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Abstract

We examine the relationship between the asymptotic normalization coefficient (ANC) of °Li and
other low-energy observables in the a—deuteron system. Our analysis uses a set of calculations carried
out within the ab initio no core shell model with continuum (NCSMC) using a variety of inter-
nucleon interactions and basis sizes, and yielding °Li deuteron separation energies between 1.3 and
1.8 MeV (Hebborn et al 2022 Phys. Rev. Lett. 129 042503). These NCSMC calculations show that the
square of the ANC s strongly correlated with the separation energy over this range. In this work, we
investigate the origin of this correlation using the phenomenological R-matrix, a single-channel
potential and a perturbative approach. We show that this correlation occurs because the depth of the
a—deuteron central potential changes by only a small relative amount as the separation energy varies.
We then investigate if the ANC can be accurately extracted from a—deuteron phase shifts in an ideal
case in which low-energy data are available and there are no experimental errors. We find that both
R-matrix and Coulomb-modified effective-range theory (CM-ERE) yield extracted ANCs close to,
although not exactly equal to, the NCSMC value, provided the extrapolation is constrained by the
known position of the bound-state pole and at least three terms are included in the fit function. The
R-matrix approach converges faster than the CM-ERE as the number of parameters increases and is
also more robust against the inclusion of low-energy and high-energy phase shift data. Finally, our
study also shows that a naive quantification of uncertainties by comparing different truncations used
in both theories is not accurate, and suggests the accuracy of ANCs extracted from phase shift data
needs further investigation.

1. Introduction

Our understanding of the origins of the elements in the Universe relies on nuclear reaction networks, that take
as inputs evaluations of low-energy nuclear reaction rates. Because they provide a path to the formation of
heavier elements, radiative capture reactions, in which two nuclei A and B fuse together to produce a heavier
nucleus Cand a gamma-ray, are of particular interest for various nucleosynthesis processes. These low-energy
capture reactions depend on the overlap function u(r) of the ground state of C with the ground states of A and B
and the A-B scattering wavefunctions. At large A-B distance r — oo, these overlap functions u(r) depend on two
physical quantities: E;, and the asymptotic normalization coefficient (ANC) of the state. ANCs are model-
independent observables, that can be obtained formally from the residue of the A 4+ B S-matrix at the bound
state pole C[1-9]. Because many evaluations of astrophysical rates rely on these ANCs, it is important to
understand how they correlate with other observables that can be measured, i.e. scattering cross sections and
the nuclear binding energy.

© 2026 The Author(s). Published by IOP Publishing Ltd
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This paper focuses on the s-wave a—d ANC of °Li. This ANC determines a sizable fraction of the cross
section for the radiative capture o + d—°Li + y, and so is strongly implicated in the rate of °Li production
during the Big Bang. We analyze the recent state-of-the-art ab initio predictions carried out by Hebborn et al,
which used a variety of nuclear interactions derived from chiral effective field theory (YEFT) [10]. Hebborn et al
found that the capture rate varied very little among different y EFT interactions that reproduced the separation
energy, and traced this result to the stability of the °Li s-wave ANC C, across those different ab initio calcula-
tions. Thanks to the stability of the many-body predictions with respect to the choice of interactions and model
spaces, they predicted a precise value for the ANC? of °Li: C} = 6.86 4= 0.21fm ™.

As discussed in [10, 11], this recent ab initio ANC differs from the accepted ANC?value CO2 =534 0.5fm !
obtained by analytic continuation of s-wave phase shifts, from an energy-dependent phase-shift analysis [ 12] that
was cross-checked against both a single-particle reaction model constrained with experimental phase shifts and a
three-body a4 1+ p model for the structure of °Li that neglects the a—p Coulomb repulsion [4]. This ANC
discrepancy does not just have consequences for the evaluation of the o + d—°Li + y capture rate. The °Li ANC
has been used to analyze (°Li, d) transfer data that put constraints on a-induced reactions of astrophysical interest,
suchas °C(a, n)'°O [13]and "*C(a, 7)'°O[14, 15]. Thus a revision of the °Li ANC means that these reaction rates
should also be reevaluated [11]. In this work, we investigate this discrepancy in ANCs of °Li from two different
perspectives. First, we analyze the strong correlation between the °Li deuteron separation energy and the square of
the °Li ANC. Second, we study how accurately this quantity can be determined when phase-shift data is used to
constrain an extrapolation of the scattering amplitude to the bound-state pole.

The correlation between binding energy and ANC has already been observed in other few-nucleon systems,
such as *He and the triton [3]. For three-nucleon systems, these correlations are expected at leading order (LO)
in pionless effective field theory (EFT) [16—18]. Indeed, the presence of a single three-nucleon contact interac-
tion in the leading-order Lagrangian of that theory [19, 20] implies that all three-nucleon (and some four-
nucleon) observables are correlated—at least up to corrections that are sub-leading in this theory [21, 22].
Thus, in pionless EFT, the ANC-separation energy correlation observed in [3] has the same explanation as the
Phillips and Tjon lines [20, 23-25]. Liwas computed in pionless EFT in [26] and a correlation between E}, with
the a—deuteron scattering length [27] has been observed in a recent study employing a three-body model (but
without Coulomb) [27]. In this work, we discuss a slightly different although similar correlation, between the
ANC? and the separation energy of °Li in many-body calculations using not pionless EFT, but nuclear forces
derived from chiral EFT. A broader understanding of what causes such correlations could reveal for which
systems they occur and might help to improve evaluations of astrophysical reaction rates.

Since the deuteron separation energy in °Li is small compared to the typical binding energy per nucleon in
nuclei, Halo EFT [28] is a natural framework for describing the °Li system. Halo EFT uses this separation of
energy scales to systematize the interactions between the a and the deuteron clusters. Observables can then be
derived up to a given order in the small momenta associated with the separation energy. The form of the scat-
tering amplitude that emerges in Halo EFT is that of the Coulomb-modified effective range expansion (CM-
ERE) [29, 30], however with a different organization of the CM-ERE in terms of the dimensionful scales. In
particular, at LO in Halo EFT for s-wave states only one term appears in the CM-ERE and hence s-wave states
exhibit a parameter-free relationship between the two-body separation energy and many bound-state proper-
ties, such as the radius, electromagnetic matrix elements and the ANC [28]. For a weakly bound state without
Coulomb interactions the ANC* at LO can simply be obtained from the binding momentum; if the bound state
involves two charged particles this dependence is modified by an extra factor depending on the Sommerfeld
parameter of the bound state [31-33]. One might think that these simple relations at LO can explain the corre-
lation between binding energy and ANC?, and that one can interpret this correlation as a manifestation of
‘universality’ in °Li, but we will see below that this is not the case.

Because it was recently argued that °Li could be treated as a single-channel problem within Halo EFT of °Li [
34], we also investigate the ANC-binding energy correlation using a single-particle model and the phenomen-
ological R-matrix framework. R-matrix is particularly suited to studying shallow bound states, since it explicitly
separates the long-distance piece of the bound-state wave function from the interior portion that is treated
phenomenologically. In the first half of this work, we compare R-matrix, single-particle model, and perturba-
tive arguments for the correlation between the binding energy and the ANC of of °Li. In the second half, we use
both R-matrix and CM-ERE theories to explore the connection between phase shifts and the ANC. We focus on
the 1" channel in which the bound-state occurs and convert the no core—shell model with continuum
(NCSMC) phase shifts into a parametrization of the inverse scattering amplitude. We then take the inverse
scattering amplitude between 0.01 MeV and 3 MeV as data and fit CM-ERE and R-matrix amplitudes to those
data. We view this as a first step towards investigating the robustness of ANC extractions from exper-
imental data.

Our paper is structured as follows. In section 2 we give details of the NCSMC calculations of °Li that form
the basis of our study. Section 3 exposes the correlation between the separation energy and the ANC squared
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Table 1. Summary of the ab initio calculations analyzed in this work. The first column gives
the number by which we refer to the calculations in subsequent text and figures, the second is
the momentum resolution scale of the SRG evolution (), while the third and fourth indicate
if deuteron pseudostates were included and if the 3N yEFT (and SRG-induced) force was
included. The fifth column shows whether a phenomenological adjustment of the threshold
energy was done a posteriori, and the sixth gives the number of quanta (Np,y) of excitation
above the lowest-state energy. The last column is then the result of that NCSMC calculation
for the deuteron separation energy of the °Li ground state. In all cases, the NN force
considered is from [44]. Two 3N forces were considered: from [40, 41] for predictions 0, 1,7, 8
and 9 and from [42] for predictions 10 and 11.

Number Afm ™} With ps With 3N Pheno Ninax E,[MeV]

0 2.00 X v X 10 —-1.75
1 2.00 X v v 10 —1.48
2 2.00 v X X 8 —1.86
3 2.00 v X X 10 —-1.85
4 2.05 v X X 8 —1.75
5 2.20 v X X 8 —1.46
6 2.00 v X v 8 —1.48
7 2.00 v v X 8 —1.84
8 2.00 v v X 10 —1.78
9 2.00 v v v 10 —1.48
10 2.00 v v X 8 —1.39
11 2.00 v v v 8 —1.47

from three different perspectives. In section 3.1 we explain the existence of such a correlation from an R-matrix
perspective, then in section 3.2 we show it also emerges in a single-particle potential model. These two perspec-
tives are linked by their common assumption that the change in separation energy is small compared to the
overall depth of the two-body potential, and section 3.3 shows that affine dependence of ANC? on binding
energy is to be expected in this regime. In section 4, we turn out attention the connection between phase shifts
and the ANC. After areview of the CM-ERE in section 4.1 we present results from CM-ERE fits to the positive-
energy NCSMC scattering amplitude in section 4.2. Section 4.3 then carries out the same fitting exercise using
the R-matrix form of the amplitude. We summarize and offer perspectives on the extension of our discussion of
®Li to other systems in section 5.

2. Description ab initio calculations considered

In this work, we analyze calculations of bound °Li and scattering a—d states that were carried out in [10] using
the ab initio NCSMC method [35, 36]. This ab initio approach has the advantage that it treats accurately and
consistently static and dynamic properties of light nuclei (see [37-39] for recent reviews). This is done through
an expansion onto a basis composed of °Li no-core—shell model (NCSM) states as well as a—d cluster states,
with the latter built from avand d NCSM states. The NCSMC calculations use interactions derived from yEFT,
but consider several such interactions. Some employ only NN interactions and some use different 3N YEFT
forces [40—42]. The Hamiltonians are softened to a variety of momentum resolution scales using similarity
renormalization group (SRG) transformations [43]. The calculations also consider different truncations of the
basis used for diagonalizing the YEFT Hamiltonian: the results are obtained including different numbers of
particle excitation quanta (Np,,y) above the lowest-energy configuration and with different numbers of
deuteron states, i.e. including the deuteron ground state and pseudostates, thereby effectively discretizing the
n—p continuum. Finally, predictions with and without a phenomenological adjustment of the energy of the a—d
separation threshold are also considered. Twelve different calculations, that produced °Li states bound by
1.39-1.86 MeV with respect to the a: — d threshold, will be studied in this work.

Table 1 provides a summary of the NCSMC calculations considered. The specific ordering of the calcula-
tions is thought of as follows:

e Calculation 0 (1) is without pseudostates and using the three-nucleon force from [40, 41] without (with)
phenomenological adjustment of the threshold energy;

o Calculations 2-5 do not use a three-body force. They employ different Nj,,x, and three different SRG
resolution scales and are done without phenomenological adjustment of the threshold energy;

e Calculation 6 is modified from Calculation 2 only in that the phenomenological adjustment of the threshold
energy is also employed;
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e Calculations 7-9 employ the three-body force from [40, 41] and use two different values of Np,.
Calculations 7 and 8 are done without, and calculation 9 with, phenomenological adjustment of the
threshold energy;

e Calculation 10 (11) uses the three-body force from [42] and does not consider (considers) phenomenological
adjustment of the threshold energy.

We note that calculations 3, 8 and 9 correspond to the calculations in [10] referred as ‘NN-only’, ‘NN + 3N,/
and ‘NN + 3Nj,.-pheno’.

Our analysis focuses on the asymptotic properties of the overlap of the °Li ground state and scattering states
formed out of a direct product of the ground states of the a-particle and the deuteron. The dominant overlap is
of s-wave character [ 10]. Asymptotically, the s-wave radial overlap function u(r) is proportional to the Whit-
taker W function

1
uo(r) e CoW (—n, > 2Kr), (D

where ris the a—d relative distance, k = /2u|Ey| /h is the binding momentum, and C, the s-wave ANC.
1y = K/kcis the Sommerfeld parameter obtained from the binding momentum x and k¢ = Z, Z, e t, with
the reduced mass of the two-body system and Z, = 2 and Z, = 1 the charges of, respectively, the a and d nuclei
in units of |e|. Because the NCSMC explicitly includes a—d cluster states in the basis, the ANC is directly
obtained from matching the calculated wavefunction with the asymptotic behavior (1) [37-39]. In section 3, we
investigate the correlation between C¢ and deuteron separation energy E;, obtained in the various ab initio
calculations.

In the scattering regime, we are interested in the phase shifts, which dictate the asymptotic behavior of the
overlap function for positive energy. In a single-channel s-wave framework, the asymptotic behavior of these
scattering wave functions at an energy E is

ug(r) — Hy(n, kr) + e*%Hy (n, kr), )

where H;' are the outgoing (+) and incoming (—) Coulomb Hankel functions, defined for relative angular
momentum £ = 0, 6, is the corresponding phase shift, while k and 7 are the wavenumber and Sommerfeld
parameter corresponding to the energy E.” In section 4, we investigate the connection of the s-wave phase shift

3. The ANC-binding energy connection

We first investigate the connection between the binding energy E, and the s-wave ANC, C,. As seen in
equation (1), only these two quantities are relevant for the asymptotic part of the bound-state wavefunction.
The first dictates how steeply the wavefunction decreases, while the second gives the overall normalization of
this wavefunction at large distance.

In figure 1, we plot the s-wave ANC?s obtained with the various NCSMC calculations, as a function of the
binding energy (black points). Although these predictions result from various complex ab initio calculations
(see Table 1), this figure suggests the existence of a strong correlation. The correlation ensures that different
Hamiltonians and model-space truncations in Table 1 which reproduce the empirical °Li binding energy have
only a small spread in their °Li s-wave ANCs. This provides an explanation of the small uncertainty in the
NCSMC calculation of the a(d, 7)°Li reaction rate [ 10].

In this section, we analyze this correlation using different frameworks: the phenomenological R-matrix
framework, a single-particle potential model, and first-order perturbation theory. In order to simplify the dis-
cussion below, we define here some useful quantities. The s-wave a—d NCSMC overlap function is taken to be
uo(r), which can be chosen to be real assuming time-reversal invariance. We then define

3 R
Ln(R) = fo luo(r) [ dr, 3)

Tow(R) = f;o luo(r) 2 dr,and @)

6 . . . .
To connect the momenta and Sommerfeld parameters for the scattering and bound states the momentum k is analytically continued to
k =1k, and nis correspondingly continued to n = —in, 7, = kc/ kK.
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9
—— R-matrix, a=3.5 fm “
—— R-matrix, a=4.0 fm
81 —— R-matrix, a=4.5 fm
——=- WSrg=1fm
-—I'-_' ——- WSrg=1.2fm
£ 7] —— WSrg=1.4fm
y—
= | == Ref. [5]
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[ 5 T
6_
51 .
1.0 1.2 1.4 1.6 1.8

|Eb| [MeV]

Figure 1. ANCs versus the a—d separation energy. A strong correlation is indicated by the NCSMC calculations (black points). The
correlation predicted by the R-matrix approach (6) for three different values of the channel radius a is shown as the solid curves. The
dot-dashed curve shows the correlation predicted using a Woods—Saxon (WS) potential. The dotted line is the experimental value of
|Ey|. The dashed line and grey band indicate the ANC? and uncertainty obtained in [4], where the experimental value of |E,| was used.

Is(R) = j:o W (=15 %, 2k7) |2 dr. (5)

Note thatall three integrals depend on the binding momentum «. Finally, we also define Ny = I;, + Iou, which
isindependent of R and is the spectroscopic factor of the s-wave a—d configuration in the bound state of °Li.

3.1. Phenomenological R-matrix theory

The phenomenological R-matrix theory is a powerful method, commonly used to analyze low-energy cross
sections, relevant for astrophysics [45-48]. It relies on a division of coordinate space into an internal and
external region, with the transition occurring at a certain channel radius a. The spectrum of the Hamiltonian in
theregionr < adefinesaset of energies E, and a corresponding set of eigenfunctions ¢,,. The R-matrix can
then be expressed in terms of these quantities. The R-matrix thus replaces the solution to the Hamiltonian
problem for r < a,and properties of the system can be calculated by matching the properties of the R-matrix at
r = a—its levels E, and the levels’ partial widths v,—with the asymptotic solution.

In the phenomenological R-matrix approach, the levels E,, and partial widths -, are fitted to two-body
scattering data. One can then infer properties of states or make predictions for cross sections at energies where
no experimental data are available. In the 1" partial wave at low energies, °Li is known to be dominated by one
channel, s-wave a—d, so the R-matrix formalism provides a natural framework to study the ANC-binding
energy relation, as well as the phase shift-ANC connection. Some care is required though, as typically, one takes
achannel radius around 3-5 fm, and the asymptotic form of the wavefunctions is not completely reached there.

For a single-channel s-wave problem, the relationship between yand the ANC?is[2,49-51].

2 2
C = K > , ©)
AW (—np, 1+ 7 2ka)> 1 + 72d_E° L
=—Lp

where Sy is the s-wave shift function, which for negative energies is

- dW (=, 3, 25r)
So = W 1 q . (7)
(=1 7> 27) r

dS,/dE can be expressed as [45, equation (29), p 351]

dSo _ 2ua L (a). (8)
dE h2|W(_nb’ E) 2’%“)'2

A correlation between the ANC? and the binding energy can then be straightforwardly derived in the
phenomenological R-matrix approach. Substituting equation (8) into (6) we have:
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-1
AW (=1, +, 2ka)
ci=|= P L] ©)
ol 2ua

If changes in the interaction are small compared to the expectation values of the potential and kinetic energies,
then the change in the bound state wave function is likewise small. Then, inside the channel radius, i.e. for
r < a, the wave function should hardly change. In the phenomenological R-matrix approach this means the
reduced width, v, should remain constant.

Since we have direct access to the overlap function in the NCSMC calculation, we can check the extent to
which 4” is independent of E;,. Using [51, equations (56) and (64)],

2 P Ju@P

= (10)
2/”’1 1 - Iout(a)

which is equivalent to equations (6)-(8), if uo(r) = Co W (=1, é, 2xkr) forr > a, i.e. if the overlap function is
fully asymptotic beyond the channel radius. This indicates that reduced-width amplitudes deduced using
equation (6) will not be directly obtainable from ab initio calculations if a is not in the asymptotic region.
However, one does not want to make the channel radius much larger than about 4.5 fm, as doing so will cause ~y
to change with « because of the changing exponential decay outside the nucleus. Applying equation (10) to
NCSMC calculation numbers 2, 3, 6,8,9,and 11 (see Table 1) produces 'yz values that are within 13% of each
other.

If we neglect this small variation in 4* with x, then equation (9) predicts that the binding-energy depend-
ence of the ANC? comes solely from the energy dependence of the Whittaker function (including in I,;(a)). The
resulting prediction is shown for a = 3.5 fm, a = 4 fm and a = 4.5 fm (solid lines) in figure 1. Here the value of y
was fixed to reproduce NCSMC prediction 9 for the ANC and binding energy (see Table 1). The R-matrix
calculation describes the correlation between the binding energy and the ANC?s reasonably well.

In fact, though, the binding-energy dependence of the NCSMC overlap functions in the interior region is
very similar to the dependence in the asymptotic region. Ratios of the overlap functions at different binding
energies

1 1
uél)(r) _ Cé )W(—U; ), > 26Wr)
ug () CPW (s 5, 2691)

(11

are independent of r for r > 2.5 fm. Here the superscripts 1 and 2 refer to two different NCSMC calculations
that produce two different binding energies. This explains the success of the R-matrix scaling relation, in spite
of the fact that the overlap function is not asymptotic for some of the channel radii used.

3.2. Single-particle potential models
To further understand why these NCSMC reduced widths stay rather constant across various predictions,
considering different Hamiltonian and model spaces, we study the simple case of a finite square well of radius
as,and depth V. In this toy model, one can easily determine analytically the bound state wavefunction and
impose that it reproduces various binding energies by adjusting the depth of the well. From these solutions, the
corresponding reduced widths can be obtained using (equation 10). We chose a,,, = 2 fm and tuned the well so
that its first excited state occurred at energies from —1.9 MeV to —1.3 MeV. We found the depth of the potential
needs to be changed very little in order to achieve this: it moves only from ~ 93.5 MeV to ~ 95 MeV. Meanwhile
~7* undergoes an even weaker binding-energy dependence, changing only from 7.35 to 7.30. However, CZ
changes markedly, it spans a range from 2.25 fm ™' to 3 fm~'. This additional analysis traces back the weak
binding-energy dependence of the partial width to the weak binding-energy dependence of the potential depth.
This is confirmed by the analysis of the Appendix, which shows that, provided the potential is already much
deeper than the binding energy, then the change in potential depth is of order the change in the binding energy.
This suggests that although the NCSMC predictions have different features (see Table 1), the ab initio a—d
binding potential, resulting from the many-body calculation, is only slightly affected by these changes.

Because the square well potential provides a simple explanation as to why the reduced partial widths stay
constant in various ab initio predictions, we now use a more realistic two-body potential to investigate the
ANC-binding energy correlation. We consider a Woods—Saxon (WS) real potential

— V&
I+ expl(r — Re)/ax]”
defined by its depth Vg, itsradius Rp = 43 and its diffuseness ag. The diffuseness ap = 0.65 fm is fixed to a
value commonly used in single-particle models. The depth of the potential is chosen to generate one radial

node and reproduce various binding energies [—1.9, —1.3] MeV. The correlation between the binding energy
and ANC then emerges from these calculations.

Vir) = (12)

6
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Figure 2. Ratio R(R; ) (15) obtained with various NCSMC calculations. The inset shows the asymptotic values R ,(x) as a function
of the binding momentum «. The red band corresponds to the 1o uncertainty obtained from the linear regression of the NCSMC
calculations for R 4(k), evaluated at 10 fm.

In figure 1, we show this result as the dot-dashed line. It is shown for three radii, rg = 1 fm, rg = 1.2 fm and
rr = 1.4 fm; this corresponds to a typical range of radii used in single-particle models.” The magnitude of these
curves is adjusted to reproduce the ANC of the NCSMC prediction 9 (see Table 1). The correlation obtained in
this simple model reproduces the one seen in the NCSMC calculations. For all r; considered, the correlation
line has less curvature than the one predicted by the phenomenological R-matrix.

The grey band in figure 1 is the range of ANC? values obtained from the analysis of a—d scattering data
carried outin [4, 12]. The R-matrix and WS correlation lines intersect this band only at values of | E| < 1.3
MeV. This analysis emphasizes that it is not possible to obtain C¢ = 5.3 + 0.5 fm ™' from these ab initio calcu-
lations while also reproducing the experimental value of the °Li deuteron separation energy.

3.3. The interior norm, its linearity and a prediction for the ANC
To complement our understanding of the correlation between the binding energy and ANC? as well as to
identify the relevant scales, we consider a perturbative approach. The appendix shows that, when a small change
is made to a potential, then the corresponding change in the interior wave function is first order in the binding
energy. The phenomena described thus far are therefore clearly generic to bound states that are ‘fine tuned’, i.e.
correspond to energies much smaller than the depth of the potential that formed them.

The ‘interior norm’ of the two-body state at a certain separation radius R, I, (R), was defined in
equation (3). This is a scale dependent quantity, which really can only be interpreted as an interior norm if the
value of R is chosen close to the range of the potential. That scale dependence for sufficiently large R is entirely
analytic, as long as the binding energy and ANC of the state are known. From the fundamental theorem of the

calculus,
15)8 -
3R luo(R)| (13)
For R — 00, L,(R) — Nj, so it follows that
No = In(R) + CiLs(R), (14)

for values of R which are sufficiently large that u, assumes its asymptotic form.
Let us define the ratio of two different calculations of the probability outside the radius R

NO — Iin (R)

R H == e ®

15)
Aplotof R(R; k) asa function of R will then become independent of R once R is sufficiently large that the
asymptotic region has been reached. Establishing where this happens is a novel way to assess the onset of the
asymptotic regime for two-body bound states; it is especially pertinent for understanding where such behavior
sets in for integrated quantities. Figure 2 shows the ratio R (R; x) computed from various NCSMC calculations.
The asymptotic value is attained at R = 4 fm for all calculations. If we denote the resulting asymptotic value as

7 Wealso note that the parameters rp = 1.2 fm and a = 0.65 fm were found by Kubo and Hirata [52] to accurately reproduce the s-wave a—
d overlap function determined using a resonating-group method calculation of the °Li ground state [53].
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Figure 3. Comparison of the correlation between ANC?s and the binding energy obtained using the perturbation expansion (19) (red
band) and CM-ERE. The red band represents the 10 uncertainty associated with the fit of R,;(x). The dotted line is the experimental
value of | E,|. The dashed line and grey band indicate the ANC? and uncertainty obtained in [4], where the experimental value of | Ey |
was used.

lim R(B; k) = Ras(k), (16)

R—o00

then inserting equation (14), which holds in the asymptotic region, into equation (15) yields

C 2
=L = Rau(k). a7)
2K
Extracting the values of R ,5() for the different NCSMC calculations and plotting them as a function of &
produces the result in the inset of figure 2. We see that—over this range of k— R ,5(k) is approximately linear
ink.
This linearity can be derived by noting that the interior norm varies linearly with the binding energy, pro-
vided itis evaluated for R & Ry, with R0 the range of the underlying potential and as long as the change in
binding energy is small compared to the depth of the potential which is causing the binding. That is,

koK

6IinR0 ~
[01in (Rpot) | Ve

(18)
with kg some reference value of the binding momentum that is generated by a potential of depth Vand

Kk = K + Ok. This follows directly from the linearity of changes in the interior wave function, see the Appendix
for details.

Meanwhile, the denominator in equation (15) can be expanded as a Taylor series around x = k. Since the
integral can be expressed in terms of special functions, the derivative can be written out analytically, but the
result is not particularly enlightening. The key point is that the convergence properties of this series are set by
the expansion parameter ,%Rpot,8 with R, the range of the potential.

2

If we assume pVy ~ Rh—z we have

pot

Co

2K
with R. (ko) ~ Rpot Ras()- Therefore the value of the ratio R () in this scaling region should change
linearly with # in some window around k. This linear behavior, i.e. the value of R/ (), can be determined by
fitting to the asymptotic values R ,5() of various NCSMC calculations, that are shown in the inset of figure 2.
Keeping only the linear dependence of (19), i.e. truncating higher-order terms, leads to an accurate
reproduction of the correlation between the ANC?s and the binding energy (red band in figure 3). Once again
we see that the grey band, which represents the ANC? obtained in [4], is not compatible with the ab initio
calculations of [10] and the physical value of | Ey|.

The computation with the WS potential predicted a similar linear dependence in this range of k. Compared
to that calculation the one presented in this subsection is less predictive, since the slope of R ;5(x) is fit to
NCSMC data here. But it also shows that there is indeed nothing special about the WS potential, and any
potential that is deep compared to the binding energy of the state will give a similar prediction.

~ Ras(ko) + (5 — ko) Rog(ko) + Ol(k — ko)l 19)

In principle there is a radius of convergence associated with the expansion of the Sommerfeld parameter around the value kc/ ko, but the
singularities associated with this part of the expansion are much further away in this problem, since 1) is markedly less than 1.
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The expansion in KR, converges quickly; such a rapid convergence could be observed for other loosely-
bound systems. This result can also be obtained using formulations that relate the ANC to an integral over the
interior of the many-body wave function [3, 54, 55], assuming the many-body matrix element’s dependence on
K is weak, and expanding the integrand in powers of x for small x.

Before closing this section we observe that the correlation seen in figure 3 is not the one predicted by Halo
EFT at LO—or, equivalently, by the CM-ERE with only a scattering length in the effective-range function. LO
Halo EFT predicts the correlation [33]

5 2621 + 1)

0 >
2, W) — 1 = 2n,

where W is the digamma function. For the values of x and 7, pertaining to figure 3 equation (20) yields values of

Cg thatare a factor of ten smaller than the ab initio prediction. This indicates that the correlation between the

binding energy and ANC? is not a manifestation of universality in °Li. As we will see in the next section, range
effects, i.e. effects beyond LO in Halo EFT /the CM-ERE, are crucial here.

(20)

4. The ANC-phase-shift connection

We now investigate the connection between the s-wave ANC and phase shift. It is well known that the ANC
squared is proportional to the residue of the scattering amplitude at the bound state pole [ 1, 28]. To obtain the
ANC, one can therefore compute the scattering amplitude at positive energy, and then perform an analytic
continuation to the negative energy at which the bound state resides. There are various methods that provide a
connection between bound and scattering states, and they are typically used to infer ANCs relevant for
astrophysics from phase shifts, e.g. [8, 56—58]. One method is the phenomenological R-matrix described above;
we will employ that method in section 4.3.

First though, in section 4.2 we use the CM-ERE to perform the analytic continuation from E > 0to the
bound-state pole. This approach goes back to the 1950 paper of Bethe and Longmire [29], where the s-wave
ANC of the deuteron was predicted from n-p scattering data. For the more complicated case of charged-particle
scattering, see the work of [59].

The NCSMC results discussed above give us a unique opportunity to investigate the connection between s-
wave ANCs and s-wave phase shifts. We have several calculations that produce different scattering phase shifts
and different ANCs. Does analytic continuation to the bound-state pole based on the CM-ERE work equally
well for all of them? And if so, at what order must we treat the effective range function in order for the extrapola-
tion to be successful?

Before carrying out such an analysis of the CM-ERE for the ab initio phase shifts and the corresponding
ANCs, we first detail the key equations needed to extract the ANC from the scattering amplitude using the
CM-ERE.

4.1. Coulomb-modified effective-range expansion: a review
When considering a problem in which Coulomb and nuclear interactions are involved, the scattering
amplitude has a complicated analytic structure and it is common to introduce a function with simpler analytical
properties [30, 56, 60, 61]. The s-wave scattering amplitude is
Fu (k) — 2ok _ 1 gmn)2ioo(h) on
2ik (1 + in(k))
1 e™® — 1

T ke(cot 6ok — i) 2w

, (22)

where k denotes the wavenumber and oy is the s-wave Coulomb phaseshift.
Ifthere is a bound state at energy Ej, of momentum x, the amplitude F, has a pole at k* = — k> The ANC of
this bound state can be obtained from the residue of this amplitude

-1/2
] . (23)
k2: _KZ

Fyisnotanalyticaround E = 0, but it is related to the Coulomb effective range function Ko(k?) via

dE;!
dk?

Co=T0 + nb)l—

Ko(k*) = + 2kch(n?), (24)

Fo(k?)
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where
h(n) = (in) — In(in) + —. (25)
2in

Ko(k*) is an analytic function of k* around k* = 0, with its radius of convergence set by the nearest singularity of
the a—d scattering amplitude other than the two-body scattering cut and the left-hand cut associated with the
Coulomb potential. It can therefore be Taylor expanded [30, 56]

Ko(k) = ——
0

+ 20+ %k‘* + Qok® + Rok® + Sok!® + O(KY). (26)
Thus, if we can constrain the coefficients in this expansion, and hence F, at positive energies, i.e. the scattering
regime, we can then perform an analytic continuation to negative energies and deduce the value of the ANC.

In this section, we use this approach to investigate the connection between the scattering phase shifts and
the bound state properties. Our study is methodologically similar to that of [6, 30], in that we increase the order
of the polynomial used for Ky(k?) until we find stability in the ANC.

4.2, Results from CM-ERE

We analyze the phase shift data for the £ = 0 channel from the NCSMC calculations listed in Table 1. Unless
otherwise stated we consider phase shifts between 0.1 MeV and 3 MeV, and use data spaced by 0.05 MeV. The
numerical errors on these results are negligible. We convert the phase shifts to the function Ko(k*) and fit the
resulting data to polynomials of degree 1, 2, 3,4, and 5 in k. The fit of degree nis hereafter labeled the fit of
O(k"™"?), since that is the size of the first term it omits in Ky(k*). We employ a least-squares metric, but weight it
as if we had a fractional error in Ko(k*).” This procedure is not statistically based but allows us to give some
importance to the low-energy phase shifts, since K, becomes small at low energies. The x” is already well below
the nominal number of degrees of freedom for the fit up to O(k®), i.e. including terms up to k% and the errors on
the effective-range parameters from the fit are negligible.

We note that the least-squares fit tends to produce large canceling coefficients at higher orders O(k'°) and
O(k'?). This—together with the very small value of the x* found in the fit to O(k'*)—makes the fit somewhat
unstable. Care is required in order to ensure that the optimization algorithm converges to the minimum. The
results of this procedure for NCSMC calculation 9 (bound state energy —1.48 MeV) are shown in the left-hand
panel of figure 4. The top panel shows the fit itself, the second panel the residuals, and the third the extrapola-
tion of F, ! the bound-state pole. The fit O(k*) that includes only the effective range is poor, and the extrapola-
tion does not even predict a bound state. The fit O(k®) predicts a somewhat too-shallow bound state, and after
that the convergence of the bound-state position with order is reasonable, although it continues to oscillate
around the NCSMC value. There is no visible improvement in the residuals between the O(k'®) and O(k'?) fits.
The binding energy obtained when the fit is done neglecting terms of O(k%) is 1.54 MeV, 1.47 MeV for O(k'%),
and 1.49 MeV for O(k'?). So, even though the fitat O(k'?)is not noticeably different from the fit at O(k'), it still
produces a shift of 0.02 MeV in the binding energy.

Therefore we choose to fix the position of the bound-state pole to the value predicted by the NCSMC. This
can be achieved by imposing the constraint that F; ' equals zero for k> = —x? [30], which in turn can be
achieved by expressing 1/a, in terms of all the other coefficients and x. We have therefore expanded Ky(k*) asa
Taylor series around — 2, instead of around 0. This constrained CM-ERE is more stable: the results are shown
in the right panel of figure 4. It remains the case that the fit at O(k'?) is not an improvement over the O(k'°) one.
By computing d;‘);l at k> = —* we then obtain the ANC?. We find 6.51 fm ™" at O(k®), 6.96 fm " at O(k®),

6.81 fm ' at O(k'%), and 6.81 fm ' at O(k'?). The value at O(k'?) is within 1% of 6.86 fm ' found in the
NCSMC °Li ground-state wave function.

Now we consider the case of calculation 7, which leads to a separation energy of 1.84 MeV. Here we consider
the CM-ERE extrapolation in which the bound-state pole is fixed. The extrapolation produces a C§ of 9.10,
8.58,and 8.65 (allin fm ") at O(k®), O(k'), and O(k'?), respectively. Given the large shift from O(k®) to O(k'®)
and the fact that the O(k'?) fit is only marginally better it is unclear that the fit has stabilized. And indeed, the
NCSMC ANC? is a few percent larger than the 8.65 fm ™' number found via extrapolation: it is 8.88 fm ~*. The
extrapolation from the scattering region does not work as well here, presumably because it is to a binding
energy that is approximately 25% larger than in the case of extrapolation to the physical binding energy.

Therefore extrapolation from the scattering regime to the bound-state regime can be successfully carried
out using the CM-ERE, aslong as the form that constrains the CM-ERE using the energy of the bound-state
poleis employed, and the binding energy is not too large. The CM-ERE extrapolant must include several terms

The size of the fractional error does not matter since it does not affect the position of the x> minimum.

10
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Figure 4. The s-wave phase shift effective range function obtained from the NCSMC and the CM-ERE (top panel), the absolute error
of the s-wave phase shift effective range function predicted by the CM-ERE compared to the NCSMC one (middle panel) and the
inverse amplitude (bottom panel) from NCSMC calculation 9 and predicted by the CM-ERE. The NCSMC s-wave phase shift
effective range function is the red solid line, and the dashed, dash—dotted, dash—dotted—dotted and dotted correspond to the CM-
ERE calculations at various orders. The point indicates the location of the bound state in the calculation. The left (right) plots
correspond to the results without (with) the bound state pole position imposed.

if itis to be stable and accurate, but the fact the extrapolation works shows that the ab initio NCSMC scattering
amplitude indeed has the correct analyticity properties around the a—deuteron threshold.

We now take the CM-ERE, written as an expansion of Ky(k?) around — 7, and vary x while keeping the
coefficients in that expansion at the values obtained from the fit to the phase shifts of NCSMC calculation 9.
This produces the green dashed curve for O(K®), the blue dash-dotted one for O(k'®) and purple dot-dashed
curve for O(k'?) in figure 3. The CM-ERE fails to predict the dependence of the ANC? on . The CM-ERE can, if
carried out to high enough order, predict the energy dependence of the amplitude for a given yEFT potential,
but it cannot predict the correlation between C¢ and k. That is because all the coefficients needed for the
extrapolation—not just the 1/a, term—are implicitly dependent on the details of the potential used to bind the
system, and hence on the separation energy of °Li.

We also perform a systematic analysis on all NCSMC calculations in figure 6, which shows the ratio between
the ANC? obtained with the CM-ERE analysis and the NCSMC value of the ANC?. The green, blue and
magenta circles correspond to the CM-ERE analysis for O(k®), O(k'%) and O(k'?), respectively. This figure will
be discussed in more detail in section 4.4.

Finally, we briefly mention two other methods for fitting the CM-ERE that were investigated. The first is not
actually fitting, but rather using a Lagrange interpolating polynomial to describe the CM-ERE, fixing it with the
known value at the bound state and selected NCSMC phase shift points uniformly spaced over the chosen
energy interval. This approach gave ANC results and convergence properties that were essentially equivalent to
those obtained with fitting that are described above. The other method is a Padé function, as has been used in
previous investigations [4, 12]. The specific form used is a variable-order polynomial divided by a first-order
polynomial and the methodology was otherwise as described above. We found that fits with 2 or 3 free

11
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parameters, i.e. with alower-order polynomial in the numerator, gave more accurate results for the ANC than
the polynomial fits with the same number of free parameters. However, when the number of free parameters
was increased to 4 or 5, the Padé results were essentially equivalent to the polynomial fits. These findings indi-
cate that the Padé function may have some advantages in the case of fitting experimental data, where the uncer-
tainties are accounted for.

4.3. Results from R-matrix

The R-matrix fits use the same input phase shifts and assumed uncertainties in K as did the CM-ERE. In order
toimplement the fractional error weighting, it is necessary to convert the calculated phase shifts to K (24). The
phenomenological R-matrix formalism of [50] was utilized. For the single channel case, the phase shift is given
by

e = 62“’0(1 + 2Py | ”AAAI,%), (27)
Av

where the sums over A and v are from one to the number of levels and A ,,, are elements of the level matrix A that
is defined by its inverse

(Afl))\z/ = (E)\ - E)é)\l/ - '7)\'71/(30 + iPO)

Y3Sor A=v
— — — . 28
+ -~ Soa(E — E)) — Sou(E — E)) \ = (28)
E.—-E,
The phase shift is defined by the R-matrix level energies E, reduced width amplitudes v,, and Coulomb
functions evaluated for the energy E and channel radius a
ka
Py= —5—, (29)
" F s + G
FyFy + GoG
So = ka=2 g+ 02 0 and (30)
Fy + G;
ety — _Got iFo (31)
Fy + Gy

where Fyand Gy are the regular and irregular Coulomb functions, respectively, and the ’ indicates
differentiation with respect to kr. The notation Sy is used to denote the Sy evaluated for the level energy E . For
negative energies, S is given by equation (7).

The R-matrix fits were performed with two to four energy levels. The energy of the lowest level was always
fixed to the °Li ground state energy. The remaining energy level(s) were used to describe the ‘background’, i.e.
the remaining slowly-varying part of the physical amplitude. These background level(s) represent the contribu-
tions of high-energy basis states. They are typically necessary in a phenomenological R-matrix analysis. The
background levels also depend significantly on the choice of channel radius. The use of background levels in
phenomenological R-matrix analyses is discussed further in [47, IV.F].

The R-matrix fits with

e two free parameters were performed by varying the reduced width of the bound state and the reduced width
of asingle background level fixed at 20 MeV;

o three free parameters were performed by varying the reduced width of the bound state and the energy and
reduced width of a single background level;

o four free parameters were performed by varying the reduced width of the bound state, the energy and
reduced width of the first background level, and the reduced width of a second background level fixed at
100 MeV;

o five free parameters were performed by varying the reduced width of the bound state, the energy and reduced
width of the first background level, the reduced width of a second background level fixed at 70 MeV, and the
reduced width of a third background level fixed at 200 MeV.

The R-matrix fits are reasonably insensitive to the channel radius value used, provided a is in the neighbor-
hood of 4.5 fm. The channel-radius sensitivity of the three-free-parameter R-matrix fits to NCSMC set 9 results

using Ein = 0.1 MeV and E,;,x = 3.0 MeV isshown in figure 5. The best fit is obtained for a radius of 4.4 fm,
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Figure 5. The sensitivity of the ANC extracted from three-free-parameter R-matrix fits to the channel radius. The y-axis shows the
ANC? compared to the NCSMC value. The phase-shift data used for the extrapolation to the bound-state pole were from NCSMC
calculation 9.
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Figure 6. Ratio of C? obtained with the CM-ERE (circles, section 4.2) and R-matrix (crosses, section 4.3) to the NCSMC value
Cécsuc for each calculation in Table 1. For each calculation we performed (constrained) CM-ERE and R-matrix fits with 2,3, 4and 5
parameters. Panel (a) corresponds to CM-ERE and R-matrix fits of the Coulomb effective range function Ky from 0.1 to 3 MeV,
panel (b) to fits of K, from 1 to 3 MeV and panel (¢) to fits of K, from 0.1 to 4 MeV.

for which the extracted ANC? is within 2% of the NCSMC value. Relative to this minimum value obtained with
a = 4.4 fm, the x*is a factor of 808 larger for a = 3.0 fm and a factor of 12 larger for a = 6.0 fm. We do not
consider the channel radius to be a fit parameter; instead it should be chosen so that the extracted ANC does not
change significantly if the radius is varied somewhat. In this case that fixes a € [4.4, 5] fm. In this range, the ANC
varies by less than 1%, indicating that the ANC determination from phase shifts is minimally sensitive to the
channel radius. We thus adopt a = 4.5 fm in what follows.

Figure 6 shows the results of the R-matrix analyses of the phase-shift data from all NCSMC calculations.
This figure is discussed in the next section.

4.4. Systematic analysis between CM-ERE and R-matrix approaches
Figure 6 compiles the results for both CM-ERE (circles) and R-matrix (crosses) extractions of the ANC? for all
NCSMC calculations (the x-axis corresponds to the calculation number). Results obtained with 2, 3,4 and 5
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Figure 7. Ratio of C¢ obtained with the CM-ERE (circles, section 4.2) and R-matrix (crosses, section 4.3) approaches with the
NCSMC value Ccgyic averaged over all NCSMC calculations (see Table 1) for different numbers of parameters, as indicated in the
horizontal axis. The yellow, green and blue lines correspond respectively to fits of K from 0.1 to 3 MeV, from 1 to 3 MeV and from
0.1to4 MeV.

parameters (O(k®), O(k®), O(k'®) and O(k'?) for the CM-ERE) are shown in, respectively, yellow, green, blue
and magenta. The three panels show extrapolations that used three different phase-shift data sets: between 0.1
and 3 MeV (top panel), 1.0 and 3 MeV (middle panel) and 0.1 and 4 MeV (bottom panel). These results allow
us to:

o compare the results from the CM-ERE and R-matrix approaches,

o analyze how large the discrepancy of each is with the NCSMC value, and if this discrepancy shows any
systematic trends,

e determine if one can naively quantify the uncertainties of the obtained ANC? by comparing the results of fits
with different numbers of parameters, and

e study the impact of higher- and lower-energy phase shift data on the quality of the extrapolation.

First, although both approaches are similar analytically [62, 63], the results obtained with both the R-matrix
and CM-ERE obtained with various number of fitted parameters do not agree in almost all the cases studied
here. By looking at all the different NCSMC calculations in all three panels, we noted two general features: the
discrepancy between both methods decreases when a larger number of parameters is included in the fitand
increases for cases where the °Li binding energy is larger than its physical value (calculations 0, 2, 3,4 and 7).

Interestingly, the rate of convergence of the two approaches with the number of parameters is quite differ-
ent. The ANC?s extracted using the R-matrix converges faster than do the ones extracted using CM-ERE. This is
illustrated in figure 7, which shows the ratio C¢/(Cg)ncsmc averaged over different NCSMC calculations for
different number of fit parameters for both R-matrix (crosses, solid lines) and CM-ERE (circles, dotted lines).
For the R-matrix, there is little change to the ANC and very little improvement to the quality of the fit as num-
ber of free parameters is increased beyond three. This results because the multiple background levels at very
high energies have very little effect on the energy dependence of the phase shift below 4 MeV. The reduced
width parameters of these background levels are also highly correlated with each other. Compared to the R-
matrix analysis, one needs to include a larger number of parameters in a CM-ERE analysis, although the error
in the CM-ERE approach decreases in a regular way.

Second, we note that, for all three panels in figure 6, an R-matrix fit with 3—5 parameters, or a CM-ERE fit
with 5 parameters, approaches the NCSMC value. However, even fits that have apparently stabilized with order
underestimate the true ANC? value by about 2%. For both methods, the discrepancy with the NCSMC value is
larger for cases where the °Li binding energy is larger than its physical value. This suggests that the determina-
tion of ANC from phase shift data is more precise for loosely-bound states than deeply-bound ones. This obser-
vation is somewhat intuitive as a deeper bound state means that the gap in energy between the phase-shift data
and the bound state increases, requiring further extrapolation.

Third, to accurately determine ANC?s from phase-shift data, we must be able to assign a realistic error to
the obtained value. In this work, we used phase-shift data of 10~° precision, hence no ‘experimental’
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uncertainty needs to be taken into account. One must quantify the uncertainties due to the truncation present
in both theories, i.e. the truncation of the Taylor expansion of K, in the CM-ERE and the truncation in terms of
polesincluded in the R-matrix expansion. The simplest uncertainty quantification (UQ) method is to evaluate
the uncertainty on (CZ)®" at O(k* ") as (ACZ) = (CZ)*™ — (CZ)@"~2., However, for most cases this does
not yield uncertainties with good coverage properties: the NCSMC value of the ANC? is not included in these
error bars at the highest order employed. There are also systematic uncertainties from the neglect of the d-wave
a—d channel and, in the case of R-matrix, the choice of channel radius. These considerations point out that a
more sophisticated approach to UQ needs to be devised in order for ANCs with reliable error bars to be deter-
mined from phase-shift data. We reserve this study for a future work.

Finally, we analyze the impact of low-energy (resp. higher-energy) data by comparing in figure 6 the top and
the middle (resp. bottom) panels together and by comparing the yellow lines with the green (resp. blue) lines in
figure 7. For the CM-ERE, for all calculations, the smallest deviations from the NCSMC value are achieved for
the fit window E = 0.1-3.0 MeV. Removing low-energy data or adding higher-energy data increases the dis-
crepancy between the obtained ANC” and the NCSMC value. This suggests that even in the ideal case con-
sidered here, i.e. no error on the phase shift and a fine energy mesh, low-energy phase shifts are important to
precisely determine the ANC. The inclusion of the higher-energy data makes the fit less stable, as the cancella-
tions between the high-order pieces of the expansion become more dramatic, driving the CM-ERE coefficients
away from the NCSMC values. For the R-matrix, the situation is drastically different: as long as more than two
parameters are used the accuracy of the R-matrix ANC extraction is only slightly diminished by increasing E min
from 0.1 to 1.0 MeV, and increasing E.,, from 3.0 to 4.0 MeV has little impact. This impressive robustness
suggests that one can use the R-matrix to extract ANCs reliably from relatively high-energy scattering data. The
minimum energy that needs to be included in the data will likely vary in each case, and might be strongly
dependent on the accuracy of the scattering data.

5. Summary and outlook

ANC:s play a key role in low-energy reactions, including radiative capture reactions relevant for astrophysics. In
this work, we study how ANCs correlate with other bound-state observables and investigate if they can be
reliably inferred from scattering data. To answer these two questions, this study analyzes the ab initio NCSMC
calculations of °Li carried out in [10] using various YEFT Hamiltonians and model spaces.

The first part of this work focuses on understanding the correlation between the s-wave ANC? of the °Li
ground state and its binding energy. We investigate this correlation using three different theoretical approa-
ches: R-matrix, a single-particle model, and a perturbative expansion. We are able to explain this correlation
assuming that the changes in the a—d relative potentials between the various NCSMC calculations, and hence
the changes in the °Li binding energy, are small compared to the depth of the central potential. The s-wave °Li
ANC?of5.3 + 0.5 fm extracted from a—d scattering data using a phase-shift analysis [4, 12] is not consistent
with this correlation and the physical value of the a—d separation energy. This reinforces the conclusion of [11]
that ab initio calculations of °Li are not compatible with this ANC?.

The existence of such a correlation suggests that the NCSMC calculations with different YEFT forces lead to
similar a—d potentials. This is a non-trivial observation since these are results from complex six-body calcula-
tions using different Hamiltonians and model spaces. Given this finding, it is to be expected that | E; | is also
correlated with other low-energy observables in the °Li system (the a-deuteron scattering length, the °Li radius,
etc). This can be explored in future work.

If such correlations are present for systems other than °Li, they could be a useful tool for the evaluation of
ab initio capture rates relevant for astrophysics. Although this is an interesting avenue of investigation, several
points need to be clarified. In this study, we used a single-channel description of the a—d system. Verification
that such analysis can be generalized to coupled-channel problems is needed. A systematic analysis of various
systems to determine when such correlations are expected and observed would also be useful.

In the second part of this work, we explored how accurately one can extract ANCs from phase shifts. We use
the ab initio phase shift prediction as an ideal data set: they include low-energy data (down to 0.01 MeV), and
have a fine energy mesh and negligible uncertainties. Using this ideal dataset, we verify that one can extract
ANC:s using two different methods: CM-ERE and R-matrix. Although the R-matrix result can be analytically
mapped to the CM-ERE [62, 63], the two approaches have a different convergence rate with the number of
parameters included in the fit and only agree for a fairly large number of parameters. On the one side, R-matrix
converges quickly: with only a three-parameter fit. It also shows a limited sensitivity to the channel radius. On
the other side, the CM-ERE requires as many as five parameters to converge and the fitting procedure can be
unstable.
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Furthermore, the CM-ERE and R-matrix methods respond differently to the inclusion of higher-energy
data (> 3 MeV) and the absence of low-energy data (< 1 MeV) in the calibration of their parameters. The R-
matrix approach is robust to these changes in the dataset, providing consistent ANC values when low-energy
datais removed or high-energy data as added. However, the ANCs extracted with the CM-ERE becomes less
accurate when low-energy data are missing, or higher-energy data are included. This instability of the CM-ERE
is likely due to the fact that at high orders its expansion involves canceling terms, which can take very larger
values for high energy. These tests suggest that ANCs extracted with CM-ERE might be biased by the energy
range of the dataset: ANC extractions using R-matrix are likely more accurate.

Inlight of the disagreement between the ANC extracted from scattering datain [12] and the ANC obtained
in the ab initio calculations of [ 10] the full quantification of uncertainties for ANCs extracted from scattering
datais an important subject for future investigation. Naive UQ based on comparison of extracted ANCs using
R-matrix and CM-ERE approaches and various number of parameters does not yield error bars with good
coverage properties. This is perhaps due to unquantified model uncertainties stemming from the simple single-
channel description of the a—d system and the neglect of the a—n—p channel that opens at 2.2 MeV above the a—
dthreshold. This motivates the development of more elaborate UQ schemes, a topic which we reserve for future
work, where we will consider a simulated data set including realistic experimental errors.
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Appendix Derivation of linear variation of interior norm with changes in binding
momentum

We consider here a s-wave bound state of two charged particles, of binding energy By and binding momentum
Ko = +/2p1|Bo| h, generated by a potential Vf (r) that is confined to the region r < R,,o.. The radial bound-state
wavefunction of this system is denoted uy(r). Suppose that we now increase V, by an amount 6V, leading to a
state bound by B = By, + 0B. To first order in perturbation theory, the change in the binding energy is

Rpol
5B ~ — 6V, fo dr Juo (M) Pf (7). (A1)

Let us also define the change in the binding momentum 6« with k = k¢ + 0x. Using K = /2uB /h, one can
write at first order in perturbation theory

R ot
8 ~ —Mf " dr luo(r) S (1) (A2)
Rk Jo
We also define the new wavefunction u(r) = uy(r) + 6u(r). The change in the wave function éu(r) can be
obtained at first order in perturbation theory as

R ot
Su(r) ~ — 2 sy f " dr' Gi(r, 1y —Bo)f () uo(r"), (A3)
h? 0

where G;(E) = [E — T — V] !isthe Green’s function of the unperturbed system, defined using the kinetic
and potential energy operators T and V. In equation (A3) this Green’s function is evaluated at the binding
energy — B of the unperturbed system. The integral need only be carried out from 0 to Ry, because that is
where f (r') is non-zero.

The change in the interior norm (3) due to this change in the potential is

R Rt
I (R) ~ —2—‘;6\/0 j; dr 1(r) j; dr'Gy(r, ' —Bo)f () uo(r'). (A4)
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Using (A2), this change in the interior norm can be written as

R Ryor
[ druo) [ drGi(r, 5~ Bof ()
8In(R) = 2Kk =2 0 .

oo (A5)
fo dr [uo(r) Pf (r)

Now we exploit the fact that G; is an operator that only connects points rand r’ that are separated by distances
of order ", which also sets the typical size of this one-dimensional Green’s function.'” The size of the

V21V

integral in the numerator is then

R ) Ropot
f dr uoT(r)f dr’ Gi(r, 1’5 —k{)f (") ue(r")
0 0

~

ﬁz R .
o fo dr [uo(r)f (1). (A6)

Therefore
KKKk

Ol (R t) ~
n po /LVO

(A7)

as claimed in equation (18) above. The interior norm I, (R) will change linearly as the binding momentum
changes. Indeed, the perturbation to the unnormalizaed wave function is small as long as x is small compared
to the effective momentum in the potential well.
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