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1 Introduction

Eleven-dimensional supergravity was first proposed in [1] and explicitly constructed in [2].
It was later conjectured to arise as the low-energy limit of M-theory [3, 4], an eleven-
dimensional quantum framework unifying all of the ten-dimensional superstring theories.
Within this context, the supermembrane was identified as a candidate for the fundamental
object of the theory [5, 6]. Despite its importance, eleven dimensional supergravity remains
notoriously difficulty to analyze, and progress on M-theory crucially depends on advancing
our understanding of this unique maximal supergravity.

A supersymmetric formulation of the supermembrane based on the pure spinor formalism
was introduced in [7]. When the worldvolume fields are taken to be independent of the spatial
coordinates, this reduces to the eleven-dimensional pure spinor superparticle, which provides
a Batalin-Vilkovisky description of eleven-dimensional supergravity. In this setting, physical
states correspond to ghost number three in the pure spinor BRST cohomology [7]. An action
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principle with manifest supersymmetry reproducing eleven-dimensional supergravity has also
been constructed using non-minimal pure spinor variables [8–10].

Despite the extensive efforts over the past years to further develop the 11D pure spinor
program, many aspects of this formalism remain unclear or incomplete. In particular, a
functional and concrete prescription for computing 11D scattering amplitudes is still unknown.
It is worth mentioning that the authors of [11] have proposed a candidate for the N-point
correlation function within the minimal pure spinor setting. However, the correct vertex
operators needed for the explicit evaluation of such a correlator (including the ghost number
zero vertex operator) were never completely constructed. In fact, it was later shown that
the original proposal, constructed with the minimal pure spinor variables, is incompatible
with 11D supergravity [12].

In contrast, the use of pure spinors in the context of the superstring [13] has proven to
be quite successful for studying different properties of superstring theory. In particular, it
provides a far more efficient and elegant framework for computing string scattering amplitudes
than the traditional Ramond-Neveu-Schwarz and Green-Schwarz formalisms [14–18]. This
remarkable feature is a direct consequence of the manifest supersymmetry realized by the pure
spinor formulation. The construction was also adapted to the ten-dimensional superparticle
in [19], where it has likewise proven invaluable for deriving scattering amplitudes in ten-
dimensional super-Yang-Mills theory [20–22].

In recent years, several techniques for computing scattering amplitudes have been
developed or revived as alternatives to the traditional Feynman diagrams approach. Notable
among these are the perturbiner formalism and worldline framework. The latter utilizes
the path integral of a single particle, with operator insertions representing the effects of
background fields. N-particle interactions are then obtained from N-point correlation functions
of single- and multi-particle vertex operators, defined through consistency conditions and
expanded order by order in the number of fields.

In this paper, we start a program that aims to find a consistent prescription for computing
11D supergravity scattering amplitudes from 11D worldline pure spinor correlators. We make
use of the ghost number one and three single- and multi-particle vertex operators extensively
studied by one of the authors in [12, 23–26], as well as of the newly discovered ghost number
zero vertex operator [27]. These building blocks together with a proper generalization of
the ideas presented in [22] to the 10D setting, are then used to introduce a pure spinor
prescription for the 11D 4-point function at tree level. We show that our pure spinor correlator
successfully passes a number of consistency checks, namely invariance under BRST and gauge
transformations. Furthermore, we discuss and display in detail the full evaluation of this
correlator in pure spinor superspace, and verify that it satisfies BRST closure and exhibits
full permutation symmetry. Remarkably, our formula is found to reproduce the 4-point
scattering amplitude obtained via perturbiner methods. Based on our findings, we also
propose a tree-level N-point correlator within the 11D pure spinor worldline formalism, and
argue for the validity and feasibility of our ansatz.

The paper is organized as follows. In section 2, we review the 11D pure spinor superparticle
and discuss its BRST cohomology. We then introduce the non-minimal pure spinor variables,
and present the b-ghost as well as the pure spinor vertex operators of ghost numbers one and
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zero. Next, we introduce the multi-particle vertex operators, with special focus on the ghost
number one two-particle vertex operator, which proves to be essential for later computations.
In section 3, we provide a tree-level prescription for the 4-point pure spinor correlator, and
evaluate it explicitly. We provide an alternative representation of our 11D amplitude which
manifestly exhibits BRST invariance and full permutation symmetry. We also verify that our
expression is in complete agreement with results obtained from perturbiners. In section 4, we
use our previous results as well as insights from the 10D setup [22], and propose a general
N-point correlation function in 11D pure spinor superspace, consistent with BRST symmetry.
We close with discussions and future work. This paper also contains three appendices:
appendix A discusses integration-by-parts (IBP) techniques used in pure spinor correlators;
appendix B reviews 11D supergravity at linear and second orders, and finally appendix C
displays detailed calculations of the algebraic manipulations carried out in the correlation
functions studied in section 3.

2 Pure spinor superparticle in 11D

The 11D pure spinor superparticle action in a general background is given by [7, 28]

S =
∫
dτ

[
PM∂τZ

M + wα

(
∂τλ

α + ∂τZ
M ΩM,β

αλβ
)
− 1

2P
2
]
. (2.1)

We are using capital letters at the beginning/middle of the Latin alphabet to denote tan-
gent/curved space indices. Likewise, Latin/Greek letters at the (middle) beginning of the
alphabet indicate (curved) flat vector/spinor indices. The variables ZM = (Xm, θµ) rep-
resent the bosonic and fermionic coordinates of the 11D ordinary superspace, and their
corresponding conjugate momenta are denoted by PM = (Pm, pµ). The 11D vielbeins in
superspace will be indicated by EA

M and EM
A, and the spin-connection by ΩM,A

B. The
11D gamma matrices are represented by (γa)αβ , (γa)αβ , and they satisfy the Clifford algebra
(γ(a)αβ(γb))βδ = ηabδδ

α. The field λα is an 11D bosonic spinor satisfying the pure spinor
constraint λγaλ = 0. Due to this constraint, its conjugate momentum wα is only defined
up to the gauge transformation δwα = (γaλ)αρa, for any vector ρa. The fields λα and wα

are ghost fields, and will be assigned to carry ghost numbers 1 and −1, respectively. In a
flat background, the superparticle action (2.1) simplifies to

S =
∫
dτ

[
Pa∂τX

a + pα∂τθ
α + wα∂τλ

α − 1
2P

2
]
. (2.2)

In this work, we will employ the path integral formalism. In this setup, the fields satisfy
the following free field contractions

Pa(τ1)Xb(τ2) ∼ −δb
aσ12,

pα(τ1)θβ(τ2) ∼ δβ
ασ12,

ωα(τ1)λβ(τ2) ∼ −δβ
ασ12, (2.3)

where σij = 1
2sign(τi − τj). These contractions are equivalent to the canonical commutation

relations. This can be checked by using the map between graded commutators and operator
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insertions on the path integral, given by

[A(τ), B(τ)} ∼ A(τ + ϵ)B(τ) ∓B(τ)A(τ − ϵ), (2.4)

where ϵ → 0 and the sign is − for commutators, and + for anticommutators.
The action (2.2) is supplemented by the BRST charge Q0 = λαdα, where dα = pα −

1
2(γaθ)αPa is the Brink-Schwarz fermionic constraint [29]. It has been shown that the
quantization of this model reproduces all the fields and antifields of the Batalin-Vilkovisky
description of linearized 11D supergravity [7]. In particular, the antifield of the ghost-for-
ghost-for-ghost associated to the gauge symmetry in 11D supergravity, is located at the ghost
number seven sector, and it represents the top cohomology of the BRST charge. Due to
this, it has been suggested as a candidate for defining manifestly supersymmetric correlation
functions in 11D, as we will discuss in next section.

2.1 Non-minimal variables and the physical operators

The action (2.2) admits a topological extension preserving the space of physical states. This
modification of the pure spinor worldline is obtained after adding the pair of conjugate
bosonic spinors (λ̄α, w̄

α), and the pair of conjugate fermionic spinors (rα, s
α), subject to the

constraints λ̄γaλ̄ = λ̄γar = 0. The non-minimal version of the pure spinor superparticle (2.2)
then reads [7, 30]

S =
∫
dτ

[
Pa∂τX

a + pα∂τθ
α + wα∂τλ

α + w̄α∂τ λ̄α + sα∂τrα − 1
2P

2
]
. (2.5)

The non-minimal BRST charge takes the new form

Q = Q0 + rαw̄
α, (2.6)

so that the cohomologies of Q and Q0 are equivalent to each other. The action (2.5) is
invariant under the global symmetry J = wαλ

α − w̄αλ̄α, referred to as the non-minimal ghost
number charge. Hence, λ̄α and rα carry ghost numbers −1 and 0, respectively.

One of the main advantages of the non-minimal framework is that it allows for the
construction of Lorentz covariant operators of negative ghost number. In particular, one can
construct the so-called b-ghost, which satisfies the standard relation

{Q, b} = 1
2P

2. (2.7)

The explicit form of the b-ghost was originally found in [31]. The solution contains intricate
algebraic expressions involving pure spinors and gamma matrices, which make it untractable
for practical applications. This quite complicated formula was dramatically simplified
in [26, 30] after introducing the so-called physical operators [32]. Since these operators will
be relevant for our computations later, we shortly review them next.

The 11D pure spinor physical operators will be denoted by Ca,Cα,Φc,Cab,Ωab,Ta
α.

These are defined as linear operators which carry negative ghost number and satisfy the
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following set of relations

[Q,Cα] = −1
3dα − (γaλ)αCa, (2.8)

{Q,Ca} = 1
3Pa − (λγabλ)Φb, (2.9)

[Q,Φa] = (λγaΦ), (2.10)

{Q,Φα} = 1
4(λγab)αΩab, (2.11)

[Q,Ωab] = −(λγb)δTa
δ. (2.12)

The physical operators are defined so that their action on the ghost number three vertex
operator U (3) reproduces the field content of linearized supergravity, up to shift symmetry
and BRST-exact terms. For instance, CαU

(3) = Cα up to shift-symmetry. They can be
used to construct superfield descriptions of supergravity in the pure spinor formalism. The
reader might review linearized gravity in appendix B.

The system of equations (2.8)–(2.12) can be solved with the use of the non-minimal
variables. Indeed, one finds

Cα = wα

3 + 1
3η (λγabcw)(λ̄γbcλ̄)(λγa)α, (2.13)

Ca = 1
3η (λ̄γbcλ̄)(λγabcd) − 2

3η (λ̄γbcr)(λγabcw) + 2
3η2ϕ(λ̄γbcλ̄)(λγabcw)

+ 4
3η2 (λγacλ)(λ̄γbcλ̄)(λ̄γder)(λγbdew), (2.14)

Φa = −2
3

[1
η

(λ̄γabλ̄)Pb −
2
η2 (λ̄γabλ̄)(λ̄γcdr)(λγbcdd) − {s, 2

η2 (λ̄γabλ̄)(λ̄γcdr)}(λγbcdw)

− 8
η3 (λγaξb)(λ̄γcbr)(λ̄γder)(λγcdew)

]
, (2.15)

Φα = −8
3ξ

α
a

[ 1
η2 (λ̄γabr)Pb −

2
η4 (λ̄γabr)(λ̄γcdr)(λγbcdd)

−
( 8
η4 (λ̄γabr)(λγcbλ)(λ̄γcdr)(λ̄γefr) + 8

η5ϕ(λ̄γabr)(λ̄γcdr)
)

(λγbcdw)
]
, (2.16)

Ωab = −32
η

[
(Φγ[akλ)(λ̄γb]

kr) + 1
8(Φγabcdλ)(λ̄γcdr)

]
, (2.17)

Ta
α = 2

η
(γbcdλ)α(λ̄γcdr)Ωab, (2.18)

where ϕ = (λγabλ)(λ̄γabr), ξβ
a = 1

2(γabcλ)β(λ̄γbcλ̄) and η = (λγabλ)(λ̄γabλ̄). Although these
might seem very complicated, most of the manipulations can be performed with ease by
using the defining properties of the physical operators.

As shown in [26], one can use the physical operators to write the 11D b-ghost in the
simple and compact way

b = 3
2P

aCa + 3
2(λγad)Φa − 3

2(λγaw)(λγaΦ). (2.19)

In this form, it is straightforward to check that {Q, b} = 1
2P

2, and b is nilpotent up to
BRST-exact terms. Throughout this paper, we will use this version of the b-ghost.
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2.2 Single-particle vertex operators

The pure spinor superfield in the BRST cohomology which describes the physical fields of
linearized 11D supergravity carries ghost number three. It can be written as

U (3) = λαλβλδCαβδ, (2.20)

where Cαβδ is the lowest-dimensional component of the 3-form superfield of 11D supergravity.
This fact can easily been seen from the physical state conditions

{Q,U (3)} = 0 ⇒ D(αCβδϵ) = (γa)(αβCaδϵ), (2.21)

δU (3) = [Q,Σ] ⇒ δCαβδ = D(αΣβδ), (2.22)

where Σ = λαλβΣαβ, and Σαβ is any superfield. Eqs. (2.21) and (2.22) above are nothing
but the physical superspace constraints of linearized 11D supergravity. For more details,
see appendix B.1.

For later reference, U (3) can also be shown to satisfy

∂aU
(3) − 3[Q,Ca] = 3(λγabλ)ϕb, (2.23)

DαU
(3) + 3{Q,Cα} = −3(λγa)αCa, (2.24)

where Ca = λαλβCaαβ , Cα = λβλγCαβγ , with (Caαβ , Cαβγ) being components of the linearized
11D super 3-form, and ϕa = λαhα

a, with hα
a being the first-order correction of the vielbein.

The ghost number one vertex operator was introduced in [12] as the first-order per-
turbation of the superparticle BRST charge coupled to a curved background. It takes the
explicit form

U (1) = Paϕ
a + dαϕ

α − 1
2ϕabN

ab, (2.25)

where Nab = λγabw is the pure spinor Lorentz generator. We also define ϕα = λβhβ
α, and

ϕab = λα(γab)β
δΩα β

δ, where hα
β and Ωα β

δ are the linearized versions of the respective com-
ponents of the vielbeins and spin-connection. By construction, this operator is BRST-closed

{Q,U (1)} = 0. (2.26)

As a double check, one can use the equations of motion listed in appendix B to prove the
validity of eq. (2.26).

More recently, the ghost number zero vertex operator was constructed by using the
physical operators studied above. It takes the strikingly compact form [27]

U (0) = 3
[
P aCbΩab+(λγbcλ)P ahabΦc−(λγa)δλ

αTbα
δCab+P aCb∂aϕ

b−P aCα∂aϕ
α

]
. (2.27)

The numerical factor in front of the square brackets was chosen for convenience. Fundamentally,
this operator satisfies the standard descent equation with U (1), namely

[Q,U (0)
i ] = ∂τU

(1)
i . (2.28)

One can easily check this via eqs. (2.8)–(2.12). This relation will be crucial when showing
that our amplitude prescription satisfies a number of consistency checks.
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2.3 Multi-particle vertex operators

Following the ideas developed in the 10D case [22], our worldline prescription for computing
11D correlators will require the introduction of the so-called multi-particle vertex operators.
These objects are essential when defining BRST invariant worldline correlation functions.
The multi-particle vertices with ghost numbers zero and one will be denoted by 𝕌(0) and
𝕌(1), respectively. The superfield 𝕌(0) can be determined from the deformation of the free
Hamiltonian, induced by the supergravity background at all orders in the coupling constant.
Likewise, the superfield 𝕌(1) can be defined from the curved background deformation of the
BRST operator Q, at all orders in the coupling constant.

These multi-particle operators satisfy a number of constraints which can be deduced from
the properties of nilpotency and time conservation of the curved BRST charge. Explicitly,{

Q̃, Q̃
}

= 0,
[
H̃, Q̃

]
= 0, (2.29)

where Q̃ = Q+𝕌(1) is the curved BRST charge, and H̃ = H+𝕌(0) is the curved Hamiltonian,
with H = 1

2P
2. Eqs. (2.29) demand the following consistency relations{

Q,𝕌(1)
}

= −1
2
{
𝕌(1),𝕌(1)

}
, (2.30)[

Q,𝕌(0)
]

=
[
H,𝕌(1)

]
+
[
𝕌(0),𝕌(1)

]
. (2.31)

These equations can be solved order by order in the coupling constant by employing the
perturbiner method of Selivanov [33]. In this approach, we expand the multi-particle vertex
operators in terms of multi-particle asymptotic states labeled by words P = p1 . . . pm carrying
momentum kP = kp1 + · · · + kpm . Each letter pi in the word P , represents one particle in the
corresponding state. These states can be written as plane wave factors multiplying linear
operators depending on external polarizations. Concretely,

𝕌(a) =
∑
P

U
(a)
P eikP ·X(τ) = U

(a)
i eiki·X(τ) + U

(a)
ij eikij ·X(τ) + · · · , (2.32)

where a = 0, 1 is the ghost number. We refer to the number of particles in a letter P as
the rank of the associated operator. After plugging the expansion (2.32) into eqs. (2.30)
and (2.31), and properly matching the powers of the respective exponentials, one can find a set
of relations obeyed by these operators for any specific value of the rank. As usual, the action
of the Hamiltonian on the exponential factors introduces τ -derivatives in these relations.

The application of this procedure to the rank-1 superfields U (1)
i and U

(0)
i , yields the

familiar relations (2.26) and (2.28), satisfied by the ghost number one and zero single-particle
vertex operators.

In the case of rank-2 superfields, one finds for the ghost number one two-particle
operator U

(1)
ij {

Q,U
(1)
ij

}
= −

{
U

(1)
i , U

(1)
j

}
. (2.33)

One possible solution to eq. (2.33) is given by the collision of two single-particle operators,
one at ghost number one and the other at ghost number zero, as follows

U
(1)
ij = 2

sij

[
U

(1)
i , U

(0)
j

]
, (2.34)
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where sij = (ki + kj)2 = 2ki · kj . Acting with the BRST charge and using the descent
eq. (2.26), it is not hard to see that (2.33) indeed holds. This solution can be shown to
be unique up to BRST transformations. In addition, one can explicitly verify that the
antisymmetric part of the operator (2.34) is BRST-trivial[

Q,
4
s2

ij

[
U

(0)
i , U

(0)
j

]]
=
(
U

(1)
ji − U

(1)
ij

)
. (2.35)

In contrast, the symmetrization of the rank-2 operator (2.34) does not admit this repre-
sentation. It will be denoted by V

(1)
ij

V
(1)

ij ≡ −U (1)
(ij) = −1

2
(
U

(1)
ij + U

(1)
ji

)
. (2.36)

and referred to as pinching operator. Under BRST transformations, the pinching operator
transforms according to

{Q,V (1)
ij } = {U (1)

i , U
(1)
j }. (2.37)

After plugging eqs. (2.25), (2.27) into the definition of the rank-2 operator (2.34), one
finds that the pinching operator (2.36) can be expressed in the following compact way

V
(1)

23 = 2
s23

(
Paϕ̃

a
23 + dαϕ̃

α
23 −

1
2 ϕ̃23,abN

ab
)
, (2.38)

with ϕ̃a
23 = ϕa

23 − s23
2 ψ

a
23, ϕ̃α

23 = ϕα
23 − s23

2 ψ
α
23 and ϕ̃23,ab = ϕ23,ab − s23

2 ψ23,ab. These superfields
correspond to two-particle configurations in 11D supergravity, and are explicitly constructed
in appendix B.2,

ϕa
23 = λαh23,α

a, ϕα
23 = λβh23,β

α, (λγab)αϕ23,ab = Ωα
23, (2.39)

ψa
23 = ϕc

2h3,c
a + ϕc

3h2,c
a + ϕδ

2h3,δ
a + ϕδ

3h2,δ
a, (2.40)

ψα
23 = ϕc

2h3,c
α + ϕc

3h2,c
α + ϕδ

2h3,δ
α + ϕδ

3h2,δ
α, (2.41)

(λγab)αψ23,ab = −2ϕa
(2Ω3),a

α + 2ϕc
(2λ

βT3),βc
α, (2.42)

where the superfields h23,α
a, h23,β

α,Ω23
α are second order deformations of the 11D vielbeins

and spin-connection, and they satisfy non-linear equations of motion consistent with 11D
supergravity. The superfields ϕ̃23 in (2.38), obey the following BRST transformation rules,

{Q, ϕ̃a
23} = λγaϕ̃23 − s23

(
ϕc

(2∂cϕ
a
3) + ϕδ

(2Dδϕ
a
3) − Ωα

(2h
a
3),α

)
, (2.43)

[Q, ϕ̃α
23] = (λγab)αϕ̃23,ab − s23

(
ϕc

(2∂cϕ
α
3) + ϕδ

(2Dδϕ
α
3) − Ωβ

(2h
α
3),β
)
. (2.44)

It will also be useful to introduce a rank-2 operator carrying ghost number three,
represented by U

(3)
ij and defined as

U
(3)
ij =

[
U

(3)
i , U

(0)
j

]
− 3sij

2

(
Ci,aϕ

a
j + Ci,αϕ

α
j

)
. (2.45)

In terms of the linearized 11D supergravity superfields, U (3)
ij takes the simple form

U
(3)
ij = 3

[
ki,aΩab

i Cj,b − (λγcbλ)hab
i kj,aϕ

c
j + (λγa)αTi,b

αCab
j

]
. (2.46)
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Under BRST symmetry, U (3)
ij transforms as

{Q,U (3)
ij } = 3sij

2 (λγabλ)ϕa
i ϕ

b
j . (2.47)

Likewise, one can show that this ghost number three rank-2 operator obeys the following
equations of motion,

DαU
(3)
12 + 3{Q,Cα,12} = − 3(γaλ)αCa,12

+ 3s12
2
(
2(λγab)αϕ

a
1ϕ

b
2 + (λγabλ)ha

1,αϕ
b
2 + (λγabλ)ha

2,αϕ
b
1

)
, (2.48)

∂aU
(3)
12 − 3[Q,Ca,12] = 3(λγbaλ)ϕb

12

+ 3s12
2
(
(λγabϕ1)ϕb

2 + (λγabϕ2)ϕb
1 + (λγbcλ)ϕc

1h
b
2,a + (λγbcλ)ϕc

2h
b
1,a

)
, (2.49)

where the superfields Cij are two-particle superfields obtained from the 11D supergravity
super 3-form at second order in perturbation theory.

The vertex operators studied in this section will form the basis for the evaluation of
the 11D 4-point correlation function in the next section.

3 Tree-level 4-point scattering amplitude in 11D

In this section, we introduce a worldline prescription for computing tree-level 4-point correla-
tion functions in 11D pure spinor superspace, and test its consistency under BRST invariance
and gauge transformations. We then evaluate the proposed correlator, and demonstrate that
it reproduces the 4-particle scattering amplitude at tree level derived via perturbiner methods.

3.1 Worldline prescription

Following the approach of [22], we define the 11D pure spinor worldline 4-point function as

𝒜4 =
∫ ∞

−∞
dτ
〈
U

(3)
1 (∞)U (0)

2 (τ)U (1)
3 (0)U (3)

4 (−∞)
〉

+
〈
U

(3)
1 (∞)V (1)

23 (0)U (3)
4 (−∞)

〉
. (3.1)

where the angle brackets denote the path integral over the spacetime and diffeomorphism ghost
fields, as well as the pure spinor projector ⟨λ7θ9⟩ = 1. In this formula (3.1), the worldline is
connected by two particles (1 and 4) represented by the ghost number three vertex operators,
and located at ±∞. The residual one-dimensional translational symmetry has been used to
fix the position of the ghost number one vertex operators to τ = 0. The remaining particle
is represented by a ghost number zero vertex operator, which is integrated over the entire
worldline. Eq. (3.1) has a simple diagrammatic interpretation, as drawn in figure 1.

Next, we show that the 4-point function (3.1) is BRST-closed. To this end, let us first
compute the BRST variation of the first term in eq. (3.1). This variation gives rise to a contact
term, which emerges from the collision of two ghost number one vertex operators, as follows{

Q,

〈
U

(3)
1

∫ ∞

−∞
U

(0)
2 (τ)U (1)

3 (0)U (3)
4

〉}
= −

〈
U

(3)
1

∫ ∞

−∞
∂τU

(1)
2 (τ)U (1)

3 (0)U (3)
4

〉
=
〈
U

(3)
1 U

(3)
4

(
U

(1)
2 (ϵ)U (1)

3 (0) − U
(1)
2 (−ϵ)U (1)

3 (0)
) 〉
, (3.2)
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Figure 1. The three diagrams contributing to the 4-particle scattering process at tree level. The first
diagram represents the first correlator in (3.1) when τ varies from 0 to ∞, while the second diagram
corresponds to this very same correlator when τ is in the region from −∞ to 0. The third diagram
presents an insertion corresponding to the pinching operator V (1)

23 , defined in eq. (2.36).

where ϵ was introduced as an arbitrarily small parameter, and we drop the terms U (1)
2 (±∞)

in the second line. The subtraction inside the parentheses in (3.2) can be written as an
operator insertion on the worldline after appropriate normal ordering,

U
(1)
2 (ϵ)U (1)

3 (0) − U
(1)
2 (−ϵ)U (1)

3 (0) = {U (1)
2 , U

(1)
3 }(0), (3.3)

as per eq. (2.4). The BRST variation of the first term in (3.1) is hence given by{
Q,

〈
U

(3)
1

∫ ∞

−∞
U

(0)
2 (τ)U (1)

3 (0)U (3)
4

〉}
=
〈
U

(3)
1 U

(3)
4 {U (1)

2 , U
(1)
3 }(0)

〉
. (3.4)

On the other hand, the use of eq. (2.37) implies that the second term in eq. (3.1)
transforms as {

Q,
〈
U

(3)
1 (τ1)V (1)

23 (0)U (3)
4 (τ2)

〉}
= −

〈
U

(3)
1 {U (1)

2 , U
(1)
3 }(0)U (3)

4

〉
, (3.5)

which thus cancels the first contribution displayed in eq. (3.4). This concludes the proof
that the 4-point function (3.1) is indeed BRST-closed.

The correlator (3.1) can also be shown to be invariant under gauge transformations.
More precisely, the following modifications of the vertex operators

δU (3) = {Q,Σ}, δU
(1)
3 = [Q,Λ3], δU

(0)
2 = ∂τ Λ2 + [Q,Ω2],

δV
(1)

23 = [U (1)
2 ,Λ3] + [Λ2, U

(1)
3 ] + [Q,Ω23], (3.6)

for arbitrary functions Σ,Λ3,Λ2,Ω2,Ω23, leave the amplitude (3.1) unchanged. These varia-
tions are induced by the action of gauge transformations on the physical fields. The proof
that (3.1) is invariant under the first transformation in (3.6) is identical to that elaborated
above for BRST closure. Under the second transformation in (3.6), the correlator (3.1)
changes as

δ𝒜4 = −
〈
U

(3)
1

∫ ∞

−∞
∂τU

(1)
2 Λ3(0)U (3)

4

〉
−
〈
U

(3)
1 U

(1)
2 (0)Λ3(0)U4

〉
=
〈
U

(3)
1 [U (1)

2 ,Λ3]U (3)
4

〉
−
〈
U

(3)
1 [U (1)

2 ,Λ3]U (3)
4

〉
= 0. (3.7)

A similar computation reveals that (3.1) is also invariant under the transformations labeled
by Λ2. Finally, the gauge transformations with parameters Ω2 and Ω23 can easily be shown
to leave (3.1) invariant in a trivial manner.
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3.2 Simplification

In order to compute the correlation function (3.1) in an efficient and systematic way, we
will first simplify it by making use of the following alternative expressions for the ghost
number one and zero vertex operators

U (0) =
{
b, U (1)

}
+Q(· · · ), U (1) =

[
Σ̂, U (3)

]
+Q(· · · ). (3.8)

These relations were originally presented in [23], with b being the b-ghost of eq. (2.19), and
Σ̂ being a ghost number −2 non-minimal operator simply defined in terms of the physical
operators (2.13)–(2.18)

Σ̂ = PaΦa + dαΦα − λαwβ(γab)α
βΩab. (3.9)

Notice that (3.8) corresponds to gauge transformations of the form (3.6), where Λ3 and Ω2
are determined by the BRST-exact terms enclosed in parentheses, while Λ2 = 0. In this
way, (3.8) generates a variation in the associated pinching operator V (1)

ij consistent with the
structure prescribed by eq. (3.6). The transformed operator then takes the explicit form

Ṽ
(1)

ij = Vij + [U (1)
i ,Λj ]. (3.10)

Since the correlator (3.1) has already been shown to be invariant under such transformations,
one concludes that

𝒜4 =
∫ ∞

−∞
dτ
〈
U

(3)
1 (∞)Ũ (0)

2 (τ)Ũ (1)
3 (0)U (3)

4 (−∞)
〉

+
〈
U

(3)
1 (∞)Ṽ (1)

23 (0)U (3)
4 (−∞)

〉
, (3.11)

where Ũ (0)
2 =

{
b, U

(1)
2

}
, Ũ (1)

3 =
[
Σ̂, U (3)

3

]
, and Ṽ

(1)
23 is the transformed pinching operator.

We now proceed to analyze eq. (3.11). The path integral over the canonical momenta
is equivalent to replacing these momenta by their corresponding differential operator rep-
resentations, up to σij factors. For instance,

⟨pm(τ1)𝒪(x(τ2))⟩ = σ12⟨∂m𝒪(x(τ2))⟩. (3.12)

The application of this substitution rule in eq. (3.11), defines the action of the vertex operators
as commutators or anticommutators in field space, namely [Ũi, −} and [Ṽij , −}. Using
the properties of b and Σ̂, as well as of the pure spinor measure, it is possible to use (IBP)
integration by parts techniques on these operators, which will prove to be significantly useful
for simplifying eq. (3.11), see appendix A for details. Let us illustrate this by considering
the first integral in eq. (3.11), and restrict the interval of integration to ∞ > τ > 0. The
piece of the correlator under consideration then reads∫ ∞

0
dτ
〈
U

(3)
1 (∞)Ũ (0)

2 (τ)Ũ (1)
3 (0)U (3)

4 (−∞)
〉

= 1
2

∫ ∞

0
dτ
〈[
U

(3)
1 , Ũ

(0)
2

]
Ũ

(1)
3 U

(3)
4 − U

(3)
1

[
Ũ

(0)
2 , Ũ

(1)
3 U

(3)
4

]〉
=
∫ ∞

0
dτ
〈[
U

(3)
1 , Ũ

(0)
2

]
Ũ

(1)
3 U

(3)
4

〉
, (3.13)
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Figure 2. The first diagram that contributes to the 4-point function. Due to BRST invariance and
IBP manipulations, one can compute this correlator by considering only the contractions indicated by
the arrows, see eq. (3.14).

where we used IBP for Ũ (0)
2 in the last line. Using the same argument for the action of

Ũ
(1)
3 , one obtains

∫ ∞

0
dτ
〈
U

(3)
1 (∞)Ũ (0)

2 (τ)Ũ (1)
3 (0)U (3)

4 (−∞)
〉

=
∫ ∞

0
dτ
〈{[

U
(3)
1 , Ũ

(0)
2

]
, Ũ

(1)
3

}
U

(3)
4

〉
. (3.14)

This computation demonstrates that the first term in eq. (3.1) can be derived exclusively
from contractions between the worldline-vector dependent vertices Ũ (0)

2 and Ũ
(1)
3 , and the

unintegrated vertex U
(3)
1 . One can conveniently interpret eq. (3.14) as indicating that the

integrated vertex Ũ (0)
2 resides on the leg associated to the asymptotic state with which it first

collides, to then contract the resulting multi-particle operator with Ũ
(1)
3 . See 2.

Analogously, one can simplify the correlators representing the other diagrams. The
4-point amplitude (3.11) then reduces to

𝒜4 =
∫ ∞

0
dτ
〈{[

U
(3)
1 , Ũ

(0)
2

]
, Ũ

(1)
3

}
U

(3)
4

〉
+
∫ 0

−∞
dτ
〈
U

(3)
1

{
Ũ

(1)
3 ,

[
Ũ

(0)
2 , U

(3)
4

]}〉
+
〈{
U

(3)
1 , Ṽ

(1)
23

}
U

(3)
4

〉
. (3.15)

Since the amplitude (3.15) is invariant under BRST transformations and those consistent
with eq. (3.8), one can remove the tildes in eq. (3.15) and write

𝒜4 =
∫ ∞

0
dτ
〈{[

U
(3)
1 , U

(0)
2

]
, U

(1)
3

}
U

(3)
4

〉
+
∫ 0

−∞
dτ
〈
U

(3)
1

{
U

(1)
3 ,

[
U

(0)
2 , U

(3)
4

]}〉
+
〈{
U

(3)
1 , V

(1)
23

}
U

(3)
4

〉
. (3.16)

3.3 Evaluation

We will evaluate now eq. (3.16) in pure spinor superspace. The first term is represented
by the same diagram in 2, which will be called 𝒜s

4. The superscript s denotes that this
configuration corresponds to the s-channel, as it reproduces the pole s = s12 upon contracting
the exponential factors eikx and performing the integration over τ . Using the relation (2.45)
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Figure 3. The second diagram relevant to the computation of the 4-point function. This configuration
gives rise to the pole t = s13, which justifies its notation 𝒜t

4.

and the equations of motion (2.48) and (2.49), one then obtains

𝒜s
4 =

∫ ∞

0
dτ
〈{[

U
(3)
1 , U

(0)
2

]
, U

(1)
3

}
U

(3)
4

〉
= 6
s12

〈
(λγbaλ)ϕb

12ϕ
a
3U

(3)
4

〉
+ 3

〈
{C12, U

(1)
3 }U (3)

4

〉
+ 3

〈
(λγbaϕ1)ϕb

2ϕ
a
3U

(3)
4

〉
+ 3

〈
(λγbaϕ2)ϕb

1ϕ
a
3U

(3)
4

〉
+ 6

〈
(λγbaϕ3)ϕb

1ϕ
a
2U

(3)
4

〉
+ 3

〈
(λγcbλ)ϕc

1h
b
2,aϕ

a
3U

(3)
4

〉
+ 3

〈
(λγcbλ)ϕc

2h
b
1,aϕ

a
3U

(3)
4

〉
+ 3

〈
(λγabλ)ϕa

2h
b
1,αϕ

α
3U

(3)
4

〉
+ 3

〈
(λγabλ)ϕa

1h
b
2,αϕ

α
3U

(3)
4

〉
, (3.17)

where Cij = Ci,aϕ
a
j − Ci,αϕ

α
j . A full derivation of (3.17) can be found in appendix C.

Similarly, the second term in eq. (3.16) is diagrammatically displayed in 3. In this case,
the contraction of the exponential factors eikx and integration over τ yield the pole t = s13,
which indicates that this diagram 𝒜t

4 describes the t-channel of the 4-particle interaction.
A straightforward strategy for computing this diagram involves observing that it is

BRST-equivalent to the diagram studied above up to a particle relabeling. Indeed,〈{
Q,

(
U

(3)
1

∫ 0

−∞
U

(0)
3

∫ ∞

0
U

(0)
2 U

(3)
4

)}〉
= −

〈
U

(3)
1

∫ ∞

0
U

(0)
2 U

(1)
3 U

(3)
4

〉
+
〈
U

(3)
1

∫ 0

−∞
U

(0)
3 U

(1)
2 U

(3)
4

〉
. (3.18)

Diagrammatically, this relation corresponds to 4. This implies that the t-channel contribution
can alternatively be computed by first contracting the integrated vertex U

(0)
3 with the ghost

number three vertex U
(3)
1 , and then contracting the resulting expression with the ghost

number one operator U (1)
2 . In this manner, one finds that 𝒜t takes the form

𝒜t
4 =

∫ 0

−∞
dτ
〈
U

(3)
1 (∞)

{
U

(1)
3 (0),

[
U

(0)
2 (τ), U (3)

4 (−∞)
]}〉

=
∫ ∞

0
dτ
〈{[

U
(3)
1 (∞), U (0)

3 (τ)
]
, U

(1)
2 (0)

}
U

(3)
4 (−∞)

〉
= 6
s13

〈
(λγbaλ)ϕb

13ϕ
a
2U

(3)
4

〉
+ 3

〈
{C13, U

(1)
2 }U (3)

4

〉
+ 3

〈
(λγbaϕ1)ϕb

3ϕ
a
2U

(3)
4

〉
+ 3

〈
(λγbaϕ3)ϕb

1ϕ
a
2U

(3)
4

〉
+ 6

〈
(λγbaϕ2)ϕb

1ϕ
a
3U

(3)
4

〉
+ 3

〈
(λγcbλ)ϕc

1h
b
3,aϕ

a
2U

(3)
4

〉
+ 3

〈
(λγcbλ)ϕc

3h
b
1,aϕ

a
2U

(3)
4

〉
+ 3

〈
(λγabλ)ϕa

3h
b
1,αϕ

α
2U

(3)
4

〉
+ 3

〈
(λγabλ)ϕa

1h
b
3,αϕ

α
2U

(3)
4

〉
. (3.19)
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Figure 4. BRST invariance provides two equivalent formulations for computing the correlator 𝒜t
4.

Figure 5. The third diagram entering the 4-point function. Unlike the previous correlators 𝒜s
4

and 𝒜t
4, this diagram contains the pinching operator V (1)

23 . Its particular configuration describes the
u-channel of the 4-particle scattering process, which motivates the notation 𝒜u

4 .

After summing the two channels (3.17) and (3.19), and some algebra (see appendix C for
details), one gets

𝒜s
4 + 𝒜t

4 = 6
s12

〈
(λγbaλ)ϕb

12ϕ
a
3U

(3)
4

〉
+ 6
s13

〈
(λγbaλ)ϕb

13ϕ
a
2U

(3)
4

〉
+ 12

〈
(λγabϕ1)ϕa

2ϕ
b
3U

(3)
4

〉
+ 12

〈
(λγabϕ2)ϕa

3ϕ
b
1U

(3)
4

〉
+ 12

〈
(λγabϕ3)ϕa

1ϕ
b
2U

(3)
4

〉
+ 6

〈
(λγabλ)ϕa

1h
b
(2,cϕ

c
3)U

(3)
4

〉
+ 6

〈
(λγabλ)ϕa

1h
b
(2,αϕ

α
3)U

(3)
4

〉
+ 6

〈
C1a

(
ϕc

(2∂cϕ
a
3) + ϕδ

(2Dδϕ
a
3) − Ωα

(2h
a
3),α

)
U

(3)
4

〉
− 6

〈
C1α

(
ϕc

(2∂cϕ
α
3) + ϕδ

(2Dδϕ
α
3) − Ωβ

(2h
α
3),β

)
U

(3)
4

〉
. (3.20)

Finally, the u-channel can be obtained from the diagram containing the pinching operator
in figure 5.

We denote this diagram by 𝒜u
4 since it reproduces the u-channel, as can easily be seen

from the definition of the pinching operator V (1)
23 in eq. (2.36). A detailed computation of

this diagram can be found in appendix C. The result reads

𝒜u
4 =

〈{
U

(3)
1 , V

(1)
23

}
U

(3)
4

〉
= 6
s23

( 〈
(λγabλ)ϕa

1ϕ̃
b
23U

(3)
4

〉
+ 3

〈
C1,a({Q, ϕ̃a

23} − (λγaϕ̃23))U (3)
4

〉
− 3

〈
C1,α([Q, ϕ̃α

23] + Ω̃α
3 )U (3)

4

〉 )
= 6
s23

〈
(λγabλ)ϕa

23ϕ
b
1U

(3)
4

〉
− 6

〈
(λγabλ)ϕa

1h
b
(2,αϕ

α
3)U

(3)
4

〉
− 6

〈
(λγabλ)ϕa

1h
b
(2,cϕ

c
3)U

(3)
4

〉
− 6

〈
C1,a

(
ϕc

(2∂cϕ
a
3) + ϕδ

(2Dδϕ
a
3) − Ωα

(2h
a
3),α

)
U

(3)
4

〉
+ 6

〈
C1,α

(
ϕc

(2∂cϕ
α
3) + ϕδ

(2Dδϕ
α
3) − Ωβ

(2h
α
3),β
)
U

(3)
4

〉
. (3.21)
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After plugging eqs. (3.20) and (3.21) into eq. (3.16), one finds the compact formula
for the 4-point function in 11D

𝒜4 =𝒜s
4 + 𝒜t

4 + 𝒜u
4

= 6
[

1
s12

〈
(λγabλ)ϕa

12ϕ
b
3U

(3)
4

〉
+ 1
s13

〈
(λγabλ)ϕa

13ϕ
b
2U

(3)
4

〉
+ 1
s23

〈
(λγabλ)ϕa

23ϕ
b
1U

(3)
4

〉

+ 2
〈
(λγabϕ1)ϕa

2ϕ
b
3U

(3)
4

〉
+ 2

〈
(λγabϕ3)ϕa

1ϕ
b
2U

(3)
4

〉
+ 2

〈
(λγabϕ2)ϕa

3ϕ
b
1U

(3)
4

〉 ]
. (3.22)

Next, we demonstrate that our result (3.22) is BRST-closed and invariant under the full
permutation group of external particles. We also verify that it reproduces the scattering
amplitude derived from perturbiner methods applied to 11D supergravity in pure spinor
superspace.

3.4 BRST invariance and full permutation symmetry

As shown in appendix C.1, the amplitude (3.22) admits the following compact representation

𝒜4 = 4
〈
V

(3)
12 {Q,V (3)

34 }
〉

+ 4
〈
V

(3)
13 {Q,V (3)

24 }
〉

+ 4
〈
V

(3)
23 {Q,V (3)

14 }
〉
, (3.23)

where V (3)
ij ≡ U

(3)
ij /sij , with U

(3)
ij being the ghost number three vertex operator defined in

eq. (2.46). This form of the amplitude makes both its BRST invariance and full permutation
symmetry manifest.

Indeed, the use of eq. (2.47) results in the following BRST transformation for the
amplitude (3.23)

{Q,A4} = 12
〈
(λγ[abλ)(λγc]dλ)ϕ1,aϕ2,bϕ3,cϕ4,d

〉
. (3.24)

BRST invariance then immediately follows from the identity (λγ[abλ)(λγc]dλ) = 0.
Moreover, IBP manipulations involving the BRST operator, together with the symmetry

of {Q,V (3)
ij } under the exchange i ↔ j, imply that the amplitude (3.23) is invariant under

the full permutation group of external particles. Let us see how this works explicitly. The
invariance under the exchange 1 ↔ 2 follows from IBP the BRST operator in the first
term of (3.23)

𝒜(1, 2, 3, 4) = 4
〈
V

(3)
12 {Q,V (3)

34 }
〉

+ 4
〈
V

(3)
13 {Q,V (3)

24 }
〉

+ 4
〈
V

(3)
23 {Q,V (3)

14 }
〉

= 4
〈
{Q,V (3)

21 }V (3)
34

〉
+ 4

〈
V

(3)
23 {Q,V (3)

14 }
〉

+ 4
〈
V

(3)
13 {Q,V (3)

24 }
〉

= 𝒜(2, 1, 3, 4), (3.25)

where in the second line we used the symmetry of the expression {Q,V (3)
12 } under the exchange

1 ↔ 2. The same reasoning applies to demonstrate invariance under the exchanges 1 ↔ 3,
2 ↔ 3. The invariance under the exchanges of indices involving the particle labels (1, 4), is
established after IBP the BRST operator in the first two terms of (3.23)

𝒜(1, 2, 3, 4) = 4
〈
V

(3)
12 {Q,V (3)

34 }
〉

+ 4
〈
V

(3)
13 {Q,V (3)

24 }
〉

+ 4
〈
V

(3)
23 {Q,V (3)

14 }
〉

= 4
〈
{Q,V (3)

21 }V (3)
43

〉
+ 4

〈
{Q,V (3)

31 }V (3)
42

〉
+ 4

〈
V

(3)
23 {Q,V (3)

41 }
〉

= 𝒜(4, 2, 3, 1). (3.26)
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Invariance under the exchanges 4 ↔ 3, 4 ↔ 2 follows directly by analogy with the
preceding case. This confirms that the amplitude (3.23) is invariant under the full symmetric
group S4 acting on the external particles.

3.5 Perturbiner methods

The perturbiner expansion was originally introduced in [34] as an alternative method for
computing gluon scattering amplitudes. In recent years, it has been significantly developed
and extended to various settings, including gravity, loop-level interactions, and formulations
involving pure spinors [21]. Building on the latter, one can define the following BRST-closed
4-particle amplitude in 11D pure spinor superspace

ℳ4 = 1
2 lim

k2
4→0

〈
QU

(3)
123U

(3)
4

〉
, (3.27)

where the normalization constant was chosen for convenience, the angle brackets denote the
standard 11D pure spinor measure ⟨λ7θ9⟩ = 1, and U

(3)
123 is a three-particle operator of ghost

number three, defined from the 11D supergravity equations of motion.
To evaluate (3.27), one can expand the supergravity constraint Gαβδϵ = 0, where Gαβδϵ

is the lowest mass dimension component of the super 4-form field strength GABCD, at third
order in the number of fields. One finds

Gαβδϵ = E(α
MEβ

NEδ
PEϵ)

QGQP NM

= Hαβδϵ + 4Ẽ(α
M Êβ

N Êδ
P Êϵ)

QGQP NM + 6Ẽ(α
M Ẽβ

N Êδ
P Êϵ)

QGQP NM

+ 4Ẽ(α
M Ẽβ

N Ẽδ
P Êϵ)

QGQP NM + Ẽ(α
M Ẽβ

N Ẽδ
P Ẽϵ)

QGQP NM = 0, (3.28)

where Hαβδϵ = Ê(α
M Êβ

N Êδ
P Êϵ)

QGQNMP , (ÊA
M , ÊM

A) represent the flat-space values of
the corresponding vielbeins, and (ẼA

M , ẼM
A) denote the full vielbeins after removing their

background values. As done in [25], we make the identification U (3) = λαλβλδCαβδ, where
Cαβδ = Ê(α

M Êβ
N Êδ)

PCP NM , and CP NM is the super 3-form gauge field of 11D supergravity.
The perturbiner approach then dictates the following multi-particle expansions

ẼA
M =

∑
𝒫
E𝒫,A

Mek𝒫 ·X , (3.29)

ẼM
A =

∑
𝒫
E𝒫,M

Aek𝒫 ·X , (3.30)

HABCD = ĤABCD +
∑
𝒫
H𝒫,ABCDe

k𝒫 ·X , (3.31)

where ĤABCD is the flat-space value of HABCD, and 𝒫 = p1p2 . . . pN , represents a ordered
sequence of letters, with pi being a single-particle label, and k𝒫 = kp1 + kp2 + . . .+ kpN .
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After substituting the relations (3.29)–(3.31) in (3.28), and performing some algebraic
manipulations, one finds

H𝒳,αβδϵ = 4Êα
M Êβ

N Êδ
P Êϵ

QÊQ
DÊP

CÊN
BE𝒳,M

AHABCD

+ 6
∑

𝒫∪𝒬=𝒳
Êα

M Êβ
N Êδ

P Êϵ
QÊQ

DÊP
CE𝒫,N

BE𝒬,M
AHABCD

+ 4
∑

𝒫∪𝒬∪ℛ=𝒳
Êα

M Êβ
N Êδ

P Êϵ
QÊQ

DE𝒫,P
CE𝒬,N

BEℛ,M
AHABCD

+
∑

𝒫∪𝒬∪ℛ∪𝒮=𝒳
Êα

M Êβ
N Êδ

P Êϵ
QE𝒫,Q

DE𝒬,P
CEℛ,N

BE𝒮,M
AHABCD. (3.32)

Using the definition h𝒫,A
B = ÊA

M Ẽ𝒫,M
B, one finds the following equation of motion

at cubic order in the number of fields

H𝒳,αβδϵ = −6(γab)(αβ

∑
𝒫∪𝒬=𝒳

h𝒫,δ
ah𝒬,ϵ)

b − 12(γab)(ακ

∑
𝒫∪𝒬∪𝒮=𝒳

h𝒫,β
κh𝒬,δ

ahℛ,ϵ)
b, (3.33)

which in pure spinor superspace takes the simple form

QU
(3)
𝒳 = 6(λγabλ)

∑
𝒫∪𝒬=𝒳

Φa
𝒫Φb

𝒬 + 12
∑

𝒫∪𝒬∪ℛ=𝒳
(λγabΦ𝒫)Φa

𝒬Φb
ℛ, (3.34)

where ΦA
𝒫 = λαh𝒫,α

A. Note that ΦA
i = ϕA

i for any single-particle label i.
Therefore, the perturbiner approach predicts the following 4-particle amplitude

ℳ4 = 6
[ 〈

(λγabλ)Φa
12Φb

3U
(3)
4

〉
+
〈
(λγabλ)Φa

13Φb
2U

(3)
4

〉
+
〈
(λγabλ)Φa

23Φb
1U

(3)
4

〉
+ 2

〈
(λγabΦ1)Φa

2Φb
3U

(3)
4

〉
+ 2

〈
(λγabΦ2)Φa

1Φb
3U

(3)
4

〉
+ 2

〈
(λγabΦ3)Φa

1Φb
2U

(3)
4

〉 ]
. (3.35)

In order to reproduce the four-particle amplitude (3.22) from the perturbiner formula (3.27)
restricted to the case of four external labels, one needs to make the rescaling ΦA

ij = 1
sij
ϕA

ij ,
which is consistent with our discussion in appendix B. After doing so, one concludes that
ℳ4 = 𝒜4, as promised.

4 Tree-level N-point scattering amplitudes in 11D

This section generalizes the preceding construction and introduces a framework for computing
tree-level N-point correlators in 11D supergravity using the pure spinor worldline formalism.

One begins by selecting a skeleton diagram consisting of a worldline that connects two
particles positioned at ±∞, designated as particles 1 and N . The remaining external particles
are inserted via ghost number zero vertex operators, together with a single ghost number
one insertion. Exploiting worldline translation invariance, one fixes the position of the ghost
number one vertex at τ = 0. To compute the amplitude, we integrate over the insertion
positions and subsequently perform the path integral over the worldline fields, incorporating
the standard pure spinor measure ⟨λ7θ9⟩ = 1. Explicitly,
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𝒜N =
∑
k,Pi

〈
U

(3)
1 (∞)

k−1∏
i=1

(∫
dτPiU

(0)
Pi

)
V

(1)
Pk

(0)U (3)
N (−∞)

〉
, (4.1)

where the sum runs over integers k ∈ {1, . . . , N − 2} and corresponding multi-particle labels
Pi, such that P1 ∪ P2 ∪ · · · ∪ Pk = {2, . . . , N − 1}, and Pk ∩ {N − 1} ̸= ∅.

The evaluation of the correlator (4.1) proceeds in two stages: first, one contracts all
momenta as dictated by eq. (2.3). This step is equivalent to replacing the momenta with
their respective differential operator counterparts

Pa → ∂a, dα → Dα, ωα → ∂λα , (4.2)

up to factors of σij = 1
2sign(τi − τj). Finally, one performs the integration over the zero

modes of the worldline fields. The spacetime coordinates in the exponential factors ekX

give rise to the kinematical poles of the amplitude, while the zero modes of θ and λ are
saturated by the projector ⟨λ7θ9⟩ = 1.

4.1 BRST and gauge invariance

As in the 4-point case, we now show that the prescription (4.1) is BRST-closed and invariant
under gauge transformations. For clarity and simplicity, we restrict our analysis to the case
of N = 5 external particles, noting that the generalization to arbitrary N is expected to
follow straightforwardly by analogous reasoning.

The 5-point amplitude 𝒜5 is given by

𝒜5 =
∫ ∞

−∞
dτ2

∫ ∞

−∞
dτ3

〈
U

(3)
1 (∞)U (0)

2 (τ2)U (0)
3 (τ3)U (1)

4 (0)U (3)
5 (−∞)

〉
+
∫ ∞

−∞
dτ
〈
U

(3)
1 (∞)U (0)

2 (τ)V (1)
34 (0)U (3)

5 (−∞)
〉

+
∫ ∞

−∞
dτ
〈
U

(3)
1 (∞)U (0)

3 (τ)V (1)
24 (0)U (3)

5 (−∞)
〉

+
∫ ∞

−∞
dτ
〈
U

(3)
1 (∞)U (0)

23 (τ)U (1)
4 (0)U (3)

5 (−∞)
〉

+
〈
U

(3)
1 (∞)V (1)

234(0)U (3)
5 (−∞)

〉
. (4.3)

In this case, we observe the presence of a new object, namely the ghost number zero multi-
particle operator U (0)

ij , which unlike the ghost number one operator, it does not possess a
definite symmetry under particle exchange.
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To show BRST invariance, one can compute the BRST variation of each line on the
right-hand side of eq. (4.3). The first line transforms as

−
∫ ∞

−∞
dτ2

∫ ∞

−∞
dτ3

〈
U

(3)
1 (∞)

(
∂τ2U

(1)
2 (τ2)U (0)

3 (τ3) + U
(0)
2 (τ2)∂τ3U

(1)
3 (τ3)

)
U

(1)
4 (0)U (3)

5 (−∞)
〉

=
∫ ∞

−∞
dτ
〈
U

(3)
1 (∞)

(
U

(1)
2 (τ + ϵ)U (0)

3 (τ) − U
(1)
2 (τ − ϵ)U (0)

3 (τ)
)
U

(1)
4 (0)U (3)

5 (−∞)
〉

+
∫ ∞

−∞
dτ
〈
U

(3)
1 (∞)

(
U

(1)
3 (τ + ϵ)U (0)

2 (τ) − U
(1)
3 (τ − ϵ)U (0)

2 (τ)
)
U

(1)
4 (0)U (3)

5 (−∞)
〉

+
∫ ∞

−∞
dτ3

〈
U

(3)
1 (∞)

(
U

(1)
2 (ϵ)U (1)

4 (0) − U
(1)
2 (−ϵ)U (1)

4 (0)
)
U

(0)
3 (τ3)U (3)

5 (−∞)
〉

+
∫ ∞

−∞
dτ2

〈
U

(3)
1 (∞)U (0)

2 (τ2)
(
U

(1)
3 (ϵ)U (1)

4 (0) − U
(1)
3 (−ϵ)U (1)

4 (0)
)
U

(3)
5 (−∞)

〉
,

(4.4)

where ϵ represents an arbitrary small parameter, and we dropped the terms where U (1)

approaches ±∞. After appropriate normal ordering, the parentheses in the second and third
lines of eq. (4.4) can be written as operator insertions

U
(1)
2 (τ + ϵ)U (0)

3 (τ) − U
(1)
2 (τ − ϵ)U (0)

3 (τ) = [U (1)
2 , U

(0)
3 ](τ), (4.5)

U
(1)
3 (τ + ϵ)U (0)

2 (τ) − U
(1)
3 (τ − ϵ)U (0)

2 (τ) = [U (1)
3 , U

(0)
2 ](τ). (4.6)

The same procedure can be applied to the last two lines of eq. (4.4), so that the
subtractions within the parentheses give rise to operator insertions. In this manner, eq. (4.4)
reduces to ∫ ∞

−∞
dτ
〈
U

(3)
1 (∞)

(
[U (1)

2 , U
(0)
3 ] + [U (1)

3 , U
(0)
2 ]
)

(τ)U (1)
4 (0)U (3)

5 (−∞)
〉

+
∫ ∞

−∞
dτ3

〈
U

(3)
1 (∞)

{
U

(1)
2 , U

(1)
4

}
(0)U (0)

3 (τ3)U (3)
5 (−∞)

〉
+
∫ ∞

−∞
dτ2

〈
U

(3)
1 (∞)U (0)

2 (τ2)
{
U

(1)
3 , U

(1)
4

}
(0)U (3)

5 (−∞)
〉
. (4.7)

Analogously, the BRST variation of the second line in (4.3) can be cast as

−
∫ ∞

−∞
dτ
〈
U

(3)
1 (∞)U (0)

2 (τ)
{
U

(1)
3 , U

(1)
4

}
(0)U (3)

5 (−∞)
〉

−
〈
U

(3)
1 (∞)

(
U

(1)
2 (ϵ)V (1)

34 (0) − U
(1)
2 (−ϵ)V (1)

34 (0)
)
U

(3)
5 (−∞)

〉
−
∫ ∞

−∞
dτ
〈
U

(3)
1 (∞)U (0)

3 (τ)
{
U

(1)
2 , U

(1)
4

}
(0)U (3)

5 (−∞)
〉

−
〈
U

(3)
1 (∞)

(
U

(1)
3 (ϵ)V (1)

24 (0) − U
(1)
3 (−ϵ)V (1)

24 (0)
)
U

(3)
5 (−∞)

〉
, (4.8)

where we used eq. (2.33) for the BRST variation of the pinching operator. We observe that
the first and third lines of eq. (4.8) cancel against the last two lines of eq. (4.7). Once more,
one can bring eq. (4.8) into normal-ordered form, so that the subtractions in the parentheses
of the second and fourth lines generate operator insertions. Taken together, the BRST
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variation of the first and second lines of (4.3) can be expressed as

∫ ∞

−∞
dτ
〈
U

(3)
1 (∞)

(
[U (1)

2 , U
(0)
3 ] + [U (1)

3 , U
(0)
2 ]
)

(τ)U (1)
4 (0)U (3)

5 (−∞)
〉

−
〈
U

(3)
1 (∞)

{
U

(1)
2 , V

(1)
34

}
(0)U (3)

5 (−∞)
〉
−
〈
U

(3)
1 (∞)

{
U

(1)
3 , V

(1)
24

}
(0)U (3)

5 (−∞)
〉
. (4.9)

To compute the variation of the last line in (4.3), one needs to make use of the relations

[Q,U (0)
23 ] = ∂τU

(1)
23 + [U (0)

2 , U
(1)
3 ] + [U (0)

3 , U
(1)
2 ], (4.10)

{Q,V (1)
234} = {U (1)

2 , V
(1)

34 } + {U (1)
3 , V

(1)
24 } + {U (1)

4 , V
(1)

23 }. (4.11)

which can be directly obtained from eq. (2.32) and the consistency conditions (2.30) and (2.31).
For such a variation, one then finds

−
〈
U

(3)
1 (∞)

(
V

(1)
23 (ϵ)U (1)

4 (0) − V
(1)

23 (−ϵ)U (1)
4 (0)

)
U

(3)
5 (−∞)

〉
−
∫ ∞

−∞
dτ
〈
U

(3)
1 (∞)

(
[U (0)

2 , U
(1)
3 ] + [U (0)

3 , U
(1)
2 ]
)

(τ)U (1)
4 (0)U (3)

5 (−∞)
〉

+
〈
U

(3)
1 (∞)

(
{U (1)

2 , V
(1)

34 } + {U (1)
3 , V

(1)
24 } + {U (1)

4 , V
(1)

23 }
)

(0)U (3)
5 (−∞)

〉
. (4.12)

Upon normal ordering the first line of eq. (4.12), this expression simplifies to

−
〈
U

(3)
1 (∞){U (1)

4 , V
(1)

23 }(0)U (3)
5 (−∞)

〉
−
∫ ∞

−∞
dτ
〈
U

(3)
1 (∞)

(
[U (0)

2 , U
(1)
3 ] + [U (0)

3 , U
(1)
2 ]
)

(τ)U (1)
4 (0)U (3)

5 (−∞)
〉

+
〈
U

(3)
1 (∞)

(
{U (1)

2 , V
(1)

34 } + {U (1)
3 , V

(1)
24 } + {U (1)

4 , V
(1)

23 }
)

(0)U (3)
5 (−∞)

〉
. (4.13)

Therefore, one concludes that the BRST variation of the first two lines of the 5-point
function (4.3), given by (4.9), exactly cancels the BRST variation of the last line of (4.3),
given by (4.13). This proves the BRST closure of the 5-point function.

Let us now investigate the variation of the 5-point function (4.3) under gauge trans-
formations. These read

δU (3) = {Q,Σ}, δU
(1)
4 = [Q,Λ4], δU

(0)
i = ∂τ Λi + [Q,Ωi], i = 2, 3

δU
(0)
23 = ∂τ Ω23 + 2[U (0)

(2 ,Λ3)] + 2{Ω(2, U
(1)
3) } + [Q,Σ23],

δV
(1)

i4 = [Λ4, U
(1)
i ] + [Λi, U

(1)
4 ] + [Q,Ωi4], i = 2, 3

δV
(1)

234 = [V (1)
23 ,Λ4] + [Λ3, V

(1)
24 ] + [Λ2, V

(1)
34 ] + [U (1)

2 ,Ω34] + [U (1)
3 ,Ω24] + [U (1)

4 ,Ω23] + [Q,Ω234],
(4.14)

for arbitrary functions Σ,Σ23,Λ4,Λ3,Λ2,Ω2,Ω23,Ω24,Ω34,Ω234. The invariance of (4.3)
under the gauge symmetry associated to the parameter Σ immediately follows from the same
argument as that used in the proof of BRST closure below eq. (4.3).
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The action of the transformation generated by Λ4 in eq. (4.14), induces the following
variation in the correlator (4.3)

δΛ4𝒜5 =
∫ ∞

−∞
dτ
〈
U

(3)
1

(
[U (0)

2 ,U
(1)
3 ]+[U (0)

3 ,U
(1)
2 ]
)

(τ)Λ4(0)U (3)
5

〉
+
∫ ∞

−∞
dτ
〈
U

(3)
1

(
U

(0)
2 (τ)[U (1)

3 ,Λ4](0)+U
(0)
3 (τ)[U (1)

2 ,Λ4](0)
)
U

(3)
5

〉
−
∫ ∞

−∞
dτ
〈
U

(3)
1 U

(0)
2 (τ)[U (1)

3 ,Λ4](0)U (3)
5

〉
−
∫ ∞

−∞
dτ
〈
U

(3)
1 U

(0)
3 (τ)[U (1)

2 ,Λ4](0)U (3)
5

〉
−
∫ ∞

−∞
dτ
〈
U

(3)
1

(
[U (0)

2 ,U
(1)
3 ]+[U (0)

3 ,U
(1)
2 ]
)

(τ)Λ4(0)U (3)
5

〉
−
〈
U

(3)
1 [V (1)

23 ,Λ4](0)U (3)
5

〉
+
〈
U

(3)
1 [V (1)

23 ,Λ4](0)U (3)
5

〉
= 0. (4.15)

The first two lines of eq. (4.15) arise from the gauge variation of the first line in eq. (4.3),
once it is brought into normal-ordered form. The third line corresponds to the variation of
the second line in eq. (4.3), while the fourth line reflects the gauge variation of the first term
in the third line of eq. (4.3), again after appropriate normal ordering. Finally, the last line
originates from the gauge transformation of the final term in eq. (4.3).

Similarly, the gauge variations governed by the parameters Λ2 and Λ3 in eq. (4.14),
act on 𝒜5 in the following way:

δΛi
𝒜5 = − 2

∫ ∞

−∞
dτ
〈
U

(3)
1 [U (0)

(2 ,Λ3)](τ)U (1)
4 (0)U (3)

5

〉
−
∫ ∞

−∞
dτ
〈
U

(3)
1

(
U

(0)
2 (τ)[Λ3, U

(1)
4 ](0) + U

(0)
3 (τ)[Λ2, U

(1)
4 ](0)

)
U

(3)
5

〉
−
〈
U

(3)
1 [Λ2, V

(1)
34 ](0)U (3)

5

〉
−
〈
U

(3)
1 [Λ3, V

(1)
24 ](0)U (3)

5

〉
+
∫ ∞

−∞
dτ
〈
U

(3)
1 U

(0)
2 (τ)[Λ3, U

(1)
4 ](0)U (3)

5

〉
+
∫ ∞

−∞
dτ
〈
U

(3)
1 U

(0)
3 (τ)[Λ2, U

(1)
4 ](0)U (3)

5

〉
+ 2

∫ ∞

−∞
dτ
〈
U

(3)
1 [U (0)

(2 ,Λ3)](τ)U (1)
4 (0)U (3)

5

〉
+
〈
U

(3)
1

(
[Λ2, V

(1)
34 ] + [Λ3, V

(1)
24 ]

)
(0)U (3)

5

〉
= 0. (4.16)

The first two lines of eq. (4.16) originate from the gauge variation of the first line in eq. (4.3),
after applying appropriate normal ordering. The third and fourth lines arise from the variation
of the second line in eq. (4.3), with normal ordering applied in the third line. Finally, the
last two lines result from the variation of the last line in eq. (4.3).

Furthermore, under the transformations generated by Ω2 and Ω3 in (4.14), the corre-
lator (4.3) transforms as follows

δΩi𝒜5 = 2
∫ ∞

−∞
dτ
〈
U

(3)
1 {Ω(2, U

(1)
3) }(τ)U (1)

4 (0)U (3)
5

〉
+
∫ ∞

−∞
dτ
〈
U

(3)
1

(
Ω2(τ){U (1)

3 , U
(1)
4 }(0) + Ω3(τ){U (1)

2 , U
(1)
4 }(0)

)
U

(3)
5

〉
−
∫ ∞

−∞
dτ
〈
U

(3)
1 Ω2(τ){U (1)

3 , U
(1)
4 }(0)U (3)

5

〉
−
∫ ∞

−∞
dτ
〈
U

(3)
1 Ω(0)

3 (τ){U (1)
2 , U

(1)
4 }(0)U (3)

5

〉
− 2

∫ ∞

−∞
dτ
〈
U

(3)
1 {Ω(2, U

(1)
3) }(τ)U (4)

1 (0)U (3)
5

〉
= 0. (4.17)
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The first two lines of eq. (4.17) arise from the variation of the first line in eq. (4.3), after
applying appropriate normal ordering. The third line results from the variation of the
second line in eq. (4.3), after IBP the BRST operator. Finally, the fourth line reflects the
gauge transformation of the first term in the third line of eq. (4.3), again after suitable
normal ordering.

Likewise, the gauge transformations associated to the parameters Ω24 and Ω34 in (4.14),
lead to the following change in the 5-point function

δΩi4𝒜5 = −
〈
U

(3)
1 [U (1)

2 ,Ω34](0)U (3)
5

〉
+
〈
U

(3)
1 [U (1)

3 ,Ω24](0)U (3)
5

〉
+
〈
U

(3)
1

(
[U (1)

2 ,Ω34] + [U (1)
3 ,Ω24]

)
(0)U (3)

5

〉
= 0. (4.18)

The first line in eq. (4.18) corresponds to the gauge transformation of the second line in
eq. (4.3), after IBP the BRST operator and using normal ordering, and the last line results
from the gauge transformation of the last term in eq. (4.3).

Finally, the gauge transformations generated by the parameters Ω23 and Ω234 in (4.14)
can be shown to leave the 5-point amplitude (4.3) invariant in a trivial way. This concludes
our proof of gauge invariance of the 5-point amplitude (4.3).

5 Discussions

We have developed a pure spinor prescription for computing N-particle scattering amplitudes
in 11D supergravity, which is consistent with both BRST symmetry and gauge invariance.
In particular, the 4-point function derived within this framework exhibits a remarkably
compact and simple form in pure spinor superspace. This expression not only manifests full
invariance under the permutation group of external particles, but also aligns precisely with
the amplitude formula obtained via the perturbiner method.

To evaluate higher-point correlation functions, one must construct multi-particle vertex
operators of various ghost numbers that satisfy the consistency relations (4.10) and (4.11). For
example, the vertex operators U (0)

23 and V (1)
234 introduced in section 4 can be derived from the

(anti)commutation relations obeyed by the one- and two-particle vertex operators appearing
on the right-hand side of eqs. (4.10) and (4.11). Their explicit forms follow directly from
eqs. (2.25), (2.27), and (2.38). Since the relevant expressions are BRST-exact by construction,
a straightforward comparison yields the results for U (0)

23 and V
(1)

234 . Scattering amplitudes
may then be extracted from the contraction relations satisfied by these operators and their
lower-rank counterparts. As a non-trivial check, the resulting amplitudes can be compared
with those obtained from the perturbiner method for an arbitrary number of external particles.

In principle, this procedure extends to the computation of any tree-level pure spinor
correlator in 11D. However, its implementation might be obstructed by subtleties associated
with the pole η in the integrated vertex operator. These subtleties originate from the structure
of the pure spinor measure [dZ] in the projector ⟨·⟩, which schematically scales as

[dZ] ∼ λ−7 d23λ d23λ̄ d23r (5.1)

(see appendix A for details). Consequently, the integrand must decay more slowly than
λ−16λ̄−23. This restriction limits the number of integrated vertex operators that may appear
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in a correlation function, since these operators explicitly involve negative powers of η. To
illustrate this point, define ξ = λ̄θ

λλ̄+rθ
which satisfies Qξ = 1. A naive argument would

then suggest ⟨M⟩ = ⟨Q(ξM)⟩ = 0, where M = λ7θ9 represents the top cohomology of the
11D pure spinor BRST charge. This conclusion, however, is only valid if ξM diverges more
slowly than λ−16λ̄−22. In fact, ξM contains terms of the form λ−16λ̄−22θ32r22, invalidating
the naive reasoning. As in 10D [35], these difficulties can be circumvented by introducing
a regularized version of the integrated vertex operator in which the problematic poles are
absent. While a full treatment of this regularization lies beyond the scope of the present
manuscript, we intend to return to this question in future work.

Once the pure spinor correlator has been evaluated for a given set of supergravity external
states, the corresponding physical scattering amplitudes are obtained by projecting the result
to ordinary spacetime using the measure ⟨λ7θ9⟩ = 1. This measure was derived in [31] within
the pure spinor superfield framework, however, to the best of our knowledge, it has not yet
been used in explicit computations. In forthcoming work, we plan to analyze 11D pure spinor
expressions compatible with the λ7θ9 structure which, together with the θ-expansions of [25],
will allow us to compute the 4-point function presented in eq. (3.22) in ordinary spacetime.

It would also be interesting to explore how our worldline approach can provide deeper
insights into the worldvolume dynamics of the supermembrane. In particular, the vertex
operator recently introduced in [27] and succesfully used in this work, radically differs from
that proposed in [7] in the particle limit. Likewise, unlike the supermembrane scattering
prescription in [7], which requires the presence of the ghost number four pure spinor superfield
containing 11D supergravity antifields, our framework only makes use of physical pure spinor
superfields. We leave these problems for future investigation.

Another possible direction for future work is the construction of a pure spinor supertwistor
description of 11D supergravity using our results as a basis, in analogy with the 10D case [36–
39]. This may in turn lead to an ambitwistorial framework that exploits the power of CFT
for computing supergravity scattering amplitudes. We intend to study this in the near future.

Finally, a further natural direction is the extension of our approach to loop-level inter-
actions. Similar concepts have recently been employed in field theory contexts, and given
the antifield structure of the pure spinor formalism, these methods might be adaptable
within our framework.
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A Integration by parts

In the computation of the 4-point function presented in section 3, we used the fact that
the actions of the ghost number zero and one operators can be integrated by parts, as
illustrated in (3.13). This greatly simplifies the calculations involved in the correlator. While,
in principle, one should consider all possible contractions between the vertex operators, the
integration by parts argument tells us that only a specific subset of contractions needs to be
evaluated, as is shown in eq. (3.16). The reasoning underlying this argument is explained in
detail in this appendix. As a preliminary step, we begin by examining the structure and key
properties of the correlator used in section 3. This foundational analysis will then enable
a precise formulation of the integration by parts argument.

One defines the quantum mechanical correlator ⟨𝒪⟩ as the path integral over the fields
with insertion 𝒪,

⟨𝒪⟩ =
∫
𝒟Φ𝒩e−S𝒪, (A.1)

where 𝒟Φ represents the measure for integration over all fields and 𝒩 is a regularization
factor that ensures that the integral over the bosonic fields is finite. After integrating out
xm and the various non-zero modes using the contractions, one is left with an integral over
the zero modes of λα, λ̄α, rα and θα,

⟨𝒪⟩ =
∫
d32θ[dλ][dλ̄][dr]𝒩f(λ, λ̄, r, θ), (A.2)

for some function f . The holomorphic top-form on the respective spaces gives the zero-mode
integration measure,

[dλ]λα1 · · ·λα7 = (ϵT−1)α1···α7
β1...β23

dλβ1 . . . dλβ23 , (A.3)

[dλ̄]λ̄α1 · · · λ̄α7 = (ϵT ) β1...β23
α1···α7 dλ̄β1 . . . dλ̄β23 , (A.4)

[dr] = (ϵT−1)α1···α7
β1...β23

λ̄α1 · · · λ̄α7

(
∂

∂rβ1

)
. . .

(
∂

∂rβ11

)
, (A.5)

where the tensors (ϵT−1)α1···α7
β1...β23

and (ϵT ) β1...β23
α1···α7 are symmetric in (α1, · · · , α7) and

antisymmetric in [β1, . . . , β23]. Their explicit form can be found in [40], but this will not
be needed here. The presence of the regulator 𝒩 is necessary because the integral over the
unbounded bosonic ghosts diverges in its absence. This regulator 𝒩 is BRST trivial and
thus cannot change the value of the amplitude. It is given by

𝒩 = exp{−{Q, λ̄αθ
α}} = exp{−λ̄αλ

α − rαθ
α}, (A.6)

where only the zero-modes of the fields appearing in the last equation contribute. Due
to BRST invariance, the amplitude does not depend on the specific choice of regulator.
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Plugging eq. (A.6) into (A.2), the integration furnishes exactly the rule of the equation
⟨λ7θ9⟩ = 1 [41, 42].

Having reviewed the path integral definition of the correlator used in section 3, we
now turn to the integration by parts argument, which is based on the following key idea.
Consider the correlator

⟨𝒪1U𝒪2⟩ =
∫
𝒟Φ𝒩e−S (𝒪1U𝒪2) , (A.7)

where 𝒪i are arbitrary operators inserted at times τi and U is a vertex operator inserted
at time τ , with τ1 > τ > τ2. For notational simplicity, we omit explicit time dependence.
This structure characterizes the type of correlator encountered in the 4-point amplitude, as
given in (3.1). The goal is to demonstrate that the contraction of U with only one of the
operators 𝒪i suffices to evaluate the correlator. For example

⟨𝒪1U𝒪2⟩ = ⟨[𝒪1, U}𝒪2⟩, (A.8)

where the brackets [A,B} means the contraction between A and B, as defined in (2.4). In our
context, U may be a single-particle operator with ghost number zero or one − denoted U (0)

and U (1), respectively − or a two-particle operator with ghost number one V (1)
ij . We begin

by analyzing the case where U is a single-particle operator; the extension to the two-particle
case then follows in a straightforward manner.

The first step in the proof consists of performing gauge transformations on the operators
U (0) and U (1) such that the resulting operators commute with the regulator measure (A.6).
As will be shown below, this condition ensures that the action of the vertex operators can
be integrated by parts. The required gauge transformations are given by (3.8)

U (0) → Ũ (0) = {b, U (1)}, and U (1) → Ũ (1) = [Σ̂, U (3)], (A.9)

where the operators b and Σ̂ are defined in eqs. (2.19) and (3.9), respectively. To verify that
the transformed operators Ũ (0) and Ũ (1) indeed commute with 𝒩, we begin by observing
that both b and Σ̂ themselves commute with it. This follows from the identities

[b, {Q, λ̄αθ
α}] = −[Q, {b, λ̄αθ

α}] = 0, (A.10)
[Σ̂, {Q, λ̄αθ

α}] = −[Q, {Σ̂, λ̄αθ
α}] = 0, (A.11)

which can be readily verified by employing the non-minimal pure spinor constraints. As
a direct consequence, it follows that

[b,𝒩] = [Σ̂,𝒩] = 0. (A.12)

We now use this result to show that the gauge-transformed operators Ũ (0) and Ũ (1)

also commute with 𝒩. We begin with the ghost number one case. Using Jacobi identity,
we write the commutator between Ũ (1) and 𝒩 as[

𝒩, Ũ (1)
]

=
[
𝒩, [Σ̂, U (3)]

]
=
[
U (3), [Σ̂,𝒩]

]
+
[
Σ̂, [U (3),𝒩]

]
. (A.13)
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The first term on the right-hand side vanishes due to eq. (A.12). The second term also
vanishes because U (3) commutes with 𝒩, which follows directly from[

U (3), λ̄αλ
α + rαθ

α
]

= 0, (A.14)

where we have used that U (3) does not contain momentum variables. This establishes the
first part of our claim, that the vertex operator Ũ (1) commutes with the pure spinor measure

[Ũ (1),𝒩] = 0. (A.15)

The proof that [Ũ (0),𝒩] = 0 proceeds in a similar manner. In this case, we express Ũ (0)

as [b, Ũ (1)], which is justified because this corresponds to a gauge transformation of Ũ (0).
To see this, we use the fact that there exists an operator Ω such that Ũ (1) = U (1) + QΩ.
Consequently, we can write

[b, Ũ (1)] = [b, U (1) +QΩ] = [b, U (1)] + ∂Ω = Ũ (0) + ∂Ω, (A.16)

which shows that [b, Ũ (1)] is a gauge transformation of Ũ (0). Writing Ũ (0) in this form allows
us to straightforwardly prove that it commutes with the pure spinor measure, as follows[

𝒩, Ũ (0)
]

=
[
𝒩, [b, Ũ (1)]

]
=
[
Ũ (1), [b,𝒩]

]
+
[
b, [Ũ (1),𝒩]

]
= 0. (A.17)

The first term on the right-hand side vanishes due to eq. (A.12), while the second term is
zero because of eq. (A.15). Hence, we conclude that

[Ũ (0),𝒩] = 0. (A.18)

We can now proceed to the final step of the proof, which consists of performing integration
by parts with respect to Ũ in the correlator, where Ũ is either Ũ (0) or Ũ (1). We begin by
writing all contractions of the operator Ũ within the correlator (A.7),

⟨𝒪1Ũ𝒪2⟩ = 1
2⟨[𝒪1, Ũ}𝒪2⟩ −

1
2⟨𝒪1[Ũ ,𝒪2}⟩. (A.19)

The integration by parts is then carried out on the second term on the right-hand side of (A.19),

⟨𝒪1[Ũ ,𝒪2}⟩ =
∫

[dΦ]𝒩
(
𝒪1[Ũ ,𝒪2}

)
(A.20)

= −
∫

[dΦ]
(
[𝒩𝒪1, Ũ}𝒪2

)
= −

∫
[dΦ]𝒩

(
[𝒪1, Ũ}𝒪2

)
−
∫

[dΦ]
(
[𝒩, Ũ}𝒪1𝒪2

)
= −⟨[𝒪1, Ũ}𝒪2⟩,

where we have used the path integral formula in (A.2), with the integration measure defined as
[dΦ] = d32θ [dλ] [dλ̄] [dr]. In the final equality above, we have used the fact that Ũ commutes
with 𝒩, as established in eqs. (A.15) and (A.18).

An important final observation is that the multi-particle vertex operator V (1)
ij admits

an analogous integration by parts procedure. Specifically, gauge transformations acting on
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the single-particle vertex operators induce a corresponding transformation in the pinching
operator. Concretely, the transformed pinching operator assumes the form

Ṽ
(1)

ij = − 2
sij

[
Ũ

(1)
(i , Ũ

(0)
j)

]
. (A.21)

Since both Ũ
(1)
i and Ũ

(0)
j commute with the pure spinor measure, the transformed

pinching operator Ṽ (1)
ij given by the expression above also commutes with the measure 𝒩.

We can then apply eq. (A.20) for the diagram that include the pinching operator. This
completes the proof: the correlator (A.7) can indeed be evaluated by contracting U with
only one of the operators 𝒪i. In summary, we have,

⟨𝒪1U𝒪2⟩ = ⟨𝒪1Ũ𝒪2⟩ = 1
2⟨[𝒪1, Ũ ]𝒪2⟩ −

1
2⟨𝒪1[Ũ ,𝒪2]⟩ (A.22)

= ⟨[𝒪1, Ũ ]𝒪2⟩ = ⟨[𝒪1, U ]𝒪2⟩, (A.23)

where the first and last equalities follow from the BRST invariance of the correlator, while
the first equality on the second line uses the integration-by-parts argument. This result is
what was used in section 3, leading to eq. (3.16).

B 11D supergravity

In this appendix, we will review the necessary equations of 11D supergravity. We will start
with the linearized theory and briefly address the non-linear regime.

B.1 Linearized supergravity

To formulate supergravity in superspace, we introduce the vielbein 1-form, EA = dZME A
M ,

and also the connection Ω B
A = dZM Ω B

MA , which is a 1-form that takes values in the Lorentz
Lie-algebra. The connection is used to define the super-covariant exterior derivative, which
acts on Lorentz tensors as

𝒟FA1...Am
B1...Bn = dFA1...Am

B1...Bn − Ω C
A1FC...Am

B1...Bn

+ FA1...Am
C...BnΩ B1

C + . . . , (B.1)

where d is the usual exterior derivative. The two non-trivial tensors that can be constructed
from these objects are the torsion 2-form, TA = 𝒟EA, and the curvature 2-form, given by
RA

B = dΩA
B +ΩA

CΩC
B . These supergeometric objects are constrained by the super-Bianchi

identities,
𝒟TA = EBRB

A, 𝒟RA
B = 0. (B.2)

As usual, the equations of motion satisfied by the fields are obtained by solving the Bianchi
identities under the appropriate set of constraints.

We also define ∇A = EA
M∂M . Using eq. (B.1) and the definition of the torsion tensor,

the identity d2 = 0 implies that

[∇A,∇B} = −TAB
C∇C − 2Ω[AB}

C∇C . (B.3)
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Here, [ , } denotes the graded (anti)commutator. Finally, the field content of 11D super-
gravity contains a 3-form superfield F = ECEBEAFABC , which is defined modulo gauge
transformations δF = dL, with L an arbitrary super-2-form. The corresponding field strength
is given by G = dF , and satisfies the identity dG = 0.

In linearized supergravity, we expand the operator ∇A as the flat-space covariant deriva-
tive plus first-order corrections, namely

∇A = DA − hA
BDB, (B.4)

with DA = ÊA
M∂M and hA

B = ÊA
ME

(1)B
M = −E(1)M

A ÊM
B, where (ÊA

M , ÊM
B) are the

flat-space values of the vielbeins, and (E(1)M
A , E(1)A

M ) are their corresponding first-order
perturbations. The fields of the theory satisfy the dynamical constraints

Tαβ
a = (γa)αβ , Gαβab = (γab)αβ , (B.5)

and conventional constraints

Tαβ
δ = Taα

c = Tab
c = Gαβδϵ = Gaαβδ = Gabcα = 0. (B.6)

After substituting (B.4) into the eq. (B.3) and using the constraints, one obtains the following
set of linearized equations of motion [12, 24]

2D(αhβ)
a − 2h(α

δ(γa)β)δ + hb
a(γb)αβ = 0, (B.7)

2D(αhβ)
δ − 2Ω(αβ)

δ + (γa)αβha
δ = 0, (B.8)

∂ahα
β −Dαha

β − Taα
β − Ωaα

β = 0, (B.9)
∂ahα

b −Dαha
b − ha

β(γb)βα + Ωαa
b = 0, (B.10)

∂ahb
α − ∂bha

α − Tab
α = 0, (B.11)

∂ahb
c − ∂bha

c − 2Ωab
c = 0. (B.12)

It is straightforward to check that these equations are invariant under the linearized
gauge transformations,

δhα
a = DαΛa + (γa)αβΛβ , δhα

β = DαΛβ + Λα
β , δΩαβ

ϵ = DαΛβ
ϵ,

δha
b = ∂aΛb + Λa

b, δha
β = ∂aΛβ , δΩaα

β = ∂aΛα
β , (B.13)

where Λa, Λα, Λα
β = 1

4(γab)α
βΛab are arbitrary gauge parameters.

We also derive linearized equations of motion of the 3-form superfield. They are deduced
from the 4-form superfield H defined from the field strength G as

HABCD = Ê[D
QÊC

P ÊB
N ÊA}

MGMNP Q. (B.14)

The 4-form can also be written in terms of the flat-space value of the torsion T̂AB
C as

HABCD = 4D[ACBCD} + 6T̂[AB
ECECD}, (B.15)
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where CABC = Ê[C
P ÊB

N ÊA}
MFMNP . Using the constraints (B.6) and (B.5), eq. (B.15)

can be written in components as

4D(αCβδϵ) + 6(γa)(αβCaδϵ) = 0, (B.16)
∂aCαβδ − 3D(αCaβδ) + 3(γb)(αβCbaδ) = 3(γab)(αβhδ)

b, (B.17)
2∂[aCb]αβ + 2D(αCβ)ab + (γc)αβCcab = 2(γ[b

c)αβha]c + 2(γab)(αδhβ)
δ, (B.18)

3∂[aCbc]α −DαCabc = 3(γ[ab)αβhc]
β . (B.19)

Again, it is easy to show that these equations are invariant under the linearized gauge
transformations

δCαβϵ = D(αΛβϵ) + (γa)(αβΛaϵ), (B.20)

δCaαϵ = 1
3∂aΛαϵ + 2

3D(αΛϵ)a + 1
3(γb)αϵΛba + (γab)αϵΛb, (B.21)

δCabα = 2
3∂[aΛb]α + 1

3DαΛab − (γab)αβΛβ , (B.22)

δCabc = ∂[aΛbc], (B.23)

where Λβα,Λaα,Λab,Λa,Λα are arbitrary gauge parameters.

B.2 Non-linear supergravity: pinching operator

The definition of the 4-point scattering amplitude in section 3 involves a two-particle vertex
operator, referred to as the pinching operator, defined in eq. (2.36). To evaluate the 4-point
amplitude, we expressed this operator in terms of the 11D supergravity fields, as written
in (2.38). In this section, we derive the expression (2.38) by studying the equations of motion
of 11 supergravity up to second-order terms in the expansion of the vielbein around flat space.

We start by considering the superfields hα
A = (hα

a, hα
β) and Ωα β

δ up to second order in
the nonlinear expansion. To construct these, we begin by writing the component expression
of the torsion TMN

A,

TMN
A = ∂MEN

A + (−)MN+1∂NEM
A − (−)M(N+B)EN

BΩM B
A − (−)BN+1EM

BΩN B
A,

(B.24)
where the letters in the exponents denote the degree of the respective indices. Using the fact
that TMN

A = (−)M(N+B)EN
BEM

CTCB
A, one can contract (B.24) with (−)N+1Êβ

N Êα
M , to

obtain the equation of motion for the field hα
A at second order in the non-linear expansion,

2D(αhβ)
A + (γc)αβhc

A − 2Ω(α β)
A − (−)B+12h(α

BΩβ) B
A

= (−)B+1hβ
BTα B

A + hα
CTC β

A, (B.25)

where ΩA B
C = ÊA

M ΩM B
C . One can now contract (B.25) with λαλβ , to obtain the following

second-order equations,

{Q,Φa} = (λγaΦ) − ΦbΩb
a + 1

2(ΦγaΦ), (B.26)

{Q,Φα} = Ωα + ΦδΩδ
α + ΦcTcδ

αλδ, (B.27)

– 29 –



J
H
E
P
0
1
(
2
0
2
6
)
0
7
4

where Ωα = λβλδΩβ δ
α, Ωa

b = λαΩα a
b, and ΦA = λαhα

A. Now, we use eqs. (B.26) and (B.27)
to write the BRST transformations of the two-particle superfields Φa

12 and Φα
12 as

{Q,Φa
12} = (λγaΦ12) − ϕb

1Ω2,b
a − ϕb

2Ω1,b
a + (ϕ1γ

aϕ2), (B.28)
{Q,Φα

12} = Ωα
12 + 2ϕδ

(1Ω2),δ
α + 2ϕc

(1T2),c δ
αλδ. (B.29)

In eqs. (B.28), (B.29) we used that ΦA
i = ϕA

i , ΩA
i = ΩA

i for single-particle superfields. It
is possible to find an expression for Φa

12 in terms of the linearized 11D supergravity fields,
satisfying the BRST-invariance (B.28). This solution can be written as Φa

12 = 1
s12
ϕa

12, with
ϕa

12 defined by

ϕa
12 =

[
− kc

2h1,c
dΩ2,d

a − kc
2Ω1,c

dh2,d
a + kc

2(ϕ2γ
a)δh1,c

δ + h2,c
β(γa)δβT1,cα

δλα

+ kc
2ϕ

d
2Ω1,cd

a + h2,c
dR1,αcd

aλα + (1 ↔ 2)
]
. (B.30)

As a check, one can apply the BRST operator on the r.h.s. of eq. (B.30), the use of the
equation of motion (B.16)–(B.19) and (B.7)–(B.12), allows one to conclude that Φa

12 indeed
satisfies (B.28). Similarly, the 2-particle superfields Φβ

12, Ω12,c
d can be expressed in the form

Φβ
12 = 1

s12
ϕβ

12, Ω12,c
d = 1

s12
Ω12,c

d, where

ϕβ
12 =

[
ka

1ϕ
δ
1Ω2,a δ

β + h1,a
δka

2Ω2,δ
β + ka

12T12,aα
βλα + ka

1ϕ
b
1T2,ab

β + ϕb
1k

a
2T2,ab

α

+ ka
1ϕ

δ
1T2,aδ

β + ϕδ
1k

a
2T2,aδ

β + h1,a
cka

2T2,cα
βλα + (1 ↔ 2)

]
, (B.31)

Ω12,c
d =

[
ka

1Ω1,c
bΩ2,a b

d − Ω1,a c
bka

2Ω2,b
d + ka

12λ
αR12,aα c

d

+ h1,a
βka

2R2,βα c
dλα + h1,a

bka
2R2,bα c

dλα + ka
1ϕ

δ
1R2,aδ c

d + ka
1ϕ

b
1R2,ab c

d

+ ϕb
1k

a
2R2,ab c

d + +ϕδ
1k

a
2R2,aδ c

d + (1 ↔ 2)
]
. (B.32)

The superfields ϕa
12, ϕ

α
12,Ωα

12 appear explicitly in the expression for the pinching operator (2.38),
with the field ϕa

12 appearing in the result of the 4-point amplitude (3.22).
Now, we turn to the explicit formula of the pinching operator in terms of 11D supergravity

fields. Let us first write it generically as

V
(1)

23 = 2
s23

(
Paϕ̃

a
23 + dαϕ̃

α
23 −

1
2 ϕ̃23,abN

ab
)
. (B.33)

We aim to determine explicit expressions for the fields ϕ̃a
23, ϕ̃α

23, and ϕ̃23,ab in terms of the
fundamental 11D supergravity fields. To this end, we utilize the defining property of the
pinching operator encoded by the relation

{Q,V (1)
23 } = {U (1)

2 , U
(1)
3 }, (B.34)

alongside the equations of motion satisfied by the supergravity fields, (B.28) and (B.29). Our
strategy proceeds by explicitly computing both sides of the eq. (B.34). The comparison of
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these two results will yield concrete formulae for the component fields ϕ̃a
23, ϕ̃α

23, and ϕ̃23,ab.
To begin, we evaluate the right-hand side of (B.34) by computing the anticommutator of
the two ghost number one vertex operators U (1)

2 and U
(1)
3 . We obtain

s23
2 {U (1)

2 , U
(1)
3 } = Paχ̃

a
23 + dαχ̃

α
23 − wαω̃

α
23, (B.35)

where the component fields χ̃a
23, χ̃

α
23, ω̃

α
23 are explicitly given by

χ̃a
23 = {Q, ϕ̂a

23} − (λγaϕ̂23), χ̃α
23 = [Q, ϕ̂α

23] − Ω̂α
23, ω̃23

α = {Q, Ω̂α
23}, (B.36)

where

ϕ̂a
23 =ϕa

23 −
s23
2
(
ϕc

2h3,c
a + ϕc

3h2,c
a + ϕδ

2h3,δ
a + ϕδ

3h2,δ
a
)
, (B.37)

ϕ̂α
23 = ϕα

23 −
s23
2
(
ϕc

2h3,c
α + ϕc

3h2,c
α + ϕδ

2h3,δ
α + ϕδ

3h2,δ
α
)
, (B.38)

Ω̂23
α = Ω23

α − s23
(
ϕa

(1Ω2),a
α + ϕc

(1λ
βT2),βc

α
)
. (B.39)

Next, we compute the left-hand side of eq. (B.34)

s23
2 {Q,V (1)

23 } = Pa

(
{Q, ϕ̃a

23} − (λγaϕ̃23)
)

+ dα

(
[Q, ϕ̃α

23] − Ω̃α
23

)
− wα{Q, Ω̃α

23}. (B.40)

Then, comparing the left hand side with the right hand side of eq. (B.34) by the use of
eqs. (B.36)–(B.39) and (B.40), we find

ϕ̃a
23 = ϕa

23 −
s23
2
(
ϕc

2h3,c
a + ϕc

3h2,c
a + ϕδ

2h3,δ
a + ϕδ

3h2,δ
a
)
, (B.41)

ϕ̃α
23 = ϕα

23 −
s23
2
(
ϕc

2h3,c
α + ϕc

3h2,c
α + ϕδ

2h3,δ
α + ϕδ

3h2,δ
α
)
, (B.42)

Ω̃23
α = (λγab)αϕ̃23,ab = Ω23

α − s23
(
ϕa

(1Ω2),a
α − ϕc

(1λ
βT2),βc

α
)
. (B.43)

To conclude, it is simple to see that the BRST variations of these fields are

{Q, ϕ̃a
23} = λγaϕ̃23 − s23

(
ϕc

(2∂cϕ
a
3) + ϕδ

(2Dδϕ
a
3) − Ωα

(2h
a
3),α

)
, (B.44)

[Q, ϕ̃α
23] = (λγab)αϕ̃23,ab − s23

(
ϕc

(2∂cϕ
α
3) + ϕδ

(2Dδϕ
α
3) − Ωβ

(2h
α
3),β

)
. (B.45)

C Explicit computations of the 4-point function

The computation of the 4-point function correlator in section 3 involves non-trivial algebraic
manipulations that were omitted in the main text. The expressions (3.17), (3.19), (3.20)
and (3.21) were calculated by performing several contractions between superfields. In this
appendix, we will show how to derive these expressions in detail. We will start with the
u-channel, given by (3.21), which is obtained from the following contractions

𝒜u
4 =

〈
{U (3)

1 , V
(1)

23 }U (3)
4

〉
= 2
s23

(〈
∂aU

(3)
1 ϕ̃a

23U
(3)
4

〉
+
〈
DαU

(3)
1 ϕ̃α

23U
(3)
4

〉
− 1

2
〈
[Nab, U

(3)
1 ]ϕ̃23,abU

(3)
4

〉)
, (C.1)
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where the overall factor 2/s23 comes from the integration of the Koba-Nielsen measure. The
calculation of this correlator will make use of the equations of motion for U (3)

1 , given by (2.23)
and (2.24). The first term in the correlator gives〈

∂aU
(3)
1 ϕ̃a

23U
(3)
4

〉
= 3

〈
(λγabλ)ϕa

1ϕ̃
b
23U

(3)
4

〉
+ 3

〈
[Q,C1,a]ϕ̃a

23U
(3)
4

〉
= 3

〈
(λγabλ)ϕa

1ϕ̃
b
23U

(3)
4

〉
+ 3

〈
C1,a{Q, ϕ̃a

23}U
(3)
4

〉
. (C.2)

where we also integrated Q by parts. The second term becomes〈
DαU

(3)
1 ϕ̃α

23U
(3)
4

〉
= −3

〈
{Q,C1,α}ϕ̃α

23U
(3)
4

〉
− 3

〈
(λγa)αC1,aϕ̃

α
23U

(3)
4

〉
= −3

〈
C1,α[Q, ϕ̃α

23]U (3)
4

〉
− 3

〈
C1,a(λγaϕ̃23)U (3)

4

〉
. (C.3)

Finally, the third term is

−1
2
〈
[Nab, U

(3)
1 ]ϕ̃23,abU

(3)
4

〉
= −3

〈
(λγab)αC1,αϕ̃23,abU

(3)
4

〉
= −3

〈
C1,αΩ̃α

3U
(3)
4

〉
. (C.4)

The final expression for the u-channel is given by

𝒜u
4 = 2

s23

(
3
〈
(λγabλ)ϕa

1ϕ̃
b
23U

(3)
4

〉
+ 3

〈
C1,a({Q, ϕ̃a

23} − (λγaϕ̃23))U (3)
4

〉

− 3
〈
C1,α([Q, ϕ̃α

23] + Ω̃α
23)U (3)

4

〉)
. (C.5)

Using eqs. (B.41), (B.44) and (B.45), one obtains the final expression (3.21).
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Let us now perform the same procedure for the s-channel, given in eq. (3.17). Note that
the evaluation of the t-channel follows a very similar procedure, so we do not reproduce it
here. The s-channel corresponds to the following contractions

𝒜s
4 =

〈{[
U

(3)
1 (τ1), U (0)

2

]
, U

(1)
3 (τ3)

}
U

(3)
4 (τ2)

〉
= 2
s12

(〈
∂aU

(3)
12 ϕ

a
3U

(3)
4

〉
+
〈
DαU

(3)
12 ϕ

α
3U

(3)
4

〉

− 1
2
〈
[Nab, U

(3)
12 ]ϕ3,abU

(3)
4

〉)
+ 3

〈
{C12, U

(1)
3 }U (3)

4

〉
, (C.6)

where we contract U (3) with U (0) using eq. (2.45), with Cij = Ci,aϕ
a
j + Ci,αϕ

α
j . Now, let us

apply the equations of motion for U (3)
12 (2.48) and (2.49). The first term of eq. (C.6) becomes〈

∂aU
(3)
12 ϕ

a
3U

(3)
4

〉
= 3

〈
(λγbaλ)ϕb

12ϕ
a
3U

(3)
4

〉
+ 3

〈
[Q,C12,a]ϕa

3U
(3)
4

〉
+ 3s12

2
〈
M12,aϕ

a
3U

(3)
4

〉
= 3

〈
(λγbaλ)ϕb

12ϕ
a
3U

(3)
4

〉
+ 3

〈
C12,a{Q,ϕa

3}U
(3)
4

〉
+ 3s12

2
〈
M12,aϕ

a
3U

(3)
4

〉
,

(C.7)

where M12,a = 2(λγabϕ(1)ϕb
2) + 2(λγbcλ)ϕc

(1h
b
2),a. The second term reads

〈
DαU

(3)
12 ϕ

α
3U

(3)
4

〉
= −3

〈
{Q,C12,α}ϕα

3U
(3)
4

〉
− 3

〈
(λγa)αC12,aϕ

α
3U

(3)
4

〉
+ 3s12

2
〈
M12,αϕ

α
3U

(3)
4

〉
= −3

〈
C12,α[Q,ϕα

3 ]U (3)
4

〉
− 3

〈
C12,a(λγaϕ3)U (3)

4

〉
+ 3s12

2
〈
M12,αϕ

α
3U

(3)
4

〉
,

(C.8)

where M12,α = 2(λγab)αϕ
a
1ϕ

b
2 + 2(λγabλ)ha

(1,αϕ
b
2). Finally, the third term gives

−1
2
〈
[Nab, U

(3)
12 ]ϕ3,abU

(3)
4

〉
= −3

〈
(λγab)αC12,αϕ3,abU

(3)
4

〉
= −3

〈
C12,αΩ̃α

3U
(3)
4

〉
. (C.9)

Using the equations of motion for the supergravity fields (B.7)–(B.12), one gets the expression
for the s-channel (3.17), given by

𝒜s
4 = 6

s12

〈
(λγabλ)ϕa

12ϕ
b
3U

(3)
4

〉
+ 3

〈
{C12, U

(1)
3 }U (3)

4

〉
+ 3

〈
(λγbaϕ1)ϕb

2ϕ
a
3U

(3)
4

〉
+ 3

〈
(λγbaϕ2)ϕb

1ϕ
a
3U

(3)
4

〉
+ 6

〈
(λγbaϕ3)ϕb

1ϕ
a
2U

(3)
4

〉
+ 3

〈
(λγcbλ)ϕc

1h
b
2,aϕ

a
3U

(3)
4

〉
+ 3

〈
(λγcbλ)ϕc

2h
b
1,aϕ

a
3U

(3)
4

〉
+ 3

〈
(λγabλ)ϕa

2h
b
1,αϕ

α
3U

(3)
4

〉
+ 3

〈
(λγabλ)ϕa

1h
b
2,αϕ

α
3U

(3)
4

〉
. (C.10)

The t-channel is given by eq. (3.19). The sum of the s- and t-channels contains the fol-
lowing term

3
〈
{C12, U

(1)
3 }U (3)

4

〉
+ (2 ↔ 3)

= 3
〈
{(C1aϕ

a
2), U (1)

3 }U (3)
4

〉
+ 3

〈
{(C1αϕ

α
2 ), U (1)

3 }U (3)
4

〉
+ (2 ↔ 3). (C.11)
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We will now perform these remaining contractions. The contraction of U (1)
3 with ϕ gives

3
〈
C1a{ϕa

2, U
(1)
3 }U (3)

4

〉
+ 3

〈
C1α[ϕα

2 , U
(1)
3 ]U (3)

4

〉
+ (2 ↔ 3)

= 6
〈
C1a

(
ϕc

(2∂cϕ
a
3) + ϕδ

(2Dδϕ
a
3) − Ωα

(2h
a
3),α

)
U

(3)
4

〉
− 6

〈
C1α

(
ϕc

(2∂cϕ
α
3) + ϕδ

(2Dδϕ
α
3) − Ωβ

(2h
α
3),β

)
U

(3)
4

〉
. (C.12)

The contraction of U (1)
3 with C gives

3
〈
ϕa

2[C1a, U
(1)
3 ]U (3)

4

〉
− 3

〈
ϕα

2 {C1α, U
(1)
3 }U (3)

4

〉
+ (2 ↔ 3)

= 6
〈
(ϕa

(2ϕ
c
3)∂cC1a + ϕa

(2ϕ
α
3)DαC1a + ϕa

(2Ωα
3)C1,αa)U (3)

4

〉
= 6

〈
(λγabϕ1)ϕa

2ϕ
b
3U

(3)
4

〉
+ 3

〈
(λγabϕ2)ϕa

3ϕ
b
1U

(3)
4

〉
+ 3

〈
(λγabϕ3)ϕa

2ϕ
b
1U

(3)
4

〉
− 6

〈
(λγabλ)ϕa

(2ϕ
c
3)h

b
1,cU

(3)
4

〉
− 6

〈
(λγabλ)ϕa

(2ϕ
α
3)h

b
1,αU

(3)
4

〉
+ 6

〈{
Q,
(
ϕa

(2ϕ
b
3)C1,ab + ϕa

(2ϕ
α
3)C1,aα + ϕα

(2ϕ
β
3)C1,αβ

)
U

(3)
4

}〉
. (C.13)

The final result is

3
〈
{C12, U

(1)
3 }U (3)

4

〉
+ (2 ↔ 3)

= 6
〈
(λγabϕ1)ϕa

2ϕ
b
3U

(3)
4

〉
+ 3

〈
(λγabϕ2)ϕa

3ϕ
b
1U

(3)
4

〉
+ 3

〈
(λγabϕ3)ϕa

2ϕ
b
1U

(3)
4

〉
− 6

〈
(λγabλ)ϕa

(2ϕ
c
3)h

b
1,cU

(3)
4

〉
− 6

〈
(λγabλ)ϕa

(2ϕ
α
3)h

b
1,αU

(3)
4

〉
+ 6

〈
C1a

(
ϕc

(2∂cϕ
a
3) + ϕδ

(2Dδϕ
a
3) − Ωα

(2h
a
3),α

)
U

(3)
4

〉
− 6

〈
C1α

(
ϕc

(2∂cϕ
α
3) + ϕδ

(2Dδϕ
α
3) − Ωβ

(2h
α
3),β

)
U

(3)
4

〉
+ 6

〈{
Q,
(
ϕa

(2ϕ
b
3)C1,ab + ϕa

(2ϕ
α
3)C1,aα + ϕα

(2ϕ
β
3)C1,αβ

)
U

(3)
4

}〉
. (C.14)

Combining this with the expressions (3.17) and (3.19), one obtains the result given in
eq. (3.20).

C.1 Compact form for the 4-point function

In this subsection, we will prove the alternative compact formula for the 4-point amplitude in
11D, given in section 3 by eq. (3.23). For this purpose, we start from eq. (3.22) and then use
the equations of motion for U (3) given by (2.23), (2.24), (2.48), (2.49). For a better reading,
let us repeat the equations of motion we will use

∂aU
(3) − 3[Q,Ca] = 3(λγabλ)ϕb, (C.15)

DαU
(3) + 3{Q,Cα} = −3(λγa)αCa, (C.16)

∂aU
(3)
12 − 3[Q,Ca,12] = 3(λγabλ)ϕb

12 + 3s12
2 Ma,12, (C.17)

DαU
(3)
12 + 3{Q,Cα,12} = −3(λγa)αCa,12 + 3s12

2 Mα,12, (C.18)
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where

Ma,12 = (λγabϕ1)ϕb
2 + (λγabϕ2)ϕb

1 + (λγbcλ)ϕc
1h

b
2,a + (λγbcλ)ϕc

2h
b
1,a,

Mα,12 = 2(λγab)αϕ
a
1ϕ

b
2 + (λγabλ)ha

1,αϕ
b
2 + (λγabλ)ha

2,αϕ
b
1. (C.19)

Let us start with the first term in (3.23),〈
(λγabλ)ϕa

12ϕ
a
3U

(3)
4

〉
= −1

3
〈
∂aU

(3)
12 ϕ

a
3U

(3)
4

〉
+
〈
[Q,Ca,12]ϕa

3U
(3)
4

〉
+ s12

2
〈
Ma,12ϕ

a
3U

(3)
4

〉
= 1

3
〈
U

(3)
12 ϕ

a
3∂aU

(3)
4

〉
−
〈
Ca,12{Q,ϕa

3}U
(3)
4

〉
+ s12

2
〈
Ma,12ϕ

a
3U

(3)
4

〉
=
〈
U

(3)
12 (λγabλ)ϕa

3ϕ
b
4

〉
+
〈
U

(3)
12 ϕ

a
3[Q,Ca,4]

〉
−
〈
Ca,12(λγaϕ3))U (3)

4

〉
+ s12

2
〈
Ma,12ϕ

a
3U

(3)
4

〉
,

(C.20)

where we used eq. (C.17) in the first line, we integrated by parts ∂a and Q in the second line,
discarding the boundary terms, and finally used Qϕa = (λγaϕ) and eq. (C.15) in the last
line. Now, we notice that the first term in the last line of (C.20) is the kind of expression
we want. Indeed, by using (2.47) we find that〈

U
(3)
12 (λγabλ)ϕa

3ϕ
b
4

〉
= 2

3
〈
U

(3)
12

{
Q,
(
U

(3)
34 /s34

)}〉
= 2

3
〈
U

(3)
12 {Q,V (3)

34 }
〉
. (C.21)

Having identified this important piece of the computation, next we integrate Q by parts in
the second term of the last line in (C.20). We get〈

(λγabλ)ϕa
12ϕ

a
3U

(3)
4

〉
= 2

3
〈
U

(3)
12 {Q,V (3)

34 }
〉

+
〈
U

(3)
12 (λγaϕ3)Ca,4

〉
−
〈
Ca,12(λγaϕ3)U (3)

4

〉
− 3s12

2
〈
(λγabλ)ϕa

1ϕ
b
2ϕ

e
3Ce,4

〉
+ s12

2
〈
Ma,12ϕ

a
3U

(3)
4

〉
.

(C.22)

Now, using (C.16) and (C.18) in the second line of the above expression, we get〈
(λγabλ)ϕa

12ϕ
a
3U

(3)
4

〉
= 2

3
〈
U

(3)
12 {Q,V (3)

34 }
〉

+ s12
2
〈
(Ma,12ϕ

a
3 −Mα,12ϕ

α
3 )U (3)

4

〉
− 3s12

2
〈
(λγabλ)ϕa

1ϕ
b
2(ϕe

3Ce,4 + ϕα
3Cα,4)

〉
. (C.23)

We will now write Ca and Cα in terms of the physical operators Ca and Cα defined in
eqs. (2.13)–(2.14)

Ca,4 = {Ca, U
(3)
4 } + · · · , Cα,4 = [Cα, U

(3)
4 ] + · · · , (C.24)

where · · · are expressions involving non-minimal variables, which are guaranteed to cancel at
the end of the computation. We then use this to manipulate the last line of (C.23),

− 3s12
2
〈
(λγabλ)ϕa

1ϕ
b
2(ϕe

3Ce,4 + ϕα
3Cα,4)

〉
= −3s12

2
〈
(λγabλ)ϕa

1ϕ
b
2 (ϕc

3Cc + ϕα
3 Cα)U (3)

4

〉
= 3s12

2
〈[

(ϕc
3Cc − ϕα

3 Cα) , (λγabλ)ϕa
1ϕ

b
2

]
U

(3)
4

〉
= −s12

2
〈
(Ma,12ϕ

a
3 −Mα,12ϕ

α
3 )U (3)

4

〉
− s12

〈
(λγabϕ3)ϕa

1ϕ
b
2U

(3)
4

〉
− s12

2
〈
(λγabϕ1)ϕa

2ϕ
b
3U

(3)
4

〉
− s12

2
〈
(λγabϕ2)ϕa

1ϕ
b
3U

(3)
4

〉
.

(C.25)
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Now, we use (C.23) together with (C.25) to rewrite the first three terms of (3.22) as

1
s12

〈
(λγabλ)ϕb

12ϕ
a
3U

(3)
4

〉
+ 1
s13

〈
(λγabλ)ϕb

13ϕ
a
2U

(3)
4

〉
+ 1
s23

〈
(λγabλ)ϕb

23ϕ
a
1U

(3)
4

〉
= 2

3
〈
V

(3)
12

{
Q,V

(3)
34

}〉
+ 2

3
〈
V

(3)
13

{
Q,V

(3)
24

}〉
+ 2

3
〈
V

(3)
23

{
Q,V

(3)
14

}〉
− 2

〈
(λγabϕ1)ϕb

2ϕ
a
3U

(3)
4

〉
− 2

〈
(λγabϕ3)ϕb

1ϕ
a
2U

(3)
4

〉
− 2

〈
(λγabϕ2)ϕb

3ϕ
a
1U

(3)
4

〉
. (C.26)

Therefore, it follows that

𝒜4 = 4
〈
V

(3)
12

{
Q,V

(3)
34

}〉
+ 4

〈
V

(3)
13

{
Q,V

(3)
24

}〉
+ 4

〈
V

(3)
23

{
Q,V

(3)
14

}〉
, (C.27)

as desired.
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