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Abstract

Squeezed states, with their noise reduction below the standard quan-
tum limit, are promising quantum states of light exploited for enhancing
sensitivity in quantum sensing or as carriers of information in contin-
uous variable quantum computing and communication. To make use
of their quantum advantage, the main common challenge in generating
these states is achieving high levels of squeezing in low loss setups.

Over the years, several bulk optical nonlinear crystals and cavities
have been employed for the generation of different types of high-quality
squeezed states. However, recent progress in fabricating ultra-low loss
integrated waveguides has shifted the interest of the community towards
the integration of squeezing sources to gain advantages in terms of com-
pactness, scalability, and reproducibility.

The aim of this thesis is to investigate the main characteristics, lim-
its, and requirements for the generation of vacuum and bright squeezed
states by second- and third-order nonlinear devices, with more empha-
sis on integrated cavities. In particular, we demonstrate high on-chip
intensity difference squeezing between bright mode pairs created in an
engineered SiN microring resonator. In addition, we propose the use
of the Ikeda map, a semi-classical simulation tool, for the investigation
of two-mode quadrature squeezing generation in microresonators, dis-
cussing its competitiveness against standard quantum models. These
results contribute to the optimization of engineered integrated devices
with the aim of attaining high levels of squeezing sufficient to bring real
advantages in classical and quantum applications.

Keywords: squeezed states, intensity difference squeezing, squeezing
simulations, microring resonators, nonlinear integrated photonics
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Chapter 1

Introduction

1.1 Historical background

The quantum theory of light is necessary to explain optical phenomena
at the most fundamental level. The origins of quantum optics date back
to the development of quantum mechanics itself. In 1900, Max Planck
introduced the concept of quantized energy in the atomic emission and
absorption of light while addressing the black-body radiation problem.
Five years later, Albert Einstein introduced the concept of quanta of
light, later called photons, to explain the photoelectric effect. In 1909,
Einstein further described for the first time the wave–particle duality of
light. This concept was formally described within the framework of quan-
tum mechanics by Paul Dirac in 1927, when he introduced the creation
and annihilation operators. These developments lay the foundation of
the modern quantum theory of light, opening the door to new concepts
and phenomena that cannot be described by a semiclassical theory.

In classical optics, the wave nature of light is represented by
Maxwell’s equations describing the electromagnetic fields. In the quan-
tum theory of light, instead, the particle nature of light arises from the
quantized virtual harmonic oscillators used to describe the fields. One
of the first important concepts arising from this quantum description is
the existence of the zero-point energy fluctuations, also called quantum
or vacuum fluctuations [1]. It is now known that vacuum fluctuations
are fundamental to explain many quantum effects and phenomena [1],
such as the Casimir effect, the Lamb effect, and the spontaneous emis-
sion process driven by vacuum fluctuations. More importantly, vacuum
fluctuations are at the origin of what is usually called quantum noise.
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Chapter 1. Introduction

The Heisenberg uncertainty principle describes the important prop-
erties of the quantum noise that affect every quantum state of light. It
poses a limit to the total uncertainty of two conjugate variables. A quan-
tum state with the minimum total quantum noise, distributed equally
among the field quadratures, is the coherent state, which is the closest
quantum description to a classical laser beam. In case of zero mean
amplitude, such a state is defined as a vacuum state [2]. The quantum
noise properties of these light states significantly affect the fundamental
noise limits and the intrinsic functions of many classical and quantum
optical devices. Recent developments in classical and quantum optics
have pushed the device performances to a level where the quantum noise
is the ultimate limiting factor. Going beyond these limits requires the
use of particular quantum states of light with peculiar noise properties,
such as squeezed states, or NOON states [3].

Squeezed states
Squeezed states are among the simplest types of quantum states that

can be generated from a classical coherent laser by exploiting non-linear
effects in optical devices. The unique properties of squeezed states rely
on the distribution of their quantum noise. A squeezed state exhibits
reduced noise in one variable compared to the vacuum noise level, at the
expense of increased noise in the corresponding conjugate variable [4,5].

The first mathematical descriptions of squeezed states were devel-
oped in the early 1970s by several researchers [6–8]. However, significant
interest of the scientific community emerged only after the proposal of
C. M. Caves in 1981 to use squeezed states in the detection of gravita-
tional waves [9]. These works highlighted the crucial role that squeezed
states could have in all experiments limited by the noise performances
of the optical devices. Squeezed states could lower these limits, increase
measurement sensitivity, and signal-to-noise ratio [10]. The first experi-
mental demonstration of squeezing generation arrived in the mid-1980s,
when R. E. Slusher et al. measured 3 dB of amplitude squeezing pro-
duced from the non-linear four-wave mixing (FWM) process in sodium
vapor inside a bulk optical cavity [11]. Since then, substantial effort has
been directed towards increasing the achievable squeezing level, explor-
ing new generation sources, and improving the measurement techniques.

During the 1990s and 2000s, advances in nonlinear crystals, optical
fiber-based cavities, and low-loss detection techniques enabled the real-
ization of stronger and more stable squeezing sources [12–17]. In these
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1.1. Historical background

years, optical parametric oscillators (OPOs) and optical parametric am-
plifiers (OPAs) became the dominant platforms for generating squeezed
states through non-linear processes such as FWM or parametric down
conversion (PDC). To date, the highest measured squeezing level of 15 dB
has been obtained from a second-order nonlinear crystal in a doubly res-
onant OPA [18].

So far, the most relevant and well-known use of squeezed states is
the detection of gravitational waves performed by the LIGO community.
They exploit state-of-the-art optical equipment to develop frequency-
tunable squeezing able to enhance the detection sensitivity over a broad
frequency range [19,20]. Following their path, further developments have
been achieved in the field of quantum sensing with the introduction of
squeezed states [21–25]. Beyond sensing applications, squeezed states
represent a fundamental building block in quantum information pro-
cessing [26]. They can be used as basic elements in quantum simula-
tors [27, 28], as well as in continuous- and discrete-variable quantum
computing, either directly as quantum modes (qumodes) or as sources
to generate more complex quantum states and qubits [29–32].

In the last few decades, the improvements made in integrated pho-
tonic circuits have shifted the interest of squeezing generation towards
miniaturized devices. Photonic integrated circuits (PICs) offer key ad-
vantages in terms of scalability, small-footprint, and reduced power con-
sumption, becoming attractive platforms for new generations of quantum
technologies [33]. In this context, the main platforms used to generate
squeezing are thin film lithium niobate waveguides [34–36] and silicon
nitride microring resonators [37–40], due to their low loss and high non-
linearity, essential requirements for squeezing generation.

It is worth noticing that the requirements of the generated squeezed
states vary across the different platforms depending on the target appli-
cation. Several types of squeezed states with different properties can be
obtained in these PICs, such as broadband single-mode squeezing [41],
intensity difference squeezing [42], and integrated squeezed frequency
combs [43]. Nevertheless, achieving the highest possible squeezing level
is still the main common requirement. At the same time, this represents
the main significant challenge across all integrated platforms, mainly due
to the system loss imposed by the fabrication limits. The highest on-chip
squeezing levels archived so far are 12 dB in thin film lithium niobate [36]
and 10 dB in engineered silicon nitride microring resonators [42, 44]. To
obtain even higher squeezing levels in integrated optics, new ways to
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Chapter 1. Introduction

reduce losses are required.
Squeezed states are not yet used in commercial applications, espe-

cially because any optical loss in the system degrades the squeezing qual-
ity, effectively transforming the squeezed state into a coherent state and
eliminating its quantum advantage. Nonetheless, squeezed states con-
tinue to play a fundamental role in quantum optics research.

1.2 This thesis

This thesis focuses on the analysis of squeezed state generation in SiN
integrated microring resonators to investigate and overcome the limiting
factors in achieving high squeezing levels. The generation of two differ-
ent types of squeezed states in engineered devices is analyzed using an
unconventional simulation tool and through experiments.

In Paper A, intensity difference squeezing between bright twin beams
is measured. The paired modes are generated in a silicon nitride mi-
croresonator through the FWM process driven by a strong input pump
laser operating above the oscillation threshold. The device is engineered
to give rise to quasi-bound states in the continuum (quasi-BICs) [45],
which provide optimal conditions for high on-chip squeezing generation.

In Paper B, a semi-classical simulation tool, based on methods typi-
cally used to model the classical behavior of the microring resonators, is
implemented to analyze squeezing generation. In particular, two-mode
quadrature squeezing arising in microresonators operated below the para-
metric oscillation threshold is simulated over several mode pairs, both in
the time and in the frequency domain.

Thesis outline
The thesis is organized as follows. Chapter 2 gives an introduction

to the fundamental concepts of vacuum and squeezed states, along with
their quantum noise properties. Chapter 3 discusses the nonlinear pro-
cesses commonly used to generate squeezed states in OPOs and OPAs.
Chapter 4 provides an overview of the different types of squeezed states
that can be generated in both bulk and integrated OPOs and OPAs.
A brief description of the main applications in the field of quantum in-
formation processing is also presented. Then, Chapter 5 describes the
semi-classical simulation tool and the linear dynamics of the engineered
microring resonators used in Papers A and B. Finally, Chapter 6 presents
the thesis summary and future outlook.
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Chapter 2

Squeezed states

The aim of this thesis is to investigate the generation of a particular class
of quantum states, i.e., squeezed states, in integrated photonic devices.
These states exhibit unequal quantum noise properties, and this Chapter
aims to provide an overview of the fundamental concepts necessary to
fully comprehend their unique properties. In particular, in the following
sections, we focus on an intuitive description of quantum noise and how
it is manipulated in a squeezed state.

2.1 Quantum noise

2.1.1 From classical to quantum noise

In classical optics, a monochromatic light beam is described by a time-
dependent electromagnetic field. In the ideal case, its optical spectrum
is composed of a single frequency component ν0, or angular frequency
ω0 = 2πν0, with non-zero intensity. At a fixed point in space, this field
is a pure time-dependent sinusoid. The electromagnetic field is usually
described by a complex amplitude α0 and a phase term ϕ, or equivalently
in terms of the quadrature-phase amplitudes X1 and X2, representing
the real and imaginary components of the field [46]:

E(r, t) = E0[α0(r, t)e−i(ωt+ϕ(r,t)) + α∗
0(r, t)e

i(ωt+ϕ(r,t))] =

= E0[X1(r, t) cos (ωt) +X2(r, t) sin (ωt)].
(2.1)

A typical graphical representation of the field is in a phasor dia-
gram, where the electromagnetic wave is represented by a vector in the
quadrature-phase amplitudes plane. The distance of the point-like end of

5



Chapter 2. Squeezed states

Figure 2.1: Graphical representations of an ideal monochromatic light beam
(first row) and of a real beam subject to fluctuations (second row). a) In the
ideal case, the optical spectrum consists of a delta function at the carrier fre-
quency. b) In the phasor diagram, the beam is a vector defined by a unique
set of quadrature amplitudes (X1, X2), corresponding to c) an electromagnetic
wave with well-defined amplitude and phase. d) The beam noise is represented
in the optical spectrum by white noise at all sideband frequencies, and e) in the
phasor diagram with an uncertainty area. Each point in this area corresponds
to f) a wave with a specific amplitude and phase within the respectively uncer-
tainties ∆E and ∆ϕ.

this vector from the origin represents the amplitude α0, while the angle
formed with the x-axis is the phase ϕ. All these properties are shown in
Fig. 2.1a)-c).

However, this description does not fully reflect the real properties of
a light beam. Besides not being perfectly monochromatic, a real beam is
always affected by fluctuations in both amplitude and phase, which add
noise to the "perfect" beam. These noise terms usually originate from
technical sources. However, even if all technical noise were eliminated,
these fluctuations would not be completely removed. There is always a
minimum noise level affecting the properties of an electromagnetic wave,
usually referred to as quantum noise, since it arises from the interaction
between the ideal beam and the vacuum fluctuations.

It is possible to linearize the complex amplitude of the electromag-
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2.1. Quantum noise

netic field in the frequency domain as [46]

Ã(Ω) = α0δ(Ω) + δÃ(Ω) (2.2)

where Ω = ω0 − ω denotes the frequency offset from the carrier. The
first term describes a delta function at Ω = 0 with amplitude α0, while
the second term represents the quantum fluctuations in the sideband
frequencies.

Fig. 2.1d)-f) show how these fluctuations influence the graphical rep-
resentation of the field. The optical spectrum of a monochromatic light
beam is now given by a peak of non-zero intensity at the carrier fre-
quency, together with white noise distributed over the upper and lower
sideband frequencies. This noise has a constant mean amplitude and
uncorrelated phase terms. The total beam is therefore the sum of un-
correlated sidebands [47]. In the phasor diagram, the beam including its
fluctuations is represented by a vector whose endpoint is a circular pat-
tern, assuming equal noise in both quadratures. The radius of this circle
along each direction represents the uncertainty of the beam in the corre-
sponding quadrature. This implies that the total beam can be described
as the combination of several waves with slightly different amplitudes
and phases. By suppressing the technical noise, the radius of this circle
is reduced until the minimum noise level imposed by quantum mechanics
is reached.

2.1.2 Origin of quantum noise

In quantum mechanics, any measurable physical quantity, or observ-
able, is associated with an operator. It is possible to link the classical
variables to their corresponding quantum operators through canonical
quantization. In classical optics, a single-mode monochromatic field can
be modeled as a simple harmonic oscillator. Its quantization leads to the
concept that light is composed of particles, called photons, of energy ℏω,
and that the field energy has only discrete allowed states, correspond-
ing to an integer number of photons n. These energy eigenstates are
described by [2]

En =

(
n+

1

2

)
ℏω. (2.3)

From Eq. 2.3, it follows that the ground state, characterized by n = 0,
has a non-zero energy of 1/2ℏω. This quantity is known as the zero-point
energy and represents the energy of the vacuum state, so called because
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Chapter 2. Squeezed states

it is characterized by zero photons. This energy can not be removed
from the system, even at zero temperature, and it represents the origin
of quantum fluctuations, also called quantum or vacuum noise [2, 46].

The unavoidable presence of these quantum fluctuations affects all
the properties of light and, more generally, any quantum system. A
fundamental concept in quantum mechanics related to quantum noise is
the Heisenberg uncertainty principle, which describes the fundamental
noise relation between physical quantities.

Heisenberg uncertainty principle
The quantization of the classical electric field described by Eq. 2.1

results in [2]

Ê(t) = âe−iωt + â†eiωt = X̂ cos (ωt) + Ŷ sin (ωt). (2.4)

Here, â† and â are the creation and annihilation operators, which respec-
tively increase or decrease the number of photons n in the state. Their
product defines the photon number operator n̂ = â†â. The quadrature-
phase amplitude operators X̂ and Ŷ are defined in terms of creation and
annihilation operators as

X̂ = â+ â† Ŷ =
(
â− â†

)
/i. (2.5)

As in the classical case, the uncertainties of these operators define the
noise of the field. Because of their non-zero commutation relation,
[X̂, Ŷ ] = 2i, the Heisenberg uncertainty principle imposes a lower limit
to the product of their uncertainties:

∆X∆Y ≥
(

1

2i
⟨[X̂, Ŷ ]⟩

)2

=⇒ ∆X∆Y ≥ 1. (2.6)

This means that it is not possible to measure both quadratures simulta-
neously with high precision: reducing the uncertainty of one quadrature
leads to an increase of the uncertainty of its conjugate.

2.2 Vacuum and coherent states

As mentioned before, the vacuum state is the lowest energy state of the
electromagnetic field. It has zero mean amplitude and, therefore, it sits
at the origin of the phasor diagram. By displacing the vacuum state,

8



2.3. Shot noise

a coherent state is obtained. This operation corresponds to assigning a
non-zero amplitude to the field while maintaining all the noise properties
unchanged.

For the vacuum and the coherent state, the two quadrature operators
have equal unitary uncertainties, ∆X = ∆Y = 1, meaning that the noise
is equally distributed among the quadrature amplitudes. This relation
leads to the minimum value allowed by the Heisenberg uncertainty in-
equality in Eq. 2.6, also called zero-point fluctuation since it represents
the noise of the ground state. The probability distribution of the field
in the phasor diagram, which is related to the probability of measuring
the two quadratures, is Gaussian. Therefore, as shown in Fig. 2.2, the
vacuum state is represented by a circular distribution with unit variance
centered at the origin of the plane, while the coherent state corresponds
to a vacuum state displaced by a complex value α proportional to its am-
plitude. In both cases, the noise is phase independent. Because of these
properties, a coherent state is the quantum state that best represents a
classical low-noise laser beam.

Figure 2.2: Graphical representation of a vacuum and a coherent state. Their
uncertainties are defined by equal Gaussian probability distributions in both
quadratures. Their noise areas correspond to the minim value defined by the
uncertainty inequality.

2.3 Shot noise

Another property of a coherent state is to have a Poissonian photon
number distribution. When light described by a coherent state hits a
photodetector, the arrival times of the photons are random, creating a

9



Chapter 2. Squeezed states

random flux of electrons. As a consequence, the variance of the generated
photocurrent reflects the intensity fluctuations of the incident light [46].
The intensity noise of a coherent state, which is equal to that of a vacuum
state, is commonly referred to as shot noise in light-detection measure-
ments. As it corresponds to the minimum quantum noise allowed by the
uncertainty principle, it represents the lowest noise level achievable in a
classical experiment.

The shot noise of the light detection system is described as [48]

V (ipd) = 2qipdB = 2qRPB (2.7)

where q is the electric charge, ipd is the generated photocurrent, and B is
the detection frequency bandwidth. The photodetector responsivity R is
the ratio between ipd and the average input optical power P . It is usually
defined in terms of the photodetector quantum efficiency ηD =

ipdℏω
qP =

Rℏω
q , which is the ratio between the electron generation rate and the

incident photon rate. Therefore, the shot noise level depends on the field
amplitude and, moreover, it is independent of the detection frequency
[46]. The shot noise is a fundamental quantity in both classical and
quantum measurements, especially in the detection of squeezed states.

2.4 Squeezed states

The Heisenberg uncertainty principle sets a limit on the minimum quan-
tum noise that two conjugate variables can have, but it does not describe
how this noise is distributed between them. As shown in the previous
section, the vacuum state exhibits equal uncertainty in the quadrature-
phase amplitudes. A squeezed state, instead, is a particular quantum
state in which the quantum noise is redistributed such that the uncer-
tainty in one quadrature is increased while the uncertainty on the conju-
gate quadrature is decreased when compared to the noise of the vacuum
state. The quadrature with reduced uncertainty is said to be squeezed,
while the other is anti-squeezed. The product of the two uncertainties
remains unchanged with respect to the vacuum state and does not go
below the minimum value imposed by the uncertainty principle [4, 5].

For a squeezed state, the probability distribution of the field in the
phasor diagram is no longer circular, as for the case of a coherent state.
Since one quadrature has less noise than the other, the two Gaussian dis-
tributions have different widths, resulting in an elliptical noise pattern,
as shown in Fig. 2.3a). The direction along which the noise is reduced

10



2.4. Squeezed states

is referred to as squeezing direction, while the angle of rotation of the
ellipse in the plane is the squeezing angle θs. A state with an arbitrary
orientation is called quadrature squeezed state.

Figure 2.3: a) Graphical representation of a squeezed vacuum state and of a
coherent squeezed state (blue) in comparison to a vacuum and a coherent state
(red). In the first two states, the uncertainty on the Y quadrature is squeezed
compared to the vacuum and the coherent states, respectively, while the un-
certainty in X is stretched. b) Variance of the general quadrature X(θ) for a
squeezed state. When θ equals half the squeezing angle θs, the variance reaches
its minimum, while when they have a π/2 shift, the variance is maximum. In
the former case, V falls below the constant variance of the vacuum state Vvac,
showing squeezing, while in the latter case, V > Vvac showing anti-squeezing.

Mathematically, a squeezed state can be described by the action of
the following squeezing operator, applied to either a coherent or a vac-
uum state [2, 46]:

Ŝ(ξ) = e(ξâ
†2−ξ∗â2)/2. (2.8)

Here, ξ = rse
i2θs is the squeezing parameter, where rs quantifies the

noise reduction. The variance of the quadrature X̂(θ) = âe−iθ + â†eiθ,
which is a generalization of Eq.s 2.5 by an arbitrary angle θ, is given for
a squeezed state by

V
(
X̂(θ)

)
= cosh (2rs)− sinh (2rs) cos (θ − θs/2). (2.9)

As shown in Fig. 2.3b), V
(
X̂(θ)

)
is a periodic function that goes be-

low the variance of the vacuum state Vvac = 1 for specific values of θ.
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Chapter 2. Squeezed states

In this sense, squeezed states have phase-dependent noise. This vari-
ance is precisely the quantity measured experimentally to characterize a
quadrature squeezed state in a homodyne detection scheme [5,49]. Here,
the squeezed light is combined with a high intensity laser beam, usually
known as the local oscillator (LO). The quadrature angle θ is varied ex-
perimentally by sweeping the LO phase. The measured variance is then
compared to that of the LO alone, which corresponds to the variance of
a coherent state and, therefore, to the shot noise.

Fig. 2.3a) shows two possible squeezed states. The squeezed vacuum
state, obtained by applying Ŝ(ξ) to the vacuum state, is centered at the
origin of the phase space. In this case, the noise is squeezed along the
Y quadrature and stretched along X. Although the squeezed vacuum
state has zero mean amplitude like the vacuum state, its energy is higher,
given by ℏω(sinh2 (ξ) + 1/2) [50]. By displacing this state, a coherent
squeezed state is generated. In general, a squeezed state with non zero
mean amplitude is called bright squeezed state.

Fig. 2.4 provides an intuitive illustration of the time evolution of the
electric field strength of some squeezed states, similarly to the classical
description of an electromagnetic wave. For a coherent state (a), the
expectation value of the field operator ⟨Ê⟩ evolves as a classical sinusoidal
field. The thickness of the curve represents the field fluctuations, that
in this case are time independent. Fig. 2.4b) and Fig. 2.4c) show how
the orientation of the noise ellipse in the phasor diagram determines the
noise properties of coherent squeezed states. If the squeezing direction
is aligned with the quadrature defining the field amplitude, in this case
X, the state is called amplitude squeezed state (b). Here, the peaks
of the electric field show minimum fluctuations. On the other hand, if
the squeezing direction is orthogonal to X, the state is known as phase
squeezed state (c), for which the minimum uncertainty occurs when the
mean field amplitude is zero. In contrast, in a vacuum state (d), the mean
field amplitude is always zero, with constant noise equal in magnitude
to (a). In a squeezed vacuum state (e), instead, the noise oscillates in
time following the rotation of the noise ellipse [2, 49, 51,52].

The main property of the amplitude squeezed states is that they ex-
hibit lower intensity fluctuations than a coherent state. Their photon
number distribution is therefore sub-Poissonian, indicating a more or-
dered photon flux and the presence of correlations between photons [46].

In the previous section, the quantum noise of a coherent state was
described as uncorrelated white noise across the upper and lower side-
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2.4. Squeezed states

Figure 2.4: Evolution of a) a coherent state, b) an amplitude squeezed co-
herent state, c) a phase squeezed coherent state, d) a vacuum state, and e) a
squeezed vacuum state in the phasor diagram and their respective time evolv-
ing fields.

band frequencies. In the case of a squeezed state, noise reduction can
be explained by the introduction of partial correlations between noise
components at symmetric sideband frequencies [46]. Such correlations
are described by the second-order terms of the creation and annihilation
operators in the squeezing operator defined by Eq.2.8, and can only be
generated by nonlinear processes, which will be discussed in the next
Chapter.
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Chapter 3

Squeezed light sources

The possibility of rearranging the quantum noise in a squeezed state
arises from the correlations between the fluctuations of the quadrature-
phase amplitudes introduced by a nonlinear optical process. Over the
years, several nonlinear materials in both bulk and integrated optics have
been used for the generation of squeezing, whether in OPAs or OPOs.
In this Chapter, we describe the fundamentals of squeezing generation
through nonlinear processes in such devices. In particular, we focus on
parametric nonlinear processes, in which optical energy is conserved,
such as three-wave mixing (TWM) and four-wave mixing. Other non-
linear effects, like Raman or Brillouin scattering, in which the photons
interact with the phonons in the material, are not discussed here. More-
over, the main characteristics of OPAs and OPOs in terms of squeezing
generation are reviewed.

3.1 Nonlinear interactions

Nonlinear processes play a fundamental role in classical and quantum
optics, as they allow for wave mixing and the generation of new fre-
quency components. This mixing applies not only to the phases and
amplitudes of the fields, but also to their fluctuations, enabling a redis-
tribution of noise among the quadrature-phase amplitudes of a single or
multiple fields. Quantum states of light, therefore, can not be generated
by the manipulation of classical light through linear devices. A nonlin-
ear process induced by an intense pump beam is required to give rise to
the correlations between quantum fluctuations that form the basis of the
non-classical properties of light [46].

15



Chapter 3. Squeezed light sources

As seen in Chapter 2, a squeezed state is described by applying the
operator defined in Eq.2.8 to a coherent state or a vacuum state. This im-
plies two things about the generation processes. First, there are two pos-
sible initial conditions for the field that is to be squeezed. One approach
is to start from a classical beam with non-zero amplitude, described by
a coherent state; the other is to start directly from the quantum fluc-
tuations of the vacuum. In either case, the squeezed beam is always
accompanied by a strong pump beam, which is necessary to initiate the
generation process. In the latter case, the field is in a squeezed vacuum
state, while in the former case it is in a bright squeezed state. Note that
this terminology does not imply that the squeezed state has high power.
On the contrary, bright squeezed states are usually much weaker than
the input pump beam. The second concept related to the definition of
the squeezing operator is that Eq.2.8 contains second-order terms of â
and â† in the exponential. These terms represent the product of two
fields, which can not be obtained from a linear evolution, but instead
imply a nonlinear interaction [2, 5].

3.1.1 Three-wave and four-wave mixing processes

The nonlinear properties of optical materials are defined by the response
of the electrons to an externally applied electric field. In practice, this
response is represented by the nonlinear dielectric polarization vector
P and its dependence on the electric field E of the input pump beam
through the nonlinear susceptibility χ and the electric permittivity ϵ0 [53]

P = ϵ0

(
χ⃗(1) · E + χ⃗(2) : EE + χ⃗(3)... EEE + ...

)
. (3.1)

Here, the first-order term describes the linear response of the system,
while the second- and third-order terms are responsible for nonlinear
processes such as self-phase modulation (SPM), cross-phase modulation
(XPM), TWM, and FWM. These processes form the basis of some of
the most intriguing properties of optical materials, not only for quantum
applications but also in classical photonics.

In particular, the χ(2) susceptibility is responsible for TWM, which
represents the interaction of three optical waves and their mutual power
transfer. It is usually dominant in bulk crystal materials that lack in-
version symmetry, such as lithium niobate (LiNbO3) and potassium ti-
tanyl phosphate (KTP). The nonlinear process most commonly used in
these χ(2) materials is parametric-down conversion, in which the power
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of a strong high-frequency laser beam is converted into two lower-energy
beams.

On the other hand, the χ(3) susceptibility is responsible for FWM,
where interactions take place between four optical waves. Its strength is
usually weaker than its second-order counterpart, and therefore is mainly
exploited in media in which χ(2) is zero, such as silica (SiO2) and silicon
nitride (SiN). In these materials, χ(3) is also responsible for the Kerr
nonlinear effect, namely the dependence of the refractive index n on the
intensity of the applied field |E|2

n = n0 + n2|E|2, (3.2)

with n0 being the constant refractive index of the medium and n2 the
nonlinear coefficient proportional to χ(3). Since the phase of a wave
depends on the refractive index of the medium, the Kerr nonlinear effect
causes an intensity-dependent phase shift. As shown in Fig. 3.1, the
regions with higher amplitude are associated with an increased phase
shift as a direct consequence of the nonlinear refractive index, causing
a distortion of the noise circle. This phenomenon is used mainly in
optical fibers for the squeezing of coherent states [54–56], in which weak
nonlinearity is compensated for by a long interaction time.

Figure 3.1: Graphical representation in the phasor diagram of the creation
of a coherent quadrature squeezed states through the Kerr nonlinear effect
acting on a coherent state. The gray arrows show the changes on the phase
fluctuations depending on the initial intensity fluctuations.

Fig. 3.2 shows a schematic of the most commonly used TWM and
FWM parametric processes for squeezing generation. Together with the
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Figure 3.2: Schematics of the a) χ(2) and d) χ(3) nonlinear processes. The
frequency distribution in the optical spectrum and between virtual energy levels
is shown for: b) non-degenerate TWM, c) degenerate TWM (PDC), e) single
pump non-degenerate FWM, f) dual pump degenerate FWM.

input pumps, the other two fields involved in both processes are usually
referred to as signal and idler, and they are the fields that exhibit squeez-
ing properties. The parametric nature of these processes ensures energy
conservation among the interacting fields. Defining the pump, signal and
idler fields with angular frequencies ωp, ωs and ωi, respectively, energy
conservation in the TWM process is expressed as ωp = ωs+ωi, while for
the FWM process it reads ωp1 + ωp2 = ωs + ωi.

In addition to energy conservation, momentum conservation is also
needed. Each field acquires a certain phase ϕ while propagating in a
medium. The phase-matching condition for the TWM and FWM pro-
cesses are, respectively, ϕp = ϕs+ϕi and ϕp1+ϕp2 = ϕs+ϕi. The acquired
phase in a nonlinear dispersive medium is usually described in terms of
the frequency dependent propagation constant β(ω). In this case, the
phase-matching condition ∆βL + ∆βNL = 0 describes the balance be-
tween the linear phase accumulated by each wave and the additional
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contribution due to nonlinear processes [53]. This balance determines
both the occurance and the efficiency of TWM and FWM processes. It
is therefore important to engineer the device used for squeezing genera-
tion in order to satisfy the phase-matching condition.

3.1.2 Interaction Hamiltonian

The interaction Hamiltonian describing all nonlinear wave mixing pro-
cesses, including SPM, XPM, TWM, and FWM, is derived directly from
the nonlinear polarization operator P̂NL, obtained from the quantization
of the nonlinear terms of Eq.3.1 [2]:

Ĥint =
1

2

∫
P̂NL(r, t) · Ê(r, t)d3r. (3.3)

The TWM term in Eq.3.3 is given by

ĤTWM = iℏηâ†1â
†
2â3 + h.c., (3.4)

which describes the interaction of three waves represented by the oper-
ators â1, â2 and â3. Here, h.c. denotes the Hermitian conjugate, and η
is proportional to the nonlinear susceptibility of the material. Following
the same procedure, the interaction Hamiltonian of the FWM process is

ĤFWM = iℏηâ†1â
†
2â3â4 + h.c.. (3.5)

Usually, the material nonlinearity is relatively small and, therefore, a nec-
essary condition for nonlinear processes to occur is that one of the three
fields involved in TWM, and two fields in FWM, are sufficiently strong
to be modeled as classical fields with complex amplitude A. Defining
ζ = ηA3 for TWM and ζ = ηA3A4 for FWM, Eq.s 3.4-3.5 become

Ĥ2p = iℏ(ζâ†1â
†
2 − ζ∗â1â2). (3.6)

The system described by Eq.3.6 evolves according to the unitary operator

Û = e−iĤ
P
intt/ℏ = e(ϱâ

†
1â

†
2−ϱ∗â1â2)/2, (3.7)

with ϱ = 2tζ. Eq.3.7 has exactly the same structure as the squeezing
operator in Eq.2.8, showing that a parametric nonlinear interaction can
result in the generation of squeezed states. The key requirement is that
the Hamiltonian is at least quadratic in the creation and annihilation
operators [50].
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The processes described by this Hamiltonian are usually referred to
as two-photon processes, since they involve the simultaneous creation of
two photons in the signal and idler fields and the annihilation of one or
two photons of the pump field(s).

3.2 Effect of losses on squeezed light

So far, we have discussed the definition of squeezed states and their gener-
ation in the ideal case, i.e. assuming no losses in the system. However, a
real device is always characterized by internal and coupling losses which,
in general, represent the main limiting factors for the possible gener-
ated squeezed level. We discuss this dependence for specific squeezed
states in more detail in Chapter 4, while here we focus on the effect of
measurement loss on the detected squeezing.

We saw that to quantify the noise reduction in a general quadrature
squeezed state one should look at its variance, defined by Eq.2.9, and
compare it with the shot noise level. However, what can be measured in a
real experiment is the variance of the squeezed state affected by the losses
intrinsic of any experimental setup. In most cases, these losses can be
measured in order to retrieve the actual value of squeezing generated at
the source. The dominant loss contributions usually arise from the light
propagation through multiple optical components and from the detection
apparatus.

Conventionally, the effect of the total setup loss on the fluctuations
of the quadrature operator X̂(θ) is modeled by a beam splitter, which is
used to describe the linear interaction between two fields. In this case,
the beam splitter has the transmission coefficient equal to the square
root of the setup efficiency √

η, which has squeezed light in one input
port and vacuum fluctuations in the other, as shown in Fig. 3.3. The
corresponding relation is [46]

∆X̂(θ)out =
√
η∆X̂(θ)in +

√
1− η∆X̂(θ)vac. (3.8)

The variance of the measured output quadrature is then

Vout = ηVin + (1− η)Vvac, (3.9)

where the variance of the vacuum state is Vvac = 1 by definition.
From an experimental point of view, any loss is detrimental to the

final squeezing level that can be measured. These losses lead to an in-
crease of the total noise of the state, effectively transforming the squeezed
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Figure 3.3: Beam splitter model of the effect of losses on the quadrature
fluctuations in the phasor diagram.

noise ellipse into the noise circle of a coherent state. It is therefore crucial
to minimize all sources of loss in the setup, both during the squeezing
generation and in subsequent applications.

3.3 Squeezing generation in OPAs and OPOs

The typical devices used for squeezing generation are OPAs and OPOs
[57]. In general, both devices rely on a nonlinear material that enables
the amplification or generation of new frequency components.

In bulk optics, typical OPAs are based on nonlinear crystals [16,58–
60], most of which exploit the χ(2) susceptibility, or on highly nonlinear
optical fibers [61–63], which rely on the χ(3) susceptibility of silica. One
of the first demonstrations of squeezing generation was achieved using
the Kerr nonlinearity in optical fibers [64]. However, it is now known that
other nonlinear processes, like Brillouin and Raman scattering, limit the
achievable squeezing level in these systems [55,65]. In integrated devices,
instead, a typical OPA consists of a long high-confinement waveguide in
which the nonlinearity builds up as light propagates through it. In this
case, the typical platform for squeezing generation is thin film LiNbO3
[34,36,66], where quasi phase-matching is reached by periodic polling.

In typical OPAs, the efficient generation of high levels of squeez-
ing requires very high levels of pump power, which are often difficult
to reach with continuous-wave (CW) lasers. As a result, pulsed pumps
are often used in OPA-based squeezers. In these devices, squeezing ex-
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hibits a broad frequency bandwidth (of the order of THz), limited only
by the phase-matching condition of the medium, which defines the para-
metric gain spectrum. As shown in Fig. 3.4a), in the case of squeezed
vacuum, the entire spectrum of vacuum fluctuations within the paramet-
ric gain bandwidth is amplified and squeezed. In addition to their use
as squeezers, OPAs have also been employed in recent demonstrations
for the measurement of squeezing. Phase-sensitive OPAs can amplify the
squeezed quadratures without adding extra noise, enabling direct optical
power detection. This amplification also makes squeezing measurements
more tolerant to losses and low detection efficiencies [67–69].

Figure 3.4: a) The TWM or FWM processes in an OPA occurs while light
travels through the nonlinear material. The amplification and squeezing of the
vacuum fluctuations is continuous within the broad parametric gain spectrum
defined by the phase-matching condition, shown here for a FWM process. b)
In an OPO, the nonlinear material is placed inside an optical cavity. The
resulting spectrum is characterized by the cavity resonances, which define the
narrow squeezing bandwidth and discrete signal and idler positions.

In OPOs, instead, the nonlinear medium is placed inside an optical
cavity to enhance the nonlinear interactions among the optical fields, as
shown in Fig. 3.4b). This solution efficiently amplifies the vacuum fluc-
tuations or weak signals and leads to an efficient generation of squeezing.
All OPOs are characterized by a parametric threshold, which corresponds
to the minimum pump power required for the parametric gain to over-
come cavity losses and initiate the oscillations at new frequencies. In
classical optics, these devices are typically pumped above threshold to
generate observable output power. In quantum optics, however, and
in particular to generate squeezed vacuum states, OPOs are usually
pumped just below threshold, where infinite squeezing is expected in
the ideal case of a lossless device [2,70]. In this condition, the nonlinear
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process is usually referred to as spontaneous FWM, since only vacuum
fluctuations are involved in the process.

In these OPOs, very high pump powers are not required, allowing
the operations with CW lasers. However, the squeezing spectrum is
limited by the longitudinal resonant modes of the cavity. Therefore, the
squeezing bandwidth is restricted to the cavity resonance linewidth (typ-
ically up to GHz), and the signal and idler frequencies are limited to the
cavity resonance frequencies. Nowadays, the highest measured squeez-
ing level is 15 dB, achieved with a periodically poled KTP crystal in a
double resonant cavity [18]. In bulk optics, these cavities can become
very large and unstable against phase noise. Therefore, the interest of
the community in the last decade has shifted toward their miniaturiza-
tion. This interest has also been pushed by the recent advances in the
fabrication of integrated photonic devices and by improved understand-
ing of their behavior in classical optics [33]. In the case of integrated
OPOs, the most widely used devices are microring resonators based on
SiN [38–40, 42, 71], in which the FWM arising from χ(3) susceptibility
is the dominant process. Some state-of-the-art generations of different
relevant squeezed states based on these devices are discussed in the next
Chapter, along with examples of their applications.
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Chapter 4

Overview of some squeezed
states and their applications

In this Chapter, we present some of the most commonly used types
of vacuum and bright squeezed states that can be generated from the
nonlinear processes discussed previously. More attention is paid to OPO
devices, especially in PICs, since the squeezed states examined in this
thesis arise from the third-order nonlinearity of SiN-based integrated
microring resonators.

In general, a complete description of the properties of a squeezed state
is given by the squeezing spectrum, which is derived from the specific
quantum model of the generating system. For a detailed analysis, the
quantum model should be as complete as possible, taking into account
all the possible effects of the linear and nonlinear propagation of the light
in the medium, with particular attention on all types of intrinsic losses
in the device.

The common way to obtain the squeezing spectrum in the quan-
tum formalism is to start from the complete Hamiltonian of the sys-
tem, which includes the linear propagation of the m modes involved in
the process and the term for the interaction processes described by Eq.
3.3 [1, 2, 50, 72]. The total Hamiltonian is then used to calculate the
Heisenberg equations of motion of the mode operators. Solving these
coupled equations, together with the appropriate input-output relations,
gives the time evolution of the creation â†m(t) and annihilation âm(t)
operators of the output squeezed fields, which are transformed in the
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Fourier domain according to

ã(†)m (Ω) =
1√
2π

∫
â(†)m (t)eiΩtdt. (4.1)

These operators are usually used to define the generic quadrature oper-
ator X̃φ(Ω), whose specific form depends on the system and the type of
squeezing under investigation. Finally, the variance Vsq of this operator
defines the squeezing spectrum as [2]

SXφ(Ω) =
Vsq
Vvac

=
⟨|X̃φ(Ω)|2⟩
⟨|X̃0

φ(Ω)|2⟩
, (4.2)

here normalized by the variance Vvac of the vacuum quadrature operator
X̃0
φ(Ω). In practice, Eq.4.2 represents the noise spectrum of the squeezed

light, that is, the noise power as a function of the detection frequency
offset Ω from the carrier frequency ωm of the squeezed modes [46]. It is
usually evaluated experimentally with a balanced photodetector and a
spectrum analyzer.

In the following sections, for each state, we qualitatively discuss the
properties of the corresponding squeezing spectrum, focusing on the main
limiting factors for reaching high squeezing levels in state-of-the-art in-
tegrated sources. More attention is paid in describing the intensity dif-
ference squeezing measured in Paper A and the two-mode quadrature
squeezing analyzed in Paper B. Finally, we describe state-of-the-art ex-
amples of their applications in quantum information processing.

4.1 Vacuum squeezing

4.1.1 Two-mode quadrature vacuum squeezing

A two-mode quadrature vacuum squeezed state describes a state formed
by two distinct fields, the signal and the idler, whose quadrature fluctu-
ations are correlated by a nonlinear process. In the following, we use the
formalism for which the two modes are defined by distinct frequencies,
with m = s, i and ωs ̸= ωi. For this reason, the nonlinear processes
used to generate two-mode quadrature squeezing require the creation of
two distinct frequency modes. Therefore, the relevant processes, among
those described in Fig. 3.2, are the non-degenerate TWM, and the sin-
gle pump non-degenerate FWM, shown in Fig. 4.1a). In both cases, the
initial signal and idler fields are assumed to be in a vacuum state.
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4.1. Vacuum squeezing

Figure 4.1: Sem-classical simulation of a two-mode squeezed state. a) Optical
spectrum of the spontaneous FWM process. b) Phasor diagram showing perfect
squeezing in X2 and anti-squeezing in X1. The noise in the latter quadrature
is amplified by the propagation loss included in the simulation.

The squeezing operator for this state is defined as [2]

Ŝ(ξ) = e

(
ξâ†sâ

†
i−ξ

∗âsâi
)
/2
, (4.3)

where â†s,i and âs,i are the creation and annihilation operators of the
signal and idler modes. In this case, two-mode quadrature squeezing is
a shared property of the two modes. In other words, it is the sub-system
composed of the paired modes that is in a squeezed state [5, 73]. If we
analyze the quadratures of the two individual modes separately, we would
not measure any squeezing. It is necessary to combine the in-phase and
quadrature components of the two fields in order to properly analyze
the two-mode quadrature squeezing. For this reason, we introduce the
collective creation and annihilation operators of the combined fields [1]

b̂ =
1√
2
(âs + âi) ; (4.4)

b̂† =
1√
2

(
â†s + â†i

)
. (4.5)

The resulting two-mode quadrature operator of the signal and idler sub-
system has the form

X̂φ =
1

2

(
b̂e−iφ + b̂†eiφ

)
, (4.6)

with φ describing the angle of the squeezing direction in the phasor
diagram. A typical representation of a two-mode quadrature vacuum

27



Chapter 4. Overview of some squeezed states and their applications

squeezed states is shown in Fig. 4.1b), in which X̂1 = X̂φ=0 and X̂2 =
X̂φ=π

2
. Here, the squeezing angle φ is optimized to have perfect squeezing

along X2 and anti-squeezing along X1.
In the specific case of squeezing from an OPO, the analysis of the

squeezing spectrum derived from Eq.4.2 shows that the squeezing level
depends on several intrinsic parameters of the device [2,50,70]. In partic-
ular, two main limiting factors are the intrinsic propagation loss and the
loss in the coupling to and from the cavity, described by the coefficients
κi and κc, respectively. The maximum achievable squeezing level also
depends on the ratio between the input pump power Pin and the para-
metric oscillation threshold Pth. In addition, it is important to note that
in these devices, the pump, signal, and idler beams can oscillate only at
frequencies in proximity to the longitudinal modes allowed to exist in-
side the cavity. We define the detuning from the cavity frequencies ωcavs,i

for the signal and idler modes as ∆s,i = ωs,i − ωcavs,i . This detuning de-
pends on several factors, such as the input pump laser detuning from the
cavity mode and the device dispersion. The effects of these parameters
on the squeezing spectrum are discussed in more detail in the following
paragraphs.

In the case of a lossless device, the two-mode squeezing spectrum
is shown in Fig. 4.2a), normalized such that SXθ

= 1 represents the
noise spectrum of the vacuum state. The noise suppression reaches its
maximum (SXθ

= 0) when the device is pumped at threshold Pin = Pth
and when the signal and idler are in resonance (∆ = 0); it decreases as

Figure 4.2: a) Two-mode quadrature squeezing spectrum of a generic lossless
OPO for three combinations of resonance detuning ∆ and below threshold
pump power P . b) Dependence of the squeezing level on the coupling condition
κi/κc and on P , assuming signal and idler at resonance (∆ = 0).
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the pump power is reduced and as the detuning increases. Moreover,
the shape of the inverted Lorentzian depends on the detuning ∆s,i, em-
phasizing that the squeezing level at the output of a cavity is frequency
dependent [1].

Fig. 4.2b), instead, takes into account the effect of the losses. It
shows that the squeezing is maximized by pumping the device below
threshold, and when κi ≪ κc. In this coupling regime, usually called of
strong overcoupling, light escapes from the cavity faster than it is lost
due to intrinsic loss, allowing the majority of the squeezed photons to be
collected at the output. This dependence can be explained by the fact
that squeezing arises from a two-photon process: the loss of a photon
of the pair leaves the remaining one as an uncorrelated photon, causing
an imbalance in the system which is translated to a reduction of the
squeezing and an increase of the anti-squeezing level. The loss of both
photons certainly reduces the level and the efficiency of the squeezing
generation [2].

An example of an integrated OPO used for the generation of two-
mode quadrature squeezing is a SiN microring resonator operated below
threshold with a single pump beam [38, 44]. In this case, the squeezing
measurement is conducted via homodyne detection using a bichromatic
LO, whose frequencies coincide with those of the signal and idler modes,
and that must be phase coherent with the measured signals to suppress
the system technical noise. The generation of three phase coherent beams
(two LO components and the input pump) is therefore a strong limiting
factor affecting the quality of the measurement. One direct solution is to
phase-lock three separate lasers [38]. The alternative solution proposed
in Ref. [44], instead, is based on a simplified setup that requires only
one input laser to generate both the vacuum squeezed paired modes and
the LO. The latter is based on a classical electro-optic (EO) comb in
which the spacing and the central frequency are tuned such that two
comb lines, then filtered with a wave shaper, overlap with the signal
and idler modes. This technique allowed for the first demonstration in
an integrated microresonator of a squeezed frequency comb made of 40
modes, showing direct measurement of a maximum 1.6 dB of quadrature
squeezing. Note here that the number of modes analyzed is limited by
the EO comb bandwidth and not by the squeezer.
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4.1.2 Single-mode quadrature vacuum squeezing

Single-mode quadrature vacuum squeezing occurs when the signal and
idler fields are degenerate, i.e., âs = âi. Therefore, it can be generated
either by dual pump FWM or by degenerate TWM, most commonly
known as spontaneous PDC, since the process occurs without an input
seed. The squeezing and quadrature operators for a single-mode squeezed
state were introduced in Chapter 2 to discuss the general concept of
squeezing. Moreover, in the case of being generated by an OPO, the main
properties of this squeezed state correspond to those of the analogous
two-mode state presented above. The maximum squeezing is obtained by
pumping a strongly overcoupled device just below threshold [1,2,46,50].

In the case of an integrated OPO, the typical source is a SiN microres-
onator where two pumps of equal intensity are applied to two separate
resonances to generate squeezing in the mode at the center. However,
in this configuration, the achievable level of squeezing is strongly re-
duced by unwanted nonlinear effects, especially single-pump FWM [74].
Therefore, to ensure high-quality squeezing, it is important to engineer
the devices to suppress these processes. One solution is to induce mode-
spitting in the resonances involved in the extra processes, effectively
removing the condition for the processes to occur, as shown in Fig. 4.3.
Mode-splitting can be created using engineered devices such as photonic
molecules [39,75] or crystals [71], where the position and efficiency of the
splitting are controlled by adjusting the dimension of the auxiliary ring
and of the corrugations typical of the two devices, respectively.

Figure 4.3: Schematic of the FWM processes in a) a classical microring res-
onator and b) in a device engineered to split the resonance involved in un-
wanted nonlinear processes. SP-FWM: single-pump FWM; DP-FWM: dual-
pump FWM.
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On the other hand, typical integrated OPAs employed for the gen-
eration of broadband single-mode squeezed states are high-confinement
LiN waveguides [34, 36, 66]. In this case, the squeezing spectrum de-
pends on the length of the nonlinear waveguide and on the input pump
power [34]. The challenges in fabricating good-quality long periodically-
polled waveguides and the limitations on the sustainable input power
reduce the squeezing levels obtained from these devices. Nonetheless, a
main advantage of this technique is the use of the same input laser to
generate both the pump, through second harmonic generation, and the
LO employed in the homodyne measurement, ensuring mutual coherence
and extra noise suppression.

4.1.3 Squeezed quantum combs

One of the fundamental uses in the classical regime of third-order non-
linear integrated OPOs driven above the parametric threshold is to gen-
erate frequency combs, also called microcombs. Those are characterized
by equally spaced coherent frequency modes with unique classical prop-
erties [76, 77]. Recently, the quantum nature of these microcombs has
also been investigated [78, 79]. For example, Ref. [80] predicts the gen-
eration of squeezing in the modes below threshold of a soliton crystal,

Figure 4.4: Measurement of the optical spectrum of a microcomb generated by
a SiN microring resonator pumped below the parametric threshold. The central
input pump is attenuated to resolve the weak comb lines in the background
noise of a typical optical spectrum analyzer. Modes at wavelengths 1548 nm
and 1600 nm correspond to the peak of the parametric gain and are the first to
oscillate in case the device is pumped above threshold.
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foreseeing the creation of a hybrid microcomb with both classical and
quantum properties. Additionally, it is possible to create a full quan-
tum microcomb by operating the microresonators below the threshold.
In the previous section, the two-mode quadrature squeezed state was
defined between a pair of signal and idler modes. However, the sponta-
neous FWM process in an OPO allows for the simultaneous generation of
several quantum mode pairs, all showing two-mode quadrature squeez-
ing, thereby creating a squeezed quantum microcomb [40, 43, 44]. Fig.
4.4 shows an example of a measurement of comb lines resulting from
pumping a SiN microring resonator below the threshold, and that could
potentially display quantum properties.

4.2 Bright squeezing

4.2.1 Coherent quadrature squeezing

A coherent squeezed state is a displaced single-mode or two-mode
quadrature squeezed state with non-zero amplitude. It can be obtained
by combining in a beam splitter a quadrature squeezed vacuum state with
a coherent state, like a classical laser beam, as shown in the schematic
of Fig. 4.5. Equivalently, it can also be generated by the SPM and
Kerr nonlinear effect of the strong coherent pump used as input in a
squeezer [81]. In this case, the coherent mode is directly converted into
the squeezed mode, naturally creating a coherent squeezed state and
removing the necessity of mixing two separate modes with extra compo-
nents.

Figure 4.5: Schematic of the creation of a coherent squeezed state from the
interaction in a beam splitter of a coherent state and a squeezed vacuum state.
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4.2.2 Intensity difference squeezing

Intensity difference squeezing occurs between bright fields. In fact, as
suggested by the name, the squeezed properties appear in the photon
number difference of two distinct fields with non-zero amplitude, usually
generated through single pump non-degenerate FWM in an OPO oper-
ated above threshold. Fig. 4.6a) shows an example of the three involved
modes. As we can see, the signal and the idler are weaker than the in-
put pump, but they have a sufficiently large amplitude to be displaced
from the center of the phasor diagram and be directly measured in a
photodetector.

Figure 4.6: a) Measurement of the optical spectrum of the generated bright
signal and idler beams. b) Spectrum of an intensity difference squeezed state
generated in an OPO for three values of ρ.

Due to the energy conservation imposed by the two-photon paramet-
ric process, the signal and idler modes have the same amplitude and,
therefore, the same average photon number. For this reason, they are
commonly called twin beams. To analyze the intensity difference squeez-
ing spectrum, we need to introduce the photon number difference oper-
ator, defined in terms of the signal and idler photon number operators
n̂s and n̂i as

n̂∆ = n̂s − n̂i = â†sâs − â†i âi. (4.7)

This operator commutes with ĤFWM when only a pair of twin beams is
generated. In this case, the exact number of photons is conserved, not
only its average.

In the case of a lossy OPO, the spectrum of the intensity difference
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squeezing is [70]

S(Ω) = 1− ρ
4κ2

Ω2 + 4κ2
(4.8)

in which κ = κi + κc and ρ = κc
κ . Fig. 4.6b) shows S(Ω) for some

combinations of parameters. As for the previous cases, the squeezing
level reaches its maximum at resonance and in the strongly overcoupled
regime, when ρ→ 1. At low offset frequencies, the squeezing level tends
to the value 1 − ρ, meaning that the achievable squeezing depends on
the quality of the devices in terms of intrinsic and coupling losses. In
contrast to vacuum quadrature squeezing, intensity difference squeezing
is independent of the input pump power, as long as it is above the para-
metric threshold but still sufficiently low to not initiate cascade FWM
and the oscillations of the other modes. In this case, the presence of
multiple pumps, and therefore of different sources of photons, eliminates
the correlations between the paired beams.

Intensity difference squeezing is the first type of squeezing demon-
strated in SiN microring resonators [37], where 1.7 dB of squeezing was
directly measured. In a more recent experiment [42], the level of mea-
sured squeezing has been increased to 3.5 dB by reducing the total detec-
tion loss and by using a strongly overcoupled device, which generates an
inferred on-chip squeezing of 10.2 dB. In these integrated OPOs, the lim-
iting aspects are in the fabrication procedures for achieving low intrinsic
loss and a high coupling coefficient. Other similar works are described
in Ref. [82, 83]. The results presented in Paper A refer to the analysis
of intensity difference squeezing generated from a special engineered SiN
microring resonator optimized to have strongly overcoupled resonances.
In our experiment, the generation of the twin beams and their charac-
terization follow the procedure used in these first demonstrations, also
described in the Appendices.

Very recently, a new technique based on seed-assisted parametric am-
plification of squeezing, suggested in Ref. [43], allowed for the direct de-
tection of 5.6 dB of squeezing, surpassing all previous measurements from
integrated OPOs. Here, a seed signal, together with the generated idler,
amplifies two-mode quadrature squeezed vacuum modes generated by
pumping the device below threshold. The amplification is done directly
in the same microring resonator used as a squeezer, effectively creating a
bright squeezed state that can be analyzed without a LO. The drawback
of this technique is that only the amplitude quadrature becomes accessi-
ble for measurements, transforming the analysis of quadrature squeezing
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into an investigation of intensity difference squeezing.

4.3 Applications

Due to the high quality of squeezing generation reached over the years,
there are several fields of application where squeezed states are nowadays
employed, going from quantum computing, quantum communication and
networking, to quantum sensing and metrology.

4.3.1 Photonic quantum computing

In recent years, photonic platforms have been used to demonstrate im-
portant steps toward the realization of operating quantum computers.
In this context, squeezed states can be used to encode quantum informa-
tion in continuous variable (CV) protocols, which exploit the continuous
properties of light, such as the quadratures of the fields.

Squeezed states have been employed directly in several architectures,
mainly to verify quantum computational advantage, that is, the speed-
up of operations in a quantum hardware compared to a classical com-
puter [28, 84–86]. These demonstrations are based on Gaussian bo-
son sampling (GBS) [87], where several single-mode vacuum quadrature
squeezed modes are injected into a linear interferometer composed of
a large number of beam splitters, and the resulting output pattern is
sampled with photon number resolving detectors. The latters require
the use of vacuum squeezing to avoid saturation caused by strong bright
light [88]. In 2020, GBS was implemented in a bulk setup based on
χ(2) photonic crystals that deliver 50 single-mode squeezed states from
PDC [84]. Although they demonstrate high detection efficiency (63%)
and high photon purity (94%), necessary to ensure high indistinguisha-
bility in the interferometer, the system has a few limiting factors. To
demonstrate quantum advantage, it requires the parallel generation of a
large number of highly squeezed modes, drastically increasing the num-
ber of squeezers. In this sense, integrated squeezing sources are more
suitable than bulk devices. In terms of scalability, PICs can reduce the
footprint of the photonic quantum hardware, not only by miniaturizing
the processor but also by integrating more components on the same chip.
In these systems, it is also possible to change the setting of the interfer-
ometer by remotely controlling the phase shifters, thereby enabling its
reconfigurability, a property that is lacking in most bulk circuits [33,84].
An example of GBS from PICs is shown in Ref. [28], where four SiN

35



Chapter 4. Overview of some squeezed states and their applications

microring resonators have been used to generate four pairs of two-mode
squeezed states, then converted into single-mode squeezing in the first
stage of the programmable integrated interferometer. In fact, if the two
paired modes are sent as input to a beam splitter, the output modes are
in two single-mode squeezed states [5].

On the other hand, squeezed states are not only used directly as
qumodes, but they are also implemented for the generation of more com-
plex states. A quantum computer, to be universal, requires the use of
non-Gaussian states and operations, and squeezed states can be used to
create such states. In particular, GBS devices can be used to generate
Gottesman-Kitaev-Preskill (GKP) states [89]. Recently, a hybrid archi-
tecture that combines squeezed and GKP states has been proposed by
Ref. [90], where they infer that the minimum level of squeezing necessary
to generate the GKP states with high fidelity is around 10 dB. State-
of-the-art integrated devices have already demonstrated the ability to
deliver on-chip such a level of squeezing [44]. However, the higher the
squeezing level, the more resilient the system is to loss and errors. A
simplified version of this machine has recently been realized employing
21 SiN PICs that generate 86 two-mode vacuum squeezed modes [32].
However, its performance in terms of losses needs to be improved by
20-30 times to reach fault-tolerant quantum computation.

4.3.2 Quantum communication

Another possible application of squeezed states in quantum information
processing is in the implementation of quantum teleportation used in CV
quantum communication and networking schemes [5].

In CV quantum communication, the information is encoded in the
continuous quadratures of quantum modes. A typical teleportation pro-
tocol is based on the use of two-mode quadrature vacuum squeezing,
where the sender and the receiver own one of the signal and idler modes
each. The quantum correlations that link these modes together are the
key ingredient necessary to transfer the quantum information encoded
in a third mode. The latter is made overlap with the squeezed mode
of the sender, which communicates the results of homodyne measure-
ments to the receiver via a classical channel. Based on this information,
the receiver is able to displace and rotate its squeezed mode to recreate
the original third mode of the sender [91, 92]. A relevant quantity that
indicates the quality of the procedure is the no-cloning fidelity, which de-
scribes the minimum fidelity of the teleported state that ensures nobody
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else has a better copy than the receiver. This fidelity strongly depends
on the level of squeezing of the two-mode state, and a minimum of 3 dB
of squeezing is required to reach the non-cloning fidelity [93].

This protocol can be extended to build quantum networks by dis-
tributing multipartite entanglement between several nodes, obtained
from the connection of two or more nodes via multimode squeezed
states [91], delivered, for example, from squeezed quantum combs.

4.3.3 Quantum sensing

Squeezed states find their natural application in the field of sensing and
metrology because of the possibility to go beyond the standard quantum
limit of noise imposed on classical light and increase the signal-to-noise
ratio (SNR). When light is used to probe a sample, the information is
encoded in a given property of the field, such as its amplitude or phase.
The sensitivity of the measurement, which is related to the minimum
measurable quantity, can be reduced by probing with the appropriate
quadrature squeezed state [21].

Similar benefits in terms of sensitivity can be achieved by increasing
the beam power. However, there is a limit to how much power can be
delivered in or handled by a system. For example, the use of amplitude
squeezed vacuum light is particularly useful in sensing biological samples,
where high power light is avoided to prevent any damage of the samples.
A single-mode probe with 6 dB of vacuum amplitude squeezing allowed
for the demonstration of almost 2.4 dB of quantum noise reduction [94].

In case of measurements that involve the use of interferometers, vac-
uum squeezed states can be injected into the open port to replace the
vacuum noise that would otherwise enter the system [9]. The choice of
the correct squeezed state, depending on the measured quantity, is funda-
mental to actually attenuating the measurement noise and not amplify-
ing it. For example, this approach, based on the injection of single-mode
vacuum squeezing into the dark port of the interferometer, was imple-
mented at LIGO for the detection of gravitational waves. They have
improved the sensitivity of the detectors over a broad frequency range
by using frequency-dependent squeezed light. Phase quadrature vacuum
squeezed states are rotated via a filter cavity following the response of the
interferometer, thereby compensating for shot noise at high frequencies
and radiation pressure at low frequencies [19, 20].

In general, the intensity of a squeezed vacuum state is too low to be
detected and used directly as the probing signal. The noise reduction
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intrinsic to the squeezed light must be transferred into detectable coher-
ent light, making bright squeezed states the best candidate in sensing
applications [21]. In particular, intensity difference squeezing has been
used in some experiments in which one mode of the two-mode squeezed
state is used as the probe while the other acts as the reference beam. A
differential detection scheme takes advantage of the shared noise reduc-
tion property to increase the sensitivity of the measurement [95,96]. For
example, more than 3 dB of improved sensitivity has been achieved with
6.5 dB of intensity difference squeezing generated in an atomic cell [97].

Another type of squeezing employed in sensing devices are the
squeezed frequency combs, such as those generated from Kerr nonlin-
earity, recently used to improve the sensitivity of the dual comb spec-
troscopy [22, 24]. Here, one frequency comb interferes with the sample
under investigation while the other comb is used as a reference. The
interfering pattern resulting from their heterodyne detection encodes all
the information about the sample. By replacing just one of the combs
with a Kerr squeezed comb, almost 3 dB of improvement in the SNR
has been observed, resulting in a two-fold quantum speed-up of the mea-
surement time [25]. Similar results can also be obtained by means of
a quantum frequency comb. A theoretical analysis shows that around
10 dB of two-mode quadrature squeezing is necessary to have significant
quantum advantages [23].
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Kerr nonlinear
microresonators

The results presented in this thesis describe squeezed states generated
in integrated microring resonators through the third-order nonlinearity
of the SiN waveguides. This Chapter is mainly focused on describing
the basic linear properties of this type of OPO and a standard approach
used to model its nonlinear behavior, i.e., the Ikeda map. The latter is
typically implemented in semi-classical simulations of the dynamics of
a microresonator for the generation of frequency combs [98–100], and it
represents the basis of the semi-classical approach used in Paper B for
the squeezing simulations.

5.1 Linear dynamics

A microring resonator is a looped waveguide placed in proximity of a
straight bus waveguide [101]. A simple schematic is shown in Fig. 5.1a).
Due to the typical small gap between the bus and the ring, light is
periodically exchanged between them as a result of the interaction of
their evanescent fields. Once the light enters the ring, it remains trapped
there for a certain time before being coupled out. The coupling region
is considered to be point-like, and it can be described by the coupled
equations typical of a beam splitter [102][

Eout
E2

]
=

[
r t

−t∗ r∗
] [
Ein
E1

]
. (5.1)
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Figure 5.1: a) Schematic of a microring resonator. b) Normalized transmis-
sion spectrum measured from a microresonator pumped at low power. The
insert shows the shape and quality factors of strongly overcoupled resonance.

Here, r = |r| and t = |t|eiψ are the reflection and transmission co-
efficients, with relative phase ψ = π and that satisfy the relation
|r|2 + |t|2 = 1. Moreover, Ein and Eout are the input and output fields,
while E1 and E2 refer to the intracavity fields at two different positions
of the ring, related by

E1 = E2e
(−αp/2+iβ)L. (5.2)

This equation describes that, during propagation in one roundtrip in
a ring of length L, the field is subject to propagation loss, which is
described by the coefficient per unit length αp, and it accumulates a
certain phase, proportional to the propagation constant β.

In a dispersive medium, β is frequency-dependent, affecting the con-
ditions of operation of the microresonator. In particular, it determines
the phase-matching condition of a nonlinear process. Its Taylor expan-
sion, up to the second order, is

β(ω − ω0) = β0 + β1(ω − ω0) +
β2
2!
(ω − ω0)

2 + ... (5.3)

Here, β0 describes the phase velocity, β1 defines the group velocity as
vg = 1/β1, and β2 describes the group velocity dispersion. If positive,
the low-frequency components travel faster and the dispersion is referred
to as normal. On the contrary, if β2 is negative, the high frequencies are
faster and the dispersion is anomalous.

Eq.5.1 and 5.2 define the linear dynamics of the microresonator,
which is described by the transmission spectrum T = |Eout|2/|Ein|2.
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In the lab, we usually characterize the linear cavity properties by imple-
menting swept wavelength interferometry at low power to prevent the
occurrence of nonlinear processes [103]. An example of a portion of the
measured transmission spectrum is shown in Fig. 5.1b). It presents res-
onance dips located at the longitudinal modes of the resonator, whose
positions are defined by β(ω)L = 2πµ, where µ is the integer mode num-
ber. The separation between adjacent resonances is the free spectral
range (FSR), which is not constant over a broad frequency range due to
the dispersion.

The resonances have a Lorentzian shape, whose width and depth
depend on the total cavity losses, usually expressed in terms of the loaded
quality factor

QL =
ω0

ωFWHM
, (5.4)

where ω0 is the resonance frequency, and ωFWHM is its full width at half
maximum. This quality factor represents the number of field oscillations
necessary for the light energy to be reduced to 1/e of its initial value.
It has two main contributions Q−1

L ≈ Q−1
e + Q−1

i . One comes from the
coupling loss, described by the extrinsic quality factor

Qe =
ω0ngL

√
r

2(1− r)c0
, (5.5)

and one from the propagation loss, described by the intrinsic quality
factor

Qi =
ω0ngL

√
a

2(1− a)c0
. (5.6)

Here, ng is the group index, c0 is the speed of light in vacuum, and
a2 = e−αpL is the roundtrip attenuation factor. As shown in the insert
of Fig. 5.1b), in the case of a strongly overcoupled resonance, ideal for
squeezing generation, we have Qe ≪ Qi, indicating that the propagation
loss is smaller than the coupling loss. In this case, the resonance dip is
very shallow. When the propagation and coupling coefficients are equal,
the resonance is critically coupled; instead, if the propagation loss is
dominant, the resonance is undercoupled. By assuming the propagation
loss fixed by the fabrication process, the coupling regime is defined by
adjusting the gap between the microring and the bus waveguide.
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5.2 Ikeda map

The Ikeda map is a system of equations used to describe the propagation
of light in a microring resonator during a large number of roundtrips.
In particular, during each roundtrip in a nonlinear microring, the map
is obtained considering two separate steps: the evolution of the field
inside the ring, and the coupling between the ring and the bus waveguide
[100,104].

Within each roundtrip n, the evolution of the slowly varying field
envelope An in a single transverse mode propagating in the z-direction of
a nonlinear medium is described by the perturbed nonlinear Schrödinger
equation (NLSE) [53]

∂An
∂z

= −αp
2
An + iβ0An −

iβ2
2

∂2An
∂t2

+ iγ|An|2An, (5.7)

which includes the effect of propagation loss, dispersion, and Kerr non-
linearity. The strength of the nonlinear processes is commonly described
by the nonlinear parameter γ, which depends on the χ(3) susceptibility
of the material. In a typical SiN waveguide, it is about 1 (Wm)−1.

The in-out coupling equations, derived from the matrix in Eq.5.1, are

Aout = Ain
√
1− θc −An

√
θc (5.8)

An+1 = Ain
√
θc +An

√
1− θc, (5.9)

where we assume |t| =
√
θc and |r| =

√
1− θc.

Eqs.5.7, 5.8, and 5.9 together form the Ikeda map, which can be
readily implemented in a simulation tool. In particular, the NLSE can
be implemented using the split-step method [53]. Here, the field prop-
agation is divided into small steps, where the effects of the linear and
nonlinear terms are treated separately and alternated with each other.

One advantage of this approach is that it allows the introduction
of several noise terms in the system and the analysis of their effect on
the field evolution [99]. Most relevant for this thesis is the introduction
of quantum noise, modeled as an additional field propagating with Ain
and having a random phase and amplitude with variance equal to the
shot noise. The latter is defined as

√
ℏωδf/2, where δf = FSR is the

frequency resolution within one roundtrip [98].
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Summary and future outlook

In this thesis, we discussed several ways of generating different types of
squeezed states, with more emphasis on the use of an integrated micror-
ing resonator operated as an OPO. In particular, Paper A describes the
experimental analysis of intensity difference squeezing obtained from an
engineered strongly overcoupled microresonator, while Paper B shows
the possibility of using a semi-classical simulation tool to simulate two-
mode quadrature squeezing. In future work, it would be interesting to
combine these results by extending the simulations to other types of
squeezed states and measuring quadrature squeezing.

In particular, the semi-classical simulations represent a unique oppor-
tunity to properly investigate the role in squeezing generation of several
classical noise sources that are known to affect the classical behavior of
the microresonators [99]. Therefore, a future step would be to extend
the current approach to this analysis and also adapt it to the generation
of other squeezed states.

From an experimental point of view, instead, it would be interesting
to investigate the squeezing properties of the below-threshold modes in
comb states generated above threshold. In particular, we could explore
the generation of multimode squeezed states in soliton crystals, which
has been theoretically predicted in previous studies [80]. This analysis
could be performed by adapting classical measurement techniques de-
veloped in the group, such as dual comb interference, to the quantum
regime. With this work, we could contribute to understanding the role of
quantum processes in the formation of classical comb states, whose inves-
tigation has mostly been restricted to the classical properties. Moreover,
exploring new ways to generate multimode squeezed states could be ben-
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eficial in applications that, for example, require the creation of squeezed
or entangled cluster states, like quantum computing or communication.
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Summary of Papers

Paper A

Intensity difference squeezing of high-power modes in a
strongly overcoupled silicon nitride microresonator,
Submitted to Optics Letters, 2026.

In this work, we investigate the advantages of generating intensity
difference squeezing using an engineered microring resonator based on
quasi-bound states in the continuum. The periodic strongly overcoupled
resonances arising in this device allow for reaching a high level of
on-chip squeezing, surpassing the performance of previous integrated
sources. We show that this coupling regime ensures the suppression of
mode competition at high input pump power, resulting in high-power
squeezed twin beams.

My contribution: I conducted the experiment and the data anal-
ysis. I wrote the paper with support from the co-authors.

Paper B

Semi-classical analysis of two-mode quadrature squeezing in a
high-Q microresonator,
Submitted to Conference on Lasers and Electro-Optics (CLEO), 2026.

Here, we demonstrate that the semi-classical simulation approach
based on the Ikeda map, typically employed to analyze the classical
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nonlinear dynamics of microring resonators, can also be used to simulate
two-mode quadrature vacuum squeezing. We discuss the benefits of
using this approach, which include direct access to the evolution of
the entire quantum frequency combs, and the possibility of accurately
implementing several classical noise sources in the model in order to
analyze their effect on the squeezing level.

My contribution: I did the simulations. I wrote the manuscript
with support from the co-authors.
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Appendices

Appendix A – Free-space experimental setup for
intensity difference squeezing generation

In this section, we discuss important aspects of the experimental setup
used in Paper A for the generation and characterization of intensity dif-
ference squeezing. A simplified schematic is shown in Fig. 8.1a). In
order to measure this type of squeezing, we need to pump the micror-
ing resonator above the parametric threshold until strong mode pairs
are generated. Then, the signal and idler beams are sent separately
to the two input ports of the balanced photodetector (BPD) (Thorlabs
PDB425C-AC). The noise of the photocurrent difference is then analyzed
with an ESA (Anritsu MS2840A) and compared with the shot noise.

To reduce the setup losses that drastically affect the measurable level
of squeezing, we use free-space components between the chip and the
BPD. This is done mainly for two reasons: to reduce the loss in coupling
the light out of the chip, and to optimize the spatial separation of the
twin beams. A close look at the free-space setup is given by Fig. 8.1b).

The first step of squeezing generation is done by sending an ampli-
fied CW laser (Toptica CLT) into the chip using a lensed fiber, whose
alignment is optimized by maximizing the output power collected with a
second lensed fiber. Then, the output fiber is replaced with an aspheric
lens (C330TMD-C) with a high numerical aperture capable of collecting
the divergent beam coming from the tapered waveguide. After coupling,
the frequency of the laser is tuned with the incorporated piezo controller
to pump one strongly overcoupled resonance. The output spectrum is
monitored with an OSA (Yokogawa AQ6375B).
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Figure 8.1: a) Schematic of the experimental setup. CW laser: continuous-
wave laser; PC: polarization controller; EDFA: erbium-doped fiber amplifier;
BPF: optical band pass filter; VOA: variable optical attenuator; OSA: optical
spectrum analyzer; PD: photodetector; ESA: electrical spectrum analyzer; PID:
proportional-integral-derivative control. b) Pictures of the free-space compo-
nent, highlighting the path of the pump (blue), signal (green), and idler (or-
ange) beams from the chip (right) to the photodetector (left).

Once the signal and idler beams are generated, we spatially separate
them by using a polarization-insensitive transmission grating (GP1006Z)
and a series of protected silver mirrors (PF10-03-P01). Then, two lenses
(AC080-010-ML and LA1304-C-ML) focus the signal and the idler into
the input ports of the BPD. The DC voltage of one of the output monitor
ports is used as the error signal of the PID control box of the laser for
power stabilization during the noise measurement.

To properly characterize the intensity difference squeezing, the out-
put photocurrents need to be balanced. This is done by monitoring the
two DC output signals with an oscilloscope and adjusting the system
alignment to reduce the power of the most intense beam until the two
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signals are equal. When the two signals are well balanced, the noise
power in the ESA is minimized. Therefore, a high precision in the align-
ment is necessary to optimize the squeezing measurement.

Appendix B – Shot noise characterization

Here, we briefly describe the procedure implemented to characterize the
shot noise used as the reference in the intensity difference squeezing
analysis. In this case, the shot noise corresponds to the noise power of
the laser set at the pump frequency, and whose power is the average of
the signal and idler power levels. The CW laser, the BPD, and the ESA
used in this characterization must be the same as those used to measure
the noise power of the signal and idler.

Fig. 8.2a) shows a schematic of the experimental setup. The input
laser is split evenly into two paths towards the two input ports of the
BPD. Two VOAs are used to independently control the power levels of
the signal and idler beams. As described previously, we need to balance
the two photcurrents. To do so, we equalize the voltages from the moni-
tor ports by adjusting the input powers. The target voltage level should
be the same as that used in the squeezing measurement. Finally, the
shot noise level is measured on the ESA.

An additional important test to do is to check if the laser and the
detection systems are shot noise limited. In that regime, according to
Eq.2.7, the shot noise varies linearly with the optical pump power. This
linear dependence can be easily checked by sweeping the input pump
power and observing the output noise power, as shown in Fig. 8.2b).

Figure 8.2: a) Schematic of the experimental setup used for the characteri-
zation of the shot noise. b) Linear dependence of the measured noise on the
input power.
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