
 
 

 
 
 
 

THESIS FOR THE DEGREE OF LICENTIATE OF ENGINEERING 
 
 

 
 
 
 
 

On the challenges of reversing multi-articulated vehicles 
 
 
 
 
 

ZHAOHUI GE 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Department of Mechanics and Maritime Sciences 
 

CHALMERS UNIVERSITY OF TECHNOLOGY 
 

Gothenburg, Sweden 2026 
 



 
 

 
 
 
 
 
 
 
 
On the challenges of reversing multi-articulated vehicles 
 
ZHAOHUI GE (葛朝晖) 

 
 
© ZHAOHUI GE, 2026. 
 
 
Thesis of Licentiate of Engineering 
 
Department of Mechanics and Maritime Sciences  
Chalmers University of Technology 
SE-412 96 Gothenburg 
Sweden 
Telephone + 46 (0)31-772 1000 
 
 
 
 
 
 
 
 
 
 
 
 
Cover: 
A “Dala horse” created by paths of reversing multi-articulated vehicles 
 
Chalmers Digital Printing 
Gothenburg, Sweden 2026 

 



i 
 

 

On the challenges of reversing multi-articulated vehicles 
 
ZHAOHUI GE 
Department of Mechanics and Maritime Sciences  
Chalmers University of Technology 
 
 
 

 
ABSTRACT 
 
Reversing articulated heavy vehicles, particularly multi-articulated ones, is a difficult task for drivers. 
The task is challenging in two aspects. First, the articulation angles are unstable while driving 
backwards, requiring active steering control from the leading unit to avoid inter-unit clashes. Second, 
the travel direction of the last unit is indirectly controlled, requiring a thorough understanding of the 
articulated vehicle’s complex dynamics. Many driver-assistance systems and autonomous functions 
have already been developed for this or similar tasks. As many of them are based on vehicle models, 
two typical models of articulated vehicles are presented and discussed in detail, namely, a kinematic 
model and a dynamic model. The existing functions and research in reversing control are divided into 
three categories: articulation stabilization, path planning, and path following, which are thoroughly 
reviewed here. 

The present thesis covers three research directions within reversing control. The first direction 
is a study aimed at explaining why the rearview dynamic guideline is insufficient for assisting 
articulated vehicles and why driver aids related to control and planning, such as those in the three 
categories above, are needed. The present thesis also aims to identify directions for potential 
improvements based on existing research and promote future developments in those areas, so that a 
driver-assistance system can be attractive enough for industrialization. The second direction is based 
on a study that develops a new geometrical method to determine the fundamental limitation of 
articulation stabilization for vehicles with up to three articulations. The determined limitation provides 
a feasible range for articulation stabilization control to enhance performance and coverage. Path-
following solutions can benefit from improved articulation stabilization. Vehicle poses that fall outside 
the fundamental limitation can be used for the last few meters to reach final poses, which opens more 
possibilities for path planning. The third and final direction presents a preliminary study conducted to 
quantify the mismatch between the widely used kinematic model and the actual vehicle dynamics at 
low speed using a single-articulated vehicle. The preliminary study shows the potential to improve the 
performance of model-based assistant solutions from a vehicle modeling perspective, and it also 
promotes ongoing research on multi-articulated vehicles. 

The driver aid that can fully eliminate the challenge of reversing posed by the complex motion 
of articulated vehicles must involve controllers that assist with path planning and following. Presenting 
predicted vehicle motion based on current vehicle states and driver input as dynamic guidelines, along 
with a top-view, can assist the driver with collision avoidance, but not with maneuvers that require 
changes in steering angle. Most existing research has developed path-following and planning 
controllers based on the kinematic model. Before those controllers can be industrialized, it is critical 
to determine the limit in real operations at which the vehicle deviates from the model to the extent 
that the control approach becomes insufficiently robust. Scenarios outside the limit need to be handled 
with either more accurate models or more robust control approaches. A driver aid must be able to 
cover sufficient scenarios that can occur in real operations to be considered well-developed and 
attractive for industrialization, with additional costs to the vehicle.  
 
Keywords: articulated vehicles, reverse assistant, articulation stabilization, path following, path 
planning 
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Notations 
General subscripts 
Unless specified separately, the following meaning applies to symbols in the present thesis. 
 
Subscript Values and meaning 
〈𝑑𝑑𝑑𝑑𝑑𝑑〉 𝑥𝑥 (longitudinal), 𝑦𝑦 (lateral). 
〈𝑖𝑖〉 1, 2, 3,⋯. 

Unit index counting from the leading unit, which is the frontmost unit while an 
articulated vehicle is driving forward. 

〈𝑗𝑗〉 1, 2, 3,⋯. 
Axle index counting from the frontmost axle in the positive longitudinal 
direction of the unit. 

〈𝑘𝑘〉 1 (left), 2 (right). 
〈𝑚𝑚〉 1 (front), 2 (rear). 
〈𝑝𝑝𝑝𝑝𝑝𝑝〉 𝑐𝑐 (coupling), 𝑒𝑒 (equivalent axle). 

 

Symbol Unit Meaning 
𝑎𝑎〈𝑑𝑑𝑑𝑑𝑑𝑑〉〈𝑖𝑖〉 m/s2 〈𝑑𝑑𝑑𝑑𝑑𝑑〉 acceleration at the center of gravity of unit 〈𝑖𝑖〉 in the local 

coordinate of unit 〈𝑖𝑖〉. 
𝐴𝐴 m Lateral distance from the local origin to the center of rotation of a 

unit in its local coordinate system. 
𝐶𝐶〈𝑖𝑖〉 - Control point fixed in the local coordinate system of a unit. 

〈𝑖𝑖〉 = 1,𝑛𝑛,𝑛𝑛𝑛𝑛, see definition in Figure 3-3. 
d - Ordinary differential 
𝜕𝜕 - Partial differential 
𝑓𝑓 - Function 
𝐹𝐹〈𝑑𝑑𝑑𝑑𝑑𝑑〉〈𝑖𝑖〉𝑐𝑐〈𝑚𝑚〉 N 〈𝑑𝑑𝑑𝑑𝑑𝑑〉  coupling force at the 〈𝑚𝑚〉  coupling of unit 〈𝑖𝑖〉  in the local 

coordinate system of unit 〈𝑖𝑖〉. 
𝐹𝐹〈𝑑𝑑𝑑𝑑𝑑𝑑〉𝑡𝑡〈𝑖𝑖〉〈𝑗𝑗〉〈𝑘𝑘〉 N 〈𝑑𝑑𝑑𝑑𝑑𝑑〉 tire force of tire(s) on the 〈𝑘𝑘〉 side of axle 〈𝑗𝑗〉 on unit 〈𝑖𝑖〉 in the 

tire coordinate system. 
𝑭𝑭〈𝑑𝑑𝑑𝑑𝑑𝑑〉𝑡𝑡 N 〈𝑑𝑑𝑑𝑑𝑑𝑑〉 tire force vector, includes every 𝐹𝐹〈𝑑𝑑𝑑𝑑𝑑𝑑〉𝑡𝑡〈𝑖𝑖〉〈𝑗𝑗〉〈𝑘𝑘〉. 
ℎ - Function 
𝐽𝐽〈𝑖𝑖〉 kg ∙ m2 Yaw inertial of unit 〈𝑖𝑖〉 around its center of gravity. 
𝑙𝑙〈𝑖𝑖〉𝑎𝑎〈𝑗𝑗〉 m Longitudinal displacement from the center of gravity of unit 〈𝑖𝑖〉 to 

axle 〈𝑗𝑗〉 of unit 〈𝑖𝑖〉 in the local coordinate system of unit 〈𝑖𝑖〉. 
𝑙𝑙〈𝑖𝑖〉𝑐𝑐〈𝑚𝑚〉 m Longitudinal displacement from the local origin to the  

〈𝑚𝑚〉 coupling point of unit 〈𝑖𝑖〉 in the local coordinate system of unit 
〈𝑖𝑖〉. 
When used with 𝑙𝑙〈𝑖𝑖〉𝑎𝑎〈𝑗𝑗〉, the local origin is the center of gravity of 
unit 〈𝑖𝑖〉. 

𝑙𝑙〈𝑖𝑖〉𝑒𝑒〈𝑚𝑚〉 m Longitudinal displacement from the local origin to the  
〈𝑚𝑚〉 equivalent axle of unit 〈𝑖𝑖〉 in the local coordinate system of unit 
〈𝑖𝑖〉. 

𝑙𝑙〈𝑖𝑖〉𝑔𝑔𝑔𝑔 m Geometric wheelbase of unit 〈𝑖𝑖〉 , which is the longitudinal 
displacement from the rear geometric equivalent axle to the font 
geometric equivalent axle (〈𝑖𝑖〉 = 1) or the front coupling (〈𝑖𝑖〉 =
2, 3,⋯) of unit 〈𝑖𝑖〉 in the local coordinate system of unit 〈𝑖𝑖〉. 

𝑙𝑙〈𝑖𝑖〉𝐼𝐼𝐼𝐼𝐼𝐼 m Longitudinal displacement from the local origin to the IMU on unit 
〈𝑖𝑖〉 in the local coordinate system of unit 〈𝑖𝑖〉. 

𝑙𝑙〈𝑖𝑖〉𝑡𝑡〈𝑗𝑗〉  Trackwidth of axle 〈𝑗𝑗〉 on unit 〈𝑖𝑖〉. 
𝑙𝑙𝑙𝑙𝑙𝑙 m Lookahead distance from a given control point in the local 

longitudinal travel direction of the unit where the control point is 
fixed on. 
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Symbol Unit Meaning 
𝒍𝒍〈𝑝𝑝〉 m Vehicle longitudinal dimension set that includes 𝑙𝑙〈𝑖𝑖〉𝑐𝑐〈𝑗𝑗〉  and 𝑙𝑙〈𝑖𝑖〉𝑒𝑒〈𝑗𝑗〉 

from unit 1 (〈𝑖𝑖〉 = 1) to unit 〈𝑝𝑝〉 (〈𝑖𝑖〉 = 〈𝑝𝑝〉). 
〈𝑝𝑝〉 = 1, 2, 3,⋯, unit index counting from the leading unit. 

𝑙𝑙𝑅𝑅 m Lookahead radius for determining a reference point on a reference 
path from a control point.  

𝑚𝑚𝑖𝑖 kg Mass of unit 〈𝑖𝑖〉. 
𝑴𝑴𝑧𝑧𝑧𝑧 Nm Tire yaw moment vector, includes every 𝑀𝑀𝑧𝑧𝑧𝑧〈𝑖𝑖〉〈𝑗𝑗〉〈𝑘𝑘〉. 
𝑀𝑀𝑧𝑧𝑧𝑧〈𝑖𝑖〉〈𝑗𝑗〉〈𝑘𝑘〉 Nm Tire yaw moment of tire(s) on the 〈𝑘𝑘〉 side of axle 〈𝑗𝑗〉 on unit 〈𝑖𝑖〉 in 

the tire coordinate system. 
𝑛𝑛 - Number of units within an articulated vehicle. 
𝑛𝑛𝑎𝑎 - Number of axles within an articulated vehicle. 
𝑛𝑛𝑎𝑎〈𝑖𝑖〉 - Number of axles on unit 〈𝑖𝑖〉. 
𝑅𝑅〈𝑖𝑖〉 or 𝑅𝑅〈𝑖𝑖〉𝑒𝑒2 m Instantaneous turning radius at the rear equivalent axle center of 

unit 〈𝑖𝑖〉. 
𝑅𝑅〈𝑖𝑖〉〈𝑗𝑗〉 m Instantaneous turning radius at the center of axle 〈𝑗𝑗〉 on unit 〈𝑖𝑖〉. 
𝑅𝑅𝑛𝑛〈𝑖𝑖〉 m Reference point on a reference path. 

〈𝑖𝑖〉 = 𝑛𝑛1,𝑛𝑛2,𝑛𝑛3, see definition in Figure 3-3. 
𝑅𝑅𝑅𝑅 - Rotational center. 
𝑅𝑅𝐶𝐶〈𝑖𝑖〉 - Rotational center of unit 〈𝑖𝑖〉. 
𝑠𝑠1 m Vehicle position along the path coordinate of the rear equivalent 

axle center of Unit 1. 
sgn(𝑥𝑥) - The sign of variable 𝑥𝑥. 
𝑡𝑡 s time 
𝑇𝑇 - Transform matrix. 
𝑇𝑇−1 - Inverse of matrix 𝑇𝑇. 
𝑢𝑢 - Input vector 
𝑢𝑢0 - Input vector at the linearization point 
𝑣𝑣〈𝑑𝑑𝑑𝑑𝑑𝑑〉〈𝑖𝑖〉 m/s 〈𝑑𝑑𝑑𝑑𝑑𝑑〉 velocity at the local origin of unit 〈𝑖𝑖〉 in the local coordinate 

of unit 〈𝑖𝑖〉. 
𝑣𝑣〈𝑖𝑖〉𝑐𝑐〈𝑚𝑚〉 m/s 〈𝑚𝑚〉 coupling velocity on unit 〈𝑖𝑖〉 in the local coordinate system of 

the unit. 
𝑣𝑣〈𝑖𝑖〉𝑐𝑐〈𝑚𝑚〉〈𝑑𝑑𝑑𝑑𝑑𝑑〉 m/s 〈𝑚𝑚〉 coupling velocity on unit 〈𝑖𝑖〉 in the 〈𝑑𝑑𝑑𝑑𝑑𝑑〉 direction in the local 

coordinate system of the unit. 
𝑣𝑣〈𝑖𝑖〉𝑡𝑡𝑡𝑡〈𝑚𝑚〉〈𝑑𝑑𝑑𝑑𝑑𝑑〉 m/s 〈𝑑𝑑𝑑𝑑𝑑𝑑〉  velocity of unit 〈𝑖𝑖〉  at its 〈𝑚𝑚〉  equivalent axle in the tire 

coordinate system. 
𝑣𝑣𝑥𝑥1���� m/s Mean longitudinal velocity of the leading unit in its local 

coordinate system. 
𝑉𝑉〈𝑖𝑖〉𝑐𝑐〈𝑚𝑚〉  m/s 〈𝑚𝑚〉 coupling velocity on unit 〈𝑖𝑖〉 in the global coordinate system. 
𝑥𝑥 - State vector 
𝑥𝑥0 - State vector at the linearization point 
𝑥𝑥〈𝑖𝑖〉 − 𝑦𝑦〈𝑖𝑖〉 - Local coordinate system of unit 〈𝑖𝑖〉 in the horizontal plane 
𝑥𝑥〈𝑖𝑖〉𝑡𝑡𝑡𝑡〈𝑚𝑚〉 − 𝑦𝑦〈𝑖𝑖〉𝑡𝑡𝑡𝑡〈𝑚𝑚〉 - Tire coordinate system on the 〈𝑚𝑚〉 equivalent axle of unit 〈𝑖𝑖〉. 
𝑋𝑋〈𝑖𝑖〉〈𝑝𝑝𝑝𝑝𝑝𝑝〉〈𝑚𝑚〉 m Longitudinal position of the 〈𝑚𝑚〉  〈𝑝𝑝𝑝𝑝𝑝𝑝〉  of unit 〈𝑖𝑖〉  in the global 

coordinate system 
𝑋𝑋 − 𝑌𝑌 - Global coordinate system in the horizontal plane 
𝑦𝑦 - Output vector 
𝑌𝑌〈𝑖𝑖〉〈𝑝𝑝𝑝𝑝𝑝𝑝〉〈𝑚𝑚〉 m Lateral position of the 〈𝑚𝑚〉 〈𝑝𝑝𝑝𝑝𝑝𝑝〉 of unit 〈𝑖𝑖〉 in the global coordinate 

system. 
𝛽𝛽〈𝑖𝑖〉𝑐𝑐1 rad Virtual steering angle at the front coupling of unit 〈𝑖𝑖〉 (〈𝑖𝑖〉 ≥ 2) 

from the longitudinal direction of the unit’s local coordinated 
system 

𝛿𝛿 rad Roadwheel steering angle of the front equivalent axle on unit 1 in 
the local coordinate system of unit 1. 
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Symbol Unit Meaning 
𝛿̇𝛿 rad/s Roadwheel steering rate of the front equivalent axle on unit 1 in 

the local coordinate system of unit 1. 
𝛿𝛿𝑓𝑓𝑓𝑓 rad Roadwheel steering angle request from a feedforward controller. 
𝛿𝛿𝑓𝑓𝑓𝑓 rad Roadwheel steering angle request from a feedback controller. 
𝛿𝛿𝐻𝐻 ° Handwheel steering angle. 
𝛿𝛿〈𝑖𝑖〉𝑒𝑒〈𝑚𝑚〉 rad Roadwheel steering angle of the 〈𝑚𝑚〉 equivalent axle on unit 〈𝑖𝑖〉 in 

the local coordinate system of unit 〈𝑖𝑖〉. 
𝛿𝛿〈𝑖𝑖〉〈𝑗𝑗〉〈𝑘𝑘〉 rad Roadwheel steering angle of the tire on the 〈𝑘𝑘〉 side of axle 〈𝑗𝑗〉 on 

unit 〈𝑖𝑖〉 in the local coordinate system of unit 〈𝑖𝑖〉. 
𝛿𝛿𝑚𝑚𝑎𝑎𝑎𝑎 ° Maximum roadwheel steering angle limited by the steering system 
𝛿𝛿𝑚𝑚𝑚𝑚𝑚𝑚 ° Minimum roadwheel steering angle limited by the steering system 
𝜃𝜃 rad Current articulation angle of a single-articulated vehicle, which is 

the yaw angle from the longitudinal axis of the trailer to the 
longitudinal axis of the leading unit. 

𝜽𝜽 rad Current articulation angle vector, which includes all current 
articulation angles in an articulated vehicle. 

𝜃𝜃1,𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶 rad Upper CAARP articulation angle limit for a single articulated 
vehicle. 

𝜽𝜽𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏 rad Set of vehicle poses on the boundary of a CAARP space before 
expansion 

𝜽𝜽𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶 rad Closed vehicle pose set capable for CAARP 
𝜽𝜽𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶,0 rad Initial Closed vehicle pose set capable for CAARP 
𝜽𝜽𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶,𝐵𝐵𝐵𝐵𝐵𝐵𝐵𝐵𝐵𝐵𝐵𝐵𝐵𝐵𝐵𝐵  rad Set of vehicle poses on the boundary of the largest CAARP space 

for the vehicle. 
𝜽𝜽𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒  rad Set of vehicle poses on the boundary of a new CAARP space 

expanded from 𝜽𝜽𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏. 
𝜃𝜃〈𝑖𝑖〉 rad or ° Articulation angle, yaw angle from the longitudinal axis of unit 

〈𝑖𝑖 + 1〉 to the longitudinal axis of unit 〈𝑖𝑖〉. 
〈𝑖𝑖〉 = 1, 2, 3,⋯, articulation joint index counting from the leading 
unit. 
° is only used as the unit in figures. 

𝜃̇𝜃〈𝑖𝑖〉 rad/s Articulation angle rate. 
𝜃̈𝜃〈𝑖𝑖〉 rad/s2 Articulation angle acceleration. 
𝜽𝜽〈𝑝𝑝〉 rad Articulation angle set that includes 𝜃𝜃〈𝑖𝑖〉 from 〈𝑖𝑖〉 = 1 to 〈𝑖𝑖〉 = 〈𝑝𝑝〉. 
𝜃𝜃𝑚𝑚𝑎𝑎𝑎𝑎 ° Maximum articulation angle limited by the mechanical design 
𝜃𝜃𝑚𝑚𝑚𝑚𝑚𝑚 ° Minimum articulation angle limited by the mechanical design 
𝜃𝜃𝑟𝑟 rad Reference articulation angle of a single-articulated vehicle. 
𝜽𝜽𝑟𝑟 rad Reference articulation angle vector, which includes all reference 

articulation angles for an articulated vehicle. 
Δ𝑙𝑙〈𝑖𝑖〉𝑣𝑣〈𝑚𝑚〉  m Longitudinal displacement from the 〈𝑚𝑚〉 geometric equivalent axle 

to its corresponding virtual axle position that has zero sideslip on 
unit 〈𝑖𝑖〉 in the local coordinate system of unit 〈𝑖𝑖〉. 

Δs m Step size of 𝑠𝑠1 in simulations 
Δδ rad Step size oof discretized roadwheel steering angle 
𝛹𝛹〈𝑖𝑖〉 or 𝜔𝜔〈𝑖𝑖〉 rad Yaw (heading) angle of unit 〈𝑖𝑖〉 in the global coordinate system.  
𝛹̇𝛹〈𝑖𝑖〉 rad/s Yaw rate of unit 〈𝑖𝑖〉 in the global coordinate system.  
𝛹̈𝛹〈𝑖𝑖〉 rad/s2 Yaw acceleration of unit 〈𝑖𝑖〉 in the global coordinate system. 
∀ - For all 
∅ - Empty set 
∃ - There exists  
⊂ - Subset of 
[𝒙𝒙]𝑇𝑇 - Transpose of vector 𝒙𝒙. 
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Chapter 1  
Introduction 

Road transport plays a crucial role in freight transportation. More than half of all transported goods 
are transported by road in many countries [1]. Many of these goods are transported by tractor-trailers, 
which are articulated vehicles made up of a tractor and a semi-trailer. Increasing the vehicles’ load 
capacity is a way to boost transportation efficiency and lower emissions per ton-kilometer. One 
solution is to attach additional trailers to a vehicle to form a long combination vehicle (LCV), 
increasing the volume and weight of goods transported per vehicle. An increased number of 
articulation joints poses a challenge for drivers to reverse those vehicles. Various assistant and 
autonomous driver aids for reversing articulated vehicles have been developed in both academia and 
industry, though they come with certain limitations. This thesis aims to identify gaps between existing 
solutions and potential real-world applications, paving the way for commercially available solutions to 
address the challenges of reversing articulated vehicles. This thesis also provides a high-level view of 
the connections between the works done in the included papers and the challenges of reversing 
articulated vehicles. 

1.1 Background 
Since December 1, 2023, Sweden has increased the length limit for trucks from 25.25 meters to 34.5 
meters, allowing LCVs that meet specific requirements with up to three articulation joints to operate 
on certain parts of the Swedish road network [2]. Similar LCVs are also used in other countries, such 
as Finland, Denmark, Germany, Canada, the United States, Australia, etc. Figure 1-1 shows nine 
examples of articulated trucks from [3]. LCVs in Figure 1-1.b to e are within the 25.25-meter limit with 
two articulation joints. LCVs no longer than 34.5 meters in length are shown in Figure 1-1.f to i, they 
can have two or three articulation joints. 
 

   
(a) Tractor-trailer (b) B-double (c) Tractor-trailer and CAT 

   
(d) Nordic combination  (e) C-double (f) Long B-double 

   
(g) Long C-double (h) A-double (i) AB-double 

Figure 1-1 Articulated trucks 

From a pilot project using LCVs in Sweden, reverse maneuvers have been identified as a 
challenging task for drivers [4]. One test vehicle in the project is an A-double truck, similar to the one 
shown in Figure 1-1.h. The A-double consists of a tractor and two semi-trailers with a dolly in between. 
It also contains two fifth-wheel couplings and one drawbar coupling. When the vehicle needs to load 
or unload at specific locations in the Port of Gothenburg, drivers must reverse the entire triple-
articulated vehicle into the loading positions. Figure 1-2 shows how an experienced driver controls an 
A-double to complete the reverse task. The driver changed direction 32 times and frequently made 
large steering adjustments. The driver has extensive experience reversing the A-double combination 
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and completed the task within 8 minutes, as this is a daily task at the harbor in this pilot project. The 
safety regulation at the harbor makes the reverse task even harder as the driver is not allowed to leave 
the cab to check the vehicle’s position from outside. Feedback from haulage in the pilot project 
indicated that some drivers refused the job because they were required to perform similar tasks. The 
reverse challenge is not unique to the Port of Gothenburg; even in newly built ports, external trucks 
are required to reverse into loading and unloading spaces. Most warehouses also have loading docks 
designed for perpendicular parking, allowing more vehicles to connect to the warehouse at the same 
time. Many trailers and containers are not designed for side loading, which means they only support 
perpendicular docking. Infrastructure-wise, it will be costly, or even infeasible, for the transportation 
industry to implement changes and eliminate reverse tasks for LCVs at terminals. 
 

  
(a) Gear and steering angle (b) Tractor path 

Figure 1-2 Driver’s inputs and tractor path when parking an A-double 

When the A-double in the pilot project is set to deliver containers to warehouses, drivers will detach 
the dolly and the last trailer at a shunting yard of the haulage company and then drive out as a tractor-
trailer to deliver containers one by one to end customers. The pilot project for A-double trucks in 
Denmark prevents the entire vehicle from going to freight terminals by establishing decoupling areas 
near motorways [5]. However, the extra coupling and decoupling are strenuous tasks that drivers do 
not prefer. Moreover, decoupling only partially weakens the challenge in reverse LCVs.  

At a grocery chain in Sweden, tractor-trailers (Figure 1-1.a) and Nordic combinations (Figure 
1-1.d) are used to deliver goods from the warehouse to multiple local stores. The company observed 
that new drivers might need more time to dock at each store, preventing them from reaching all their 
assigned stores within their shift. Even for experienced tractor-trailer drivers, maneuvering in tight 
spaces may require getting out of the cab on their own or asking colleagues to stand outside to guard 
blind spots. The challenge in reverse is not unique to multi-articulated trucks but applies to all 
articulated vehicles, which also includes passenger cars with trailers. 
 In general, reversing articulated vehicles is a challenging task that will remain part of 
articulated vehicle operations. It not only means reduced transport efficiency but also increases safety 
risks [6]. A well-developed assistance or autonomous driver aid will reduce or eliminate the challenges 
of reversing for drivers and even promote the adoption of LCVs. 

1.2 Motivation 
Developing assistant aids for reversing articulated vehicles is not a new topic. Some existing research 
and industrialized functions are listed in Table 1-1 and divided into three categories. First, articulation 
stabilization control vehicles approach their unstable steady states in response to a driver’s input, 
typically a turning radius. Second, path-following provides the required steering angle to follow 
predefined paths based on the vehicle’s current state. Third, path-planning produces feasible paths that 
a vehicle can follow without internal and external collisions. Detailed discussion and examples for all 
three types of solutions are presented in Chapter 3. 
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 One observation from Table 1-1 is that, as of the time of writing, industrialized aids for 
reversing articulated vehicles known to the author are only articulation stabilization functions for 
single-articulated vehicles. More specifically, they are all from passenger vehicles or pick-up trucks and 
are designed for central axle drawbar trailers. More advanced assistance than other industrialized aids 
is offered in [7], including maintaining the trailer’s heading and changing it by 90 degrees. However, it 
doesn’t count as path following because it doesn’t show the path to drive before the maneuver. The 
limited applications of industrialized aids do not mean research are far from being usable in real 
operations. For example, specially adapted tractor-trailers can operate autonomously with reversing 
tasks at a specially adapted mining site [8]. Commercializing and industrializing research involves many 
practical problems, such as articulation angle measurements and vehicle localization. Instead of 
focusing on the practical aspect, this study concentrates on the functionality aspect of existing research. 
 Today, ABS (Anti-lock Braking System) and ESC (Electronic Stability Control) are standard 
features in most modern vehicles due to their safety benefits. With those systems, wheel speed sensors 
and steering angle sensors are considered standard components. The redundancy requirements in 
autonomous vehicles promote OEMs (Original equipment manufacturers) and suppliers to have 
multiple wheel speed sensors or a redundant wheel speed sensor at each wheel. The industrialization 
of the two systems is an example of how the automotive industry would adopt additional systems as 
standard configurations if OEMs or related authorities recognized their performance. This motivates 
the present thesis to focus on identifying areas for improvement based on existing research. Future 
development will focus on the identified critical areas for real-world operations and on improving the 
performance of the assistant or autonomous solutions to a level that will not hinder industrialization 
by additional costs on vehicles and infrastructure. 
 

Table 1-1 Existing solutions related to reversing articulated vehicles 
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[7], [9], [10], 
[11] 
 

[12], [13], [14], [15], [16], [17], 
[18], [19], [20], [21], [22], [23], 
[24], [25] 

[13], [18], [21] 
 
 

[13], [18], [21], 
[26] 
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 [27], [28], [29], [30], [31], [32], 
[33], [34], [35], [36], [37], [38], 
[39], [40], [41], [42], [43], [44], 
[45], [46], [47], [48], [49], [50], 
[51], [52], [53], [54], [55], [56], 
[57], [58], [59], [60], [61], [62], 
[63], [64], [65], [66], [67], [68], 
[69], [70], [71], [72], [73], [74], 
[75] 

[27], [32], [34], 
[37], [40], [44], 
[45], [46], [52], 
[53], [59], [62], 
[63], [68], [73], 
[75], [76], [77], 
[78], [79], [80], 
[81], [82], [83], 
[84], [85], [86] 

[27], [34], [37], 
[40], [44], [45], 
[46], [52], [53], 
[62], [63], [68], 
[73], [74], [75], 
[76], [79], [87] 
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[29], [31], [44], [45], [49], [51], 
[52], [58], [61], [62], [63], [66], 
[67], [68], [69], [74], [88], [89], 
[90], [91], [92], [93], [94], [95] 

[44], [45], [52], 
[62], [63], [74], 
[81], [86], [88], 
[89], [92], [93], 
[96], [97], [98] 

[44], [45], [52], 
[62], [63], [68], 
[74], [88], [89], 
[92], [93] 

1.3 Research questions 
This study is based on a large amount of existing research related to reversing articulated vehicles, as 
listed in Table 1-1. The listed works are not limited to articulated trucks but also include related 
solutions from passenger vehicles and robotics. When studying those, differences between the vehicles 
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used by other researchers and the typical articulated trucks in Figure 1-1 are always considered. 
Meanwhile, industrial partners within AUTOFREIGHT 2 [4] have provided insight into the demands 
of reversing articulated vehicles in real-world operations. By looking into the existing research from 
both theoretical and practical perspectives, this thesis addresses the following research questions: 

• What types of vehicle models are used in existing research? What are the advantages and 
disadvantages of those various types when used in designing reversing aids? Especially for 
the widely used kinematic model, how it will diverge from the actual vehicle motion at low 
speeds. 

• What types of solutions are available? Which scenarios do they handle well, and which 
ones are too challenging for them? How does the motion of the articulated vehicle affect 
the usability of driver aids and make certain scenarios impossible to solve with an aid due 
to fundamental limitations of articulated vehicles? 

• Where do the gaps exist between current research and the actual needs of real-world 
operations? 

1.4 Limitations 
In the present thesis, the primary focus is on articulated vehicles with steering actuation only on the 
front axle group of their leading unit. The leading unit also has a non-steerable rear axle group. All 
trailing units have only one non-steerable axle group each. This axle configuration applies to all the 
included papers. The kinematic and dynamic models presented in Chapter 2 are ready to be expanded 
to account for additional steering axles. A small amount of existing research discussed in Chapter 3 
uses actuators more than the front axle steering. Vehicle states necessary for driver aids are assumed 
to be available, including but not limited to articulation angles, positions, and velocities. The 
accessibility of those states on existing vehicles is not considered in this thesis. The design of the HMI 
(Human-Machine Interface) between driver aids and drivers is also not included in this thesis. It is an 
essential part not only to assist functions that help drivers to control the vehicle, but also to 
autonomous functions in early stages for better supervision. 

1.5 Contributions 
The contributions of the present thesis are as follows: 

• Divide articulated vehicle poses, defined by all articulation angles within a vehicle, into 
controllable and uncontrollable ranges based on whether the vehicle can reverse into a 
straight pose without inter-unit clashes. Articulation angle gradients, which are the 
changes of articulation angles with respect to the travel distance of the tractor in rad m⁄ , 
are found to be potentially useful for steering guidance in reversing articulated vehicles to 
a straight pose [Paper A]. A geometrical approach based on articulation angle gradients 
is developed to identify the boundary between the controllable and uncontrollable ranges 
[Paper B]. The identified controllable range is the feasible range for an ideal articulation 
stabilization control and can guide improvements to existing articulation stabilization 
controllers. Improvements in articulation stabilization control can further improve path-
following and path-planning aids built on it, and result in better aids for reversing 
articulated vehicles. 

• The rearview dynamic guidelines, which are the predicted paths for corners and wheels on 
the vehicle shown with the real-time video from a rearview camera or a top-view system, 
offer great assistance for reversing non-articulated vehicles can only assist articulated 
vehicles in a limited way. This is mainly due to the absence of a one-to-one relationship 
between steering angles and reversing paths in articulated vehicles, which means that the 
challenges of estimating and planning while reversing remain with drivers [Papers C]. 
Therefore, to eliminate the difficulties for drivers in understanding the complex motion of 
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articulated vehicles when reversing, it is necessary to develop a driver aid capable of 
handling both path planning and path following. 

• The inverse kinematic method, which calculates the steering angle of the first unit from a 
turning radius on the last unit through the kinematic chain, has limited assistance ability 
for reversing several typical articulated vehicles. The feasible turning radii of the last unit 
within the steering limit can be heavily affected and limited by the vehicle’s current 
articulation angles [Paper C]. Using the inverse kinematic method for path following 
imposes strict constraints on both the reference path and the vehicle configuration, 
making it feasible only for path planners that account for nearly all nonholonomic 
constraints and articulated vehicles without on-axle hitches. This shows the necessity of 
using a path-following control that can overcome the limitations of the inverse kinematic 
method in a driver aid, making the aid applicable to more general vehicles and imperfectly 
planned reference paths. 

• Tests on real vehicles with a tractor-trailer at low speeds on dry asphalt show that the 
longitudinal offsets between equivalent zero-sideslip axles and the physical axles or the 
centers of bogies can be more than 20% of the tractor’s wheelbase [Paper D]. This 
observation encourages further research on the deviations between the kinematic model 
and multi-articulated vehicles. Understanding these deviations is critical to defining the 
feasible boundary for many driver aids in existing research, as most are developed based 
on kinematic models. The understanding can also facilitate the development of existing 
aids by improving their coverage of different scenarios.  

The connections between the included papers are shown in Figure 1-3. All papers use the 
kinematic model that is introduced in chapter 2.1. The link between articulation angle gradients and 
the controllability of a vehicle pose is observed in Paper A. In Paper B, a method that defines the 
controllable limit based on articulation angle gradients is presented. A high-fidelity model is used to 
verify the method developed using the kinematic model. The deviation between the two models 
observed in Paper B leads to Paper D with real vehicle tests. Results from the kinematic model and a 
high-fidelity model are compared with measurements from the real vehicle tests in Paper D. Paper C 
is not directly connected to the rest of the papers and focuses on the opportunity of using a reversing 
aid from non-articulated vehicles on articulated vehicles. 
 

Paper A

Paper B

Paper D

How to define the 
controllable limit?

Non-kinematic 
vehicle motions

Controllable

Uncontrollable

Vehicle poses

Articulation angle 
gradients d𝜃𝜃𝑑𝑑 d𝑝𝑝1⁄

Paper C

Dynamic 
guidelines

Non-articulated 
vehicles

How useful is it 
for articulated 

vehicles?

Kinematic model

High-fidelity model

Real vehicle

 
Figure 1-3 Connections between included papers and used models 
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Chapter 2  
Vehicle models 

Vehicle models are used in various ways when researching the reverse operation of multi-articulated 
vehicles. Some model-free controllers are designed with model-based tuning to reach desired 
performance. Model-based controllers are widely used to solve SIMO (Single-Input Multiple-Output) 
and MIMO (Multiple-Input Multiple-Output) problems. Models and simulations are used to validate 
developed controllers in virtual environments. This chapter introduces the three most common types 
of models used to develop reversing controllers, referred to as kinematic, dynamic, and high-fidelity 
models. In this study, the leading unit refers to the unit at the front of an articulated vehicle in the 
forward driving direction, such as a tractor or a rigid truck. Trailing units are the units in an articulated 
vehicle other than the leading unit. The last trailing unit is the unit at the rearmost of an articulated 
vehicle when counting from the leading unit. These names do not change with the driving direction. 

2.1 Kinematic model 
The kinematic model is among the most commonly used in the development of reversing control for 
articulated vehicles. The main assumption of the kinematic model is that there is no tire sideslip, which 
is reasonable for a typical two-axle vehicle with perfect Ackermann steering on flat ground and small 
rolling resistances. However, this assumption imposes simplifications on typical heavy vehicle 
configurations, such as bogie axles. Usually, the first simplification converts vehicles into single-track 
planar vehicles by replacing each axle with a single tire at its center and considering only horizontal-
plane motions. Then proceed to the leading unit. Leading units are rigid enough that the whole unit 
should be assumed to have a common center of rotation while cornering. As shown in Figure 2-1.a, the 
rotational center of a two-axle vehicle is located at the intersection of the two lateral axes of the tires. 
Any additional axle without its lateral axis passing through the rotational center will cause the vehicle 
to have more than one rotational center under the zero-sideslip assumption, which violates the rigid 
body assumption. Such an additional axle can be either a non-steerable axle or a steerable axle that 
doesn’t follow the Ackermann geometry. Therefore, the leading unit of an articulated truck can have 
up to two independent steering axles in a kinematic model. Two typical methods for determining the 
positions of zero-sideslip equivalent axles are described in Paper D. Once the motion of the two-axle 
lending unit is determined, it also determines the motion of the coupling point between the two-axle 
lending unit and the trailing unit behind it. According to kinematics, the rotational center of the trailing 
unit must be on the line passing through the trailer’s front coupling and perpendicular to the coupling’s 
velocity. The exact position of the rotational center on the line is then determined by the single axle 
on the trailing unit, at the point when the tire’s lateral axis crosses the line, which is shown in Figure 
2-1.b. Meanwhile, the motion of the rear coupling is determined. Then, the motions of the remaining 
trailing units are determined using the same kinematic chain. 
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Figure 2-1 Vehicle units in a single-track kinematic model 

The following equations show how to build a general kinematic model for a multi-articulated vehicle 
formed with a two-axle leading unit and multiple single-axle trailing units. The model is general, as 
there is no limit on the coupling positions and all axles are steerable. Assume the known inputs of a 𝑛𝑛-
unit articulated vehicle system are the longitudinal velocity of the leading unit’s rear equivalent axle 
in its tire coordinate system ( 𝑣𝑣1𝑡𝑡𝑡𝑡2𝑥𝑥 ), and the steering angles of all 𝑛𝑛 + 1  equivalent axles 
(𝛿𝛿1𝑒𝑒1, 𝛿𝛿1𝑒𝑒2, 𝛿𝛿2𝑒𝑒2,⋯ , 𝛿𝛿𝑛𝑛𝑛𝑛2). The following geometrical relationship can be seen in Figure 2-1.a: 
 
 𝐴𝐴 tan 𝛿𝛿1𝑒𝑒1 − 𝐴𝐴 tan 𝛿𝛿1𝑒𝑒2 = 𝑙𝑙1𝑒𝑒1 − 𝑙𝑙1𝑒𝑒2 (2-1) 
 
where 𝐴𝐴 is the displacement from the unit’s longitudinal axle to the unit’s rotational center, a positive 
𝐴𝐴  indicate the rotational center is on the positive lateral direction of the unit; 𝑙𝑙1𝑒𝑒1  and 𝑙𝑙1𝑒𝑒2  are 
displacements from the origin to the equivalent front and rear axles, respectively, a positive 𝑙𝑙 means 
the axle or coupling is in the positive longitudinal direction of the unit’s origin. 
 The yaw rate of the leading unit is calculated using 𝐴𝐴 as an intermediate variable by: 
 

 𝛹̇𝛹1 =
𝑣𝑣1𝑡𝑡𝑡𝑡2𝑥𝑥
𝑅𝑅1𝑒𝑒2

= 𝑣𝑣1𝑡𝑡𝑡𝑡2𝑥𝑥 ∙
cos 𝛿𝛿1𝑒𝑒2

𝐴𝐴
=
𝑣𝑣1𝑡𝑡𝑡𝑡2𝑥𝑥(tan 𝛿𝛿1𝑒𝑒1 − tan 𝛿𝛿1𝑒𝑒2) cos𝛿𝛿1𝑒𝑒2

𝑙𝑙1𝑒𝑒1 − 𝑙𝑙1𝑒𝑒2
 (2-2) 

 
where 𝛹̇𝛹1 is the yaw rate of the leading unit in the global coordinate system, 𝑅𝑅1𝑒𝑒2 is the turning radius 
at the rear equivalent axle of the leading unit. 
 The translational velocity in the unit’s coordinate system at any point on the rigid leading unit 
can be expressed with 𝑣𝑣1𝑡𝑡𝑡𝑡2𝑥𝑥, 𝛿𝛿1𝑒𝑒2, 𝛹̇𝛹1, and related dimensional parameters. The translational velocities 
of the coupling point (𝑣𝑣1𝑐𝑐2𝑥𝑥 and 𝑣𝑣1𝑐𝑐2𝑦𝑦) are: 

 

 �
𝑣𝑣1𝑐𝑐2𝑥𝑥 = 𝑣𝑣1𝑡𝑡𝑡𝑡2𝑥𝑥 cos 𝛿𝛿1𝑒𝑒2
𝑣𝑣1𝑐𝑐2𝑦𝑦 = 𝑣𝑣1𝑡𝑡𝑡𝑡2𝑥𝑥 sin 𝛿𝛿1𝑒𝑒2 + 𝛹̇𝛹1(𝑙𝑙1𝑐𝑐2 − 𝑙𝑙1𝑒𝑒2) (2-3) 

  
The position and heading of the leading unit in the global coordinate system are given by integrations: 
 

 

⎩
⎪⎪
⎨

⎪⎪
⎧𝛹𝛹1(𝑡𝑡) = � 𝛹̇𝛹1(𝑡𝑡)𝑑𝑑𝑑𝑑

𝑡𝑡

0
+ 𝛹𝛹1(0)

𝑋𝑋1𝑐𝑐2(𝑡𝑡) = � �𝑣𝑣1𝑐𝑐2𝑥𝑥(𝑡𝑡) cos𝛹𝛹1(𝑡𝑡) − 𝑣𝑣1𝑐𝑐2𝑦𝑦(𝑡𝑡) sin𝛹𝛹1(𝑡𝑡)�𝑑𝑑𝑑𝑑
𝑡𝑡

0
+ 𝑋𝑋1𝑐𝑐2(0)

𝑌𝑌1𝑐𝑐2(𝑡𝑡) = � �𝑣𝑣1𝑐𝑐2𝑥𝑥(𝑡𝑡) sin𝛹𝛹1(𝑡𝑡) + 𝑣𝑣1𝑐𝑐2𝑦𝑦(𝑡𝑡) cos𝛹𝛹1(𝑡𝑡)�𝑑𝑑𝑑𝑑
𝑡𝑡

0
+ 𝑌𝑌1𝑐𝑐2(0)

 (2-4) 



9 
 

 

where 𝛹𝛹1(𝑡𝑡), 𝑋𝑋1𝑐𝑐2(𝑡𝑡) and 𝑌𝑌1𝑐𝑐2(𝑡𝑡) are the heading angle, longitudinal and lateral position of the coupling 
at time 𝑡𝑡, respectively. It is possible to calculate the heading and position of another point of the unit 
by knowing its relative position to the coupling. 
 Knowing the motions of the leading unit, the motion of the trailing unit can be calculated in 
sequence from the first to the last trailer. For the 𝑖𝑖th unit (𝑖𝑖 = 2, 3,⋯ ,𝑛𝑛 − 1) in the articulated vehicle, 
its front coupling has the same translational velocity as the rear coupling of the 𝑖𝑖-1th unit in the global 
coordinate system. This means the front coupling velocity of the 𝑖𝑖th unit in its global coordinate system 
(𝑣𝑣𝑖𝑖𝑖𝑖1𝑥𝑥 and 𝑣𝑣𝑖𝑖𝑖𝑖1𝑦𝑦) is: 

 

 �
𝑣𝑣𝑖𝑖𝑖𝑖1𝑥𝑥 = 𝑣𝑣𝑖𝑖−1𝑐𝑐2𝑥𝑥 cos 𝜃𝜃𝑖𝑖−1 − 𝑣𝑣𝑖𝑖−1𝑐𝑐2𝑦𝑦 sin𝜃𝜃𝑖𝑖−1
𝑣𝑣𝑖𝑖𝑖𝑖1𝑦𝑦 = 𝑣𝑣𝑖𝑖−1𝑐𝑐2𝑥𝑥 sin 𝜃𝜃𝑖𝑖−1 + 𝑣𝑣𝑖𝑖−1𝑐𝑐2𝑦𝑦 cos 𝜃𝜃𝑖𝑖−1

 (2-5) 

 
where 𝜃𝜃𝑖𝑖−1 = 𝛹𝛹𝑖𝑖−1 − 𝛹𝛹𝑖𝑖 is the articulation angle between the 𝑖𝑖th and the 𝑖𝑖-1th units. 
 Introduce a virtual steering axle that follows the zero-sideslip assumption at the front coupling, 
meaning the tire’s longitudinal direction matches the velocity direction of the front coupling, then its 
virtual steering angle (𝛽𝛽𝑖𝑖𝑖𝑖1) is: 
 

 𝛽𝛽𝑖𝑖𝑖𝑖1 = atan
𝑣𝑣𝑖𝑖𝑖𝑖1𝑦𝑦
𝑣𝑣𝑖𝑖𝑖𝑖1𝑥𝑥

 (2-6) 

 
 By combining the virtual axle and the original equivalent axle on the single-axle trailing unit, 
the motions of the trailing units can be calculated in the same way as the two-axle leading unit. 
Equation 2-1 is updated as: 
 
 𝐴𝐴 tan𝛽𝛽𝑖𝑖𝑖𝑖1 − 𝐴𝐴 tan 𝛿𝛿𝑖𝑖𝑖𝑖2 = 𝑙𝑙𝑖𝑖𝑖𝑖1 − 𝑙𝑙𝑖𝑖𝑖𝑖2 (2-7) 
 
where the original equivalent axle on the trailer is treated as the rear axle on a two-axle unit with a 
subscript 𝑒𝑒2, 𝛿𝛿𝑖𝑖𝑖𝑖2 is the steering angle of the equivalent axle, 𝑙𝑙𝑖𝑖𝑖𝑖1 and 𝑙𝑙𝑖𝑖𝑖𝑖2 are displacements from the 
origin to the front coupling and the equivalent axle, respectively. 
 The turning radius at the equivalent axle (𝑅𝑅𝑖𝑖𝑖𝑖2) can be calculated with the same geometrical 
relationship that is used in Equation 2-2, which gives: 
 

 𝑅𝑅𝑖𝑖𝑖𝑖2 =
𝐴𝐴

cos 𝛿𝛿𝑖𝑖𝑖𝑖2
 (2-8) 

 
 The longitudinal velocity of the equivalent axle in its tire coordinate system (𝑣𝑣𝑖𝑖𝑖𝑖𝑖𝑖2𝑥𝑥) can be 
expressed with the front coupling velocity under the assumptions of a rigid vehicle body and zero 
sideslip as: 
 

 𝑣𝑣𝑖𝑖𝑖𝑖𝑖𝑖2𝑥𝑥 =
𝑣𝑣𝑖𝑖𝑖𝑖1𝑥𝑥

cos𝛿𝛿𝑖𝑖𝑖𝑖2
 (2-9) 

  
 Then, the yaw rate of the unit (𝛹̇𝛹𝑖𝑖) is: 
 

 𝛹̇𝛹𝑖𝑖 =
𝑣𝑣𝑖𝑖𝑖𝑖𝑖𝑖2𝑥𝑥
𝑅𝑅𝑖𝑖𝑖𝑖2

=
𝑣𝑣𝑖𝑖𝑖𝑖1𝑥𝑥(tan𝛽𝛽𝑖𝑖𝑖𝑖1 − tan 𝛿𝛿𝑖𝑖𝑖𝑖2)

𝑙𝑙𝑖𝑖𝑖𝑖1 − 𝑙𝑙𝑖𝑖𝑖𝑖2
 (2-10) 

 
 With knowing the yaw rate, the rear coupling velocity in the unit’s coordinate system (𝑣𝑣𝑖𝑖𝑖𝑖2𝑥𝑥  
and 𝑣𝑣𝑖𝑖𝑖𝑖2𝑦𝑦) can be calculated from the front coupling velocity: 

 

 �
𝑣𝑣𝑖𝑖𝑖𝑖2𝑥𝑥 = 𝑣𝑣𝑖𝑖𝑖𝑖1𝑥𝑥
𝑣𝑣𝑖𝑖𝑖𝑖2𝑦𝑦 = 𝑣𝑣𝑖𝑖𝑖𝑖1𝑦𝑦 + 𝛹̇𝛹𝑖𝑖(𝑙𝑙𝑖𝑖𝑖𝑖2 − 𝑙𝑙𝑖𝑖𝑖𝑖2) (2-11) 
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 Depending on the purpose, state-space models with different state variables can be built for 
articulated vehicles using Equations 2-1 to 11. To describe the position and pose of the vehicle in the 
global coordinate system, the state vector needs to contain at least 𝑛𝑛 + 2 states for a 𝑛𝑛-unit articulated 
vehicle. For example: 
 
 𝑥𝑥 = [𝑋𝑋1𝑐𝑐2 𝑌𝑌1𝑐𝑐2 𝛹𝛹1 𝜃𝜃1 𝜃𝜃2 ⋯ 𝜃𝜃𝑛𝑛−1]𝑇𝑇 (2-12) 
 
where 𝑋𝑋1𝑐𝑐2 , 𝑌𝑌1𝑐𝑐2  and 𝛹𝛹1  describe the location and orientation of the leading unit, 𝜃𝜃𝑖𝑖  describe the 
location and orientation of the trailing unit in relation to its neighboring units. 
 The focus of Papers A and B is whether the vehicle can reverse without inter-unit clashes 
under both the steering angle and articulation angle limits; therefore, the analysis is based on 
articulation angles. The state vector used in these two papers only contains all articulation angles: 
 
 𝑥𝑥𝜃𝜃 = [𝜃𝜃1 𝜃𝜃2 ⋯ 𝜃𝜃𝑛𝑛−1]𝑇𝑇 (2-13) 
 
 Paper C focuses on vehicle paths in the global coordinate system, resulting in additional 
position states. 𝑥𝑥𝑃𝑃 includes the global position of points linked to vehicle units, such as axle centers, 
wheels, body corners, and the lookahead point for control. 𝑥𝑥𝑃𝑃 also included unit headings. All states in 
𝑥𝑥𝑃𝑃  can be expressed using states from Equation 2-12 with the necessary vehicle dimensional 
parameters. Therefore, they may also be moved into the output. 
 
 𝑥𝑥𝑃𝑃 = [𝑋𝑋𝑖𝑖𝑖𝑖2 𝑌𝑌𝑖𝑖𝑖𝑖2 𝑋𝑋𝑖𝑖⋯ 𝑌𝑌𝑖𝑖⋯ 𝛹𝛹𝑖𝑖]𝑇𝑇 , 𝑖𝑖 = 1,2,⋯ ,𝑛𝑛 (2-14) 
 
 The dynamics of system states given in Equations 2-12 to 14 can be written in terms of time as 
the independent variable based on Equations 2-1 to 11. Applying the transform given in Equation 2-15, 
the independent variable of the dynamics can change from time (𝑡𝑡) to the vehicle position along the 
path coordinate of the leading unit’s rear axle (𝑠𝑠1). This transform totally removes the leading unit’s 
longitudinal velocity (𝑣𝑣1𝑡𝑡𝑡𝑡2𝑥𝑥) from expressions of system dynamics because the velocity appears as a 
scaling factor for all dynamics when using time as the independent variable. The complete removal of 
velocity means it is possible to develop controllers using a kinematic model without velocity 
information. 
 

 
𝑥̇𝑥(𝑡𝑡)
𝑣𝑣1𝑡𝑡𝑡𝑡2𝑥𝑥

=
d𝑥𝑥
d𝑡𝑡

÷
d𝑠𝑠1
d𝑡𝑡

=
d𝑥𝑥
d𝑠𝑠1

= 𝑥̇𝑥(𝑠𝑠1) (2-15) 

 
Models built on Equations 2-1 to 11 are nonlinear. Jacobian linearization as shown in Equation 

2-16 is commonly applied in existing research for applying linear control design techniques. Most of 
the linearization is down around the straight pose with zero steering angle and a fixed speed. Some 
gain-scheduling solutions linearize the model at multiple steady states corresponding to different 
steering angles. Figure 2-2 shows errors introduced by linearization by comparing articulation angles 
from a nonlinear model (NL) and its linearized model (L). The latter one is linearized at the straight 
pose. 𝑠𝑠1 is the tractor travel distance. In Figure 2-2.a, the vehicle is driving forward from the straight 
pose with a fixed steering angle. In Figure 2-2.b, the vehicle drives forward from a non-straight pose 
with zero steering angle. The errors pose a risk to controller performance when the operating point is 
away from the linearization point. The vehicle may need to operate in regions far from the chosen 
linearization point(s) to utilize the flexibility of articulations.  
 

 �𝑥̇𝑥 = 𝑓𝑓(𝑥𝑥,𝑢𝑢)
𝑦𝑦 = ℎ(𝑥𝑥,𝑢𝑢) →

⎩
⎪
⎨

⎪
⎧𝑥̇𝑥 ≈ 𝑓𝑓(𝑥𝑥0,𝑢𝑢0) +

𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕
�
𝑥𝑥0,𝑢𝑢0

∙ (𝑥𝑥 − 𝑥𝑥0) +
𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕
�
𝑥𝑥0,𝑢𝑢0

∙ (𝑢𝑢 − 𝑢𝑢0)

𝑦𝑦 ≈ ℎ(𝑥𝑥0,𝑢𝑢0) +
𝜕𝜕ℎ
𝜕𝜕𝜕𝜕
�
𝑥𝑥0,𝑢𝑢0

∙ (𝑥𝑥 − 𝑥𝑥0) +
𝜕𝜕ℎ
𝜕𝜕𝜕𝜕
�
𝑥𝑥0,𝑢𝑢0

∙ (𝑢𝑢 − 𝑢𝑢0)
 (2-16) 
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Linearization is not the only source of error when applying kinematic models. As mentioned 
in Paper D, the equivalent axle positions change with different operating conditions, even at low speeds. 
This means uncertainties in model parameters should also be recognized. Research on off-road 
vehicles or vehicles operating on non-flat surfaces has observed tire sideslips [57], [99], [100]. One way 
to address this is to extend the kinematic model to include additional sideslip states for relevant axles. 
Better path-tracking performance is achieved in existing solutions when accurate estimation of the 
sideslips is incorporated into the extended kinematic model. 
 

  
(a) From straight to circular (b) From non-straight to straight  

Figure 2-2 Comparison between nonlinear and linearized kinematic models of an A-double 

2.2 Dynamic model 
In this study, the term ‘dynamic models’ is associated with force-based vehicle models that mainly 
concentrate on the dynamics relevant to their specific application field. More detailed and virtual 
prototype models are referred to as high-fidelity models and are discussed in the following subchapter. 

Dynamic models are another type of model found in existing research. In [53], [60], [63], [84], 
linearized single-track dynamic models are used as control models for control design. In [17], a double-
track nonlinear dynamic model is used to validate a kinematic-based control algorithm. The 
articulation angle limits required for jackknife avoidance with different vehicle-trailer systems are 
solved with a double-track nonlinear dynamic model in [101]. In [102], a linear single-track dynamic 
model is used for tire cornering stiffness optimization for a high-fidelity model. 

The following dynamic model is a double-track, nonlinear model developed during the 
preparation of Paper D. It is based on Newtonian mechanics. The dynamic model can also be built 
through Lagrange mechanics as [103]. Simulations with maneuvers similar to those in Paper D are 
conducted using this dynamic model and compared with results from the real-vehicle tests and the 
high-fidelity model in Paper D. The model parameters are not tuned using test measurements from 
Paper D. The model considers only vehicle motions in the X-Y plane, excluding load transfer. The 
couplings in the model are assumed to be ideal rotational joints. Notations used in the model are shown 
in Figure 2-3. 

The state vector of the dynamic model of a 𝑛𝑛-unit articulated vehicle is selected as: 
 
 𝑥𝑥 = [𝛹𝛹1 𝑉𝑉𝑋𝑋1 𝑉𝑉𝑌𝑌1 𝛹̇𝛹1 𝜃𝜃1 ⋯ 𝜃𝜃𝑛𝑛−1 𝜃̇𝜃1 ⋯ 𝜃̇𝜃𝑛𝑛−1 𝛿𝛿]𝑇𝑇  (2-17) 
 
where subscripts denote the unit number,   ̇denotes time derivative. 𝛹𝛹, 𝑉𝑉𝑋𝑋 and 𝑉𝑉𝑌𝑌 are the heading angle, 
the longitudinal and lateral velocities in the global coordinate system, respectively. 𝛿𝛿 is the steering 
angle. All states in 𝑥𝑥 are time dependent. 𝛿𝛿 can be expanded to a 1 × 𝑛𝑛𝑎𝑎 or a 1 × 2𝑛𝑛𝑎𝑎 vector to account 
for individual axle or wheel steering, but here 𝛿𝛿 is a scalar, as only the front axle on the first unit is 
considered steerable. 
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(a) Leading unit (b) Trailing unit 

Figure 2-3 Vehicle units in a double-track dynamic model 

 The model treats tire forces and moments as external inputs. The steering angle is controlled 
through the steering angle rate. 
 

 𝑢𝑢 = �𝑭𝑭𝑥𝑥𝑥𝑥 𝑭𝑭𝑦𝑦𝑦𝑦 𝑴𝑴𝑧𝑧𝑧𝑧 𝛿̇𝛿�
𝑇𝑇
 (2-18) 

 
where 𝑭𝑭𝑥𝑥𝑥𝑥, 𝑭𝑭𝑦𝑦𝑦𝑦 and 𝑴𝑴𝑧𝑧𝑧𝑧 are 1 × 2𝑛𝑛𝑎𝑎 vectors of tire longitudinal, lateral forces, and aligning moments, 

𝑛𝑛𝑎𝑎 is the number of axles in the whole vehicle, 𝛿̇𝛿 is the steering rate. 
 The dynamic of the system, 𝑥̇𝑥, includes several elements that are equal to other system states 
or inputs. The dynamics of those states can be directly represented by elements of the state or input 
vectors. The remaining system dynamics that are going to be derived through Newtonian mechanics 
are given in 𝑥̇𝑥𝑁𝑁: 
 
 𝑥̇𝑥𝑁𝑁 = [𝑉̇𝑉𝑋𝑋1 𝑉̇𝑉𝑌𝑌1 𝛹̈𝛹1 𝜃̈𝜃1 ⋯ 𝜃̈𝜃𝑛𝑛−1]𝑇𝑇 (2-19) 
 
 The primary approach to building the model is to treat each unit individually at first, then 
combine them into a whole vehicle. For each unit, three equilibria in the longitudinal, lateral, and yaw 
directions are required for the three corresponding degrees of freedom. Based on Figure 2-3, the three 
equilibria for the 𝑖𝑖th unit in its local coordinate system are as follows:  
 

 

⎩
⎪
⎪
⎪
⎨

⎪
⎪
⎪
⎧𝑚𝑚𝑖𝑖𝑎𝑎𝑥𝑥𝑥𝑥 = ���𝐹𝐹𝑥𝑥𝑥𝑥𝑥𝑥𝑥𝑥𝑥𝑥 cos𝛿𝛿𝑖𝑖𝑖𝑖𝑖𝑖 − 𝐹𝐹𝑦𝑦𝑦𝑦𝑦𝑦𝑦𝑦𝑦𝑦 sin 𝛿𝛿𝑖𝑖𝑖𝑖𝑖𝑖�

2

𝑘𝑘=1

𝑛𝑛𝑎𝑎𝑎𝑎

𝑗𝑗=1

+ 𝐹𝐹𝑥𝑥𝑥𝑥1𝑖𝑖 + 𝐹𝐹𝑥𝑥𝑥𝑥2𝑖𝑖

𝑚𝑚𝑖𝑖𝑎𝑎𝑦𝑦𝑦𝑦 = ���𝐹𝐹𝑦𝑦𝑦𝑦𝑦𝑦𝑦𝑦𝑦𝑦 cos 𝛿𝛿𝑖𝑖𝑖𝑖𝑖𝑖 + 𝐹𝐹𝑥𝑥𝑥𝑥𝑥𝑥𝑥𝑥𝑥𝑥 sin 𝛿𝛿𝑖𝑖𝑖𝑖𝑖𝑖�
2

𝑘𝑘=1

𝑛𝑛𝑎𝑎𝑎𝑎

𝑗𝑗=1

+ 𝐹𝐹𝑦𝑦𝑦𝑦1𝑖𝑖 + 𝐹𝐹𝑦𝑦𝑦𝑦2𝑖𝑖

𝐽𝐽𝑖𝑖𝛹̈𝛹𝑖𝑖 = ���𝐹𝐹𝑥𝑥ℎ𝑖𝑖𝑖𝑖𝑖𝑖(−1)𝑘𝑘
𝑙𝑙𝑖𝑖𝑖𝑖𝑖𝑖
2 + �𝐹𝐹𝑦𝑦ℎ𝑖𝑖𝑖𝑖𝑖𝑖�𝑙𝑙𝑖𝑖𝑖𝑖𝑖𝑖 + 𝑀𝑀𝑧𝑧𝑧𝑧𝑧𝑧𝑧𝑧𝑧𝑧�

2

𝑘𝑘=1

𝑛𝑛𝑎𝑎𝑎𝑎

𝑗𝑗=1

+ 𝐹𝐹𝑦𝑦𝑦𝑦1𝑖𝑖𝑙𝑙𝑖𝑖𝑖𝑖1 + 𝐹𝐹𝑦𝑦𝑦𝑦2𝑖𝑖𝑙𝑙𝑖𝑖𝑖𝑖2

, 𝑖𝑖 = 1, 2,⋯ ,𝑛𝑛 

𝐹𝐹𝑥𝑥ℎ𝑖𝑖𝑖𝑖𝑖𝑖 = 𝐹𝐹𝑥𝑥𝑥𝑥𝑥𝑥𝑥𝑥𝑥𝑥 cos 𝛿𝛿𝑖𝑖𝑖𝑖𝑖𝑖 − 𝐹𝐹𝑦𝑦𝑦𝑦𝑦𝑦𝑦𝑦𝑦𝑦 sin 𝛿𝛿𝑖𝑖𝑖𝑖𝑖𝑖, 𝐹𝐹𝑦𝑦ℎ𝑖𝑖𝑖𝑖𝑖𝑖 = 𝐹𝐹𝑦𝑦𝑦𝑦𝑦𝑦𝑦𝑦𝑦𝑦 cos 𝛿𝛿𝑖𝑖𝑖𝑖𝑖𝑖 + 𝐹𝐹𝑥𝑥𝑥𝑥𝑥𝑥𝑥𝑥𝑥𝑥 sin 𝛿𝛿𝑖𝑖𝑖𝑖𝑖𝑖 

(2-20) 

 
where 𝑚𝑚𝑖𝑖 is the mass of the unit, 𝐽𝐽𝑖𝑖 is the yaw inertial of the unit around its center of gravity. 𝑎𝑎𝑥𝑥𝑥𝑥 , 𝑎𝑎𝑦𝑦𝑦𝑦, 
and 𝛹̈𝛹𝑖𝑖  are the longitudinal, lateral, and yaw accelerations, respectively. 𝑛𝑛𝑎𝑎𝑎𝑎 is the number of axles on 
the unit. 𝑘𝑘 distinguish the left and right tires on the same axle with values of 1 and 2. 𝐹𝐹𝑥𝑥𝑥𝑥𝑥𝑥𝑥𝑥𝑥𝑥, 𝐹𝐹𝑦𝑦𝑦𝑦𝑦𝑦𝑦𝑦𝑦𝑦 and 

𝑀𝑀𝑧𝑧𝑧𝑧𝑧𝑧𝑧𝑧𝑧𝑧  are the longitudinal, lateral tire forces and the aligning moment at unit 𝑖𝑖 , axle 𝑗𝑗 , and side 𝑘𝑘 , 
respectively. 𝐹𝐹𝑥𝑥𝑥𝑥 and 𝐹𝐹𝑦𝑦𝑦𝑦 are the longitudinal and lateral coupling forces, respectively. 𝑐𝑐1 and 𝑐𝑐2 stand 

for the front and rear couplings, respectively. 𝑙𝑙𝑖𝑖𝑖𝑖𝑖𝑖  is the track width of axle 𝑗𝑗  on unit 𝑖𝑖 . 𝑙𝑙𝑖𝑖𝑖𝑖𝑖𝑖   is the 

longitudinal displacement from the center of gravity to axle 𝑗𝑗  within unit 𝑖𝑖 . 𝑙𝑙𝑖𝑖𝑖𝑖1  and 𝑙𝑙𝑖𝑖𝑖𝑖2  are the 
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longitudinal displacements from the center of gravity to the front and rear couplings within unit 𝑖𝑖, 
respectively. Equation 2-20 considered independent steering on all wheels. With the simplified steering 
setup assumed earlier, 𝛿𝛿𝑖𝑖𝑖𝑖𝑖𝑖 is assigned as: 

 

 𝛿𝛿𝑖𝑖𝑖𝑖𝑖𝑖 = �𝛿𝛿 𝑖𝑖 = 𝑗𝑗 = 1
0 𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒

 (2-21) 

 
 To make Equation 2-20 solvable, unknown variables needed to be expressed with states, state 
derivatives, and inputs. For the left side of Equation 2-20, this can be done through the kinematics of 
the vehicle. The yaw acceleration of a trailing unit can be expressed with state derivatives, which 
include the yaw acceleration of the first unit and articulation angle accelerations, such as:  
 

 𝛹̈𝛹𝑖𝑖 = 𝛹̈𝛹1 −� 𝜃̈𝜃𝑎𝑎
𝑖𝑖−1

𝑎𝑎=1
, 𝑖𝑖 =  2,⋯ ,𝑛𝑛 (2-22) 

 
  It is more complex to handle 𝑎𝑎𝑥𝑥𝑥𝑥  and 𝑎𝑎𝑦𝑦𝑦𝑦 from Equation 2-20. This is done in two steps. First, 

the longitudinal and lateral velocities (𝑣𝑣𝑥𝑥𝑥𝑥  and 𝑣𝑣𝑦𝑦𝑦𝑦) in the unit’s local coordinate system are expressed 

with system states and vehicle dimensional parameters such as: 
 

 �
𝑣𝑣𝑥𝑥𝑥𝑥 = 𝑓𝑓𝑣𝑣𝑥𝑥𝑥𝑥�𝑉𝑉𝑋𝑋1,𝑉𝑉𝑌𝑌1,𝜳𝜳𝑖𝑖 , 𝜳̇𝜳𝑖𝑖−1,𝜽𝜽𝑖𝑖−1, 𝒍𝒍𝑖𝑖𝑖𝑖1, 𝒍𝒍𝑖𝑖−1𝑐𝑐2�
𝑣𝑣𝑦𝑦𝑦𝑦 = 𝑓𝑓𝑣𝑣𝑦𝑦𝑦𝑦�𝑉𝑉𝑋𝑋1,𝑉𝑉𝑌𝑌1,𝜳𝜳𝑖𝑖 , 𝜳̇𝜳𝑖𝑖−1,𝜽𝜽𝑖𝑖−1, 𝒍𝒍𝑖𝑖𝑖𝑖1, 𝒍𝒍𝑖𝑖−1𝑐𝑐2�

, 𝑖𝑖 = 1, 2,⋯ ,𝑛𝑛 (2-23) 

 
where 𝑓𝑓  replaces the nonlinear equations that give two velocities. Bold terms represent a set of 
variables or parameters. They are empty sets when 𝑖𝑖 = 1 . 𝜳𝜳𝑖𝑖  contains 𝛹𝛹1  to 𝛹𝛹𝑖𝑖 .  𝜳̇𝜳𝑖𝑖−1  contains 𝛹̇𝛹1  to 
𝛹̇𝛹𝑖𝑖−1. 𝜽𝜽𝑖𝑖−1 contains 𝜃𝜃1 to 𝜽𝜽𝑖𝑖−1. 𝒍𝒍𝑖𝑖𝑖𝑖1 contains the displacements from each unit’s center of gravity to its 
front coupling from the second to the 𝑖𝑖th unit. 𝒍𝒍𝑖𝑖−1𝑐𝑐2 contains the displacements from each unit’s center 
of gravity to its rear coupling from the first to the 𝑖𝑖th unit. All variables used in 𝑓𝑓 are either in or can 
be expressed with states from Equation 2-17. 
 The second step is to express 𝑎𝑎𝑥𝑥𝑥𝑥   and 𝑎𝑎𝑦𝑦𝑦𝑦  based on Equation 2-23 and 𝛹𝛹𝑖𝑖  . As shown in 

Equation 2-24, the acceleration includes a time derivative of the local velocity and a product term with 
the yaw velocity. The time derivative introduces time derivatives of variables from Equation 2-23. All 
introduced derivatives are within the system states and their directives. 
 

 

⎩
⎨

⎧𝑎𝑎𝑥𝑥𝑥𝑥 =
d𝑓𝑓𝑣𝑣𝑥𝑥𝑥𝑥

d𝑡𝑡
− 𝑣𝑣𝑦𝑦𝑦𝑦𝛹̇𝛹𝑖𝑖

𝑎𝑎𝑦𝑦𝑦𝑦 =
d𝑓𝑓𝑣𝑣𝑦𝑦𝑦𝑦

d𝑡𝑡
+ 𝑣𝑣𝑥𝑥𝑥𝑥𝛹̇𝛹𝑖𝑖

, 𝑖𝑖 = 1, 2,⋯ ,𝑛𝑛 (2-24) 

 
 Equations 2-22 and 24 eliminate unknown variables other than the system states, their 
derivatives, and the system inputs from the left side of Equation 2-20. Then, move to the right side of 
Equation 2-20, where the coupling forces (𝐹𝐹𝑥𝑥𝑥𝑥1𝑖𝑖, 𝐹𝐹𝑥𝑥𝑥𝑥2𝑖𝑖, 𝐹𝐹𝑦𝑦𝑦𝑦1𝑖𝑖 and 𝐹𝐹𝑦𝑦𝑦𝑦2𝑖𝑖) are the unknown variables that 

need to be expressed with the system states, their derivatives, and the system inputs. This is done by 
manipulating Equation 2-20 for the first, middle, and last units differently. First, for the first unit that 
has no front coupling forces, Equation 2-20 can be recognized as: 
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⎩
⎪
⎪
⎪
⎨

⎪
⎪
⎪
⎧𝐹𝐹𝑥𝑥𝑥𝑥21 = 𝑓𝑓𝐹𝐹𝑥𝑥𝑥𝑥21(𝑥𝑥, 𝑥̇𝑥,𝑢𝑢) = 𝑚𝑚1𝑎𝑎𝑥𝑥1 −���𝐹𝐹𝑥𝑥𝑥𝑥1𝑗𝑗𝑗𝑗 cos 𝛿𝛿1𝑗𝑗𝑗𝑗 − 𝐹𝐹𝑦𝑦𝑦𝑦1𝑗𝑗𝑗𝑗 sin 𝛿𝛿1𝑗𝑗𝑗𝑗�

2

𝑘𝑘=1

𝑛𝑛𝑎𝑎1

𝑗𝑗=1

𝐹𝐹𝑦𝑦𝑦𝑦21 = 𝑓𝑓𝐹𝐹𝑦𝑦𝑦𝑦21(𝑥𝑥, 𝑥̇𝑥,𝑢𝑢) = 𝑚𝑚1𝑎𝑎𝑦𝑦1 −���𝐹𝐹𝑦𝑦𝑦𝑦1𝑗𝑗𝑗𝑗 cos 𝛿𝛿1𝑗𝑗𝑗𝑗 + 𝐹𝐹𝑥𝑥𝑥𝑥1𝑗𝑗𝑗𝑗 sin 𝛿𝛿1𝑗𝑗𝑗𝑗�
2

𝑘𝑘=1

𝑛𝑛𝑎𝑎1

𝑗𝑗=1

𝑓𝑓1(𝑥𝑥, 𝑥̇𝑥,𝑢𝑢): 0 = 𝐽𝐽1𝛹̈𝛹1 −���𝐹𝐹𝑥𝑥ℎ1𝑗𝑗𝑗𝑗(−1)𝑘𝑘
𝑙𝑙1𝑡𝑡𝑡𝑡
2

+ �𝐹𝐹𝑦𝑦ℎ1𝑗𝑗𝑗𝑗�𝑙𝑙1𝑎𝑎𝑎𝑎 + 𝑀𝑀𝑧𝑧𝑧𝑧1𝑗𝑗𝑗𝑗�
2

𝑘𝑘=1

𝑛𝑛𝑎𝑎1

𝑗𝑗=1

− 𝑓𝑓𝐹𝐹𝑦𝑦𝑦𝑦21(𝑥𝑥, 𝑥̇𝑥,𝑢𝑢)𝑙𝑙1𝑐𝑐2

 (2-25) 

 
where 𝐹𝐹𝑥𝑥𝑥𝑥21 and 𝐹𝐹𝑦𝑦𝑦𝑦21 are now expressed as functions of the system states, their derivatives, and the 

system inputs. Plug 𝑓𝑓𝐹𝐹𝑦𝑦𝑦𝑦21  into the yaw equilibrium result in the first equation, which will be used to 

solve the system dynamics. The dependence on vehicle parameters is not explicitly stated for the sake 
of simplification. 
 Moving to the middle units that have both front and rear coupling forces. There is a coupling 
force equilibrium at each shared coupling point, that is, the front coupling of one unit and the rear 
coupling of the unit in front of it. The equilibrium is: 
 

 �
𝐹𝐹𝑥𝑥𝑥𝑥1𝑖𝑖 = 𝑓𝑓𝐹𝐹𝑥𝑥𝑥𝑥1𝑖𝑖(𝐹𝐹𝑥𝑥𝑥𝑥2𝑖𝑖−1,𝜃𝜃𝑖𝑖−1 ) = −�𝐹𝐹𝑥𝑥𝑥𝑥2𝑖𝑖−1 cos𝜃𝜃𝑖𝑖−1 − 𝐹𝐹𝑦𝑦𝑦𝑦2𝑖𝑖−1 sin𝜃𝜃𝑖𝑖−1�
𝐹𝐹𝑦𝑦𝑦𝑦1𝑖𝑖 = 𝑓𝑓𝐹𝐹𝑦𝑦𝑦𝑦1𝑖𝑖�𝐹𝐹𝑦𝑦𝑦𝑦2𝑖𝑖−1,𝜃𝜃𝑖𝑖−1� = −�𝐹𝐹𝑥𝑥𝑥𝑥2𝑖𝑖−1 sin 𝜃𝜃𝑖𝑖−1 + 𝐹𝐹𝑦𝑦𝑦𝑦2𝑖𝑖−1 cos 𝜃𝜃𝑖𝑖−1�

, 𝑖𝑖 = 2, 3,⋯ ,𝑛𝑛 (2-26) 

 
 Reorganize Equation 2-20 with Equation 2-26: 
 

⎩
⎪
⎪
⎪
⎨

⎪
⎪
⎪
⎧𝐹𝐹𝑥𝑥𝑥𝑥2𝑖𝑖 = 𝑚𝑚𝑖𝑖𝑎𝑎𝑥𝑥𝑥𝑥 −���𝐹𝐹𝑥𝑥𝑥𝑥𝑥𝑥𝑥𝑥𝑥𝑥 cos 𝛿𝛿𝑖𝑖𝑖𝑖𝑖𝑖 − 𝐹𝐹𝑦𝑦𝑦𝑦𝑦𝑦𝑦𝑦𝑦𝑦 sin 𝛿𝛿𝑖𝑖𝑖𝑖𝑖𝑖�

2

𝑘𝑘=1

𝑛𝑛𝑎𝑎𝑎𝑎

𝑗𝑗=1

− 𝑓𝑓𝐹𝐹𝑥𝑥𝑥𝑥1𝑖𝑖(𝐹𝐹𝑥𝑥𝑥𝑥2𝑖𝑖−1,𝜃𝜃𝑖𝑖−1 )

𝐹𝐹𝑦𝑦𝑦𝑦2𝑖𝑖 = 𝑚𝑚𝑖𝑖𝑎𝑎𝑦𝑦𝑦𝑦 −���𝐹𝐹𝑦𝑦𝑦𝑦𝑦𝑦𝑦𝑦𝑦𝑦 cos 𝛿𝛿𝑖𝑖𝑖𝑖𝑖𝑖 + 𝐹𝐹𝑥𝑥𝑥𝑥𝑥𝑥𝑥𝑥𝑥𝑥 sin 𝛿𝛿𝑖𝑖𝑖𝑖𝑖𝑖�
2

𝑘𝑘=1

𝑛𝑛𝑎𝑎𝑎𝑎

𝑗𝑗=1

− 𝑓𝑓𝐹𝐹𝑦𝑦𝑦𝑦1𝑖𝑖�𝐹𝐹𝑦𝑦𝑦𝑦2𝑖𝑖−1,𝜃𝜃𝑖𝑖−1�

𝑓𝑓𝑖𝑖(∙): 0 = 𝐽𝐽𝑖𝑖𝛹̈𝛹𝑖𝑖 −���𝐹𝐹𝑥𝑥ℎ𝑖𝑖𝑖𝑖𝑖𝑖(−1)𝑘𝑘
𝑙𝑙𝑖𝑖𝑖𝑖𝑖𝑖
2 + �𝐹𝐹𝑦𝑦ℎ𝑖𝑖𝑖𝑖𝑖𝑖�𝑙𝑙𝑖𝑖𝑖𝑖𝑖𝑖 + 𝑀𝑀𝑧𝑧𝑧𝑧𝑧𝑧𝑧𝑧𝑧𝑧�

2

𝑘𝑘=1

𝑛𝑛𝑎𝑎𝑎𝑎

𝑗𝑗=1
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𝑖𝑖 = 2, 3,⋯ ,𝑛𝑛 − 1 
 

(2-27) 

 Equation 2-27 couples to Equation 2-25 when 𝑖𝑖 = 2, which results in 𝐹𝐹𝑥𝑥𝑥𝑥22, 𝐹𝐹𝑦𝑦𝑦𝑦22 and 𝑓𝑓2(∙) are 

purely dependent on (𝑥𝑥, 𝑥̇𝑥,𝑢𝑢). Reuse Equation 2-27 with 𝑖𝑖 increased step by step from 3 to 𝑛𝑛 − 1, then 
all the yaw equilibria of the middle units can be recognized as 𝑓𝑓𝑖𝑖(𝑥𝑥, 𝑥̇𝑥,𝑢𝑢). For a total 𝑛𝑛 − 2 units, there 
are 𝑛𝑛 − 2 equations (𝑓𝑓𝑖𝑖(𝑥𝑥, 𝑥̇𝑥,𝑢𝑢), 𝑖𝑖 = 2, 3,⋯ ,𝑛𝑛 − 1) will be used in solving the system dynamics. 
 The last set of equations needed for solving the system dynamics comes from the last unit, 
which is not exposed to forces from its rear coupling. Therefore, Equation 2-27 is modified to: 
 

⎩
⎪
⎪
⎪
⎨

⎪
⎪
⎪
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𝑓𝑓𝑛𝑛(𝑥𝑥, 𝑥̇𝑥,𝑢𝑢): 0 = 𝐽𝐽𝑛𝑛𝛹̈𝛹𝑛𝑛 −���𝐹𝐹𝑥𝑥ℎ𝑛𝑛𝑛𝑛𝑛𝑛(−1)𝑘𝑘
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2 + �𝐹𝐹𝑦𝑦ℎ𝑛𝑛𝑛𝑛𝑛𝑛�𝑙𝑙𝑛𝑛𝑛𝑛𝑛𝑛 + 𝑀𝑀𝑧𝑧𝑧𝑧𝑧𝑧𝑧𝑧𝑧𝑧�
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  (2-28) 

 
 Up to this point, Equations 2-25 to 28 have provided the 𝑛𝑛 + 2  equations ( 𝑓𝑓1(𝑥𝑥, 𝑥̇𝑥,𝑢𝑢)  to 

𝑓𝑓𝑛𝑛+2(𝑥𝑥, 𝑥̇𝑥,𝑢𝑢)) that are needed for solving the 𝑛𝑛 + 2 elements in 𝑥̇𝑥𝑁𝑁. Include the 𝑛𝑛 + 1 integral states in 𝑥𝑥, 

there are 2𝑛𝑛+ 3 equations for 2𝑛𝑛+ 3 states in 𝑥𝑥. The 2𝑛𝑛+ 3 equations create a set of nonlinear implicit 
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ordinary differential equations (ODEs). The system dynamics are solved with ode15i [104] in 
MATLAB. Linearization is a way to get an explicit solution to the system, but it is not used here 
because the goal is to achieve more accurate simulations.  
 The wheel hub velocities are computed from system states and input into an external tire 
model. This tire model is considered external because it is not solved simultaneously with the system 
dynamics. The used tire model is based on the Magic Formula model [105], and its parameters are 
extracted from Volvo Transport Models (VTM) [106]. The parallel Magic Formula model from [107] 
is included for the turn slip. The dynamic model is built in Simulink, where the tire model uses the 
solution of the ODEs, and the forces and moments generated by the tire model are fed back into the 
ODEs. An algebraic loop is created in the model, and a delay block between the solution of the ODEs 
and the tire model solves it. This is a source of error for simulations. It is theoretically possible to 
expand the ODEs to include the tire model; however, in practice, formulating and solving them within 
a reasonable time can be challenging. 
 Compared to the kinematic model, the presented dynamic model should have the additional 
ability to represent the vehicle dynamics under conditions that can create or change tire sideslip angles. 
To verify this ability, simulations similar to those in Paper D conducted with VTM are also performed 
using this dynamic model. As mentioned in Paper D, some vehicle parameters, such as mass and yaw 
inertia, used in the model are based on rough estimates of the test vehicle. Due to differences in model 
setups, the kinematic model and VTM also don’t share the same parameters. Therefore, any 
comparison between models or between a model and the real vehicle is at the quantitative level. The 
results presented in Figure 2-4 are based on the same maneuvers and the same method presented in 
Paper D. Recap from Paper D, the normalized virtual axle offsets (Δ 𝑙𝑙⁄  ) indicate the normalized 
displacement between the virtual axle position, which has zero sideslip, and its corresponding physical 
axle (geometrical center for a bogie) position. A higher magnitude in Δ 𝑙𝑙⁄  means a higher error in the 
kinematic vehicle parameter, if the physical axle positions or the bogie centers are selected as the 
positions for equivalent axles. 
 Figure 2-4.a shows results from steady-state circling maneuvers, which are comparable to those 
in Fig. 5 of Paper D. Some trends observed in the real vehicle tests are also present in the dynamic 
model simulations. For vehicles tracking the same radius, the orders of the offsets between different 
vehicle setups are the same or similar. The offset trends when the tracking radius changes differ 
between the real-vehicle test and the two models, namely the dynamic model and the VTM. Meanwhile, 
simulations from the dynamic model and VTM show similarities. Figure 2-4.b is comparable to Fig. 11 
in Paper D. Since the dynamic model is symmetric, only left turn simulations are performed. Both the 
real vehicle tests and the dynamic model simulations show that when the change direction changes 

from forward to reverse, the tractor’s axle offsets (Δ1𝑣𝑣1 �𝑙𝑙1𝑔𝑔𝑔𝑔𝑔𝑔�⁄  and Δ1𝑣𝑣2 �𝑙𝑙1𝑔𝑔𝑔𝑔𝑔𝑔�⁄ ) are moving towards 

the negative direction. However, as with the constant-radius tests, the trend in offsets changes when 
the path radius changes are not uniform between tests and simulations. One possible error source is 
that the non-stable tractor velocity in the test is not followed in the simulations. Due to the 
simplifications made in the presented dynamic model, it cannot handle load transfer. 

In summary, a dynamic model can capture motion behaviors that the kinematic model cannot. 
The complexity of the dynamic model can vary depending on the level of detail included. When using 
a dynamic model as the control model, it is essential to balance its accuracy with its complexity. 
Additionally, the accessibility and uncertainty of the parameters required by the dynamic model should 
be considered when evaluating the model. 
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(a) Forward constant radius circling 

 
(b) Forward (F) and reverse (R) constant steer 

Figure 2-4 Virtual axle offsets in dynamic model simulations 

2.3 High-fidelity model 
Two high-fidelity models used in the present thesis are the Volvo Transport Model (VTM) [106] and 
TruckMaker [108]. Both models are built on multi-body dynamics (MBD) and include significantly 
more degrees of freedom than the dynamic models discussed in the previous subchapter, enabling them 
to capture more detailed dynamics in simulations. Suspended cab, vehicle bodies, suspended axles, and 
tires are included as basic subsystems. Additional subsystems can be added. In addition to the basic 
subsystems included in VTM, TruckMaker also includes powertrain and brake systems. TruckMaker 
supports co-simulation with Simulink. The compatibility of both VTM and TruckMaker with Simulink 
is beneficial in control design. It provides a quick way to implement and validate novel control 
algorithms in a relatively realistic virtual environment. Consequently, these high-fidelity models serve 
as an effective bridge between theoretical control design and practical vehicle implementation, 
enabling robust performance evaluation before experimental testing on physical prototypes. 

2.4 Summary and discussion 
Among the three types of models introduced in this chapter, the kinematic model is the simplest both 
in terms of its required parameters and the equations describing its dynamics. The dimensional 
parameters of vehicles can be easily obtained from existing databases or measured on-site. The explicit 
solutions of dynamics enable computationally efficient simulation and prediction using explicit 
methods, which can significantly benefit path-planning algorithms that involve random sampling and 
simulation. It is expected that the simple kinematic model will not be able to capture some detailed 
behaviors observed in real vehicles and in high-fidelity models, as shown in Papers B and D. Some 
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existing research extends kinematic models with additional states to account for lateral slip at axles, 
which gives chances to increase the accuracy of kinematic models in more scenarios. 
 The complexity of dynamic models can vary widely depending on how detailed the vehicle and 
its subsystems are modeled. Most of the existing research does not use dynamic models. A few existing 
studies employ a highly simplified dynamic model with combined axles, linear tire models, and the 
entire model is linearized. This is a compromise between the model details and the control approaches, 
including the application of linear control techniques and real-time performance of model predictive 
control. It is worth further investigation to determine how the performance of model-based controllers 
differs between using a kinematic model and a dynamic model with acceptable complexity across a 
wider operating range. The difficulties in obtaining accurate parameters for dynamic models should 
not be forgotten, as this can be an obstacle to their performance in practice.  
 High-fidelity, high-detail dynamic models can still be used in control design, but they are 
unlikely to be applied in real time. Precalculated results, such as swept areas and slip angle ranges, can 
be used in control algorithms. High-fidelity models are also an essential means of functional validation. 
To be a reliable validation environment, the high-fidelity model is expected to capture as many 
behaviors as observed in tests for Paper D and other tests. Even though no high-fidelity model is 
perfect, and real-vehicle tests will still be more convincing in many ways, validation with high-fidelity 
models will be a key part of the current development stage, as simulations are easier than real-vehicle 
experiments for exploring a wide range of scenarios. 
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Chapter 3  
Reversing control 

Research on the control of reversing articulated vehicles can be categorized into three main categories: 
articulation stabilization, path following, and path planning. Articulation stabilization primarily 
functions as a driver-assistance feature, since the driver must supply a reference articulation angle or 
path radius. It is sometimes used as a fallback or auxiliary controller for path-following controllers to 
prevent the articulation angle from exceeding a limit that would cause a jackknife. Path-following aims 
to help vehicles follow given reference paths, either by autonomously controlling steering or by 
providing steering guidance through a human-machine interface. Path-planning provides feasible 
reference paths for path-following functions. The external environment, the vehicle, and the path-
following solutions jointly determine the paths’ feasibility. This chapter introduces existing research in 
each category and the connections between categories. There is no direct comparison in control 
performance because it is difficult to fairly compare different controllers with tunable parameters 
without a unified tuning method [77]. The discussion instead focuses on methodologies. 

3.1 Articulation stabilization 
Reversing an articulated vehicle involves controlling an unstable system. Continuous steering 
corrections are necessary even when the vehicle needs to maintain a steady state while reversing in a 
straight line or along a circular path with a constant radius. The articulation stabilization aims to 
automate steering corrections based on a driver’s input. Usually, the driver’s input is the target 
articulation angle for single-articulated vehicles, or the last trailer’s turning radius for multi-articulated 
vehicles. The controllers need to be designed to reject infeasible targets, such as articulation angles 
exceeding certain limits and reference radii that are too small. Besides the difference in the driver’s 
input between single- and multi-articulated vehicles, the target for the articulation stabilization is the 
same, that is, to stabilize vehicles to the steady state determined by the driver’s input. Under the 
assumption of single steered front axle group on the leading unit, there is a difference in the control-
based articulation stabilization between single- and multi-articulated vehicles. For a single articulated 
vehicle, the controlled system is SISO (Single-Input Single-Output), with the input being the steering 
and the output being the single articulation angle. On the other hand, a multi-articulated vehicle is a 
SIMO (Single-Input Multi-Output) system, as multiple articulation angles must be controlled through 
a single steerable axle group. 

The first step is to investigate existing articulation stabilization from the four industrialized 
driver aids shown in Figure 3-1. A common function for them is to maintain the articulation angle 
according to the driver’s input. A shortcut is also available in all four aids to quickly set the target 
articulation angle to zero. The human-machine interface is different across the driver aids: the target 
articulation angle is specified via the touchscreen in [7], [9], and via a physical knob or joystick in [9], 
[10], [11]. Two more advanced functions are available in [7]. It can turn the trailer 90 degrees to the 
left or right with respect to its initial heading and reach zero articulation angle at the end of the 
maneuver. Additionally, it can control the vehicle to maintain zero articulation angle while keeping 
the trailer’s heading. The two advanced functions involve controlling the trailer’s heading in the global 
coordinate system, which is more than just controlling the articulation angle. However, [7] is not 
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considered a path-following solution because the path used for turning the trailer 90 degrees is not 
presented to the driver.   
 

  
(a) Mercedes-Benz Trailer Manoeuvring Assist [7] (b) BMW Trailer Assistant [9] 

  
(c) Volkswagen Trailer Assist [10] (d) Ford Pro Trailer Backup Assist [11] 

Figure 3-1 Articulation stabilization solutions in passenger vehicles 

None of the industrialized functions discussed here provides drivers with predictive information about 
the trailer’s path. The relationship between a specific articulation angle and the vehicle’s steady-state 
path is not trivial to all drivers. What’s maybe even more confusing to drivers is that the path taken by 
the vehicle from the current position to the steady state corresponds to the targeted articulation angle. 
As shown by the kinematic model in chapter 2.1, the articulation angle rate is proportional to the 
velocity of the leading vehicle, which means changing the articulation angle requires travel distance. 
This means the driver’s desired state always comes with a delay. In general, the driver still needs to be 
familiar with the dynamics, including the assistance system, to perform precise parking with a trailer. 
 In Table 1-1, most of the research on articulation stabilization for single-articulated vehicles 
may be considered as variants of the form given by Equation 3-1. The steering angle (𝛿𝛿) in Equation 
3-1 consists of a feedforward part based on the reference articulation angle (𝛿𝛿𝑓𝑓𝑓𝑓(𝜃𝜃𝑟𝑟)) and a feedback 

part based on the articulation angle error (𝛿𝛿𝑓𝑓𝑓𝑓(𝜃𝜃 − 𝜃𝜃𝑟𝑟)). 

 
 𝛿𝛿 = 𝛿𝛿𝑓𝑓𝑓𝑓(𝜃𝜃𝑟𝑟) + 𝛿𝛿𝑓𝑓𝑓𝑓(𝜃𝜃 − 𝜃𝜃𝑟𝑟) (3-1) 
 
where 𝛿𝛿 is the steering angle, 𝛿𝛿𝑓𝑓𝑓𝑓 is the feedforward steering angle based on the reference articulation 

angle 𝜃𝜃𝑟𝑟, 𝛿𝛿𝑓𝑓𝑓𝑓 is the feedback steering angle based on the articulation angle error 𝜃𝜃 − 𝜃𝜃𝑟𝑟 , the mapping 

for both 𝛿𝛿𝑓𝑓𝑓𝑓 and 𝛿𝛿𝑓𝑓𝑓𝑓 can be dynamic. 

 The feedforward part ensures the steering angle closely matches the necessary angle to 
maintain the unstable steady state associated with the articulation angle, even when the articulation 
angle error is near zero. The feedforward steering angle can be determined using a kinematic model. 
The reference input is not limited to the articulation angle alone but also includes other quantities that 
may be transferred to the articulation angle. These may include the trailer’s turning radius or a virtual 
steering angle on its virtual axle. The feedback part can be implemented using various control 
approaches. A straightforward approach is a manually tuned proportional control that uses the 
articulation angle error as the processing error and directly controls the steering angle. Advanced 
control theories, such as linear–quadratic regulator (LQR) and model predictive control (MPC), can 
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also be utilized in the feedback part. The feedforward and feedback parts can also be designed jointly. 
One approach is to link the articulation angle error to a desired articulation angle rate, then calculate 
the steering angle using a kinematic model. 
 The articulation stabilization is treated differently in [12], where no controller is designed for 
steering. The system in [12] aims to help the driver maintain or change between steady states while 
reversing. Two predicted paths at the trailer’s middle axle, based on kinematics, are displayed to the 
driver on a screen. One path is based on the actual articulation angle with an assumed steering angle 
that results in the vehicle being in a steady state; the other path is based on the actual articulation angle 
and the actual steering angle. If the driver matches the two predicted paths by changing the steering 
angle, then the vehicle can maintain a steady state corresponding to the current articulation angle. By 
diverging the two predicted paths, the relative positions of the paths are used to guide the driver in 
changing the steady-state curvature along the trailer’s path. 
 Not all research treats the articulation stabilization problem as an articulation angle tracking 
problem. The articulation stabilization part in [22] acts as a fallback controller for a path-following 
controller. It overwrites the path-following controller with a steering command that controls the 
vehicle towards the straight pose when there is a risk of a jackknife. A path-following controller 
designed for a non-articulated vehicle is combined with an articulation stabilization control in [23]. The 
stabilization part continuously adjusts the steering request from the path-following part to avoid a 
jackknife. 
 For research papers on articulation stabilization that are listed in Table 1-1, more research is 
conducted on single-articulated vehicles than on multi-articulated vehicles. The categorization of 
suitable vehicles is mainly based on the information provided in the publications, which means it may 
be under- or over-bounded. A controller is called underbounded if it claims to be suitable for vehicles 
with more articulation joints but does not achieve similar performance, or is practically difficult to 
extend. For example, some research first defines a target motion for the last trailer and then calculates 
the required motion for the first unit using the kinematic model. Those approaches are valid with tests 
in publications, but are often not used with trucks or similar vehicles. A required motion that is possible 
for a differential-wheeled robot can be impossible for a tractor, as it can require a steering angle that 
exceeds the mechanical limit of the tractor, which is not only due to the difference in the leading unit 
but also the dimensions of all trailing units. Paper C analyzed the dynamics of several typical LCVs 
while reversing and demonstrated why the inverse kinematic method is limited for these LCVs. The 
dynamics of added articulations are coupled with those of existing articulations, meaning that for 
single-axle steered articulated vehicles, controlling the added articulation angles requires manipulating 
the dynamics of the existing articulation angles. This means that a controller validated for certain 
articulated vehicles may have a reduced feasible operating range when more trailers are added. This 
effect may not seem trivial because, in the kinematic model, additional articulations merely involve 
appending a set of equations and do not change the dynamics of existing articulation angles. A 
controller is called overbounded, usually because its feasibility on vehicles with few articulations is not 
explicitly stated in the publication, which needs to be reminded when using Table 1-1. It is essential to 
understand the fundamental limitations of articulated vehicles to evaluate the performance of an 
articulation stabilization and determine whether it is underbounded. The fundamental limitations are 
studied through Papers A and B, which aim to define the boundaries of the articulation angles within 
which vehicles can be reversed into a straight pose, considering both steering angle and inter-unit clash 
constraints. An ideal articulation stabilization controller should be able to stabilize a vehicle from any 
pose within the vehicle’s fundamental limitations. 

At the conceptual level, articulation stabilization for a multi-articulated vehicle is similar to 
that for a single-articulated vehicle, as the controller has a similar structure. The SIMO controller 
structure in Equation 3-2 is an expansion of the SISO version in Equation 3-1. 
 
 𝛿𝛿 = 𝛿𝛿𝑓𝑓𝑓𝑓(𝜃𝜃𝑛𝑛−1𝑟𝑟) + 𝛿𝛿𝑓𝑓𝑓𝑓(𝜽𝜽 − 𝜽𝜽𝑟𝑟) (3-2) 
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where 𝜃𝜃𝑛𝑛−1𝑟𝑟 is the reference articulation angle for the last articulation angle of the 𝑛𝑛-unit articulated 
vehicle, 𝜽𝜽  is the measured articulation angle vector with size 𝑛𝑛 − 1 , 𝜽𝜽𝑟𝑟  is the 𝜃𝜃𝑛𝑛−1𝑟𝑟  dependent 
reference articulation angle vector. 
 For practice reasons, the reference for a multi-articulated vehicle is usually given as the turning 
radius of the last trailing unit and then transferred to 𝜃𝜃𝑛𝑛−1𝑟𝑟 and 𝜽𝜽𝑟𝑟 through a kinematic model. The 
multiple articulations do not make calculating the feedforward part for steady state tracking more 
involved. The feedback component usually becomes more difficult to tune depending on how it is 
designed. Some papers implemented the feedback part in a chain-like manner, such as placing a 
controller at each articulation to control the motion of the unit close to the leading unit based on the 
desired motion of the unit close to the trailing unit. This can be done either by a series of proportional 
controllers or with the backstepping technique [13]. Finally, the desired motion of the leading unit is 
realized by controlling its steering. Kinematics are typically used to define the relative motion between 
neighboring units. Each controller introduces at least one independent control parameter. Increased 
tunable parameters and articulations make the tuning challenge more complex. A workaround seen in 
existing research for this is to use control approaches that treat all articulations in a coordinated way, 
such as full-state feedback (FSF), LQR, MPC, etc. There are still parameters that need to be tuned, 
but they might be easier to interpret. The vehicle’s nonlinearity should also be considered when using 
linear control approaches. 
 Results shown in Figure 3-2 are generated using an LQR-based articulation stabilization 
controller to show a drawback that needs to be overcome by drivers when using articulation 
stabilization as an assistant function. The controller is designed in the same way as the one used in 
Paper B. System matrices are adjusted for the vehicle, and the state cost matrix is maintained as an 
identity matrix of the correct dimension, yielding acceptable performance. The drawback shown in 
Figure 3-2 is the transition distance required for articulated vehicles to reach the desired steady state, 
which increases as the vehicle becomes longer and has more articulations. The initial state of each 
vehicle is shown in the bottom-right corner of each subfigure, with a straight pose and the last trailer 
axle at the origin. The blue initial reference represents a path with a 5-meter radius that the driver 
would like to follow by the last unit. The paths of different units show how the vehicle moves if the 5-
meter radius is used as the reference for the articulation stabilization controller. Obviously, when 
vehicles reach the desired steady state, the centers of the actual paths at the last units differ from the 
initial reference. This means that if drivers want to control the precise position of the vehicle, they 
need to be familiar with this kind of transient dynamics and actively and predictively adjust the control 
reference. Further assistance in this leads to path following solutions. 
 

 
Figure 3-2 Reverse articulation vehicles into a steady state 
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3.2 Path following 
Path-following controls the steering or provides steering guidance to the driver for articulated vehicles 
following predetermined paths. The high number of studies in Table 1-1 indicate this is an attractive 
research area. Single articulated vehicles are the most common research objects in references, 
potentially because they are common across many vehicle types, including heavy, passenger, and 
agricultural vehicles. The number of studies focusing on multi-articulated vehicles is lower than that 
on single-articulated vehicles. It is more common for studies on multi-articulated vehicles to originate 
from robotics. This chapter aims to provide a high-level overview of existing path-following research 
in three key aspects: objectives, control structures, and controller types. The following discussion is 
based on path following for the reversing vehicle case. With slight modifications, the three key aspects 
are also applicable to controlling an articulated vehicle in another unstable mode: path-following with 
the trailing unit, usually the last one, while driving forward. That is the operation mode needed when 
the path planning uses cusp technology, which will be introduced in the following subchapter.  

3.2.1 Objectives 
The expression of controlling a vehicle to follow a predetermined path is blurry because it does not 
specify the vehicle state vector and the corresponding reference vector needed for control design. An 
exact definition of the path-following objectives requires definitions of two types of points: control 
points and reference points.  

The control points are points fixed in the vehicle units’ local coordinate systems. Some 
common choices of control points are shown in Figure 3-3, 𝐶𝐶𝑛𝑛𝑛𝑛 is a lookahead point fixed on the last 
trailing unit’s coordinates that moved away from the axle center in the reverse direction, with a 
lookahead distance 𝑙𝑙𝑙𝑙𝑙𝑙 ([84]); 𝐶𝐶𝑛𝑛 is a point on the last trailing unit ([33], [35], [39], …); 𝐶𝐶1 is a point on 
the leading unit ([60], [63]). Besides being located at the bogie centers as shown in Figure 3-3, 𝐶𝐶1 and 
𝐶𝐶𝑛𝑛 can also be located at other places on the vehicle units. Most commonly, only one control point is 
used in path following, but controllers can also use more control points simultaneously ([60], [63]). The 
states linked to the control points are positions and units’ headings in the global coordinate systems. 
Those states are part of the states in Equation 2-12, or are linear or nonlinear combinations of those 
states. Even if dynamic models with more states are used in some studies ([53], [63], [84], …), the states 
linked to Equation 2-12 are still used for control, because the positions and headings of all units in 
articulated vehicles can be derived from them. 
 

 
Figure 3-3 Control and reference points in path following 

The reference points are points on the predefined reference path. The objective of the controller is to 
control the vehicle so that the states at the control points converge to the corresponding states at the 
reference points. It is straightforward when the controlled states are positions, as they can be directly 
extracted from a point on the reference path ([64], [65], [67], …). The reference heading is typically 
defined as the tangential direction of the reference path at the reference point ([49], [65], [72], …), 
which requires the path to have differentiable curvature. However, the actual path of control points 
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on articulated vehicles can lack differentiable curvature, as discussed in detail in the next chapter. 
Sometimes, the curvature itself is also used as a control state from reference points ([40], [48], [57], …). 
Figure 3-3 shows three common methods of assigning reference points that move with control points, 
where control point 𝐶𝐶𝑛𝑛 is selected as an example. For many methods, the reference points are moving 
with the control point. First, 𝑅𝑅𝑛𝑛1 is selected as the point on the reference path that is closest to the 
corresponding control point 𝐶𝐶𝑛𝑛  ([63], [65], [71], …). Second, 𝑅𝑅𝑛𝑛2  is selected as the point on the 
reference path that is on the unit’s lateral direction of 𝐶𝐶𝑛𝑛 ([41], [48], [56], …). Third, 𝑅𝑅𝑛𝑛3 is selected at 
a point that has a certain distance (lookahead distance 𝑙𝑙𝑅𝑅) from the reference path to 𝐶𝐶𝑛𝑛 ([39], [70], 
[84], …). There can be more than one solution for 𝑅𝑅𝑛𝑛3 , then, additional algorithms are needed to 
determine which solution to use. As discussed earlier, sometimes the lookahead distance may already 
be implied at the control point. For those setups, it is reasonable to select a nearby point on the 
reference path. The reference point can also be provided externally, without an explicit relation to the 
control point ([49], [50]). 
 The general objective of the path-following controller is to control the vehicle so that the 
control points have the same states as the corresponding reference points, which means the control 
errors are the state differences between the control and reference points. Reducing the lateral error 
between the control and reference points is typically considered the most crucial target when reversing 
articulated vehicles. Depending on the choice of the control point and control methods, the lateral 
velocity of the control point may need to be described in different coordinate systems. For example, if 
an LQR is applied, when the control point is on the last trailer’s axle, its lateral motion should not be 
described in the trailer’s local coordinate system, because the local lateral velocity in the kinematic 
model is always zero. Instead, the lateral velocity should be described in the path-dependent Frenet 
frame with the longitudinal velocity in the unit’s local coordinate system and heading angle in the 
Frenet frame. The Frenet frame is a right-handed orthonormal frame whose origin is attached to the 
reference point that moves along the reference path and whose longitudinal direction is tangential to 
the path. On the other hand, when the control point is away from the axle, the lateral velocity can be 
described in both the unit’s local coordinate system and the Frenet frame. Some controllers are 
designed only to control the lateral tracking error directly, such as [53] only uses non-zero weights in 
the cost function on the lateral error and steering angle. Only controlling the lateral error can also 
achieve a good heading tracking [84]. The heading can also be tracked actively [65]. The longitudinal 
error in the last trailer’s coordinate system is often ignored in most studies, as tracking position along 
the path is less important than maintaining lateral stability in the reversing task ([27], [63], [68], …). 

The objectives mentioned are also applicable to non-articulated vehicles. What makes 
articulated vehicles special is their articulation angles, which become unstable during reverse. It is 
necessary to control them to avoid inter-unit clashes or to have the desired final pose required by the 
parking place. The most common choice of reference for articulation angles is the steady-state 
articulation angle based on the desired last trailer’s instantaneous motion ([65], [67], [68], …), which is 
the same as that commonly used for articulation angle stabilization. The desired motion depends on 
how path-following controllers are designed. The articulation angles are not always actively controlled 
while path following. However, they can still converge to steady states if the path-following controller 
can follow a path with constant curvature without oscillations. In [84], the cost function for the LQR 
controller doesn’t include articulation angles; however, by injecting the desired steady-state 
articulation angle into the feedback states, articulation angles can converge to their steady states. In 
[40], the motion of the leading unit is always calculated from the desired motion of the last unit with 
inverse kinematics, and the vehicle can follow constant curvature paths in steady states without using 
reference articulation angles. 

Path-following controllers reach the objectives by giving the target steering angle [27] or 
steering angle rate [68] to the steering system. As mentioned before, the longitudinal velocity of the 
last trailer is usually not considered in the path-following control. However, in studies where the trailer 
velocity is also controlled, such as [57], a target velocity must be provided to the leading unit. 
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3.2.2 Control structures 
Two common control structures used in path-following controllers for reversing articulated vehicles 
are shown in Figure 3-4. The single-level controllers ([27], [56], [67], …) treat the path-following 
problem as a whole and calculate the control input by simultaneously considering all included control 
objectives. Naturally, such single-level controllers are generally linked to optimal control theory. The 
two-level controllers ([40], [41], [65], …) consist of a higher-level control that handles path-following 
for the last trailing unit and a lower-level control that provides control inputs based on the desired 
motion from the higher-level control. Path-following controllers designed for non-articulated vehicles 
are common choices for the higher-level control ([39], [44], [65], …). The higher-level control’s output 
is the desired motion of the last trailing unit, typically the desired curvature, which serves as the 
reference for the lower-level control. The articulation stabilization solutions mentioned earlier can use 
this reference and serve as the lower-level control. In other words, the lower-level controller in a two-
level path-following can be used independently as an articulation stabilization controller. 
 

 
 

(a) Single-level controller (b) Two-level controller 

Figure 3-4 Common control structures in path-following controllers for reversing articulated vehicles 

The control methods used in the two control structures are briefly introduced later and divided into 
standard and specialized control methods. Standard methods are either similar methods used across 
studies or methods that can be adopted straightforwardly for different vehicles. Specialized methods 
rely heavily on understanding system dynamics, which makes them more challenging to adopt across 
different vehicles than standard methods. 

3.2.3 Standard control methods 
Control techniques used in standard single-level controllers include linear–quadratic regulator, model 
predictive control, full state feedback, feedback linearization, and reinforcement learning. For 
standard two-level controllers, the high-level controllers are divided into three categories based on 
their connections to the geometric properties of the path-following problem; the low-level controllers 
can use control techniques used for single-level controllers or the inverse kinematics. In the following 
part, the control techniques used in single-level controllers are introduced first. Their usages in two-
level controllers are introduced simultaneously. The second part will focus on control methods used 
only as the low-level part of two-level controllers. The high-level control techniques used in two-level 
controllers are discussed at the end. 

The following control methods are primarily used as single-level controllers, though some are also used 
in two-level controllers.  

LQR (linear–quadratic regulator). Already in 1986, the problem of reversing lane change for multi-
articulated vehicles was formulated as a linear optimization problem in [27], where the vehicle states 
include the tractor heading and lateral position in the global coordinate system, all articulation angles, 
and the input is the steering angle. All states and the input are included in the cost function, with 
weights tuned to yield a response similar to that of human drivers. Some basic LQRs ([27], [28], [69], 
[78], [83]) were designed without feedforward steering angle, and nonzero articulation angle references 
aim for a straight pose for the vehicle when the lateral error and, sometimes, the heading error are 
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reduced to zero. These basic LQRs can provide good performance when the vehicle does not need to 
be stabilized around a non-straight steady state, for example, when the reference path is a straight line 
or the lateral error changes more quickly than the vehicle. Improvements are achieved by introducing 
a feedforward steering angle, with corresponding steady-state articulation angles used as references 
([53], [61], [80], [84], [86]). Therefore, the vehicle can reach a steady circling state corresponding to the 
feedforward steering angle when the LQR successfully brings all states to their references. The 
feedforward part introduces a parallel level in a single-level control. Still, it is not considered a two-
level control because the two levels are defined to be series-connected. The LQRs are still handling 
the path-following and the articulation stabilization simultaneously. The feedforward inputs and 
reference states can be hard to calculate for a multi-actuator vehicle, since a steady state can be reached 
by different input combinations. The problem is solved in [80] by introducing simplified ghost vehicles 
to facilitate reference calculation. 

A particularly interesting LQR and feedforward formulation is observed in [53], where the 
LQR cost function only consists of the weighted lateral error from the last unit and the weighted 
steering angle. Meanwhile, articulation stabilization is achieved indirectly, as the input will reach zero 
if all modelled states, including the articulation angles, are driven to their references. In [60], lateral 
offsets of the last and the first units are included in the LQR cost function to formulate a minimum 
swept path control. 
 LQR is also used as the low-level control in the two-level control ([65], [67], [68], [81], [82]), 
which can be seen as an independent articulation stabilization control. Some techniques are used in 
existing studies to mitigate the negative effects of linearization. The articulation angle weight in [67] 
depends on the lateral error: lower weights are used for higher errors to improve stability, and higher 
weights are used for lower errors to accelerate convergence. The LQR gain is then calculated based 
on the latest linearized model. Similarly, gain-scheduled LQRs are developed in [81], [82], where the 
steady state, corresponding to the desired motion from the high-level control, is the operating point 
for the linearization and subsequently affects the LQR gain calculated with the same cost function. 
 MPC (model predictive control). One major difference between LQR and MPC is the ability 
to handle constraints. Therefore, problem formulations used for LQR design can easily move to MPC 
as [56] and add additional constraints on states and inputs. As extensions of the LQR-based minimum 
swept path control in [60], two MPC-based lane-bounded controllers are presented in [63], one with 
fixed weights and one with adaptive weights on lateral offsets. These two MPC controllers are not 
considered path planning because the path boundaries still guide the vehicle. In [43], the MPC uses a 
tractor-trailer modeled by a mixed logical dynamical model to capture the nonlinearity in a linear-like 
way. 
 FSF (full state feedback). Instead of using optimal theory in LQR, FSF stabilizes the closed-
loop system using a linearized vehicle model with assigned eigenvalues. FSF is combined with a 
feedforward part in [67] to be a single-level control. The closed-loop system’s stability is only local due 
to the linearization of the vehicle. 
 Feedback linearization. As the articulated vehicle is a nonlinear system, it is natural to try 
nonlinear control techniques. One common choice is feedback linearization, which includes both input-
state and input-output linearization. Nonlinear control techniques generally impose stricter 
requirements on the structure of the controlled system, as is also the case for articulated vehicles. For 
feedback linearization, the requirements are directly connected to the coupling positions and the 
number of trailing units. A coupling is on-axle if it is directly on a trailer’s axle or on the real axle of 
the two-axle leading unit (𝑙𝑙𝑖𝑖𝑖𝑖2 = 𝑙𝑙𝑖𝑖𝑖𝑖2, 𝑖𝑖 = 1, 2,⋯ in Figure 2-1); otherwise, it is an off-axle coupling that 
has a nonzero longitudinal distance between the coupling and the axle in the unit’s local coordinate 
system (𝑙𝑙𝑖𝑖𝑖𝑖2 ≠ 𝑙𝑙𝑖𝑖𝑖𝑖2, 𝑖𝑖 = 1, 2,⋯ in Figure 2-1). 
 Feedback linearization is more commonly used in single-level controllers. Start with single 
articulated vehicles. Initially, the feedback linearization was thought not to be directly applicable for 
reversing in [54]. This is because the initial transformation of the system is designed so that the 
transformed system is stabilized only when the trailer is moving in the desired path’s positive direction, 
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which requires the vehicle to drive forward in the paper. The workaround in [54] is to introduce a 
further time scale transformation, equivalent to transforming the linearized model into a scaled time 
domain. Then linear control techniques can be applied to the transformed system. [33] shows that if 
the system dynamics are directly modelled in the time domain, then the standard feedback 
linearization procedure is sufficient. For single articulated vehicles, feedback linearization is feasible 
for both on-axle coupling ([30], [54]) and off-axle coupling ([33], [48]). However, multi-articulated 
vehicles with off-axle couplings cannot be feedback linearized [54]. Recall from the kinematic model, 
the steering angle input appears in the dynamics of all articulation angles when there is no on-axle 
coupling, which is linked to unstable zero dynamics. If the multi-articulated vehicle only contains on-
axle couplings, then the feedback linearized system does not have any zero dynamics if the last unit’s 
lateral offset is the output. Therefore, [32] introduces a ghost vehicle with only on-axle couplings to 
represent the real vehicle that has off-axle couplings. The ghost vehicle is controlled via feedback 
linearization to follow a ghost path, so that at steady state with the same steering angle, the ghost and 
real vehicles follow the ghost and real paths, respectively. The ghost vehicle states are determined by 
the real vehicle via a transformation that ensures steady-state compatibility. 
 Feedback linearization is also used in two-level controllers. It is used as a high-level controller 
in [34], which controls the last trailing unit as a two-axle unit with a virtual steering axle at its front 
coupling for lateral tracking via the virtual steering angle. As discussed in the kinematic model, the 
desired virtual steering direction of the virtual steering axle is the same as the desired velocity direction 
at that coupling. Then, the virtual steering angle is realized by determining the actual steering angle on 
the leading unit from the desired velocity direction or the last trailer’s coupling through inverse 
kinematics. The feedback linearization can also work as a low-level controller, such as articulation 
angle tracking in a single articulated vehicle [34]. 
 RL (Reinforcement Learning). An RL approach is used to control a single-articulated vehicle 
in [61]. Readers are referred to the original thesis [61] for more details. 

Some of the control methods used as low-level control in a two-level control, or the articulation 
stabilization control, have already been introduced in the previous subchapter about articulation 
stabilization from a higher perspective as a combination of feedforward and feedback control. Specific 
control methods shared with various single-level controls were also introduced earlier. The inverse 
kinematics method is another popular low-level control technique that has been mentioned before and 
will be introduced in detail later. The main idea is to show the limit of the inverse kinematics method and 
to see how existing studies have to overcome its drawbacks. 

Inverse kinematics. The inverse kinematics means the kinematic chain used for vehicle modeling is 
used in an inverse direction. Recall from the kinematic model presented in chapter 2.1 and assume no 
trailer steering, then the motion of a unit can be calculated from the motion of its front unit with a 
transform matrix 𝑇𝑇 as Equation 3-3. The motion of a unit includes its longitudinal velocity in its local 
coordinate system and its yaw rate. Trailer steering can be included in 𝑇𝑇, but if the steering is actively 
controlled, then additional controllers are needed to determine 𝑇𝑇. 
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 To see the inverse kinematics, 𝑇𝑇(𝜃𝜃𝑖𝑖)−1 is introduced in Equation 3-4, which gives a way to 
calculate the motion of a unit from its rear unit. Using the first equation in Equation 3-4 recursively 
can transform the desired motion on the last trailing unit from the high-level control to the desired 
motion on the leading unit. Then the steering angle of the two-axle leading unit can be calculated by 
the second equation in Equation 3-4. For the above process to be feasible, 𝑇𝑇 must be invertible and 
𝛿𝛿1𝑒𝑒1 must be within the mechanical steering limit. 
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The invertibility of 𝑇𝑇 requires all coupling to be off-axle, which is equal to 𝑙𝑙𝑖𝑖𝑖𝑖2 ≠ 𝑙𝑙𝑖𝑖𝑖𝑖2. When 

differential-wheeled robots are used as leading units ([40], [44], [46], …), the yaw rate and longitudinal 
velocity can be controlled in a decoupled way, which means motion in the same direction as desired by 
[𝑣𝑣𝑥𝑥1 𝛹̇𝛹1]𝑇𝑇 is always realizable. However, when applying this method to car-like steered vehicles ([57], 
[59], [74], …), the feasibility of 𝛿𝛿1𝑒𝑒1 need to be guaranteed through the high-level control. As shown in 
Paper C, this may result in limited motion on the last unit due to the current articulation angles. To 
realize the last unit motions that the inverse kinematics cannot instantaneously realize, various studies 
have improved low-level controllers. There is no well-established category name for these controllers; 
in this study, they are called inverse kinematics guided solutions because they aim to achieve an effect 
similar to the inverse kinematic method. 
 Inverse kinematics guided. The main idea behind inverse kinematics guided control is that, 
even though the desired motion of the last trailer cannot be achieved instantaneously with the exact 
inverse kinematics, it can be approached with modified inverse matrices or add-ons. The inaccuracy of 
𝑇𝑇−1  is considered in [41], [42]. A tunable scale is multiplied by 𝑇𝑇−1  to account for parameter 
inaccuracies within 𝑇𝑇−1 . In [42], estimated articulation angle offsets are added in 𝑇𝑇−1  for vehicles 
reversing on a banked surface to compensate for the mismatch between the kinematic model and the 
actual vehicle. To avoid an infeasible steering angle, a quasi-static curvature is introduced in [57] to be 
the reference of the low-level control, which avoids a fast change in the reference. The above 
improvements still rely on 𝑇𝑇−1  in the low-level control. To create a workable solution for on-axle 
coupling, 𝑇𝑇−1 need to be eliminated from the solution. 

A non-invertible 𝑇𝑇 only means we can’t fully determine the motion of a unit based on the 
desired motion of its later unit. However, if it is assumed that the desired motion of the latter unit is 
also maintained in a steady state with zero relative yaw rate, then the motion of the unit can be 
determined. The yaw rate of the two units needs to be the same, and the heading direction of the unit 
with the on-axle coupling needs to be the same as the desired front coupling velocity direction of the 
latter unit. The assumption that the desired motion can be reached at a steady state is also helpful for 
units with off-axle couplings when the desired motion requires a steering angle exceeding the steering 
limit via inverse kinematics. Suppose the steady state is reachable within all mechanical limits. In that 
case, the lower-level controller can be retargeted to stabilize the vehicle at that state and realize the 
desired motion of the last unit when the steady state is reached. This idea of tracking steady states is 
used in various studies. For single articulated vehicles, the tractor yaw rate is controlled by a 
feedforward controller and a proportional (P) controller based on the articulation angle error [70]; 
proportional–integral (PI) controllers based on the articulation angle error are used to control the 
motion of the leading unit in [38], [47], [72], where the integral part enables the error to go to zero 
without a feedforward part; a proportional–integral–derivative (PID) controller is used in [64]. The 
same idea is also used with multi-articulated vehicles: for a double-articulated vehicle in [84], the 
steering angle is the sum of a feedforward steering angle corresponding to the desired steady state and 
two proportional parts that depend on two articulation angle errors; for an n-trailer system, the yaw 
rates of on-axle units are controlled by a feedforward controller based on the desired steady state and 
a P-controller based on the articulation angle error ([62], [75]) or the yaw rate error ([18]), and it also 
works on off-axle units. A problem with multi-articulated vehicles is that the number of independent 
controllers and tunable parameters increases with the number of articulation joints, making them 
difficult to tune. A workaround given in [18] is to use an optimization method with an introduced cost 
function. Other methods that treat the system as a whole and use SIMO or MIMO control methods 
have been previously presented and can also simplify the tuning. There are still many tunable 
parameters, but they can be more interpretable. 
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The last piece in the two-level control is the high-level control, which determines the desired motion of 
the last trailing unit based on the tracking errors. These control methods are initially designed for non-
articulated vehicles, including differential wheeled vehicles and car-like two-axle vehicles. They are 
divided into three categories based on how the desired motion is calculated from the tracking error: 
geometric, geometric-influenced, and non-geometric methods. 

Geometric methods. Geometric methods create a desired path between the control point linked to the 
vehicle and a reference point on the reference path. One popular geometric method is the pure pursuit 
method, which is used for single articulated vehicles ([39],[67]) and multi-articulated vehicles ([68], 
[81], [82]). The control point is at the axle center of the last trailing unit, and for a trailer with a bogie, 
the center of the equivalent axle is used. The reference point is selected as the point with a given 
lookahead distance from the control point. The lookahead distance is the only tunable parameter in 
the pure pursuit method. When there are multiple solutions for the lookahead point, the one ahead in 
the direction of travel should be chosen. The desired path is a constant-radius arc connecting the 
control point and the reference point, which is tangential to the longitudinal direction of the last unit 
at the control point. The tangential criteria are based on the kinematic assumption that there is no 
sideslip at the axle. The desired path corresponds to a desired velocity direction or a virtual steering 
angle at the front coupling of the last unit and is realized by a low-level controller. Finding the reference 
point by calculating distances from the control point to various points along the reference path can be 
computationally intensive. A simplified and modified pure pursuit method is used in [84], where the 
control point is away from the last unit’s axle with a lookahead distance in its negative longitudinal 
direction. The reference point is the point of the reference path that is on the lateral direction of the 
last unit from the control point. The desired path is a constant-radius arc connecting the reference 
point and the center point of the last unit’s axle instead of the control point. 

Geometric-influenced methods. Unlike geometric methods, which assume a specific path that 
leads the last unit towards the reference path, geometric-influenced methods do not provide a path but 
instead yield a desired motion from geometric arguments. The vector fields orientation (VFO) method 
is one of the geometric-influenced methods that appear in many existing solutions ([44], [49], [62], [70], 
[75]). VFO was initially designed for differential wheeled robots, and its control inputs are the yaw rate 
and the longitudinal velocity at the axle center. VFO is applied at the last trailing unit in articulated 
vehicles; therefore, the control point is the axle center of the last unit. There is no special rule for 
selecting the reference point, other than that it should move along the reference path. The desired 
longitudinal velocity is the longitudinal component of a convergence translational velocity vector in 
the unit’s local coordinate system. The convergence translational velocity vector consists of a 
feedforward component that equals the velocity vector of the moving reference point and a feedback 
component proportional to the vector from the control point to the reference point. Similarly, the 
desired yaw rate is a combination of a feedforward component that equals the yaw rate of the 
convergence translational velocity vector and a feedback component proportional to the heading 
difference between the last trailing unit and the direction of the convergence translational velocity 
vector. With additional smooth requirements on the reference path, local asymptotic stability can be 
reached in path-following if the desired motion can be realized exactly. Depending on the vehicle 
configuration and the low-level controller, VFO stability may not be maintained if the desired motion 
is not exactly realized. A VFO-based control is developed in [62] to solve the average path-following 
problem, which aims to minimize the swept area around the reference math. The control point in the 
high-level control is replaced by a virtual point with position and heading based on a weighted average 
of all units. Then, the VFO is applied to the new control point. The low-level control is adjusted 
coordinately to act as a weighted inverse kinematic, where the weight of the inverse kinematic from a 
given unit to the leading unit equals the weight of its position and heading at the new control point. 

VFO has only one reference point in each instance. Similarly, other higher-level controllers 
use only a single reference point. Those controllers usually use a linear combination of different 
tracking errors between the control point and the reference point to determine the desired motion of 
the last trailer. Start with single articulated vehicles. The sum of the scaled lateral, heading, and 
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curvature errors determines the desired articulation angle in [38], [51], [38], [72], and the desired 
articulation angle rate in [47]. The desired curvature equals the sum of the scaled heading and lateral 
errors in [50], additional feedforward curvature from the reference point is added in [41], [42]. The 
desired yaw rate of the trailer is a combination of a feedforward term proportional to the reference 
curvature and a feedback term based on a PID controller using the lateral and heading errors in [64]. 
The lookahead concept is explicitly stated only in [51], where a lookahead distance is used between 
the control point and the trailer’s axle to avoid aggressive responses. The lack of lookahead in single 
articulated vehicles is likely because the desired motion of the trailer can be realized instantaneously 
or with an accepted delay. For the double-articulated vehicle in [59], the lookahead distance between 
the control point and the last trailer’s axle is the product of the last trailer’s local longitudinal velocity 
and a time constant. The reference point is in the local lateral direction from the control point. The 
desired motion of the last trailer in [59] is either its front coupling velocity direction or its virtual 
steering angle, which is proportional to the induced angle between a line from the control point to the 
axle center and a line from the reference point to the axle center. Lookahead is also applied with the 
multi-articulated vehicle in [73] by moving the control point away from the last trailer’s axle in the 
negative longitudinal direction. Then, the desired longitudinal velocity on the last trailer is 
proportional to the longitudinal position error in the local coordinate system, and the desired yaw rate 
is proportional to the lateral position error in the local coordinate system. 

Many driver models use more than one reference or preview point, which can also be seen in 
high-level controllers. The three control points in [85] are one point on the last trailer’s axle center and 
two points that are away from the axle center in the local negative longitudinal directions with two 
different lookahead distances. Each control point has a corresponding reference point on the reference 
path, located in the local lateral direction from the control point. The correction angle is the angle 
between the line from the axle center to a control point and the line from the axle center to the 
reference point corresponding to the control point. Two correction angles exist in [85] with two pairs 
of control-reference points. The desired motion of the last trailer is defined as the virtual steering angle 
at its front coupling, which is the sum of the weighted average of the two correction angles with a 
proportional gain and a weighted integral of the lateral error between the control point at the axle 
center and its reference point. The same setup of control and reference points is used in [74]. An 
additional element is added to the calculation of the desired trailer virtual steering angle, proportional 
to the heading difference between the last trailer’s current heading and the path heading at the middle 
reference point. A detailed tuning approach is provided in [74]. It is worth mentioning a well-known 
path-following controller developed in [109] for non-articulated vehicles, which also uses multiple 
preview points. The controller calculates the steering angle as a weighted sum of a single heading error 
and multiple lateral errors with saturations on three different levels. The controller’s tracking 
performance and robustness across different vehicle configurations make it a potential choice for a 
high-level controller for reversing articulated vehicles. 

Non-geometric methods. Non-geometric methods are control methods used in high-level 
control that do not originate from the geometric interpretation of the path-following problem. The 
expression of control input from a non-geometric method may have a similar structure to that of a 
geometric or geometric-influenced controller; for example, the desired motion is a sum of scaled errors 
between the control point and the reference point. However, the control parameters from a non-
geometric method are not designed for interpreting geometric properties. High-level control is used in 
[31] uses linear and nonlinear state feedback control, where the controller’s inputs are position and 
heading errors between the control point on the last trailer’s axle and an externally assigned reference 
point on the reference path. Differential dynamic programming applied in [65] is another non-
geometric method. The control point is located at the center of the last trailer’s axle, and the reference 
point is a point on the reference path that is oriented in its local lateral direction. The control input to 
the trailer is its virtual steering angle, which, together with the known trailer longitudinal velocity, 
defines the desired motion of the trailer. The cost function included weighted lateral position, heading 
errors, and weighted input and input rate. 
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3.2.4 Specialized control methods 
 The following control methods are considered specialized control methods because, unlike the 
standard control methods above, they may lack well-defined recipes and are difficult to generalize 
across different articulated vehicles. In standard control methods, there are also vague parts of the 
design methods, but these mainly concern parameter tuning, which can result in the designed 
controllers performing poorly. The specialized control methods used in existing studies include expert 
systems, fuzzy logic, backstepping, and Lyapunov-based control design. 
 Expert system. An expert system is a control technique that solves a control problem based 
on human decision-making. A controller designed with this technique successfully solved parking 
problems for a single-articulated vehicle in [29]. Six system states are used for decision making, 
including tractor and trailer headings, articulation angle, tractor and trailer lateral offsets, and tractor 
longitudinal offset. Each state is described with two to four linguistic values. The control logic is 
designed based on those states with linguistic values to determine the tractor’s drive and steering 
directions. It can be difficult to expand this expert system to multi-articulated vehicles, as both the 
required number of states and the resolutions of the linguistic values are expected to grow, leading to 
significantly more complex decision logic. 
 Fuzzy logic. Fuzzy control is based on fuzzy logic, in which the controller’s output is a weighted 
combination of outputs from multiple controllers, each of which has a weight determined by specific 
system states. A fuzzy logic controller is developed in [110] for reverse direction control of a single 
articulated vehicle, and used as a low-level control in [39]. Two control rules are set up, both of which 
control the curvature of the tractor to be equal to a linear weighted combination of the heading angle 
errors of the tractor and the trailer. The weights in one control rule are tuned for zero articulation 
angle and for the articulation angle limit in another control rule. The fuzzy sets are dependent on the 
articulation angle. When tracking the zero heading, the stability of this fuzzy controller is proved with 
the Lyapunov direct method, and the ability to avoid jackknife is also guaranteed. However, stability 
and jackknife avoidance are no longer guaranteed when tracking a dynamic reference. A triple-
articulated vehicle in [87] is modeled using a fuzzy model comprising two linear sub-models, with rules 
that depend on the last articulation angle and the last trailer’s heading error relative to the reference 
path. A linear state-feedback controller is designed for each sub-model. The performance-related 
problems, including stability, decay rate, input and output constraints, and disturbance rejection, are 
formulated into linear matrix inequalities. Similar to [39], the performance is not guaranteed globally. 
Meanwhile, the rules in fuzzy logic might not be universal across different vehicles, as articulation 
angles beyond the last one can also significantly affect system dynamics. 
 Backstepping. This is a nonlinear control technique used in [68], [79], [111] as single-level 
controllers. Compared with feedback linearization in standard control methods, backstepping also 
works with on-axle trailers in [79]. The stability of backstepping control is usually proved with 
Lyapunov’s direct method, which is valid if a Lyapunov function exists. No constraints on states and 
inputs are considered in [68], [79], [111]. This is generally acceptable for differential-wheeled robots 
with trailers because the yaw and longitudinal motions of the leading unit are decoupled, and they are 
usually designed without imposing an articulation angle limit. However, the steering and articulation 
angle limits on actual articulated trucks can make the stability conclusion invalid. Besides mechanical 
limits, backstepping is sensitive to model uncertainties and disturbances, so theoretical stability may 
not be achieved in real operations. The recursive structure of backstepping makes the desired control 
input more complex as the number of articulations increases. The drawbacks of backstepping make it 
a less popular choice in literature. 

Lyapunov’s direct method. This method evaluates the stability of a system based on a 
Lyapunov function. Lyapunov’s direct method itself is not a control method, but it can be used to find 
a controller that makes the closed-loop system satisfy the stability criteria. The process involves 
designing both the Lyapunov function and the controller. Backstepping controllers introduced earlier 
can also be listed under this category. Single-level controllers that are asymptotically stable based on 
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Lyapunov’s direct method are developed for single-articulated vehicles in [35], [36]. Two separate 
controllers are developed for the longitudinal velocity and the yaw rate of the differential-wheeled 
leading unit in [35]. The longitudinal velocity control is designed to drive the trailer’s position and 
heading angle errors to zero, and its stability is proved with a nonquadratic Lyapunov function. The 
yaw rate control is designed with a quadratic Lyapunov function for the heading error of the leading 
unit. Articulation angle is not actively controlled [35], but stabilized through reference-heading 
tracking across two units. The Lyapunov-based controller developed in [36] stabilizes the tractor’s 
lateral, heading, and articulation errors, considering both steering and articulation angle limits. 
Lyapunov functions are used for low-level control design in [39], [51]. Heading errors of two units are 
controlled in [39], and the quadratic Lyapunov function used for stability proof has a state-dependent 
Lyapunov matrix. The state-independent quadratic Lyapunov in [51] only includes the articulation 
angle error; its negative derivative is maintained by requiring an articulation angle rate proportional 
to the articulation angle error. The sign of the proportional gain is determined by Lyapunov’s direct 
method. Still, the magnitude needs to be tuned so the articulation angle rate can be realized within the 
steering angle limit. A Lyapunov-based high-level controller is used for a multi-articulated vehicle in 
[46], which was initially developed for non-articulated vehicles in [112]. The stability of position and 
heading tracking in [112] can be proven using a nonquadratic Lyapunov function if the reference path 
is sufficiently smooth. Even though Lyapunov’s direct method offers a way to help design 
asymptotically stable closed-loop systems, it is not trivial to define a desired Lyapunov function and 
related controllers, especially when the number of controlled states is large. Designing a Lyapunov-
based high-level or low-level controller may be easier because there are fewer controlled states. Still, 
the stability might not be preserved when combined with the other part in a two-level controller. 

3.3 Path planning 
For the various path-following solutions discussed before, a reference is one of their essential inputs. 
The reference that guides a vehicle to its destination can be a setpoint or a continuous path on the road 
plane. The complexity of the path-planning problem depends on both the vehicle’s dynamics and its 
external environment. This subchapter will first present the objectives of path planning, starting from 
the simplest case of moving an omnidirectional wheeled robot in an obstacle-free space to parking an 
articulated vehicle in a loading dock with obstacle avoidance. Then, summaries of the planning 
algorithms used in the existing research from Table 1-1 are given. 

3.3.1 Objectives 
The discussions are limited to path planning in a 2-dimensional (2D) plane. Under this limit, the 
simplest task in path planning is to plan a path for a holonomic system in an obstacle-free environment 
from its current position to a target position, which is also the only objective. A holonomic vehicle, like 
an omnidirectional wheeled robot in 2D, can move in all directions instantly. Therefore, if only the 
translational positions of the start and end points are taken as the constraints, then any path shown in 
Figure 3-5.a connecting the start and end points can be followed by the holonomic vehicle. There is no 
need for any smooth requirement on the path for it to be exactly realized by the vehicle. Even if the 
start and heading directions are constrained, all paths remain feasible for holonomic vehicles, as they 
can control their yaw motion independently of their translational motion. All paths in Figure 3-5.a are 
also feasible for nonholonomic differential wheeled robots if they are allowed to stop at points on the 
path where the path heading is discontinued. However, as discussed earlier, the differential wheeled 
robots differ from car-like tractors or rigid trucks. The effects of car-like nonholonomic vehicles on 
path planning will be discussed later. In real applications, it is natural to select the optimal solution 
when multiple solutions are available. The solution can be trivial if the objective is to find the shortest 
path in Figure 3-5.a, but it can be a more complex problem if it is to find the fastest path. The fastest 
solution can depend on the vehicles and may not be the same as the shortest path. An inspired 
reference for this is the micro mouse competition [113], but there were obstacles. For reversing 
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articulated vehicles, it is vital to find a feasible solution with minimal computational time rather than 
an optimal one. However, optimization is also used to find a feasible solution, which will be discussed 
in the context of planning algorithms. 
 Car-like steered nonholonomic vehicles introduce a feasibility objective for the path-planning 
problem. A planned path is feasible for a nonholonomic vehicle if it can be exactly followed without 
violating the vehicle’s nonholonomic constraints. Paths in Figure 3-5.b are Dubins paths, which are a 
set of feasible solutions that the rear axle center of a car-like vehicle can exactly follow. Details about 
the Dubins path are given later. A higher requirement, linked to the smoothness of the path, is that 
the planned path be followed by the vehicle with smooth velocity and steering, which is addressed in 
[92] for both non-articulated and articulated vehicles. For nonarticulated vehicles, the path should have 
continuous curvature. For a path planned for the 𝑛𝑛 th trailer in an articulated vehicle, the path 
curvature should be continuous at least for its 𝑛𝑛th derivatives. A path that the trailer’s axle center of a 
single-articulated vehicle can follow between a start and end point, with position and heading 
constraints, must be described by a ninth-order polynomial with eight variables. Details on how to 
determine those variables in optimized or simplified ways are given in [92]. 
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Figure 3-5 Path planning for different systems in different environments 

Obstacle avoidance is another objective that must be achieved through path planning. The obstacles 
in this study are mainly parked vehicles, stationary structures within the shunting area, and the shunting 
area boundary. Moving obstacle avoidance through time-based planning is not considered in existing 
solutions. The presence of obstacles complicates path planning for both holonomic and nonholonomic 
systems. Besides the examples shown in Figure 3-5.c, no further discussion is done on holonomic 
systems in this study. Figure 3-5.d shows that a shorter path may be reached in the car-like 
nonholonomic system that can change its driving direction. The change in travel direction creates a 
cusp in the path, which is why bi-directional planning is referred to as cusp technology in some studies. 
The cusp technology has also been proven to be useful for articulated vehicles in existing solutions, 
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which will be introduced later. Besides Figure 3-5.d, it is worth noticing that for articulated vehicles, 
when the last trailer of the leading unit is following a main path, the paths of the rest units might have 
large offsets relative to the main path, which must be considered while path planning. Therefore, 
depending on the path-following design, the planned path may need to guide the articulated vehicle to 
reach a desired pose at the end point, such as the straight pose when reversing into a loading dock. 

In summary, for shunting an articulated vehicle, the path-planning function needs to provide 
a feasible, collision-free path that allows the vehicle to drive from its initial state at the start point to 
its desired state at the end point. Shunting means the travel direction is not limited to forward or 
reverse; changing direction is allowed if a feasible path requires it. Feasible means that the vehicle’s 
nonholonomic constraints are obeyed. Collision-free not only includes avoiding collisions with external 
obstacles but also avoiding inter-unit clashes. The current state can be considered determined, which 
in turn determines both the vehicle’s position and pose. The position also includes the heading of one 
unit, and all articulation angles define the pose. The desired state has more freedom. For parking 
maneuvers, both the position and pose are usually given in the desired state. For coupling and 
decoupling, it may not be necessary to always include the pose in the desired state. 

3.3.2 Planning algorithms 
Path planning algorithms used in Table 1-1 are divided into six categories. The first two categories, 
Dubins path and set-point tracking, are primarily used as local planners that generate feasible, inter-
unit clash-free paths between two points without considering the external environment. Third, 
scenario-based planning provides full paths, but only for predefined scenarios. The fourth and fifth 
categories are based on the lattice and the rapidly-exploring random tree (RRT), respectively. They 
are designed as global planners for finding a path between two points with obstacles in the workspace. 
Depending on the design of a specific algorithm, the global planner’s planned path may need to be 
refined by a local controller to make it feasible for the vehicle. Some algorithms have become less 
popular in recent years, but inspired alternatives have been introduced in the sixth category, called 
others. 

Dubins path. Dubins path is used for path planning with a single-articulated vehicle in an 
obstacle-free environment in [61]. It is used in multiple stages within an RRT-based path planning for 
a single-articulated vehicle in environments with obstacles [51]. The original Dubins path is designed 
for a specific two-axle vehicle, called the Dubins car, whose steering angle can only be zero or turn left 
or right with the same magnitude. The steering magnitude is usually set to a value close to the 
maximum steering angle, with a certain margin for practical reasons. Then, the car’s rear axle center 
can only create three possible path sections: a straight line (S) and two constant-radius circles for left 
(L) and right (R) turns, respectively. Then, the path with the minimum length to move a Dubin car 
from one point to another point with assigned initial and ending headings in a Euclidean plane is always 
formed by one of the following six types of paths formed by the three possible path sections: RSR, 
RSL, LSR, LSL, RLR, LRL. The shortest path is called the Dubins path. 

In [51], [61], the reference path is planned for the last trailer’s axle center. Both use a modified 
Dubins path to plan the last section before the target, which includes a long straight segment at the 
end of the original Dubins path. In this way, the articulated vehicle approaches a straight pose when 
the trailer arrives at the target. Since the last trailer cannot drive exactly like a Dubins car, the Dubins 
path will not be exactly realized by the vehicle. The radius of the circular section needs to be 
determined so that the closed-loop system formed by the vehicle and its path-following controller is 
stable while tracking the Dubins path. The original Dubins path is used in [51] within and after the 
RRT process. Within RRT, the distances from a new state to existing states are computed as the lengths 
of Dubins paths, providing more realistic distances. The state here comprises the vehicle’s position in 
an Euclidean plane and its heading. Then, the new state and the nearest existing state are connected 
with a Dubins path in the Euclidean plane. Details about RRT will be discussed later. After RRT finds 
a solution, the Dubins path is used again for path optimization. The optimization algorithm attempts 
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to skip route points in the RRT solution. If a Dubins path connecting non-neighboring route points is 
still collision-free, then intermediate route points can be removed, resulting in a shorter path. 

Setpoint tracking. Setpoint tracking is a general concept in control theory that refers to 
controlling a system to reach a desired state. Given a setpoint that defines the desired vehicle position, 
or even includes heading and pose, if a path-following controller can control the vehicle to reach the 
setpoint, then a feasible path is created. This means that a simulation of the closed-loop system formed 
by a vehicle model and a path-following controller, with a setpoint as input, is also a path planner. The 
expert system used in [29] can be the controller, but since its behavior is complex to tune, it can be 
troublesome if the initial plan is not collision-free with external obstacles. VFO-based path-following 
controllers ([44], [45] [49], …) can be better choices as there is a clearer link between control 
parameters and path shapes. However, they are still not capable of actively planning collision-free 
paths, which limits them mainly to act as local planners. Path-following controllers that handle obstacle 
constraints may serve as global planners. Such as several MPC-based controllers developed in [63]: 
lane-bounded reversing control (LBRC), adaptive lane-bounded reversing control (ALBRC), and 
adaptive bi-directional control (ABC). LBRC implements the shunting area boundary as a constraint 
to ensure the entire vehicle remains within the given area. ALBRC introduces the self-tuning concept 
into LBRC to improve solvability. Both LBRC and ALBRC limited the vehicle to reverse motions. A 
rule-based outer layer is added to ALBRC, forming ABC, which allows the vehicle to reposition itself 
by driving forward if the setpoint cannot be reached via pure reverse. However, when faced with 
complex external environments, they may not be able to provide a feasible solution. 

Scenario-based planning. Scenario-based planning focuses on specific scenarios, such as 
parallel ([69], [90], [95]) and perpendicular ([58], [74], [95]) parking. Compared to later, more general 
planning algorithms, they have limited applications but are usually more computationally efficient in 
their intended use scenarios. Many of those scenario-based planners are based on the open-loop 
kinematic behavior of articulated vehicles. The planner that uses only a modified Dubins path in [61] 
can be seen as a very simple scenario-based planner, whose application scenario is to park the vehicle 
in a straight pose at a given position, with no obstacles in the operating area. [58], [74] focus on a more 
typical perpendicular parking scenario in freight terminals, where articulated trucks usually drive 
forward and perpendicular to the loading docks when they enter the shunting area, then reverse into 
a narrow loading dock, which is likely to have parked vehicles on its left and right sides. Therefore, the 
planned paths from [58], [74] include a forward section and a reverse section. The reverse section is 
designed with forward driving in mind, as a vehicle leaves the loading dock. Therefore, there is a 
straight section from the final position along the loading dock’s longitudinal direction to prevent 
collisions with parked neighboring vehicles. After the last trailer reaches the end of the straight section, 
a near-constant steering angle, including transient behavior, is applied while driving forward. Then, 
the curved path becomes another section of the reverse path. The ideal of using a constant steering 
angle is that the need to change steering while reversing will also be reduced. The forward section is 
created by a Dubin path that connects the initial position of the last trailer to a selected point on the 
curve portion of the reverse section. This aims to guarantee the designed path for the last trailer has 
the same heading at the switch or cusp point. However, the vehicle pose is not guaranteed at the switch 
point for the same vehicle that reached from different path sections. Therefore, a vehicle that comes 
from the forward section may not be able to follow the curved portion of the reverse section with a 
constant steering angle. This is handled by a path-following controller in the two original studies. 

Scenario-based planners can also include controllers to make them more adaptive to changes 
in similar scenarios. Parallel parking paths are planned for the leading unit of a single-articulated 
vehicle with a planner that includes fuzz control in [90]. The planned path contains three sections. In 
the first section, the vehicle is driving forward along the side of a parallel parking slot. The last section 
is followed during reverse, but is planned in the forward driving direction, ensuring the vehicle can exit 
the parking slot without colliding. The first and last sections are designed to intersect at a point where 
the tractor has the same heading angle, but not for the trailer. An explicit solution is provided for the 
middle section, so the tractor can drive forward from and reverse to the intersection via a cusp point, 
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with two different paths, to create the desired trailer heading difference. The fuzzy logic controls the 
position of the intersection point based on parking size and external space constraints, enabling the 
planner to handle different parallel parking scenarios. MPC is used for path planning in [95] for both 
parallel and perpendicular parking of a single-articulated vehicle. Unlike tracking a single setpoint at 
the destination, each scenario is divided into multiple stages with multiple target areas. Target areas 
for connect stages have an overlap, and the MPC is designed to move the vehicle from one area to the 
next via the overlap. The multiple sub-targets make it easier to modify the entire planned path for 
given scenarios. 

Lattice-based planning. The general idea of lattice-based planning is to discretize the entire 
planning space into lattice points, and the controlled system can move between them according to 
specific rules. The planner’s objective is to find a route between the initial and the target lattice points. 
Due to discretization, the initial and target states may not lie exactly on lattice points, so it is usually 
acceptable to choose a nearby lattice point. Before introducing various applications of lattice-based 
planning in the literature, several points that may easily be misunderstood are clarified. First, the lattice 
can have more than two dimensions even if the path is planned in a 2D Euclidean plane. For example, 
if the heading angle of a two-axle nonarticulated vehicle needs to be controlled during path planning, 
the system must be described using a 3D lattice. Vehicles with the same position in a 2D Euclidean 
plane with different headings do not have the same state. The dimension of the lattice will continue to 
grow for articulated vehicles when their pose needs to be controlled; an additional dimension is needed 
for each articulation angle. This means the number of lattice points and the number of possible moves 
between them can grow exponentially. Second, the possible moves from a lattice point under specific 
rules are not limited to nearby points. Possible moves are often called motion primitives in robotics. 
Specific rules include constraints that limit the system’s dynamics, such as nonholonomic and 
mechanical constraints. Assume positions on a 2D Euclidean plane are discretized into nodes on a 
square grid. When introducing examples for motion primitives, it is very common to assume there is 
an omnidirectional robot that can travel in eight directions and reach nearby nodes, as shown in the 
left part of Figure 3-6.a. The gray points are discretized position nodes, the robot’s current nodes are 
in green, and nodes that can be reached with one step are marked with red. However, if the robot is 
directional and has a special dynamic constraint, then the motion primitives on the right of Figure 3-6.a 
may apply. Arrows represent the robot’s current heading direction and heading directions when it 
reaches new nodes. The robot’s directionality is represented by its heading-dependent motion 
primitives. The special dynamic constraint is that when the robot is moving towards its left or right, it 
will not reach the nearest point on the position grid; instead, it will reach the second-nearest point. This 
example is not intended to make the problem more complex, but to show how the motion primitives 
become more complex due to additional dimensions and constraints, such as those from articulated 
vehicles. Third, a static lattice and motion primitives may not be sufficient for the planning, especially 
when the controlled system has some directional behaviors. This is explained by Figure 3-6.b, when 
the directional robot moves along the orange path to the green node on the grey position grid, none of 
the motion primitives from the blue node are able to reach a node on the grey grid. Either the position 
grid or the motion primitives need to be replanned to ensure there are feasible connections between 
lattice points. In Figure 3-6.b, a new blue position grid is introduced from the blue node to solve the 
problem. It is not ideal to create a new search space. Approximating a new point generated by a motion 
primitive to the nearest existing lattice point is another approach; however, an additional feasibility 
check may be needed, which can be computationally intensive for the nonlinear dynamics of 
articulated vehicles. 

The motion primitives are generated in different ways in reversing control research. Most of 
the studies limit the number of motion primitives to reduce computational complexity for subsequent 
search algorithms. For a single-articulated vehicle, the motion primitives used in [66], [94] are 
generated by moving the vehicle between selected points in a discretized 4D lattice with optimal 
control. The 4D lattice includes the tractor’s longitudinal and lateral positions, the tractor’s heading, 
and the articulation angle. The optimal control has considered constraints of the steering system and 
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the path curvature. [93] limits the number of motion primitives of a double-articulated vehicle by 
assigning all primitives to have zero steering and articulation angles as the initial and end states. The 
motion primitives include only a limited set of direction change and lane change maneuvers. The paths 
of all motion primitives are planned to have continuous steering angles. The planning lattice is reduced 
to 3D, which only includes the tractor’s longitudinal and lateral positions and heading. The swept area 
of each motion primitive is also precalculated for collision check while searching. Similarly, [68] uses 
limited-motion primitives with a triple-articulated vehicle that includes heading changes in eight 
directions. The motion primitives are planned using an optimization framework with costs and 
constraints on the steering angle, rate, acceleration, and articulation angles. In [86], the motion 
primitives of a double-articulated vehicle are designed in its complete 5D lattice, but with additional 
rules to limit the number of motion primitives for the searching algorithm. The remaining primitives 
are designed using optimization techniques to reduce steering angle, rate, and acceleration. 
Articulation angles are included in the cost function for the optimization only when the vehicle is in 
reverse. A dynamic lattice with changeable dimensions and resolutions is used in [96] for a double-
articulated vehicle. The 5D system is reduced to 3D, which only includes the last trailer’s position and 
the last articulation angle for simple reverse cases. High dimensions and high resolutions are used when 
there are high requirements on the vehicle position and pose. All the above motion primitives are 
designed without considering external obstacles. External obstacles are considered in the later 
searching process from each point to extend. Based on the state of the selected point and the external 
environment, certain motion primitives might become infeasible due to collisions with external 
obstacles. 
 

 
(a) Motion primitives 

 
(b) Path-planning solution 

Figure 3-6 Lattice-based planning in 2D-space for a two-axle nonarticulated vehicle 

The motion primitives give feasible connections between lattice points. Then the task is to find a 
complete route from the initial lattice point to the destination point. Two algorithms used in existing 
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solutions to solve lattice-based problems are the A* algorithm, used in [66], [68], [86], [94], [96], and 
Dijkstra’s algorithm used in [93]. To briefly introduce these algorithms, assume all points on a lattice 
have infinite cost and are marked as unexplored. Both algorithms start searching from the initial point 
in the lattice. Costs are calculated for all points that can be directly reached from the initial point. For 
Dijkstra’s algorithm, the cost at each point is the actual cost of moving from the initial point to this 
point. For A*, the cost is the cost from Dijkstra’s algorithm plus the estimated cost from this point to 
the destination. The initial point is then marked as explored. The point to extend is the unexplored 
one at minimum cost. If the minimum cost occurs at multiple unexplored points, select one of them. 
Then, costs are calculated for all unexplored points reachable from the point to extend; meanwhile, 
the point to extend is marked as explored. Iteratively, a new point to extend is selected and marked as 
explored as before, and costs are calculated for all reachable unexplored points from it until the 
destination point is reached. Before a point is marked as explored, its cost may be updated several 
times. This occurs when the cost to this point is lower from a new point than from any previous point. 
When a point receives a cost update, it also needs to record which explored point caused it. Finally, 
the complete route can be traced back from the destination to the initial point. For further details and 
their application, see the reference above. 

As seen in the introduction above to A* and Dijkstra’s algorithm, the cost influences the 
search direction and determines which aspect of the final solution is optimal. The cost of travel for 
Dijkstra’s algorithm applied in [93] is a weighted sum of the absolute heading change and the path 
length of the last trailer. For A* used in [96], the cost to move is designed to promote driving forward 
in a straight line. Therefore, the cost to move increases with changes in the vehicle’s heading and 
driving direction. The estimated cost to the destination is a weighted sum of the last trailer’s position, 
heading, and articulation angle errors. [86] uses a variant of A*, which still uses costs to move and to 
the destination. The cost to move for a motion primitive is derived from the same cost function used 
when optimizing the primitive. The estimated cost to the destination from a lattice point is the 
maximum value between the Euclidean distance and a value from precomputed heuristic look-up 
tables (HLUTs). HLUTs compute costs based on planning without considering obstacles with 
Dijkstra’s algorithm [114]. 

Preference paths from previous searches or predefined by experiences are used to increase the 
efficiency of lattice-based planning in [96]. Instead of planning the whole route from the initial point 
to the destination, the planning is divided into three sections. The first section guides the vehicle onto 
a preferred path. The vehicle then follows the preference path. The last section determines an exit 
point for the vehicle from the preference path and plans the final path to the destination. In this way, 
existing knowledge is utilized, reducing the complexity of new planning. 

Rapidly-exploring random tree (RRT). As indicated by the name, randomness is one of the 
basic concepts of RRT. RRT is non-deterministic, which sets it apart from the previously discussed 
planning algorithms. Before going through the applications of RRT and its variants on articulated 
vehicles, a short introduction to the original RRT is given based on [115]. Assume a path is planned 
for a car-like nonarticulated vehicle in a bounded space with stationary obstacles. The car’s state is 
defined in the global coordinate system, including longitudinal and lateral positions and heading. The 
initial state is known and is in a vertex list. RRT includes six steps. First, select a random state from 
the planning space, which is not necessary in the obstacle-free space. Second, the nearest state to the 
random state is found from the vertex list. A customized distance metric in the state space is needed 
to determine the distance between two states. Third, the car’s input is determined by the random and 
the nearest states. Depending on how the problem is formulated, the car’s input can be 
multidimensional and dependent on the state. The input should minimize the distance between the 
nearest and random states. The input itself and its controlled car must not violate any constraints, such 
as the maximum steering angle for the input and the car’s collision-free condition. Fourth, a new state 
is generated by simulating the car from the closest state using the input from the previous step and a 
fixed time step. Depending on the time step selection, the new state may reach the random state, but 
not necessarily. Fifth, the new state is added to the vertex list and will be used to find the nearest state 
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for later random states. Sixth, the nearest and new states, along with the control input, are added to an 
edge list. By this step, a loop in RRT is complete. Then, select a new random state and repeat the loop 
above until a new state is close enough to the target state or the maximum number of iterations is 
reached. If a state in the vertex list is close enough to the target state, a feasible path back to the initial 
state can be established using information from the edge list. Otherwise, RRT failed to provide a 
solution. There are many freedoms within the first four steps of the original RRT loop. How they are 
modified in the context of reversing control research will be introduced next. 

Several modifications have been made in [51] on RRT for reversing a single-articulated vehicle. 
During planning, the vehicle is reduced to a 3D system including the trailer’s lateral and longitudinal 
positions and heading. The distance metric uses the length of the Dubins path between two states. 
Even though the trailer cannot precisely follow the Dubins path, it still provides a better estimate than 
the Euclidean distance between two positions. The Dubins path is also used to connect a random state 
with its nearest state. Then the planned path between the nearest state and a new state is a part of the 
Dubins path. The collision check for the planned path is performed in two steps. First, checking 
whether the path itself has a certain margin from the boundaries of obstacles, thereby rejecting a new 
path that has a high likelihood of collision without simulating the whole vehicle. If the first check passes, 
the entire vehicle is simulated following the new path in the second step. The swept area still needs a 
certain margin from obstacles for the new path to be classified as collision-free, to account for 
mismatches between the model and the real vehicle. Not all new states reachable via collision-free 
paths will be added to the vertex list. A new state will be kept only if it is not too close to any existing 
states in the vertex list. This promotes allocating resources to exploring a larger area in the planning 
space to increase the chance of finding a feasible solution between the initial and final states. 

A variant of RRT, Closed-loop RRT (CL-RRT), is used in [81], [97] to control double-
articulated vehicles. The difference between the original RRT and the CL-RRT is that, instead of 
directly sampling from the planning space in the original RRT, the CL-RRT samples from the input 
space of a stable closed-loop system. The random state CL-RRT is the simulated system state based 
on the sampled input. In these two studies, the closed-loop system consists of a double articulated 
vehicle and a two-level path-following controller. The randomly sampled inputs are slightly different 
between [81], [97]. Both include the longitudinal and lateral position errors of the last trailer; 
additionally, the input of [81] includes a desired velocity, and that of [97] includes the heading error of 
the last trailer. 

Besides using CL-RRT, [81], [97] also include other modifications to improve the searching 
performance. One of them is that the customized distance metric between two states is precalculated 
into lookup tables. Lookup tables in [81] are based on position differences and drive directions. 
Simulations are performed using the closed-loop system to bring the vehicle from a given initial state 
to the positions specified in the lookup tables, with the corresponding drive direction. If a position is 
not reachable, it can be considered as having an infinite distance. The distance for the reverse cases 
includes the path length, weighted changes in both articulation and heading angles. For forward driving, 
only the path length is used to compute the distance between two states. The distance used in [97] also 
accounted for the heading angle error when the trailer reached the target position. The random state 
does not always try to connect to the nearest state in [81]. For half of the time, it will try to connect to 
the state that has the lowest cost from the initial state. For both [81], [97], after each new state is added, 
it will try to connect with the target state. If the extension can reach a predefined range around the 
target, a solution is found. However, new random input will continue to be sampled until a given time 
limit is reached. Since multiple solutions can be found with this setup, the lowest-cost solution is 
selected using a cost function that considers the total travel distance and the weighted error between 
the target state and the final state within the acceptance range around the target state. The above 
modifications can also be applied to the original RRT. 

Others. In this category, some path-planning algorithms for reversing articulated vehicles that 
do not fit into the other categories are presented. Start with the local planner developed for a single-
articulated vehicle in [31]. The local planner receives a path from a global planner that doesn’t account 
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for the vehicle’s nonholonomic constraints. The local planner follows the nonholonomic constraints by 
introducing cusp points when two reference points are too close to each other, given their curvature 
differences. A cusp point means the vehicle will follow the reference path in different directions before 
and after the cusp point. According to the topological property given in [31], from a given reference 
point with a given curvature, the feasible path from this point must stay in a specific cone with its vertex 
located at the reference point. If the next reference point is not within the cone, an additional cusp 
point is needed to make the path feasible. A circle that has the same curvature as the next reference 
point can be created with tangential to the global path. The cusp point is placed on the part of the circle 
that is within the cone. The advantage of this method is that it can turn an infeasible path for trailers 
into a feasible one, thereby improving the trailer’s path-tracking performance. However, there is a risk 
that the vehicle will arrive at the destination in the wrong direction. An additional layer in the planner 
is needed to ensure the vehicle arrives in the desired direction. 

There is a group of global planners based on artificial potential fields. One of them is the global 
planner developed in [116], which is used for a single-articulated vehicle in [31]. The planner involves 
two types of artificial potential fields. The first type of field pushes the vehicle away from obstacles and 
settles to a specific set of middle points determined by the surrounding obstacles, or the skeleton, as 
described in the original study. The second type of field attracts the vehicle to its destination. In [116], 
the second type of field is designed with the first type of field in mind. This ensures nonzero gradients 
along the skeleton of the first field and a global minimum potential at the destination. Multiple 
controller points are selected on the controlled vehicle for controlling multiple degrees of freedom. 
Since each control point will have a different position at the destination, it will also have a different set 
of fields of the second type. To solve the planning problem, a potential function is needed to combine 
the potentials from the second type of fields across different control points and to find their global 
minimum. Several different potential functions are presented in [116], but all of them can have multiple 
local minima. Two methods are presented in [116] to solve this problem. Exhaustively exploring the 
discretized configuration space is recommended for systems with fewer DOFs. For systems with many 
DOFs, the Monte Carlo method is recommended, which involves random sampling. The potential field 
can be formed in different ways. In [98], the potential field is created with two-dimensional Gaussian 
attractors placed at obstacles and a two-dimensional Gaussian repulsor at the destination. Then, an 
optimization problem is formulated with nonholonomic constraints imposed by the vehicle. The cost 
function includes vehicle states, inputs, and potential. [98] is designed for forward driving. The above 
solutions do not ensure collision avoidance along the planned path. If a designed potential field and 
cost function result in an infeasible path, it might not be straightforward to redesign them to find a 
feasible solution, if it exists. 

The last group of planning algorithms in this category includes two multi-stage planners. The 
path-planning problem is considered as a nonlinear root-finding problem in [88]. The objective is to 
find a control sequence that guides the vehicle to the destination from its initial state, subject to 
multiple constraints. It can be complex for a solver to handle multiple constraints in an extensive search 
area. Therefore, in the first stage, the Newton-Raphson-based solver only manages equality 
nonholonomic constraints, and the leading unit’s inputs (longitudinal velocity and steering) are 
assumed to be in the form of Fourier series expansions. The inequality constraints, such as the steering 
angle, articulation angle, and obstacles, are applied later. These inequality constraints are converted 
into equality constraints in [88]. For each stage, the solver uses the solution from the previous stage as 
the initial guess. The steering and articulation angle limits are applied in the second stage. Constraints 
from external obstacles are applied in the third stage. Another multi-stage planner is presented in [89]. 
The basic concept is that, first, a collision-free path is planned by following only the nonholonomic 
constraints of a car-like leading unit; then, in each iteration, the path from the previous iteration is 
modified to obey the additional nonholonomic constraints imposed by an additional trailer while 
maintaining collision-freeness. There is no limit on the planner used in the initial stage; any path 
planner that can plan a collision-free path for the car-like leading unit is acceptable. The first method 
introduced in [89] for path iteration that accounts for an additional nonholonomic constraint is called 
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pick-and-link (PL). PL starts by picking the start and end points on the path from the previous iteration 
and tries to connect them with a collision-free path that obeys the new constraint set. If this is not 
possible, additional middle points will be added until all neighboring points can be linked by collision-
free path segments obeying the new constraints. The second method is tube-PPP (Probabilistic Path 
Planner), which applies the PPP from [117] to a tube area around the path from the previous iteration. 
A sinusoidal planner is used in both methods as a local planner that can plan path segments with the 
new constraint set. More details are referred to the original publication [89]. For both multi-stage 
planners, the final solution is closely related to the initial solution from the first stage. The risk is that 
no feasible solution will be found for the full constraints due to a poor initial solution. As stated in [89], 
it is worth spending more effort on the initial solution to consider more nonholonomic constraints, 
especially for vehicles with many nonholonomic constraints. 

3.4 Summary and discussion 
An important takeaway from this survey of path planning algorithms is the importance of articulation 
angles. For all existing algorithms in articulation stabilization and path following, the articulation 
angles are used as feedback states. Almost all approaches under those two categories require the 
feedback states in quantitative form. Only a few use articulation angles qualitatively, and they are not 
intuitive to extend to vehicles with multiple articulations. The reason for requiring articulation angles 
is simple: they’re the unstable states that need stabilization, and the kinematic model may become 
unobservable if they are not measured. Even though articulation angle measurement and estimation 
are outside the scope of this survey, it is worth emphasizing that if a driver aid is expected to make 
reversing a multi-articulated vehicle as easy as reversing a non-articulated vehicle, or even a vehicle 
with fewer articulations, then articulation angles are states the aid must know. 
 Articulation stabilization controllers are relatively simple compared to path planning and path 
following, and they are a fundamental part of many path planning algorithms. They are expected to be 
easy to use if the task is only about maintaining the straight pose and adjusting between steady states 
close to the straight pose with larger turning radii. As shown in Figure 3-2 and Paper C, moving 
between steady states with a larger turning radius difference requires drivers to have a good 
understanding of the closed-loop system’s behavior and to act while ahead, especially for longer 
combination vehicles with multiple articulations. The performance of an articulation stabilization 
controller can be evaluated using the controllable range determined in Paper B. An ideal solution 
should be able to stabilize a vehicle from any pose within its controllable range to any steady state 
within the controllable range. The function developed by Mercedes-Benz for passenger vehicles, which 
stabilizes articulation angles while maintaining or tracking the trailer’s heading, might significantly 
improve the usability; however, it still requires the driver to issue commands to the system at the right 
time. This is why it’s better to develop additional assistance systems that include path-following and 
path-planning features. 
 Model-based path-following approaches are seen to have greater potential to adapt to vehicles 
with different dimensions and numbers of articulations. However, the model-based inverse kinematic 
method is not preferred for articulated trucks because, as shown in Paper C, its feasible range can be 
quite limited due to vehicle dimensions and steering limits. Compare model-based single-level and 
two-level control approaches; the former can be better at controlling the vehicle pose while tracking 
the reference path, such as reducing the swept area or following references that include both positions 
and articulation angles. On the other hand, a two-level approach is typically structured with a high-
level control that applies path-following algorithms designed for nonarticulated vehicles to the last 
trailing unit, and a low-level control that realizes the desired motion specified by the high-level control. 
The low-level control is designed either to focus solely on achieving the desired motion or to achieve 
it by controlling the vehicle toward steady states; neither is designed to control the vehicle to a non-
steady-state pose actively. A point mentioned in the research and strongly related to the practical 
implementation of a path-following controller is that multiple sets of control parameters are used, 
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enabling the controller to maintain stability over a wide operating range without compromising 
performance. 
 A preliminary but important initial step for implementing path-planning algorithms is to 
consider those scenario-based approaches. They are targeted at some of the most common shunting 
scenarios for articulated trucks and can be predesigned and reused for those same scenarios. Their 
results can also help guide the design of new freight terminals to be more accommodating to long 
combination vehicles. Both lattice-based and sampling-based path planners offer significant potential 
for path planning in various scenarios. Model-based motion primitives and sampling play a critical role 
in those planners to ensure the planned path is feasible. Therefore, it is worth continuing the study in 
Paper D to obtain a quantitative understanding of the mismatch between the model and the real 
vehicle across different scenarios, thereby providing an opportunity to make the planning less 
conservative. Further study on the uncontrollable range from Paper A can also contribute to the 
existing path planning literature. A special set of terminal motion primitives can be designed for the 
vehicle to drive from controllable to uncontrollable poses, with uncontrollable poses placed at the 
destination. Those terminal motion primitives can expand the goal area and might facilitate the search 
for a feasible solution. 
 For most trucks on the road today, running a path-planning algorithm onboard is impractical. 
Additionally, very few trucks can accept external steering requests. The existing realistic solution is to 
handle planning outside the truck and to combine path-following with a human-machine interface to 
let the driver control the vehicle. Given the rapid development of autonomous driving in passenger 
vehicles, it is not unreasonable to assume that, in the future, drivers will no longer need to worry about 
shunting articulated trucks. 
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Chapter 4  
Summary and discussion of included papers 

This chapter summarizes the four included papers and discusses connections to previous chapters. The 
problem of reversing long combination vehicles is proposed to be divided into two operation ranges, 
as described in Paper A. Among those two ranges, the general favorable range is where jackknifes can 
be avoided, whose boundary can be defined by the innovative method given in Paper B. Paper C 
emphasizes the importance of path planning and following functions in solving the reverse challenge 
of long combination vehicles because the dynamic guideline, a well-established parking support for 
nonarticulated vehicles, cannot offer the same level of assistance for articulated vehicles. An initial 
study examines the mismatch between a real tractor-trailer and the most commonly used low-speed 
vehicle model, the kinematic model, as preparation for similar studies in long combination vehicles 
and control design in Paper D. 

4.1 Paper A 

Long combination vehicles reverse strategies based on articulation angle gradient 

From drivers experienced in reversing a passenger car with a trailer to researchers working with multi-
articulated vehicles, it is well known that specific articulation angle limits must be respected, as 
exceeding them results in an unavoidable jackknife during continuous reversing. Articulation angle 
sets that make an articulated vehicle within such a limit are named controllable articulation angles. A 
common starting point for identifying these limits is the articulation angle set corresponding to the 
steady-state with the smallest turning radius while remaining free of inter-unit collisions, referred to as 
the steady-state circling limitation (SSCL) in the paper. The controlled articulated vehicle is then 
tested for transferring between the two corners in SSCL, which are steady states of maximum left and 
right turns, in reverse. The steering angle magnitude that produces the steady articulation angle set is 
reduced until the transfer is successful. Therefore, the resulting articulation angle limit for jackknife 
avoidance, as determined by this method, is always equal to or tighter than the SSCL. However, based 
on the visualized articulation angle gradients, articulated vehicles with articulation angles outside 
SSCLs can still reverse into straight poses, indicating they remain controllable, and SSCLs are 
conservative. The potential for vehicles outside their controllable range is shown by the distance over 
which they can be reversed before an inter-unit clash with fixed steering angles. 
 This paper is inspired by different reverse demands in real operations. Commonly, vehicle 
poses outside the controllable limitation are considered unwanted poses for reverse, as they pose a risk 
of inter-unit clashes, and the only way to leave them is to drive forward. For tasks such as reversing 
along a path or along a narrow loading dock, it is reasonable for the vehicle to remain within the 
controllable limitation. Most existing research on articulation angle stabilization aims to keep vehicles 
within their controllable limitations. As discussed before, some nonlinear control methods can offer 
global asymptotic stability in theory, but achieving it in practice can be difficult or even impossible, 
especially with dynamic references. A more practical approach is to define the feasible operating range 
through simulations of a closed-loop system. If the controller is poorly designed, the operating range 
can be limited, limiting the flexibility of articulations during shunting maneuvers. Some vehicles drive 
into their uncontrollable range and even jackknife intentionally. For example, when a multi-articulated 
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dump truck empties its first container without decoupling, some articulation angles can approach their 
mechanical limits. Functions that stabilize articulation angles naturally avoid these uncontrollable 
poses. This also includes path planners that use information from closed-loop systems with articulation 
angle stabilization control. Controllers designed for setpoint tracking might be able to bring a vehicle 
to a desired pose within its uncontrolled range. To complete the dump truck’s desired task, the setpoint 
needs to include not only the position and heading of a single unit but also several or all articulation 
angles. 

4.2 Paper B 

Determining the controllable range of reversing multi-articulated vehicles using a geometrical method 

An unsolved problem in Paper A is how to define the limit for the controllable range, which 
is partially solved in Paper B. The controllable range of reversing a multi-articulated vehicle is defined 
as a set in the articulation angle space, within which the vehicle can reverse into the straight pose while 
satisfying steering angle and articulation angle constraints. The boundary of the controllable range is 
the fundamental limitation for the control problem of reversing an articulated vehicle into its straight 
pose, subject to state and input constraints. No control design can solve the problem if the vehicle’s 
articulation angles are outside the controllable range. In other words, an ideal controller should be 
able to straighten the vehicle from any pose within the controllable range. Two assumptions are made 
to simplify the searching problem of determining the controllable range. First, articulated vehicles are 
assumed to be anti-causal in their articulation angle dynamics. Second, there exists an initial closed 
controllable range from the straight pose in the articulation angle space. The first assumption shifts the 
problem from searching for vehicle poses that are possible to reverse into the straight pose to searching 
for vehicle poses that can be reached from the straight pose by driving forward. Then, the range in the 
second assumption can be generated by a set of articulation angle paths that start from the straight 
pose with different fixed steering angles and end at steady states or articulation angle limits. The first 
assumption is a built-in property in the kinematic model, but not for real vehicles. However, by 
introducing an LQR-based articulation angle tracking controller, the articulation angle path generated 
by forward driving can be tracked during reversing, with relatively good performance in a high-fidelity 
simulation environment. The geometrical method is introduced for vehicles with up to three 
articulations due to limitations in visualizing articulation angle paths within articulation angle spaces. 
Based on the geometrical method, the controllable range is iteratively determined by defining the 
current controllable range’s boundary, extending it using new articulation angle paths, and then 
extending the current controllable range. By examining the geometrical properties of articulation angle 
paths through visualization, the boundary of an expanded range can be more easily identified. The 
innovative method shows that articulated vehicles can operate over a broader range while retaining 
the controllability of reversing into the straight pose, beyond the limits set by existing studies. 

The problem of determining a clear boundary between controllable and uncontrollable ranges 
is considered partially solved for two reasons. First, the geometrical method is challenging to apply in 
higher dimensions. For triple-articulated vehicles, volume expansion is stopped before the maximum 
volume is reached because the boundaries lack explicit solutions and rely on simulations. Continuing 
with the very limited expanded volumes in later stages may not be worthwhile, as they require many 
simulations, increasing the effort required for expansion. Second, the controllable range determined 
by a kinematic model may not be directly applied to a real vehicle due to potential model mismatch. 
As shown by the example of a double-articulated vehicle in Paper B, approximately 89% of the 
controllable range determined with a kinematic model is still the controllable range within a high-
fidelity simulation environment. The question of how to determine an appropriate margin between the 
kinematic-based controllable range and the controllable range for real operations is one of the reasons 
for initiating the study in Paper D. 

The research literature for controller performance has typically provided feasible operating 
ranges for their controllers. For path following, their operating ranges are not only determined by the 
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initial articulation angles but also by the initial tracking errors in position and heading. The position 
and heading as external states are not considered in Paper B. However, the controllable range found 
by the method described in Paper B is still capable of showing whether an existing controller has the 
potential to improve performance in maintaining a vehicle within its controllable range, i.e., the ability 
to reverse continuously without any inter-unit clash. The controllable range is the fundamental 
limitation of the continuous inter-unit clash-free reversing problem. Suppose a controller can stabilize 
the articulation angles from any initial pose within the fundamental limitation. In that case, no effort 
should be spent improving the controller’s coverage within the articulation angle space, as this is 
impossible. A clear boundary for the controllable range can also serve as guidance to drivers or 
controllers about whether to reverse from the current vehicle pose. Suppose the pose is outside the 
controllable range. In that case, the vehicle should move forward to reposition itself within the 
controllable range, unless the desired position can be reached through a limited reverse distance within 
the uncontrollable range. Most control approaches are designed to stabilize articulation angles towards 
steady states. These steady states are commonly based on the desired motion of the last trailer, since 
the planned path lacks information about the vehicle’s pose. This may lead to rapid changes in the 
reference articulation angles, resulting in unstable behavior. For example, when a short lookahead 
distance is used within pure pursuit. The articulation angle tracking controller in Paper B uses non-
steady-state references during transitions between steady states and shows a good tracking 
performance. For path planners based on closed-loop simulation, besides the planned path in the 
Euclidean plane, other states have also already appeared in the planning process. Keeping all states 
and adapting the path-tracking accordingly might help the vehicle transition through non-steady states. 
Especially in a space-constrained environment, the objective is not only for the last trailer to follow 
the planned path, but also for the entire vehicle to follow it with specific poses, given how collision 
checking was handled during planning. 

4.3 Paper C 

Challenges and opportunities of using rearview dynamic guidelines to assist articulated vehicles in 
reversing 

Nowadays, when drivers shift a modern passenger car into reverse, it is common to see live video from 
the rearview camera on the car’s infotainment screen. This has already been a mandatory safety 
requirement for some countries. Advanced rearview systems can show a predicted vehicle path based 
on the current steering angle, which the paper calls the rearview dynamic guideline. Dynamic 
guidelines are also frequently used on passenger cars equipped with top-view camera systems. The 
concept behind the rearview dynamic guideline is to show the predicted vehicle motion based on the 
current driver’s input. Many drivers would agree that the dynamic guideline is a helpful function for 
parking their non-articulated passenger cars. However, by evaluating the dynamics of reversing 
articulated trucks, it was found that the dynamic guideline cannot provide the same level of assistance 
as for non-articulated vehicles. For non-articulated vehicles, a one-to-one relationship between 
steering angle and kinematic motion indicates that the driver can rely on the same set of guidelines for 
the same vehicle at all positions. This simplifies the planning problem for human drivers. However, 
this is not the case for articulated vehicles. The kinematic motion of an articulated vehicle depends 
heavily on all its articulation angles. This makes it very difficult for drivers to predict the vehicle’s 
possible kinematic motion at a future position, because they need to estimate all articulation angles 
when the vehicle arrives there, which is not easy. Using the same set of guidelines to help drivers in 
planning is not feasible. Therefore, the planning challenge of reversing articulated vehicles cannot be 
solved by the rearview dynamic guideline. This doesn’t mean the rearview dynamic guideline, or, in a 
broader sense, the concept of predicting and presenting the path of a vehicle based on the vehicle’s 
state and input, is useless for articulated vehicles. Since articulation angles make it difficult for people 
to estimate vehicle motions, direct motion prediction can help in multiple ways. Predictive motion can 
help vehicles avoid inter-unit collisions. With information about the external environment, collisions 
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with external obstacles can be avoided. The predicted motion may also be communicated to other 
vehicles and workers in the same operating area. 
 Paper C does not directly focus on any path-following or planning algorithms, but the rearview 
dynamic guidelines, calculated for nine typical articulated trucks, are suitable for discussion alongside 
the inverse kinematic approach used in many path-following solutions. The last unit’s guidelines for a 
vehicle are based on given initial vehicle poses, and the leading unit’s steering angle remains at 
different constant angles within its limit. The inverse kinematic approach works inversely, calculating 
the desired steering angle based on the desired motion of the last unit, which usually acts as a low-level 
control in two-level path following controllers. Since Paper C shows that the range of the last unit’s 
feasible motion is limited and depends on articulation angles, there is a high chance that a desired 
motion may not result in a feasible steering angle with inverse kinematics. The non-minimum phase 
behaviors observed in Paper C make it even harder to handle an infeasible steering angle from the 
inverse kinematics. To ensure that the desired last unit’s motion always yields a feasible steering angle 
with inverse kinematics, the path planner and the high-level part of the path-following controller need 
to be designed accordingly. Either the path should be designed so the last trailer can follow it exactly, 
or the high-level part of the path-following controller should prevent overly rapid dynamics in the 
desired unit motion. 

Another point of Paper C is that to eliminate the challenge of reversing articulated vehicles, 
path-planning and following solutions are needed. The planning challenge mentioned in Paper C is not 
only about planning a path to the destination, but also about planning the steering sequence to follow 
a given path. An example is given in Paper C to show the required steering angle sequences for vehicles 
with zero to three articulations to reverse through a 90-degree corner. Curves of the last articulation 
angle with respect to reverse distance show a similar pattern to the steering angle curve of the non-
articulated vehicle. To maintain that pattern, the dynamics of steering and articulation angles become 
increasingly complex as the number of articulations increases. It is not reasonable to expect all drivers 
to enjoy handling such tasks. The rearview dynamic guideline with an external view, or other solutions 
that only aim to present current information, will still require drivers to perform the complex planning 
work for vehicle control. 

4.4 Paper D 

Loading effects on low-speed motions of a tractor-trailer vehicle 

The kinematic model is the most used vehicle model in model-based controllers for low-speed 
scenarios, such as shunting of articulated vehicles. In the kinematic model, an articulated truck must 
be simplified into a two-axle leading unit and multiple single-axle trailing units. This means each multi-
axle bogie is simplified to a single axle. The equivalent axle positions used in the kinematic model can 
either be determined only using the vehicle’s geometric parameters or based on a force-based approach 
to find the exact axle position with zero sideslip. Even when the force-based approach is used, it 
typically only computes the equivalent axle positions for a given operating point and does not update 
the axle positions used in the kinematic model during operation. This preliminary study investigates 
how the zero-sideslip axle positions change for a tractor-trailer vehicle under different load conditions 
during various low-speed maneuvers. Based on real vehicle tests, the offset distance between the actual 
zero-sideslip position and the corresponding equivalent axle determined by the geometrical method 
can exceed 20% of the tractor’s geometric wheelbase. Differences in load conditions and maneuvers 
can cause the axle offsets to change by similar magnitudes. This indicates that, across various low-speed 
conditions, identifying axle positions for the kinematic model using a force-based method at a single 
operating point provides limited benefit. Controllers designed with kinematic models must account for 
uncertainties in the model parameters to define their feasible operating range. 
 Driver feedback is one of the reasons for initiating the study in Paper D. They noticed that 
when the load condition is changed on an A-double combination, they need to develop different 
steering strategies while reversing to cope with the change in the vehicle’s response. This is a 
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fundamental limitation of the kinematic model, which does not depend on the loading case. When 
shunting with loading and unloading, the total load and load distribution of a long combination vehicle 
may change substantially. A mismatch between the kinematic and high-fidelity models is also observed 
in Paper B. The root cause of the mismatch is that, at the axle positions used in the kinematic model, 
the actual vehicle no longer has zero sideslip. Besides considering the mismatch as a length variation 
in Paper D, there are other ways to compensate for it. There are two approaches based on the 
kinematic model found in the literature. One approach is to expand the kinematic model to include 
sideslip at each axle as new states. This approach is more popular within off-road applications. Another 
approach is to introduce articulation angle offsets between the actual measurements and the feedback 
states, allowing the actual vehicle to stabilize at steady states that cannot be described by the kinematic 
model. One such application mentioned is reversing on a surface with a side slope, where the 
articulation angle is nonzero when the entire vehicle is reversed in a straight line. Some of the control 
algorithms in research studies are inherently robust to certain levels of model mismatch, and validation 
shows that the controllers still work as expected despite parameter errors in the control model. A few 
controllers use force-based dynamic models, but they also involve significant simplifications, such as 
combining multiple tires and ignoring the vertical dimension. The balance between model details and 
computational complexity, along with the difficulty of obtaining accurate vehicle parameters, makes it 
challenging to build an accurate dynamic model. Therefore, it is hard to say that a simple dynamic 
model will consistently outperform the kinematic model. Paper D also observed that the dynamics of 
the steering and powertrain systems contribute to the mismatch between the vehicle and the kinematic 
model. These two systems are the systems that finally realize the desired motion. Their effects are also 
noticed in studies with tests on real vehicles or downscaled models. The general approach in path 
planning and following is to maintain smooth, low-dynamic steering and velocity requests, but this may 
also not be easy for heavy vehicles. The shunting challenge involves not just path planning and 
following, but also all upstream and downstream systems. Improving collaboration across all systems 
on the chain is an unresolved problem. 
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Chapter 5  
Conclusion and outlook 

The general conclusion based on existing research is that some tasks in reversing heavy articulated 
vehicles can be solved by developed assistance functions. For solvable scenarios, the assistance 
functions can plan a collision-free path through an environment with obstacles and then control the 
vehicle to follow it stably. However, there is no clear limit to describing the capabilities of those 
functions in relation to complex real-world scenarios. Among existing functions, model-based methods 
play a critical role in solutions that show good adaptability in vehicle and scenario variety. Meanwhile, 
the present thesis, along with the included papers, identifies several aspects that can lead to improved 
assistance functions. 
 The most used vehicle model is the kinematic model, which is the simplest model capable of 
capturing the dynamics of articulation angles. A reasonable estimate of the length parameters needed 
for the kinematic model can be obtained using only the vehicle’s geometrical dimensions. However, 
the kinematic model becomes inaccurate when sideslips occur at axle positions, which are influenced 
by vehicle maneuvers and the external environment. Tests with a tractor-trailer in Paper D show that 
the zero-sideslip axle positions are influenced by load conditions, driving speed, direction, and steering 
maneuvers. The influence of these factors is not captured by the kinematic model, leading to 
performance degradation for many existing controllers. A feasible range is essential for industrializing 
a driver aid, meaning that, for kinematic model-based driver aids, factors that lead to the kinematic 
model being inaccurate in vehicle operations need to be understood. Some attempts are made to 
extend the kinematic model for passenger and agricultural vehicles by adding additional states to 
account for sideslip effects. Similar studies on multi-articulated trucks during typical maneuvers are 
yet to be found. In some applications, the kinematic model is replaced with highly simplified dynamic 
models while maintaining real-time performance. Detailed dynamic models are challenging for real-
time applications but can still be useful in offline applications, such as precalculating motion primitives 
and heuristic functions. Detailed dynamic models and high-fidelity models are preferred for functional 
validation. Accessing accurate model parameters for those two types of models can be challenging. 
 The need for driver aids in reversing articulated vehicles is repeatedly mentioned in the 
literature. As shown in Paper C, it is difficult for drivers to predict the motion of a reversing articulated 
vehicle, especially a multi-articulated one. Displaying dynamic guidelines for an articulated vehicle can 
show drivers the vehicle’s predicted motion based on its current state, helping them avoid both internal 
and external collisions. However, the guidelines offer almost no assistance to drivers in stabilizing 
articulation angles, which is a major challenge they face because of the nature of the articulation angles 
are unstable while reversing. The guidelines also cannot provide the same level of support for 
articulated vehicles in path planning and following as they do for non-articulated vehicles, because 
changing articulation angles affects vehicle motion. Paper C demonstrates the importance of driver 
aids with control capabilities to eliminate the challenge of reversing articulated vehicles. 
 The simplest assistant function that involves control is articulation angle stabilization. This 
function only requires knowledge of articulation angles, which are the vehicle’s internal states. It is 
useful when the vehicle needs to reverse around a straight line or a circular steady state. The 
controllable range and the method for defining it, as given in Papers A and B, provide a way to evaluate 
whether an articulation stabilization controller covers all controllable vehicle poses. Controllable poses 
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not covered by an existing controller indicate either that the controller needs tuning or that a new 
controller is required. Precise parking and turning with articulation angle stabilization requires the 
driver to have a good understanding of the vehicle’s dynamics controlled by this system, so they can 
issue precise commands ahead to compensate for the unavoidable delay in the closed-loop system. 

Path following can solve the drawback of articulation stabilization. With additional knowledge 
of the reference path and the vehicle’s position and heading relative to it, a path-following controller 
designed for a non-articulated vehicle can be combined with an articulation angle stabilization 
controller to form a two-level path-following controller for articulated vehicles. An articulation 
stabilization controller with good coverage, as evaluated using the method described in Papers A and 
B, can improve the performance of two-level path-following controllers. A two-level control 
architecture generally achieves good tracking performance at the unit where the high-level controller 
is located, but the low-level controller cannot track any external reference for the vehicle’s pose. The 
single-level control architecture, typically formulated as an optimization problem considering the 
entire vehicle, can achieve more complex objectives. Depending on the cost function design, the 
vehicle can track the position of a single unit, the entire vehicle’s pose, or multiple units’ positions. For 
single-level approaches, tuning weights across multiple objectives is challenging; these objectives can 
also lead to contradictory demands on weights. 
 The performance of path-following solutions is closely tied to the reference path. That is why 
model-based path-planning solutions that respect the vehicle’s nonholonomic constraints are 
considered more attractive. Scenario-based planning is limited to known scenarios and requires 
manual effort to understand and plan for them. This method is worth it for repeated scenarios, such as 
parking in freight terminals. The planned path can be quite optimal if the scenario is well understood. 
For more general and novel scenarios, path-planning algorithms such as lattice-based and CL-RRT-
based search are needed. The former one is deterministic, and the latter one is non-deterministic. They 
can systematically search for feasible solutions in a complex planning space where manual planning 
can be impractical. The lattice-based planning relies on predetermined model-based motion primitives. 
Due to computational constraints, the primitive set cannot include all feasible vehicle motions, 
potentially affecting the solvability of the planning problem. Similarly, the CL-RRT relies on a 
predetermined path-tracking controller, and the planned path is constrained by its performance. As 
suggested by Paper A, allowing uncontrollable poses as end poses can increase the feasibility of the 
planning problem by relieving the terminal constraints. The uncontrollable poses will surely cause an 
inter-unit clash only if the vehicle continues to reverse, which is not a problem with the end pose, as 
the vehicle can leave the uncontrollable pose by driving forward. 

5.1 Outlook 
Existing research creates a concrete foundation for future study. It has already been shown that the 
possibility of fully automating specific tasks in reversing articulated heavy vehicles. To further facilitate 
the development of an industrialized driver aid from existing research, it is necessary to determine the 
feasible scenarios for the current research and expand them during development. All approaches have 
their own limitations, and they need to be known before they are delivered. 
 One area for future research is the vehicle model, since model-based designs are very 
attractive and their performance is connected to model quality. The kinematic model is considered a 
priority choice due to its simplicity. The main direction is to identify under which scenarios the level 
of presented sideslips will create a model mismatch that cannot be handled by the control parts in 
current research. There are two potential sub-directions for solving this problem. One direction is to 
extend the kinematic model to account for sideslip, as well as more complex models that account for 
forces. However, even with a new model, it is not expected that all real vehicle behaviors will be 
covered. Extreme scenarios that cause vehicles to deviate significantly from control models need to be 
identified and either excluded from the assistant aid or handled separately. The other direction is to 
investigate how the vehicle can be controlled to avoid excessive sideslips, so that it behaves as closely 
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as possible to its kinematic model. Depending on the level of automation, it may also be necessary to 
consider driver behavior if the driver remains in the loop. 
 Articulation stabilization solutions will be evaluated with the controllable range developed in 
this study. A new controllable range may be established in a future study by including additional 
requirements for maneuvers, such as maneuvering space and heading changes, to account for vehicle 
states in the global coordinate system. If the whole controllable range is not covered, effort can be 
spent on expanding the feasible range of control approaches. Otherwise, development should focus on 
control performance. An improved articulation stabilization solution can further improve the 
performance of the two-level path-following control based on it. A hybrid controller that combines 
multiple existing path-following approaches and multiple control parameter sets for the same 
controller is expected to cover a larger operating range for path-following. In the area of path planning, 
improvements can be made by allowing uncontrollable poses as the final pose and by implementing 
improved path-following solutions to facilitate finding solutions. 
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