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ABSTRACT

In this paper we develop a new framework for non-linear perturbations of the Kerr spacetime. This is based on a characterization of the
Kerr spacetime in terms of a Killing spinor. On the perturbed spacetime, one can construct an approximation of the Killing spinor. Based
on this, a number of quantities are constructed measuring the deviation from Kerr. Evolution equations for these quantities are derived.
Approximations of the Killing vectors, the mass and angular momentum parameters etc., are constructed along with a full set of equations for
their derivatives. In this setting, we don’t need a reference background solution. Instead, we covariantly construct the relevant structures on
the perturbed spacetime itself. This can eliminate many issues and allow for a cleaner analysis.

© 2026 Author(s). All article content, except where otherwise noted, is licensed under a Creative Commons Attribution (CC BY) license
(https://creativecommons.org/licenses/by/4.0/). https://doi.org/10.1063/5.0298916

I. INTRODUCTION

In this paper we study non-linear perturbations of the Kerr spacetime. This is relevant for the Kerr stability problem,””'* the self-force
problem,”” numerical relativity and related problems. A natural way to do this is to compare the perturbed spacetime with a background
Kerr spacetime. In Ref. 5, we followed that approach. This approach is fairly straightforward, but it comes with a number of complications.
Foremost, one needs to compare with the correct background, i.e., one would need to know the final mass and angular momentum. These
parameters can usually not be determined beforehand, so one would need to determine them iteratively or through careful tracking of the
evolution. Even with a good gauge choice there is often some residual gauge freedom that needs to be used to get the correct centre of mass,
axis of rotation etc.

In this paper, we present a different approach. Instead of comparing the perturbed spacetime with a background, we use a characterization
of the Kerr spacetime in terms of a Killing spinor. Following the ideas in 13-16 we can construct an approximate Killing spinor with the
correct asymptotics on the spacetime. In those papers we were able to prove that if the approximate Killing spinor is an actual Killing spinor,
the spacetime must be locally diffeomorphic to Kerr. This can be done independently of coordinate or frame choices.

The idea of this paper is that given an approximate Killing spinor, we can covariantly construct a few spinors that are zero if and only if
the spacetime is locally diffeomorphic to Kerr. We will call them small variables. With an appropriate evolution equation for the approximate
Killing spinor, one would then expect the small variables to decay to zero indicating that the spacetime asymptotes to Kerr. This can be done
in a covariant way without prior knowledge of the final Kerr parameters. This can eliminate many of the problems described above.

Here, we are not constructing a Kerr background with its corresponding principal null directions, Killing vectors, TME operators, sym-
metry operators etc. expressed in coordinates. Instead we use the fact that these structures can be constructed from the Killing spinor in the
Kerr spacetime. Therefore, we can construct approximations of these structures in a perturbed spacetime using an approximate Killing spinor
instead. These structures can be expressed in terms of spinors that are non-zero on Kerr. We call them non-small variables.

In this paper the evolution of the approximate Killing spinor is chosen to satisfy a wave-like equation with a freely chosen gauge source
function. Under suitable conditions, we prove that this gives an evolution system for both small and non-small variables. First we describe this
system covariantly in the spacetime using abstract spinor formalism. Then we introduce a family of adapted frames, and describe the system
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in GHP formalism. Here, we find that all spin coefficients and curvature components can be expressed in terms of the small and non-small
variables. Hence, both the frame and all variables satisfies a good evolution system. We also express the system in terms of space spinors. This
allows us to separate the actual evolution equations from constraint equations. This splitting is similar to the splitting of the Maxwell equation
into a constraint equation and an evolution equation. In the end we get a first order symmetric hyperbolic evolution system.

A system with both small and non-small variables might not be good for estimates, so we extract a subsystem for only the small variables.
In this case we treat the non-small variables as given. This is also formulated in GHP, and we see that it also takes a first order symmetric
hyperbolic form. Importantly, we also derive equations for all derivatives of the non-small variables. This is important because we can define
operators like the TME operators, symmetry operators etc. formally identical to the corresponding covariant or GHP expressions in Kerr.
The coefficients of these will then only depend on the non-small variables. When one tries to compute commutators between such operators,
equations for all derivatives of the non-small variables are needed. This is crucial in the case with large angular momentum parameter g,
because we can not use smallness of a to estimate any terms in the commutators.

In this paper we focus on the structure of the equations. Decay estimates will be postponed to subsequent papers. One can also use a
different evolution equation for the approximate Killing spinor based on null-geodesics. This can be re-phrased as a special choice of the gauge
source function used in this paper, so most equations here will be valid also for that case. However, in that setting most evolution equations
will be of transport type. This will also be presented in a forthcoming paper.

All calculations in this paper were done using the xAct” suite of packages for Wolfram Mathematica. In particular the SymManipulator,®
SymSpin,'* SpinFrames,"’ SpaceSpinors’ and TexAct'” packages were further developed and used for this project.

Il. NOTATION AND CONVENTIONS

In this paper (M, g,;,) will denote an orientable and time orientable, globally hyperbolic vacuum spacetime. The metric g, will be taken
to have signature (+, —, —, - ). It follows that the spacetime admits a spin structure.*'” We will use 2-spinors following the conventions of Ref.
26. In particular, A, B, . . . will denote abstract spinorial indices, while a, b, .. . will denote abstract tensorial indices. We will also extensively
use the GHP formalism.”’

A. Symmetric spinors

Let Sy, denote the vector bundle of symmetric spinors with k unprimed indices and I primed indices. We will call these spinors symmetric
spinors of valence (k,I). Furthermore, let Si; denote the space of smooth sections of Sy ;. For simplicity we will assume C™ sections, but that
assumption can be relaxed.

Any spinor can be decomposed into a set of symmetric spinors (Ref. 26, Prop 3.3.54). Therefore, we will work only with symmetric
spinors. However, the spinorial Levi-Civita covariant derivative V4, acting on a symmetric spinor will in general not give a symmetric
spinor, so we decompose it into four fundamental spinor operators.

Definition IL.1 [(Reference 4, Def 13)]. For any (pA,,,,AkA;"'A; € Sk, we define the operators Dy : Skj = Sk—11-1> ki Ski = Ska1-1> ‘KL :
Ski = Skoris1 and Ty Ski — Skerie as

’

(Qk,I(P)A....Ak_lA;"'Al/“ = VBB’<PA,...Ak_lBA;”'Al“BI, (2.1a)
(Gui@)ar...a, ™A = Vi BI(PAz...AkH)Ai"'A"*‘B,, (2.1b)
(‘6’,1,</J)A1...Ak,1 A Al = VB(A{ QA ... A B A;"'A;“), (2.1¢)
(=7k,1(P)A1...AkHA;“'Al/+l = V4, (4 D As ) A i), (2.1d)

The operators are labeled with the valence numbers of the spinor field it is acting on.
The product of two symmetric spinors is in general not symmetric, so we decompose it into irreducible parts. All parts can be expressed
in terms of the following symmetrized product from Ref. 3. See also Ref. 17 for a related construction.

Definition IL2 [(Reference 3, Def 1)]. Let k, I, n, m, i, j be integers with i < min(k, n) and j < min(l, m). The symmetric product is a bilinear

6G:22:€1 920z Atenuer 9|

form
ij
(I?l : Sk,l X Sn,m - Sk+n—2i,l+m—2j- (2-2)
For ¢ € S, ¥ € Sum, it is given by
B AL AL, (LA B BB AL AL, )
(¢?IW)A1---AH,,72,J - ¢(A1...Ak_1;_1 ' WA;{_J,...AH,,_ZZ)BI...B,B{...B]’ (2.3)
J. Math. Phys. 67, 012501 (2026); doi: 10.1063/5.0298916 67,012501-2
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Here, the operator is labeled with the number of index contractions (i,j) as well as the valence numbers of the spinor field it is acting
on (k,1). In general we will work with the symmetric product and combinations of the operators above. This will always result in symmetric
spinors without any index contractions. Therefore, the spinor indices will not carry any information, so we will usually omit them.

Commutators between the operators 2,¢, %T, T are given by (Ref. 3, Lem 9) or (Ref. 4, Lem 18). The Leibniz rule for these operators
acting on a symmetric product is given by (Ref. 3, Lem 10). In this notation, the vacuum Bianchi identity is

“ho¥ = 0. (2.4)

B. Space spinors

To analyse a 3 + 1 splitting of the equations we will use the space spinor formalism developed by Sommers”” and Sen.”® See also Sec. 3
in Ref. 13 and Chap. 4 in Ref. 30. Let 7* 4" be a future pointing normal to a spacelike hyper-surface with normalization 7, 7* 4"~ 2. The Sen
connection is given by Vap = 7(4 Yy B)A’- The intrinsic connection Dap can be expressed as

Dap¢c = Vappc — %KABCD¢D, (2.5)
where Kapcp is the spinor form of the second fundamental form given by
Kap® = T(a Ar(CIF' VD)|BI‘TB)Ar. (2.6)
We assume that 7% is hyper-surface orthogonal, so the irreducible components of Kapcp are
Qugep = Kapep) = K" 5. 2.7)

We will also need the normal derivative V, = 744V, ,» and acceleration A = %, 7. The Hermitian conjugate of a spinor in Sy is the complex
conjugate followed by contraction with 7 on all primed indices. For instance, if ¢ € Sy, the Hermitian conjugate is
—~ 0l 0l

=70 70 ¢. 2.8
¢ 11 0,2(/) 28)

In this paper we will mainly use the Sen connection. Following Definition 2.9 in Ref. 7, we define fundamental space spinor operators.

Definition I1.3. Let ¢a,...a, € Sko. Define the operators di : Sgo = Sk—2,0» Ck : Sko = Sko and i : Sko = Skra0 Via

(i) ay...a, = VP00 ars (2.92)
(CiP)arar = V(a, Py an)po (2.9b)
(EkP) A1 A = Vaa, D as.. Apn)- (2.9¢)

These operators are called Sen-divergence, curl and twistor operator respectively.

Observe that here we define operators in terms of the Sen connection Vg instead of the intrinsic connection Dap used in Ref. 7.
Combined with the symmetric product ®, we again get an algebra of symmetric spinors, so we can omit the spinor indices in all covariant
equations.

The intrinsic connection is Hermitian. The relation (2.5) can be used to derive the commutation between the Hermitian conjugate and
the fundamental space spinor operators based on the Sen connection. For ¢ € S, we have

& = —diip + (k- 2)Q3k<3>(;$, (2.102)
TP = - ¢ (k+2)A05+ (k- )OS, (2.10b)
Bp= 6+ m;é;a (2.10¢)

The formal adjoints of di, ¢, £ are —(=1)*_, (~1)*c} and —(~1)*dj, respectively. Hermitian adjoints are the Hermitian conjugate of the
formal adjoints.

6G:22:€1 920z Atenuer 9|
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I1l. APPROXIMATE KILLING SPINOR

An important feature of the Kerr spacetime is that it admits a Killing spinor x € Sy satisfying 5% = 0. This holds for any vacuum
Petrov Type D spacetime.’! Using «, one can construct a vector & = %”]ZL,OK € S1,1. Commuting derivatives, we find that ¢ is a Killing vector.
Possibly multiplying x with a complex constant, this vector can be made real in Kerr. Together with asymptotic conditions, the Killing spinor
can characterize the Kerr spacetime.

Theorem III.1 [(Reference 15, Th 5/B.3)]. A smooth vacuum spacetime (M, gup) is locally isometric to the Kerr spacetime if and only if
the following conditions are satisfied:

(i) there exists a Killing spinor xap such that the associated Killing vector £, ,+ is real;
(i)  the spacetime (M, gup) has a stationary asymptotically flat 4-end with non-vanishing mass in which & , 4+ tends to a time translation.

Assume now that we work on a general asymptotically flat vacuum spacetime and have constructed a good approximation « of the Killing
spinor. How this construction should be done will be discussed below.

Definition II1.2. Based on an approximate Killing spinor k € S, we define the following spinors

H = 2k, (3.1a)
E=% K (3.1b)
1 1

If = Ef;)OK— 5(50)21_(. (31(:)

Observe that I€ is i times the imaginary part of £. Theorem III.1 now says that the spacetime is locally diffeomorphic to Kerr if and only
if H and I¢ vanish and & has the correct asymptotic behaviour near spacelike infinity.

We therefore expect that the spacetime is close to Kerr in some sense if H and I¢ are small in some appropriate sense. The details and
proof of this expectation will be investigated in subsequent works.

Definition II1.3. A quantity that vanishes if H = 0 and I€ = 0, we call a small variable. If not, we call it a non-small variable.

In this paper we will derive an evolution system for the small variables H, I£ and some quantities derived from them. In particular we will
express the evolution system in the GHP formalism only using the principal null directions of x. Some spin coefficients and curvature compo-
nents can be expressed in terms of the components in this evolution system. Importantly, we also get a full set of equations for all derivatives
of the non-small variables. Namely, the remaining spin coefficients, the remaining curvature component and the non-trivial component of
«. Furthermore, we derive local expressions that are constant in Kerr containing the mass and angular momentum. From « we also derive a
radial variable and approximations of two Killing vectors. To make sure that all variables evolve properly, we also in the mean time derive a
first order symmetric hyperbolic evolution system for the complete set of variables.

On Kerr in GHP notation using the principal null directions of k, one can express all relevant structures and operators in terms of
the GHP operators and the quantities listed in the previous paragraph. This gives the possibility of proving decay estimates using only the
quantities used here and a well chosen foliation of the spacetime. However, the choice of foliation will not be discussed in this paper.

A. Constructing an approximate killing spinor

In the series of works,'” '° the value for  on the initial surface ¥ was chosen to satisfy
3,0
L(k) = dat,k — 2Q06 6k =0 (3.2)
40

along with appropriate asymptotic or boundary conditions. This gives a unique solution on Zy. Furthermore, this solution coincides with the
actual Killing spinor for the Kerr case. Furthermore, on Xy the normal derivative was chosen to be

V:ik = =5k (3.3)
The approximate Killing spinor could then be evolved with the wave-like equation
_ 2 _cor 2, ¢p
0= (251%,0K)a8 = gv Vo kas + g\PAB Kcp (3.4)

In this paper we will, for most parts, use a slightly more general evolution equation

93,11%,01( =0, (3.5)

6G:22:€1 920z Atenuer 9|
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where v € Sy is a gauge source function, i.e., a given function of x and derivatives of . There are many possible choices of v, but it is important
that v = 0 if H = 0 and I€ = 0. The simplest choice is v = 0. The choice of v will be discussed further around Assumption IV 4.

Remark 111.4. Similarly, the values of L(x) and V .k + 6« on the initial slice can also be set to some gauge source functions that are zero if
H = 0 and 1€ = 0. However, for this paper it is an unnecessary complication, so we will refrain from doing that here.

B. Frames and projection operators

Classically, on a Petrov Type D spacetime, a tetrad or dyad is chosen to be aligned with the repeated principal null directions of the Weyl
tensor or spinor. However, on a general spacetime this is not possible because the Weyl tensor can have up to four principal null directions.
The approximate Killing spinor though, has two principal null direction we can use for our frame.

Definition II1.5. Given an approximate Killing spinor x, a principal Killing spinor dyad is a normalized spin dyad (o4, 14) such that
KAB = —2K10(4 I B)> (3.6)

where k1 a complex scalar of type {0,0} and
oo™V (k1 + Reyr) < 0. (3.7)

Remark II1.6. Observe that:

o The coefficient k) can be defined covariantly up to sign from
2 1 AB
Ki =~ S KaBK . (3.8)

o In principle kap could degenerate at some point, so that (3.6) is not possible. But in that case wapk’ B = 0, which outside the black hole
region is a large deviation from the value for Kerr xapi™® = %z(r —ia cos 0)*. Hence, for small perturbations we can exclude that
possibility.

o The condition (3.7) encodes that 05" is an outgoing null direction.

o All principal Killing spinor dyads are related by spin and boost transformations. Hence, we can work with GHP notation in this class of
dyads. In the remainder of this paper all GHP expressions will be with respect to this class of dyads.

o As we will see below, if the spacetime is Petrov Type D, a principal Killing spinor dyad is also a principal dyad of the Weyl spinor.

Following (Ref. 1, Sec II D) we can use the approximate Killing spinor « to covariantly separate components of different spin weight.
Observe however that in Ref. | x was an actual Killing spinor on a vacuum type D spacetime. Due to (3.6) the algebraic identities in (Ref. 1,
Sec II D) hold, but not the differential identities.

Definition II.7. Given k, we define spin projection operators for the unprimed indices

0 3 _4 00 00 20 20
Pap = -k KO KO KO KO, (3.92)

8 20 00 2,0 40

4 00 L0 10 20
Pio = —K KOKO KO KO, (3.9b)

20 20 20 40

5 1 _4 00 1,0 10 20 4 L0 10 1,0 10
Pio= —kK KOKOKOK® +K KOKOKOKO, (3.9¢)
16 20 20 20 40 40 40 40 40
3 _, 00 20
Pi/lz = —le leelkgal, (3.9d)
5, 1,0 10 5 0,0 20
P32 K12K® KO + —KIZKG) KO, (3.9¢)
3,1
> 31 31 12 L1 31
1 _, 00 20
Pho= _EK12K®0K90> (3.99)
1 _, 10 10
Pao =1 K?OK%- (3.92)
J. Math. Phys. 67, 012501 (2026); doi: 10.1063/5.0298916 67, 012501-5
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Observe that no component of a valence (3,1) spinor will have spin weight 1/2 or 3/2. Here we are only counting the spin weight from
the unprimed indices, i.e. letting the primed index remain abstract. We also have the complex conjugate versions for the spin projection of
the primed indices.

For illustration, in a principal Killing spinor dyad, ¢ € S40 and ¢ € S3,1, we have

(Piod)o =0, (Piod)1 = ¢1, (Pio®)2 =0, (Piod)s = ¢3, (Phod)s =0,
('P;/lz‘P)oo’ =0, ('P;ﬁz‘/’)lo’ = ¢10> (P;,/f?’)zo’ = ¢20'> (P;,/fﬂo)so’ =0,
(P;,/lz‘/’)m’ =0, (P;,/f‘/’)n’ =9u» (P;,/f‘/’)zl’ = ¢’ (P;,/f‘/’)sl’ =0.

C. Covariant equations

To analyse the evolution of H and I§ and the derivatives of the remaining spin coefficients, we define a few extra variables. Here, we
define them covariantly, but we will consider their components in the next section.

Definition II1.8. Based on an approximate Killing spinor x € Sy, the Weyl spinor ¥ € Sy and Definition II1.2 we define the following
spinors

2
X = 5(51)115, (3103)
y=V-P}¥, (3.10b)
y= (5;1H» (3.10¢)

1 20
n=1K K?Z%,lH, (3.10d)
Y = 17> To0 (1 ¥a). (3.10€)

Observe that the curvature component W, can be defined covariantly via

1 5 20 20
V) = —x, kO ko V. (3.11)
4 2,0 4,0

We can also write  and Y in terms of H.
Lemma II1.9. The variables y and Y can be expressed in terms of H as

3 4 00 10 20 1 5, 10
Y=k KOKOQKO® E1H - —x kO ¢,1H, (3.12a)
4 20 2,0 40 2 4,0

110 2 9 ;20
K KO K® %”Low—z‘llmlkgalH. (3.12b)

1,0
Proof. Commuting derivatives and observing that k® P, = 0, we find
40

1,0 1,0
c53,1H = %3*72)01( =-2kO V¥ = -2k® . (3.13)
40 40
1,0
Applying k® gives
40
2O G H = —2y — k2K KO (3.14)
oSS V-3n K2,0K4,0V/' ’

Applying P* and P' on this as well as 7° on (3.10b) yield
> 1 5 5 10 1 2.1 L0 o
,P4,01// = _Exl 7)4,01(4@()(53)11‘1, 'P4)01[/ = -2k ,P4’0KA(PO%3’1H’ 7)4,0'(// =0. (3.15)

Summing these parts and using the expressions in Definition III.7, we get (3.12a). A derivative of (3.8) gives an equation for the gradient of «;

1 5 20 1 _; 10
Jook1 = ——%, kKOH— -k kKO&, (3.16)
2 3,1 3 1,1

J. Math. Phys. 67, 012501 (2026); doi: 10.1063/5.0298916 67, 012501-6
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This together with the definition of Y yield
2, o L
Foo¥a = k'Y + ;‘I’ZKfKSQOIH + ¥, 2K11®01 & (3.17)
The Weyl curvature can be expressed as
Y=vy+ Kl KOOK%O‘IJZ (3.18)

L0 20
Applying k® xk© ﬁ o and using the vacuum Bianchi identity (2.4) and the Leibniz rules, we get
L3

—
=]
]

0 1

=]

20 , 00 00
KO ) o(11 k@ KO ¥3)
31 20 0,0

o
1l
x
QV
x
o,

C a0y + -k

o)

[T

2 10 20 4 0,0 4
40y + 2K1 K@ K@% Ozc@ K@ ¥, +2\P2K®H+ 3\P2K®£

= =
[IESSIN SRS
—
o

I I
_ =&
5 £0O
N 5”8“ Iror
o — [=] —
Sg—c—

®
oF
ﬁ—l—

3
KO KC 4,0¥ + 2\1"21{@ H - 2\1’2}{@ f + 2K1 T0,0¥2. (3.19)

—
w

131
Together with (3.17), we get (3.12b). O

With the notion of Definition IIL.3 the variables H, I&, y, v, y, # and Y are small variables, while 1, & and ¥ are non-small variables.
We will now derive a set of evolution equations for a subset of the small variables, in terms of a closed evolution system with coefficients
depending on the non-small variables 1, £ and V.

Lemma II1.10. Under the evolution (3.5), the small variables H, I, y and v satisfies the equations

23,H = v, (3.20a)
1,0
¢ H = -2k0 v, (3.20b)
40
@1,115 =0, (3.20C)
3
GalE = 2 (3.20d)
1 s 1 30 3 5 10 20
%)zLoX =——0y0U ZWS?IH— Z\PZKI KIG))lkng
Good + 190 H+ Wi k6 k6 (3.20e)
+ L v+ = + VYK, kKO K N 20e
47" 2W1,3 47 L1 13
= P32 3w 232 10
0= ,P3)1 %4)01// - E‘PZK] 7)3,1 K3®1H (320f)

Proof. The equation (3.20a) is just the evolution equation (3.5), while (3.20b) is (3.13). The relation (3.20¢) is a direct consequence of a
commutator. (3.20d) is just the definition of y. By applying i1 to the definition of I and commuting derivatives we get

_ 3 3
TalE = ‘53152016 2‘51,3«%,2K= ZV— Z)’- (3.21)

Similarly applying 2 to the definition of y and commuting derivatives we get

i 39, 10 20
Jzzy—*cfzov-!-\{’@H— %0u+w®H+ k® k® H. (3.22)
2K1 1,1 3,1
Using the definition of y and commuting derivatives we get
2 1 1 1 _
(bjz,o)( = _5@2,}%,115 + Ef%,ﬂ@l,l[f = —5_@2)2)/ + 592’2)}. (323)

This together with (3.22) gives (3.20e). Applying 733 h %”j; o on (3.18) and using the vacuum Bianchi identity (2.4), we get

3/2

0= Pl ¥ = Py P3/2‘f4o(m K@K@‘I’z) (3.24)
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Equations (3.20f) then follows from the Leibniz rules. O

The non-small variables 1, £ and ¥, appears as coefficients in our evolution system as well as in all operators that can be written
covariantly in terms of the Killing spinor on Kerr. See for instance Refs. 1 and 2 for expressions of the TME and TSI operators, as well as
symmetry operators. These covariant expressions can be used to define operators also on the perturbed spacetime. However, commutators
between such operators, will not exactly satisfy the same identities as in Kerr. To be able to calculate such commutators, one would need a
complete set of equations for all derivatives of the non-small variables. The following lemma provides that.

Lemma II1.11. Under the evolution (3.5), the non-small variables k1, &, V3 satisfies the equations

1 4 20 1 _; 10
Fook1 = ——x, KO H - —x] ' kO £, (3.25a)
2 3,1 3 1,1
D€ =0, (3.25b)
3 3 20
611€ = _ZU + EKESOW - 3¥,x, (3.25¢)
GLE= - D0+ 2k6 -3k (3.25d)
L6 = 7T g vH S 0,4‘// 2K, .
3
’71,1€ = Ey’ (3'25e)
—1 3 —2 2,0 2 1,0
Zoo¥2 =% Y+ E\szl kO H+ ¥k, kO & (3.25f)
31 L1

Proof. (3.25a) is just (3.16). (3.25b) is a direct consequence of a commutator. Another commutator gives
i 3 320
6116 = 1,1C 0k =——v+ YOk 3.26
1,15 L1630 4 27 %0 ( )

The relation (3.18) then gives (3.25¢). The definition of y together with the complex conjugate of (3.25¢) gives

v; Z(T 1( l(T_ lcT 1‘ 1‘0’2' V. i
X = *g (o”l’llf = *g KI,1£+ Eéjl,lg = *g fl,lff Zl) + EK(()?4W - \PZK. (327)
This is equivalent to (3.25d). Equations (3.25¢) follows by commuting derivatives, while (3.25f) is the same as (3.17). O

For some arguments, we don’t need the full set of equations for the non-small variables. As an alternative we extract an evolution system
from it. Observe that (3.12b) and (3.25f) together gives

1 5 10 20 4 3 5 20 5 10
T2 = ==K KO kO Gy ¢ — =~ Vax; kO H + Wax; k0 & (3.28)
2 L1 31 7 4 3,1 1,1

Note that (3.20f) and (3.28) together are equivalent to the full vacuum Bianchi system (2.4).
Corollary IIL12. A total evolution system for the variables xi, &, V2, H, I&, x and v, is given by (3.25a)-(3.25¢), (3.28) and Lemma II1.10.

We will see in the next section that this indeed is a well posed evolution system.

IV. GHP FORMULATION

In this section we present GHP formulations in the class of principal Killing spinor dyads of the equations of the previous section. For
convenience, we define the weighted scalars

6G:22:€1 920z Atenuer 9|

3H, 3H,, 3H,y 3H,

K== K, =="2%, K=" K, ==2 (4.1a)
2K1 P 2K1 2K1 2K1
2 2 2 2
IP = 51{:0()’» I = 515015 I-r' = glglo’, IP, = 51511" (4'1b)
The GHP prime operation matches the notation. Observe also that (x;)" = —x;. Under complex conjugation we have
I =-1, I =-I, L/ =-I, Ly =—1y. (4.2)
J. Math. Phys. 67, 012501 (2026); doi: 10.1063/5.0298916 67,012501-8
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The spin coefficients can be expressed in terms of H and &.

Hyy H, , Hy , Hy
K= 00 o= 01 0.730 K = 31

= > = > = > > (4.3a)
2K 2K1 2K1 2K1
1 So0’ r_ 1 3% 1 Sor’ r_ 1 §1o'
=K+ —, =-Ky-—, 1=K+, T=-Ky-—". 4.3b
Po30 3 37 3k 3 3 37 3 (4.3)
Observe that «, k', 0 and ¢’ are small variables, while P> p', 7 and 7’ are non-small variables.
We can also express the components of I€
1 1—._ 3 3_ .
IEyy = —Ekal + Eprlz S mp = kb, (4.42)
1 1_—. 3 3_ .
Ifml = —EKTKl - EK.[’KI’ + EKlT + EKIIT,, (44b)
1 1. 3. _ 3
IEy = EKT’KI + EKTKV - 5"1’7 - EKlT’, (4.4¢)
1 1—_ 3, 3.
Ifll’ = EKP’M - EKP/Klr — EKIP + EKTI/,D . (44d)
The components of y are just the Weyl curvature components except the non-small variable ¥5.
Yo = Yo, ¥ =Y, Yy =0, v =V¥s, vy = Vs (4.5)

This also explains Remark IIL.6. In the Petrov Type D case, H = 0, so ¢ = 0 which implies ¥y = ¥; = ¥3 = ¥4 = 0, i.e., the dyad is a principal
dyad of the Weyl spinor.

Definition IV.1. Define the following set of small variables
Vg = {Kp, Ko, K, Kpr 16,0, 0" T, Iy L T, Wo, Wi, W, W, oo x5 X2 ) (4.6)

and the set of non-small variables
V, = {x1, V2, 0,0, 7,7} (4.7)

The components of y, # and Y are also small variables, but we can express them as first order derivatives of the V, variables. See the
Appendix for explicit expressions. The components of £ are also non-small variables, but they can be expressed in terms of the V, variables
and the first 4 variables in V via the relation (4.3b).

We can now directly translate all the covariant equations in the previous section to GHP form. In GHP form the equation (3.20a) reads

3
Z—Z‘: =(b—4p-p)Ke+3(p ~ 20~ p" )k~ (8- 41— )K, - 3(0'~ 7~ 27")0 + 5Kk — 5K,10, (4.82)
3 / . _

2—2 =(b-3p-p)Ky +(p'-3p" - p)K, - (0-31-7")K, - (0'- 7 - 37" )K; + 2K, K,y — 2K, K, + 6Kk’ — 600, (4.8b)
z—Zj =3(b-2p-p)' + (b’ 4p' - p)K, —3(0-21-1")0" - (0'- 7 - 47")K,; + 5K,k - 5K 0. (4.8¢)

We will now analyse the GHP form of the evolution systems in Lemma III.10 and Corollary IT1.12.

Lemma IV.2. The GHP form of Lemma IIL10 is

6G:22:€1 920z Atenuer 9|

(b'-p'-p")K, = (0'- 7 -7 )K; - KKy + KK + 2—2 - 3kk’ +2K,p + 300" - 2K/, (4.92)
(b-p-p)Ke=(@-7-1")K, + %‘I’l + Z—Z‘l’ - 2K, + 3xp" + 2K, 0 - 307, (4.9b)
(b-p-p)Ky = (0-7-7")Ky - KKy + KKy + i—ii -3k’ + 2K,p' + 300" - 2K, 7', (4.9¢)
(b'-p'-pHKy = (0'-7-7)K, + %\113 + Z—zj - 2K, +3k'p + 2K;0' - 301, (4.9d)
Pp'-p-pk=0-7-7")0- %‘I’l + Z—z(l) —Kyx+Kip+ Ko - Kpr, (4.9¢)
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(b-p-p)a=(0-7-7")k+ ¥,
(p-p-p)k'=@-1-7")0"- %\}g + Z—Z - Ko’ + Kpp' + Ko’ - K, 7,
(b'=p'=p")o" = (0 -7 -7 ) + ¥,
b'=pN =@ DL+ Lyp-Ty7+ 11,
(b-p)r=(0-7"), ~Iyx+ L0~ o,
(b-p)ly = (-7 +Lp' - L'~ q,
(b'-p)y = (0'-D); - L' + Lo + xo,
(p—4p)¥: = (8’ 7')¥o - 3¥2x,
(b'-p)¥o = (3 - 47)¥, + 3¥20,
(b—p)¥s= (0 -41")¥; +3¥,0,
(p'-4p")¥s = (8- 7)¥4 - 3¥2x,
(b= 2001 = (0= Yo = 4 (b=2p)r + 5 (b=2p)oy — 5 (0= )y + (8~ 7 yuo
+ Ky ¥ir - K, Yar — Ki‘i’u‘q + fp‘i’zklf - %vzx +Wik1k + ii}z'k

Ir - - ! Ir - -/
= Wik k—Yoxi0 + Yok 0 — Kx2,

1 1 1 1 -
(b'=p" o = (0201 - Z(b - Py - Z(b’— p')vo + 1(6 -21)ur + 1(6 -21")oy
S — - 1
- K Wir + K Wary + Kookt — K, Wsicyr + Waiey i + Yok + 1020

1_ -/ Iy - =1
- ¥sK10 + Z”o"’ Yk 0" + o),

(b-phe = (0= 20 )i = 5 (b= pus — (b= p )iy + (8~ 200y + 4 (0"~ 20 Yo

- — - 1
- - — R
+ KT"I’zKl - Kp‘{’yq - Kpr\l"ﬂclr + KT‘I’zkll + \I/4K1K + \I’oKHK + ZUZIU

i - = 1 ’ ’ ’
—"I"3Klro‘+ ZU()O‘ —‘I”lK]CT + 0 Xo»

1 1 1 1 -
(b'-2p" =0~ Z(b,_ 2p v + Z(b,_ 2p")oy + 20— 1(5'— )y
. . 1 1
- K, Waorr + Ko Wsk + KWk, — K Wsiyr - Zuox’ + W + Zz)ozk'

- ‘i”lklrk’— WYyx10 + ‘P4l_(1r(_)' - K’X().
Lemma IV.3. The GHP form of the equations (3.25a)-(3.25c) and (3.28) are
(b+p)r1 = Kpkr,
(0 + 7)K1 = Keky,
(c")' + T,)Kl = K k1,

(b +p ) = Ky,

(4.99)
(4.99)

(4.9h)
(4.91)
(4.9))
(4.9k)
(4.9)

(4.9m)

(4.9n)

(4.90)

(4.9p)

(4.99)

(4.9r)

(4.9s)

(4.9t)

(4.10a)
(4.10b)
(4.10¢)

(4.10d)

J. Math. Phys. 67, 012501 (2026); doi: 10.1063/5.0298916
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! -/ _ ! - 3 U 4
(p —P )510’ = (6 - T)Eu’ - ZUZ -3¥s3x1 -k go()’ + 501’0' > (4.10e)
- -/ 3 4
(b-p)eiyr = (0-7")&y + ZUI + 3%k + foo’P,_ ST (4.10f)
) 3
(b,_ p,)foo’ = (6'— )0 — ZUI =31 +&yp -y, (4.10g)
) 3
(p-p)éor = (0-7" )y + J0+ 3%k - k& + &0, (4.10h)
-3 ‘I’z =(0 -21 ‘I’l —2\P3K+\Y00 5 4.101
P 14 ! ! ( )
"— 20"\, = (8-37)¥, - Yox' +2¥;0, (4.10)
p j
(b-2p)¥; = (8'= 37" )¥, — Warc + 2¥,0’, (4.10k)
-3 ‘Pz =(0-21 ‘P3—2\P1K +\P40. (410)
14 PI / 1

where the spin coefficients p, p’, T and ©’ are given by (4.3).

First we will see that the total evolution system Lemma I'V.2 and Lemma IV.3 together gives a well posed evolution for a good choice of
gauge source function v. Here it is important that the v terms in the system are not expressed as derivatives of the V, variables because that
could spoil the symmetric hyperbolic structure. Therefore, we make the following assumption.

Assumption IV.4. Assume that the gauge source function v = 0 or more generally that the first order derivatives of v in (4.9q)-(4.91) and v
itself can be written in terms of the V¢ variables without derivatives.

For some gauge source functions a modification of I can help compensating for the first order derivatives of v in (4.9q)-(4.9t). For cases
where Assumption IV .4 is not satisfied, one would have to redo this analysis case by case.
Observe that the equations (4.9a)-(4.91) and (4.10¢)—(4.10h) come in pairs with principal parts of the form

b o=0¢, b¢ = dg (4.11)

or the complex conjugate version
b’ ¢ =09, bp=0" . (4.12)

Such pairs are first order symmetric hyperbolic. In fact the GHP form of the massless Dirac equation (KT,O¢ =0, for ¢ € Sy has this form

(b= p)go = (0-1)¢1, (p-p)¢1 = (3'=1")o. (4.13)

The equations (4.9m)-(4.9p) and (4.10i)-(4.101) is just the standard vacuum Bianchi equations. Given any spacelike foliation, this splits into
3 constraint equations and five propagation equations of symmetric hyperbolic form. Similarly, (4.10a)-(4.10d) splits into three constraint
equations and 1 propagation for ;. Under Assumption IV .4, the principal part of (4.9q)-(4.9t) is the same as the Maxwell equation. Also this
splits into 1 constraint equation and 3 propagation equations of symmetric hyperbolic form. See the next section for details. Hence, with the
observation that the spin coefficients p, p’, T and 7" are given by (4.3b) we have the following corollary.

Corollary IV.5. Under Assumption IV.4, Lemma IV.2 and Lemma IV.3 gives a closed first order symmetric hyperbolic evolution system for
all the variables

{Kps K, K, K 6,0, 07, 1o, Iy Ly T Wo, Wi, Wa, W, Wi, 305 405 X5 515 &g €017 €0 €1 -
Therefore, it gives a well posed evolution.

For estimates, the total system is not ideal, because not all variables in the system will decay. However, if we treat the non-small variables
V,, as given coefficients, we can study just the evolution system given by Lemma IV.2. The argument is the same as above, but instead of the
full Bianchi system, we have just have (4.9m)-(4.9p) which are of the form (4.12). Hence, we have the following corollary.

Corollary IV.6. Under Assumption IV.4, Lemma IV.2 gives a first order symmetric hyperbolic evolution system for the small variables V,
with coefficients depending on the non-small variables V.

6G:22:€1 920z Atenuer 9|
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Importantly, we not only get evolution equations for the V;, variables. We get expressions for all derivatives of them.

Lemma IV.7. All derivatives of the non-small variables {x1,¥2,p,p’, 7,7’} are

b1 = k1 (K, - p)s
b k1 =xi(Ky - p'),
01 = k1 (Kr — 1),
 ki=m(Ky 1),
b¥s = 3K, %2 + 3¥2p + &1 Yoy,
b’ W) = -3K, W) + 3%  + 57 Yy,
OW; = 3K, ¥, + 3%27 + 11 Yoy,
0 W = 3K ¥ + 39,7 + 57 Yy,
bp = é(3)’00’ — 209 )61 = Ky = Kpp + p* = &1,
b p= *%‘1’2 -k’ = Kyp+pp'— Kyt — 11 + 77

1 4,_ = _
- g'fl 1(1)1’ = 6yyyr + 21y + 42k + 471 ),

3 1 -
dp = _Z\Pl - E(?)vo — 6y + 419y )61 = Kep — kp' = K0 + pT — pT+ 07,
1 _ -
8 p=-2K,p—xo' - o1+ 2p7 - g YDy = 6y100 + 2110 + AV 1Ry + 47y ),
1
bp' = -5 Y2 - k' — Kpp' +pp’' - Koo' + 17’ = 7'’

1 . . _
- gzcl 1(vlr + 61y + 21y + A¥2ky + 4% ),

1 _
PP = —g Gy + 2m )iy — Kokl = Kyp' 4 p” — &7,

s

1 _ -
dp' = 2Kp' —k'o+2p 1 - 57" - gk YDy + 6y1y + 217y + 4V3kp + 41y ),

3 1 -
o p = Sk E(%Z + 6y + 4y )6 — K p—Kup' Koo' +a’t+p' 7' - p'7,

3 1 _
br= Z\Pl + R(?)vo + 6y, — 41y KT -Kyx+ Kkp' = K7+ p1— 07 - pi’,

_ | i - _
pr= —K'p -ko- 2KyT+ 2p'r - gxl (Dy — 6y + 21y + 43Ky + 47y ),

1 -
ot = §(3y02r — 20y )T - Kyo i

1
o= E\PZ —Kpfp+pp'—pp'— 00 - Kyt + 17

1 ;. - _
- §K1 1(“1’ =6y + 21 + 4ok + 471 ),

1 _ -
bt' = —kp'— xo’ - 2K, 7" + 2p7" - g YDy +6y10 + 21y + 4V1%) + 47y),s

3 1 _
p' = Z‘I’g + E(?)vz — 6y — 41y )iy - Kk +k'p-o't-p't- Kpr‘r' +p'7,

1
ot = 2\1/2 ~Kop' +pp' = pp'— 00’ - K7 + 17

(4.14a)
(4.14b)
(4.14¢)
(4.14d)
(4.14¢)
(4.14f)
(4.14g)
(4.14h)

(4.14i)

(4.14j)

(4.14k)

(4.141)

(4.14m)

(4.14n)
(4.140)
(4.14p)
(4.14q)
(4.14r)

(4.14s)

(4.14t)

(4.14u)

(4.14v)
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1 _ .
- 5N Yoy + 6y, + 21,y + 4ok + 470), (4.14w)

1 _
o1 = —§(3y201 +2n,0 )6 =l - Koo' - Ko7' + . (4.14x)

Proof. A direct translation of (3.25a) to GHP gives (4.14a)-(4.14d), while (3.25f) gives (4.14e)-(4.14h). Due to the relations (4.3b), the
GHP form of (3.25b)-(3.25¢) gives expressions for all GHP derivatives of p, p' 7,7’ . However, these equations will also contain first order
derivatives of K,, K+, Ky, Ky . All such derivatives can be eliminated by (4.9a)-(4.9d), (A2), and (A3). This gives the relations (4.141)—(4.14x).
O

Remark IV.8.

o The 1 variables could have been avoided here as in Lemma IIL11 if we would have used the components of & instead of {p,p’,7,7'}.
They are related via (4.3D). As the spin coefficients are more commonly used in applications, the current form was chosen.

o This lemma is important because all covariantly defined operators on Kerr expressed in GHP notation will have coefficients depending
on the V,, variables. In our setting, one can use the same GHP expressions for the operators on the perturbed spacetime. Lemma IV.7
allows for computation of commutators between such operators.

V. SPACE SPINOR FORMULATION

In this section, we will study the space spinor formulation of the evolution equations of Sec. 111 using the notation introduced in Sec. II B.
Define the space spinors

0,1 2 01 1 1+
H=10H, §(=210¢ If=-&+ ¢, (5.1a)
3,1 = 311 - 2= 2=
3 1,1 1,1 1 1<
= -T10 H, =10¢& If=-¢{--{ 5.1b
H 2 31 g 1,1E j 2g 2g ( )
We can reconstruct the spacetime variables H, & and I via
1 00 1,0 3 10 1 00 3 10 1 00
H=-t0H-710H, &= 7fr®f+71®§ IE=--10IE+ -10 1L (5.2)
2 20 4,0 2 20 2 00 2 20— 2 00
We can also express the space spinors in terms of the Sen connection and the normal derivative.
2 1
H = V.x+ i, H = tx, { = dx, E= 36K Vi (5.3)

The variables y, v, ¥, ¥> and «; don’t have any primed indices, so we can directly treat them as space spinors.
Now, we can make a covariant space spinor formulation of the evolution system in Lemma III.10 and Corollary II1.12.
The first four equations in Lemma II1.10 can be written as

1,0 2,0
ViH = H - 3diH - AQ H - GH + 340 H +3v, (5.4a)
0,0 1,0 1,0
V.:H =-2¢H+6H - Agaojj+ ZA?OE - H - 4”?0 v, (5.4b)
2,0
Vilf = -3h1E + 340 1§ - @, (5.4¢)
1,0 2 2
Vel§ = -26518 + 240 1§ —@1E - ggA + gfog +2y. (5.4d)

Similar to the Maxwell equation, the equation (3.20¢) splits into one constraint equation and one evolution equation

1 1 3%, 20 20 39, 20 20~ 1 40 140 ~
oy = ——dhv — ~ i+ —% KO KO H - 2 ROROH + —yo H - JVOH, (5.5a)
4 4 4;c1 2,0 4,0 41,7 20 40 2740 2740
1 1 1,0 1 20 1 1. ~
Ve = ZCQX—*VTU+ cfzv— Vrv— c”zv— ,Qpev+ AT+ EQ®’17+ E‘PZE+ E\PZE
2,0 2,0
J. Math. Phys. 67, 012501 (2026); doi: 10.1063/5.0298916 67,012501-13
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+ lzk%g Kzéoi + 3\?22’15%)762(3)0£{+ 3—\1122161@0 Kzéoﬂ + 3\?2275160’132@;)E
K1© 00 20 KT 00 20 K1° 20 40 267 20 40
1 20 1_20 ~ 3,0 30
— - H H. .
TV Ve v H Yo (5:50)

The space spinor split of the full vacuum Bianchi system (2.4) gives a constraint equation and an evolution equation

dy¥ =0, (5.6a)

V¥ =2, Y. (5.6b)

Observe that this system is equivalent to both equations (3.20f) and (3.28) together. The space spinor split of equations (3.25a)-(3.25¢) are

1 20 1 20
Viki = ——kO H+ —xkO &, (5.7a)
3K1 20 2K1 2,0~
1 10 1 20 1 10 1 00
tok) =——KkOH - —xOH - —k0&-—Kk0o ¢, 5.7b
ot 6K 2,0E 2K1 40 2K1 2,0§ 6K 0,0{ ( )
2,0 0,0
Vef = 38 +3A0 & - fo & (5.7¢)
= 20~ F00
2 1,0 2 00 2,0
Vi€ = -2c5¢ + g%f +240 & - - 340 f-v+2c0 y - 4%k (5.7d)
= = = 2,0~ = 00" 40

Lemma V.1. The space spinor form of the evolution system in Corollary IV.5 is given by (5.4), (5.5b), (5.6b), (5.7a), (5.7¢), and (5.7d).
Under Assumption IV .4 this system is first order symmetric hyperbolic.

Proof. Under Assumption IV.4, we can interpret all v terms as lower order. The system given by (5.4), (5.5b), (5.6b), (5.7a), (5.7¢), and
(5.7d) has the form

[ v.H | [ & V3 0 0o 0 0 0 0 o [ & ]
V3V.H| | V3 —2d 0 0 0 0 0 0 0 ||V3H
V2v.If 0 0 0 V26 0 0 0 0 o ||V
3.1 0 0 V26 -2 0 0 0 0 0 3¢
v |=| o 0 0 0 25 0 0 0 0 x |+lo. (5.8)
V¥ 0 0 0 0 0 24 0 0 0 ¥
VoK 0 0 0 0o 0 0 0 0 0 K1
V2. 0 0 0 0o 0 0 0 0 V2|l V2
| 3v.e | | o 0 0 0 0 0 0 V26 26 || 3¢ |

The matrix is anti-self adjoint up to lower order terms with respect to the Hermitian adjoint. Hence, the system is first order symmetric
hyperbolic. =

We can also study the space spinor version of the symmetric hyperbolic system in Corollary IV.6. We still have the evolution equa-
tions (5.4) and (5.5b). The equation (5.6b) from the Bianchi system can no longer be used because it contains equations for the non-small
variable W,. Therefore, we need the space spinor version of equation (3.20f). After splitting it into different spin components, we find that it
is equivalent to

3¥ 1,0
PioVey = 2PioCay - 722 PAZL,OK?OH) (5.9a)
K7 X
3 0,0 1,0 3y 0,0 6V 1,0
PhoVey = 2PhoCay + 5 Phok® kO dayy — > Pyok® H -~ Piok® H. (5.9b)
K1 2,0 2,0 K1 2,0 K] 4,0

It clearly gives a time evolution, but the interpretation of these equations as first order symmetric hyperbolic is complicated by the fact that a
priori, the projection operators will not commute with Hermitian conjugation. In general the Hermitian conjugate will mix GHP components
unless the dyad is adapted to the normal 4, but here, we have adapted the dyad to x4p instead. Projections are needed to describe that the
middle component of v is zero. Therefore, we stick to the GHP component version in Corollary IV.5.
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Here, we have treated the foliation and the normal 7 as a priori given and therefore we have not included the second fundamental form
in the evolution system. Alternatively, one can specify the acceleration A and use the evolution equations for the extrinsic curvature

1 2,0 4,0
Vol =2dhA - —F —2A0 A- Q06 Q,
3 2,0 4,0
5 0,0 1,0 2,0
V:Q=-2Q+26A - gﬂQ—2A®A+6A® Q+20060 Q+2VY.
20 40 40

Observe that we also have the constraint equation

cﬁﬂzgfoﬁ

(5.10a)

(5.10b)

(5.11)

All the equations above in this section holds on any slice of the foliation. On the initial surface, the equations (3.2) and (3.3) take the form

30
d;H -2Q0 H =0, H=0.
40

VI. KILLING VECTORS

(5.12)

To prove estimates, or other detailed analysis of the perturbed spacetime, we need good approximations of as many geometrically defined
structures of the Kerr spacetime as we can. We have already seen that we can find good approximations of the Killing spinor «, a principal
dyad, the corresponding spin coefficients and curvature components. Now, we can focus on the Killing vectors and a radial coordinate.

Due to the relations (3.25b) and (3.25¢), we see that the real part of £ is an approximation of the asymptotically timelike Killing vector.

The vector

(== 20+ RE+

N o

01 10
KO kO &,

Ll L1
is also an approximate Killing vector. As a direct consequence of Lemma III.11 we have the following lemma.

Lemma VI.1. The vector { satisfies

9. 1,1 20 9 1,1 02 . L1 0,1 27 02 2,0
D=0 ko H+ (0 k0 H-3{0 kO E+9£@xol£+—x@x@y,
41,1 3,1 4711 1,3 L1 11 1,1 4 2,2
27 ., 2 2 27 . 5 2\ 20 (2 27 - _2)
61,10 = — (k] + k{7 )v— — (K] + Kj7)KO Wa(x] + k7)) — — Yok |k
11¢ 16(1 ) 8(1 1)4,0V/ 2 2(1 1) 5
9 2,0 0,1 9 1,0 1,1 3 00 1,1 9 02 01 _ 0,2 0,0
- ZKkOEOH-kO(OH+ k0O E- 2RO EOH-3k0 EO IE
4 40 3,1 8 20 31 2 00 L1 4 2213 22 1,1
02 .00 1,0 0,1 9 00 1,1 9 02 .10 27 10 02
+3k0 (0 E+ 9k (0 IE - k0 (0 IE+ k0 EO H- —kO kKO y
22 1,1 2,0 1,1 2 00 L1 2 22 31 4 20 22
27 00 02 27 00 02
+ —KO KQ ¥+ —KkO KO 1,
4 00 02 16 00 02
27 27 . 2 2. 2,02 _
‘6{1(:—(1(1+ DX+ — (k] + &y )0 — —(K1+K1 VKO ¥
4 16 0,4
27 - 27 9 20 .10 2,0 0,0 9 02 10 -
+(—‘¥2(Kf+kfr)— ‘I’zxf)k—fke EOH+3k0E0E- k0 EOH
4 4 22 31 22 1,1 4 04 13
9 01 1,1 _ 0,1 _1,0 3 00 1,1 3 00 .1 9 20 01 .
- kO O H+3k0 (0 IE+ k0 (0 IE+ k0 (0 &+ k0 (O H
8 0213 02 1,1 2 00 1,1 2 00 1,1 2 2213
2,0 0,0 27 0,1 20 27 00 2,0
-3k O IE- —kO KO Y+ —KO KO v,
22 11 4 02 22 16 00 20
00 20 9 .00 02 . 0,0 0,1 9. 1,1 00 -
Tl ==+ )y + k0 kO H+ ~£0 kO H-380 k0 IE+ ~E0 k® H
41,1 3,1 4711 1,3 L1 11 2733 13
3.01 10 - 1,0 0,0 0,0 1,0 9. 11 00 3 .10 01
—-bO0KkOH-30kOIE+E(EOKkOIE+ 2,0 KO H- (0O KO H
213 13 31 L1 L1 1,1 233 31 2731 31

(6.1)

(6.2a)

(6.2b)

(6.2¢)

J. Math. Phys. 67, 012501 (2026); doi: 10.1063/5.0298916
© Author(s) 2026

67,012501-15

6G:22:€1 920z Atenuer 9|


https://pubs.aip.org/aip/jmp

pubs.aip.org/aip/jmp

Journal of ARTICLE
Mathematical Physics
27 01 1,0 27 01 00 _ 2701 00_ 27 01 02 00 _ 27 _00 1,
+ ZKZO’ZKZG,Z))— ZKZQZK(?ZX_ TK2®2K0®2U+ §K2®,2K2®,4K0®)41//— TKZO,OKZQ,OU
27 00 1,0 20
+ KO

(6.2d)

Note that the right hand sides of (6.2a) and (6.2d) are linear in the small variables H, I¢, y, v, ¥, y, Y. Hence, ( is a real Killing vector on
Kerr, and an approximate Killing vector in general. In Boyer-Lindquist coordinates on Kerr {* = a*(8;)* + a(94)“.
In general & and ( are not real, but the real parts will give good approximations of the two Killing vectors in Kerr. Observe that in

Schwarzschild { = 0, so we can only extract one Killing vector in that case.
In GHP notation, the components of  are

9 _ 9 B,
Goo' = ZKI(KI - Kl')Z(KP -3p)s Lo = ZKI(KI + Kl')Z(KT -31),
9 N ’ 9 _\2 ’
G = *ZKI(KI +ky) (Ky =37), (= *ZKI(KI - ky) (Kp’ -3p").
In Kerr the Boyer-Lindquist radial coordinate can be reconstructed from «; via

3 _
r= —E(Kl + &)

(6.3a)

(6.3b)

(6.4)

We can use this as a radial coordinate also on the perturbed spacetime. That this coordinate has all the properties needed for the applications

will have to be established before it is used.

VIl. APPROXIMATE CONSTANTS

In many cases, good approximations of the mass and angular momentum parameters are needed. Such approximations are often difficult
to find due to the non-local nature of the mass and angular momentum. Here, we find local expressions in terms of our non-small variables

x1, V2, £ and (. Observe however that solving (3.2) on the initial surface is a non-local operation.

Definition VIL1. Given an approximate Killing spinor x and the corresponding & given by (3.1b) and { given by (4.1), we define the

approximate constants

27 3 27 3
CM = 7W2K1 + 7‘1”2161/,

27 3 27 _3
ey = —Voxy — —Vaki,
N = otk ok

Ll - _
c = f?lf— 9Kki¥2 — 91?%"1’2,

1,11 1015 81,5, 2. 2 81,7, 2. .24
co=—EO(+ -0 (- — (k] —&k7)k]Va + — (k] — K77 ) K7/ \Vs.
& 251,1( 251,1 4( 1 1) 112 4( 1 1) 12

Toocm = — 1Y + LA,
0,0CM 2 1 2 1
27 5 27 5 &
Jo0eN = —K1 Y — —k/ Y,
0,0CN 2 1 2 1
31,0 3.01 3 .01 31,0 3.0,1 3.1,0 3 .01 02 _
T00C1 === ¥ — =60 ¥ — =60 0— -0 v- (00— —¢O v+ 8O KO
0081 252,0)( 250,2)( 850,2 sz,o 850,2 8£z,o 450,2 0,41//
3,10 20 3.01 02 _ 3.10 20 3 .11 3.11 9 2,0
+ (O KOU+ (KO U+ (0 KkO YU+ 0+ {0 y- -VkxOH
4520 4,0V/ 4 02 0,41// 452,0 4,01// 252,2)/ 252,2)) 2 : 3,1
1,0 9. 02 - 01 -
- 3¥,k0 If - E\PZRQ H + 3¥,k© If— 9k, Y — 9}_€1'Y,
1,1 1,3 L1

(7.1a)

(7.1b)

(7.1¢)

(7.1d)

(7.2a)

(7.2b)

(7.2¢)
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218 0280 vt IS i+ O KO Y+ LORG Y+ IO KO
- = - = + — + — + — + —
8 o,zv 8 2,0v 4702 0,4],/ 4 2,0K4,0v/ 4 0,2K0,4W 4 20K4,ov/
9 20 00 11 9 20 00-1L1- 9_.02 00 11 9 .02 00-11-
+-HOKkOEQE+ -HOKkOE(OE+ —HO KO EQE+ —HO RO EO &
8 20 00 1,1 8 20 00 1,1 8 02 00 11 8 02 00 1,1
301 00 11 3 .11 3-L1 . 9_20 02 .00 9 20 0200
+ 0kt E+-(0y+ =(0J+-HO k0 (0 {+ “HO kO EO &
2 702 00 1,1 2722 2722 4 20 22 L1 4 20 22 11
9 .02 20 00 9 .02 2000 - 01 20 00 81
+-HO kO (O &+ —HO kO E® E+ 3150 KO £0 & + — (k] — & )iy Y
4 02 22 1,1 4 02 22 1,1 02 22 1,1

81 _
- Z(Kf — k)Y +

81
+ g(‘Pz(K%-H'ci/)—

81 ,.-
+ 3(‘1’2(;& +R) -

Remark VIIL3

- 1,0
(Y2 (5 + ') - 2%;‘@)@1 I£

4
<y 20 27 -, 2y 01
2\P2K1/)K§?1H— Z(‘I’Z(KI + &) - 2‘{/2K1)K1C:)1 I¢
02 .
29,17 )& H.

—

3

o Note that the right hand sides are linear in the small variables H, I, x,v, v, y, Y. Hence, cu, cN, C1, c2 are constants on Kerr.
o Now, when we have a full set of equations for all derivatives of the approximate constants, we can work with operators with coefficients
depending on cy, cn, ¢1 and c 2. We can also allow to rescale variables with such coefficients.

Proof. The equations (7.2a)-(7.2¢) follows from Lemma III.11 and the definition of I&. For (7.2d) also Lemma V1.1 is need.

In GHP notation, the approximate constants ¢; and c,

are

a1 = =9¥ax7 - 9¥aiy - kaiey (K - 3p) (K, —3p") + (K, - 3p) (K - 3p")

+ (K; - 31) (K, - 37)

a

+(Ky - 37) (K, -31")),

81 _ _ z
Ca= —Z(Kl - Kl/)(Kl + Kll)(\PZK% 7\P2Kf’)

9, P
+ 0= &) (ki (Kp = 3p) (K = 3p7) + &1 (K, = 3p) (K = 3p7))

9 — N/ A=
-Gk i) (15 (Ke = 37) (Kyp - 37) + &3 (Kr - 37) (K - 37")).

(7.2d)

(7.3a)

(7.3b)

Technically, ¢; and ¢, would contain the same information if we would remove the K variables from these expressions, but that would give

more complicated expressions in Lemma VII.2.

A. Kerr-NUT class

To find interpretations of the approximate constants, we study the Kerr-NUT class. This class admits a Killing spinor x with real &, so
all the small variables vanish for this class. However, it is in general not asymptotically flat. We do direct tetrad calculations in the principal

tetrad

la

_ 2a(0y)" +2(a* + 1) (9n)" + (a* = 2Mr +1*)(9;)*

o 10" =(1

V2(1* + a’x?) ’

a
n =

1 a
- s@)"
+ 5 )(0)" — da(x” 1) (00)"

\/E(r—iax) 1+¥—x2

(7.4a)

(7.4b)

(7.4¢)
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We find that the Killing spinor coefficient is given by
-1
K1 = ?(1’ - iax). (7.5)

Observe that the radial coordinate coincides with (6.4). In these coordinates the Killing vectors are
&= (8,)% (= a" (00)" +a(dy)" (7.6)
The approximate constants takes the constant values
cm =M, cN = —iN, =1, c.=a. (7.7)

Hence, in general we can interpret the approximate constants as follows.

e ¢y approximates the mass.

e cy encodes the NUT charge, and should therefore be small for small perturbations of Kerr.

e ¢ can be interpreted as a local approximation of the square of the norm of £ at infinity. One could use this to set the correct scaling of
K.

e . approximates the square of the angular momentum parameter.

Observe that if « is given these expressions are local. However, to solve the elliptic equation (3.2) on the initial surface Xy, global
information on X is needed.
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APPENDIX: GHP FORM OF Y, y AND 7

The GHP form of (3.12b) is
Yoo

= (8- 27")¥; + 3K, ¥, — 2¥sk + Yoo, (Ala)
K1
Y(n’ / / ’
—_— = (1) -2p )‘I"l + 3K ¥, + Yok — 2¥30, (A1b)
K1
E*(p—Z)‘I’ +3K, ¥, + Wy — 2% 0" (Alo)
) = P) T3 12 4 10,
Y,
—L = (8- 21) W5 + 3K, ¥, — 2¥1« + Vs (A1d)
K1
The GHP form of (3.10¢) is
;2 2 2 2
Yoo~ _Z(p—ap)K, +2(3' - 27 )k - ZK,* + SKyk — Kk + 206, (A2a)
K1 3 3 3 3
, 1 1 2
)% = —g(p —dp+p)Ke + (' =20  +p )~ 5(6 — 41+ 1)K, + (8 +1-27")o - gKPKT
1 1
+ gKP’K+ gKT’O’ (A2b)
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, 2 2 2 2.
VKLf =2(p'-2p")o - (040K - gKf + 2k’ + RS ngal, (A2¢)
Y10’ 2 2 2 o2
;—? = —g(p ~-3p)K, + g(6’— 37)K, - K+ SKo, (A2d)
S 1 1 1
h 3 (b= 3p+ )y + S (b= 30 + 5Ny — S (0- 37+ )Ky + (8 + 7= 37)Kn, (A2¢)
K1
Vio 2.0 . 2 2,2
71 = g(b - 3P )KT - 5(6 - 3T)KP' + EKPK - gKTfO' N (A2f)
Va0 2 2 2 _ 2 _ 2
;—? =-2(p-2p)0" + 5(6’— 47K, + JK - 26k’ + 3Ky~ nga’, (A2g)
' ) 1 ) . 1 _
% =—(p-2p+p)k + g(p’— 4p" +p Ky —(0-21+7")0" + 5(6' +7- 4T,)Kpf
2 1 1
+ gKP,KT, - gK,,K’— gKTa’, (A2h)
;2 2, 2 2 . ,
sz—f = g(b'— 4p')Kp/ -2(8-27)«’ + ng/ B gKTK’ + gKT/K/— 205", (A2i)
The GHP form of (3.10d) is
Mo" _ (&' + 21" )k - PK,K,? - 3Kk — K+t — 03, (A3a)
K1
Mo _ Yy k- L 2 4 p k- Lo+ 1)K, = L0+ 74 27 )0 - KoKe - 2Kk
K1 2 2 2 ) ? 27F
3 3
3k, (A3b) &
2 §
<
N
o
, N
% = —(p' +2p")0 - OK.K,* — kic' - 3K, 0 - K6’ (A3c) %
N
e 2 2 4 2. 2 . 2
K%’ = —g(p +p)K, - g(65’ +7)K, - 3 KoKy = SKyie = SKe6 - 4x0’, (A3d) ©
M _ 1 - 1. ot 1 _7 1, . '
= (btp+p)Ky - (P +p +p)K - (0 +T+T)Ky — (8 +T+7)Kr
K1 3 3 3 3
2 2
- ngKpr - gKTKT’ —2kk' - 200", (A3e)
;2 2 4 2. 2.
'7;{1—? =1 (b +pKe = SO+ DKy - SK Ko - KR - o - TK,3, (A3f)
Hao’ 2 . -
Kif =—(p+2p)0’ -0 K K,* —ix'— Kyo- 3K,0’, (A3g)
M- Yy = L+ K - L4 2r+ 7)o - L@ + DK, - KK
K1 - 2 P P 2 P T 2 2 P pNT
3 3
- EKPK,— EKTU', (A3h)
’%2' = (0 +20)K P K, ~ K — 3Kk~ K&t~ 0’5", (A3i)
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