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Introduction

The formfinding of shell, masonry vault and fabric or 
cable net structures involves obtaining a geometry and a 
state of stress in equilibrium under a dominant load case. 
In so doing we can give the formfinding model – either a 
physical or a numerical model – very different properties 
to those of the finished structure. Modelling a fabric struc-
ture by a soap film is the best known example.1,2 Other 
possibilities include modelling a masonry structure by a 
hanging stretchy latex rubber or Lycra model loaded with 
weights, which we then invert to form a masonry structure 
in compression.3,4 Similarly a hanging chain model can be 
inverted to give the shape of a timber gridshell.5 Slender 

timber structures may be subject to creep deformation, and 
so even though timber gridshells are lightweight struc-
tures, the permanent own weight load can be more impor-
tant than short term wind and snow loads. Slender timber 
structures are subject to the possibility of creep buckling,6 
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which is particularly difficult to predict because of the lack 
of data on the rate of creep and how it is influenced by 
stress, moisture content and so on. Essentially creep defor-
mation increases the imperfections in the geometry of the 
structure, which may in turn reduce the buckling load.

Our aim in pursuing this work was to produce designs 
for a shell such as that in Figure 1, which has two large 
openings. It would be usual in the design of such a shell to 
introduce edge arches or stiffeners, and so concentrate 
forces into the boundary. However, in certain situations it 
might be preferable to have a more even distribution of 
stress and hence avoid unsightly edge members. In aiming 
for this we were very much influenced by the physical 
models of Heinz Isler,4 in particular obtaining the upturned 
lip at the edge of the shell.

The distribution of forces in a shell, tension structure or 
masonry vault is influenced by the structural grid or pat-
tern of masonry blocks and vice versa. And so we are very 
interested in the arrangement of the grid and its relation-
ship with the curvature of the structure and the stress dis-
tribution. This means that we are equally concerned with 
structural and geometric equations, and have to ensure that 
we use the same mathematical notation for them both.

Fundamentals of the formfinding of 
shells and the contributions in this 
paper

Even though shell structures almost invariably experience 
internal bending moments under applied loads, such as 
wind or snow, the aim in the formfinding process is to 

make the structure work by membrane action under some 
idealised dominant load case. Membrane action means 
tensions and compressions in the local tangent plane to the 
surface with no bending moments or shear forces normal 
to the surface (Figures 1–5). 

In the formfinding of structures the geometry is 
treated as an unknown. However, before discussing that 
it is worth considering the simpler case of when the 
geometry is known. The membrane theory of shells has 
equilibrium equations in three directions and three 

Figure 1.  Inverted hanging shell. When hanging the zero-
length springs shown in black are in tension balancing the 
own weight of the shell and an isotropic surface compression 
varying with height reducing away from the support, 
balancing the tangential component of the hanging weight. 
The net stress in the hanging model is always tensile and 
the isotropic compressive stress balances the tension in the 
zero-length springs at the boundary in the direction normal 
to the boundary. This model has tension coefficients that are 
independent of time, but do vary with position on the surface.

Figure 2.  Structural grid of the shell in Figure 1.The grid in 
Figure 1 is drawn coarser in order to show the zero-length 
springs clearly. The analysis took approximately 15 s to 
converge on a 2017 MacBook Air using a program written 
using the Processing https://processing.org programming 
environment.

Figure 3.  Inverted hanging shell of the same type as that in 
Figure 1, but with four openings. This model does have the 
same tension coefficient at all points on the surface. The longer 
springs have a higher tension, but they also have a higher 
spacing, so that membrane stress is approximately constant 
away from the boundaries.

https://processing.org
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unknown components of membrane stress. We therefore 
have the same number of equations as unknowns, if we 
know the shape of the shell and the loading upon it. The 
three equations can be reduced to one partial differential 
equation which is elliptic if the Gaussian curvature is 
positive and hyperbolic if the Gaussian curvature is neg-
ative.7 This means that shells with positive Gaussian cur-
vature and negative Gaussian curvature behave very 
differently, and require different boundary support to be 
statically determinate, and avoid being mechanisms. 
There are a number of ways to reduce the three equations 
of equilibrium to one equation,8 and the simplest way is 
to derive Puchers equation which is described in §113 of 
Timoshenko and Woinowsky-Krieger.7

In formfinding we generally reverse the problem and 
specify certain properties of the state of stress and the 
geometry is treated as an unknown. The problem will be 

elliptic if the shell is all in tension or all in compression 
and hyperbolic if the product of the principal membrane 
stress is negative. However, in some cases we might 
impose a mixture of geometric and stress constraints and 
we have to be careful to ensure that we have sufficient con-
straints for the problem to be determinate, but not too 
many constraints so that there is no solution.

In specifying the geometry we need the shape of the 
surface representing the structure, but also the geometry of 
the structural grid which might represent members of a 
gridshell or the stone blocks of a vault.9

We define the position of a point on a surface using 
surface coordinates or parameters. Traditionally these 
coordinates are chosen to be u  and v  as shown in Figure 
6, taken from Eisenhart,10 but we will instead use θ 1  and 
θ 2, or ��  where Greek letters may have the values 1 or 2, 
to be consistent with the tensor notation.11,12 Eisenhart13 
later wrote a book on differential geometry using the ten-
sor notation, perhaps influenced by his work with Einstein 
(Figure 7).

Figure 4.  Inverted hanging shell of the same type as that in 
Figure 3, but with a different grid. This model does have the 
same tension coefficient at all points on the surface. The area 
of longer springs is moved from the centre of the shell in 
Figure 3 to the mid-points of the boundaries, as shown in detail 
in Figure 5.

Figure 5.  Detail of shell in Figure 4.

Figure 6.  Figure 11 from Eisenhart10 showing u-v  coordinate 
curves on a surface. We employ θ1  and θ 2  instead of u  and v  
enabling us to use the tensor notation.11–13

Figure 7.  Albert Einstein with two of his colleagues at 
Princeton University in 1933, Luther Eisenhart on the left and 
Walther Mayer on the right.
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In general it is convenient to align the structural grid 
with the coordinate grid and we shall do this. However, 
there might be circumstances when they are not aligned, in 
which case we have essentially two coordinate systems, 
and the tensor notation is particularly suited to a change of 
coordinate system.

The unknowns that we have to deal with are the geo-
metric quantities E a= 11, F a a= =12 21 and G a= 22 , which 
are the coefficients of the first fundamental form. Struik14 
and Eisenhart10 use E, F  and G, while Green and Zerna11 
use a��  from the tensor notation.

Next we have the e L D b= = = 11, f M D b b� � � � �12 21 
and g N D b� � ��

22 which are the coefficients of the sec-
ond fundamental form. Struik uses e, f  and g  and 
Eisenhart rather confusingly uses D , ′D  and D″ , other 
authors commonly use L , M  and N  while Green & Zerna 
use b�� .

Finally we have the components of the symmetric 
membrane stress tensor. Green & Zerna use n11, n n12 21=  
and n22, but we shall use ���  for the components of the 
membrane stress tensor σσ, which has units force over 
length. Books on differential geometry do not include 
stresses, still less bending moments.

The components of the first and second fundamental 
forms must satisfy the Gauss-Codazzi equations,14 that is 
Gauss’s Theorema Egregium and the Peterson-Mainardi-
Codazzi equations. The Gauss-Codazzi equations are three 
partial differential equations. In addition we have the equi-
librium equations, so that we have six equations and nine 
unknowns, a�� , b��  and ���.

Thus we need three more equations to perform form-
finding. For a prestressed or hanging equal mesh or 
Tchebychev15 net we have the shear stresses component 
� 12 0�  and the lengths a a constant11 22= = . Thus we 
have a mixture of structural and geometric constraints.

For a fabric structure based on a soap film we have the 
mean curvature H = 0  to define the surface and a12 0=  
together with a constant11 =  if we want the cutting pattern 
to follow geodesic coordinates14 on the surface. This fol-
lows from the fact that a a2 1 1 2, ,=  and so

a a a a a a1 1 2 1 2 1 1 2 1

12 1
11 2

2
0

, , ,

,
,

� � �� � � �

� � �a
a

if a12 0=  and a constant11 = . Hence the Christoffel sym-
bol �� �11

2 0  in (0), and this is the condition for the coordi-
nate curves � 2 � constant  to be geodesics.

However the easiest way to ensure H = 0  is to specify 
an unloaded surface containing an isotropic membrane 
stress with components ��� ��� Ta , where T  is a constant 
surface tension, in which case the unloaded equilibrium 
equation in the normal direction is simply 
���

��
��

�� �
�b Ta b Tb TH� � � �2 0. The surface can be 

easily modelled using constant strain finite elements16 
together with constraints to form the geodesics. The result-
ing non-linear equations can be integrated using Verlet 
integration17 or dynamic relaxation,2,18 which are essen-
tially the same thing.

Thus in both these simple cases formfinding involves 
making a mixture of three geometric and structural state-
ments. We can, of course make just one statement to define 
a surface, perhaps in the Monge form z z x y� � �, , but we 
need two more statements to define the grid on the surface, 
which is equally, if not more important.

An elastic membrane is one in which there is a rela-
tionship between the membrane stress components ���  
and the strain in the surface. Strain is the change in lengths 
on the surface between the current configuration, with 
lengths given by a�� , and some initial configuration in 
which the coefficients of the first fundamental form were 
A A�� ��� . This gives rise to the strain tensor with compo-
nents ��� �� ��� �� �a A / 2.

In formfinding we are free to choose A��  as we wish 
because A��  do not have to satisfy the Gauss-Codazzi 
equations. In other words the initial configuration does not 
have to ‘fit together’ without stretching certain parts of it 
or allowing the Gaussian curvature to change freely.

A hyperelastic or Green elastic sheet is a sheet whose 
stress-strain relationship derives from a strain energy den-
sity function.19,20 The Green strain energy function is 
named after George Green (1793–1841)21 who should not 
be confused with Albert Edward Green (1912–1999).11,20 
A Cauchy elastic material19 is a material in which the stress 
is a unique function of the strain, but which does not admit 
a strain energy density function, although quite how such a 
material could exist without breaking the first law of ther-
modynamics is unclear.

We shall assume that we have a Green elastic material, 
and purely geometric constraints, such as constant lengths 
or geodesics, which correspond to allowing some stiffnesses 
to tend to infinity. The constraints then become Lagrange 
multipliers which can be simply included as unknowns in 
the relaxation process, including a rate of change of the 
Lagrange multipliers. If a cable of an equal mesh net is too 
long we increase the tension, if it is too short we reduce the 
tension, and we can, if we are so minded, include the rate of 
change of tension as a damped variable.

The tensor notation that we shall be using for differential 
geometry is described in detail in Appendix A and the 
structural equations that we need are derived in Appendix 
B, which includes bending moments. The reason for this 
is that a proper understanding of the membrane theory 
is best achieved by treating it as a special case of the 
bending theory.
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A soap film is an elastic membrane in which the strain 
energy per unit area is a constant equal to the isotropic 
surface tension. Hence minimising the surface area and 
minimising the strain energy are identical problems.

A particularly useful hyperelastic sheet is a continuum 
made from a very large number of zero-length or close-
coiled springs that have a length that is proportional to the 
tension, once the tension is sufficient for the coils to sepa-
rate. Figure 8(a) shows the tension / length relationship for 
a zero-length spring. The coils touch when unloaded and 

only when a certain tension is reached do they begin to 
separate in such a way that thereafter the tension is propor-
tional to the length. Thus, even though the springs do not 
have a zero length when unstressed, we use the term zero-
length spring to mean a spring with a linear length/tension 
relationship which can be extrapolated back to the origin.

It would seem that the practical manufacture of zero-
length springs was pioneered independently by George 
Carwardine22 for use in the Anglepoise lamp (Figure 8(b)) 
and Lucien LaCoste23 for use in gravimeters.

The terms tension coefficient and force density were 
coined by Southwell24 and Linkwitz and Schek,25–27 
respectively, to mean the tension in a structural element 
divided by its length. Therefore we can describe a zero-
length spring as a member with constant tension coeffi-
cient or force density.

We can draw a principal curvature line on a surface by 
starting at an arbitrary point and moving backwards or for-
wards in one of the two principal curvature directions. This 
involves solving the eigenvalue-eigenvector problem14

b a d�� ��
�� ��� � � 0

in which the eigenvalues, λ, are the principal curvatures 
and the eigenvectors, d dθ θ2 1/ , are the principal curvature 
directions. This only fails at umbilic points at which the 
principal curvatures are equal so that all directions are 
principal curvature directions. All points on a sphere are 
umbilics.

We can draw a number of principal curvature lines by 
starting at a number of arbitrary points, and the spacing of 
the principal curvature lines is arbitrarily determined by 
the starting points.

A Weingarten surface is one in which there is a func-
tional relationship between the mean and Gaussian curva-
tures, and it is well known10 that the Codazzi equations 
enable us to obtain a spacing of the principal curvature 
lines on a Weingarten surface that is not arbitrary, but 
determined by the principal curvatures.

A linear Weingarten surface has a linear relationship 
between the mean and Gaussian curvatures and examples 
include minimal surfaces, surfaces of constant mean cur-
vature and surfaces of constant Gaussian curvature.

It is less well known that in the absence of tangential 
loads on a shell working by membrane action, the equi-
librium equations in the tangential directions are identi-
cal to the Codazzi equations, and hence the spacing of the 
principal membrane stress lines is uniquely determined, 
provided that we have a functional relationship between 

Figure 8.  Zero-length springs: (a) length/tension relationship 
for zero-length spring and (b) springs of an Anglepoise lamp. 
Image: TheGoodEndedHappily, CC BY-SA 4.0.

We shall demonstrate that the product of the two principal 
membrane stresses remains constant as a zero-length spring 
surface is deformed.
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the mean and product of the two principal membrane 
stresses.

We demonstrate that under certain conditions an iso-
tropic hyperelastic sheet will have such a functional rela-
tionship between the mean and product of the two principal 
membrane stresses.

We use a large number of ‘standard results’ which are 
relegated to appendices, as described above. Many of 
these results are found in Green and Zerna,11 in Green 
and Adkins20 or in Eisenhart,10 but not always in a form 
suitable for our use, or derived in a manner consistent 
with our narrative. The book Pinkall and Gross29 
Differential Geometry: From Elastic Curves to Willmore 
Surfaces is interesting because it covers essentially what 
we would call the bending theory of shells, but without 
mentioning concepts such as ‘force’, ‘moment’, ‘stress’ 
or ‘tensor’.

Comparison with existing methods of 
formfinding

In order to discuss existing methods of formfinding it is 
helpful to divide the process into three parts:

1.	 Define a conceptual model involving geometrical 
and structural quantities. If the model is a contin-
uum model this will involve differential equations 
or the minimisation of surface integrals. If the 
model is discrete the equations will be simultane-
ous equations which are often non-linear.

Examples of such conceptual models include the Force 
Density Method,25 Thrust Network Analysis,30 Membrane 
Equilibrium Analysis31 and the use of machine learning.32 
The force density method allows one to treat the elements 
of a cable net as inextensional in which case the tensions in 
an element can no longer be calculated from the strain and 

instead the force densities or tension coefficients are 
treated as additional unknowns.

2.	 For a numerical solution a continuum model has to 
be converted to a discrete model. This almost invar-
iably involves use of the finite element method, and 
other methods, such as the finite difference method 
can be considered as special cases of the finite ele-
ment method with appropriate shape functions. 
Particle methods, such as smoothed particle hydro-
dynamics and peridynamics can be considered as 
the use of finite elements which overlap and merge 
into each other. Isogeometric analysis is the use of 
finite element shape functions borrowed from com-
puter aided design, including NURBS33 and Bézier 
triangles.34

3.	 Numerical solution of the equations. Here the 
techniques can be broadly described as implicit 
matrix methods or explicit relaxation methods. 
Since the equations are often non-linear, matrix 
methods may involve techniques such as Newton-
Raphson. Relaxation techniques were introduced 
by Southwell35 include Verlet integration17 and 
dynamic relaxation,18 which is effectively Verlet 
integration applied to a static problem, leading to 
a damped oscillation about the equilibrium state.

	 From an engineering point of view it does not mat-
ter whether matrix or relaxation techniques are 
used to solve the equations, and the equations pro-
duced by the finite element method can equally 
well be solved using either technique. The Force 
Density Method25 uses matrices, but the equations 
could equally well be solved using relaxation.

Those who are so minded can write their own software 
using, for example C++ and OpenGL, or Processing 
https://processing.org. Alternatively they or they can use 
an environment such as Daniel Piker’s Kangaroo3d http://
kangaroo3d.com in Rhino Grasshopper.

Principal stress trajectories

The stress in a membrane is a symmetric second order ten-
sor, in exactly the same way that curvature of a surface can 
be described by a symmetric second order tensor. This 
means that we have orthogonal principal membrane 
stresses just as we have orthogonal principal curvatures. In 
the from finding process we are interested in both the prin-
cipal stress directions and the principal curvature direc-
tions, and we may align structural members and cladding 
panels either with the stresses or the curvatures. Ideally we 
would align the principal curvatures and the principal 
stresses, but this may be difficult.

In the same way that we can plot principal curvature 
directions we can plot the principal stress trajectories by 

If we add an isotropic tension or compression to the 
zero-length spring membrane stress we arrive at the same 
condition for membrane stress as we do for curvature of 
a linear Weingarten surface. Thus the results for linear 
Weingarten surface can be applied directly to the spacing 
of the principal membrane stress trajectories, which are 
important for structural design. In general the principal 
curvature directions and the principal membrane stress 
directions do not coincide, unless this is imposed as a 
constraint.

It is ‘conventional’ in the design of shell structures to have a 
relatively ‘flimsy’ shell supported on ‘substantial’ edge beams, 
arches and cables. One of the aims of this work is to formfind 
shapes in which the forces that would have been concentrated 
in the edge beams or arches are distributed into the shell 
itself, more like the shells that we see in nature.28

https://processing.org
http://kangaroo3d.com
http://kangaroo3d.com
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starting at some arbitrary point and then solving the eigen-
value problem to move in one of the principal directions. The 
arbitrary starting points mean that the spacing of the curves 
on the surface is not well controlled. We shall show that if we 
put conditions corresponding to those for a Weingarten sur-
face on the state of membrane stress in a structure, then the 
principal stress trajectories become controlled, and the 
numerical procedure automatically produces principal stress 
trajectories as shown in Figures 3, 4, 9 and 10.

Weingarten surfaces

A Weingarten surface is a surface for which there is a func-
tional relationship between the mean and Gaussian curva-
ture.36,37 The mean curvature is the mean of the two principal 
curvatures and the Gaussian curvature is the product of the 
principal curvatures. Eisenhart10 calls Weingarten surfaces 
W -surfaces and in Article 123 of Chapter VIII he starts his 
analysis with the Codazzi equations in principal curvature 
coordinates. Setting b12 0=  in (A13) we have

b
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Figure 9.  Inverted hanging bridge entirely in compression under own weight and a hydrostatic pressure to model internal fill 
supporting the roadway. The zero-length springs in the model all have the same constant tension coefficients.

Figure 10.  Detail of bridge in Figure 9 showing structural grid.

The structural theory for membrane stress and the geometric 
theory for curvature are essentially the same. However one 
can do geometry with no knowledge of structures, but one 
can not do structures with no knowledge of geometry, so it 
would seem simpler to start with geometry and Weingarten 
surfaces.
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which is equation (45) in Article 123 of Chapter VIII of 
Eisenhart.10 He then points out that if we have a func-
tional relationship between κ I  and κ II

 it follows that we 
can write

a U
d

a V
d

I

I II

II

I II

11
1

22
2
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� �

�

�
�

�

�
�
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�

�

�
�

�

�
�

�

�

�
�

� �

�
�

� �

exp

exp

	 (1)

where exp x ex� � �  is the exponential function and U � 1� �  
and V � 2� �  are arbitrary functions. Once we have made a 
choice of the functions U  and V  the spacing of the prin-
cipal curvature lines is no longer arbitrary and the simplest 
choice is to write U V constant= = .

In the case of a minimal surface for which � �I II� �  or 
� � �� � �I II 1/ , where ρ  is the absolute value of the 
principal radii of curvature, we have

a U

U

I

I

11

1

2
� ��

�
�

�
�
�

�

exp log �

�

so that we obtain the well known result that

a a U11 22
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which appears in Article 109 in Chapter VII of Eisenhart.10

Linear Weingarten surface

A linear Weingarten surface10,36,37 is a surface which satis-
fies the relationship

2 2 0TH SK p� � � 	 (2)

where T , S and p are constants and K  and H  are the 
Gaussian and mean curvature respectively, as given by 
equations (A9) and (A10) in Appendix A.
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where L  is a constant length. The uncertainty as to sign is 
there because κ I  could be positive or negative, as could be 
p, S  and T . a11 must be positive. Similarly,

a
L

S TII I II
22 2
� �

�� � �� �� � �

and again a22  must be positive. Thus if 2S TI� �� �  and 
2S TII� �� � both have the same sign,
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SL

S T S T

SL

S SK TH T

SL

T Sp

II I
11 22

2

2

2

2 2

2 2 2

2

� � �
�� � �� �

� �
�� � �

� �
�

�

� �
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On the other hand, if 2S TI� �� �  and 2S TII� �� �  have 
opposite signs,

a a
SL

T Sp
constant11 22 2 2

� � �
�

�

which means that the diagonals of the principal curvature 
coordinates form a Tchebychev net. Using 2, the product

 � �� � �� �
� � �
� � �
� � � �

2 2

4 8

4 2

4 4

2 2

2

2 2

S T S T

S K TSH T

TSH T Sp

S K T Sp

I II� �

Thus, we arrive at the conclusion that principal curvature 
coordinates on a linear Weingarten surface can be con-
structed such that a a constant11 22� �  if   is positive 
and a a constant11 22� �  if  is negative.
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If S = 0, then   must be positive and we have a con-
stant mean curvature surface with curvilinear squares, 
a a11 22= , and if in addition p = 0 we have a minimal 
surface.

If T = 0, we have a surface of constant Gaussian curva-
ture and

a
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The curvature and twist in the directions of the diagonals 
of the principal curvature net are
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If K  is negative a a constant11 22� �  and � � 0  so that we 
obtain the well known result that the asymptotic curves on a 
surface of constant negative Gaussian curvature form a 
Tchebychev net.38 If K  is positive a a constant11 22� �  and

�

� �

�

�
�

�
�

�

�
�

�
�

2
1 1

2

2

I II

K

H

H K K

H

K

H K

so that a line through the origin is tangent to the Mohr’s 
circle of curvature39 at the point � �, .

We demonstrate in Appendix D how a linear Weingarten 
surface can be obtained by the minimisation of a surface 
integral, which could represent strain energy. We have rel-
egated this to an appendix since it involves the bending 
theory, introduced in Appendix B and since we have  

introduced the bending theory, we describe the Willmore 
surface in Appendix E.

Boundary conditions at a free edge

Tellier et al.37 discuss the boundary condition for a linear 
Weingarten surface attached to a cable, but here we will 
consider the case when we have a free edges with no forces 
applied to it. The normal shear force is automatically zero 
from (D1), leaving us with the membrane stresses in (D2) 
and (D3).

Consideration of Mohr’s circle of stress40 tells us that a 
free edge must be in a principal stress direction and that 
that principal stress must be zero. Thus, if we take � II � 0  
along the edge, then (D3) gives us that

T S I� �� 0.

The membrane equilibrium equations

The equation of equilibrium of forces for shells in both the 
membrane and bending theories is (B2), repeated here

�� � ��� p 0

where σσ  is the stress tensor and p  are the loads on the 
shell.

In the membrane theory there are no bending moments 
or normal shear forces and so (B3) become

�
�

��
�

�

��
��

| � �
� �
p

b p

0

0

and (B4) become

�
�

�

��
��

�
�
0

0

so that σσ is a symmetric surface tensor with no normal 
components.

In the case when there are no tangential loads, then

���
�| .� 0 	 (4)

Now we can rewrite the Codazzi equations (A12) as

 �� ��
�� �
b� � � 0

which is exactly the same as (4) if we replace the tensor 
with components ���  with the tensor with components 
 �� ��

��b .
The tensor with components  �� ��

��b  has the same 
principal values and the same principal directions as the 
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tensor with components b�� , except that the principal val-
ues, κ I  and κ II , are interchanged.

This means that the results (1) from the Codazzi equa-
tions become

log

log

a
d

a
d

II

I II

I

I II
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22

�
�

�
� �

�

�

�
� �

�
� �

if the coordinates follow the principal membrane stress 
directions and we have a functional relationship between 
σ I  and σ II . The principal membrane stresses are

�
�

�
�

I

II

a

a

�

�

11

11

22

22
.

Isotropic hyperelastic membrane

In Appendix C we derive (C8) which we repeat here,

� �
��� �� ���

�
�

� � �
�
�A

A
B
Oa .

φ  is the strain energy per unit area which is assumed to be 
a function of the strain invariants   and   in (C5) and 
(C6).

The tensor ��
� �a a  has components given in (C2) and 

it can be expressed in terms of the strain tensor.
The mean M  and product P  of the principal mem-

brane stresses are given in (C9) and (C10) as

M �
�
�

� � � �
�A

A B
B

�
�

and

M P2
2

2 2� �
�
�
�
�
�

�
�
� �� ��
B

B A .

A soap film subject to its own weight

Minimal surfaces are of great interest to mathematicians41 
and to architects and engineers, notably Frei Otto42 and 
Sergio Musmeci,43,44 for the finding of beautiful and effi-
cient structural forms. Minimal surfaces minimise the area 
of a surface, and this is the same as minimising the strain 
energy of a weightless surface with a constant strain energy 
per unit area, corresponding to a homogeneous isotropic 

surface tension. Soap films are not weightless, and so can-
not be in equilibrium with uniform surface tension. It 
would seem reasonable to assume that the surface tension 
in a soap is isotropic, that is that it has the same value in all 
directions at a particular point, since otherwise there would 
be shear stresses in the film. However the surface tension 
clearly cannot be homogeneous since the tension at the top 
of a vertical soap film must be greater than that at the bot-
tom to balance the weight of the film. In addition, for sta-
bility the surface tension must increase where the film is 
thinner to pull more fluid back into a thin region.45 This is 
the reverse of gas pressure increasing with density. The 
variation in soap film thickness can be seen from the thin-
film interference patterns in Figure 11.

We are thus interested in the variation of stress in a soap 
film, which can be related to the strain energy per unit area 
stored in the film. If one watches a soap film one can see 
that the fluid is not stationary and is continuously in 
motion. ’Material points’ are free to move on the surface 
and the surface tension can only depend on the thickness 
of the film. The film carries no memory of the shape it may 
have been in the past, it has no understanding of the con-
cept of strain.

If the stress is isotropic,

�
�

�
�


0

in (C8) to give

��� ���
� �� �
Ta

T�� I nn

where the surface tension,

Figure 11.  Thin-film interference on a soap film in a drinking 
glass
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T � �
�
�

�
�
�

� ��
�

�
 

 .

If write w  for the weight per unit area of the soap film, 
then the equilibrium equation (B2) becomes

0

2

� � � �
� � � �� �� � �
� � � �
� � �

�� w

T w

T T w

T TH w

k

I nn k

a a n n k

a n k
, ,

, .
�

� �
�

�
�

where H  is the mean curvature (A10).
Thus for equilibrium in the normal direction

2TH w� �n k

and in the tangential direction,

0 � � �
� �
T w

T wz
,

, ,

� �

� �

k a

where z  is the height above some datum.
Thus the gradient ∇T  must be parallel to ∇z  and so T  

and w  must be a functions of z ,

T z T w z dz
z

z

� � � � � ��0

0

.

Zero-length spring surfaces

Let us write

� � �T k
B
A

where T  and k  are independent of time. We could, if so 
desired allow T  to vary with z , and therefore time if we 
need to balance the own weight as described in the previ-
ous section.

Then, from (C8)

��� �� ��� �Ta
k

A
O

and from (C9) and (C10),

M T k
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T Tk k
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2
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Now let us for simplicity examine the case when T = 0, 
giving

� ��
��

��
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� �

�

k
k
a

k A

a
a

B
A A

O

O

2

2
.

	 (5)

We have

  11 22 12 2 1
� �

A

and therefore φ  depends only on the ratios between 11 , 
 12 21=  and  22  and not on their values.

The components of membrane stress,

��� �� ��
��� k AAε ε 	 (6)

and the product of the two principal membrane stresses is 
equal to

P k= 2 .

Thus as the membrane is deformed and strained, the prod-
uct of the two principal membrane stresses remains con-
stant at any point moving with the surface, although it may 
vary from point to point.

One might imagine that it is not possible to make a real 
physical surface with this interesting property, but we shall 
see that it can be done, at least in theory by making the 
surface from a fine grid of zero-length springs, each carry-
ing a tension sufficient for the coils to separate. We 
described zero-length springs earlier in this paper and 
Figure 8(a) shows the tension / length relationship for a 
zero-length spring.

Perhaps the most important property of zero-length 
springs or constant tension coefficient members is that if 
the member is projected onto a plane, the member in the 
plane has the same tension coefficient. This is because the 
component of length and the component of force are both 
resolved in the same way.

Therefore
2 2 2TM P T k� � �

giving us a relationship between the mean M and product 
P of the two principal membrane stresses. If k and T are 
constants, this is the same as (2) for a linear Weingarten 
surface if we substitute curvatures for stress, in other words 
K for P and H for M and change the constants. The constant 
T representing an isotropic membrane stress appears in both 
equations, and if the constant S = 0 then (2) becomes the 
equation of normal equilibrium where p is the pressure.
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The strain energy in a zero-length spring is equal to a 
the spring stiffness times half its length squared plus a con-
stant. However we are not interested in this constant since 
we are always interested only in the change of strain 
energy. Now let us imagine that we have constructed a 
membrane from some fine grid of zero-length springs. The 
square of the distance between two points on a surface is 
equal to a d d��

� �� �  and therefore the strain energy of the 
springs contained within a certain area of surface is

springs
spring spring
k a d d� � �1

2 ��
� �� � .

However from (5) the strain energy contained within a par-
allelogram of sides �� 1  and �� 2  is equal to

� �� �� �� ����
��a

k
Aa1 2 1 2

2
�  .

These two expressions are identical in that they both 
involve a summation of a11, a a12 21=  and a22 multiplied by 
different factors.

Properties of an unloaded 
homogeneous zero-length spring 
surface

If the surface is unloaded, then p = 0  in (B2), and if the 
surface is homogeneous, then k  is a constant in (5).

If we replace A��  by a��  in (6), then  =1 , and in the 
reference configuration

��� �� ��
��

��� �k A ka 

so that we have a constant isotropic surface tension. Let us 
choose a coordinate system in the reference configuration 
such that A A11 22=  and A12 0=  so that we have curvilin-
ear squares on the reference surface. We know that we can 
always do this by solving Laplace’s equation. So now if we 
return to the current deformed surface, we have

�
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�

11 22 22

11 22

22

12 0
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�

k
a

A

A

a

kA

aA A

k

a
.

The fact that a a k constant� �11 22� � �  does not 
mean that the membrane stress in the direction of a1, 
which is equal to σ 11

11a , is the same as that in the direc-
tion of a2 , which is equal to σ 22

22a , since in general   
a11 ≠ a22.

We can write the equilibrium equation (B2) as

���
� �

a aa p� � � �
,

0

so, if p = 0  we have

a a

r r
1 1 2 2

11 22

0

0
, ,

, ,

� �
� � 	 (7)

or in Cartesian coordinates

x x

y y

z z

, ,

, ,

, , .

11 22

11 22

11 22

0

0

0

� �
� �
� �

	 (8)

In the case of radial symmetry, the solution to (8) is 
simply

Figure 12.  Random grid before and after relaxation. The 
initial grid consists of a random array of points joined by a 
Gabriel graph.46

Thus we can say that a surface made of a fine grid of zero-
length springs produces a membrane in which the product of 
the principal stresses remains constant as the membrane is 
stretched in any direction. This product may vary with position 
as given by the surface coordinates, which are convected with 
the membrane. This applies regardless of the grid pattern of the 
springs, which might be triangular, quadratic, hexagonal or even 
a random array of springs as shown in Figure 12.

Thus the Cartesian coordinates satisfy Laplace’s equation as 
a function of the surface coordinates.
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r U W
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z V
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1

2

sinh

where U , V  and W  are constants. If W = 0  and U V=  
we obtain the catenoid of revolution, which is a minimal 
surface. If U = 0  we obtain a surface with a cone-like 
peak. Returning to the general case, if we scalar multiply 
the first equation (7) by a1  we obtain

a
a

a11 1
12 2

22 1

2 2
0,

,
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and if we scalar multiplying the same equation by a2 ,

a
a a

12 1
11 2 22 2

2 2
0,

, , .� � �

Thus
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12 2 11 22 1

12 1 11 22 2

1

2
0
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, ,
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so that

a a a a11 22 11 11 22 22
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, ,

and
a a12 11 12 22 0, , .� �

Thus both (a11 – a22) and a12 satisfy Laplace’s equa-
tion. This means that if we arrange the boundary condi-
tions such that a12 = 0 all around the boundary, by 
allowing nodes to slide, then a12 must be zero every-
where on the surface. This, in turn means that

a

a a
D constant

12

11 22

0

2

�
�

� � .
	 (9)

This is exactly the same as (3), and this comes as no sur-
prise since we know that the Codazzi equations and the 
equations of equilibrium tangential to the surface are the 
same.

Alternatively, if we arrange the boundary conditions 
such that a11 = a22all around the boundary, then a11 – a22must 
be zero everywhere on the surface. and so

a a l

a l

l
D

11 22
2

12
2

2 2 2

2 2 2
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�

� ��
�
�

�
�
� �

cos

cos sin

�

� � 	 (10)

where λ is the angle between the two sets of springs of 
length l. D is the difference between the squares of the 
diagonals of a rhombus formed by the springs. Thus (9) 
and (10) are effectively the same case with the one set of 
coordinate curves being the diagonals of the other, and 
they correspond to exactly the same state of stress.

If k is the stiffness of the zero-length springs, then the 
tension in the springs is f = kl. The shear force on a node on 
a boundary parallel to the edge of the rhombi is

f kl
kD

l
cos cos� �� �

2
. 	 (11)

If we can arrange things such that that D = 0 in (9) or in 
(10), then we have a minimal surface on which the coordi-
nate curves form curvilinear squares.

In Figure 13 the edge cable tension is kept constant, so 
that the zero-length springs are free to slide along the 
cables. Thus the zero-length springs meet the edge cable at 
90, and therefore a12 = 0 on the boundaries so that a12 = 0 
everywhere and in the case of Figure 13 D = 0 by symme-
try, so that we have a minimal surface. The edge cables 
must be asymptotic lines on the surface to satisfy equilib-
rium of forces normal to the surface, and it follows that the 
zero-length springs follow the asymptotic directions.

Figure 14 shows a surface with edge shear forces obeying 
(11), which means that we should find that we satisfy (10). 
Note that the spring lines will not be asymptotic directions.

If we rotate the spring grid by 45 the springs follow the 
principal curvature directions as shown in Figure 15.

Figures 16 and 17 show more applications of geome-
tries controlled by tension coefficients, which are constant 
in both figures.

If a minimal surface or soap film is bounded by a rigid 
surface, it slides sideways so that it is normal to the sur-
faces. If the bounding surface is a sphere or plane, then all 
directions are principal curvature directions with no twist. 
It follows from the Joachimsthal theorem14 that the bound-
ary curve on the minimal surface must be a principal cur-
vature direction, unlike a cable boundary which is an 
asymptotic direction. This fact was used in automatically 
generating the principal curvature lines in Figure 16 sim-
ply by using the constant tension coefficients.

Zero-length springs plus a variable 
isotropic membrane stress

Now let us imagine that we have a membrane stress with 
components
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Figure 13.  Minimal surface with asymptotic coordinates.

Figure 14.  Surface with zero-length springs forming rhombi.

Figure 15.  Minimal surface with principal curvature 
coordinates.

� ��� �� ��� �springs isotropicT a 	 (12)

in which ���
springs  is due to zero-length springs and Tisotropic  

corresponds to the varying isotropic membrane stress in a 
soap film subject to own weight. The let us assume that

���
�

�
�� �
springs

isotropicT a p

|

|

�
� �

0

0

so that the tangential component of any load, particularly 
own weight is carried by Tisotropic . Now since Tisotropic  is iso-
tropic it has no influence on the principal stress directions, 
which means that the direction and spacing of the principal 
stress trajectories is controlled solely by ���

springs
. Thus in a 

numerical procedure all we have to do is to combine the 
zero-length springs with triangular soap film elements. 
This was done to produce Figures 1, 3, 4, 9 and 10. In the 
inverted formfinding models the springs are in tension but 
the soap film elements are in compression, with the com-
pressive stress increasing moving downwards on the hang-
ing model to resist the own weight, which is also 
downwards. The resulting principal stresses have to be 
tensile, putting a limit on the isotropic compression.

The mean membrane stress,

M a T a

M T

springs isotropic

springs isotropic

� �� �
� �

1

2 ��
�� ���
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and the product of the principal stresses,

P T a

T a

springs isotropic

springs isotropic

� �� �
�

 �� �� �� ��

�� �

�

�
2

��� �
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�
P M T

T
springs springs isotropic

isotropic

2
2 .

Thus (12) explicitly gives us both M  and P . This is more 
restrictive than the single condition on the mean curva-
ture H  and Gaussian curvature K of a Weingarten surface 
or a linear Weingarten surface. However the formfinding 
process requires us to have an explicit expression for 
stress in terms of the values of the first fundamental form, 
and the second fundamental form in the case of the bend-
ing theory.

Numerical strategy

The numerical models consist of nodes joined by linear 
and triangular elements

The linear elements exert forces on the nodes with 
components

f
T

L
x

f
T

L
y

f
T

L
z

x

y

z

�

�

�

�

�

�

where δ x , δ y  and δ z  are the differences between the 

Cartesian components at the two ends of a member. T

L
 

is the tension coefficient in the member, that is the ten-

sion divided by the current length, and the tension coef-
ficient in any one member remains constant. In some 
models all the tension coefficients are the same, and in 
others they vary.

Triangular constant strain elements with three nodes 
are used to model an isotropic stress. The force on each 
node acts in a direction perpendicular to the opposite 
side and has magnitude equal to half the length of the 
opposite side times the isotropic stress. The triangular 
elements are also used to exert forces on the nodes due 
to the own weight of the surface and any pressure load 
on the surface, as in the bridge in Figure 9. The value of 
isotropic stress varies due to the tangential component of 
the own weight, as described in the section A soap film 
subject to its own weight above.

Having calculated the forces on each node, they are 
moved using Verlet integration,17 which is the same as 
dynamic relaxation.18 In fact we do not need to store the 
nodal forces since we can increment the velocities directly 
when we calculate the forces from each element.

It is relatively easy, but tedious, to program the above 
using the graphics processing unit (GPU). However our 
experience is that it is not worth using the GPU for this 
type of work, unlike, for example, three dimensional parti-
cle simulations.

Figure 16.  Minimal surface bridge, showing principal curvature lines, supported by a horizontal plane at the support, an inclined 
plane along the each long side and a vertical plane at each end.

Figure 17.  Prestressed cable net.
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Conclusions

In this paper we have described Weingarten surfaces in 
which the relationship between the mean and Gaussian 
curvatures produces a controlled spacing of the principal 
curvature trajectories.

We have also described a formfinding procedure which 
automatically generates a relationship between the mean 
and product of the principal membrane stresses. This in 
turn means that the spacing of the principal stress trajecto-
ries is controlled and not arbitrary. The numerical proce-
dure of zero-length springs with a constant tension 
coefficient or force density plus isotropic soap film-like 
triangles in compression is relatively simple, although the 
theory is rather more challenging.

It should be noted that in general the principal curvature 
and principal membrane stress directions will differ, but in 
principal they could be made to coincide by adjusting the 
‘cutting pattern’ of the zero-length spring net.

As stated in the introduction, it is ‘conventional’ in the 
design of shell structures to have a relatively ‘flimsy’ shell 
supported on ‘substantial’ edge beams, arches and cables. 
One of the aims of this work was to formfind shapes in 
which the forces that would have been concentrated in the 
edge beams or arches are distributed into the shell itself, 
more like the shells that we see in nature,28 and it can be 
seen in the figures that the shells and tension structures 
have indeed been able to avoid edge beams, arches and 
cables.

In Appendix D we describe the theory of how a linear 
Weingarten surface can be obtained by the minimisation of 
a surface integral. We do not develop the practicalities of 
doing this and this could form the basis for further research.
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Appendix A

Differential geometry and differentiation on a 
surface

We cannot use Cartesian coordinates on a surface with 
double curvature. Instead let us use the curvilinear coordi-
nates θ 1  and θ 2  in which θ 1  and θ 2  are two separate 
parameters, and not θ  raised to the power 1 and θ  squared. 
The reason for using θ 1  and θ 2  instead of u  and v  is that 
then we can use the Einstein summation convention to 
write the displacement from the point r  on a surface to an 
adjacent point r r+ d , also on the surface as

d d d

d

r a a

a

� �
�

1
1

2
2� �

��
� 	 (A1)

where the covariant base vectors

a r
r

� � ��
� �

�
�, . 	 (A2)

In (A1) the repeated α  means that α  has to be given the 
values 1 and 2 and the results summed. In the summation 
convention the repeated index is always written as a super-
script and a subscript, unless one is using Cartesian ten-
sors, which we cannot use here.

(A1) is one vector equation, whereas (A2) is two vector 
equations, applying for � �1  and � � 2 .
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aα  lie in the tangent plane to the surface, and in general 
they will not be unit vectors, nor will the be perpendicular 
to each other.

We only have two coordinates or parameters on our 
curved membrane surface, but in 3 dimensions we would 
need 3 coordinates, θ 1 , θ 2  and θ 3  and (A1) and (A2) 
would become

d di
i

i i

r g

g
r

�

�
�
�

�

�

using the notation in Green and Zerna.11 Greek indices 
have the values 1 or 2, whereas Latin indices have the val-
ues 1, 2 or 3. Dirac12 uses Greek indices with the values 0, 
1, 2 and 3 for the 4 dimensional space-time of general rela-
tivity. The unit normal,

n
a a

�
�1 2

a

where

a a a a� � � �a a1 2 11 22 12
2 	 (A3)

and

a�� � �� �a a .

a��  are called the components of the metric tensor or coef-
ficients of the first fundamental form14 because, if ds d= r

ds d d d d

a d d

2 � � � � � � � �
�

r r a a�
�

�
�

��
� �

� �

� � .
	 (A4)

The area of an elemental parallelogram with sides dθ 1  and 
dθ 2  is ad dθ θ1 2 . However a  is not a scalar because its 
value depends upon the coordinate system � �1 2,� �  that 
we use. Despite this, the quantities





 


�� � �� �� � �
�

� � �
�

a a n

11

12 21

22

0

0

a

are the components of a tensor, the surface permutation 
tensor. In order to differentiate on a curved surface it is 
useful to introduce a second set of base vectors in the local 
tangent plane to the surface, the contravariant base vectors 
aα  defined by

d d�� �� �r a .
Thus

d d� �� �
�

�� �a a

and so

a a�
�

�
�� � �

� �

� � � �

� �

1

0

if

if .
	 (A5)

��
�  are the Kronecker deltas.

It may seem unnecessary to have two sets of base vec-
tors, but they are extremely useful. If v  is any vector on 
the surface with tangential and normal components,

v a n

a n

v a

v a

� �
� �
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v v

v v

v a v

v a v
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in which
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In addition we have
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	 (A6)

We can now define the gradient ∇Q  of a scalar, vector or 
higher order tensor Q  by

d d

d

Q r Q

Q

� ��
� ��

�,

where
Q

Q
, .� ��
�
�
�

Thus

� �Q a Q� �,

and ∇Q  is a tensor of order one greater than Q .
We now need to introduce the Christoffel symbols ����

�  
and b��  the components of the shape operator tensor b  
which are defined by
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	 (A7)

b��  are also known as the coefficients of the second funda-
mental form14 and they are the components of the tensor,
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b n� �� . 	 (A8)

����
�  are not the components of a tensor because they are 

at least partly a property of the coordinate system. If we 
change from the coordinates ��  to coordinates � ��, then

�
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� �
�� � �, , ,�

�
� ��

and it is the presence of � � �
�
, � �  which breaks the rule for the 

change of coordinates. It is interesting that if a surface is 
being deformed so that ����

�  are a function of time as well 

as �� , then 
�

�
�� ��
�

t
 are the components of a tensor because 

the offending � ��
�

� �
�

, ,
�

� �
 term is removed. If v  is any vector 

on the surface with both tangential and normal compo-
nents, we can write
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where the covariant derivatives,

v v

v v v
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,

,
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� �
� �
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�
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which can be extended to tensors of any order. v� �|  are 
the components of a tensor, whereas v,�

�  are not. Green 
and Zerna11 write the covariant derivative as v� �| , 
whereas Dirac12 would write it as v :�

� . The covariant deriv-
atives of a�� , a

��, ��  and  ��  are all zero.
b  is a symmetric second order surface tensor, and as 

such has two principal values and principal directions. dn  
and dr  are parallel if

d d

b a d
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a

�

�� � �
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� ��
�� ��

� 0

and so the determinant b a�� ���� � 0  and therefore

b a b a
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This quadratic will have two roots, κ I  and κ II , known as 
the principal curvatures and they occur in orthogonal 
directions, unless � �I II�  when all directions are princi-
pal curvature directions. The product of the principal cur-
vatures is the Gaussian curvature,

K
b b b
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and the mean of the principal curvatures,

H
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The Gauss-Codazzi equationsIf we form the gradient of 
the gradient of any tensor Q , we obtain

�� � � �
� �� �
Q a a Q
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in which, using (A5),
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•• note that we can write b�
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because b  is symmetric. Thus
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This applies to the gradient of the gradient of the nor-
mal, so that from (A8),

 : : .� � � �� �b n 0 	 (A11)

These are the Peterson-Mainardi-Codazzi equations, often 
known as simply the Codazzi equations. (A11) is a vector 
equation, however it is identically satisfied in the normal 
direction, so that there are only 2 Codazzi equations. In 
terms of components,
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so that

b b b b

b b b b
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We will find the Codazzi equations useful when the coor-
dinate curves are orthogonal, so that a12 0=  and
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and similarly with the indices 1  and 2  interchanged.
If the coordinate curves follow the principal curvature 

directions the Codazzi equations become14

b Ha

b Ha
11 2 11 2

22 1 22 1

, ,

, ,

=
=

where H  is the mean curvature (A10).
The third equation relating a��  and b��  is obtained 

from

a a

a a a a

a n a
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which must be symmetric in λ  and β . Thus, interchang-
ing λ and β , and subtracting,
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	 (A14)

Thus we can express the Gaussian curvature K  in (A9) in 
terms of a��  and their first and second derivatives. This is 
Gauss’s Theorema Egregium, which tells us that we can 
discover the Gaussian curvature purely by measuring 
lengths and angles on a surface.

If the coordinates curves are orthogonal (A14) becomes

b b b
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from which it follows that14
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Proof of divergence theorem

Consider

R R

R

R

dR ad d
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1 22

The Gauss-Codazzi equations, that is Gauss’s Theorema 
Egregium and the Peterson-Mainardi-Codazzi equations, are 
three equations relating a11, a a12 21=  and a22, and b11, b b12 21=  
and b22 which ensure that the surface fits together. Bonnet’s 
theorem or the fundamental theorem of surface theory 
states that if a�� and b��  are known and satisfy the Gauss-
Codazzi equations, then the shape of a surface is determined, 
up to a rigid body translation and rotation.
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where dR  is an element of area on the region of surface R. 
But
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in which the minus sign appears because in going anti-
clockwise around the boundary �R d� 1 is negative at the 
larger value of θ 2 .

Thus
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	 (A15)

if n Q� � 0 , which does not mean that Q  contains no nor-
mal components, so that for example Q vn=  satisfies 
n Q� � 0  if the vector v  satisfies n v� � 0 .

(A15) is the divergence theorem for a surface.

Appendix B

Strain energy including bending

Consider a surface which is moving and deforming such 
that the velocity of a typical point is v v� � �� �1 2, , t  in 
which t  is time. N N� � �� �1 2, , t  is minus the rate of 
change of the unit normal and N  and v  are related by
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Thus, introducing

J I nn� �

we can write
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ϒ  is the rate of membrane strain tensor and Ω  is the mean 
angular velocity of the surface about the normal. If we dif-
ferentiate (A4) with respect to time,
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Let us introduce the tensor ββ  whose components are the 
rate of change of the components of the shape operator b,
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The rate of work being done by the boundary forces and 
moments and the loading forces and moments is equal to,
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W d

dR

R

R

� �� � � � � �� �

� � � �� �
�
�

�

r n v m N

p v C N

��


where p  is the load per unit area and C  loading couple 
per unit area, expressed in such a way that C N⋅  is the rate 
of work being done per unit area. This means that C  has 
no normal component.

This equation effectively forms the definition of the 
stress tensor �� � �� ���

� �
�a a n  which contains both tan-

gential and normal components and has dimensions force 
per unit length. It is also the definition of the bending 
momenttensor m a a� m��

� �  which only contains tangen-
tial components. We are assuming that the rate of work 
being done by m  depends only upon the angular velocity 
of the normal, which means that we are assuming no shear 
deformation, as would occur with a Cosserat shell.47 We 
are also assuming that there is no moment about an axis 
normal to the surface as would occur due to the geodesic 
curvature of gridshell laths. If the shell has ribs or a grid, 
we are assuming that the grid is sufficiently fine to be 
treated as a continuum.48

Thus using the divergence theorem (A15),

W PdR
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� �

where P  is the rate of work being absorbed by the surface 
per unit area and
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	 (B1)

This equation applies for an velocity v  and angular 
velocity of an element of surface as specified by ωω  and N. 
They may be ‘virtual’ and not correspond to the velocity 
and angular velocity in any real situation. Thus (B1) is the 
virtual work equation in English, or to be more precise the 
rate of virtual work or virtual power equation, le principe 
des puissances virtuelles in French.

It therefore follows that

�� � ��� p 0 	 (B2)

which is the equation of equilibrium of forces and
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which are the equations of equilibrium of moments. In 
terms of components they are
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and
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0 	 (B4)

respectively. (B3) are equations (10.4.4) and (10.4.5) in 
Green and Zerna11 and (B4) are (10.4.6) and (10.4.7), 
except their sign convention for moment takes ‘hogging 
positive’ whereas we take ‘sagging positive’ to go with 
positive b . Green & Zerna derive their equations in a very 
different way to that which we have used here. So now 
(B1) becomes

P
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t
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	 (B5)

This equation applies regardless of whether the shell is 
made from an elastic material. However, if it is made from 
an elastic material then

P
a t

a�
�
� � �1

�

where φ  is the strain energy per unit area. The reason why 

we write this, rather than P
t

�
�
�
�

 is that we have to con-

sider the work done on a particular element of surface, 
whose current area is ad dθ θ1 2 .

We now assume that φ  is a scalar function of the current 
values of a��  and b�� , which are functions of time and 
other quantities containing elastic properties and also initial 
or reference values of a��  and b��  which are independent 
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of time, and for which we need some other symbols, such as 
A and B�� �� . Then

1 1
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since a  is independent of b�� . Now (B5) gives us that
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This applies for any �

�

a

t
��  and 

�

�

b

t
�� , and therefore because 

a��  and b��  are symmetric, we can only write the symmet-
ric relationships
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However, if we are careful and only write φ  so that it is 
symmetric in a a12 21=  and b b12 21= , then
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For example, we should write a  as a a a a11 22 12 21−  and not 
as a a a11 22 12

2−  and thus Thus
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From this we also have
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	 (B8)

We have no more information regarding whether m  is 
symmetric, and it may not be for a gridshell or ribbed shell 
which we are treating as a continuum.48 However for our 
purposes in this paper we can assume that m  is symmetric 
so that (B6) becomes

m
b

��

��

�
�

�
�

. 	 (B9)

We can write the second equation (B4) as
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2
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�b m
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a2 . 	 (B10)

If the loading couple C = 0 , as is almost invariably the 
case, then

� � ��
�� �m | . 	 (B11)

Appendix C

Finite strain

When we are considering a finite strain, which we will have 
in the formfinding of some membrane structure using some 
stretchy material, then we have to imagine two separate 
states, the current state and some previous reference state, 
which may or may not correspond to an unstressed state.

In fact we are only interested in the components of the 
metric tensor in the reference state, not in the base vectors 
or any other aspect of its geometry, it could be folded up in 
a box. If a��  are the components of the metric tensor in the 
current state and A��  are the components of the metric ten-
sor in the reference state, then (A4) gives us,

ds dS a A d d2 2� � �� ��� ��
� �� �
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where dS  is the distance between two adjacent points in 
the reference state. We are assuming the the coordinate 
curves are convected with the membrane, as if they were 
drawn on the surface. Thus we can write

��� �� ��� �� �1

2
a A 	 (C1)

so that
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and if we know ���  and a��  we know how all lengths on 
the surface have changed. Thus ���  is a measure of strain 
and from it we can calculate all other strain measures, 
including logarithmic strain. If the strain is small, then 

ds dS

dS

�� �
�

2
1  so that we arrive at the engineering defini-

tion of strain, that is increase in length divided by original 
length.

If we start with a Cartesian coordinate system A11 = 1, 
A12 = 0 and A22 = 1, then, if the strain is small
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.

γ xy = γyx the ‘engineering shear strain’ and is twice the 
‘mathematical shear strain’ γ12 = γ21. Tensor equations sim-
ply do not work with engineering shear strain, and the 
mathematical shear strain has to be used for Mohr’s circle 
of strain. The shear modulus and the viscosity are defined 
in terms of engineering shear strain and engineering shear 
strain rate, and this means that unexpected factors of 2 
appear in equations containing the shear modulus or the 
viscosity.

We also have

�
�

��
���

�

�t

since Aαβ are independent of time.
��� are the components of a tensor, since they obey the 

rule under a change of coordinates, but to turn them into a 
tensor we need some base vectors, and the only sensible 
ones are the current ones, producing the tensor

�� � ���
� �a a .

A�� are the covariant components of the metric tensor 
in the reference configuration, and there are also the con-
travariant components, which one could denote by A�� , 
however we will give them the symbol �� since

�� �� ��
��� a a A

but
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where corresponding to (A3),
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2 .

The quantities A��  �� , and A on the undeformed 
surface are independent of time, but will in general be 
functions of the coordinates �� .

Since � ��� ��� , the tensor γγ  will have principal val-
ues corresponding to those in (A9) and (A10),
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and
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(C4)

(C1) occurs in equation (4.3.3) of Green and Adkins,20 
except that the aαβ and Aαβ are reversed. We use aαβ for the 
current deformed state, whereas they use if for the refer-
ence ‘undeformed’ state. Green and Zerna11 use aαβ for the 
current deformed state of a shell and we follow this 
precedent.
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We could use   and   in (C3) and (C4) as out two 
strain invariants, however we will find it more convenient 
to instead use
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and
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Note that 
a

A
 is a scalar, even though neither a nor A is 

a scalar.
An invariant is a scalar whose value is independent of 

the coordinate system. Any function   of and   is also 
an invariant and equation (4.3.4) of Green and Adkins20 
shows their choice. They include a 3rd invariant λ  which 
is the strain in the direction across the membrane, giving 
the change in thickness. They include this because they 
want to obtain the properties of the membrane from the 
properties of a 3 dimensional specimen. However, we are 
only concerned with the membrane itself, which could, for 
example, be a knitted fabric.

Isotropic membranes

An isotropic membrane is one which has the same elastic 
properties in all directions, but which may vary with posi-
tion. This means that the strain energy per unit area φ  
must be a function of the strain invariants   and   in 
equations (C5) and (C6). Thus if we set the components of 
moment m��  to zero (B10) becomes
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From (B7), we have
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Thus (C7) becomes

� �
� �

�
�

�� �� ��

�� ��

� �
�
�

�
�
�

�
�
� �

�
�

�
�
�

� � �
�
�

A
A B

O

A
A

B
O

a

a .
      (C8)

The mean M and product P of the principal membrane 
stresses are
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and, using (A6),
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Therefore
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However, from (C5) and (C6),
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Appendix D

Linear Weingarten surface obtained by 
minimisation of a surface integral

A linear Weingarten surface is defined by the equation (2), 
which is a differential equation containing the curvature of 
the surface. We will now show that we can also define a lin-
ear Weingarten surface by minimising the surface integral

R

dR��

over the region R of surface subject to the constraint of the 
surface enclosing a fixed volume which is closed by a sec-
ond fixed surface through the same boundary as R. The 
strain energy per unit area φ  is equal to a constant times 
the mean curvature50 plus a second constant,

� ��
��� � � �T SH T Sa b2

where T  and S  are constants.
The constraint of constant volume is assured by apply-

ing a constant pressure to the surface, the pressure is sim-
ply the Lagrange multiplier.

Elsewhere in this paper we are only concerned with 
strain energy that is a function of lengths on a surface, and 
hence the membrane theory. However here we include the 
strain energy due to bending. But this is a very special case 
where strain energy due to bending produces bending 
moments and normal shear forces which are automatically 
in equilibrium and can therefore be considered to be ‘vir-
tual’. The equations of equilibrium and strain energy due to 
bending and stretching are included in Appendix B, derived 
using the divergence theorem and virtual work. For com-
parison, Appendix E describes the Willmore51 surface in 
which the strain energy per unit area is the square of the 
mean curvature and Appendix F describes minimisation of 
the surface integral of the Gaussian curvature, which as 
expected produces a surface which is automatically in equi-
librium because of the Gauss-Bonnet theorem.14

Then from (B9),

m
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and from (B11), the components of normal shear force
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We also have, using (B8),
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	 D2)

so that we only have symmetric membrane stresses, as in 
the membrane theory. The principal membrane stresses are 
in the same direction as the principal curvatures,37
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and this relationship between stress and curvature is essen-
tially the same as with the Airy stress function.52 The mean 
and product of the principal membrane stresses are

M
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2 22 .

Using the Codazzi equations in the form of (A12), and 
remembering that S  and T  are constants we have

���
�| � 0

and so the surface is in equilibrium with zero tangential loads. 
However, the tangential component of own weight could be 
included if we allow T  to vary, as we did for soap films.

Equilibrium in the normal direction becomes

� �
� �

p b

TH SK

���
��

2 2
	 (D4)

which is the equation of a linear Weingarten surface (2), if 
the normal pressure p is constant.

If we model a surface with flat triangles, then the nodal 
forces can be calculated as follows. The uniform surface ten-
sion produces nodal forces equal to T times one half the 
opposite side length in a direction in the plane of the triangle 
perpendicular to the opposite side. The forces due to S are 
along the folds between the triangles and have a magnitude 
equal to S times the fold angle in radians.50 For stability σ I  
and σ II  have to be positive, corresponding to tension. This 
gives us a condition on T, S, κ I  and κ II  from (D3).

Appendix E

Willmore surface

Let us now minimise the surface integral of the Willmore 
energy, which is the square of the mean curvature,
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so that
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and from (D8)
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We therefore have
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as expected and
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Thus, if there is no normal load,
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which is the equation of a Willmore surface, Theorem 
13.10 in Pinkall and Gross29 and equation (14) in Williams.53

Appendix F

Minimising surface integral of the Gaussian 
curvature

Now let is minimise the integral of the Gaussian curvature,

� � K

so that
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and (B7)
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Thus from (B10),
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and from (B11) and using the Codazzi equations (A12),

� � �� ��
�� �� � �  b | .0

Thus minimising the surface integral of K produces a 
shell in equilibrium with no load. This, of course is to be 
expected because of the Gauss-Bonnet theorem14 which 
tells us that the surface integral of the Gaussian curvature 
depends only upon the Boundary integral of the geodesic 
curvature. Nevertheless it is instructive that the bending 
theory is consistent with Gauss-Bonnet.


