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Abstract

Velocity, pressure, and density fields computed in earlier three-dimensional direct numer-
ical simulations of a statistically stationary, planar, one-dimensional, low-Mach-number
hydrogen–air flame propagating in small-scale, moderately intense, spatially decaying
turbulence are filtered out using top-hat filters of four different widths. Certain source/sink
filtered terms in the transport equations for resolved and subfilter-scale kinetic energies
are analyzed. These are (i) the rate of inertial transfer of kinetic energy between resolved
and subfilter scales, (ii) baropycnal work, (iii) subfilter-scale velocity–pressure–gradient
term, and (iv) subfilter-scale pressure–dilatation term. These filtered terms are averaged
over transverse planes and time or conditioned to the filtered combustion progress variable.
Results show that terms (i) and (ii) work to transfer kinetic energy from smaller to larger
scales (backscatter) and from larger to smaller scales, respectively, with the baropycnal work
dominating the former term. These trends are observed for mean and conditional terms.
The mean velocity–pressure–gradient term is positive and works to increase subfilter-scale
kinetic energy due to combustion-induced thermal expansion. The pressure–dilatation
term changes its sign from negative to positive at the leading and trailing edges, respec-
tively, of the turbulent flame brush. Under conditions of the present study, the magnitudes
of the mean velocity–pressure–gradient and pressure–dilatation terms are smaller when
compared to the baropycnal work. Probability Density Functions (PDFs) for the explored
filtered terms exhibit long tails, are highly skewed, and are characterized by a large kur-
tosis, thus implying significant intermittency of inter-scale energy transfer and energy
exchange between internal and kinetic energy in the flame. These PDFs indicate that the
intermittency of the inter-scale energy transfer and energy exchange depends substantially
on mechanisms and scales of energy injection.

Keywords: premixed turbulent combustion; thermal expansion; turbulence; inter-scale
transfer; internal-kinetic energy exchange; intermittency backscatter

1. Introduction
According to the classical statistical theory of locally isotropic and homogeneous

turbulence in incompressible flows [1–3], turbulent kinetic energy is transferred on average
from large scales, where it is generated, to small scales via the turbulence cascade [4,5],
with the energy flux being conserved in the inertial range of scales, but the energy being
dissipated due to molecular viscosity at the smallest scales. However, the modern picture
of inter-scale turbulence energy transfer substantially expands this classical paradigm of
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energy cascade by going beyond the statistical average framework. For instance, the local
behavior of turbulent kinetic energy transfer is known to be highly intermittent in space
and time, i.e., there are significant spatial-temporal fluctuations of the inter-scale energy
transfer rate [6–19]. Specifically, there are localized regions with inverse energy cascade,
i.e., from small scales to large scales. This phenomenon is often referred to as backscatter.
The net average cascade is a result of downscale/direct and upscale/backscatter energy
transfer. Even if the classical forward cascade statistically overwhelms backscatter in
many turbulent flows [7,20–22], analysis of inter-scale kinetic energy transfer was in the
focus of numerous studies reviewed elsewhere [5]. Their results indicate that inter-scale
kinetic energy transfer is sufficiently well understood in the classical case of incompressible,
homogeneous, isotropic turbulence.

In compressible (with large density variations), homogeneous, non-reacting and re-
acting turbulence, the physical picture is more intricate due to the appearance of two
new physical mechanisms [23–33], which are absent in incompressible turbulence. First,
baroclinic effects, which arise from misalignment of pressure and density gradients, in-
duce extra inter-scale kinetic energy transfer supplementary to the inertial Kolmogorov
cascade [23–25,28]. Contrary to the inter-scale energy transfer in incompressible turbu-
lence, controlled by the solenoidal motion (via the vorticity stretching mechanism), the
baroclinity-induced transfer arises due to density variations and, therefore, as can be
inferred, is associated with the dilatational component of the velocity vector. Second,
velocity–pressure–gradient work (associated often with the pressure–dilatation term in a
transport equation for internal energy) causes energy exchange between kinetic and inter-
nal energies. This energy exchange is also associated with the dilatational component of
the velocity vector and proceeds directly at any given scale, thus breaking conservation of
the inter-scale kinetic energy flux in the inertial range of scales. Therefore, energy exchange
between kinetic and internal energies may significantly impact inter-scale kinetic energy
transfer [26,27,31,32].

Furthermore, it should be stressed that the mean velocity divergence vanishes, i.e., the
mean density is constant, in statistically homogeneous (both non-reacting and reacting)
compressible turbulence. This occurs even if local velocity divergence can take both positive
and negative values, because the Probability Density Function (PDF) for the velocity
divergence is almost symmetrical with respect to zero. On the contrary, in inhomogeneous
mean turbulent flows, asymmetry of the PDF shape may be well pronounced and the mean
velocity divergence may be significant [34,35]. For instance, expansion zones induced by
heat release in premixed flames are characterized by positive local dilatation, make the
mean flow highly inhomogeneous, and result in a strong bias of pressure–dilatation work to
positive values. Accordingly, inter-scale energy transfer in flames is substantially affected
by this work, contrary to the case of a homogeneous turbulent flow.

As reviewed elsewhere [36–38], in a typical premixed turbulent flame, heat release,
density variations, dilatation, and chemical reactions are localized to spatial zones whose
scales are comparable with laminar flame thickness, which is well below 1 mm under
atmospheric conditions. These scales are substantially smaller than scales of large turbulent
eddies, but are often larger than or comparable with the Kolmogorov length scale. Heat
release in these zones induces pressure–dilatation work, with a small part of this work
resulting in the local injection of kinetic energy to the flow at small scales or, in other words,
the conversion of internal energy to kinetic energy. Therefore, in a general case, injection of
kinetic energy in a premixed flame may occur not only at large scales, e.g., if large-scale
forcing is applied in numerical simulations [39,40] or the flame is stabilized in a turbulent
shear flow [41,42], but also at small scales due to the conversion of internal energy to kinetic
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energy. On the contrary, in incompressible turbulence, kinetic energy is typically injected at
large scales only.

Conversion of internal energy to kinetic energy at small scales can result in backscat-
ter. Indeed, over the past decade, the phenomenon of combustion-induced backscatter
was explored by several research groups by analyzing both data computed in Direct
Numerical Simulation (DNS) studies of premixed turbulent flames in simple flow config-
urations [39,40,43–50] and experimental data obtained from swirled flames [41,42]. It is
worth noting, however, that compressibility effects, i.e., significant variations in pressure
and density, can dominate the influence of combustion dynamics on dilatation and backscat-
ter in high-speed flows, as found in an a priori DNS study of the dynamics of backscatter of
kinetic energy in inert and reacting supersonic (Mach number is larger than 2) hydrogen–air
turbulent mixing layers [51].

Moreover, in premixed flames, the mean dilatation is not only positive, contrary to
a typical non-reacting compressible flow, but is also sufficiently large when compared
to velocity gradients in the incoming turbulence. The former peculiarity (positive mean
dilatation rate) of premixed turbulent flames when compared to compressible non-reacting
turbulence (where dilatation rate vanishes after averaging) can have a strong impact on
the intermittency of the inter-scale energy transfer. For instance, injection of kinetic energy
and energy exchange are strongly influenced by pressure–dilatation terms in transport
equations for the internal and kinetic energies; see Equations (1) and (3), respectively, in the
next section.

However, the influence of strong heat release localized to thin premixed flames on
intermittency of inter-scale energy transfer was beyond the focus of research into both
turbulence and combustion. For instance, the most common approaches to studying
intermittency of inter-scale energy transfer [2,3,52] deal either with a PDF of a quantity
relevant to the transfer or with images of iso-surfaces of sub-filter scale (sfs) flux. However,
the present authors are not aware of the applications of any of these two major diagnostic
techniques to analyzing data obtained from a premixed flame.

Accordingly, the present work aims at bridging this knowledge gap by applying a fil-
tering approach and PDF techniques to a priori analyzing unsteady, three-dimensional (3D)
DNS data obtained by Dave et al. [53,54] from a statistically stationary, planar, and one-
dimensional, low-Mach-number, complex-chemistry lean hydrogen–air flame propagating
in moderately intense, small-scale, and spatially decaying (upstream of the flame) tur-
bulence in a box. The choice of this configuration (specifically, statistically stationary
turbulence decaying in the direction normal to the mean flame upstream of it, but homoge-
neous in each cross section) offers the opportunity to explore a “pure” case associated solely
with injection of kinetic energy at small scales due to the lack of injection of kinetic energy
at large scales. These DNS data were already analyzed by us either by directly averaging
them over transverse planes and time (see Refs. [55,56] and papers cited therein) or by
filtering them, followed by time- and transverse averaging [57,58]. In the present work,
intermittency of inter-scale energy transfer and of energy exchange between internal and
kinetic energy is investigated by spatially filtering the raw DNS data, followed by calculat-
ing various PDFs and their moments by processing unsteady, three-dimensional filtered
fields of velocity, density, pressure, and their spatial gradients. It is worth stressing that
the study goals are restricted to exploring phenomena that (i) are specific to flames when
compared to incompressible or compressible, statistically homogeneous or inhomogeneous,
reacting or non-reacting turbulent flows characterized by negligible mean dilatation and
(ii) should be taken into account when running Large Eddy Simulations (LESs) of premixed
turbulent flames by adopting and/or extending models well established in LES research
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into other turbulent flows [59–62]. Validation or development of models for LES research
into premixed turbulent combustion is beyond the scope of the present work.

In the next section, the DNS attributes and applied numerical diagnostic techniques
are summarized. Numerical results are reported and discussed in Section 3, followed
by conclusions.

2. DNS Attributes and Data Analysis
2.1. DNS Data

The DNS data were obtained from an unconfined, statistically one-dimensional and
planar, lean (the equivalence ratio ϕ = 0.81) and slightly preheated (unburned gas tempera-
ture Tu = 310 K) H2-air flame propagating in a box (19.18 × 4.8 × 4.8 mm) meshed using a
uniform grid of 960 × 240 × 240 cells [53,54]. The simulations were performed adopting an
open-access PENCIL code [63], the mixture-averaged transport model implemented into it,
and a detailed chemical mechanism (21 reactions, 9 species) by Li et al. [64]. The laminar
flame speed SL = 1.84 m/s, thickness δL = (Tb − Tu)/ max{|∇T|} = 0.36 mm, and time
scale τf = δL/SL = 0.20 ms, where subscripts u and b designate unburned and burned
mixtures, respectively. The achieved numerical resolution (18 grid points per laminar
flame thickness) is comparable with resolution adopted in the state-of-the-art DNS studies
of complex-chemistry premixed turbulent flames, e.g., the grid step ∆x = δL/19 or δL/16
in Ref. [65] or [66], respectively.

Homogeneous isotropic turbulence was pre-generated using forcing at low wavenum-
bers in a separate cube with the fully periodic boundary conditions [53]. The generation
process was performed until a statistically stationary stage was reached. The obtained
turbulence displays the Kolmogorov-Obukhov −5/3 spectrum [2,3] and is characterized
by the root-mean-square (rms) velocity u′ = 6.7 m/s, integral length scale L = 3.1 mm
or L = 8.6δL, turbulent Reynolds number Ret = u′L/νu = 950, Kolmogorov length scale
ηK = (ν3

u/⟨ε⟩)1/4 = 0.018 mm, integral and Kolmogorov time scales τt = L/u′ = 0.46 ms
and τK = (νu/⟨ε⟩)1/2 = 0.015 ms, respectively. Here, ⟨ε⟩ = 2νuSijSij designates the rate of
dissipation of turbulent kinetic energy, averaged over the cube; ν is kinematic viscosity;
Sij = 0.5(∂ui/∂xj + ∂uj/∂xi) is the rate-of-strain tensor; ui is i-th component of velocity
vector; and the Einstein summation convention applies to repeated indexes. Accordingly,
∆x ≈ ηK (cf. with ∆x ≈ 2ηK in Ref. [66] or even larger in Ref. [65]), the Damköhler number
Da = τt/τf = 2.35 and the number (δL/ηK)

2, which is sometimes associated with the
Karlovitz number, is as large as 400. Note, that a more appropriate Karlovitz number
Ka = τf /τK = 13 is significantly smaller, because SLδL ≫ νu in lean H2-air flames [67],
but Ka = 13 is still substantially larger than unity.

When running combustion simulations, the pre-generated turbulence was injected
into the computational domain through the left boundary at a constant mean inlet velocity,
which was not changed during the simulations. Subsequently, the injected turbulence
decayed along the mean flow direction x (symmetry boundary conditions were set at
transverse boundaries). Accordingly, u′ = 3.3 m/s and Ka = 3.3 at the leading edge of
the mean flame brush, associated with the transverse-averaged value of the fuel-based
combustion progress variable c equal to 0.01. Nevertheless, the turbulence length scales
evaluated at the inlet boundary and at the leading edge are roughly equal, i.e., (δL/ηK)

2 is
still about 400 at the leading edge. Here, c(x, t) = (YF(x, t)− YF,u)/(YF,b − YF,u) is defined
using the fuel mass fraction YF to satisfy a constraint of 0 ≤ c(x, t) ≤ 1, whereas local
values of temperature-based combustion progress variable can be larger than unity due to
differences in molecular diffusivities of heat, H2, and O2 [68,69].

Based on the reported values of Ka and, especially, (δL/ηK)
2, the studied flame might

be associated with a highly turbulent regime of premixed burning, called “stirred reactors”,
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“thickened flames”, or “broken reaction zones” in combustion regime diagrams invented
by Williams [70], Borghi [71], and Peters [72], respectively, by considering single-step-
chemistry equidiffusive flames, where Ka = τf /τK = (δL/ηK)

2. However, previous
analyses [55,56] of these complex-chemistry DNS data showed that local flames statistically
retained the structure of the unperturbed laminar flame. Therefore, the studied case is
better associated with the flamelet combustion regime [70–72], in line with numerous
other recent experimental and DNS data reviewed elsewhere [36–38], which indicate that
turbulent combustion can occur in the flamelet regime at Karlovitz numbers significantly
larger than unity.

It is also worth noting that the thin reaction zone regime introduced by Peters [72]
does not seem to be relevant to complex-chemistry near-stoichiometric or moderately lean
H2-air flames, because thicknesses of preheat and reaction zones are comparable in such
flames [67]. Moreover, a distributed burning regime is associated with Ka ≫ 1 has proba-
bly only been achieved in a few DNS studies [65,66]. Furthermore, differential diffusion
effects, which play an important role in turbulent burning of lean H2-containing mixtures,
as reviewed elsewhere [68,73,74], are weakly pronounced in the investigated turbulent
flame [55,56] due to the insufficiently low equivalence ratio ϕ = 0.81. Therefore, the an-
alyzed DNS data are associated with the most common regime of turbulent burning for
many fuels. In addition, since Ka > 1 and (δL/ηK)

2 ≫ 1, these data are associated with suf-
ficiently intense, small-scale turbulence, thus further motivating the present work. Indeed,
while the significant influence of combustion-induced thermal expansion on turbulence
was well documented at Ka < 1 and δL < ηK in many studies reviewed elsewhere [75,76],
a role played by such thermal-expansion effects at Ka > 1 and (δL/ηK)

2 ≫ 1 is not yet
well understood. It is expected that such effects vanish at Ka ≫ 1, but there are ongoing
discussions about criteria [77] that demarcate turbulent flows where combustion-induced
thermal-expansion effects are either of importance or not.

2.2. Mathematical Background

The principal interactions to be explored can be demonstrated using the following
transport equations for internal energy e (the sum of sensible and chemical energies)

∂

∂t
(ρe) +

∂

∂xj

(
ρuje

)
= −

∂qj

∂xj
+ σij

∂ui
∂xj

= −
∂qj

∂xj
− p

∂uj

∂xj
+ ρε, (1)

kinetic energy k

∂

∂t
(ρk) +

∂

∂xj

(
ρujk

)
= ui

∂σij

∂xj
=

∂

∂xj

(
uiτν,ij

)
− ui

∂p
∂xj

− ρε, (2)

or

∂

∂t
(ρk) +

∂

∂xj

(
ρujk − σijui

)
= −σij

∂ui
∂xj

= p
∂uj

∂xj
− ρε, (3)

and momentum vector

∂

∂t
(ρui) +

∂

∂xj

(
ρujui

)
=

∂σij

∂xj
= − ∂p

∂xi
+

∂τν,ij

∂xj
. (4)

Here, t is time; xj are Cartesian coordinates; ρ and p are density and pressure, respectively;
σij = −pδij + τν,ij designates the stress tensor, where

τν,ij = ρν

(
∂uj

∂xi
+

∂ui
∂xj

− 2
3

δij
∂uk
∂xk

)
(5)
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is the viscous tensor;

qi = −λ
∂T
∂xi

+ ∑
α

ρVi,αYαhα (6)

designates molecular heat flux vector [70], where λ is the thermal conductivity, Vi,α, Yα,
and hα are diffusion velocity, mass fraction, and enthalpy of species α, respectively,

ρε = τν,ij
∂ui
∂xj

(7)

is the viscous dissipation rate, and δij is the Kronecker delta. In Equation (5), the bulk
viscosity, which accounts for a relaxation time needed to reach an equilibrium state between
kinetic and internal energies in a gas volume, is omitted, because it was neglected in the
original simulations [53], as well as in the vast majority of DNS studies of premixed
turbulent flames, reviewed elsewhere [78]. Nevertheless, it is worth noting that the bulk
viscosity results in an increasing rate of dissipation of turbulent kinetic energy in dilatational
flows and may have a sensible effect on hydrogen–air turbulent flames [79].

The kinetic energy Equations (2) and (3) (i) are mathematically equivalent by virtue of
the following identity:

ui
∂σij

∂xj
=

∂uiσij

∂xj
− σij

∂ui
∂xj

(8)

and (ii) are not independent from the Navier–Stokes Equation (4). Indeed, Equation (2) is
derived by multiplying Equation (4) with ui and Equation (3) results from Equation (2).

Since the same term σi j(∂ui/∂x j) = −p(∂u j/∂x j) + ρε appears on the RHS of
Equations (1) and (3) with opposite signs, this term is often interpreted to describe energy
exchange between internal and kinetic energies in statistically homogeneous turbulent
flows. The point is that spatial derivatives of mean terms, including mean dilatation, vanish
in statistically homogeneous flows, where evolution of mean turbulent kinetic energy is
solely controlled by mean dissipation rate and mean product of the pressure p and the
dilatation ∇ · u [80]. Accordingly, in such flows (but not in flames, as will be discussed
later), the product p∇ · u does describe the aforementioned energy exchange. This term
can be either positive (expansion of the fluid) or negative (compression of the fluid) and
results in a bidirectional (reversible) exchange between internal and kinetic energies. The
second, irreversible, component, ρε is the work of viscosity/viscous stresses. This work
transfers kinetic energy to internal energy.

In flames, such a link of the term p∇ · u with energy exchange between internal and
kinetic energies does not hold due to statistical inhomogeneity. As argued by Batchelor [81],
it is Equation (2) that is the genuine energy conservation equation. Specifically, Batche-
lor [81] has derived Equation (2) by considering the rate of temporal change in the total
(internal and kinetic) energy of a fluid in a material volume due to (i) work performed by
both volume and surface forces and (ii) heat transfer across the volume boundary. The
partition of energy received/lost from the work and heat transfer yields the internal and
kinetic energy conservation Equations (1) and (2), respectively. The term ui∂σij/∂xj de-
scribes energy exchange between internal and kinetic energies in both homogeneous and
inhomogeneous flows. Indeed, the sum of Equations (1) and (2) straightforwardly yields
the following transport equation:

∂

∂t
(ρet) +

∂

∂xj

(
ρujet

)
= −

∂qj

∂xj
+

∂

∂xj

(
uiσij

)
(9)

for the total energy et = e + k.
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The lack of the direct link between the term p∇ · u and energy exchange between
internal and kinetic energies can be illustrated by considering the simplest case of a low
Mach number laminar premixed flame [82]. In such a flame, variations ∆h and ∆p of
the enthalpy h = e + p/ρ and pressure p, respectively, are known to be on the order
of O(M2

u) and can be neglected [70,82]. Here, Mu = SL/cu ≪ 1 and cu is the sound
speed in unburned reactants. On the contrary, variations in the internal energy are on
the order of ∆e ≈ ∆h − ∆(p/ρ) ≈ −P∆(1/ρ) = −P(1/ρb − 1/ρu) = −(γ − 1)P/ρu < 0
and should not be neglected. Here, γ = ρu/ρb is the density ratio, which is significantly
larger than unity in a typical premixed flame, and the thermodynamic pressure P may be
assumed to be constant in the state equation, i.e., P ≈ Pu ≈ Pb, because Pu − Pb = O(M2

u).
Thus, the internal energy significantly decreases in such a flame. When compared to this
decrease, the relative variations in kinetic energy ∆k/∆e = (u2

b − u2
u)[(γ − 1)P/ρu]−1 =

ρu(γ + 1)S2
L/P = O(M2

u) ≪ 1 are negligible if Mach number is very small, i.e., Mu ≪ 1.
Therefore, a very small part of internal energy is transferred to kinetic energy. As follows
from Equation (1), the internal energy decreases due to the pressure–dilatation work
−p∇ · u, i.e., −pdu/dx in the laminar flame considered. Hence, the magnitude of this
work is much larger than the magnitude ρuSLdk/dx of an increase in kinetic energy in the
flame. As follows from Equation (2), this increase is controlled by the velocity–pressure–
gradient work −udp/dx > 0, because the work udτµ,xx/dx of viscous forces is known to
be negligible [70,82].

To analyze scale interactions in a turbulent premixed flame, i.e., inter-scale kinetic
energy transfer and energy exchange between internal and kinetic energies, a filtering
technique [7,23–25,28,83,84] is applied here. Specifically, for an arbitrary field f (x, t),
a filtered (low-pass) field designated with an overbar or overline is defined as follows:

f̄ (x, t) =
∫ ∫ ∫

G∆(r) f (x + r, t)d3r. (10)

Here, G∆(r) = ∆−3G(r/∆) is the filter function; G(r) is a normalized window function; and
∆ is the filter width associated with the smallest scale that is not filtered out. The Favre-filtered
(density-weighted) field designated with over-tilde is defined as follows: f̃ = ρ f / f̄ .

In the present numerical study, top-hat filters (cubes) of various widths are used and
inter-scale energy exchange in turbulent premixed flames is examined by considering the
transport equation

∂

∂t
(ρ̄ẽ) +

∂

∂xj

(
ρ̄ũj ẽ

)
+

∂Je,j

∂xj
= −p

∂uj

∂xj
−

∂q̄j

∂xj
+ ρ̄ε̃ (11)

for the filtered total (sensible and chemical) internal energy ẽ(x, t) and kinetic energy
transport equations written in two alternative forms. Specifically, the following transport
equations for the Favre-filtered kinetic energy k̃(x, t):

∂

∂t
(
ρ̄k̃
)
+

∂

∂xj

(
ρ̄ũj k̃

)
+

∂Jj

∂xj
= ui

∂σij

∂xj
= −uj

∂p
∂xj

+ ui
∂τν,ij

∂xj
, (12)

resolved kinetic energy k̃res(x, t)

∂

∂t
(
ρ̄k̃res

)
+

∂

∂xj

(
ρ̄ũj k̃res

)
+

∂Jres,j

∂xj
= −Π − Λ − ūj

∂ p̄
∂xj

+ ũi
∂τ̄ν,ij

∂xj
(13)

and subfilter-scale (sfs) kinetic energy k̃s f s(x, t) = k̃(x, t)− k̃res(x, t)
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∂

∂t

(
ρ̄k̃s f s

)
+

∂

∂xj

(
ρ̄ũj k̃s f s

)
+

∂Js f s,j

∂xj
= Π + Λ + Γ − (ũi − ūi)

∂τ̄ν,ij

∂xj
+

(
ui

∂τν,ij

∂xj
− ūi

∂τ̄ν,ij

∂xj

)
(14)

result from filtering out Equation (2). Here,

Π = −ρ̄τ̃ijS̃ij = −ρ̄τ̃ij
∂ũi
∂xj

, (15)

Λ = (ũi − ūi)
∂ p̄
∂xi

, (16)

Γ = ūj
∂ p̄
∂xj

− uj
∂p
∂xj

, (17)

the subfilter-scale stress tensor

τ̃ij =
(
ũiuj − ũiũj

)
, (18)

and the spatial fluxes of filtered kinetic energy, resolved kinetic energy, subfilter-scale
kinetic energy, and internal energy are equal to

Ji = ρ̄ũik − ρ̄ũi k̃ (19)

Jres,i = ρ̄ũj(ũiuj − ũiũj) (20)

Js f s,i =
1
2

ρ̄
(

ũiu2
j − ũiũ2

j − 2ũjũiuj + 2ũiũ2
j

)
. (21)

Je,i = ρ̄(ũie − ρ̄ũi ẽ), (22)

respectively.
Alternatively, the following transport equations:

∂

∂t
(
ρ̄k̃
)
+

∂

∂xj

(
ρ̄ũj k̃

)
+

∂

∂xj

(
Jj − ujσij

)
= p

∂uj

∂xj
− ρ̄ε̃, (23)

∂

∂t
(
ρ̄k̃res

)
+

∂

∂xj

(
ρ̄ũj k̃res

)
+

∂

∂xj

(
Jres,j − ūjσ̄ij

)
= −Π − Λ + p̄

∂ūj

∂xj
+ (ũi − ūi)

∂τ̄ν,ij

∂xj
− ρ̄ε̃res, (24)

∂

∂t

(
ρ̄k̃s f s

)
+

∂

∂xj

(
ρ̄ũj k̃s f s

)
+

∂

∂xj

(
Js f s,j − ujσij + ūjσ̄ij

)
= Π + Λ + Θ − (ũi − ūi)

∂τ̄ν,ij

∂xj
− ρ̄ε̃s f s (25)

result from filtering out Equation (3). Derivation of these transport equations, which are
widely used in research into non-reacting flows, can be found elsewhere [24,25,85–87].
Here,

Θ =

(
p

∂uj

∂xj
− p̄

∂ūj

∂xj

)
(26)

and

ρ̄ε̃ = τν,ijSij = τν,ij
∂ui
∂xj

, (27)

ρ̄ε̃res = τ̄ν,ijS̄ij = τ̄ν,ij
∂ūi
∂xj

, (28)
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ρ̄ε̃s f s = ρ̄ε̃ − ρ̄ε̃res = τν,ij
∂ui
∂xj

− τ̄ν,ij
∂ūi
∂xj

(29)

are the dissipation terms.
In LES research into premixed turbulent combustion, various forms of transport

equations for k̃s f s were used. For instance, Qian et al. [49] used the term Θ, but merged
it with other terms: Λ + Θ + ∇ · ( p̄ū) = p∇ · u − p̄ · ∇ũ + ∇ · ( p̄ũ). On the contrary,
O’Brien et al. [40] or Wang et al. [88] adapted the term Γ by merging it with the term Λ,
i.e., Λ + Γ = ũ · ∇ p̄ − u · ∇p.

The focus of the present analysis is placed on the following:

• The rate Π, see Equation (15), of inertial transfer of kinetic energy between resolved and
subfilter-scales (see Equations (13) and (14), which involve this term with opposite signs).

• The baropycnal work Λ [24,25,28], see Equation (16), which appears in Equations (13)
and (14) with opposite signs and, therefore, describes transfer of kinetic energy be-
tween resolved and subfilter scales due to baropycnal work resulting from baroclinic
effects and strain generation.

• The unresolved (subfilter-scale) pressure–dilatation term Θ, see Equation (26).
• The unresolved (subfilter-scale) velocity–pressure–gradient term Γ, see Equation (17).
• The resolved pressure–dilatation term p̄∇ · u, see Equation (24), and
• The filtered pressure–dilatation term p∇ · u, see Equations (11) and (23).

The next-to-last term on the RHS of Equation (14) or (25) is much smaller than other
terms and, therefore, is not considered in the following. While the last (dissipation) terms in
these equations are comparable with other terms, e.g., magnitudes of time- and transverse-
averaged ⟨Γ⟩ and ⟨ρ̄ε̃s f s⟩ are close to one another, the dissipation terms will not be analyzed
in the following, because they solely describe viscous dissipation of sfs kinetic energy, rather
than inertial transfer of kinetic energy between resolved and subfilter-scales. Henceforth,
overline and angle brackets used together refer to quantities averaged over time and
transverse cross-sections, respectively.

The terms Π and Λ in Equations (13), (14), (24) and (25) are Galilean invariants,
as discussed in detail elsewhere [85,89], and describe energy transfer across scales. These
two terms are commonly evaluated by running LES of a turbulent flow. The filtered
velocity–pressure gradient term u · ∇p in Equation (12) describes energy exchange between
the Favre-filtered internal energy ẽ and kinetic energy k̃. The filtered pressure–dilatation
term p∇ · u in Equation (23) is also relevant to this energy exchange. The terms ū · ∇ p̄
in Equation (13) and p̄∇ · u in Equation (24) (i) are controlled by resolved fields, (ii) are
relevant to energy exchange between resolved internal and kinetic energies at any given
scale of motion, and, consequently, (iii) cannot transfer energy over scales. It is worth
noting that two unclosed terms, Λ and ū · ∇ p̄ in Equation (13) can be merged into a
single closed term ũ · ∇ p̄. Nevertheless, the term Λ is retained here, because it appears
in Equations (14) and (25) and, hence, should be modeled in any case. The subfilter-scale
velocity–pressure gradient term Γ in Equation (14) and the pressure–dilatation term Θ in
Equation (25) are Galilean invariants and relevant to energy exchange between the filtered
internal energy ẽ and subfilter-scale kinetic energy k̃s f s. These terms cannot transfer energy
across scales either, as discussed for Θ by Aluie et al. [24,25]. In the case of a constant density
(and a constant pressure), Λ, Γ, Θ, and ∇ · u vanish and inter-scale energy transfer is solely
controlled by Π, with Π > 0 in the case of the classical Richardson-Kolmogorov cascade.

2.3. Diagnostic Techniques

Raw data stored in the DNS database [53,54] were filtered out adopting a top-hat filter
kernel of
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G∆(x, ξ) =
1

∆3

[
1 − H

(
|ξ| − ∆

2

)]
, (30)

where H(x) is Heaviside function. Such top-hat filters are widely used in research
into premixed turbulent flames [42,44], with independence of “the underlying physical
interpretation . . . of the choice of filter kernel” being already shown by comparing results
yielded by top-hat and Gaussian filters [41]. This was also confirmed in the present
study (not shown for brevity). Four filter widths were probed, i.e., ∆ = 0.22δL = 4.4ηK,
∆ = 0.44δL = 8.8ηK, ∆ = 0.88δL = 17.6ηK, and ∆ = 1.65δL = 33.3ηK. Similarly to majority
of recent complex-chemistry 3D DNS studies of turbulent premixed flames, reviewed
elsewhere [78], a ratio of computational domain width to laminar flame thickness is quite
moderate (about 13.3) in the present case. Accordingly, while the largest adopted filter
width ∆ = 1.65δL may appear to be too small from the application perspective, this ∆ is
equal to just 1/8 of the domain width, i.e., the use of substantially larger filters does not
seem to be warranted in such an a priori study.

Moreover, studied in this work are time- and transverse-averaged joint PDFs for the fil-
tered combustion progress variable c̄(x, t) and various random variables q(x, t), i.e., Π(x, t),
Λ(x, t), Γ(x, t), Θ(x, t), p∇ · u(x, t), p̄∇ · u(x, t), and ∇ · u(x, t). Henceforth, ψ and ξ are
sample spaces for q(x, t) and c̄(x, t), respectively. To obtain such PDFs, the DNS data stored
at 57 snapshots each 10 µs over a time interval of 2.2τt ≤ t ≤ 3.4τt were processed and
a 3D set of instantaneous point-wise histograms was built in the computational domain.
Subsequently, the histograms were transverse-averaged, time-averaged, and normalized.

Specifically, to build the histograms, first, a presumed interval of variations in q(x, t)
was divided in N = 100 bins |q(x, t) − ψi| ≤ 0.5dψ, where ψi = ψ0 + (i − 0.5)dψ and
i = 1, . . . , N. Note that the first and last bins included intervals of q(x, t) < ψ0 and
q(x, t) > ψ0 + Ndψ, respectively. Second, the interval [0, 1] of variations in the filtered
combustion progress variable c̄(x, t) was divided in M = 11 bins of the sampling variable
ξ, i.e., ξ j = (j − 0.5)/(M − 1) and j = 1, . . . , M − 1. Note that the first and M-th bins are set
using the constraints of c̄(x, t) < 0.5/(M − 1) and 1 − 0.5/(M − 1) < c̄(x, t), respectively.
Subsequently, instantaneous point-wise histograms were calculated over each grid volume
and linked with ξ j such that c̄(x, t) filtered over that volume was within j-th bin.

During the studied time interval, statistical stationarity of the flame propagation was
reached, e.g., turbulent burning velocity oscillated weakly around a steady value [55].
However, the mean flame brush moved slowly towards the inlet boundary of the com-
putational domain. Accordingly, to average results over time, x-dependencies of the
PDFs and other quantities studied were transformed to dependencies on the mean (time-
and transverse-averaged) combustion progress variable ⟨c⟩(x). Recall that x-axis (lon-
gitudinal coordinate) is normal to the mean flame brush in the considered statistically
one-dimensional, planar case. For this purpose, the interval [0, 1] of variations in the
instantaneous transverse-averaged combustion progress variable ⟨c⟩(x, t) or its mean
value ⟨c⟩(x) was divided in K = 11 bins, e.g., ⟨c⟩1 < 0.5∆⟨c⟩, 0.5∆⟨c⟩ ≤ ⟨c⟩2 < 1.5∆⟨c⟩, . . . ,
(K − 1.5)∆⟨c⟩ ≤ ⟨c⟩K−1 < (K − 0.5)∆⟨c⟩, and (K − 0.5)∆⟨c⟩ ≤ ⟨c⟩K. Subsequently, the instan-
taneous transverse-averaged quantity ⟨q⟩(x, t) was counted to contribute to its statistically
stationary (mean) value ⟨q⟩k(x) if ⟨c⟩(x, t) was in k-th bin. Here, symbol q refers not only
to various quantities listed earlier (Π, . . . , ∇ · u(x, t)), but also to the combustion progress
variable or PDFs studied. Note that (i) results averaged over a shorter time interval of
0.6τt, i.e., 2.8τt ≤ t ≤ 3.4τt, showed similar trends and (ii) the applied transformation of
x-dependencies to ⟨c⟩-dependencies is reversible due to a monotonous increase in ⟨c⟩(x)
with the axial distance x.
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Finally, the histogram-based stationary PDFs Pq,c̄(ψ, ξ ; ⟨c⟩) were normalized in
order for

∫ ξ2

ξ1

∫ ψ2

ψ1

Pq,c̄(ψ, ξ; ⟨c⟩)dψdξ = 1 (31)

at all ⟨c⟩.
The marginal PDF of a random variable q(x, t) or the filtered combustion progress

variable c̄(x, t) can be obtained by integrating the joint PDF Pq,c̄(ψ, ξ; ⟨c⟩) over ξ or ψ,
respectively, i.e.,

Pq(ψ; ⟨c⟩) =
∫ ξ2

ξ1

Pq,c̄(ψ, ξ; ⟨c⟩)dξ, Pc̄(ξ; ⟨c⟩) =
∫ ψ2

ψ1

Pq,c̄(ψ, ξ; ⟨c⟩)dψ. (32)

In addition to the joint and marginal PDFs, the conditional PDFs Pq|c̄(ψ|ξ; ⟨c⟩) defined by

Pq|c̄(ψ|ξ; ⟨c⟩) =
Pq,c̄(ψ, ξ; ⟨c⟩)

Pc̄(ξ; ⟨c⟩)
(33)

were also explored.
As commonly performed, the introduced marginal and conditional PDFs are trans-

formed to the standardized (zero mean value and standard deviation of unity) PDFs:

Pq(s; ⟨c⟩) = σ(⟨c⟩)Pq(ψ; ⟨c⟩), (34)

Pq|c̄(s|ξ; ⟨c⟩) = σ(ξ; ⟨c⟩)Pq|c̄(ψ|ξ; ⟨c⟩), (35)

where

s =
ψ − µ

σ
=

ψ − ⟨q⟩
σ

. (36)

For the marginal PDFs,

µ(⟨c⟩) = ⟨q⟩(⟨c⟩) =
∫ ψ2

ψ1

ψPq(ψ; ⟨c⟩)dψ, (37)

σ2(⟨c⟩) =
〈
(q − ⟨q⟩)2

〉
= ⟨q2⟩(⟨c⟩)− ⟨q⟩2(⟨c⟩) =

∫ ψ2

ψ1

(ψ − µ)2Pq(ψ; ⟨c⟩)dψ. (38)

For the conditional PDFs,

µ(ξ; ⟨c⟩) = ⟨q|c̄ = ξ; ⟨c⟩⟩ =
∫ ψ2

ψ1

ψPq|c̄(ψ|ξ; ⟨c⟩)dψ, (39)

σ2(ξ; ⟨c⟩) = ⟨q2|c̄ = ξ; ⟨c⟩⟩ − ⟨q|c̄ = ξ; ⟨c⟩⟩2 =
∫ ψ2

ψ1

(ψ − µ)2Pq|c̄(ψ|ξ; ⟨c⟩)dψ. (40)

The marginal and conditional PDFs are also quantified using their skewness µ3/σ3

and kurtosis µ4/σ4, evaluated as follows

µn(⟨c⟩) =
〈
(q − ⟨q⟩)n〉 = ∫ ψ2

ψ1

(ψ − µ)nPq(ψ; ⟨c⟩)dψ (41)

for the marginal PDFs and similarly for the conditional PDFs.
For brevity, the present paper is restricted to reporting the conditional PDFs and their

moments averaged over entire flame brush. To emphasize this simplification, such PDFs
will be designated with symbol P̂q|c̄(ψ|ξ) in the following. These averaged PDFs do not

depend on ⟨c⟩.
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In addition to the PDFs, the following time-averaged conditional terms ⟨q|c̄ = ξ; ⟨c⟩⟩
were directly obtained from the filtered fields q(x, t) by adopting constraint of |c̄(x, t)−
ξ| ≤ 0.05 and averaging methods described above. When presenting such terms, their
dependence on ⟨c⟩ is retained, contrary to the conditional PDFs.

3. Results and Discussion
3.1. Mean and Conditional Terms

Figure 1 shows axial (longitudinal, along the normal to mean flame brush) variations
in normalized (using ρuS3

L/δL, where SL and δL are laminar flame speed and thickness,
respectively; ρu is unburned gas density) time- and transverse-averaged (mean) values
⟨·⟩ of Π (black solid lines), Λ (blue dashed lines), Θ (red dotted-dashed lines), and Γ
(orange dotted lines). As stated in Section 2.3, x-dependencies are transformed to ⟨c⟩(x)-
dependencies here.

The following results shown in Figure 1 are worth noting. First, trends do not depend
on the filter width.

Second, the magnitudes of the mean terms ⟨Π⟩, ⟨Λ⟩, ⟨Θ⟩, and ⟨Γ⟩ are decreased with
decreasing the filter width ∆. This trend is associated with the fact that magnitudes of
ũiuj − ũiũj, ũi − ūi, p∇ · u − p̄∇ · ū, and u · ∇p − ū · ∇ p̄ tend to zero as ∆ → 0. On the
contrary, magnitudes of the mean subterms p∇ · u, p̄∇ · ū, u · ∇p, and ū · ∇ p̄, depend
weakly on ∆, see Figure 2.

It is worth noting that these subterm magnitudes are much larger than magnitudes of
the terms ⟨Θ⟩ and ⟨Γ⟩, with this trend being greatly pronounced for the pressure–dilatation
terms. The point is that contrary to low-Mach-number flows without heat release, where
both local and mean dilatations are very small, magnitudes of the terms p∇ · u and p̄∇ · ū
can be much larger than magnitudes of other terms in Equation (25) in flames, where
significant (i.e., comparable with other velocity derivatives even after averaging) dilatation
∇ · u is multiplied with a very large pressure p = O(10)5 N/m2. Comparison of scales
of ordinate axes in Figures 1 and 2a does show that the two mean pressure–dilatation
subterms are much larger than ⟨Π⟩, ⟨Λ⟩, ⟨Γ⟩, or ⟨Θ⟩ evaluated using the same ∆. Moreover,
sensitivity of the pressure–dilatation subterms to filter width is very weak, see Figure 2a
and note that results obtained using other filters are not reported, because these results are
indistinguishable with the naked eye from the plotted results.

Third, magnitudes of ⟨Π⟩ and ⟨Γ⟩ or ⟨Θ⟩ are comparable, whereas their signs are often
opposite. Specifically, ⟨Π⟩ is positive at ⟨c⟩ < 0.3, thus, indicating direct cascade in this lead-
ing zone of the mean flame brush. However, due to the influence of combustion-induced
thermal expansion ⟨Π⟩ < 0 at larger ⟨c⟩, thus, indicating backscatter. Such a backscatter was
already reported in earlier DNS studies of premixed turbulent flames [39,40,43–45,47–49].
The subfilter-scale pressure–dilatation term ⟨Θ⟩ is positive at ⟨c⟩ > 0.4 indicating transfer
of energy to subfilter-scale motions, but may be negative at lower ⟨c⟩, indicating energy
transfer in the opposite direction. The term Γ is always positive, showing an increase in
subfilter-scale kinetic energy due to combustion-induced thermal expansion. Indeed, since
combustion-induced decrease in the local pressure within local flames results in increasing
the local flow velocity in the normal direction to the flame surface, combustion-induced
thermal expansion is expected to yield negative perturbations in the locally normal pres-
sure gradient and positive perturbations in the locally normal flow velocity. Accordingly,
correlation between ∇p and u should be negative in the flame (if thermal expansion effects
are sufficiently strong), resulting in Γ > 0.
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(a) (b)

(c) (d)

Figure 1. Axial (longitudinal) variations in time- and transverse-averaged terms ⟨Π⟩ (black solid
lines), ⟨Λ⟩ (blue dashed lines), ⟨Θ⟩ (red dotted-dashed lines), and ⟨Γ⟩ (orange dotted lines). All
these quantities are normalized using ρuS3

L/δL. (a) ∆ = 0.22δL; (b) ∆ = 0.44δL; (c) ∆ = 0.88δL;
(d) ∆ = 1.65δL.

(a) (b)

Figure 2. Axial (longitudinal) variations in time- and transverse-averaged terms (a) ⟨p∇ · u⟩ (lines)
and ⟨ p̄∇ · ū⟩ (symbols) or (b) −⟨u · ∇p⟩ (lines) and −⟨ū · ∇ p̄⟩ (symbols). The terms are normalized
using ρuS3

L/δL. Red solid lines and blue triangles show results obtained using the largest filter of
∆ = 1.65δL. Black dashed lines show results obtained using the smallest filter of ∆ = 0.22δL. Violet
circles show results obtained using ∆ = 0.44δL.

Fourth, ⟨Λ⟩ is always positive, with its magnitude being significantly higher than
magnitudes of ⟨Π⟩ or ⟨Γ⟩. Accordingly, ⟨Π⟩+ ⟨Λ⟩ is positive, i.e., these two components of
sfs transfer, considered jointly, yield direct cascade. Importance of Λ was earlier observed
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in variable density, inert, low Mach number flows. Specifically, Lees and Aluie [28] reported
positive Π and negative Λ in forced homogeneous compressible turbulence; Zhao et al. [34]
documented positive Π and positive Λ in Rayleigh-Taylor turbulence; Zhou et al. [35]
found transition from backscatter (Π < 0) to downward transfer (Π > 0) during evolution
of Richtmyer-Meshkov turbulence, whereas Λ was negative during the entire evolution
stage with the exception of a short time interval during the transition phase.

Figures 3 and 4 show axial (longitudinal) variations in conditional terms ⟨T|c̄ = ξ; ⟨c⟩⟩,
where T = Π and Λ, respectively. Variations in the conditional terms ⟨T|c̄ = ξ; ⟨c⟩⟩, where
T = Θ or Γ, are not reported here, because they were explored in our recent paper [58]. The
following trends shown in these figures are worth noting.

(a) (b)

(c) (d)

Figure 3. Axial (longitudinal) variations in conditional terms ⟨Π|c̄ = ξ; ⟨c⟩⟩, normalized using
ρuS3

L/δL. Values of ξ are specified near each curve. (a) ∆ = 0.22δL; (b) ∆ = 0.44δL; (c) ∆ = 0.88δL;
(d) ∆ = 1.65δL.

First, the variations are large. Moreover, comparison of ordinate axes of Figure 1a–d
with ordinate axes of Figures 3a–d and 4a–d shows that magnitudes of certain conditional
terms ⟨T|c̄ = ξ; ⟨c⟩⟩ are significantly larger than magnitudes of the counterpart mean
terms ⟨T⟩. For instance, for all adopted filters, magnitudes of the conditional Π-terms
⟨Π|0.45 < ξ < 0.55; ⟨c⟩⟩, i.e., ⟨Π|c̄ = 0.5; ⟨c⟩⟩, see curves plotted in black solid lines in
Figure 3, are significantly higher than magnitudes of ⟨Π⟩, see curves plotted in black solid
lines in Figure 1. In a similar way, for all adopted filters, magnitudes of the conditional
Λ-terms ⟨Λ|0.25 < ξ < 0.35; ⟨c⟩⟩ or ⟨Λ|0.45 < ξ < 0.55; ⟨c⟩⟩, see curves plotted in blue
dotted-double-dashed and black solid lines, respectively, in Figure 4, are significantly
higher than magnitudes of ⟨Λ⟩, see curves plotted in blue dashed lines in Figure 1.

The emphasized differences in the magnitudes of the mean and conditional terms are
associated with the fact that magnitudes of velocity gradient, pressure gradient, and |ū − ũ|
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are significantly increased within instantaneous local flames (called flamelets for brevity
in the following) due to combustion-induced thermal expansion. For instance, dilatation
is localized to thin zones in the studied flame [90]. When averaging is performed over
a transverse plane, probability of finding such zones is low and the mean term is small.
When averaging is performed over volumes characterized by c̄(x, t) = 0.1, 0.3, 0.5 or 0.7,
probability of finding such zones is significant. Therefore, magnitudes of the conditional
terms ⟨T|c̄ = ξ; ⟨c⟩⟩ are large when compared to magnitudes of the mean terms ⟨T⟩.

(a) (b)

(c) (d)

Figure 4. Axial (longitudinal) variations in conditional terms ⟨Λ|c̄ = ξ; ⟨c⟩⟩, normalized using
ρuS3

L/δL. Values of ξ are specified near each curve. (a) ∆ = 0.22δL; (b) ∆ = 0.44δL; (c) ∆ = 0.88δL;
(d) ∆ = 1.65δL.

Second, magnitudes of conditional terms ⟨T|c̄ = ξ; ⟨c⟩⟩ obtained at ξ = 0.9, see curves
plotted in red dotted-dashed lines in Figures 3 and 4, are much smaller than magnitudes
of the same terms conditioned to a lower ξ. This difference is observed for all studied
filter widths. On the contrary, variations in ⟨T|c̄ = ξ; ⟨c⟩⟩ with ξ at smaller ξ ≤ 0.7 depend
on the filter width. For instance, the term ⟨Π|c̄ = ξ; ⟨c⟩⟩ has the highest magnitude (i) at
ξ = 0.3 if ∆ = 0.22δL or ∆ = 0.44δL, see curves plotted in blue dotted-double-dashed lines
in Figure 3a,b; (ii) at ξ = 0.5 if ∆ = 0.88δL, see curve plotted in black solid line in Figure 3c;
and (iii) at ξ = 0.7 if ∆ = 1.65δL, see curve plotted in magenta dotted line in Figure 3d. The
term ⟨Λ|c̄ = ξ; ⟨c⟩⟩ has the highest magnitude (i) at ξ = 0.3 if ∆ = 0.22δL or ∆ = 0.44δL,
see curves plotted in blue dotted-double-dashed lines in Figure 3a,b; but (ii) at ξ = 0.5 if
∆ = 0.88δL or ∆ = 1.65δL, see curves plotted in black solid lines in Figure 3c,d.

The observed influence of filter width on relations between magnitudes of the terms
⟨T|c̄ = ξ; ⟨c⟩⟩ conditioned to different ξ is associated with ∆-dependence of contributions
from flamelets to these terms. For instance, the term Π is expected to be positive upstream
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of flamelets and negative within the flamelets. Results plotted in Figure 1 are in line with
this expectation, as ⟨Π⟩ > 0 at small ⟨c⟩, where the probability of finding flamelets is
low, and ⟨Π⟩ < 0 at larger ⟨c⟩, where the probability of finding flamelets is substantial.
These results also indicate that contribution to Π from flamelets dominates contribution
to Π from reactants and combustion products in the largest part of the mean flame brush
with the exception of small ⟨c⟩. Accordingly, if ∆ is small, the DNS data are filtered out
over volumes where the local c(x, t) is sufficiently close to the filtered c̄(x, t). Therefore,
magnitude of the negative ⟨Π|c̄ = ξ; ⟨c⟩⟩ is expected to peak at ξ that is close to the local
value c∗ of the combustion progress variable associated with the highest velocity gradients
within flamelets. Since the studied flame statistically retains the local structure of the
unperturbed laminar premixed flame [55,56], the value of c∗ may be estimated using results
of the simulations of that laminar flame. For the studied mixture, c∗ = 0.36. Consequently,
⟨Π|c̄ = ξ; ⟨c⟩⟩ has the highest magnitude at ξ = 0.3 if ∆ is small, see Figure 3a. If the filter
width is increased and ξ = 0.3 is retained, volumes characterized by small local c(x, t)
(and associated with the positive Π) contribute more to ⟨Π|c̄ = ξ; ⟨c⟩⟩ and mitigate an
increase in the term magnitude by ∆. Indeed, dependence of ⟨Π|c̄ = ξ; ⟨c⟩⟩ on ∆ is weakly
pronounced in Figure 3 if ξ = 0.3, cf. curves plotted in violet dashed lines in different
subfigures. On the contrary, if the filter width is increased and ξ = 0.5 or 0.7, volumes
characterized by c(x, t) ≈ c∗ = 0.36 contribute more to ⟨Π|c̄ = ξ; ⟨c⟩⟩, thus, increasing its
magnitude, cf. curves plotted in black solid or magenta dotted lines in Figure 3a–d. A
similar explanation, i.e., the ∆-dependence of contributions from flamelets to ⟨T|c̄ = ξ; ⟨c⟩⟩,
appears to hold for the term T = Λ.

Third, if the small values of ⟨Π|c̄ = ξ; ⟨c⟩⟩ at ξ = 0.9 are disregarded, i.e., if
0.05 ≤ ξ ≤ 0.75, the conditional terms ⟨Π|c̄ = ξ; ⟨c⟩⟩ have the same sign (negative) for all
filters, see Figure 3a–d. The terms ⟨Λ|c̄ = ξ; ⟨c⟩⟩ also have the same sign (but positive) for all
filters if 0.05 ≤ ξ ≤ 0.75, see Figure 4a–d.

Curves plotted in color broken lines in Figure 5 show variations in the conditioned
values ⟨p∇ · u|c̄ = ξ; ⟨c⟩⟩ of the pressure–dilatation subterm p∇ · u with the sampling
variable ξ, which is associated with the filtered combustion progress variable c̄(x, t). Con-
ditioned values of the second pressure–dilatation subterm p̄∇ · ū are not reported, be-
cause they are indistinguishable with the naked eye from the plotted results. While the
conditional pressure–dilatation subterms depend weakly on filter width, some decrease in
⟨p∇ · u|c̄ = ξ; ⟨c⟩⟩ with ∆ is observed, because volumes characterized by a low dilatation
∇ · u contribute more to ⟨p∇ · u|c̄ = 0.3; ⟨c⟩⟩ or ⟨p∇ · u|c̄ = 0.5; ⟨c⟩⟩ if the filter width
is increased. This trend is more pronounced at ξ = 0.3, because probabilities of finding
small local c(x, t) and, hence, small local dilatation ∇ · u are expected to be higher in
filter volumes characterized by c̄(x, t) = 0.3 when compared to volumes characterized by
c̄(x, t) = 0.5, provided that ∆ is sufficiently large. Accordingly, the conditional pressure–
dilatation subterms have the highest magnitude if ξ = 0.3 and ∆ ≤ 0.44δL or if ξ = 0.5
and ∆ ≥ 0.88δL, see curves plotted in blue dotted-double-dashed lines in Figure 5a,b or
curves plotted in brown double-dotted-dashed lines in Figure 5c,d. The mean term ⟨p∇ · u⟩
(i) depends weakly on filter width, cf. curves plotted in black solid lines in Figure 5a–d,
and (ii) is significantly smaller than the terms conditioned to 0.3 ≤ ξ ≤ 0.7. The latter trend
is attributed to a higher (lower) probability of finding significant local dilatation when
evaluating the conditional (mean) terms.
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(a) (b)

(c) (d)

Figure 5. Axial variations in mean filtered term ⟨p∇ · u⟩ (black solid line) and conditionally av-
eraged filtered terms ⟨p∇ · u|c̄ = ξ; ⟨c⟩⟩ (broken color lines) along the normal to the mean flame
brush, i.e., vs. ζ. All terms are normalized using ρuS3

L/δL. Values of ξ are specified near each curve.
(a) ∆ = 0.22δL; (b) ∆ = 0.44δL; (c) ∆ = 0.88δL; (d) ∆ = 1.65δL.

3.2. Probability Density Functions

Since intermittency in turbulent flows is well known to significantly change the
shapes of PDFs of relevant quantities [2,3,52], let us explore intermittency of the analyzed
random filtered fields by investigating their standardized conditional PDFs computed
using Equations (34)–(38) and averaged over the length of the computational domain. Such
PDFs do not depend on x and are designated as follows: P̂q|c(s|ξ) = σP̂q|c(ψ|ξ).

Figures 6 and 7 report the averaged standardized conditional PDFs P̂q|c(s|0.05 ≤ ξ ≤ 0.95)
and P̂q|c(s||c̄(x, t)− ξ| ≤ 0.05), respectively, for the four terms associated with energy transfer
to subfilter-scale motions, i.e., Π (black solid lines), Λ (blue dotted lines), Θ (red dotted-dashed
lines), and Γ (orange dotted lines).

The standardized conditional PDFs P̂q|c(s|0.05 ≤ ξ ≤ 0.95) are very different from the
Gaussian distribution. For all four terms, the PDFs are characterized by a very large kurtosis,
which is decreased with increasing ∆/δL, see Table 1. The PDFs of Π, see curves plotted
in black solid lines in Figure 6, are characterized by a highly negative skewness, whose
magnitude is also decreased with increasing ∆/δL (see Table 1), and have long upward tails,
which look like a stretched exponential tail. These standardized conditional PDFs of Π
appear to differ substantially from standardized conditional PDFs of Π in incompressible
or high-speed compressible turbulence. For instance, PDFs for Π in Rayleigh–Taylor
turbulence manifest a strong skewness toward the positive sides [34], while information
about such PDFs in statistically inhomogeneous flows is still rare.
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(a) (b)

(c) (d)

Figure 6. Averaged standardized conditional PDFs P̂q|c(s|0.05 ≤ ξ ≤ 0.95). Curves 1, 2, 3, and 4
show results obtained for q = Π, q = Λ, q = Θ, and q = Γ, respectively, with all these four terms
being normalized using ρuS3

L/δL. (a) ∆ = 0.22δL; (b) ∆ = 0.44δL; (c) ∆ = 0.88δL; (d) ∆ = 1.65δL.

(a) (b) (c)

Figure 7. Averaged standardized conditional PDFs P̂q|c(s|0.45 ≤ ξ ≤ 0.55). Curves 1, 2, 3, and 4
show results obtained for q = Π, q = Λ, q = Θ, and q = Γ, respectively, with all these four terms
being normalized using ρuS3

L/δL. (a) ∆ = 0.22δL; (b) ∆ = 0.44δL; (c) ∆ = 0.88δL.

The PDF of Λ is characterized by a highly positive skewness, contrary to homogeneous
compressible turbulence [26], but in line with recent results obtained from Rayleigh–Taylor
turbulence [34]. The Λ-skewness is also decreased with increasing ∆/δL; see Table 1. The
tails of the standardized conditional PDFs of Λ appear to be a combination of exponential
and downward branches, see curves plotted in red dotted-dashed lines.

The PDFs of Γ, see curves plotted in orange dotted lines in Figure 6, look more
symmetrical when compared to the standardized conditional PDFs of Π or Λ. Nevertheless,
the standardized conditional PDFs of Γ are still characterized by a positive skewness, which
is also decreased with increasing ∆/δL; see Table 1. The present authors are not aware of a
publication where a PDF of Γ is reported for a turbulent flow.
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Table 1. Skewness µ3/σ3 and kurtosis µ4/σ4 of PDFs for various normalized filtered terms.

Terms ∆ = 0.22δL ∆ = 0.44δL ∆ = 0.88δL ∆ = 1.65δL
µ3/σ3 µ4/σ4 µ3/σ3 µ4/σ4 µ3/σ3 µ4/σ4 µ3/σ3 µ4/σ4

0.05 < c̄(x, t) < 0.95
Π −5.57 44.7 −4.58 31.1 −3.59 21.6 −2.49 11.9
Λ 5.50 38.0 4.62 26.2 3.69 16.6 2.75 9.84
Θ −2.52 50.9 −0.59 21.8 0.51 11.5 0.43 6.75
Γ 2.70 29.0 2.66 23.0 2.10 18.5 1.19 11.3

p̄∇ · u 3.03 12.3 2.69 9.93 2.18 6.86 1.60 4.39
0.05 < c̄(x, t) < 0.15

Π −2.47 22.9 −2.53 26.3 −2.24 28.2 −3.37 28.6
Λ 1.20 4.32 0.89 3.68 0.86 3.86 0.80 3.78
Θ −0.85 3.67 −0.51 3.02 −0.30 2.88 −0.09 2.93
Γ −0.29 3.08 −0.13 3.45 −0.19 3.28 −0.24 3.03

p̄∇ · u 0.40 2.71 0.19 2.62 0.19 2.73 0.28 2.73
0.25 < c̄(x, t) < 0.35

Π −0.90 4.25 −1.01 5.08 −1.30 5.37 −1.13 4.74
Λ 0.36 2.84 −0.17 2.78 −0.19 2.54 0.08 2.48
Θ −0.59 6.23 −0.70 3.83 −0.01 2.78 −0.006 2.56
Γ 0.84 3.42 0.64 3.07 0.54 3.30 −0.09 2.86

p̄∇ · u 0.11 2.97 0.004 3.10 0.58 3.30 0.86 3.17
0.45 < c̄(x, t) < 0.55

Π −1.03 4.78 −0.98 4.46 −0.92 3.89 −1.04 3.96
Λ 0.48 3.58 0.34 2.99 −0.68 2.87 −0.60 2.59
Θ 1.05 4.69 0.54 3.38 0.05 3.28 0.25 3.11
Γ 1.64 3.33 1.63 5.94 1.23 4.24 0.70 2.96

p̄∇ · u 0.70 3.72 0.42 3.06 0.72 3.46 1.04 3.18

The standardized conditional PDFs of Θ are more sensitive to the filter width, thus
further demonstrating issues (small difference between two large terms) with a priori studies
of the field Θ in premixed turbulent flames. The appearance of the left peaks in curves
plotted in red dotted-dashed lines in Figure 6b–d could be attributed to such numerical
issues, while locally negative dilatation ∇ · u was documented in the studied flame [90].

All in all, the four standardized conditional PDFs P̂q|c(s|0.05 ≤ ξ ≤ 0.95) shown in
Figure 6, as well as their moments reported in Table 1, indicate strong intermittency of
the studied filtered fields. Moreover, these PDFs demonstrate a distinct/particular place
of low Mach number turbulent premixed flame when compared to other turbulent flows.
The reported PDFs imply that the intermittency of inter-scale energy transfer and energy
exchange between internal and kinetic energies depends strongly on methods and scales of
energy injection.

The intermittency is less pronounced for PDFs conditioned to a small interval of
c̄(x, t). For instance, such PDFs plotted in Figure 7 have shorter tails when compared to the
counterpart PDFs presented in Figure 6. Moreover, the conditional PDFs are characterized
by sufficiently small skewness and kurtosis, see Table 1, with the exception of the PDF of Π.

Figures 8 and 9 report PDFs of terms that are often associated with the transfer of re-
solved internal energy to resolved and filtered motions, i.e., the resolved pressure–dilatation
term p̄∇ · u and the filtered pressure–dilatation term p∇ · u. It is worth noting that at a
low Mach number typical for a free turbulent premixed flame, pressure variations within
the flame brush are small, i.e., |p(x, t) − P| ≪ P, where P is the thermodynamic pres-
sure [91,92]. Therefore, p̄∇ · u ≈ p∇ · u ≈ P∇ · u. The analyzed DNS data do show that
p̄∇ · u and p∇ · u are indistinguishable to the naked eye, as expected. For this reason,
the PDFs of the former term are only presented in Figures 8 and 9. Moreover, comparison of
curves plotted in black solid and blue dashed lines in Figure 8 shows that the standardized
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conditional PDFs P̂q|c(s|0.05 ≤ ξ ≤ 0.95) defined by Equations (34)–(38) are very close
for the normalized filtered term p̄∇ · u and the normalized filtered dilatation ∇ · u inde-
pendently of ∆/δL. This result further confirms that p̄∇ · u ≈ p∇ · u. Nevertheless, much
smaller subfilter-scale pressure–dilatation term Θ does not vanish; see curves plotted in
red dotted-dashed lines in Figure 1.

(a) (b)

(c) (d)

Figure 8. Averaged standardized conditional PDFs P̂q|c(s|0.05 ≤ ξ ≤ 0.95). Curves 1 and 2 show
results obtained for q = p̄∇ · u and q = ∇ · u, respectively, with these terms being normalized
using ρuS3

L/δL and SL/δL, respectively. The non-dimensional argument s is defined by Equation (36).
(a) ∆ = 0.22δL; (b) ∆ = 0.44δL; (c) ∆ = 0.88δL; (d) ∆ = 1.65δL.

The standardized conditional PDFs P̂q|c(s|0.05 ≤ ξ ≤ 0.95) of q = p̄∇ · u and q = ∇ · u,
reported in Figure 8, indicate that the two fields are highly intermittent. Indeed, these PDFs
have heavy right tails and are positively skewed (see Table 1), contrary to incompressible
or high-speed compressible turbulence. These features of the reported PDFs imply rare but
intense energy flux from internal energy to fluid motion due to positive velocity divergence
generated in zones that heat release and density variations are localized to. Reverse energy
flux from fluid motion to internal energy is less efficient. Small values of the PDFs along
the heavy right tails indicate that the volume of the aforementioned zones is essentially
smaller than the entire flame-brush volume. The skewness and kurtosis of the standardized
conditional PDFs are both significant and are decreased with increasing ∆/δL, see Table 1.
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(a) (b)

(c) (d)

Figure 9. Averaged standardized conditional PDFs P̂q|c(s||c̄(x, t)− ξ| ≤ 0.05), q = p̄∇ · u. Plotted in
black solid, blue dashed, and red dotted-dashed lines show results obtained for ξ∗ = 0.1, 0.3, and 0.5,
respectively. (a) ∆ = 0.22δL; (b) ∆ = 0.44δL; (c) ∆ = 0.88δL; (d) ∆ = 1.65δL.

The counterpart PDFs conditioned to the filtered combustion progress variable have
significantly shorter right tails (see Figure 9), thus indicating that the intensity of energy
exchange between internal and kinetic energies is weaker within the conditional framework.
Moreover, the conditional PDFs are characterized by a lower skewness whose magnitude
is always smaller than unity, see Table 1. Furthermore, the flatness of the standardized
conditional PDF P̂q|c(s||c̄(x, t)− ξ| ≤ 0.05) for ξ = 0.1, ξ = 0.3, or ξ = 0.5 is also smaller
when compared to the flatness of the standardized conditional PDF P̂q|c(s|0.05 < ξ < 0.95)
and is sufficiently close to a value of 3.0, associated with the Gaussian distribution. All
in all, a comparison of Figures 8 and 9, as well as data reported in Table 1, indicates that
intermittency is much less pronounced for the conditional resolved pressure–dilatation term
p̄∇ · u. This trend may be attributed to the fact that conditional quantities are obtained from
volumes characterized by close filtered values c̄(x, t). Since such statistics are homogeneous
in combustion progress variable space, relevant statistics of the energy transport related
fields are also uniform.

4. Concluding Remarks
Velocity, pressure, and combustion-progress-variable fields generated in earlier three-

dimensional direct numerical simulations [53,54] of a statistically stationary, planar, one-
dimensional, low-Mach-number lean hydrogen–air flame propagating in moderately in-
tense, small-scale, spatially decaying turbulence were filtered out using top-hat filters
of four different widths. The filtered fields were processed to compute key source/sink
terms in the transport equations for total, resolved, and subfilter-scale kinetic energies,
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as well as total internal energy. A priori analysis of these filtered terms has shown the
following trends.

First, independently of filter width and averaging method, i.e., either transverse
averaging or conditional averaging, the terms Π and Λ, associated with inertial transfer of
kinetic energy between resolved and subfilter scales and baropycnal work, respectively,
serve to cause backscatter and forward scatter, respectively, with the baropycnal work
dominating the former term. The velocity–pressure–gradient term Γ is positive, indicating
an increase in subfilter-scale kinetic energy. Under the conditions of the present study,
the magnitude of Γ is smaller when compared to the term Λ. The pressure–dilatation term
Θ changes its sign from negative at small ⟨c⟩ to positive at larger ⟨c⟩. Under conditions of
the present study, the magnitude of Θ is smaller when compared to the term Λ.

Second, the analyzed filtered fields indicate significant intermittency of inter-scale
energy transfer and of energy exchange between internal and kinetic energy in turbulent
premixed flames. This conclusion is based on analyses of Probability Density Functions of
(i) the two filtered inter-scale kinetic energy transfer terms, Π and Λ, and (ii) the filtered
velocity–pressure–gradient term Γ or the filtered pressure–dilatation term Θ, and (iii) two
almost equal terms p · ∇u and p̄∇ · u relevant to energy exchange between internal and
kinetic energies. These PDFs exhibit long tails, are highly skewed, and are characterized
by a large kurtosis, thus implying the appearance of relatively rare but vigorous ejection
(splash) events. Moreover, a comparison of these standardized conditional PDFs with
published conditional PDFs in incompressible or high-speed compressible turbulent flows
indicates that intermittency of inter-scale energy transfer and energy exchange between
internal and kinetic energies depends strongly on methods and scales of energy injection.
Thus, premixed turbulent combustion is a canonical example of variable-density turbulent
flows with distinctive characteristics that the differ substantially from characteristics of
other types of turbulence. Therefore, studies of turbulent premixed flames constitute an
important addition to the fundamental research into turbulence.

When analyzing filtered quantities conditioned to a narrow interval of filtered com-
bustion progress variable, intermittency effects are substantially less prominent.

The reported results can be used for assessment of Subgrid Scale Models (SGS) models
that were already developed to allow for backscatter of turbulent energy and scalar variance,
but in non-reacting constant-density flows, e.g., see Ref. [93]. The present a priori study also
emphasizes the importance of developing subfilter-scale models of baropycnal work and
velocity–pressure–gradient work for LES research into premixed turbulent combustion.
Such models should allow for both solenoidal and dilatational components of the velocity
vector, as well as interactions between them. As an example, a recent gradient model of the
baropycnal work validated in simulations of forced compressible turbulence in a periodic
box [28,35] is worth considering. In this regard, a recent assessment of gradient models of
the terms Π, Λ, Γ, and Θ, performed by analyzing the present DNS data [53,54], yielded
encouraging results [57,58].
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