CHAL

UNIVERSITY OF TECHNOLOGY

Tree-level 11D supergravity amplitudes from the pure spinor worldline

Downloaded from: https://research.chalmers.se, 2026-03-05 07:24 UTC

Citation for the original published paper (version of record):

Guillen, M., dos Santos, M., Viana, E. (2026). Tree-level 11D supergravity amplitudes from the pure
spinor worldline. Journal of High Energy Physics, 2026(1).
http://dx.doi.org/10.1007/JHEP01(2026)074

N.B. When citing this work, cite the original published paper.

research.chalmers.se offers the possibility of retrieving research publications produced at Chalmers University of Technology. It
covers all kind of research output: articles, dissertations, conference papers, reports etc. since 2004. research.chalmers.se is
administrated and maintained by Chalmers Library

(article starts on next page)



pr

PUBLISHED FOR SISSA BY 4) SPRINGER

RECEIVED: September 11, 2025
ACCEPTED: November 26, 2025
PUBLISHED: January 12, 2026

Tree-level 11D supergravity amplitudes from the pure
spinor worldline

Max Guillen ®,%%¢ Marcelo dos Santos ®?¢ and Eggon Viana ¢/

@ Department of Physics and Astronomy, Uppsala University,
75108 Uppsala, Sweden

b Department of Mathematical Sciences, Chalmers University of Technology
and the University of Gothenburg,
SE-412 96 Gothenburg, Sweden

¢ICTP South American Institute for Fundamental Research, Instituto de Fisica Tedrica,
UNESP-Universidade Estadual Paulista,
R. Dr. Bento T. Ferraz 271, Bl. II, Sado Paulo 01140-070, SP, Brazil

dCenter for Quantum Mathematics and Physics (QMAP),
Department of Physics € Astronomy, University of California,
Davis, CA 95616, U.S.A.

¢ Instituto Gallego de Fisica de Altas Energias (IGFAE), Universidade de Santiago de Compostela,
Campus Vida, Ria de Xoaquin Diaz de Rdbago, 15705 Santiago de Compostela, Galicia, Spain

f Department of Mathematical Sciences, Durham University,
Durham DH1 SLE, U.K.

E-mail: maxgui@chalmers.se, mafsantos@ucdavis.edu, eggon.viana@unesp.br

ABSTRACT: We develop a pure spinor worldline formalism for computing tree-level scattering
amplitudes in 11D supergravity. Focusing first on the 4-point amplitude, we demonstrate
that our prescription is consistent with BRST symmetry and gauge invariance, and that the
resulting expression is invariant under permutation of the external particles. Remarkably, the
amplitude admits a compact representation in pure spinor superspace and agrees precisely
with the result obtained via perturbiner methods. We further extend our construction to the
N-point case, proposing a general correlator that preserves BRST closure and gauge invariance,
thereby offering a systematic framework for higher-point computations in 11D supergravity.

KEYwORDS: BRST Quantization, M-Theory, Scattering Amplitudes, Supergravity Models

ARX1v EPRINT: 2508.19748

OPEN AccEss, © The Authors.

Article funded by SCOAP? https://doi.org/10.1007/JHEP01(2026)074


https://orcid.org/0000-0001-5442-8780
https://orcid.org/0000-0003-3315-5888
https://orcid.org/0000-0002-2758-9965
mailto:maxgui@chalmers.se
mailto:mafsantos@ucdavis.edu
mailto:eggon.viana@unesp.br
https://doi.org/10.48550/arXiv.2508.19748
https://doi.org/10.1007/JHEP01(2026)074

Contents

1 Introduction 1
2 Pure spinor superparticle in 11D 3
2.1 Non-minimal variables and the physical operators 4
2.2 Single-particle vertex operators 6
2.3 Multi-particle vertex operators 7
3 Tree-level 4-point scattering amplitude in 11D 9
3.1 Worldline prescription 9
3.2 Simplification 11
3.3 Evaluation 12
3.4 BRST invariance and full permutation symmetry 15
3.5 Perturbiner methods 16
4 Tree-level N-point scattering amplitudes in 11D 17
4.1 BRST and gauge invariance 18
5 Discussions 22
A Integration by parts 24
B 11D supergravity 27
B.1 Linearized supergravity 27
B.2 Non-linear supergravity: pinching operator 29
C Explicit computations of the 4-point function 31
C.1 Compact form for the 4-point function 34

1 Introduction

Eleven-dimensional supergravity was first proposed in [1] and explicitly constructed in [2].
It was later conjectured to arise as the low-energy limit of M-theory [3, 4], an eleven-
dimensional quantum framework unifying all of the ten-dimensional superstring theories.
Within this context, the supermembrane was identified as a candidate for the fundamental
object of the theory [5, 6]. Despite its importance, eleven dimensional supergravity remains
notoriously difficulty to analyze, and progress on M-theory crucially depends on advancing
our understanding of this unique maximal supergravity.

A supersymmetric formulation of the supermembrane based on the pure spinor formalism
was introduced in [7]. When the worldvolume fields are taken to be independent of the spatial
coordinates, this reduces to the eleven-dimensional pure spinor superparticle, which provides
a Batalin-Vilkovisky description of eleven-dimensional supergravity. In this setting, physical
states correspond to ghost number three in the pure spinor BRST cohomology [7]. An action



principle with manifest supersymmetry reproducing eleven-dimensional supergravity has also
been constructed using non-minimal pure spinor variables [8-10].

Despite the extensive efforts over the past years to further develop the 11D pure spinor
program, many aspects of this formalism remain unclear or incomplete. In particular, a
functional and concrete prescription for computing 11D scattering amplitudes is still unknown.
It is worth mentioning that the authors of [11] have proposed a candidate for the N-point
correlation function within the minimal pure spinor setting. However, the correct vertex
operators needed for the explicit evaluation of such a correlator (including the ghost number
zero vertex operator) were never completely constructed. In fact, it was later shown that
the original proposal, constructed with the minimal pure spinor variables, is incompatible
with 11D supergravity [12].

In contrast, the use of pure spinors in the context of the superstring [13] has proven to
be quite successful for studying different properties of superstring theory. In particular, it
provides a far more efficient and elegant framework for computing string scattering amplitudes
than the traditional Ramond-Neveu-Schwarz and Green-Schwarz formalisms [14-18]. This
remarkable feature is a direct consequence of the manifest supersymmetry realized by the pure
spinor formulation. The construction was also adapted to the ten-dimensional superparticle
in [19], where it has likewise proven invaluable for deriving scattering amplitudes in ten-
dimensional super-Yang-Mills theory [20-22].

In recent years, several techniques for computing scattering amplitudes have been
developed or revived as alternatives to the traditional Feynman diagrams approach. Notable
among these are the perturbiner formalism and worldline framework. The latter utilizes
the path integral of a single particle, with operator insertions representing the effects of
background fields. N-particle interactions are then obtained from N-point correlation functions
of single- and multi-particle vertex operators, defined through consistency conditions and
expanded order by order in the number of fields.

In this paper, we start a program that aims to find a consistent prescription for computing
11D supergravity scattering amplitudes from 11D worldline pure spinor correlators. We make
use of the ghost number one and three single- and multi-particle vertex operators extensively
studied by one of the authors in [12, 23-26], as well as of the newly discovered ghost number
zero vertex operator [27]. These building blocks together with a proper generalization of
the ideas presented in [22] to the 10D setting, are then used to introduce a pure spinor
prescription for the 11D 4-point function at tree level. We show that our pure spinor correlator
successfully passes a number of consistency checks, namely invariance under BRST and gauge
transformations. Furthermore, we discuss and display in detail the full evaluation of this
correlator in pure spinor superspace, and verify that it satisfies BRST closure and exhibits
full permutation symmetry. Remarkably, our formula is found to reproduce the 4-point
scattering amplitude obtained via perturbiner methods. Based on our findings, we also
propose a tree-level N-point correlator within the 11D pure spinor worldline formalism, and
argue for the validity and feasibility of our ansatz.

The paper is organized as follows. In section 2, we review the 11D pure spinor superparticle
and discuss its BRST cohomology. We then introduce the non-minimal pure spinor variables,
and present the b-ghost as well as the pure spinor vertex operators of ghost numbers one and



zero. Next, we introduce the multi-particle vertex operators, with special focus on the ghost
number one two-particle vertex operator, which proves to be essential for later computations.
In section 3, we provide a tree-level prescription for the 4-point pure spinor correlator, and
evaluate it explicitly. We provide an alternative representation of our 11D amplitude which
manifestly exhibits BRST invariance and full permutation symmetry. We also verify that our
expression is in complete agreement with results obtained from perturbiners. In section 4, we
use our previous results as well as insights from the 10D setup [22], and propose a general
N-point correlation function in 11D pure spinor superspace, consistent with BRST symmetry.
We close with discussions and future work. This paper also contains three appendices:
appendix A discusses integration-by-parts (IBP) techniques used in pure spinor correlators;
appendix B reviews 11D supergravity at linear and second orders, and finally appendix C
displays detailed calculations of the algebraic manipulations carried out in the correlation
functions studied in section 3.

2 Pure spinor superparticle in 11D

The 11D pure spinor superparticle action in a general background is given by [7, 28]
1
s=[ar {PM&ZM e (904 + 0,2V 570 - QPQ] . 2.1)

We are using capital letters at the beginning/middle of the Latin alphabet to denote tan-
gent/curved space indices. Likewise, Latin/Greek letters at the (middle) beginning of the
alphabet indicate (curved) flat vector/spinor indices. The variables ZM = (X™ 6") rep-
resent the bosonic and fermionic coordinates of the 11D ordinary superspace, and their
corresponding conjugate momenta are denoted by Py = (Pp,py). The 11D vielbeins in
superspace will be indicated by E4™ and Ej;4, and the spin-connection by M, 4B, The
11D gamma matrices are represented by (7%)as, (7%)*?, and they satisfy the Clifford algebra
(V) ap(7?)# = 155, The field A* is an 11D bosonic spinor satisfying the pure spinor
constraint Ay*\ = 0. Due to this constraint, its conjugate momentum w,, is only defined
up to the gauge transformation dw, = (7*A)apa, for any vector p,. The fields \* and w,
are ghost fields, and will be assigned to carry ghost numbers 1 and —1, respectively. In a
flat background, the superparticle action (2.1) simplifies to

S = / dr [PaaTX“ 4 pad0% + wa DA — %PQ . (2.2)

In this work, we will employ the path integral formalism. In this setup, the fields satisfy
the following free field contractions

Pu(11) X (12) ~ —0b012,
Pa(11)0%(12) ~ 2019,
Wa(Tl))\ﬂ(TZ) ~ *55012, (2.3)

where o0;; = %sign(n — 75). These contractions are equivalent to the canonical commutation
relations. This can be checked by using the map between graded commutators and operator



insertions on the path integral, given by
[A(T),B(7)} ~ A(T + €)B(T) F B(1)A(T — €), (2.4)

where ¢ — 0 and the sign is — for commutators, and + for anticommutators.

The action (2.2) is supplemented by the BRST charge Qo = \*d,, where d, = po —
2(v%0)o P, is the Brink-Schwarz fermionic constraint [29]. It has been shown that the
quantization of this model reproduces all the fields and antifields of the Batalin-Vilkovisky
description of linearized 11D supergravity [7]. In particular, the antifield of the ghost-for-
ghost-for-ghost associated to the gauge symmetry in 11D supergravity, is located at the ghost
number seven sector, and it represents the top cohomology of the BRST charge. Due to
this, it has been suggested as a candidate for defining manifestly supersymmetric correlation
functions in 11D, as we will discuss in next section.

2.1 Non-minimal variables and the physical operators

The action (2.2) admits a topological extension preserving the space of physical states. This
modification of the pure spinor worldline is obtained after adding the pair of conjugate
bosonic spinors (Mg, w®), and the pair of conjugate fermionic spinors (rq,s), subject to the
constraints Ay?\ = Ay%r = 0. The non-minimal version of the pure spinor superparticle (2.2)
then reads [7, 30]

- 1
S = / dr [PaaTX“ + Pa0r0% + WaOr A 4 W0y Mg + 50770 — 5P? . (2.5)
The non-minimal BRST charge takes the new form

Q = Qo + rqw®, (2.6)

so that the cohomologies of @ and Qg are equivalent to each other. The action (2.5) is
invariant under the global symmetry J = woA* — W\, referred to as the non-minimal ghost
number charge. Hence, A, and r, carry ghost numbers —1 and 0, respectively.

One of the main advantages of the non-minimal framework is that it allows for the
construction of Lorentz covariant operators of negative ghost number. In particular, one can
construct the so-called b-ghost, which satisfies the standard relation

Q) =3P (2.7)

The explicit form of the b-ghost was originally found in [31]. The solution contains intricate
algebraic expressions involving pure spinors and gamma matrices, which make it untractable
for practical applications. This quite complicated formula was dramatically simplified
in [26, 30] after introducing the so-called physical operators [32]. Since these operators will
be relevant for our computations later, we shortly review them next.

The 11D pure spinor physical operators will be denoted by C¢%, C,, ®., C®, Qp, T,
These are defined as linear operators which carry negative ghost number and satisfy the



following set of relations

[@Q,Ca] = —lda — (7*N)aCa, (2.8)
(Q.Ca} = ;P ("N, (2.9)
[Q, 2] = (M @), (2.10)
{Q, @} = i(A'Yab)aQaba (2.11)
(@ Q] = —(A)sTo’. (2.12)

The physical operators are defined so that their action on the ghost number three vertex
operator U®) reproduces the field content of linearized supergravity, up to shift symmetry
and BRST-exact terms. For instance, CoU®) = C,, up to shift-symmetry. They can be
used to construct superfield descriptions of supergravity in the pure spinor formalism. The
reader might review linearized gravity in appendix B.

The system of equations (2.8)—(2.12) can be solved with the use of the non-minimal
variables. Indeed, one finds

Wq 1 abc Y 3\
Ca = 3+ 3, (A" w) Amed) Aa)a (2.13)
Co = —= (P 2) Maedd) — —(Pr) Myapett) + o SR Aapett)
a — 377 7 Yabe 377 ol Yabe 3772 ol Yabe
4 o
T 5,2 (Mac) A DA r) (Mpacw), (2.14)

®° = 2[S90, = (03 () M) = {5, =5 (" R) ()} V)
- SOV ) M) (2.15)

:—sa[ ()P, — n4<wr><xfycdr><mdd>

= (SO N G ) (1) + (™) (™) ) Oaes) | (216)
Qap = 32 |:(q)7[akA)(A7b} T) + é(q)7abcd)‘)(5‘78dr)]a (217)
T2 = 2 (0P () o (218)

where ¢ = (AY*°A)(Ayapr), €5 = 3(YaneN)P (AYP°X) and 7 = (Ay®A) (MyapA). Although these
might seem very complicated, most of the manipulations can be performed with ease by
using the defining properties of the physical operators.

As shown in [26], one can use the physical operators to write the 11D b-ghost in the
simple and compact way

- §pac +3(wd)c1> —§(M W) (A7 ®). (2.19)

In this form, it is straightforward to check that {Q,b} = %PQ, and b is nilpotent up to
BRST-exact terms. Throughout this paper, we will use this version of the b-ghost.



2.2 Single-particle vertex operators
The pure spinor superfield in the BRST cohomology which describes the physical fields of
linearized 11D supergravity carries ghost number three. It can be written as

U® = XNNC, g5, (2.20)

where C, 5 is the lowest-dimensional component of the 3-form superfield of 11D supergravity.
This fact can easily been seen from the physical state conditions

{Qa U(g)} =0= D(acﬁcie) = (Wa)(aﬁcazse)a (221)
SU® =[Q,%] = 6Cass = DiaZps), (2.22)

where ¥ = \*\%%, 5, and %, is any superfield. Egs. (2.21) and (2.22) above are nothing
but the physical superspace constraints of linearized 11D supergravity. For more details,
see appendix B.1.

For later reference, U®) can also be shown to satisfy

0.U = 3[Q, Cu] = 3(MapN) ¢, (2.23)

DoUB) +3{Q,Ca} = —3(M")aClu, (2.24)

where C, = A¥\? Caaps Co = B AN Copgy, with (Cuag, Capy) being components of the linearized
11D super 3-form, and ¢% = A*h,%, with h,® being the first-order correction of the vielbein.
The ghost number one vertex operator was introduced in [12] as the first-order per-

turbation of the superparticle BRST charge coupled to a curved background. It takes the

explicit form
1
UY = Po® + dpo® — §¢)abN“b, (2.25)

where N% = Ay? is the pure spinor Lorentz generator. We also define ¢® = \? hg®, and
Dap = A& (fyab)ﬁ 5Qa55, where hy” and Q, 55 are the linearized versions of the respective com-
ponents of the vielbeins and spin-connection. By construction, this operator is BRST-closed

{Q.uW}y =o0. (2.26)

As a double check, one can use the equations of motion listed in appendix B to prove the
validity of eq. (2.26).

More recently, the ghost number zero vertex operator was constructed by using the
physical operators studied above. It takes the strikingly compact form [27]

U = 3| PACPQup+ (AN Pohgy® e — (Ao ) s A Tho C% + P Cyd, " — P*Cr0d™ | . (2.27)

The numerical factor in front of the square brackets was chosen for convenience. Fundamentally,
this operator satisfies the standard descent equation with U™, namely

QU =o0,Uu. (2.28)

One can easily check this via egs. (2.8)—(2.12). This relation will be crucial when showing
that our amplitude prescription satisfies a number of consistency checks.



2.3 Multi-particle vertex operators

Following the ideas developed in the 10D case [22], our worldline prescription for computing
11D correlators will require the introduction of the so-called multi-particle vertex operators.
These objects are essential when defining BRST invariant worldline correlation functions.
The multi-particle vertices with ghost numbers zero and one will be denoted by U® and
UW), respectively. The superfield U can be determined from the deformation of the free
Hamiltonian, induced by the supergravity background at all orders in the coupling constant.
Likewise, the superfield UM can be defined from the curved background deformation of the
BRST operator @, at all orders in the coupling constant.

These multi-particle operators satisfy a number of constraints which can be deduced from
the properties of nilpotency and time conservation of the curved BRST charge. Explicitly,

{@.¢} =0, 1,Q] =0, (2.29)

where Q = Q+UW is the curved BRST charge, and H = H+U© is the curved Hamiltonian,
with H = %PQ. Eqgs. (2.29) demand the following consistency relations

{QuW} = —% {v®, v}, (2.30)
QU] = 7, uD] + U@, v]. (2.31)

These equations can be solved order by order in the coupling constant by employing the
perturbiner method of Selivanov [33]. In this approach, we expand the multi-particle vertex
operators in terms of multi-particle asymptotic states labeled by words P = p; ... p,, carrying
momentum kp =k, +---+kp,,. Each letter p; in the word P, represents one particle in the
corresponding state. These states can be written as plane wave factors multiplying linear
operators depending on external polarizations. Concretely,

(a) Z U ’Lk‘p X U,L(a)elle(T) _|_ U,L(]a)elk”X(T) + e (232)

where a = 0,1 is the ghost number. We refer to the number of particles in a letter P as
the rank of the associated operator. After plugging the expansion (2.32) into egs. (2.30)
and (2.31), and properly matching the powers of the respective exponentials, one can find a set
of relations obeyed by these operators for any specific value of the rank. As usual, the action
of the Hamiltonian on the exponential factors introduces 7-derivatives in these relations.

The application of this procedure to the rank-1 superfields Ui(l) and Ui(o), yields the
familiar relations (2.26) and (2.28), satisfied by the ghost number one and zero single-particle
vertex operators.

In the case of rank-2 superfields, one finds for the ghost number one two-particle

(1)

operator Uij

(Q.Uuly=—{u" uM. (2.33)

One possible solution to eq. (2.33) is given by the collision of two single-particle operators,
one at ghost number one and the other at ghost number zero, as follows

M) _ 2 [ 110
U, _%[Ui U], (2.34)



where s;; = (ki + k;)*> = 2k; - kj. Acting with the BRST charge and using the descent
eq. (2.26), it is not hard to see that (2.33) indeed holds. This solution can be shown to
be unique up to BRST transformations. In addition, one can explicitly verify that the
antisymmetric part of the operator (2.34) is BRST-trivial

0. 2 [0.09]] = (0 -uf). o

In contrast, the symmetrization of the rank-2 operator (2.34) does not admit this repre-
sentation. It will be denoted by V(l)

W _ 0 1o (1)
Vi = -U) = =5 (U + ) (2.36)

and referred to as pinching operator. Under BRST transformations, the pinching operator
transforms according to

Q. ViVy =, uMy. (2.37)

After plugging eqgs. (2.25), (2.27) into the definition of the rank-2 operator (2.34), one
finds that the pinching operator (2.36) can be expressed in the following compact way

2 /. I
= (Pady o+ dady — o). (239)

(D _

Vog' =

with ¢g; = ¢4 — 223983, P = ¢ — 2234)95 and ba3.ab = H23.ab — #234)93 qb- These superfields

correspond to two-particle configurations in 11D supergravity, and are explicitly constructed
in appendix B.2,

B33 = Ahaz o,  ¢95 = M hos 5, (M"Y paz b = 0535, (2.39)
Vs = P3ha o + ¢5ha " + Bdhs s + Pha s, (2.40)
VS = P5ha . + @5ha " + Boha s + $ihas”, (2.41)
(M) Pag.ab = —268,08),0" + 266,37 T) 5.7, (2.42)

where the superfields hag %, ho3 3%, (223" are second order deformations of the 11D vielbeins
and spin-connection, and they satisfy non-linear equations of motion consistent with 11D
supergravity. The superfields ¢o3 in (2.38), obey the following BRST transformation rules,

{Q7 g)6213} = )\’Ya(;z’g23 — 523 (ﬁb c¢3) + Cb D(sd)g Qa ha) ) (243)
[Q, 953] = (M) Gas.ab — 523(9o0c05) +¢ 2 Ds¢s) — o (23).8)- (2.44)

It will also be useful to introduce a rank-2 operator carrying ghost number three,
represented by Ui(;’) and defined as

38i' a a
UZ.(J?”) — [Uf’)’U;O)} B 23 (Ci,a% +Ci,a¢j>- (2.45)

3)

In terms of the linearized 11D supergravity superfields, Ui(j takes the simple form

Ul =3 [ki,aggbcj,b — (VA Rk; 065 + (Aya)aﬂ,bac;b]. (2.46)



Under BRST symmetry, U;; ®) transforms as

381‘3'

Gy —
Uy =5

(™A b, (2.47)

Likewise, one can show that this ghost number three rank-2 operator obeys the following
equations of motion,

DaUl(g) +3{Q,Cq 12} = —3(7v*"N)aCq,12
3512

+ 222 (20a)a858h + (M 00} + (NS 161 (2.48)

8.US) — 31Q, Cara] =3(Mpa))8hs

3
2 (1) + (Vasd2)8F + VN )$5h5 o + (VA o5hE ), (249)

where the superfields C;; are two-particle superfields obtained from the 11D supergravity
super 3-form at second order in perturbation theory.

The vertex operators studied in this section will form the basis for the evaluation of
the 11D 4-point correlation function in the next section.

3 Tree-level 4-point scattering amplitude in 11D

In this section, we introduce a worldline prescription for computing tree-level 4-point correla-
tion functions in 11D pure spinor superspace, and test its consistency under BRST invariance
and gauge transformations. We then evaluate the proposed correlator, and demonstrate that
it reproduces the 4-particle scattering amplitude at tree level derived via perturbiner methods.

3.1 Worldline prescription

Following the approach of [22], we define the 11D pure spinor worldline 4-point function as
da= /_ dr (U (00) U3 (1) UY (0)UY (=00) ) + (U (00) V3 (0) U} (—00) ). (3.1)

where the angle brackets denote the path integral over the spacetime and diffeomorphism ghost
fields, as well as the pure spinor projector (A\70°) = 1. In this formula (3.1), the worldline is
connected by two particles (1 and 4) represented by the ghost number three vertex operators,
and located at +co. The residual one-dimensional translational symmetry has been used to
fix the position of the ghost number one vertex operators to 7 = 0. The remaining particle
is represented by a ghost number zero vertex operator, which is integrated over the entire
worldline. Eq. (3.1) has a simple diagrammatic interpretation, as drawn in figure 1.

Next, we show that the 4-point function (3.1) is BRST-closed. To this end, let us first
compute the BRST variation of the first term in eq. (3.1). This variation gives rise to a contact
term, which emerges from the collision of two ghost number one vertex operators, as follows

{@.(vf [T oo o)} = (v [~ oo o)

= (0P U (05" (U3 (0) - UV (=oUsP () ), (32)
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Figure 1. The three diagrams contributing to the 4-particle scattering process at tree level. The first
diagram represents the first correlator in (3.1) when 7 varies from 0 to oo, while the second diagram
corresponds to this very same correlator when 7 is in the region from —oo to 0. The third diagram
presents an insertion corresponding to the pinching operator V2(31 ), defined in eq. (2.36).

where € was introduced as an arbitrarily small parameter, and we drop the terms U2(1)(:too)
in the second line. The subtraction inside the parentheses in (3.2) can be written as an
operator insertion on the worldline after appropriate normal ordering,

U (e)Us (0) — UV (—e)us? (0) = {Us”, U1 0), (3.3)

as per eq. (2.4). The BRST variation of the first term in (3.1) is hence given by

{@. (v [~ oo o)} = (PP uhe). e

On the other hand, the use of eq. (2.37) implies that the second term in eq. (3.1)
transforms as

[Q. (U ()i (U (7))} = —(UfP{Uf?, Uy 0)u ), (3.5)

which thus cancels the first contribution displayed in eq. (3.4). This concludes the proof
that the 4-point function (3.1) is indeed BRST-closed.

The correlator (3.1) can also be shown to be invariant under gauge transformations.
More precisely, the following modifications of the vertex operators

U ={Q,x},  oU =1Q.Asl,  6UY = 0:A0 + [Q, R,

6V = [U5", Aa] + [A2, U3V] + [Q. Q] (3.6)
for arbitrary functions X, Az, Ag, Q9. a3, leave the amplitude (3.1) unchanged. These varia-
tions are induced by the action of gauge transformations on the physical fields. The proof
that (3.1) is invariant under the first transformation in (3.6) is identical to that elaborated

above for BRST closure. Under the second transformation in (3.6), the correlator (3.1)
changes as

Sy = — <U1(3> / aTUél)Ag(O)U§3)> — (U U3Y (0)As(0)UL )
= (UP10s", 43JUi”) — (U7 03", AU
N (3.7)

A similar computation reveals that (3.1) is also invariant under the transformations labeled
by As. Finally, the gauge transformations with parameters 2o and {223 can easily be shown
to leave (3.1) invariant in a trivial manner.

,10,



3.2 Simplification

In order to compute the correlation function (3.1) in an efficient and systematic way, we
will first simplify it by making use of the following alternative expressions for the ghost
number one and zero vertex operators

U — {b, U(l)} +Q(--+), UW= {f;’ U(3)} + Q). (3.8)

These relations were originally presented in [23], with b being the b-ghost of eq. (2.19), and
by being a ghost number —2 non-minimal operator simply defined in terms of the physical
operators (2.13)—(2.18)

3= P® 4 dy® — M ws (7)o’ Qs (3.9)

Notice that (3.8) corresponds to gauge transformations of the form (3.6), where A3 and Q9

are determined by the BRST-exact terms enclosed in parentheses, while Ao = 0. In this
(1
J

structure prescribed by eq. (3.6). The transformed operator then takes the explicit form

way, (3.8) generates a variation in the associated pinching operator V.’ consistent with the

Vi = iy + U, A, (3.10)

Since the correlator (3.1) has already been shown to be invariant under such transformations,
one concludes that

o= /_ " ar (U ()00 )T UL (~00)) + (U (00) T (U (—00) ), (3.11)

where 02(0) = {b, UQ(I)}, 03(1) = [i, U§3)}, and 172(31) is the transformed pinching operator.

We now proceed to analyze eq. (3.11). The path integral over the canonical momenta
is equivalent to replacing these momenta by their corresponding differential operator rep-
resentations, up to o;; factors. For instance,

(Pm(11)0(2(72))) = 012(0m O (2(72)))- (3.12)

The application of this substitution rule in eq. (3.11), defines the action of the vertex operators
as commutators or anticommutators in field space, namely [U;, —} and [Vj;, —}. Using
the properties of b and i, as well as of the pure spinor measure, it is possible to use (IBP)
integration by parts techniques on these operators, which will prove to be significantly useful
for simplifying eq. (3.11), see appendix A for details. Let us illustrate this by considering
the first integral in eq. (3.11), and restrict the interval of integration to co > 7 > 0. The
piece of the correlator under consideration then reads

[ ar (0P )0 ()5 U (-0))
0

1 o0

= [T ar ([0, 0050 (31

— 11 —



1 4

Figure 2. The first diagram that contributes to the 4-point function. Due to BRST invariance and
IBP manipulations, one can compute this correlator by considering only the contractions indicated by
the arrows, see eq. (3.14).

where we used IBP for UQ(O) in the last line. Using the same argument for the action of
ﬁél), one obtains

| ar (0P ot (0P U (o)

- / ar ({[v®. 0], 0"} u). (3.14)

This computation demonstrates that the first term in eq. (3.1) can be derived exclusively
from contractions between the worldline-vector dependent vertices UQ( ) and Uy (1) , and the
unintegrated vertex U1(3) . One can conveniently interpret eq. (3.14) as mdlcatlng that the
integrated vertex 02(0) resides on the leg associated to the asymptotic state with which it first
collides, to then contract the resulting multi-particle operator with Uél). See 2.

Analogously, one can simplify the correlators representing the other diagrams. The
4-point amplitude (3.11) then reduces to

ty= [ ar ({[00.00] 0"} 0 + [

i (U {057, 027, U] )

+ ol v uy. (3.15)

0

Since the amplitude (3.15) is invariant under BRST transformations and those consistent
with eq. (3.8), one can remove the tildes in eq. (3.15) and write

oy — /000 ir <{ {Ul(s.)’ UQ(O)} 7U?El)} Uf’)> +/

i (U (s, [ U] )

+{{ulP v b u?y. (3.16)

0

3.3 Evaluation

We will evaluate now eq. (3.16) in pure spinor superspace. The first term is represented
by the same diagram in 2, which will be called dj. The superscript s denotes that this
configuration corresponds to the s-channel, as it reproduces the pole s = s12 upon contracting
ikx

the exponential factors e"* and performing the integration over 7. Using the relation (2.45)

— 12 —



‘ I
L,

Figure 3. The second diagram relevant to the computation of the 4-point function. This configuration
gives rise to the pole ¢ = s13, which justifies its notation o¢.

and the equations of motion (2.48) and (2.49), one then obtains

ol = /OOO dr ({{v?, v, Uiy U
= (i NohasU ) +3 {0, U)U L)
+3((1ad)) 505U ) + 3 { Mia2) 830507 ) + 6 ( (Mpatrs) ot o5UL”)
+ 3 (M N) 9518 85017 ) + 3 (MM 95h8 1 05UL" )
+3((MaN)#sh 0 05U;" ) + 3 ( (Vraph)@ihs 16505 ) (3.17)

where Cj; = Cj o8] — Ciod§. A full derivation of (3.17) can be found in appendix C.
Similarly, the second term in eq. (3.16) is diagrammatically displayed in 3. In this case,

the contraction of the exponential factors e’** and integration over 7 yield the pole ¢t = s13,

which indicates that this diagram of! describes the t-channel of the 4-particle interaction.
A straightforward strategy for computing this diagram involves observing that it is

BRST-equivalent to the diagram studied above up to a particle relabeling. Indeed,

({o (v [ o [Toeu)})
<U1 / U, U(3)> <U(3) / Oyt U4)>. (3.18)

Diagrammatically, this relation corresponds to 4. This implies that the ¢-channel contribution

can alternatively be computed by first contracting the integrated vertex U:,EO) with the ghost
3)

number three vertex U;™’, and then contracting the resulting expression with the ghost

(1)

number one operator Uy ’. In this manner, one finds that of? takes the form

dai= [ " ar (U® 0 (U0 [0 (), U (=o0)] 1)
- / ar ({[U(00), U ()] U (0) }U (~00) )
= ST:), <(>\7ba )13 85U (3)> +3 <{013, Uz(l)}Uig)>
+3((1ad)) 505U ) + 3 { Mas) 503U ) + 6 { (Mpatra) 8} d5UL”)
+3( (M) 95h5 105U ) + 3 ()5t 05U L)
+3((MapN)93h8 03 UL ) + 3 ( (Mrap)) 9585 005U ) (3.19)

,13,
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|
._l‘_
S

Figure 4. BRST invariance provides two equivalent formulations for computing the correlator o/}.

Y,

Figure 5. The third diagram entering the 4-point function. Unlike the previous correlators o}
and ¢t this diagram contains the pinching operator V2(3) Its particular configuration describes the
u-channel of the 4-particle scattering process, which motivates the notation oj.

After summing the two channels (3.17) and (3.19), and some algebra (see appendix C for
details), one gets

s a 3
di+dy=— <()\’Yba )¢12¢3U4 > <()\7ba )¢1305U, Uj )>
513
+ 12 { (\yapd1) 95650 (3)> + 12 ((Mand2) 8304 UL” ) + 12 ((Mansa) #1505 )
+ 6 { (M N )91hls, 05 UL ) + 6 { (MapN)95hly 65 UL )
<C ( 286¢3 + QZ) 2D5¢3 Qa ha) )Ui )>
— 6(Cra (660008 + 0%, D55y — U155 )USY). (3.20)
Finally, the u-channel can be obtained from the diagram containing the pinching operator
in figure 5.

We denote this diagram by d} since it reproduces the u-channel, as can easily be seen

from the definition of the pinching operator V2(31 ) in eq. (2.36). A detailed computation of
this diagram can be found in appendix C. The result reads

oA <{U(3) V(l)} U( )>

© (et dU1) +3(Cral{@. %) - a"dm)UL”)

~3(Cra((Q, 053] + 05U ) )

= S N5 AUD) — 6 (N9l 05U ) — 6 (OrasN il o5, U )

—6<C’1,a(¢> Des) +¢ 2 Dsdgy — Qhs) )U(3)>
6

C1,a (650008 + 62 Ds05) — 2508 5)USY) . (3.21)

— 14 —



After plugging eqgs. (3.20) and (3.21) into eq. (3.16), one finds the compact formula
for the 4-point function in 11D

dy=di+df+df

1 1 1
= N hY by a ;byr(3) o A A a brr(3) L i\ A a brr(3)
6[ (a8 + - (OO L)+ (st

+2((Masd) 9885057 ) + 2 ((\vads) #1505 ) +2 <<Avab¢2>¢§¢’{U£3>>] . (3:22)

Next, we demonstrate that our result (3.22) is BRST-closed and invariant under the full
permutation group of external particles. We also verify that it reproduces the scattering
amplitude derived from perturbiner methods applied to 11D supergravity in pure spinor
superspace.

3.4 BRST invariance and full permutation symmetry
As shown in appendix C.1, the amplitude (3.22) admits the following compact representation
3 3 3 3 3 3
Ay =4 <V1(2){Q, V3(4)}> +4 <V1(3){Q7 ‘/2(4)}> +4 <V2(3){Q7 V1(4)}> ) (3.23)
®3)
J
eq. (2.46). This form of the amplitude makes both its BRST invariance and full permutation

where V2" = Ui(f)/ Sij, with Ui(;’) being the ghost number three vertex operator defined in

symmetry manifest.
Indeed, the use of eq. (2.47) results in the following BRST transformation for the
amplitude (3.23)

{Q, Az} = 12(1"2) M1) 61,00 503 0000 ) - (3.24)

BRST invariance then immediately follows from the identity (Ay[*X)(Ay9N) = 0.

Moreover, IBP manipulations involving the BRST operator, together with the symmetry
of {Q, Vig»s)} under the exchange i <> j, imply that the amplitude (3.23) is invariant under
the full permutation group of external particles. Let us see how this works explicitly. The
invariance under the exchange 1 <> 2 follows from IBP the BRST operator in the first
term of (3.23)

4(1,2,3,4) = 4 (VE{Q VD) + 4 (VPHQ Vi) + 4 (Vi 1@, viPY)
= 4({Q Vi) + 4 (ViR VDY) + 4 (ViP{Q, Vi)Y
= d(2,1,3,4), (3.25)

where in the second line we used the symmetry of the expression {Q, V1(23 )} under the exchange
1 <> 2. The same reasoning applies to demonstrate invariance under the exchanges 1 < 3,
2 <» 3. The invariance under the exchanges of indices involving the particle labels (1,4), is
established after IBP the BRST operator in the first two terms of (3.23)

4(1,2,3,4) = 4 (VEHQ VD) + 4 (VPHQ Vi) + 4 (Vi 1@, viPY)
= 4({Q. VW) + 4 (1@ Vi i) + 4 (Vi (@, viPY)
= o (4,2,3,1). (3.26)
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Invariance under the exchanges 4 < 3, 4 < 2 follows directly by analogy with the
preceding case. This confirms that the amplitude (3.23) is invariant under the full symmetric
group Sy acting on the external particles.

3.5 Perturbiner methods

The perturbiner expansion was originally introduced in [34] as an alternative method for
computing gluon scattering amplitudes. In recent years, it has been significantly developed
and extended to various settings, including gravity, loop-level interactions, and formulations
involving pure spinors [21]. Building on the latter, one can define the following BRST-closed
4-particle amplitude in 11D pure spinor superspace

_ 1 (3)77(3)
My = ) k%}go <QU123U4 >7 (3.27)

where the normalization constant was chosen for convenience, the angle brackets denote the
standard 11D pure spinor measure (A\76%) = 1, and Ug% is a three-particle operator of ghost

number three, defined from the 11D supergravity equations of motion.

To evaluate (3.27), one can expand the supergravity constraint G,gsc = 0, where Gygsc
is the lowest mass dimension component of the super 4-form field strength Gapcp, at third
order in the number of fields. One finds

Gaﬁée = E(aMEﬂNE(ngE)QGQpNM
= Hagse + 4E~(QMEA'IBNEA15PEAE)QGQPNM + GE(QMEgNﬁngG)QGQPNM
+ 4E(aMEBNE5PEe)QGQPNM =+ E(QMEN'ﬂNE(SPEe)QGQPNM =0, (3.28)

where H,gsc = E(QMEA’BNEA(;PEAE)QGQNMP, (EAM, EMA) represent the flat-space values of
the corresponding vielbeins, and (E' M E MA) denote the full vielbeins after removing their
background values. As done in [25], we make the identification U (B) = \o)\P XSCO[B(;, where
Caps = E(QMEgNEg)PCPNM, and Cpyyys is the super 3-form gauge field of 11D supergravity.

The perturbiner approach then dictates the following multi-particle expansions

ExM =" Eg aMeko X, (3.29)
P
En? = By atehs X, (3.30)
P
Hapep = Hapep + Y Hp apcpe™ ™, (3.31)
7

where Hapep is the flat-space value of Hagcp, and P = pips ... pn, represents a ordered
sequence of letters, with p; being a single-particle label, and kg = kp, 4+ kp, + ... + kpy -
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After substituting the relations (3.29)—(3.31) in (3.28), and performing some algebraic
manipulations, one finds

Hy apse = 4EMEGN EsTECEQP Ep® EnP Eq (i Hapep
+6 ) EMEGNEPECEQP Ep© Eg NP Eq i Hapep

PUG=T

+4 z EMENELELEQP Eg pC Ea NP Eg v Hapop
PUCGUAR=L

+ Z EMENEsPECEg 0P Eq pCEa NP Es i Hapep.  (3.32)
PUCGURUS=I

Using the definition hg, AB = EaM Eg>7 w2, one finds the following equation of motion
at cubic order in the number of fields

He apse = —6(Yar)ap D hoshae’ —120Vab) s . ho g has hao’, (3.33)
POa=% PUGUS=L

which in pure spinor superspace takes the simple form

QUY =6(0™A) 3 ndh +12 Y (Mu®g) DLk, (3.34)
PrPUQ=X PUQUR=X

where <I>§ = )\O‘hgs7aA. Note that <I>;4 = géf for any single-particle label 1.

Therefore, the perturbiner approach predicts the following 4-particle amplitude

m4=6[<<mA> LU ) + (M) @5R5ULY ) + (A 2805047 )
+ 2w ®)5R5UL ) +2 (W ®2) 405U ) +2 (s ®3) 24 03U L) ] - (3.35)

In order to reproduce the four-particle amplitude (3.22) from the perturbiner formula (3.27)
A
YR
which is consistent with our discussion in appendix B. After doing so, one concludes that

restricted to the case of four external labels, one needs to make the rescaling <I>;4j = Siqb
ij

My = Ay, as promised.

4 Tree-level N-point scattering amplitudes in 11D

This section generalizes the preceding construction and introduces a framework for computing
tree-level N-point correlators in 11D supergravity using the pure spinor worldline formalism.

One begins by selecting a skeleton diagram consisting of a worldline that connects two
particles positioned at +o0o, designated as particles 1 and N. The remaining external particles
are inserted via ghost number zero vertex operators, together with a single ghost number
one insertion. Exploiting worldline translation invariance, one fixes the position of the ghost
number one vertex at 7 = 0. To compute the amplitude, we integrate over the insertion
positions and subsequently perform the path integral over the worldline fields, incorporating
the standard pure spinor measure (\76%) = 1. Explicitly,

,17,



dy = Z<U1(3)(oo) kf[l ( / dTpiUI(D?)) Vlgi)(O)U]({?)(—oo)>, (4.1)
=1

kvpi

where the sum runs over integers k € {1,..., N — 2} and corresponding multi-particle labels
P;, such that PLUP,U---UP, ={2,...,N =1}, and P, N{N — 1} # 0.

The evaluation of the correlator (4.1) proceeds in two stages: first, one contracts all
momenta as dictated by eq. (2.3). This step is equivalent to replacing the momenta with
their respective differential operator counterparts

Py — aau do = Do, wo — 8)\04, (42)

up to factors of o;; = %sign(n — 7;). Finally, one performs the integration over the zero
modes of the worldline fields. The spacetime coordinates in the exponential factors efX
give rise to the kinematical poles of the amplitude, while the zero modes of # and \ are

saturated by the projector (A\79%) = 1.

4.1 BRST and gauge invariance

As in the 4-point case, we now show that the prescription (4.1) is BRST-closed and invariant
under gauge transformations. For clarity and simplicity, we restrict our analysis to the case
of N = 5 external particles, noting that the generalization to arbitrary N is expected to
follow straightforwardly by analogous reasoning.

The 5-point amplitude o5 is given by

ol — / dry [ dry (U (00) U () UL () UL (0) U (~ o))

+ [ ar (U o)t (Vi U (o))
w [ ar (U o)t (Vi U (—o0))
+ [ ar (U o)) (U U (—00)) + (U (co) VO (-0) ) . (4.3)

In this case, we observe the presence of a new object, namely the ghost number zero multi-
particle operator Ui(;)), which unlike the ghost number one operator, it does not possess a

definite symmetry under particle exchange.

,18,



To show BRST invariance, one can compute the BRST variation of each line on the
right-hand side of eq. (4.3). The first line transforms as

- [ an /°° dry (U (50) (008" ()0 (70) + U3 ()0, 03" (7)) U1 (00 (~0))
= [ ar (P (e0) (U (7 + U (7) - U3 = 901" () U 01 (=20
[ ar <Uf3><oo> (3" + v (7) = U3V (7 — UL (7)) U (0) U5 (=00) )
+ [ an (UfPe0) (U8 U ) = U (=0U ) U (m) U (-o0))
+ [ an (UP vl () (U0l ©0) - U (-9U" () U (-o0))
(4.4)

where ¢ represents an arbitrary small parameter, and we dropped the terms where U™
approaches +o0o. After appropriate normal ordering, the parentheses in the second and third
lines of eq. (4.4) can be written as operator insertions

U3 (r + Uy” (7) - U3 (7 — U3 (7) = U3, U5 (), (4.5)
U 7+ Uy (1) = U3 7 = () = (037, 037 )(). (46)

The same procedure can be applied to the last two lines of eq. (4.4), so that the
subtractions within the parentheses give rise to operator insertions. In this manner, eq. (4.4)
reduces to

| ar (U (o0 (037,080 + 08, U (U P U (—o0))

+ [ an (U 00) {0 U} U () U (—0)

+ /_ dr> (U (00)U3” (72) {US", ULV} (0TS (—00)) (4.7)
Analogously, the BRST variation of the second line in (4.3) can be cast as

- [ ar (0P 0l () {U“), Ui} U (=)

— (U (00) (U (Vi (0) = U (=) Vi1 (0 >) (—0))
_ /fo dr <U1(3)(OO)U( ) { (1) } >
_ <U1(3)( )(Uél)( )‘/'2(4 (0) — ( e)V ( )) ( oo)>, (4.8)

where we used eq. (2.33) for the BRST variation of the pinching operator. We observe that
the first and third lines of eq. (4.8) cancel against the last two lines of eq. (4.7). Once more,
one can bring eq. (4.8) into normal-ordered form, so that the subtractions in the parentheses
of the second and fourth lines generate operator insertions. Taken together, the BRST
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variation of the first and second lines of (4.3) can be expressed as

| ar (U o) (37,0001 + 08, Uf) (U U (—o0))

— (U (00) {05, Vi } ()0 (=00)) = (U1 (00) {U57, Vi } ()0 (—00)) . (4.9)
To compute the variation of the last line in (4.3), one needs to make use of the relations

[Q,U] = 0,U%) + U, UM + [0, UM, (4.10)
{Q,V; 2(312 = {U. (1)7‘/31)}"‘{[]31)7‘/24)}“‘{[]4 »‘/2(3)}- (4.11)

which can be directly obtained from eq. (2.32) and the consistency conditions (2.30) and (2.31).
For such a variation, one then finds

— (U1 (00) (Vi ()ULP(0) = Vi (~)Uf? (0)) U (~o0))
— [ ar (P o) (087, U+ 0, U (0D 00 (—o0)

+ (U (00) ({US7, Vi + {USY Ve + (U, Vi }) (U (=00)) . (412)

Upon normal ordering the first line of eq. (4.12), this expression simplifies to

— (U ) Ul Vs 1O UL (—oc) )
- [ ar (UPeo) (0l U1+ 1,03 (U 00 (—0))

+ (U (00) ({UY, Vi } + UV v} + (U, v }) (U (=o0)) . (4.13)

Therefore, one concludes that the BRST variation of the first two lines of the 5-point
function (4.3), given by (4.9), exactly cancels the BRST variation of the last line of (4.3),
given by (4.13). This proves the BRST closure of the 5-point function.

Let us now investigate the variation of the 5-point function (4.3) under gauge trans-
formations. These read

V={e.x}, =AU =oA+Qe) =23
OULY = 0-03 + 22Uy, Ag)] + 2{Q2, UsY} + [Q, g,
oV = (M U+ (A U 4 Q0] i=2.3

5V2(31z2 = [‘/-2(31)7A4] + [As, V2(4)] + [Ag, ‘/3(4)] + [U2(1)7 Qaq] + [U§1)7 Qo] + [U(l), Qa3] + [Q, Q234],
(4.14)

for arbitrary functions X, Yo3, Ag, Az, Ag, Qa, Qog, oy, N34, Qa34.  The invariance of (4.3)
under the gauge symmetry associated to the parameter ¥ immediately follows from the same
argument as that used in the proof of BRST closure below eq. (4.3).
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The action of the transformation generated by A4 in eq. (4.14), induces the following
variation in the correlator (4.3)

Snets = [ ar (U (W 0)1+ 07,037 (AU
+ [ ar (0 (U0 ) Ad )+ UL ()0 40l 0)) U

- [ ar (P o a0 - [ ar (vP Ul (ol Ao

-/ _ar (U (s, 03+ (0, U3M) () a0 ) = (U1 V) Aa0) T )
+HUP v AUy =o. (4.15)

The first two lines of eq. (4.15) arise from the gauge variation of the first line in eq. (4.3),
once it is brought into normal-ordered form. The third line corresponds to the variation of
the second line in eq. (4.3), while the fourth line reflects the gauge variation of the first term
in the third line of eq. (4.3), again after appropriate normal ordering. Finally, the last line
originates from the gauge transformation of the final term in eq. (4.3).

Similarly, the gauge variations governed by the parameters Az and Az in eq. (4.14),
act on 5 in the following way:

ncts = =2 [ ar (UPUR, a0 U
— [ ar (U (08 (7)1, U100) + U (012,01 0)) UFY)
— (U, %,<i>1<o>Ué3>> — (U [As, V310U
+ [ ar (PP @, ov) + [ ar (0PU0 @k, U 00
+2 /_ ~ dr ( Ul(?’)[U((S),Ag)](T)Uil)(o)U§3)>
+ (U (1A, Vi + [,V )) (U) =0 (4.16)

The first two lines of eq. (4.16) originate from the gauge variation of the first line in eq. (4.3),
after applying appropriate normal ordering. The third and fourth lines arise from the variation
of the second line in eq. (4.3), with normal ordering applied in the third line. Finally, the
last two lines result from the variation of the last line in eq. (4.3).

Furthermore, under the transformations generated by Q9 and Q3 in (4.14), the corre-
lator (4.3) transforms as follows

oz =2 [ ar (U106, U} U 00
+ / ~ar (U () {US”, ULV 0) + 23(n) UV, U1 0) UE)
— [ ar (0P U0 ) - [ ar (U0l ()uf". vy o)

—2/ dr (U906, Uy (U 0U) = 0. (4.17)
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The first two lines of eq. (4.17) arise from the variation of the first line in eq. (4.3), after
applying appropriate normal ordering. The third line results from the variation of the
second line in eq. (4.3), after IBP the BRST operator. Finally, the fourth line reflects the
gauge transformation of the first term in the third line of eq. (4.3), again after suitable
normal ordering.

Likewise, the gauge transformations associated to the parameters 294 and 34 in (4.14),
lead to the following change in the 5-point function

Sauds = — (U057, Q3] (0)UF) + (U U, 024) (0)US”)
+ <U1(3) ([UQ(I)v Qaa] + U5V, Q24]> (O)Ué3)> = 0. (4.18)

The first line in eq. (4.18) corresponds to the gauge transformation of the second line in
eq. (4.3), after IBP the BRST operator and using normal ordering, and the last line results
from the gauge transformation of the last term in eq. (4.3).

Finally, the gauge transformations generated by the parameters a3 and Q934 in (4.14)
can be shown to leave the 5-point amplitude (4.3) invariant in a trivial way. This concludes
our proof of gauge invariance of the 5-point amplitude (4.3).

5 Discussions

We have developed a pure spinor prescription for computing N-particle scattering amplitudes
in 11D supergravity, which is consistent with both BRST symmetry and gauge invariance.
In particular, the 4-point function derived within this framework exhibits a remarkably
compact and simple form in pure spinor superspace. This expression not only manifests full
invariance under the permutation group of external particles, but also aligns precisely with
the amplitude formula obtained via the perturbiner method.

To evaluate higher-point correlation functions, one must construct multi-particle vertex
operators of various ghost numbers that satisfy the consistency relations (4.10) and (4.11). For
example, the vertex operators Uég) and ‘/2(312 introduced in section 4 can be derived from the
(anti)commutation relations obeyed by the one- and two-particle vertex operators appearing
on the right-hand side of egs. (4.10) and (4.11). Their explicit forms follow directly from
egs. (2.25), (2.27), and (2.38). Since the relevant expressions are BRST-exact by construction,
a straightforward comparison yields the results for UQ(g) and ‘/'2(312. Scattering amplitudes
may then be extracted from the contraction relations satisfied by these operators and their
lower-rank counterparts. As a non-trivial check, the resulting amplitudes can be compared
with those obtained from the perturbiner method for an arbitrary number of external particles.

In principle, this procedure extends to the computation of any tree-level pure spinor
correlator in 11D. However, its implementation might be obstructed by subtleties associated
with the pole 7 in the integrated vertex operator. These subtleties originate from the structure
of the pure spinor measure [dZ] in the projector (-), which schematically scales as

[dZ) ~ AT d®Nd® N d?r (5.1)

(see appendix A for details). Consequently, the integrand must decay more slowly than
A~16)\=23 This restriction limits the number of integrated vertex operators that may appear
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in a correlation function, since these operators explicitly involve negative powers of 7. To
illustrate this point, define £ = AX)fre which satisfies Q¢ = 1. A naive argument would
then suggest (M) = (Q(éM)) = 0, where M = A\"#? represents the top cohomology of the
11D pure spinor BRST charge. This conclusion, however, is only valid if £¢M diverges more
slowly than A\~16X\=22_ In fact, €M contains terms of the form A~10X=22032;-22 invalidating

the naive reasoning. As in 10D [35], these difficulties can be circumvented by introducing

a regularized version of the integrated vertex operator in which the problematic poles are
absent. While a full treatment of this regularization lies beyond the scope of the present
manuscript, we intend to return to this question in future work.

Once the pure spinor correlator has been evaluated for a given set of supergravity external
states, the corresponding physical scattering amplitudes are obtained by projecting the result
to ordinary spacetime using the measure (\76%) = 1. This measure was derived in [31] within
the pure spinor superfield framework, however, to the best of our knowledge, it has not yet
been used in explicit computations. In forthcoming work, we plan to analyze 11D pure spinor
expressions compatible with the A76° structure which, together with the f-expansions of [25],
will allow us to compute the 4-point function presented in eq. (3.22) in ordinary spacetime.

It would also be interesting to explore how our worldline approach can provide deeper
insights into the worldvolume dynamics of the supermembrane. In particular, the vertex
operator recently introduced in [27] and succesfully used in this work, radically differs from
that proposed in [7] in the particle limit. Likewise, unlike the supermembrane scattering
prescription in [7], which requires the presence of the ghost number four pure spinor superfield
containing 11D supergravity antifields, our framework only makes use of physical pure spinor
superfields. We leave these problems for future investigation.

Another possible direction for future work is the construction of a pure spinor supertwistor
description of 11D supergravity using our results as a basis, in analogy with the 10D case [36—
39]. This may in turn lead to an ambitwistorial framework that exploits the power of CFT
for computing supergravity scattering amplitudes. We intend to study this in the near future.

Finally, a further natural direction is the extension of our approach to loop-level inter-
actions. Similar concepts have recently been employed in field theory contexts, and given
the antifield structure of the pure spinor formalism, these methods might be adaptable
within our framework.
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A Integration by parts

In the computation of the 4-point function presented in section 3, we used the fact that
the actions of the ghost number zero and one operators can be integrated by parts, as
illustrated in (3.13). This greatly simplifies the calculations involved in the correlator. While,
in principle, one should consider all possible contractions between the vertex operators, the
integration by parts argument tells us that only a specific subset of contractions needs to be
evaluated, as is shown in eq. (3.16). The reasoning underlying this argument is explained in
detail in this appendix. As a preliminary step, we begin by examining the structure and key
properties of the correlator used in section 3. This foundational analysis will then enable
a precise formulation of the integration by parts argument.

One defines the quantum mechanical correlator (O) as the path integral over the fields
with insertion O,

(6) = /gz@/ve*%, (A1)

where @@ represents the measure for integration over all fields and ¥ is a regularization
factor that ensures that the integral over the bosonic fields is finite. After integrating out
2" and the various non-zero modes using the contractions, one is left with an integral over
the zero modes of A%, A, ro and 6%,

(6) = / d20[N| [N [dr] & F(O A, 7 6), (A.2)

for some function f. The holomorphic top-form on the respective spaces gives the zero-mode
integration measure,

[AAJA - XOT = (D) 0T dAP L dAP, (A.3)
[N e - Aoy = (€1) a5 dNg, . .. d gy, (A.4)
< < 0 0
dr] = (eI 1)o7 Aot Aa , A.
[ r] (6 ) 51...623 1 7 <a,r51 ) (aTBH ) ( 5)
where the tensors (eTﬁl)al"'Mﬁl_ﬂ% and (€7)a,..ar” 7% are symmetric in (o, -+ ,a7) and
antisymmetric in [5y, ..., f23]. Their explicit form can be found in [40], but this will not

be needed here. The presence of the regulator /N is necessary because the integral over the
unbounded bosonic ghosts diverges in its absence. This regulator & is BRST trivial and
thus cannot change the value of the amplitude. It is given by

N = exp{—{Q, Ma0*}} = exp{—Aa\* — 1,0°}, (A.6)

where only the zero-modes of the fields appearing in the last equation contribute. Due
to BRST invariance, the amplitude does not depend on the specific choice of regulator.
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Plugging eq. (A.6) into (A.2), the integration furnishes exactly the rule of the equation
(AT99) = 1 [41, 42].

Having reviewed the path integral definition of the correlator used in section 3, we
now turn to the integration by parts argument, which is based on the following key idea.
Consider the correlator

(6,U6y) = /gzqwe—s (6,U6,), (A7)

where O; are arbitrary operators inserted at times 7; and U is a vertex operator inserted
at time 7, with 71 > 7 > 7. For notational simplicity, we omit explicit time dependence.
This structure characterizes the type of correlator encountered in the 4-point amplitude, as
given in (3.1). The goal is to demonstrate that the contraction of U with only one of the
operators O; suffices to evaluate the correlator. For example

(01U02) = ([01,U}02), (A.8)

where the brackets [A, B} means the contraction between A and B, as defined in (2.4). In our
context, U may be a single-particle operator with ghost number zero or one — denoted U®)
and UM, respectively — or a two-particle operator with ghost number one Vigl). We begin
by analyzing the case where U is a single-particle operator; the extension to the two-particle
case then follows in a straightforward manner.

The first step in the proof consists of performing gauge transformations on the operators
U and UM such that the resulting operators commute with the regulator measure (A.6).
As will be shown below, this condition ensures that the action of the vertex operators can
be integrated by parts. The required gauge transformations are given by (3.8)

U0 500 =M}, and UV 00 =[500), (A.9)

where the operators b and 3 are defined in egs. (2.19) and (3.9), respectively. To verify that
the transformed operators U(® and U indeed commute with &, we begin by observing
that both b and 3 themselves commute with it. This follows from the identities

[0, {Q, 20"} = —[Q, {b, 2ab}] = 0, (A.10)
[2,{Q, Xab}] = —[Q, {Z, Aab"}] = 0, (A.11)

which can be readily verified by employing the non-minimal pure spinor constraints. As
a direct consequence, it follows that

[b, ] = [, /] = 0. (A.12)

We now use this result to show that the gauge-transformed operators U and U®)
also commute with /. We begin with the ghost number one case. Using Jacobi identity,
we write the commutator between UM and N as

W, 00] = |, [5,0E]] = [U®, [, 4] + [5, [0S, ] (A.13)
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The first term on the right-hand side vanishes due to eq. (A.12). The second term also
vanishes because U®) commutes with &, which follows directly from

U XX + 106%] =0, (A.14)

where we have used that U®) does not contain momentum variables. This establishes the
first part of our claim, that the vertex operator U(") commutes with the pure spinor measure

[0W, ¥ =0. (A.15)

The proof that [U(®), 4] = 0 proceeds in a similar manner. In this case, we express U(%)

as [b, U(l)], which is justified because this corresponds to a gauge transformation of U,
To see this, we use the fact that there exists an operator Q such that UM = UM 4+ QQ.
Consequently, we can write

b, 0] = [b, UM + QQ] = [b,UV] + 09 = T + 59, (A.16)

which shows that [b, U (1)} is a gauge transformation of U(®. Writing U(® in this form allows
us to straightforwardly prove that it commutes with the pure spinor measure, as follows

W, 0O = [, [o,0D]] =[O0, b, 4] + [b,[0D, ¥]] = 0. (A.17)

The first term on the right-hand side vanishes due to eq. (A.12), while the second term is
zero because of eq. (A.15). Hence, we conclude that

[0© ¥ =0. (A.18)

We can now proceed to the final step of the proof, which consists of performing integration
by parts with respect to U in the correlator, where U is either U©) or UM, We begin by
writing all contractions of the operator U within the correlator (A.7),

(6:062) = 5([61,0}62) — (04[0, 621 (A.19)

1
2
The integration by parts is then carried out on the second term on the right-hand side of (A.19),

(6:(0.02}) = [1daLv (04(0,62)) (A.20)
~ - [1d2] (15 01,0}6,)
— - [1d9L ((61,7}05) - [[d@] (14, 5}6162) = ~([61,T}02),

where we have used the path integral formula in (A.2), with the integration measure defined as
[d®] = d320 [d\] [d\] [dr]. In the final equality above, we have used the fact that U commutes
with W, as established in egs. (A.15) and (A.18).

An important final observation is that the multi-particle vertex operator V;(l)

J
an analogous integration by parts procedure. Specifically, gauge transformations acting on

admits
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the single-particle vertex operators induce a corresponding transformation in the pinching
operator. Concretely, the transformed pinching operator assumes the form

v = _i [ . U'()O)} : (A.21)

J S'LJ (Z J

Since both Ui(l) and U;O) commute with the pure spinor measure, the transformed
1)
J

We can then apply eq. (A.20) for the diagram that include the pinching operator. This

pinching operator Vz given by the expression above also commutes with the measure N .
completes the proof: the correlator (A.7) can indeed be evaluated by contracting U with
only one of the operators 0;. In summary, we have,

(0:1U65) = (0:765) = 5([61,0]65) — 5
= ([01,0]02) = ([61,U]02), (A.23)

(6.1[U, 05]) (A.22)

where the first and last equalities follow from the BRST invariance of the correlator, while
the first equality on the second line uses the integration-by-parts argument. This result is

what was used in section 3, leading to eq. (3.16).

B 11D supergravity

In this appendix, we will review the necessary equations of 11D supergravity. We will start
with the linearized theory and briefly address the non-linear regime.

B.1 Linearized supergravity

To formulate supergravity in superspace, we introduce the vielbein 1-form, E4 = dZME MA,
and also the connection Q% = dZMQ,, 8 which is a 1-form that takes values in the Lorentz
Lie-algebra. The connection is used to define the super-covariant exterior derivative, which
acts on Lorentz tensors as

DE4, ., BB = dFy 4 BB QA?FC...AmBl'"B"
+ Fapa, S0P (B.1)

where d is the usual exterior derivative. The two non-trivial tensors that can be constructed
from these objects are the torsion 2-form, T4 = @ E4, and the curvature 2-form, given by
RAB = dQsB +Q4°Qc8B. These supergeometric objects are constrained by the super-Bianchi
identities,

T4 = EBRg?, DR,AP =0. (B.2)

As usual, the equations of motion satisfied by the fields are obtained by solving the Bianchi
identities under the appropriate set of constraints.

We also define V4 = E4M0),. Using eq. (B.1) and the definition of the torsion tensor,
the identity d> = 0 implies that

[VA, VB} = —TABCVC — QQ[AB}CVC. (B.3)

— 27 —



Here, [, } denotes the graded (anti)commutator. Finally, the field content of 11D super-
gravity contains a 3-form superfield F = EC EBEAF g, which is defined modulo gauge
transformations 0 F' = dL, with L an arbitrary super-2-form. The corresponding field strength
is given by G = dF, and satisfies the identity dG = 0.

In linearized supergravity, we expand the operator V 4 as the flat-space covariant deriva-
tive plus first-order corrections, namely

Vai=Dy—haAPDp, (B.4)

with Dy = E4My; and haB = EJMEWN? = _EOM BB where (E4M, EyPB
A= EaA7" Oy and ha” = Bog7" By = " M, where (E4™, Ep"®) are the
flat-space values of the vielbeins, and (ES)M, EJ(VlI)A) are their corresponding first-order

perturbations. The fields of the theory satisfy the dynamical constraints
Tap® = (7")ap,  Gapab = (Yab)as (B.5)
and conventional constraints
Ta,@6 =Toa" = Tp® = Gapse = Gaaps = Gabea = 0. (B.6)

After substituting (B.4) into the eq. (B.3) and using the constraints, one obtains the following
set of linearized equations of motion [12, 24]

@l = 2h" (V") p)s + " (7")ap = 0, (B.7)
2D(ahﬂ)5 - 29(045)(s (’Ya)aﬁhaé =Y, (B.8)
Oahe” = Daha® = Tuo” — Qa0 = 0, (B.9)
daha® — Daha’ — ha? (V") ga + Qaa =0, (B.10)
Dghp® — Opha® — = 0, (B.11)

Bahi® — Opha’ — QQab = (B.12)

It is straightforward to check that these equations are invariant under the linearized
gauge transformations,

Sha® = DaA® + (YapA®,  6ho” = DaN? + 05, 6005 = DalgS,
6h/ab = 8@Ab + Aab7 5ha6 - aaAﬁa 59@0&6 = aaAalB7 (B13)

where A%, AY AP = 7(7‘“’) BAgp are arbitrary gauge parameters.
We also derive linearized equations of motion of the 3-form superfield. They are deduced
from the 4-form superfield H defined from the field strength G as

Hapcp = E[DQECPEBNEA}MGMNPQ- (B.14)
The 4-form can also be written in terms of the flat-space value of the torsion TA 5¢ as

Hapep = 4DaCpepy + 6T1a5" Cropy., (B.15)
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where Capc = E[CPEBNEA}MFMNP. Using the constraints (B.6) and (B.5), eq. (B.15)
can be written in components as

4D(a0556) + 6(’)’“)(a50a56) =0, (B.16)

0aCaps — 3D(0Coaps) + 3(7")(asChas) = 3(Vab) (ahs)"> (B.17)
201aChjap + 2D(0Cs)ap + (V) apCeab = 2(1p )a,@ha]c +2(Yab) (asl) (B.18)
301uCha — DaCabe = 3(Vab)aphe)” (B.19)

Again, it is easy to show that these equations are invariant under the linearized gauge

transformations
500466 = D(aAﬁe ( a) aBAae)v (BQO)
2 1
6Caae = 38 Aae + 3D( A €)a + §(7b)aeAba + <7ab)aeAb7 (B21>
5szba = 58[aAb}a + gDaAab - (/Yab)aBAﬁa (B22)
0Cabe = Oy (B.23)

where Agqy, Aga, Aap, A%, A are arbitrary gauge parameters.

B.2 Non-linear supergravity: pinching operator

The definition of the 4-point scattering amplitude in section 3 involves a two-particle vertex
operator, referred to as the pinching operator, defined in eq. (2.36). To evaluate the 4-point
amplitude, we expressed this operator in terms of the 11D supergravity fields, as written
n (2.38). In this section, we derive the expression (2.38) by studying the equations of motion
of 11 supergravity up to second-order terms in the expansion of the vielbein around flat space.

We start by considering the superfields ho* = (ha®, ho) and Q, 3° up to second order in
the nonlinear expansion. To construct these, we begin by writing the component expression
of the torsion TMNA,

TMNA _ 8MENA + (_)MN+16NEMA o (_)M(N—I-B)ENBQMBA . (_)BN+1EMBQNBA,

(B.24)

where the letters in the exponents denote the degree of the respective indices. Using the fact

that Ty A = (=) MWN+B) ENBE CTop?, one can contract (B.24) with (—)N+1E5NE'QM, to

obtain the equation of motion for the field ho? at second order in the non-linear expansion,

QD(ahﬁ)A + (’Yc)a/ghCA — QQ(aﬂ)A — (—)B—HQh(aBQ/B) BA

= (=) B 0BT, 5 + hoCTe 57, (B.25)

where Q4 5¢ = E’AMQM 5%. One can now contract (B.25) with /\a)\ﬁ, to obtain the following
second-order equations,

{Q, %} = (M ®) — °Q" + (<I>’y“<1>) (B.26)
{Q, P} = Q% + OO0~ + CIJCTC(ga)\é, (B.27)
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where Q% = MA\Q55%, Q% = A¥Q,,b, and &4 = A\*h, . Now, we use eqs. (B.26) and (B.27)
to write the BRST transformations of the two-particle superfields ®{, and ®%, as

{Q, %} = (M @12) — @50 — 50 % + (d17"¢2), (B.28)
{Q, 975} = Qs + 2¢((51Q2),5a + 2¢‘(:1T2),c<sa/\5- (B.29)

In egs. (B.28), (B.29) we used that &/ = ¢#, Q4 = QA for single-particle superfields. Tt
is possible to find an expression for ®¢, in terms of the linearized 11D supergravity fields,
satisfying the BRST-invariance (B.28). This solution can be written as ®¢, = éqﬁ‘ﬁ, with
¢{, defined by

Py = | — k5h1,c Q04" — k51 e ha a® + KS(d27")sh1,’ + ho” (v") 55T 1,00’ A
+ k5090 ca® + ha R acd® N + (1 45 2). (B.30)

As a check, one can apply the BRST operator on the r.h.s. of eq. (B.30), the use of the
equation of motion (B.16)—(B.19) and (B.7)—(B.12), allows one to conclude that ®{, indeed
satisfies (B.28). Similarly, the 2-particle superfields CID%, ng,cd can be expressed in the form

B _ 148 d _ _1 d
Py = 5(25127 Mo = 5912,c , where

¢y = [ 9000 05”7 + h1 o kS Q0 57 + kS T12.00 A + K{ S To 0 + A5KSTh
+ ktlng(lsTZ,aéﬂ + gb?kgTZ,aWB + hl,ackgTanﬁ/\a + (1 A 2):| ) (B31)

Qo = [kml,fﬂg,abd Q0 PRI+ BN Rz e
+ 110 KSRy 5o PN + By P B3 Ro o A + KB R 050 + K9G8 Ro ap o

+ OSkS Ry b + +$3kS Ro g5 + (1 ¢ 2)} : (B.32)

The superfields ¢y, ¢75, 5 appear explicitly in the expression for the pinching operator (2.38),
with the field ¢f, appearing in the result of the 4-point amplitude (3.22).

Now, we turn to the explicit formula of the pinching operator in terms of 11D supergravity
fields. Let us first write it generically as

2 Ja Ta 1- a
V2(31) = o <Pa¢23 +dag33 — §¢23,abN b) - (B.33)

We aim to determine explicit expressions for the fields q353, qufg, and <Z~>237ab in terms of the
fundamental 11D supergravity fields. To this end, we utilize the defining property of the
pinching operator encoded by the relation

{Q.v3y)y = (", U}, (B.34)

alongside the equations of motion satisfied by the supergravity fields, (B.28) and (B.29). Our
strategy proceeds by explicitly computing both sides of the eq. (B.34). The comparison of
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these two results will yield concrete formulae for the component fields q~5‘213, <Z~>§‘3, and &237,11,.
To begin, we evaluate the right-hand side of (B.34) by computing the anticommutator of
the two ghost number one vertex operators Uz(l) and Uél . We obtain

S -~ ~ ~
2 {Uzl) Us } PuX53 + daX33 — Walss, (B.35)

where the component fields x93, X535, w53 are explicitly given by

83 = {Q: 883} — (M%23), X85 = [Q. 0%] — 0%, @™ = {Q, 033}, (B.36)
where
A s
0% =05 — o (95hsc" + @5hac” + 03has® + dfhas”)., (B.37)
~ S
0% = 035 — 5 ($5hac™ + S5hac” + O3hss” + B4has”) (B.38)
Q3% = Q23® — 593 <¢((Z1Qz),aa + ¢f1>\5T2),ﬁca> : (B.39)

Next, we compute the left-hand side of eq. (B.34)
2HQ V'Y = Pu (10955} — (17623) ) + da (1Q: 885] — 055) — wa{ @, 95} (B40)

Then, comparing the left hand side with the right hand side of eq. (B.34) by the use of
egs. (B.36)—(B.39) and (B.40), we find

v S

035 = 9% — = (¢2h3 o+ Bsha "+ $hhs 5"+ $ihas ) (B.41)

¥ S

955 = 035 — o (#5hac® + S5hac” + d3has” + @hhas”). (B.42)
Qo3 = (M) bz ap = Q23 — 523 (¢(192),a — ¢ TQ),Bca>- (B.43)

To conclude, it is simple to see that the BRST variations of these fields are

{Q, 955} = A" dos — s03 (¢ 0c) + 3Py Dy — Q50 ) (B.44)
Q. 685] = (\y™)* bas,ap — 23 ($20e05) + 0 D565 — UphS) ) (B45)

C Explicit computations of the 4-point function

The computation of the 4-point function correlator in section 3 involves non-trivial algebraic
manipulations that were omitted in the main text. The expressions (3.17), (3.19), (3.20)
and (3.21) were calculated by performing several contractions between superfields. In this
appendix, we will show how to derive these expressions in detail. We will start with the
u-channel, given by (3.21), which is obtained from the following contractions

a3 = (10 oY)
= = (2P asu) + (DU 3,0) - 5 (N U wt)) . (C1)

523
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where the overall factor 2/s93 comes from the integration of the Koba-Nielsen measure. The
calculation of this correlator will make use of the equations of motion for U 1(3), given by (2.23)
and (2.24). The first term in the correlator gives

(0,033,087 ) =3 {6105, USY ) +3([Q, Cr.a)0%US”)
=3 N)9i UL ) +3(C1a{Q, 8353UL ). (C.2)
where we also integrated ) by parts. The second term becomes
(DU G350 ) = =3 ({Q, Cra}dULY) = 3( (M) aCradis UL )
= =3 (C1a[Q, 35U ) = 3(C1.a(M"d2) UL ) . (C.3)
Finally, the third term is

—% (N, U UL ) = =8 ((M™)*Cradas Uy ) = =3 (CraQ5U) . (C.4)

The final expression for the u-channel is given by

st = —(3( Nt UD) +3(Cra({Q. 835} — ("G US)
523

—3(C1.a(1Q, 855] + 255)U;") ) (C.5)

Using egs. (B.41), (B.44) and (B.45), one obtains the final expression (3.21).
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Let us now perform the same procedure for the s-channel, given in eq. (3.17). Note that
the evaluation of the t-channel follows a very similar procedure, so we do not reproduce it
here. The s-channel corresponds to the following contractions

di = ({01 (), 057 ], U3V () JU P (7))
- 2 ((ooru®) + (D050t
5 (N, U165, U ) +3({Cra, USYUP), (C-6)

where we contract U®) with U© using eq. (2.45), with Cij = Ci,a®] + Ciad}. Now, let us
apply the equations of motion for U( ) (2.48) and (2.49). The first term of eq. (C.6) becomes

(00 030f7) =3 (008057 +3 (10, Cunalo§Uf?) + 222 (M 050

= 3((1aN)ha05UL7 ) + 3 (Craa{ @, 653U, ) + 3‘;” (Mio,00508 ),
(C.7)

where Mg, = 2()\’yabgz5(1)¢g) + 2(>‘7bc)‘)¢f1hg),a' The second term reads

(DU o350 ) = =3 ({Q, Crza}o5ULY) - 3 <<w>acm,a¢§U£3>> + 212 (0 U f?)

-3 <C12,a[Q7 ¢§]U£3)> -3 <C'12 a()\7a¢3) > + @ <M12 a¢§U4 > ;
(C.8)

where Mg = 2(AYap)a i3 + 2()\’yab)\) q§2 Finally, the third term gives

% (N, U163 UL ) = =3 (™) CraadswlS” ) = =3 (Cr2a®ULY) . (C.9)

Using the equations of motion for the supergravity fields (B.7)—(B.12), one gets the expression
for the s-channel (3.17), given by

ot = f (Nt 0507) +3 ((Cro, SO
+3((\ad1) 8505UL” ) + 3 ( Omad2) 6 85USY ) + 6 { (ass) 6} 65U )
+ 39515 0505 ) + 3 ((Ma)oshl ,0505")
+3((Va N #5ht w9501 ) + 3 ( (\ranh)6ihs o 45 UL” ) (C.10)

The t¢-channel is given by eq. (3.19). The sum of the s- and t-channels contains the fol-
lowing term

3({Co, UMY ) + (2 3)
= 3{{(C1a6%), USWUP) + 3 ({(Cra09), USWUP ) + 20 3). (C11)
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We will now perform these remaining contractions. The contraction of Uél) with ¢ gives

3(Cra{e8, USIUEY) + 3 (Crales, USVIUY) + (2 3)
= 6 (Cra (620005 + $2Ds %) — Uuh5) ) UL )
— 6(Cra(0(0:05) + ¢faDss5) — Q05 ) UL ). (C.12)

The contraction of Uél) with C' gives

<¢“[Cm, UL ) = 3(68{Cha, USYUL) + (2 6 3)
= 6((6(56%0:C1a + 6565 DaCla + 6525 C1.00)UL”)
=6 (a1 B3 85UL" ) + 3 { \rapd2) 8§65 UL” ) + 3 { \vanda) 636 UL” )
= 6{ MmN )65kt UL ) = 6 (D)) 6kt UL )
+6 ({Q. (6120 Crab + 6605 Craa + 90295 Cras ) U™ }) (C.13)

The final result is

3({Cra, YUY ) + (2 0 3)
= 6 (w9350 ) + 3 ((Masd2) 50U ) + 3 ((Myands) 8565 ULY)
= 6 (M N6y ht UL ) = 6 (NN $adht oUL”)
+ 6 (Cra(000:05) + 013 Ds0%) — Ashs o) UL )
=6 (Cra (07,0005 + %2 Ds ) - Qﬁ 3h5,6)Us” )
+6{{Q, (640% Crab + 6568 Caa + 6505 Cran ) UL ) - (C.14)
Combining this with the expressions (3.17) and (3.19), one obtains the result given in
eq. (3.20).
C.1 Compact form for the 4-point function

In this subsection, we will prove the alternative compact formula for the 4-point amplitude in
11D, given in section 3 by eq. (3.23). For this purpose, we start from eq. (3.22) and then use
the equations of motion for U®) given by (2.23), (2.24), (2.48), (2.49). For a better reading,
let us repeat the equations of motion we will use

0,U® = 3]Q, Ca] = 3(Myap))¢”, (C.15)
DaU® 4 3{Q, Ca} = —3(\7")aCl, (C.16)
3
U5 — 3[Q, Ca12) = 3(0yap\) @l + 8212 M2, (C.17)
3
DalUfy) +3{Q, Cat2} = =300 )aCotz + 25> Moz, (C.18)

— 34 —



where

Mai2 = (AMYapd1)85 + (Mapd2)d} + (AN d5hS o + (A A) d5h8 4,

Ma,12 = 2(Mab)adi®h + (AvapA) RS 05 + (AapA) 1S 08 (C.19)
Let us start with the first term in (3.23),

<<AW> 03U = —2 (2,0 65U + (1, CanaloUf) + 22 (Ma1a0gUf?)

= 1 (U680, — (Cara{Q 63U + 222 (MU

:<Uﬁ)<mbx>¢§¢z>+<Uf§)¢§[cz,ca,41>—<cau<m o)UY + 52 (Mapo05ULY)
(C.20)

where we used eq. (C.17) in the first line, we integrated by parts 9, and @ in the second line,
discarding the boundary terms, and finally used Q¢®* = (Ay*¢) and eq. (C.15) in the last
line. Now, we notice that the first term in the last line of (C.20) is the kind of expression
we want. Indeed, by using (2.47) we find that

(U3 a5 ) = % (U{Q. (U /554 }) = % (UHQ.ViY). (C.21)

Having identified this important piece of the computation, next we integrate () by parts in
the second term of the last line in (C.20). We get

(Nt ) =2 (U1 VDY) + (U (09°03)Cas) — (CaraOr®6s)US)

3512 e 512 arr(3
2 (N1 565Cea) + 52 (Man2d§ULY )
(C.22)
Now, using (C.16) and (C.18) in the second line of the above expression, we get
2 s
(aNetr05U;”) = 2 (UGHQVADY) + 57 (Ma26§ — Ma26)U;”)
3s
=55 (M) B (65 + 05 Caa)) (C.23)

We will now write C, and C, in terms of the physical operators C, and C, defined in
egs. (2.13)—(2.14)

Con={Co, UM+ Cou=[Ca,UP+---, (C.24)

where - - - are expressions involving non-minimal variables, which are guaranteed to cancel at
the end of the computation. We then use this to manipulate the last line of (C.23),
3812

2 a5 + 65 Cat)) = — 22 (N (65Ce + 0§ Ca) UF)
=22 ([(65C. ~ 65Ca) , (V)b Uf° >

512

= 5 <( Ma205 — Ma,12¢§y)U£3)>

— 512 (V)91 4UL ) = 222 () 6§05USY ) = 22 (Ovano) 3 6ULY ).
(C.25)
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Now, we use (C.23) together with (C.25) to rewrite the first three terms of (3.22) as
(Nt + (OO + — (raN)dhstUf?)
=2 (v {Q vV + 2 (v {Q Vi) + 2 (v {o W)
= 2((Mart1) 05057 ) — 2( (Vrands) 8T ) — 2 ((Mwda)ohoiUF” ). (C.26)
Therefore, it follows that
ds =24 (VP{Q.viP D) + (v {Q.vi?}) + 4 (v {@.viD}), (C.27)
as desired.
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