely chosen gauge source
function. Under suitable conditions, we prove that this gives an evolution system for both small and non-small variables. First we describe this
system covariantly in the spacetime using abstract spinor formalism. Then we introduce a family of adapted frames, and describe the system
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in GHP formalism. Here, we find that all spin coefficients and curvature components can be expressed in terms of the small and non-small
variables. Hence, both the frame and all variables satisfies a good evolution system. We also express the system in terms of space spinors. This
allows us to separate the actual evolution equations from constraint equations. This splitting is similar to the splitting of the Maxwell equation
into a constraint equation and an evolution equation. In the end we get a first order symmetric hyperbolic evolution system.

A system with both small and non-small variables might not be good for estimates, so we extract a subsystem for only the small variables.
In this case we treat the non-small variables as given. This is also formulated in GHP, and we see that it also takes a first order symmetric
hyperbolic form. Importantly, we also derive equations for all derivatives of the non-small variables. This is important because we can define
operators like the TME operators, symmetry operators etc. formally identical to the corresponding covariant or GHP expressions in Kerr.
The coefficients of these will then only depend on the non-small variables. When one tries to compute commutators between such operators,
equations for all derivatives of the non-small variables are needed. This is crucial in the case with large angular momentum parameter a,
because we can not use smallness of a to estimate any terms in the commutators.

In this paper we focus on the structure of the equations. Decay estimates will be postponed to subsequent papers. One can also use a
different evolution equation for the approximate Killing spinor based on null-geodesics. This can be re-phrased as a special choice of the gauge
source function used in this paper, so most equations here will be valid also for that case. However, in that setting most evolution equations
will be of transport type. This will also be presented in a forthcoming paper.

All calculations in this paper were done using the xAct25 suite of packages for Wolfram Mathematica. In particular the SymManipulator,8
SymSpin,11 SpinFrames,10 SpaceSpinors9 and TexAct12 packages were further developed and used for this project.

II. NOTATION AND CONVENTIONS
In this paper (M, gab) will denote an orientable and time orientable, globally hyperbolic vacuum spacetime. The metric gab will be taken

to have signature (+,−,−,−). It follows that the spacetime admits a spin structure.18,19 We will use 2-spinors following the conventions of Ref.
26. In particular, A, B, . . . will denote abstract spinorial indices, while a, b, . . . will denote abstract tensorial indices. We will also extensively
use the GHP formalism.20

A. Symmetric spinors
Let Sk,l denote the vector bundle of symmetric spinors with k unprimed indices and l primed indices. We will call these spinors symmetric

spinors of valence (k, l). Furthermore, let Sk,l denote the space of smooth sections of Sk,l. For simplicity we will assume C∞ sections, but that
assumption can be relaxed.

Any spinor can be decomposed into a set of symmetric spinors (Ref. 26, Prop 3.3.54). Therefore, we will work only with symmetric
spinors. However, the spinorial Levi–Cività covariant derivative ∇AA′ acting on a symmetric spinor will in general not give a symmetric
spinor, so we decompose it into four fundamental spinor operators.

Definition II.1 [(Reference 4, Def 13)]. For any φA1...Ak
A′1...A

′

l ∈ Sk,l, we define the operators Dk,l : Sk,l → Sk−1,l−1, Ck,l : Sk,l → Sk+1,l−1, C†
k,l :

Sk,l → Sk−1,l+1 and Tk,l : Sk,l → Sk+1,l+1 as

(Dk,lφ)A1...Ak−1
A′1...A′l−1 ≡ ∇

BB′φA1...Ak−1B
A′1...A′l−1

B′ , (2.1a)

(Ck,lφ)A1...Ak+1
A′1...A′l−1 ≡ ∇(A1

B′φA2...Ak+1)
A′1...A′l−1

B′ , (2.1b)

(C
†
k,lφ)A1...Ak−1

A′1...A′l+1
≡ ∇

B(A′1 φA1...Ak−1B
A′2...A′l+1), (2.1c)

(Tk,lφ)A1...Ak+1
A′1...A′l+1 ≡ ∇(A1

(A′1 φA2...Ak+1)
A′2...A′l+1). (2.1d)

The operators are labeled with the valence numbers of the spinor field it is acting on.
The product of two symmetric spinors is in general not symmetric, so we decompose it into irreducible parts. All parts can be expressed

in terms of the following symmetrized product from Ref. 3. See also Ref. 17 for a related construction.

Definition II.2 [(Reference 3, Def 1)]. Let k, l, n, m, i, j be integers with i ≤ min(k, n) and j ≤ min(l, m). The symmetric product is a bilinear
form

i,j
⊙
k,l

: Sk,l × Sn,m → Sk+n−2i,l+m−2j. (2.2)

For ϕ ∈ Sk,l,ψ ∈ Sn,m, it is given by

(ϕ
i,j
⊙
k,l
ψ)

A′1...A
′

l+m−2j
A1...Ak+n−2i

= ϕ
(A′1...A

′

l−j−1 ∣B1...BiB′1...B
′

j ∣
(A1...Ak−i−1

ψ
A′l−j...A

′

l+m−2j)
Ak−i...Ak+n−2i)B1...BiB′1...B

′

j
(2.3)
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Here, the operator is labeled with the number of index contractions (i, j) as well as the valence numbers of the spinor field it is acting
on (k, l). In general we will work with the symmetric product and combinations of the operators above. This will always result in symmetric
spinors without any index contractions. Therefore, the spinor indices will not carry any information, so we will usually omit them.

Commutators between the operators D , C , C†, T are given by (Ref. 3, Lem 9) or (Ref. 4, Lem 18). The Leibniz rule for these operators
acting on a symmetric product is given by (Ref. 3, Lem 10). In this notation, the vacuum Bianchi identity is

C
†
4,0Ψ = 0. (2.4)

B. Space spinors
To analyse a 3 + 1 splitting of the equations we will use the space spinor formalism developed by Sommers29 and Sen.28 See also Sec. 3

in Ref. 13 and Chap. 4 in Ref. 30. Let τAA′ be a future pointing normal to a spacelike hyper-surface with normalization τAA′τ
AA′
= 2. The Sen

connection is given by∇AB = τ(A A′
∇ B)A′ . The intrinsic connection DAB can be expressed as

DABϕC = ∇ABϕC −
1
2

KABC
DϕD, (2.5)

where KABCD is the spinor form of the second fundamental form given by

KAB
CD
= τ(A

A′τ(C∣B′ ∣
∇

D)
∣B′ ∣τ B)A′. (2.6)

We assume that τAA′ is hyper-surface orthogonal, so the irreducible components of KABCD are

ΩABCD = K(ABCD), ✚Ω = KAB
AB. (2.7)

We will also need the normal derivative∇τ = τAA′
∇AA′ and acceleration A = C1,1τ. The Hermitian conjugate of a spinor in Sk,0 is the complex

conjugate followed by contraction with τ on all primed indices. For instance, if ϕ ∈ S2,0, the Hermitian conjugate is

ϕ̂ = τ
0,1
⊙
1,1
τ

0,1
⊙
0,2
ϕ̄. (2.8)

In this paper we will mainly use the Sen connection. Following Definition 2.9 in Ref. 7, we define fundamental space spinor operators.

Definition II.3. Let ϕA1...Ak ∈ Sk,0. Define the operators âk : Sk,0 → Sk−2,0, Ák : Sk,0 → Sk,0 and Ök : Sk,0 → Sk+2,0 via

(âkϕ)A1...Ak−2 ≡ ∇
Ak−1AkϕA1...Ak , (2.9a)

(Ákϕ)A1...Ak ≡ ∇(A1

BϕA2...Ak)B, (2.9b)

(Ökϕ)A1...Ak+2 ≡ ∇(A1A2 ϕA3...Ak+2). (2.9c)

These operators are called Sen-divergence, curl and twistor operator respectively.

Observe that here we define operators in terms of the Sen connection ∇AB instead of the intrinsic connection DAB used in Ref. 7.
Combined with the symmetric product ⊙, we again get an algebra of symmetric spinors, so we can omit the spinor indices in all covariant
equations.

The intrinsic connection is Hermitian. The relation (2.5) can be used to derive the commutation between the Hermitian conjugate and
the fundamental space spinor operators based on the Sen connection. For ϕ ∈ Sk,0, we have

â̂kϕ = −âkϕ̂ + (k − 2)Ω
3,0
⊙
k,0
ϕ̂, (2.10a)

Á̂kϕ = −Ákϕ̂ −
1
6
(k + 2)✚Ω

0,0
⊙
k,0
ϕ̂ + (k − 1)Ω

2,0
⊙
k,0
ϕ̂, (2.10b)

Ö̂kϕ = −Ökϕ̂ + kΩ
1,0
⊙
k,0
ϕ̂. (2.10c)

The formal adjoints of âk, Ák, Ök are −(−1)kÖk−2, (−1)kÁk and −(−1)kâk+2 respectively. Hermitian adjoints are the Hermitian conjugate of the
formal adjoints.
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III. APPROXIMATE KILLING SPINOR
An important feature of the Kerr spacetime is that it admits a Killing spinor κ ∈ S2,0 satisfying T2,0κ = 0. This holds for any vacuum

Petrov Type D spacetime.31 Using κ, one can construct a vector ξ = C
†
2,0κ ∈ S1,1. Commuting derivatives, we find that ξ is a Killing vector.

Possibly multiplying κ with a complex constant, this vector can be made real in Kerr. Together with asymptotic conditions, the Killing spinor
can characterize the Kerr spacetime.

Theorem III.1 [(Reference 15, Th 5/B.3)]. A smooth vacuum spacetime (M, gab) is locally isometric to the Kerr spacetime if and only if
the following conditions are satisfied:

(i) there exists a Killing spinor κAB such that the associated Killing vector ξAA′ is real;
(ii) the spacetime (M, gab) has a stationary asymptotically flat 4-end with non-vanishing mass in which ξAA′ tends to a time translation.

Assume now that we work on a general asymptotically flat vacuum spacetime and have constructed a good approximation κ of the Killing
spinor. How this construction should be done will be discussed below.

Definition III.2. Based on an approximate Killing spinor κ ∈ S2,0 we define the following spinors

H = T2,0κ, (3.1a)

ξ = C
†
2,0κ, (3.1b)

Iξ =
1
2

C
†
2,0κ −

1
2

C0,2κ̄. (3.1c)

Observe that Iξ is i times the imaginary part of ξ. Theorem III.1 now says that the spacetime is locally diffeomorphic to Kerr if and only
if H and Iξ vanish and ξ has the correct asymptotic behaviour near spacelike infinity.

We therefore expect that the spacetime is close to Kerr in some sense if H and Iξ are small in some appropriate sense. The details and
proof of this expectation will be investigated in subsequent works.

Definition III.3. A quantity that vanishes if H = 0 and Iξ = 0, we call a small variable. If not, we call it a non-small variable.

In this paper we will derive an evolution system for the small variables H, Iξ and some quantities derived from them. In particular we will
express the evolution system in the GHP formalism only using the principal null directions of κ. Some spin coefficients and curvature compo-
nents can be expressed in terms of the components in this evolution system. Importantly, we also get a full set of equations for all derivatives
of the non-small variables. Namely, the remaining spin coefficients, the remaining curvature component and the non-trivial component of
κ. Furthermore, we derive local expressions that are constant in Kerr containing the mass and angular momentum. From κ we also derive a
radial variable and approximations of two Killing vectors. To make sure that all variables evolve properly, we also in the mean time derive a
first order symmetric hyperbolic evolution system for the complete set of variables.

On Kerr in GHP notation using the principal null directions of κ, one can express all relevant structures and operators in terms of
the GHP operators and the quantities listed in the previous paragraph. This gives the possibility of proving decay estimates using only the
quantities used here and a well chosen foliation of the spacetime. However, the choice of foliation will not be discussed in this paper.

A. Constructing an approximate killing spinor
In the series of works,13–16 the value for κ on the initial surface Σ0 was chosen to satisfy

L(κ) = â4Ö2κ − 2Ω
3,0
⊙
4,0

Ö2κ = 0 (3.2)

along with appropriate asymptotic or boundary conditions. This gives a unique solution on Σ0. Furthermore, this solution coincides with the
actual Killing spinor for the Kerr case. Furthermore, on Σ0 the normal derivative was chosen to be

∇τκ = −Á2κ. (3.3)

The approximate Killing spinor could then be evolved with the wave-like equation

0 = (D3,1T2,0κ)AB =
2
3
∇

CC′
∇CC′κAB +

2
3
ΨAB

CDκCD (3.4)

In this paper we will, for most parts, use a slightly more general evolution equation

D3,1T2,0κ = υ, (3.5)
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where υ ∈ S2,0 is a gauge source function, i.e., a given function of κ and derivatives of κ. There are many possible choices of υ, but it is important
that υ = 0 if H = 0 and Iξ = 0. The simplest choice is υ = 0. The choice of υ will be discussed further around Assumption IV.4.

Remark III.4. Similarly, the values of L(κ) and ∇τκ + C2κ on the initial slice can also be set to some gauge source functions that are zero if
H = 0 and Iξ = 0. However, for this paper it is an unnecessary complication, so we will refrain from doing that here.

B. Frames and projection operators
Classically, on a Petrov Type D spacetime, a tetrad or dyad is chosen to be aligned with the repeated principal null directions of the Weyl

tensor or spinor. However, on a general spacetime this is not possible because the Weyl tensor can have up to four principal null directions.
The approximate Killing spinor though, has two principal null direction we can use for our frame.

Definition III.5. Given an approximate Killing spinor κ, a principal Killing spinor dyad is a normalized spin dyad (oA, ιA) such that

κAB = −2κ1o(A ι B), (3.6)

where κ1 a complex scalar of type {0, 0} and
oAō A′

∇AA′(κ1 + κ̄1′) < 0. (3.7)

Remark III.6. Observe that:

● The coefficient κ1 can be defined covariantly up to sign from

κ2
1 = −

1
2
κABκAB. (3.8)

● In principle κAB could degenerate at some point, so that (3.6) is not possible. But in that case κABκAB
= 0, which outside the black hole

region is a large deviation from the value for Kerr κABκAB
= −2

9 (r − ia cos θ)2. Hence, for small perturbations we can exclude that
possibility.

● The condition (3.7) encodes that oAōA′ is an outgoing null direction.
● All principal Killing spinor dyads are related by spin and boost transformations. Hence, we can work with GHP notation in this class of

dyads. In the remainder of this paper all GHP expressions will be with respect to this class of dyads.
● As we will see below, if the spacetime is Petrov Type D, a principal Killing spinor dyad is also a principal dyad of the Weyl spinor.

Following (Ref. 1, Sec II D) we can use the approximate Killing spinor κ to covariantly separate components of different spin weight.
Observe however that in Ref. 1 κ was an actual Killing spinor on a vacuum type D spacetime. Due to (3.6) the algebraic identities in (Ref. 1,
Sec II D) hold, but not the differential identities.

Definition III.7. Given κ, we define spin projection operators for the unprimed indices

P0
4,0 =

3
8
κ−4

1 κ
0,0
⊙
2,0
κ

0,0
⊙
0,0
κ

2,0
⊙
2,0
κ

2,0
⊙
4,0

, (3.9a)

P1
4,0 = −κ

−4
1 κ

0,0
⊙
2,0
κ

1,0
⊙
2,0
κ

1,0
⊙
2,0
κ

2,0
⊙
4,0

, (3.9b)

P2
4,0 =

1
16
κ−4

1 κ
0,0
⊙
2,0
κ

1,0
⊙
2,0
κ

1,0
⊙
2,0
κ

2,0
⊙
4,0
+ κ−4

1 κ
1,0
⊙
4,0
κ

1,0
⊙
4,0
κ

1,0
⊙
4,0
κ

1,0
⊙
4,0

, (3.9c)

P1/2
3,1 = −

3
4
κ−2

1 κ
0,0
⊙
1,1
κ

2,0
⊙
3,1

, (3.9d)

P3/2
3,1 = κ

−2
1 κ

1,0
⊙
3,1
κ

1,0
⊙
3,1
+

1
12
κ−2

1 κ
0,0
⊙
1,1
κ

2,0
⊙
3,1

, (3.9e)

P0
2,0 = −

1
2
κ−2

1 κ
0,0
⊙
0,0
κ

2,0
⊙
2,0

, (3.9f)

P1
2,0 = κ

−2
1 κ

1,0
⊙
2,0
κ

1,0
⊙
2,0

. (3.9g)
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Observe that no component of a valence (3,1) spinor will have spin weight 1/2 or 3/2. Here we are only counting the spin weight from
the unprimed indices, i.e. letting the primed index remain abstract. We also have the complex conjugate versions for the spin projection of
the primed indices.

For illustration, in a principal Killing spinor dyad, ϕ ∈ S4,0 and φ ∈ S3,1, we have

(P1
4,0ϕ)0 = 0, (P1

4,0ϕ)1 = ϕ1, (P1
4,0ϕ)2 = 0, (P1

4,0ϕ)3 = ϕ3, (P1
4,0ϕ)4 = 0,

(P1/2
3,1 φ)00′ = 0, (P1/2

3,1 φ)10′ = φ10′ , (P1/2
3,1 φ)20′ = φ20′ , (P1/2

3,1 φ)30′ = 0,

(P1/2
3,1 φ)01′ = 0, (P1/2

3,1 φ)11′ = φ11′ , (P1/2
3,1 φ)21′ = φ21′ , (P1/2

3,1 φ)31′ = 0.

C. Covariant equations
To analyse the evolution of H and Iξ and the derivatives of the remaining spin coefficients, we define a few extra variables. Here, we

define them covariantly, but we will consider their components in the next section.

Definition III.8. Based on an approximate Killing spinor κ ∈ S2,0, the Weyl spinor Ψ ∈ S4,0 and Definition III.2 we define the following
spinors

χ =
2
3

C1,1Iξ, (3.10a)

ψ = Ψ − P0
4,0Ψ, (3.10b)

γ = C
†
3,1H, (3.10c)

η = κ−1
1 κ

2,0
⊙
4,2

T3,1H, (3.10d)

Υ = κ−2
1 T0,0(κ3

1Ψ2). (3.10e)

Observe that the curvature component Ψ2 can be defined covariantly via

Ψ2 =
1
4
κ−2

1 κ
2,0
⊙
2,0
κ

2,0
⊙
4,0
Ψ. (3.11)

We can also write ψ and Υ in terms of H.

Lemma III.9. The variables ψ and Υ can be expressed in terms of H as

ψ =
3
4
κ−4

1 κ
0,0
⊙
2,0
κ

1,0
⊙
2,0
κ

2,0
⊙
4,0

C3,1H −
1
2
κ−2

1 κ
1,0
⊙
4,0

C3,1H, (3.12a)

Υ = −
1
2
κ−1

1 κ
1,0
⊙
1,1
κ

2,0
⊙
3,1

C
†
4,0ψ −

9
4
Ψ2κ−1

1 κ
2,0
⊙
3,1

H. (3.12b)

Proof. Commuting derivatives and observing that κ
1,0
⊙
4,0

P0
4,0 = 0, we find

C3,1H = C3,1T2,0κ = −2κ
1,0
⊙
4,0
Ψ = −2κ

1,0
⊙
4,0
ψ. (3.13)

Applying κ
1,0
⊙
4,0

gives

κ−2
1 κ

1,0
⊙
4,0

C3,1H = −2ψ −
3
2
κ−2

1 κ
0,0
⊙
2,0
κ

2,0
⊙
4,0
ψ. (3.14)

Applying P2 and P1 on this as well as P0 on (3.10b) yield

P2
4,0ψ = −

1
2
κ−2

1 P2
4,0κ

1,0
⊙
4,0

C3,1H, P1
4,0ψ = −2κ−2

1 P1
4,0κ

1,0
⊙
4,0

C3,1H, P0
4,0ψ = 0. (3.15)

Summing these parts and using the expressions in Definition III.7, we get (3.12a). A derivative of (3.8) gives an equation for the gradient of κ1

T0,0κ1 = −
1
2
κ−1

1 κ
2,0
⊙
3,1

H −
1
3
κ−1

1 κ
1,0
⊙
1,1
ξ. (3.16)

J. Math. Phys. 67, 012501 (2026); doi: 10.1063/5.0298916 67, 012501-6

© Author(s) 2026

 16 January 2026 13:27:59

https://pubs.aip.org/aip/jmp


Journal of
Mathematical Physics ARTICLE pubs.aip.org/aip/jmp

This together with the definition of Υ yield

T0,0Ψ2 = κ−1
1 Υ +

3
2
Ψ2κ−2

1 κ
2,0
⊙
3,1

H +Ψ2κ−2
1 κ

1,0
⊙
1,1
ξ. (3.17)

The Weyl curvature can be expressed as

Ψ = ψ +
3
2
κ−2

1 κ
0,0
⊙
2,0
κ

0,0
⊙
0,0
Ψ2. (3.18)

Applying κ
1,0
⊙
1,1
κ

2,0
⊙
3,1

C
†
4,0 and using the vacuum Bianchi identity (2.4) and the Leibniz rules, we get

0 = κ
1,0
⊙
1,1
κ

2,0
⊙
3,1

C
†

4,0ψ +
3
2
κ

1,0
⊙
1,1
κ

2,0
⊙
3,1

C
†
4,0(κ

−2
1 κ

0,0
⊙
2,0
κ

0,0
⊙
0,0
Ψ2)

= κ
1,0
⊙
1,1
κ

2,0
⊙
3,1

C
†

4,0ψ +
3
2
κ−2

1 κ
1,0
⊙
1,1
κ

2,0
⊙
3,1

C
†
4,0κ

0,0
⊙
2,0
κ

0,0
⊙
0,0
Ψ2 + 2Ψ2κ

2,0
⊙
3,1

H +
4
3
Ψ2κ

1,0
⊙
1,1
ξ

= κ
1,0
⊙
1,1
κ

2,0
⊙
3,1

C
†

4,0ψ +
3
2
Ψ2κ

2,0
⊙
3,1

H − 2Ψ2κ
1,0
⊙
1,1
ξ + 2κ2

1T0,0Ψ2. (3.19)

Together with (3.17), we get (3.12b). ◻

With the notion of Definition III.3 the variables H, Iξ, χ, ψ, γ, η and Υ are small variables, while κ1, ξ and Ψ2 are non-small variables.
We will now derive a set of evolution equations for a subset of the small variables, in terms of a closed evolution system with coefficients
depending on the non-small variables κ1, ξ and Ψ2.

Lemma III.10. Under the evolution (3.5), the small variables H, Iξ, χ and ψ satisfies the equations

D3,1H = υ, (3.20a)

C3,1H = −2κ
1,0
⊙
4,0
ψ, (3.20b)

D1,1Iξ = 0, (3.20c)

C1,1Iξ =
3
2
χ, (3.20d)

C
†
2,0χ = −

1
4

C
†
2,0υ −

1
2
ψ

3,0
⊙
3,1

H −
3
4
Ψ2κ−2

1 κ
1,0
⊙
1,1
κ

2,0
⊙
3,1

H

+
1
4

C0,2ῡ +
1
2
ψ̄

0,3
⊙
1,3

H̄ +
3
4
Ψ̄2κ̄−2

1′ κ̄
0,1
⊙
1,1
κ̄

0,2
⊙
1,3

H̄, (3.20e)

0 = P3/2
3,1 C

†
4,0ψ −

3
2
Ψ2κ−2

1 P3/2
3,1 κ

1,0
⊙
3,1

H. (3.20f)

Proof. The equation (3.20a) is just the evolution equation (3.5), while (3.20b) is (3.13). The relation (3.20c) is a direct consequence of a
commutator. (3.20d) is just the definition of χ. By applying T1,1 to the definition of Iξ and commuting derivatives we get

T1,1Iξ =
3
4

C
†
3,1T2,0κ −

3
4

C1,3T0,2κ̄ =
3
4
γ −

3
4
γ̄. (3.21)

Similarly applying D2,2 to the definition of γ and commuting derivatives we get

D2,2γ =
1
2

C
†
2,0υ +Ψ

3,0
⊙
3,1

H =
1
2

C
†
2,0υ + ψ

3,0
⊙
3,1

H +
3Ψ2

2κ2
1
κ

1,0
⊙
1,1
κ

2,0
⊙
3,1

H. (3.22)

Using the definition of χ and commuting derivatives we get

C
†
2,0χ = −

2
3

D2,2T1,1Iξ +
1
2

T0,0D1,1Iξ = −
1
2

D2,2γ +
1
2

D2,2γ̄. (3.23)

This together with (3.22) gives (3.20e). Applying P3/2
3,1 C

†
4,0 on (3.18) and using the vacuum Bianchi identity (2.4), we get

0 = P3/2
3,1 C

†
4,0Ψ = P3/2

3,1 C
†
4,0ψ +

3
2
P3/2

3,1 C
†
4,0(κ

−2
1 κ

0,0
⊙
2,0
κ

0,0
⊙
0,0
Ψ2). (3.24)
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Equations (3.20f) then follows from the Leibniz rules. ◻

The non-small variables κ1, ξ and Ψ2 appears as coefficients in our evolution system as well as in all operators that can be written
covariantly in terms of the Killing spinor on Kerr. See for instance Refs. 1 and 2 for expressions of the TME and TSI operators, as well as
symmetry operators. These covariant expressions can be used to define operators also on the perturbed spacetime. However, commutators
between such operators, will not exactly satisfy the same identities as in Kerr. To be able to calculate such commutators, one would need a
complete set of equations for all derivatives of the non-small variables. The following lemma provides that.

Lemma III.11. Under the evolution (3.5), the non-small variables κ1, ξ, Ψ2 satisfies the equations

T0,0κ1 = −
1
2
κ−1

1 κ
2,0
⊙
3,1

H −
1
3
κ−1

1 κ
1,0
⊙
1,1
ξ, (3.25a)

D1,1ξ = 0, (3.25b)

C1,1ξ = −
3
4
υ +

3
2
κ

2,0
⊙
4,0
ψ − 3Ψ2κ, (3.25c)

C
†
1,1ξ = −3χ̄ −

3
4
ῡ +

3
2
κ̄

0,2
⊙
0,4
ψ̄ − 3Ψ̄2κ̄, (3.25d)

T1,1ξ =
3
2
γ, (3.25e)

T0,0Ψ2 = κ−1
1 Υ +

3
2
Ψ2κ−2

1 κ
2,0
⊙
3,1

H +Ψ2κ−2
1 κ

1,0
⊙
1,1
ξ. (3.25f)

Proof. (3.25a) is just (3.16). (3.25b) is a direct consequence of a commutator. Another commutator gives

C1,1ξ = C1,1C
†
2,0κ = −

3
4
υ +

3
2
Ψ

2,0
⊙
2,0
κ. (3.26)

The relation (3.18) then gives (3.25c). The definition of χ together with the complex conjugate of (3.25c) gives

χ̄ = −
2
3

C
†
1,1Iξ = −

1
3

C
†
1,1ξ +

1
3

C
†
1,1ξ̄ = −

1
3

C
†
1,1ξ −

1
4
ῡ +

1
2
κ̄

0,2
⊙
0,4
ψ̄ − Ψ̄2κ̄. (3.27)

This is equivalent to (3.25d). Equations (3.25e) follows by commuting derivatives, while (3.25f) is the same as (3.17). ◻

For some arguments, we don’t need the full set of equations for the non-small variables. As an alternative we extract an evolution system
from it. Observe that (3.12b) and (3.25f) together gives

T0,0Ψ2 = −
1
2
κ−2

1 κ
1,0
⊙
1,1
κ

2,0
⊙
3,1

C
†
4,0ψ −

3
4
Ψ2κ−2

1 κ
2,0
⊙
3,1

H +Ψ2κ−2
1 κ

1,0
⊙
1,1
ξ. (3.28)

Note that (3.20f) and (3.28) together are equivalent to the full vacuum Bianchi system (2.4).

Corollary III.12. A total evolution system for the variables κ1, ξ, Ψ2, H, Iξ, χ and ψ, is given by (3.25a)–(3.25c), (3.28) and Lemma III.10.

We will see in the next section that this indeed is a well posed evolution system.

IV. GHP FORMULATION
In this section we present GHP formulations in the class of principal Killing spinor dyads of the equations of the previous section. For

convenience, we define the weighted scalars

Kρ =
3H10′

2κ1
, Kρ′ =

3H21′

2κ1
, Kτ =

3H11′

2κ1
, Kτ′ =

3H20′

2κ1
, (4.1a)

Iρ =
2
3

Iξ00′ , Iτ =
2
3

Iξ01′ , Iτ′ =
2
3

Iξ10′ , Iρ′ =
2
3

Iξ11′. (4.1b)

The GHP prime operation matches the notation. Observe also that (κ1)
′
= −κ1. Under complex conjugation we have

Iρ = −Iρ, Iτ = −Iτ′ , Iτ′ = −Iτ , Iρ′ = −Iρ′. (4.2)
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The spin coefficients can be expressed in terms of H and ξ.

κ =
H00′

2κ1
, σ =

H01′

2κ1
, σ′ =

H30′

2κ1
, κ′ =

H31′

2κ1
, (4.3a)

ρ =
1
3

Kρ +
ξ00′

3κ1
, ρ′ =

1
3

Kρ′ −
ξ11′

3κ1
, τ =

1
3

Kτ +
ξ01′

3κ1
, τ′ =

1
3

Kτ′ −
ξ10′

3κ1
. (4.3b)

Observe that κ, κ′, σ and σ′ are small variables, while ρ, ρ′, τ and τ′ are non-small variables.
We can also express the components of Iξ

Iξ00′ = −
1
2

Kρκ1 +
1
2

Kρκ̄1′ +
3
2
κ1ρ −

3
2
κ̄1′ ρ̄, (4.4a)

Iξ01′ = −
1
2

Kτκ1 −
1
2

Kτ′ κ̄1′ +
3
2
κ1τ +

3
2
κ̄1′ τ̄

′, (4.4b)

Iξ10′ =
1
2

Kτ′κ1 +
1
2

Kτ κ̄1′ −
3
2
κ̄1′ τ̄ −

3
2
κ1τ′, (4.4c)

Iξ11′ =
1
2

Kρ′κ1 −
1
2

Kρ′ κ̄1′ −
3
2
κ1ρ′ +

3
2
κ̄1′ ρ̄

′. (4.4d)

The components of ψ are just the Weyl curvature components except the non-small variable Ψ2.

ψ0 = Ψ0, ψ1 = Ψ1, ψ2 = 0, ψ3 = Ψ3, ψ4 = Ψ4. (4.5)

This also explains Remark III.6. In the Petrov Type D case, H = 0, so ψ = 0 which implies Ψ0 = Ψ1 = Ψ3 = Ψ4 = 0, i.e., the dyad is a principal
dyad of the Weyl spinor.

Definition IV.1. Define the following set of small variables

Vg = {Kρ, Kτ , Kρ′ , Kτ′ , κ, σ, κ′, σ′, Iρ, Iτ , Iρ′ , Iτ′ ,Ψ0,Ψ1,Ψ3,Ψ4, χ0, χ1, χ2} (4.6)

and the set of non-small variables
Vb = {κ1,Ψ2, ρ, ρ′, τ, τ′}. (4.7)

The components of γ, η and Υ are also small variables, but we can express them as first order derivatives of the Vg variables. See the
Appendix for explicit expressions. The components of ξ are also non-small variables, but they can be expressed in terms of the Vb variables
and the first 4 variables in Vg via the relation (4.3b).

We can now directly translate all the covariant equations in the previous section to GHP form. In GHP form the equation (3.20a) reads

3υ0

2κ1
= (þ − 4ρ − ρ̄)Kτ + 3(þ′− 2ρ′− ρ̄ ′)κ − (ð − 4τ − τ̄ ′)Kρ − 3(ð′− τ̄ − 2τ′)σ + 5Kρ′κ − 5Kτ′σ, (4.8a)

3υ1

2κ1
= (þ − 3ρ − ρ̄)Kρ′ + (þ

′
− 3ρ′− ρ̄ ′)Kρ − (ð − 3τ − τ̄ ′)Kτ′ − (ð

′
− τ̄ − 3τ′)Kτ + 2KρKρ′ − 2KτKτ′ + 6κκ′− 6σσ′, (4.8b)

3υ2

2κ1
= 3(þ − 2ρ − ρ̄)κ′ + (þ′− 4ρ′− ρ̄ ′)Kτ′ − 3(ð − 2τ − τ̄ ′)σ′− (ð′− τ̄ − 4τ′)Kρ′ + 5Kρκ′− 5Kτσ′. (4.8c)

We will now analyse the GHP form of the evolution systems in Lemma III.10 and Corollary III.12.

Lemma IV.2. The GHP form of Lemma III.10 is

(þ′− ρ′− ρ̄ ′)Kρ = (ð′− τ̄ − τ′)Kτ − KρKρ′ + KτKτ′ +
3υ1

4κ1
− 3κκ′ + 2Kρ′ρ + 3σσ′− 2Kτ′τ, (4.9a)

(þ − ρ − ρ̄)Kτ = (ð − τ − τ̄ ′)Kρ +
3
2
Ψ1 +

3υ0

8κ1
− 2Kρ′κ + 3κρ′ + 2Kτ′σ − 3στ′, (4.9b)

(þ − ρ − ρ̄)Kρ′ = (ð − τ − τ̄
′
)Kτ′ − KρKρ′ + KτKτ′ +

3υ1

4κ1
− 3κκ′ + 2Kρρ′ + 3σσ′− 2Kττ′, (4.9c)

(þ′− ρ′− ρ̄ ′)Kτ′ = (ð
′
− τ̄ − τ′)Kρ′ +

3
2
Ψ3 +

3υ2

8κ1
− 2Kρκ′ + 3κ′ρ + 2Kτσ′− 3σ′τ, (4.9d)

(þ′− ρ′− ρ̄ ′)κ = (ð′− τ̄ − τ′)σ − 1
2
Ψ1 +

3υ0

8κ1
− Kρ′κ + Kτρ + Kτ′σ − Kρτ, (4.9e)
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(þ − ρ − ρ̄)σ = (ð − τ − τ̄ ′)κ +Ψ0, (4.9f)

(þ − ρ − ρ̄)κ′ = (ð − τ − τ̄ ′)σ′− 1
2
Ψ3 +

3υ2

8κ1
− Kρκ′ + Kτ′ρ

′
+ Kτσ′− Kρ′τ

′, (4.9g)

(þ′− ρ′− ρ̄ ′)σ′ = (ð′− τ̄ − τ′)κ′ +Ψ4, (4.9h)

(þ′− ρ̄ ′)Iρ = (ð′− τ̄)Iτ + Iρ′ρ − Iτ′τ + χ1, (4.9i)

(þ − ρ̄)Iτ = (ð − τ̄ ′)Iρ − Iρ′κ + Iτ′σ − χ0, (4.9j)

(þ − ρ̄)Iρ′ = (ð − τ̄
′
)Iτ′ + Iρρ′− Iττ′− χ1, (4.9k)

(þ′− ρ̄ ′)Iτ′ = (ð
′
− τ̄)Iρ′ − Iρκ′ + Iτσ′ + χ2, (4.9l)

(þ − 4ρ)Ψ1 = (ð′− τ′)Ψ0 − 3Ψ2κ, (4.9m)

(þ′− ρ′)Ψ0 = (ð − 4τ)Ψ1 + 3Ψ2σ, (4.9n)

(þ − ρ)Ψ4 = (ð′− 4τ′)Ψ3 + 3Ψ2σ′, (4.9o)

(þ′− 4ρ′)Ψ3 = (ð − τ)Ψ4 − 3Ψ2κ′, (4.9p)

(þ − 2ρ)χ1 = (ð′− τ′)χ0 −
1
4
(þ − 2ρ)υ1 +

1
4
(þ − 2ρ̄)ῡ1′ −

1
4
(ð − τ̄ ′)ῡ0′ +

1
4
(ð′− τ′)υ0

+ Kτ′Ψ1κ1 − KρΨ2κ1 − Kτ′ Ψ̄1κ̄1′ + KρΨ̄2κ̄1′ −
1
4
υ2κ +Ψ3κ1κ +

1
4
ῡ2′ κ̄

− Ψ̄3κ̄1′ κ̄ −Ψ0κ1σ′ + Ψ̄0κ̄1′ σ̄
′
− κχ2, (4.9q)

(þ′− ρ′)χ0 = (ð − 2τ)χ1 −
1
4
(þ − ρ̄)ῡ2′ −

1
4
(þ′− ρ′)υ0 +

1
4
(ð − 2τ)υ1 +

1
4
(ð − 2τ̄ ′)ῡ1′

− Kρ′Ψ1κ1 + KτΨ2κ1 + Kτ′ Ψ̄2κ̄1′ − KρΨ̄3κ̄1′ + Ψ̄4κ̄1′ κ̄ +Ψ0κ1κ′ +
1
4
υ2σ

−Ψ3κ1σ +
1
4
ῡ0′ σ̄

′
− Ψ̄1κ̄1′ σ̄

′
+ σχ2, (4.9r)

(þ − ρ)χ2 = (ð′− 2τ′)χ1 −
1
4
(þ − ρ)υ2 −

1
4
(þ′− ρ̄ ′)ῡ0′ +

1
4
(ð′− 2τ̄)ῡ1′ +

1
4
(ð′− 2τ′)υ1

+ Kτ′Ψ2κ1 − KρΨ3κ1 − Kρ′ Ψ̄1κ̄1′ + KτΨ̄2κ̄1′ +Ψ4κ1κ + Ψ̄0κ̄1′ κ̄
′
+

1
4
ῡ2′ σ̄

− Ψ̄3κ̄1′ σ̄ +
1
4
υ0σ′−Ψ1κ1σ′ + σ′χ0, (4.9s)

(þ′− 2ρ′)χ1 = (ð − τ)χ2 −
1
4
(þ′− 2ρ′)υ1 +

1
4
(þ′− 2ρ̄ ′)ῡ1′ +

1
4
(ð − τ)υ2 −

1
4
(ð′− τ̄)ῡ2′

− Kρ′Ψ2κ1 + KτΨ3κ1 + Kρ′ Ψ̄2κ̄1′ − KτΨ̄3κ̄1′ −
1
4
υ0κ′ +Ψ1κ1κ′ +

1
4
ῡ0′ κ̄

′

− Ψ̄1κ̄1′ κ̄
′
−Ψ4κ1σ + Ψ̄4κ̄1′ σ̄ − κ

′χ0. (4.9t)

Lemma IV.3. The GHP form of the equations (3.25a)–(3.25c) and (3.28) are

(þ + ρ)κ1 = Kρκ1, (4.10a)

(ð + τ)κ1 = Kτκ1, (4.10b)

(ð′ + τ′)κ1 = Kτ′κ1, (4.10c)

(þ′ + ρ′)κ1 = Kρ′κ1, (4.10d)
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(þ′− ρ̄ ′)ξ10′ = (ð
′
− τ̄)ξ11′ −

3
4
υ2 − 3Ψ3κ1 − κ′ξ00′ + ξ01′σ

′, (4.10e)

(þ − ρ̄)ξ11′ = (ð − τ̄
′
)ξ10′ +

3
4
υ1 + 3Ψ2κ1 + ξ00′ρ

′
− ξ01′τ

′, (4.10f)

(þ′− ρ̄ ′)ξ00′ = (ð
′
− τ̄)ξ01′ −

3
4
υ1 − 3Ψ2κ1 + ξ11′ρ − ξ10′τ, (4.10g)

(þ − ρ̄)ξ01′ = (ð − τ̄
′
)ξ00′ +

3
4
υ0 + 3Ψ1κ1 − κξ11′ + ξ10′σ, (4.10h)

(þ − 3ρ)Ψ2 = (ð′− 2τ′)Ψ1 − 2Ψ3κ +Ψ0σ′, (4.10i)

(þ′− 2ρ′)Ψ1 = (ð − 3τ)Ψ2 −Ψ0κ′ + 2Ψ3σ, (4.10j)

(þ − 2ρ)Ψ3 = (ð′− 3τ′)Ψ2 −Ψ4κ + 2Ψ1σ′, (4.10k)

(þ′− 3ρ′)Ψ2 = (ð − 2τ)Ψ3 − 2Ψ1κ′ +Ψ4σ. (4.10l)

where the spin coefficients ρ, ρ′, τ and τ′ are given by (4.3b).

First we will see that the total evolution system Lemma IV.2 and Lemma IV.3 together gives a well posed evolution for a good choice of
gauge source function υ. Here it is important that the υ terms in the system are not expressed as derivatives of the Vg variables because that
could spoil the symmetric hyperbolic structure. Therefore, we make the following assumption.

Assumption IV.4. Assume that the gauge source function υ = 0 or more generally that the first order derivatives of υ in (4.9q)–(4.9t) and υ
itself can be written in terms of the Vg variables without derivatives.

For some gauge source functions a modification of Iξ can help compensating for the first order derivatives of υ in (4.9q)–(4.9t). For cases
where Assumption IV.4 is not satisfied, one would have to redo this analysis case by case.

Observe that the equations (4.9a)–(4.9l) and (4.10e)–(4.10h) come in pairs with principal parts of the form

þ′ φ = ð′ ϕ, þϕ = ðφ (4.11)

or the complex conjugate version

þ′ φ = ðϕ, þϕ = ð′ φ. (4.12)

Such pairs are first order symmetric hyperbolic. In fact the GHP form of the massless Dirac equation C
†
1,0ϕ = 0, for ϕ ∈ S1,0 has this form

(þ′− ρ′)ϕ0 = (ð − τ)ϕ1, (þ − ρ)ϕ1 = (ð′− τ′)ϕ0. (4.13)

The equations (4.9m)–(4.9p) and (4.10i)–(4.10l) is just the standard vacuum Bianchi equations. Given any spacelike foliation, this splits into
3 constraint equations and five propagation equations of symmetric hyperbolic form. Similarly, (4.10a)–(4.10d) splits into three constraint
equations and 1 propagation for κ1. Under Assumption IV.4, the principal part of (4.9q)–(4.9t) is the same as the Maxwell equation. Also this
splits into 1 constraint equation and 3 propagation equations of symmetric hyperbolic form. See the next section for details. Hence, with the
observation that the spin coefficients ρ, ρ′, τ and τ′ are given by (4.3b) we have the following corollary.

Corollary IV.5. Under Assumption IV.4, Lemma IV.2 and Lemma IV.3 gives a closed first order symmetric hyperbolic evolution system for
all the variables

{Kρ, Kτ , Kρ′ , Kτ′ , κ, σ, κ′, σ′, Iρ, Iτ , Iρ′ , Iτ′ ,Ψ0,Ψ1,Ψ2,Ψ3,Ψ4, χ0, χ1, χ2, κ1, ξ00′ , ξ01′ , ξ10′ , ξ11′}.

Therefore, it gives a well posed evolution.

For estimates, the total system is not ideal, because not all variables in the system will decay. However, if we treat the non-small variables
Vb as given coefficients, we can study just the evolution system given by Lemma IV.2. The argument is the same as above, but instead of the
full Bianchi system, we have just have (4.9m)–(4.9p) which are of the form (4.12). Hence, we have the following corollary.

Corollary IV.6. Under Assumption IV.4, Lemma IV.2 gives a first order symmetric hyperbolic evolution system for the small variables Vg
with coefficients depending on the non-small variables Vb.
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Importantly, we not only get evolution equations for the Vb variables. We get expressions for all derivatives of them.

Lemma IV.7. All derivatives of the non-small variables {κ1,Ψ2, ρ, ρ′, τ, τ′} are

þκ1 = κ1(Kρ − ρ), (4.14a)

þ′ κ1 = κ1(Kρ′ − ρ
′
), (4.14b)

ðκ1 = κ1(Kτ − τ), (4.14c)

ð′ κ1 = κ1(Kτ′ − τ
′
), (4.14d)

þΨ2 = −3KρΨ2 + 3Ψ2ρ + κ−1
1 Υ00′ , (4.14e)

þ′ Ψ2 = −3Kρ′Ψ2 + 3Ψ2ρ′ + κ−1
1 Υ11′ , (4.14f)

ðΨ2 = −3KτΨ2 + 3Ψ2τ + κ−1
1 Υ01′ , (4.14g)

ð′ Ψ2 = −3Kτ′Ψ2 + 3Ψ2τ′ + κ−1
1 Υ10′ , (4.14h)

þρ =
1
8
(3γ00′ − 2η00′)κ

−1
1 − Kτ′κ − Kρρ + ρ2

− κ̄τ, (4.14i)

þ′ ρ = −
1
2
Ψ2 − κκ′− Kρ′ρ + ρρ

′
− Kτ′τ − ττ̄ + ττ

′

−
1
8
κ−1

1 (ῡ1′ − 6γ11′ + 2η11′ + 4Ψ̄2κ̄1′ + 4χ̄1′), (4.14j)

ðρ = −3
4
Ψ1 −

1
16
(3υ0 − 6γ01′ + 4η01′)κ

−1
1 − Kτρ − κρ′− Kτ′σ + ρτ − ρ̄τ + στ

′, (4.14k)

ð′ ρ = −2Kτ′ρ − κσ
′
− σ̄τ + 2ρτ′−

1
8
κ−1

1 (ῡ0′ − 6γ10′ + 2η10′ + 4Ψ̄1κ̄1′ + 4χ̄0′), (4.14l)

þρ′ = −
1
2
Ψ2 − κκ′− Kρρ′ + ρρ′− Kττ′ + ττ′− τ′τ̄ ′

−
1
8
κ−1

1 (ῡ1′ + 6γ11′ + 2η11′ + 4Ψ̄2κ̄1′ + 4χ̄1′), (4.14m)

þ′ ρ′ = −
1
8
(3γ22′ + 2η22′)κ

−1
1 − Kτκ′− Kρ′ρ

′
+ ρ′2 − κ̄ ′τ′, (4.14n)

ðρ′ = −2Kτρ′− κ′σ + 2ρ′τ − σ̄ ′τ′−
1
8
κ−1

1 (ῡ2′ + 6γ12′ + 2η12′ + 4Ψ̄3κ̄1′ + 4χ̄2′), (4.14o)

ð′ ρ′ = −3
4
Ψ3 −

1
16
(3υ2 + 6γ21′ + 4η21′)κ

−1
1 − κ

′ρ − Kτ′ρ
′
− Kτσ′ + σ′τ + ρ′τ′− ρ̄ ′τ′, (4.14p)

þτ =
3
4
Ψ1 +

1
16
(3υ0 + 6γ01′ − 4η01′)κ

−1
1 − Kρ′κ + κρ

′
− Kρτ + ρτ − στ′− ρτ̄ ′, (4.14q)

þ′ τ = −κ̄ ′ρ − κ′σ − 2Kρ′τ + 2ρ′τ −
1
8
κ−1

1 (ῡ2′ − 6γ12′ + 2η12′ + 4Ψ̄3κ̄1′ + 4χ̄2′), (4.14r)

ðτ = 1
8
(3γ02′ − 2η02′)κ

−1
1 − Kρ′σ − ρσ̄

′
− Kττ + τ2, (4.14s)

ð′ τ = 1
2
Ψ2 − Kρ′ρ + ρρ

′
− ρρ̄ ′− σσ′− Kτ′τ + ττ

′

−
1
8
κ−1

1 (ῡ1′ − 6γ11′ + 2η11′ + 4Ψ̄2κ̄1′ + 4χ̄1′), (4.14t)

þτ′ = −κ̄ρ′− κσ′− 2Kρτ′ + 2ρτ′−
1
8
κ−1

1 (ῡ0′ + 6γ10′ + 2η10′ + 4Ψ̄1κ̄1′ + 4χ̄0′), (4.14u)

þ′ τ′ =
3
4
Ψ3 +

1
16
(3υ2 − 6γ21′ − 4η21′)κ

−1
1 − Kρκ′ + κ′ρ − σ′τ − ρ′τ̄ − Kρ′τ

′
+ ρ′τ′, (4.14v)

ðτ′ = 1
2
Ψ2 − Kρρ′ + ρρ′− ρ̄ρ′− σσ′− Kττ′ + ττ′
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−
1
8
κ−1

1 (ῡ1′ + 6γ11′ + 2η11′ + 4Ψ̄2κ̄1′ + 4χ̄1′), (4.14w)

ð′ τ′ = −1
8
(3γ20′ + 2η20′)κ

−1
1 − ρ

′σ̄ − Kρσ′− Kτ′τ
′
+ τ′2. (4.14x)

Proof. A direct translation of (3.25a) to GHP gives (4.14a)–(4.14d), while (3.25f) gives (4.14e)–(4.14h). Due to the relations (4.3b), the
GHP form of (3.25b)–(3.25e) gives expressions for all GHP derivatives of ρ, ρ′, τ, τ′. However, these equations will also contain first order
derivatives of Kρ, Kτ , Kρ′ , Kτ′ . All such derivatives can be eliminated by (4.9a)–(4.9d), (A2), and (A3). This gives the relations (4.14i)–(4.14x).
◻

Remark IV.8.

● The η variables could have been avoided here as in Lemma III.11 if we would have used the components of ξ instead of {ρ, ρ′, τ, τ′}.
They are related via (4.3b). As the spin coefficients are more commonly used in applications, the current form was chosen.

● This lemma is important because all covariantly defined operators on Kerr expressed in GHP notation will have coefficients depending
on the Vb variables. In our setting, one can use the same GHP expressions for the operators on the perturbed spacetime. Lemma IV.7
allows for computation of commutators between such operators.

V. SPACE SPINOR FORMULATION
In this section, we will study the space spinor formulation of the evolution equations of Sec. III using the notation introduced in Sec. II B.
Define the space spinors

H = τ
0,1
⊙
3,1

H, ξ =
2
3
τ

0,1
⊙
1,1
ξ, Iξ =

1
2
ξ +

1
2
ξ̂ , (5.1a)

✚H =
3
2
τ

1,1
⊙
3,1

H, ▷▷ξ = τ
1,1
⊙
1,1
ξ, I ▷▷ξ =

1
2 ▷▷
ξ −

1
2 ▷▷
ξ. (5.1b)

We can reconstruct the spacetime variables H, ξ and Iξ via

H =
1
2
τ

0,0
⊙
2,0
✚H − τ

1,0
⊙
4,0

H , ξ = −
3
2
τ

1,0
⊙
2,0
ξ +

1
2
τ

0,0
⊙
0,0 ▷▷
ξ , Iξ = −

3
2
τ

1,0
⊙
2,0

Iξ +
1
2
τ

0,0
⊙
0,0

I ▷▷ξ. (5.2)

We can also express the space spinors in terms of the Sen connection and the normal derivative.

✚H = ∇τκ + Á2κ, H = Ö2κ, ▷▷ξ = â2κ, ξ =
2
3

Á2κ −
1
3
∇τκ. (5.3)

The variables χ, ψ, Ψ, Ψ2 and κ1 don’t have any primed indices, so we can directly treat them as space spinors.
Now, we can make a covariant space spinor formulation of the evolution system in Lemma III.10 and Corollary III.12.
The first four equations in Lemma III.10 can be written as

∇τ✚H = Á2✚H − 3â4H − A
1,0
⊙
2,0
✚H −✚Ω✚H + 3A

2,0
⊙
4,0

H + 3υ, (5.4a)

∇τH = −2Á4H + Ö2✚H − A
0,0
⊙
2,0
✚H + 2A

1,0
⊙
4,0

H −✚ΩH − 4κ
1,0
⊙
4,0
ψ, (5.4b)

∇τI ▷▷ξ = −3â2Iξ + 3A
2,0
⊙
2,0

Iξ −✚ΩI ▷▷ξ , (5.4c)

∇τIξ = −2Á2Iξ + 2A
1,0
⊙
2,0

Iξ −✚ΩIξ −
2
3

I ▷▷ξA +
2
3

Ö0I ▷▷ξ + 2χ. (5.4d)

Similar to the Maxwell equation, the equation (3.20e) splits into one constraint equation and one evolution equation

â2χ = −
1
4

â2υ −
1
4

â2υ̂ +
3Ψ2

4κ1
2 κ

2,0
⊙
2,0
κ

2,0
⊙
4,0

H −
3Ψ̄2

4κ̄1′
2 κ̂

2,0
⊙
2,0
κ̂

2,0
⊙
4,0

Ĥ +
1
2
ψ

4,0
⊙
4,0

H −
1
2
ψ̂

4,0
⊙
4,0

Ĥ , (5.5a)

∇τχ = 2Á2χ −
1
4
∇τυ +

1
2

Á2υ −
1
4
∇τ υ̂ −

1
2

Á2υ̂ −
1
3✚
Ω

0,0
⊙
2,0
υ̂ + A

1,0
⊙
2,0
υ̂ +

1
2
Ω

2,0
⊙
2,0
υ̂ +

1
2
Ψ2✚H +

1
2
Ψ̄2✚̂H
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+
3Ψ2

4κ1
2 κ

0,0
⊙
0,0
κ

2,0
⊙
2,0
✚H +

3Ψ̄2

4κ̄1′
2 κ̂

0,0
⊙
0,0
κ̂

2,0
⊙
2,0
✚̂H +

3Ψ2

2κ1
2 κ

1,0
⊙
2,0
κ

2,0
⊙
4,0

H +
3Ψ̄2

2κ̄1′
2 κ̂

1,0
⊙
2,0
κ̂

2,0
⊙
4,0

Ĥ

+
1
2
ψ

2,0
⊙
2,0
✚H +

1
2
ψ̂

2,0
⊙
2,0
✚̂H + ψ

3,0
⊙
4,0

H + ψ̂
3,0
⊙
4,0

Ĥ. (5.5b)

The space spinor split of the full vacuum Bianchi system (2.4) gives a constraint equation and an evolution equation

â4Ψ = 0, (5.6a)

∇τΨ = 2Á4Ψ. (5.6b)

Observe that this system is equivalent to both equations (3.20f) and (3.28) together. The space spinor split of equations (3.25a)–(3.25c) are

∇τκ1 = −
1

3κ1
κ

2,0
⊙
2,0
✚H +

1
2κ1

κ
2,0
⊙
2,0
ξ , (5.7a)

Ö0κ1 = −
1

6κ1
κ

1,0
⊙
2,0
✚H −

1
2κ1

κ
2,0
⊙
4,0

H −
1

2κ1
κ

1,0
⊙
2,0
ξ −

1
6κ1

κ
0,0
⊙
0,0 ▷▷
ξ , (5.7b)

∇τ ▷▷ξ = −3â2ξ + 3A
2,0
⊙
2,0
ξ − ▷▷ξ

0,0
⊙
0,0
✚Ω, (5.7c)

∇τξ = −2Á2ξ +
2
3

T0 ▷▷ξ + 2A
1,0
⊙
2,0
ξ −✚Ωξ −

2
3

A
0,0
⊙
0,0 ▷▷
ξ − υ + 2κ

2,0
⊙
4,0
ψ − 4Ψ2κ. (5.7d)

Lemma V.1. The space spinor form of the evolution system in Corollary IV.5 is given by (5.4), (5.5b), (5.6b), (5.7a), (5.7c), and (5.7d).
Under Assumption IV.4 this system is first order symmetric hyperbolic.

Proof. Under Assumption IV.4, we can interpret all υ terms as lower order. The system given by (5.4), (5.5b), (5.6b), (5.7a), (5.7c), and
(5.7d) has the form

⎡
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎣

∇τ✚H√
3∇τH√
2∇τI ▷▷ξ

3∇τIξ
∇τχ
∇τΨ
∇τκ1√
2∇τ ▷▷ξ

3∇τξ

⎤
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎦

=

⎡
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎣

Á2 −
√

3â4 0 0 0 0 0 0 0
√

3Ö2 −2Á4 0 0 0 0 0 0 0
0 0 0 −

√
2â2 0 0 0 0 0

0 0
√

2Ö0 −2Á2 0 0 0 0 0
0 0 0 0 2Á2 0 0 0 0
0 0 0 0 0 2Á4 0 0 0
0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 −

√
2â2

0 0 0 0 0 0 0
√

2Ö0 −2Á2

⎤
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎦

⎡
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎣

✚H
√

3H
√

2I ▷▷ξ
3Iξ
χ
Ψ
κ1√
2▷▷ξ

3ξ

⎤
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎦

+ l.o. (5.8)

The matrix is anti-self adjoint up to lower order terms with respect to the Hermitian adjoint. Hence, the system is first order symmetric
hyperbolic. ◻

We can also study the space spinor version of the symmetric hyperbolic system in Corollary IV.6. We still have the evolution equa-
tions (5.4) and (5.5b). The equation (5.6b) from the Bianchi system can no longer be used because it contains equations for the non-small
variable Ψ2. Therefore, we need the space spinor version of equation (3.20f). After splitting it into different spin components, we find that it
is equivalent to

P2
4,0∇τψ = 2P2

4,0Á4ψ −
3Ψ2

κ2
1
P2

4,0κ
1,0
⊙
4,0

H , (5.9a)

P1
4,0∇τψ = 2P1

4,0Á4ψ +
3
κ2

1
P1

4,0κ
0,0
⊙
2,0
κ

1,0
⊙
2,0

â4ψ −
3Ψ2

κ2
1
P1

4,0κ
0,0
⊙
2,0
✚H −

6Ψ2

κ2
1
P1

4,0κ
1,0
⊙
4,0

H. (5.9b)

It clearly gives a time evolution, but the interpretation of these equations as first order symmetric hyperbolic is complicated by the fact that a
priori, the projection operators will not commute with Hermitian conjugation. In general the Hermitian conjugate will mix GHP components
unless the dyad is adapted to the normal τAA′, but here, we have adapted the dyad to κAB instead. Projections are needed to describe that the
middle component of ψ is zero. Therefore, we stick to the GHP component version in Corollary IV.5.
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Here, we have treated the foliation and the normal τ as a priori given and therefore we have not included the second fundamental form
in the evolution system. Alternatively, one can specify the acceleration A and use the evolution equations for the extrinsic curvature

∇τ✚Ω = 2â2A −
1
3✚
Ω2
− 2A

2,0
⊙
2,0

A −Ω
4,0
⊙
4,0
Ω, (5.10a)

∇τΩ = −2Á4Ω + 2Ö2A −
5
3✚
Ω Ω − 2A

0,0
⊙
2,0

A + 6A
1,0
⊙
4,0
Ω + 2Ω

2,0
⊙
4,0
Ω + 2Ψ. (5.10b)

Observe that we also have the constraint equation

â4Ω =
2
3

Ö0✚Ω. (5.11)

All the equations above in this section holds on any slice of the foliation. On the initial surface, the equations (3.2) and (3.3) take the form

â4H − 2Ω
3,0
⊙
4,0

H = 0, ✚H = 0. (5.12)

VI. KILLING VECTORS
To prove estimates, or other detailed analysis of the perturbed spacetime, we need good approximations of as many geometrically defined

structures of the Kerr spacetime as we can. We have already seen that we can find good approximations of the Killing spinor κ, a principal
dyad, the corresponding spin coefficients and curvature components. Now, we can focus on the Killing vectors and a radial coordinate.

Due to the relations (3.25b) and (3.25e), we see that the real part of ξ is an approximation of the asymptotically timelike Killing vector.
The vector

ζ = −
9
4
(κ2

1 + κ̄
2
1′)ξ +

9
2
κ̄

0,1
⊙
1,1
κ

1,0
⊙
1,1
ξ, (6.1)

is also an approximate Killing vector. As a direct consequence of Lemma III.11 we have the following lemma.

Lemma VI.1. The vector ζ satisfies

D1,1ζ =
9
4
ξ

1,1
⊙
1,1
κ

2,0
⊙
3,1

H +
9
4
ξ

1,1
⊙
1,1
κ̄

0,2
⊙
1,3

H̄ − 3ξ
1,1
⊙
1,1
κ̄

0,1
⊙
1,1

Iξ + 9ξ
1,1
⊙
1,1
κ

1,0
⊙
1,1

Iξ +
27
4
κ̄

0,2
⊙
0,2
κ

2,0
⊙
2,2
γ, (6.2a)

C1,1ζ =
27
16
(κ2

1 + κ̄
2
1′)υ −

27
8
(κ2

1 + κ̄
2
1′)κ

2,0
⊙
4,0
ψ + (

27
4
Ψ2(κ2

1 + κ̄
2
1′) −

27
2
Ψ̄2κ̄2

1′)κ

−
9
4
κ

2,0
⊙
4,0
ξ

0,1
⊙
3,1

H −
9
8
κ

1,0
⊙
2,0
ξ

1,1
⊙
3,1

H +
3
2
κ

0,0
⊙
0,0
ξ

1,1
⊙
1,1
ξ −

9
4
κ̄

0,2
⊙
2,2
ξ

0,1
⊙
1,3

H̄ − 3κ̄
0,2
⊙
2,2
ξ

0,0
⊙
1,1

Iξ

+ 3κ̄
0,2
⊙
2,2
ξ

0,0
⊙
1,1
ξ + 9κ

1,0
⊙
2,0
ξ

0,1
⊙
1,1

Iξ −
9
2
κ

0,0
⊙
0,0
ξ

1,1
⊙
1,1

Iξ +
9
2
κ̄

0,2
⊙
2,2
ξ

1,0
⊙
3,1

H −
27
4
κ

1,0
⊙
2,0
κ̄

0,2
⊙
2,2
γ

+
27
4
κ

0,0
⊙
0,0
κ̄

0,2
⊙
0,2
χ̄ +

27
16
κ

0,0
⊙
0,0
κ̄

0,2
⊙
0,2
ῡ, (6.2b)

C
†
1,1ζ =

27
4
(κ2

1 + κ̄
2
1′)χ̄ +

27
16
(κ2

1 + κ̄
2
1′)ῡ −

27
8
(κ2

1 + κ̄
2
1′)κ̄

0,2
⊙
0,4
ψ̄

+ (
27
4
Ψ̄2(κ2

1 + κ̄
2
1′) −

27
2
Ψ2κ2

1)κ̄ −
9
4
κ

2,0
⊙
2,2
ξ

1,0
⊙
3,1

H + 3κ
2,0
⊙
2,2
ξ

0,0
⊙
1,1
ξ −

9
4
κ̄

0,2
⊙
0,4
ξ

1,0
⊙
1,3

H̄

−
9
8
κ̄

0,1
⊙
0,2
ξ

1,1
⊙
1,3

H̄ + 3κ̄
0,1
⊙
0,2
ξ

1,0
⊙
1,1

Iξ +
3
2
κ̄

0,0
⊙
0,0
ξ

1,1
⊙
1,1

Iξ +
3
2
κ̄

0,0
⊙
0,0
ξ

1,1
⊙
1,1
ξ +

9
2
κ

2,0
⊙
2,2
ξ

0,1
⊙
1,3

H̄

− 3κ
2,0
⊙
2,2
ξ

0,0
⊙
1,1

Iξ −
27
4
κ̄

0,1
⊙
0,2
κ

2,0
⊙
2,2
γ +

27
16
κ̄

0,0
⊙
0,0
κ

2,0
⊙
2,0
υ, (6.2c)

T1,1ζ = −
27
8
(κ2

1 + κ̄
2
1′)γ +

9
4
ξ

0,0
⊙
1,1
κ

2,0
⊙
3,1

H +
9
4
ξ

0,0
⊙
1,1
κ̄

0,2
⊙
1,3

H̄ − 3ξ
0,0
⊙
1,1
κ̄

0,1
⊙
1,1

Iξ +
9
2
ξ

1,1
⊙
3,3
κ

0,0
⊙
1,3

H̄

−
3
2
ξ

0,1
⊙
1,3
κ

1,0
⊙
1,3

H̄ − 3ξ
1,0
⊙
3,1
κ

0,0
⊙
1,1

Iξ + ξ
0,0
⊙
1,1
κ

1,0
⊙
1,1

Iξ +
9
2
ξ

1,1
⊙
3,3
κ̄

0,0
⊙
3,1

H −
3
2
ξ

1,0
⊙
3,1
κ̄

0,1
⊙
3,1

H
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+
27
4
κ̄

0,1
⊙
2,2
κ

1,0
⊙
2,2
γ −

27
4
κ̄

0,1
⊙
2,2
κ

0,0
⊙
0,2
χ̄ −

27
16
κ̄

0,1
⊙
2,2
κ

0,0
⊙
0,2
ῡ +

27
8
κ̄

0,1
⊙
2,2
κ̄

0,2
⊙
2,4
κ

0,0
⊙
0,4
ψ̄ −

27
16
κ̄

0,0
⊙
2,0
κ

1,0
⊙
2,0
υ

+
27
8
κ̄

0,0
⊙
2,0
κ

1,0
⊙
2,0
κ

2,0
⊙
4,0
ψ. (6.2d)

Note that the right hand sides of (6.2a) and (6.2d) are linear in the small variables H, Iξ, χ, υ, ψ, γ, Υ. Hence, ζ is a real Killing vector on
Kerr, and an approximate Killing vector in general. In Boyer-Lindquist coordinates on Kerr ζa

= a2
(∂t)

a
+ a(∂ϕ)a.

In general ξ and ζ are not real, but the real parts will give good approximations of the two Killing vectors in Kerr. Observe that in
Schwarzschild ζ = 0, so we can only extract one Killing vector in that case.

In GHP notation, the components of ζ are

ζ00′ =
9
4
κ1(κ1 − κ̄ 1′)

2
(Kρ − 3ρ), ζ01′ =

9
4
κ1(κ1 + κ̄ 1′)

2
(Kτ − 3τ), (6.3a)

ζ10′ = −
9
4
κ1(κ1 + κ̄ 1′)

2
(Kτ′ − 3τ′), ζ11′ = −

9
4
κ1(κ1 − κ̄ 1′)

2
(Kρ′ − 3ρ′). (6.3b)

In Kerr the Boyer–Lindquist radial coordinate can be reconstructed from κ1 via

r = −
3
2
(κ1 + κ̄1′). (6.4)

We can use this as a radial coordinate also on the perturbed spacetime. That this coordinate has all the properties needed for the applications
will have to be established before it is used.

VII. APPROXIMATE CONSTANTS
In many cases, good approximations of the mass and angular momentum parameters are needed. Such approximations are often difficult

to find due to the non-local nature of the mass and angular momentum. Here, we find local expressions in terms of our non-small variables
κ1, Ψ2, ξ and ζ. Observe however that solving (3.2) on the initial surface is a non-local operation.

Definition VII.1. Given an approximate Killing spinor κ and the corresponding ξ given by (3.1b) and ζ given by (4.1), we define the
approximate constants

cM =
27
2
Ψ2κ3

1 +
27
2
Ψ̄2κ̄3

1′ , (7.1a)

cN =
27
2
Ψ2κ3

1 −
27
2
Ψ̄2κ̄3

1′ , (7.1b)

c1 = ξ
1,1
⊙
1,1
ξ̄ − 9κ2

1Ψ2 − 9κ̄2
1′ Ψ̄2, (7.1c)

ca2 =
1
2
ξ

1,1
⊙
1,1
ζ +

1
2
ξ̄

1,1
⊙
1,1
ζ̄ −

81
4
(κ2

1 − κ̄
2
1′)κ

2
1Ψ2 +

81
4
(κ2

1 − κ̄
2
1′)κ̄

2
1′ Ψ̄2. (7.1d)

Lemma VII.2. The approximate constants satisfy

T0,0cM =
27
2
κ2

1Υ +
27
2
κ̄2

1′ Ῡ, (7.2a)

T0,0cN =
27
2
κ2

1Υ −
27
2
κ̄2

1′ Ῡ, (7.2b)

T0,0c1 = −
3
2
ξ

1,0
⊙
2,0
χ −

3
2
ξ̄

0,1
⊙
0,2
χ̄ −

3
8
ξ

0,1
⊙
0,2
ῡ −

3
8
ξ

1,0
⊙
2,0
υ −

3
8
ξ̄

0,1
⊙
0,2
ῡ −

3
8
ξ̄

1,0
⊙
2,0
υ +

3
4
ξ

0,1
⊙
0,2
κ̄

0,2
⊙
0,4
ψ̄

+
3
4
ξ

1,0
⊙
2,0
κ

2,0
⊙
4,0
ψ +

3
4
ξ̄

0,1
⊙
0,2
κ̄

0,2
⊙
0,4
ψ̄ +

3
4
ξ̄

1,0
⊙
2,0
κ

2,0
⊙
4,0
ψ +

3
2
ξ

1,1
⊙
2,2
γ̄ +

3
2
ξ̄

1,1
⊙
2,2
γ −

9
2
Ψ2κ

2,0
⊙
3,1

H

− 3Ψ2κ
1,0
⊙
1,1

Iξ −
9
2
Ψ̄2κ̄

0,2
⊙
1,3

H̄ + 3Ψ̄2κ̄
0,1
⊙
1,1

Iξ − 9κ1Υ − 9κ̄1′ Ῡ, (7.2c)

T0,0ca2 = −3Iξ
1,0
⊙
2,0
κ̄

0,2
⊙
2,2
ξ̄

0,0
⊙
1,1
ξ̄ −

3
2

Iξ
1,0
⊙
2,0
κ

0,0
⊙
0,0
ξ̄

1,1
⊙
1,1
ξ̄ −

3
2
ζ

0,1
⊙
0,2
χ̄ −

3
2
ζ̄

1,0
⊙
2,0
χ −

3
8
ζ

0,1
⊙
0,2
ῡ −

3
8
ζ

1,0
⊙
2,0
υ
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−
3
8
ζ̄

0,1
⊙
0,2
ῡ −

3
8
ζ̄

1,0
⊙
2,0
υ +

3
4
ζ

0,1
⊙
0,2
κ̄

0,2
⊙
0,4
ψ̄ +

3
4
ζ

1,0
⊙
2,0
κ

2,0
⊙
4,0
ψ +

3
4
ζ̄

0,1
⊙
0,2
κ̄

0,2
⊙
0,4
ψ̄ +

3
4
ζ̄

1,0
⊙
2,0
κ

2,0
⊙
4,0
ψ

+
9
8

H
2,0
⊙
2,0
κ

0,0
⊙
0,0
ξ

1,1
⊙
1,1
ξ +

9
8

H
2,0
⊙
2,0
κ

0,0
⊙
0,0
ξ̄

1,1
⊙
1,1
ξ̄ +

9
8

H̄
0,2
⊙
0,2
κ̄

0,0
⊙
0,0
ξ

1,1
⊙
1,1
ξ +

9
8

H̄
0,2
⊙
0,2
κ̄

0,0
⊙
0,0
ξ̄

1,1
⊙
1,1
ξ̄

+
3
2

Iξ
0,1
⊙
0,2
κ̄

0,0
⊙
0,0
ξ

1,1
⊙
1,1
ξ +

3
2
ζ

1,1
⊙
2,2
γ +

3
2
ζ̄

1,1
⊙
2,2
γ̄ +

9
4

H
2,0
⊙
2,0
κ̄

0,2
⊙
2,2
ξ

0,0
⊙
1,1
ξ +

9
4

H
2,0
⊙
2,0
κ̄

0,2
⊙
2,2
ξ̄

0,0
⊙
1,1
ξ̄

+
9
4

H̄
0,2
⊙
0,2
κ

2,0
⊙
2,2
ξ

0,0
⊙
1,1
ξ +

9
4

H̄
0,2
⊙
0,2
κ

2,0
⊙
2,2
ξ̄

0,0
⊙
1,1
ξ̄ + 3Iξ

0,1
⊙
0,2
κ

2,0
⊙
2,2
ξ

0,0
⊙
1,1
ξ +

81
4
(κ2

1 − κ̄
2
1′)κ̄1′ Ῡ

−
81
4
(κ3

1 − κ1κ̄2
1′)Υ +

27
4
(Ψ2(κ2

1 + κ̄
2
1′) − 2Ψ̄2κ̄2

1′)κ
1,0
⊙
1,1

Iξ

+
81
8
(Ψ2(κ2

1 + κ̄
2
1′) − 2Ψ̄2κ̄2

1′)κ
2,0
⊙
3,1

H −
27
4
(Ψ̄2(κ2

1 + κ̄
2
1′) − 2Ψ2κ2

1)κ̄
0,1
⊙
1,1

Iξ

+
81
8
(Ψ̄2(κ2

1 + κ̄
2
1′) − 2Ψ2κ2

1)κ̄
0,2
⊙
1,3

H̄. (7.2d)

Remark VII.3

● Note that the right hand sides are linear in the small variables H, Iξ, χ, υ,ψ, γ,Υ. Hence, cM , cN , c1, ca2 are constants on Kerr.
● Now, when we have a full set of equations for all derivatives of the approximate constants, we can work with operators with coefficients

depending on cM , cN , c1 and ca2 . We can also allow to rescale variables with such coefficients.

Proof. The equations (7.2a)–(7.2c) follows from Lemma III.11 and the definition of Iξ. For (7.2d) also Lemma VI.1 is need. ◻

In GHP notation, the approximate constants c1 and ca2 are

c1 = −9Ψ2κ2
1 − 9Ψ̄2κ̄2

1′ − κ1κ̄1′((Kρ − 3ρ̄)(Kρ′ − 3ρ′) + (Kρ − 3ρ)(Kρ′ − 3ρ̄ ′)

+ (Kτ − 3τ)(Kτ − 3τ̄) + (Kτ′ − 3τ′)(Kτ′ − 3τ̄ ′)), (7.3a)

ca2 = −
81
4
(κ1 − κ̄1′)(κ1 + κ̄1′)(Ψ2κ2

1 − Ψ̄2κ̄2
1′)

+
9
4
(κ1 − κ̄ 1′)

2
(κ2

1(Kρ − 3ρ)(Kρ′ − 3ρ′) + κ̄2
1′(Kρ − 3ρ̄)(Kρ′ − 3ρ̄ ′))

−
9
4
(κ1 + κ̄ 1′)

2
(κ2

1(Kτ − 3τ)(Kτ′ − 3τ′) + κ̄2
1′(Kτ − 3τ̄)(Kτ′ − 3τ̄ ′)). (7.3b)

Technically, c1 and ca2 would contain the same information if we would remove the K variables from these expressions, but that would give
more complicated expressions in Lemma VII.2.

A. Kerr-NUT class
To find interpretations of the approximate constants, we study the Kerr-NUT class. This class admits a Killing spinor κ with real ξ, so

all the small variables vanish for this class. However, it is in general not asymptotically flat. We do direct tetrad calculations in the principal
tetrad

la =
2a(∂ϕ)a

+ 2(a2
+ r2
)(∂v)

a
+ (a2

− 2Mr + r2
)(∂r)

a
√

2(r2
+ a2x2

)
, (7.4a)

na
= −

1
√

2
(∂r)

a, (7.4b)

ma
=

i(∂ϕ)a
− (1 + 2Nx

a − x2
)(∂x)

a
− ia(x2

− 1)(∂v)a

√
2(r − iax)

√

1 + 2Nx
a − x2

. (7.4c)
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We find that the Killing spinor coefficient is given by

κ1 =
−1
3
(r − iax). (7.5)

Observe that the radial coordinate coincides with (6.4). In these coordinates the Killing vectors are

ξa
= (∂v)

a, ζa
= a2
(∂v)

a
+ a(∂ϕ)a. (7.6)

The approximate constants takes the constant values

cM =M, cN = −iN, c1 = 1, ca2 = a2. (7.7)

Hence, in general we can interpret the approximate constants as follows.

● cM approximates the mass.
● cN encodes the NUT charge, and should therefore be small for small perturbations of Kerr.
● c1 can be interpreted as a local approximation of the square of the norm of ξ at infinity. One could use this to set the correct scaling of
κ.

● ca2 approximates the square of the angular momentum parameter.

Observe that if κ is given these expressions are local. However, to solve the elliptic equation (3.2) on the initial surface Σ0, global
information on Σ0 is needed.
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APPENDIX: GHP FORM OF Υ, γ AND η

The GHP form of (3.12b) is
Υ00′

κ1
= (ð′− 2τ′)Ψ1 + 3KρΨ2 − 2Ψ3κ +Ψ0σ′, (A1a)

Υ01′

κ1
= (þ′− 2ρ′)Ψ1 + 3KτΨ2 +Ψ0κ′− 2Ψ3σ, (A1b)

Υ10′

κ1
= (þ − 2ρ)Ψ3 + 3Kτ′Ψ2 +Ψ4κ − 2Ψ1σ′, (A1c)

Υ11′

κ1
= (ð − 2τ)Ψ3 + 3Kρ′Ψ2 − 2Ψ1κ′ +Ψ4σ. (A1d)

The GHP form of (3.10c) is

γ00′

κ1
= −

2
3
(þ − 4ρ)Kρ + 2(ð′− 2τ′)κ −

2
3

Kρ
2
+

2
3

Kτ′κ −
2
3

Kτ κ̄ + 2σσ̄, (A2a)

γ01′

κ1
= −

1
3
(þ − 4ρ + ρ̄)Kτ + (þ′− 2ρ′ + ρ̄ ′)κ −

1
3
(ð − 4τ + τ̄ ′)Kρ + (ð′ + τ̄ − 2τ′)σ −

2
3

KρKτ

+
1
3

Kρ′κ +
1
3

Kτ′σ, (A2b)
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γ02′

κ1
= 2(þ′− 2ρ′)σ −

2
3
(ð − 4τ)Kτ −

2
3

Kτ
2
+ 2κκ̄ ′ +

2
3

Kρ′σ −
2
3

Kρσ̄ ′, (A2c)

γ10′

κ1
= −

2
3
(þ − 3ρ)Kτ′ +

2
3
(ð′− 3τ′)Kρ −

2
3

Kρ′ κ̄ +
2
3

Kτ σ̄, (A2d)

γ11′

κ1
= −

1
3
(þ − 3ρ + ρ̄)Kρ′ +

1
3
(þ′− 3ρ′ + ρ̄ ′)Kρ −

1
3
(ð − 3τ + τ̄ ′)Kτ′ +

1
3
(ð′ + τ̄ − 3τ′)Kτ , (A2e)

γ12′

κ1
=

2
3
(þ′− 3ρ′)Kτ −

2
3
(ð − 3τ)Kρ′ +

2
3

Kρκ̄ ′−
2
3

Kτ′ σ̄
′, (A2f)

γ20′

κ1
= −2(þ − 2ρ)σ′ +

2
3
(ð′− 4τ′)Kτ′ +

2
3

Kτ′
2
− 2κ̄κ′ +

2
3

Kρ′ σ̄ −
2
3

Kρσ′, (A2g)

γ21′

κ1
= −(þ − 2ρ + ρ̄)κ′ +

1
3
(þ′− 4ρ′ + ρ̄ ′)Kτ′ − (ð − 2τ + τ̄ ′)σ′ +

1
3
(ð′ + τ̄ − 4τ′)Kρ′

+
2
3

Kρ′Kτ′ −
1
3

Kρκ′−
1
3

Kτσ′, (A2h)

γ22′

κ1
=

2
3
(þ′− 4ρ′)Kρ′ − 2(ð − 2τ)κ′ +

2
3

Kρ′
2
−

2
3

Kτκ′ +
2
3

Kτ′ κ̄
′
− 2σ′σ̄ ′. (A2i)

The GHP form of (3.10d) is

η00′

κ1
= −(ð′ + 2τ′)κ − þKρKρ

2
− 3Kτ′κ − Kτ κ̄ − σσ̄, (A3a)

η01′

κ1
= −

1
2
(þ + ρ̄)Kτ −

1
2
(þ′ + 2ρ′ + ρ̄ ′)κ −

1
2
(ð + τ̄ ′)Kρ −

1
2
(ð′ + τ̄ + 2τ′)σ − KρKτ −

3
2

Kρ′κ

−
3
2

Kτ′σ, (A3b)

η02′

κ1
= −(þ′ + 2ρ′)σ − ðKτKτ

2
− κκ̄ ′− 3Kρ′σ − Kρσ̄ ′, (A3c)

η10′

κ1
= −

2
3
(þ + ρ)Kτ′ −

2
3
(ð′ + τ′)Kρ −

4
3

KρKτ′ −
2
3

Kρ′ κ̄ −
2
3

Kτ σ̄ − 4κσ′, (A3d)

η11′

κ1
= −

1
3
(þ + ρ + ρ̄)Kρ′ −

1
3
(þ′ + ρ′ + ρ̄ ′)Kρ −

1
3
(ð + τ + τ̄ ′)Kτ′ −

1
3
(ð′ + τ̄ + τ′)Kτ

−
2
3

KρKρ′ −
2
3

KτKτ′ − 2κκ′− 2σσ′, (A3e)

η12′

κ1
= −

2
3
(þ′ + ρ′)Kτ −

2
3
(ð + τ)Kρ′ −

4
3

Kρ′Kτ −
2
3

Kρκ̄ ′− 4κ′σ −
2
3

Kτ′ σ̄
′, (A3f)

η20′

κ1
= −(þ + 2ρ)σ′− ð′ Kτ′Kτ′

2
− κ̄κ′− Kρ′ σ̄ − 3Kρσ′, (A3g)

η21′

κ1
= −

1
2
(þ + 2ρ + ρ̄)κ′−

1
2
(þ′ + ρ̄ ′)Kτ′ −

1
2
(ð + 2τ + τ̄ ′)σ′−

1
2
(ð′ + τ̄)Kρ′ − Kρ′Kτ′

−
3
2

Kρκ′−
3
2

Kτσ′, (A3h)

η22′

κ1
= −(ð + 2τ)κ′− þ′ Kρ′ − K2

ρ′ − 3Kτκ′− Kτ′ κ̄
′
− σ′σ̄ ′. (A3i)
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