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Abstract
The demand to know the structure of functionally independent invariants of tensor fields arises in
many problems of theoretical and mathematical physics, for instance for the construction of inter-
acting higher-order tensor field actions. In mathematical terms the problem can be formulated
as follows. Given a semi-simple finite-dimensional Lie algebra g and a g-module V, one may ask
about the structure of the sub-ring of g-invariants inside the ring freely generated by the module.
We point out how some information about the ring of invariants may be obtained by studying an
extended Lie algebra. Numerous examples are given, with particular focus on the difficult problem
of classifying invariants of a self-dual 5-form in 10 dimensions.
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1. Introduction

The problem we are dealing with is a very generic one: given a (semi-simple) Lie algebra g and a highest
weight g-module V, what are the most general polynomials in V which are invariant under g? This is
the subject of invariant theory, with a long history in mathematics (see e.g. [1–3]).

The question is of course relevant in physics and met regularly by any mathematical physicist; it may
be the question of finding possible terms in an action, or many other applications. In spite of this, the
awareness in the physics community of the possible structures of the rings of invariants thus arising
is rather low, to our knowledge. In particular, the possibility of having relations among invariants has
received very little attention in physics. A main purpose of the present notes is to try to improve this
situation, and also to present a few simple criteria that can help to determine the nature of the ring of
invariants.

The concrete question that led to these investigations was the search for independent so(1,9)-
invariants of a self-dual 5-form, naturally arising e.g. in higher-derivative corrections to string effective
actions [4, 5] and other interacting chiral 4-form models [6–9]. More generally, there exist generating
formulations for interacting duality-invariant or chiral gauge p-form theories in d= 2p+ 2 space-time
dimensions, in which the self-interaction is described by an arbitrary real function of a self-dual (p+ 1)-
form [8, 10, 11].5 To construct the most general self-interactions, one has to address the problem of
classifying the functionally independent invariants of a self-dual form. Unfortunately, we will not be able
to give a full answer to the question; it turns out to be extremely much more complicated than for self-
dual forms in lower dimensions.

In section 2, the general framework is formulated. We discuss the use of partition functions of
invariants and their meaning. With the given data, an extended Lie algebra g+ can be defined, and we
investigate the implications of the properties of g+ for the ring of invariants. In section 3 numerous
examples are given, with a particular focus on cases which we find physically interesting, such as anti-
symmetric tensor fields. Some more complicated examples are also displayed in full in terms of their
partition functions. We discuss how the rings of invariants relate to the findings in section 2. Finally,
section 4 deals with the difficult problem that prompted this investigation, the classification of the
invariants of a self-dual 5-form in 10 dimensions. Partial results are derived concerning the partition
function (up to order 20) and the tensorial structure of low-order invariants (up to order 10). A list of
useful identities to handle self-dual 5-forms and construct invariants thereof are given in appendices C
and D.

We hope that our presentation, in particular the criteria given in sections 2.4 and 2.5, and the prop-
erties of partition functions following from the Gorenstein property, can be useful for physicists faced
with the problem of finding invariants for particular g and V.

2. The ring of invariants

2.1. Generalitites
Let g be a finite-dimensional6 simple (or semi-simple) Lie algebra and V= R(λ) an irreducible module
with integral dominant highest weight7 λ. Let G denote a Lie group with Lie algebra g acting on V. We
want to investigate the polynomial expressions in X ∈ V which are invariant under g. Let S= Sym•V be

5 In the d= 4n case, the self-coupling Lint(F+,F−) is a Lorentz-invariant function of a self-dual 2n-form F+ and its conjugate F−,
⋆F± =±iF±, which is subject to the condition Lint(eiφF+,e−iφF−) = Lint(F+,F−), with φ ∈ R, see [10] for the technical details.
6 The focus on finite-dimensional g is no restriction; tensor products of highest weight representations of infinite-dimenional Kac–
Moody algebras never contain the trivial representation.
7 Meaning that the Dynkin labels of λ are natural numbers.

2



J. Phys. A: Math. Theor. 59 (2026) 065203 M Cederwall et al

the commutative N-graded ring freely generated by X ∈ V at level 1. Every level Sk contains a completely
reducible g-module ∨kV, spanned by monomials of degree k in V. Invariants are in the subring Sg.

We work over the field C, which can be replaced by R whenever a real form of g is chosen such that
R(λ) is real (e.g. the split real form for any λ). We will often denote a module by its highest weight,
which then is expressed as Dynkin labels (coefficients in the basis of fundamental weights).

A very common question in physical applications is to find a basis of independent invariants that
generate the elements in Sg. Our interest in it arose from considerations of possible additional (e.g.
higher derivative) terms in an action, like powers of some field strength.

In many simple situations, the answer is straightforward. If λ= θ, the highest weight, Sg = U(g)g is
the ring of polynomial invariants inside the universal enveloping algebra of g, generated by elementary
Casimir invariants, the number of which equals the rank of g. The invariants are found by the Harish-
Chandra homomorphism. This ring is freely generated. Is this statement true in general? I.e., is Sg, gen-
erated by a number of monomials, free of relations? Most physicists would probably spontaneously guess
an answer in the positive, by some kind of intuition. However, as is a well known fact in invariant the-
ory, the generic answer is that Sg is not freely generated. A criterion helping to decide the answer is
given in section 2.5.

It has been shown that all rings of the type we are discussing are Gorenstein8 [12, 13]. This can be
of concrete help in characterizing the ring, see section 2.2, and examples. It also guarantees (through
‘Gorenstein ⇒ Cohen–Macaulay’) that the following concepts are well defined. We refer the reader to
the book [14] for an introduction to the concepts of ring theory.

Consider a generic object X ∈ V, i.e. X is in a generic G-orbit. Let its stability group be H, with Lie
algebra h. We can now calculate the dimension d of the space of invariants (the closure of the space of
generic G-orbits) as d= dimV− dimg+ dimh. This dimension should match the (Krull) dimension of
the ring Sg, the ring being seen as the coordinate ring of the space of invariants. Thus,

d= dimSg = dimV− dimg+ dimh . (2.1)

Let us denote by N the number of (linearly independent and non-factorizable at each level k) gen-
erators of the ring Sg, and let R be the ring freely generated by them. Then Sg = R/I for some ideal
generated by the relations in Sg. (Note that R is not a sub-ring of S.) Only if Sg is freely generated is
N= dimSg. If there are polynomial relations between the generators, the number of these need to be
subtracted. There may then be further ‘syzygies’, relations between relations etc. This is handled by find-
ing a resolution of the ring. Two resolutions are of interest:

• The (minimal) Tate resolution9, a free multiplicative resolution over C;
• The minimal additive resolution over R (sometimes called a Koszul resolution).

In section 2.2, we will explain the use of these in terms of the partition function (Hilbert series) of Sg.
The Tate resolution, which in the general physics community is understood as BRST, with a differential
(BRST operator) whose cohomology is Sg, is often most convenient for finding the structure of the ring
in concrete situations. It however has the ‘drawback’ that it generically is infinite, i.e. contains ghosts at
arbitrarily high degree (degree is inherited from S). The additive resolution, on the other hand, is always
finite; this is the Hilbert syzygy theorem [16]. It is expressed as the sequence

R(0)←− R(1)←− R(2)←− . . .←− R(n) , (2.2)

where R(0) = R, and the only cohomology is Sg inside R(0). All R(p) are tensor products of R with some
vector space. The Cohen–Macaulay property ensures that the depth n of the resolution equals the codi-
mension of Sg in R, i.e. dimSg = N− n. The Gorenstein property implies that R(p) ≃ R̄(n−p).

In section 2.2, we will explain the use of these notions in terms of the partition function (Hilbert
series) of Sg, and also introduce a minimal additive form obtained from the additive resolution.

8 This and other ring-theoretic concepts can be skipped by readers who are not interested in them; note however the implications
explained in section 2.2. Gorenstein is for rings what Calabi–Yau is for manifolds; the spaces of invariants are in fact (non-compact)
Calabi–Yau varieties.
9 For physicists, this is the same as a BRST operator enforcing the relevant constraints on the generators, and also introducing the
appropriate ghosts to eliminate any reducibility between constraints, etc so that the BRST cohomology consists precisely of elements in
the ring one seeks to describe (see [15] for a review).
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2.2. Partition functions
The partition function, or Hilbert series, P(t) of Sg is a formal power series in a variable (‘fugacity’) t,
counting the dimension of each of the vector spaces (Sg)k at level k making up Sg:

P(t) =
∞∑
k=0

dim(Sg)k t
k . (2.3)

For rings with some level-preserving action of an algebra, the definition can be refined to lift the coeffi-
cients from dimensions to representations, but this is not the case here, since we are counting singlets.

The dimension of the ring is read off from the partition function as the power of its divergence as
t→ 1. Its behavior close to t= 1 is

P(t) =
c

(1− t)d
+O

(
1

(1− t)d−1

)
(2.4)

for some constant c, where d= dimSg.
A multiplicative form of P(t), reflecting the Tate resolution [17], is

P(t) =
∞∏
k=1

(
1− tk

)−mk
. (2.5)

Here, mk ∈ Z are integers which are positive for even and negative for odd variables (generators, ghosts,
second order ghosts,...) in the resolution. See [18] for an introduction to such resolutions for physicists.

One aspect to bear in mind, which limits the usefulness of the partition function for more ‘complic-
ated’ rings, is that there is no guarantee that even and odd variables do not appear at the same level.
The partition function will then only know the difference10.

An additive form of P(t), reflecting an additive resolution (but which requires knowledge of the set
of generators) is

P(t) = Q(t)
n∑

p=0

(−1)pπp (t) (2.6)

Here, p is the same label as in equation (2.2) and Q(t) =
∏N

i=1(1− tki)−1 is the partition function of
a ring R, which is defined to be freely generated by the generators of Sg at levels {ki}Ni=1 (so, any rela-
tions are ignored). The πp(t) are polynomials, such that the partition function of R(p) in equation (2.2) is
Q(t)πp(t).

Finally, from either form of the partition function, one can identify a minimal set of algebraically
independent generators, the number of course being equal to d= dimSg, so that the factors (1− tk)−mk

in the partition function from the dependent generators cancel against those from odd variables (ghosts)
in the Tate resolution, or against factors in the numerator

∑n
p=0(−1)pπp(t) in the additive resolution.

Let {ki}di=1 be the degrees of the independent generators. Independency means that the subring T gener-
ated by these generators is free. The result is a rational function

P(t) =
ϱ(t)∏d

i=1 (1− tki)
(2.7)

with no common factor in numerator and denominator. Reflecting the Gorenstein property, the numer-
ator ϱ(t) = 1+ . . .+ tm is a ‘symmetric’ polynomial of some order m, i.e. it obeys the relation ϱ(t−1) =
t−mϱ(t), with non-negative integer coefficients. This minimal form of the partition function reflects the
partition function for the freely generated ring T (the denominator) together with degree-shifted cop-
ies (modules) of T (the numerator). The numerator can be thought of as the partition function of the
0-dimensional ring Sg/⟨T⟩.

10 In simple terms, the coefficients of the power series partition function (2.3) are the numbers of the invariants at order k in the sym-
metric product of the considered group representation module denoted as dim(Sg)k (these numbers were computed with the help
of the LiE program [19]). The multiplicative partition function (2.5) is reconstructed in such a way that the coefficients of its Taylor
expansion coincide with the coefficients of the partition function (2.3). The Taylor expansion can be computed ‘by hand’, or e.g. with
the use of the Mathematica function ‘Series’. The powersmk of (2.5) count the number of polynomially independent invariants at
the order k, i.e. the difference between all linearly independent k-order invariants and the number of k-order invariants that can be
constructed by taking the products of the invariants of low orders. For instance, if n= dim(Sg)2 and dim(Sg)4 are the number of the
invariants at orders 2 and 4, thenm4 = dim(Sg)4 − n(n+ 1)/2, etc.
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The aim is concrete understanding of Sg for concrete choices of g and V. The main method is to
use computer-aided calculation of the number of elements in Sg to a degree which is high enough to
give a clear indication of the form of the partition function. This is often practically possible, but not
always (with limited access to processing power and memory). We have been using the program LiE
[19], simply asking it for the number of singlets in a symmetric tensor product. In view of the limit-
ations, it would be of interest to find an even more efficient method; we are unfortunately not aware
of one.

2.3. The extended Lie algebra
Given g and the highest weight g-module V, one may define an extended simple Kac–Moody Lie algebra
g+, which in a grading contains g⊕C at degree 0, V at degree −1 and the conjugate module V̄ at
degree 1. This means that the Dynkin diagram of g+ consists of that for g together with one more node
connected in a way that reflects the highest weight of V (V= R(λ)). The algebra g+ is not completely
determined by these definitions. Let us number the simple roots of g by i = 1, . . . , r, and let the extend-
ing node be number 0. Then, the definitions imply that the components Ai0 of the Cartan matrix of g+

are A0i =−λi, while the components A0i are undetermined, where λi are the coefficients of λ in the
basis of fundamental weights Λi, λ= λiΛ

i. For example, starting from g= A2 = sl(3) and V= (01),
a three-dimensional module, both the extension to A3 (by a root of the same length) and to B3 (by a
shorter root) contain V at level −1. We complement the definitions by the following prescriptions:

• If there is a choice of g+ which is finite-dimensional, choose it.
• If there is more than one finite-dimensional choice for g+, choose any (or e.g. the smallest one).
• If there is no finite-dimensional choice of g+, but an affine one, choose it.
• If none of the above exists, choose any.

In what follows, we are only interested in the question whether g+ is finite-dimensional or affine. Kac
[20] also considers extending the algebra in this way for the study of nilpotent orbits.

In the following two Subsections, we state sufficient criteria for Sg to be at most one-dimensional,
and/or for it to be freely generated. Unfortunately, we are not aware of a way to show this using the
properties of g+, which is somewhat frustrating since this is what the criteria involve. Instead we rely
on examining all possible cases. It should be stressed that the criteria are sufficient but not necessary.

2.4. When is the dimension 0 or 1?
By inspecting the cases when g+ is finite-dimensional, we arrive at the statement

If dimg+ <∞, Sg is either {1} or (freely) generated by a single invariant.
All such instances are listed in table 1. Most cases are straightforward and well known. Among the less
trivial cases are the 3-forms under sl(6), sl(7) and sl(8). The stability algebras are sl(3)⊕ sl(3), G2 and
sl(3), respectively [21, 22], yielding the dimension 1 according to equation (2.1) in all cases: 20− 35+
16= 1, 35− 48+ 14= 1, 56− 63+ 8= 1. The order of the invariants are then obtained using LiE. The
stability algebra of a generic chiral spinor under so(12) is sl(6) [23, 24] and under so(14) it is G2⊕G2

[25]. The dimensions are obtained as 32− 66+ 35= 1, 64− 91+ 28= 1.

2.5. When is the ring freely generated?
By inspecting the cases in which g+ is an affine Kac–Moody algebra, listed in table 2, we arrive at the
conjecture

If g+ is an affine Kac–Moody algebra, Sg is freely generated.
The table excludes cases in which g+ is the untwised affine extension of g. Then the Casimir invariants
are obtained, and Sg ≃ U[g]g, freely generated by the Casimirs. Some cases are straightforward and cor-
respond to traces of powers of matrices. In some other cases we can prove the result. For example, the
invariants of a spinor under Spin(16) provides an intermediary step in the Harish-Chandra homomorph-
ism for E8 [26]. Analogous statements hold for a 4-form under SL(8) and for an irreducible 4-form
(0001) under Sp(8). This explains the orders of invariants being identical to Casimirs of E8, E7 and E6
in table 2. The stability algebra is trivial for a generic 3-form under SL(9) [27], so the dimension of the
ring is 84− 80= 4. In this λ= (00100000) case, with our limited computer power, the LiE program has

5
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Table 1. A list of irreps of simple algebras g with Dynkin labels associated with the weight λ (modulo outer automorphisms) such that
the extended algebra g+ is finite-dimensional. The extending node is colored gray. The last column lists orders at which one
independent invariant appears.

g+ g Dynkin diagram λ order of inv’s

Ar Ar−1 (10 . . .0) —

Br Br−1 (10 . . .0) 2
Ar−1 (10 . . .0) —

Cr Cr−1 (10 . . .0) —
Ar−1 (20 . . .0) r

Dr Dr−1 (10...000) 2

Ar−1 (010 . . .0) r
2 (r even) — (r odd)

G2 A1 (1) —
A1 (3) 4

F4 C3 (001) 4
B3 (001) 2

E6 D5 (000 1
0) —

A5 (00100) 4

E7 E6

(
0

10000

)
3

D6 (0000 1
0) 4

A6 (001000) 7

E8 E7

(
0

100000

)
4

D7 (00000 1
0) 8

A7 (0010000) 16

been able to calculate the orders 12 and 18 of the two lowest invariants. The remaining two should have
degrees at least 24.

3. Examples

Many examples refer to entries in tables 1 and 2.

3.1. Modules of sl(2)
Take g= A1. This is a good testing area, and has been a main subject of invariant theory for a long time.

We will write the partition functions Pn(t) of Sg for λ= (n), with fugacity t measuring the level. We
reproduce known results, see [2, 28], with corrections in [29] (see also [30]).

When λ= (1) (i.e. the fundamental weight), P(t) = 1. This of course happens when R(λ) contains a
single G-orbit, so that S=⊕∞

k=0R(kλ) and Sg = {1}. In this case g+ = A2.
For λ= (2), g+ = C2. We get the ring generated by the quadratic Casimir at level 2, and P2(t) =

(1− t2)−1.
For λ= (3), g+ = G2, and there is a single quartic invariant, which is straightforward to construct.

The partition function is P3(t) = (1− t4)−1.

For λ= (4), g+ is the twisted affine Kac–Moody algebra A(2)
2 , and there are two elementary invari-

ants at degrees 2 and 3, freely generating Sg. P4(t) = (1− t2)−1(1− t3)−1.

6
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Table 2. A list of irreps of simple algebras g with Dynkin labels associated with the weight λ (modulo outer automorphisms of g+) such
that the extended algebra g+ is affine, except the cases where g+ is the untwisted affine extension of g. Cases where finite-dimensional
extensions with identical g-modules at levels±1 exist are omitted. The extending node is colored gray. The last column lists the orders
at which single independent invariants appear.

g+ g Dynkin diagram λ order of inv’s

A(2)
2k−1 Ck−1 (010 . . .0) 2,3, . . . ,2k− 1

A(2)
2k−1 Dk−1 (20...000) 2,3, . . . ,2(k− 1)

A(2)
2k Bk−1 (20 . . .0) 2,3, . . . ,2k− 1

A(2)
2 A1 (4) 2,3

D(3)
4 A2 (30) 4,6

F(1)4 B4 (0001) 2

E(2)
6 F4 (0001) 2,3

C4 (0001) 2,5,6,8,9,12

E(1)
7 A7 (0001000) 2,6,8,10,12,14,18

E(1)
8 A8 (00100000) 12,18, . . .

D8 (00000010) 2,8,12,14,18,20,24,30

At λ= (5), something happens. Now, g+ is neither finite-dimensional nor affine. We have checked
the total number of invariants up to level 80, and they match the partition function

P5 (t) =
(
1− t4

)−1 (
1− t8

)−1 (
1− t12

)−1 (
1− t18

)−1 (
1− t36

)
(3.1)

corresponding to generators of Sg at levels 4, 8, 12 and 18, and a relation between them at level 36.
These invariants and the relation are explicitly given in appendix A. The form (3.1) reflects the Tate res-
olution, as described in section 2.2, but also the additive resolution, since this is a complete intersection
and the depth is 1. Canceling the common factor 1− t18 gives the canonical minimal form,

P5 (t) =
1+ t18

(1− t4)(1− t8)(1− t12)
. (3.2)

It reflects the fact that this Sg has three elementary generators and hence dimSg = 3 in accordance with
the formula (2.1) in which dimh= 0.

Similarly, for λ= (6)

P6 (t) =
(
1− t2

)−1 (
1− t4

)−1 (
1− t6

)−1 (
1− t10

)−1 (
1− t15

)−1 (
1− t30

)
=

1+ t15

(1− t2)(1− t4)(1− t6)(1− t10)
, (3.3)

corresponding to generators of Sg at levels 2, 4, 6, 10 and 15, and an identity at level 30. Details are
given in appendix B.

For higher λ, the situation is more complicated. The Tate resolution is infinite. For λ= (7), up to
level 42,

P7 (t) =
(
1− t4

)−1 (
1− t8

)−3 (
1− t12

)−6 (
1− t14

)−4 (
1− t16

)−2 (
1− t18

)−9

×
(
1− t20

)(
1− t22

)−1 (
1− t24

)10 (
1− t26

)25 (
1− t28

)20 (
1− t30

)49 (
1− t32

)37
×
(
1− t34

)19 (
1− t36

)27 (
1− t38

)−107 (
1− t40

)−130 (
1− t42

)−277× . . . (3.4)
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Note the mixture of negative and positive exponents. It is known that the partition function is [29]

P7 (t) =
(
1+ t2

)2 (
1− t2 + t4

)(
1− t2 + t4− t6 + t8

)
× 1− t6 + 2t8− t10 + 5t12 + 2t14 + 6t16 + 2t18 + 5t20− t22 + 2t24− t26 + t32

(1− t4)(1− t8)(1− t12)2 (1− t20)
. (3.5)

Multiplying in the prefactor gives the minimal form with nominator 1+ 2t8 + 4t12 + 4t14 + 5t16 + 9t18 +
6t20 + 9t22 + 8t24 + 9t26 + 6t28 + 9t30 + 5t32 + 4t34 + 4t36 + 2t40 + t48. One observation here is that there is
a generator at degree 20, which is not seen in the multiplicative form of the partition function. Indeed,
there are also relations at degree 20, and equation (3.4) only counts the difference. Unfortunately, this is
a feature, probably quite generic, that limits the power of using the partition function for more complic-
ated rings.

λ= (8) has a more elegant structure. Up to level 29,

P8 (t) =
(
1− t2

)−1 (
1− t3

)−1 (
1− t4

)−1 (
1− t5

)−1 (
1− t6

)−1 (
1− t7

)−1 (
1− t8

)−1

×
(
1− t9

)−1 (
1− t10

)−1 (
1− t16

)(
1− t17

)(
1− t18

)(
1− t19

)(
1− t20

)
×
(
1− t25

)−1 (
1− t26

)−1 (
1− t27

)−1 (
1− t28

)−1 (
1− t29

)−1× . . .

=
1+ t8 + t9 + t10 + t18

(1− t2)(1− t3)(1− t4)(1− t5)(1− t6)(1− t7)
. (3.6)

There are generators at degrees 2, 3, 4, 5, 6, 7, 8, 9 and 10. Knowing that dimSg = 6, the Cohen–
Macaulay property implies that the additive resolution has depth 3. Indeed, this is seen in the form of
the partition function reflecting the additive resolution, which is

P8 (t) =
1−

(
t16 + t17 + t18 + t19 + t20

)
+
(
t25 + t26 + t27 + t28 + t29

)
− t45

(1− t2)(1− t3)(1− t4)(1− t5)(1− t6)(1− t7)(1− t8)(1− t9)(1− t10)
. (3.7)

3.2. Forms under sl(n)
One needs only to consider form degree ⩽ n

2 .
1-forms have no invariants. The extended algebra is sl(n+ 1).
For 2-forms, the extended algebra is so(2n), and there is a single invariant (the Pfaffian) at degree n

2
when n is even.

3-forms under sl(6), sl(7) and sl(8) give the extended algebras E6, E7 and E8. There is a single
invariant at degree 4, 7 and 16, respectively.

3-forms under sl(9) have 4 independent invariants, the first two occurring at degrees 12 and 18,

and we conjecture that Sg, whose dimension is 4, is freely generated. The extended algebra is E9 = E(1)8 ,
which is affine.

4-forms under sl(8) have 7 independent invariants, and Sg is freely generated. g+ = E(1)7 , and the
generators appear at the same degrees as the E7 Casimirs.

In other cases, none of our criteria are applicable, and there is reason to expect rings with complic-
ated structures. Computer-aided calculations are difficult in many cases, since a p-form under sl(n) only
can have invariants at degrees m such that mp= kn for some k ∈ N.

3.3. Forms under so(n)
We need only consider form degree ⩽ n

2 .
1-forms (vectors) have a single invariant, the norm squared. The extended algebra is so(n+ 2).
2-forms span the adjoint, so g+ is the untwisted affine extension of g, and the invariants are freely

generated by Casimirs.
For 3-forms under so(7), g+ is already neither finite-dimensional nor affine. The stability group is

trivial, which means that the dimension of Sg is 35− 21= 14. The beginning of the multiplicative form
of the partition function is

P(t) =
(
1− t2

)−1 (
1− t3

)−1 (
1− t4

)−2 (
1− t5

)−1 (
1− t6

)−2 (
1− t7

)−2

×
(
1− t8

)−3 (
1− t9

)−1 (
1− t10

)−2 (
1− t11

)−1 (
1− t12

)−3 (
1− t13

)−1

×
(
1− t14

)−2 (
1− t15

)−1 (
1− t16

)−3 (
1− t17

)−1 (
1− t18

)−2 (
1− t19

)−1

×
(
1− t20

)−3 (
1− t21

)−2 (
1− t22

)−2 (
1− t23

)−1 (
1− t24

)−1
(1− t25)−1

× (1− t26)(1− t27)2(1− t28)6(1− t29)6(1− t30)13(1− t31)13(1− t32)25(1− t33)23× . . . (3.8)
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This shows that Sg is not freely generated, but does not allow for guessing the precise content of linearly
independent generators, except that they at least (due to possible overlap with relations) correspond to
the initial factors with negative exponents, so their number is at least the sum of these negative expo-
nents, i.e 40.

3-forms, λ= (001 0
0 ), under so(10) appearing as NS and RR 3-form field strengths in D = 10 super-

gravities. The dimension of the ring is 75= 120− 45 and the partition function up to order 18 is

P(t) = 1+ t2 + 3t4 + 9t6 + 33 t8 + 121 t10 + 524 t12 + 2496 t14 + 13006 t16 + 70909 t18 . . .

=
(
1− t2

)−1 (
1− t4

)−2 (
1− t6

)−6 (
1− t8

)−21 (
1− t10

)−76

×
(
1− t12

)−336 (
1− t14

)−1676 (
1− t16

)−9041 (
1− t18

)−50379
. . .

Already by order 10 the total number of generators exceeds the dimension of the ring, while relations
between them have not shown up yet.

3.4. Self-dual forms under so(4), so(6), so(8) and so(10)
Self-dual forms under so(4)≃ sl(2)⊕ sl(2) are in the adjoint of sl(2), and there is a single (Casimir)
invariant.

Self-dual forms under so(6) have a single quartic invariant. In table 1 they occur as (200) under A3

(r= 4). g+ = C4.
Self-dual 4-forms, λ= (00 2

0 ), under so(8) have 35 components and are equivalent via triality to
traceless symmetric 8× 8 matrices M. The dimension of so(8) is 28 and there are 7= 35− 28 independ-

ent invariants trMp, p= 2, . . .8. The ring Sg is freely generated. g+ is the twisted affine algebra A(2)
9 .

For self-dual forms under so(10) and higher, g+ is neither finite-dimensional nor affine, and an
explicit structure of the rings of these invariants is presently out of reach. We will discuss the case of a
D= 10 self-dual 5-form further in section 4.

3.5. Complex self-dual forms inD-dimensional spaces
Only D-dimensional spaces with metric signatures (t, s) fulfilling s− t ∈ 4Z allow for real self-dual
(D/2)-forms. In other cases, when ⋆2 =−1, one may consider the complex self-dual form F+ = F+ i ⋆
F= i ⋆ F+ and its complex conjugate anti-self-dual F− (constructed from a generic (D/2)-form F). One
can then ask for real invariants of F+ and F− under so(D)⊕ u(1). This falls slightly outside the main
scope of the paper, but can be treated with the same methods. Note that such invariants only can exist
at even degrees, and that their number at degree 2n equals the number of irreducible representations in
the symmetric n-fold product of a self-dual form.

In D= 4, there is a single quartic invariant of a self-dual 2-form and its complex conjugate.
In D= 6, the ring of real invariants of a self-dual 3-form and its complex conjugate is freely gener-

ated by single independent invariants of degrees 2,4,6,8. The stability group is trivial, and the dimension
is 4= dim(F3)− dim(so(6)+ u(1)) = 20− 15− 1. The partition function is

P(t) =
1

(1− t2)(1− t4)(1− t6)(1− t8)
. (3.9)

It is instructive to compare this case with the structure of the ring of the so(6) invariants of a gen-
eric 3-form F3 without requiring the u(1) (duality) invariance. The dimension of the ring is 5= 20− 15
and it is freely generated by independent invariants at orders 2,4,4,4,6.11 The three ones at degree 4
have u(1) charges −4,0,4 associated with powers of F±3 . Introducing the fugacity q associated with the
charge, we get the following partition function

P(t,q) =
1

(1− t2)(1− t4q−4)(1− t4)(1− t4q4)(1− t6)
. (3.10)

The generators at t4q±4 go away when we demand U(1)-invariance. There are many elements at degree
8 in the ring of the so(6)-invariants, and fewer in the ring of (so(6)⊕ u(1))-invariants. However, the
former has no independent generators at degree 8. The latter does have, because there is one element
obtained as the product of the generators at t4q−4 and t4q4 that is composite in the ring of so(6)-
invariants but not in the ring of (so(6)⊕ u(1))-invariants.

11 Explicit construction of these invariants is given in appendix E, equations (E.23)–(E.27).
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In D= 8 space-time of (e.g.) Lorentz signature there is no stability subalgebra and the dimension of
the ring of the real invariants of F+4 and F−4 is 41= 70− 28− 1, where 70= 35+ 35 is the dimension
of the module, 28 is the dimension of so(1,7) and 1 stands for the reality condition under u(1) duality.
The ring is not freely generated; we have not been able to find its partition function.

3.6. Weyl tensors of so(n)
A Weyl tensor belongs to the irreducible module (020 . . .0) of so(n) (n⩾ 7). When n= 4, the module
is reducible, and falls outside our considerations (self-dual Weyl tensors are covered by the A1 examples:
invariants of degrees 2 and 3). Already when n= 5, λ= (04) and g+ is beyond affine. For n= 6, g= A3

and λ= (202). For algebraic invariants of the Weyl tensor in 5 dimensions the ring Sg has the partition
function

P(t) =
(
1− t2

)−1 (
1− t3

)−1 (
1− t4

)−3 (
1− t5

)−4 (
1− t6

)−9 (
1− t7

)−15 (
1− t8

)−33

×
(
1− t9

)−63 (
1− t10

)−136 (
1− t11

)−276 (
1− t12

)−569 (
1− t13

)−1135

×
(
1− t14

)−2243 (
1− t15

)−4265 (
1− t16

)−7823 (
1− t17

)−13709 (
1− t18

)−22580

×
(
1− t19

)−34144 (
1− t20

)−44522 (
1− t21

)−40658 (
1− t22

)12835 (
1− t23

)199009
×
(
1− t24

)702382
(1− t25)1903228(1− t26)4557099(1− t27)10085268

× (1− t28)21050933(1− t29)41801879× . . . (3.11)

pointing towards a very complicated ring structure with a very large number of generators and relations
among them. The dimension of the ring is 69. For Weyl invariant models of eight-dimensional gravity
the explicit form of Weyl tensor invariants at order 4 were given e.g. in [31, 32].

3.7. Other examples
We recall that the criteria of sections 2.4 and 2.5 are sufficient, but not necessary. Even if they are not
ubiquitous, there are examples of free generation even if neither criterion is fulfilled. One such case is
a spinor under B6 = so(13). The stability algebra of a generic spinor [33] is sl(3)⊕ sl(3), so dimSg =
64− 78+ 16= 2. Sg is freely generated by generators of degrees 4 and 8.

The situations where our computing power is sufficient for safely deducing the full partition func-
tion of Sg when neither of the criteria are fulfilled are rare. One such example, which is not a complete
intersection, is g= B2, λ= (11) (with no obvious physical applications). The multiplicative form of the
partition function yields

P(t) =
(
1− t4

)−1 (
1− t8

)−4 (
1− t12

)−4 (
1− t14

)−3 (
1− t16

)−1 (
1− t18

)−6

×
(
1− t24

)3 (
1− t26

)12 (
1− t28

)9 (
1− t30

)18 (
1− t32

)21 (
1− t34

)6 (
1− t36

)19
×
(
1− t38

)−24 (
1− t40

)−42 (
1− t42

)−59 (
1− t44

)−132 (
1− t46

)−96

×
(
1− t48

)−125 (
1− t50

)−78× . . . (3.12)

The ring is six-dimensional (16− 10= 6), but has 19 generators subject to certain relations. An inde-
pendent set of generators is found to be one at degree 4, three at degree 8 and two at degree 12. The
partition function has the minimal form

P(t) =
1+ t8 + 2t12 + 3t14 + 2t16 + 6t18 + 2t20 + 3t22 + 2t24 + t28 + t36

(1− t4)(1− t8)3 (1− t12)2
. (3.13)

Another case is g= A3, λ= (011). g+ is the hyperbolic Kac–Moody algebra A++
2 . The partition

function is

P(t) =
(
1− t8

)−2 (
1− t12

)−2 (
1− t16

)−1 (
1− t20

)−1 (
1− t24

)−2 (
1− t28

)−1

×
(
1− t32

)(
1− t36

)(
1− t40

)2 (
1− t44

)(
1− t48

)2
×
(
1− t56

)−1× . . . (3.14)

The ring has 9 generators and dimension 20− 15= 5. The minimal form of the partition function is

P(t) =
1+ t16 + t20 + t24 + t28 + t44

(1− t8)2 (1− t12)2 (1− t24)
. (3.15)

Note that in this example as well as in the previous one (and all other) the numerator has the symmet-
ric form reflecting the Gorenstein property.
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3.8. Non-simple g
Although this should be possible, we have not conducted a complete survey of situations in which g is
semi-simple but not simple. A few examples lead to the tentative conjecture that the criteria hold also in
these cases:

g= A1⊕A1, λ= (1)(2). g+ = C3. Sg is generated by a single invariant at degree 4.

g= A1⊕A1, λ= (1)(3). g+ is the twisted affine algebra D(3)
4 . Sg is freely generated by two generators at

degrees 2 and 6.
g= A1⊕A1, λ= (1)(4). Neither criterion is fulfilled. Sg is a complete intersection, with generators of
degrees 4, 4, 8, 12 and 18, and a relation at degree 36.

P(t) =
1+ t18

(1− t4)2 (1− t8)(1− t12)
, (3.16)

g= A1⊕A1, λ= (1)(5). Neither criterion is fulfilled. Sg has generators at degrees 2, 4, 6, 6, 8, 10, 10, 12
and 14. Out of these an independent subset is at degrees 2, 4, 6, 6, 8 and 10.

P(t) =
1+ t10 + t12 + t14 + t24

(1− t2)(1− t4)(1− t6)2 (1− t8)(1− t10)
. (3.17)

g= A1⊕A1⊕A1, λ= (1)(1)(1). g+ = D4. Sg is generated by a single invariant at degree 4.
g= A1⊕A1⊕A1⊕A1, λ= (1)(1)(1)(1). g+ is the untwisted affine extension of D4. Sg is freely gener-
ated by generators with the same degrees as the Casimirs of D4 (2, 4, 4, 6).
g= A2⊕A2⊕A2, λ= (10)(10)(10). g+ is the untwisted affine extension of E6. There are generators at
degrees 6, 9 and 12, and Sg is freely generated.
g= A3⊕A3, λ= (010)(010). g+ is the untwisted affine extension of D6, and Sg is freely generated by
generators with the same degrees as the Casimirs of D6 (2, 4, 6, 6, 8, 10).

4. Self-dual 5-forms in 10 dimensions

Aiming at possible applications to type IIB D= 10 supergravity and string theory, as well as to other
non-linear generalizations of the self-dual 5-form theory (see the accompanying paper [9] for more
details), in this section we will consider and derive an explicit form of some of) invariants under the
Lorentz group SO(1,9) of a real self-dual rank-5 tensor

Fµ1µ2µ3µ4µ5 = ⋆Fµ1µ2µ3µ4µ5 =
1

5!
εµ1µ2µ3µ4µ5ν1ν2ν3ν4ν5F

ν1ν2ν3ν4ν5

in a 10D Minkowski space-time with a metric of almost plus signature. The Greek letters now stand for
the D= 10 vector indices. The dimension of this SO(1,9) module is 126 and its Dynkin label is (00002).

Let us compute the number of functionally independent invariants in this case using the formula
(2.1). First, let us prove that there is no a stability subgroup of SO(1,9) that leaves F5 invariant. To this
end we construct a traceless symmetric matrix

Mµν := Fµλ1...λ4Fν
λ1...λ4 . (4.1)

Using an SO(1,9) transformation this matrix can be brought to the diagonal form diagMµ
ν =

(λ1, · · · ,λ10), where generically all eigenvalues are different (but
∑

λi = 0). We require that F5 be invari-
ant under infinitesimal SO(1,9)-rotations with parameters ωµν =−ωνµ, this implies the stability con-
dition on the matrix ωα

µMµβ +ωβ
µMµα = 0. Since all matrix eigenvalues are different, this equation

implies ωµν = 0. Therefore the stability group of F5 is trivial. Thus, the number of functionally inde-
pendent SO(1,9) invariants which one can construct with powers of the components of the self-dual
tensor F5 is 81= 126− 45, where 45 is the dimension of SO(1,9).

Up to order 22 the partition function characterizing the ring of these invariants looks as follows

P(t) = 1+ t4 + 2t6 + 7t8 + 14t10 + 72t12 + 247t14 + 1364t16 + 6851t18 + 40170t20 + 227979t22 . . .

=
(
1− t4

)−1 (
1− t6

)−2 (
1− t8

)−6 (
1− t10

)−12 (
1− t12

)−62 (
1− t14

)−221

×
(
1− t16

)−1247 (
1− t18

)−6404 (
1− t20

)−37896 (
1− t22

)−216486× . . . (4.2)

The number n of linearly independent invariants (given by negative powers of (1− tp)−n) at higher
levels is huge, and we do not know when non-linear relations between them start to appear. One can

11
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notice that already at orders p= 4, 6, 8, 10 and 12 the total number of unfactorizable and linearly inde-
pendent (at each level) invariants is 83 which exceeds the dimension 81 of the ring. Since the complete
classification of these invariants is beyond our present reach, in what follows we present a number of
invariants appearing at lower orders of Fn. To construct such invariants we will use two methods, the
first one will be based on the tensor structure of the self-dual F5 and the second one on its spin-tensor
realization.

4.1. Tensor form of F5 invariants
To construct and identify independent invariants of powers of F5 one notices that in all the invariants
at least one index of each F5 is contracted with an index of another F5. So the building blocks of the
invariants are the following tensor structures

Fµ1µ2µ3µ4λF
ν1ν2ν3ν4λ = 4δ[ν1[µ1

Nµ2µ3µ4]
ν2ν3ν4]− δ

[ν1
[µ1

δν2µ2
δν3µ3

Mµ4]
ν4] , (4.3)

where Mµ
ν has already been introduced in (4.1) and

Nµ1µ2µ3,
ν1ν2ν3 := Fµ1µ2µ3λ1λ2F

ν1ν2ν3λ1λ2 . (4.4)

The indices in the square brackets are anti-symmetrized such that

T[µ1...µp] =
1

p!

(
Tµ1µ2...µp −Tµ2µ1...µp + . . .

)
.

The relation between the l.h.s. of (4.3) and the tensors N and M is a consequence of the self-duality of
F5 (see the list of identities in appendix C which were used to derive all the expressions given in this
section). The tensor Mµν is symmetric and traceless, and has dimension 54. The tensor Nµ1µ2µ3

ν1ν2ν3

splits into the irreducible representations of dimensions 54, 1050 and 4125. Different (but equivalent)
forms of this splitting are

Nµ1µ2µ3,ν1ν2ν3 = 5N
(1050)

[µ1µ2µ3,[ν1ν2]ν3]
+N(4125)

µ1µ2µ3,ν1ν2ν3 +
9

28
δ
[α1

[µ1
δα2
µ2
Mµ3]

α3]ηα1ν1ηα2ν2ηα3ν3

Nµ1µ2µ3,ν1ν2ν3 =−3N[ν1[µ1µ2,µ3]ν2ν3] + 2N(4125)
µ1µ2µ3,ν1ν2ν3 +

9

14
δ
[α1

[µ1
δα2
µ2
Mµ3]

α3]ηα1ν1ηα2ν2ηα3ν3 (4.5)

where in the second equality the indices [µ1,µ2,µ3] and [ν1,ν2,ν3] are anti-symmetrized separately, while
in the first one the anti-symmetrization of the three indices ν i with the ‘red’ brackets is performed upon
the anti-symmetrization of the five indices [µ1,µ2,µ3,ν1,ν2] in the ‘black’ brackets.

The irrep N
(1050)

[µ1µ2µ3,µ4µ5]ν
is self-dual with respect to the five anti-symmetric indices µi, and the con-

traction of ν with µi is zero.
In the irrep N(4125)

µ1µ2µ3,ν1ν2ν3 the groups of three indices µi and ν i are anti-symmetric, the tensor
is symmetric under the exchange of these anti-symmetric groups of indices and traceless. The anti-
symmetrization of any four indices is zero.

The Young tableaux of the irreps 54, 1050 and 4125 are

Therefore the building blocks of the F5 invariants are the irreducible SO(1,9) tensors M
(54)

, N
(1050)

and
N(4125).

The simplest choice of nine invariants of F5 is to construct them as traces of products of the matrix

M
(54)

. Since the 10× 10 matrix M
(54)

is symmetric and traceless, all its invariants are freely generated by
a basis of 9 invariants which can be chosen as

I
(1)

2n = trMn , n= 2, . . .10, (4.7)

where the subscript 2n indicates the order of F5 in these invariants.
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4.1.1. 4th order invariant
The unique independent fourth-order invariant of F5 is

I4 =MµνM
νµ = trM2 . (4.8)

This is because the scalar product of two self-dual N
(1050)

is zero, while the scalar product of two N
(4125)

composed of FF is proportional to trM2 due to the identity (C.28) and the relation (4.5). This invariant
was considered in the context of non-linear self-dual 5-form theories in [6, 8].

4.1.2. 6th order invariants
The LiE program [19] tells us that at the sixth order there are two independent invariants (see
equation (4.2)). The analysis shows that one can choose them as follows

I
(1)

6 = trM3, (4.9)

I
(2)

6 = N
(1050)

[ρ1ρ2ρ3,ρ4ρ5]κ

(
N[ρ1ρ2ρ3,

(1050) α1α2]α3
N[ρ4ρ5κ,α1α3]α2

(1050)

)
≡−3

2
N

(1050)

[ρ1ρ2ρ3,ρ4ρ5]κ

(
N[ρ1ρ2ρ3,

(1050) α1α2]α3
N[ρ4ρ5κ,[α1α2]α3]

(1050)

)
, (4.10)

where in the last equality the three indices αi are anti-symmetrized upon the anti-symmetrization of five
indices ρ4,ρ5,κ,α1,α2. The tensor structure of (NN) in the brackets with the anti-symmetrized indices
ρ1, . . . ,ρ5 is an anti-self-dual 1050 irrep.

All other six-order invariants that one can construct with the use of the tensors M
(54)

, N
(1050)

and
N

(4125)
are linear combinations of (4.9) and (4.10), which one can check using the fact that M and N are

composed of FF and applying identities given in appendix C. For instance, all the invariants of the form
MNN are proportional to trM3 (due to identities like (C.26) and (C.27)), while e.g. the invariant12

I6 = N
(4125)

µ1µ2µ3

ρ1ρ2ρ3

(
N[µ1µ2µ3,α1α2]α3

(1050) N
(1050)

[ρ1ρ2ρ3,α1α2]α3

)
=−75

2
I
(2)

6 + x trM3, (4.11)

with some coefficient x which we did not compute explicitly because its value is not important.

4.1.3. 8th order invariants
At the 8th order in F, according to the LiE program (see (4.2)), there are six linearly independent invari-
ants, the seventh one being the square of the 4th order invariant (4.8).

One can choose a basis of these invariants as follows. Two invariants can be constructed as products of
four tensors Ms or three Ms and one N, namely

I
(1)

8 = trM4 , I
(2)

8 =Mµ1
ν1Mµ2

ν2Mµ3
ν3N

(4125)

ν1ν2ν3
µ1µ2µ3 . (4.12)

Other three invariants can be constructed with two Ms and two Ns. One of these is constructed by tak-

ing the inner product of the 210 irrep MµνN
(1050)

[α1α2α3α4µ]ν
(the only independent 210 irrep in the sym-

metric product of F4) with itself

I
(3)

8 =MµνN
(1050)

[α1α2α3α4µ]ν
N[α1α2α3α4ρ]λ

(1050)
Mρλ . (4.13)

In (4.13) the indices µ,ν,ρ,λ are automatically totally symmetrized due to the symmetry properties
of the product of two self-dual N(1050) (see equation (C.33)). So this invariant can also be seen as the

product of the 660 irrep in N
(1050)

[α1α2α3α4(µ]ν
N[α1α2α3α4

(1050) ρ]λ) with MµνMρλ (upon subtracting all traces)13.

Note that the symmetric product of F4 contains two 660 irreps, one of which can be chosen as the

12 Note the difference in the order of the indices αi in the last term of this invariant and that of (4.10).
13 The indices within the round brackets are symmetrized such that

T(µ1...µp) =
1

p!

(
Tµ1µ2...µp +Tµ2µ1...µp + . . .

)
.
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traceless part of (MM)(µνλρ), and another one is contained in (N
(1050)

)2. So the fourth invariant can be
chosen as

I
(4)

8 = N
(1050)

[α1α2α3α4(µ]ν
N[α1α2α3α4

(1050) ρ]λ)N
[β1β2β3β4µ]ν
(1050)

N
(1050)

[β1β2β3β4

ρ]λ , (4.14)

where the indices µ,ν,ρ,λ are totally symmetrized, i.e. this invariant is constructed by taking the inner
product of the two copies of the 660 irrep in (N

(1050)
)2 (upon subtracting all traces).

The product of MµνMρλ splits into two tensors, the totally symmetric one M(µνMρλ) which takes
values in the 660 irrep of SO(1,9) (it has appeared in (4.13)) and the tensor M[µ

[νMρ]
λ] which takes

values in the 770 irrep (upon subtracting traces). The contraction of the latter with two N
(1050)

produces
the following invariant

I
(5)

8 =M[ν1
[µ1Mν2]

µ2]N
(1050)

[ρ1ρ2ρ3,ρ4µ1]µ2
N[ρ1ρ2ρ3,ρ4ν1]ν2

(1050)
. (4.15)

Finally, the contraction of MM with the single 770 irrep in the product of N
(1050)

and N
(4125)

produces the
sixth invariant

I
(6)

8 =Mν1
µ1Mν2

µ2N
(1050)

[µ1µ2ρ1,ρ2ρ3]ρ4
Nρ1ρ2ρ3,ρ4ν1ν2

(4125)
. (4.16)

Note that the symmetric product of F4 contains three 770 irreps. They can be associated with

M[µ1

[ν1Mν2]
µ2]

, N
(1050)

[ρ1ρ2ρ3,ρ4[µ1]µ2]
N[ρ1ρ2ρ3,ρ4[ν1]ν2]

(1050)

and

N
(1050)

[µ1µ2ρ1,ρ2ρ3]ρ4
Nρ1ρ2ρ3,ρ4ν1ν2

(4125)
+N[ν1ν2ρ1,ρ2ρ3]ρ4

(1050)
N

(4125)

ρ1ρ2ρ3,ρ4µ1µ2
.

An alternative choice of the basis of the 8th order invariants. Instead of the basis of six I8 given above,
one can choose it using the results of [4, 5] on higher-order string corrections to the effective action
of type IIB supergravity produced by 10D curvature tensor and the five-form. It was shown there that
supersymmetry singles out five independent 8th order terms in the action involving exclusively the F5
form and its derivative ∂νFµ1...µ5 .

14 In the assumption that the self-dual F5 is the external derivative of
a four form (F5 = dA4) and satisfies a free equation of motion (∂µ1F

µ1...µ5 = 0), the tensor ∂νFµ1...µ5

forms an irreducible 1050 module of SO(1,9). The five independent invariants individualized in [4,
5] (see the last five lines in the tables of those papers) form a basis of the invariants in the symmetric
product of four 1050 irreps of the form

T
(1050)

[µ1...µ5]ν
= ∂νFµ1...µ5 +N

(1050)

[µ1µ2µ3,µ4µ5]ν
. (4.17)

The LiE program tells us that there are exactly five independent invariants in (T 4)sym. However, in this
paper we are interested exclusively in F5 invariants that do not contain derivatives of F5. So we need to
check that the five invariants found in [4, 5] remain independent if we set ∂νFµ1...µ5 = 0. This is a pri-
ori not guaranteed because of the composite nature of N(1050) = FF, but it turns out that this is indeed
the case. These invariants have the following structure (in which we skip the superscript (1050) from
N(1050))

Î
(1)

8 =−
(
N[µ1µ2µ3[µ4ρ1]ρ2]N

[µ1µ2µ3[µ4ν1]ν2]
)(

N[ν1
ρ1λ1[λ2λ3]λ4]N[ρ2

λ1λ2[ν2λ3]λ4]

)
=

1

34

(
5

6
N[µ1µ2µ3µ4[ρ1]ρ2]N

[µ1µ2µ3µ4[ν1]ν2]N[λ1λ2λ3λ4ρ1]ρ2N[λ1λ2λ3λ4ν1]ν2

+
1

7200
trM4− 70

12002
(
trM2

)2)
, (4.18)

Î
(2)

8 =
(
N[µ1µ2µ3[µ4ρ1]ρ2]N

[µ1µ2µ3[µ4ν1]ν2]
)(

N[ρ1
λ1λ2[ν1λ3]λ4]N

[ρ2λ1λ3]λ2λ4]
ν2]

)
(4.19)

=
1

34

(
N[µ1µ2µ3µ4[ρ1]ρ2]N

[µ1µ2µ3µ4[ν1]ν2]N[λ1λ2λ3λ4ρ1]ρ2N[λ1λ2λ3λ4ν1]ν2

+
1

2402
trM4− 1

10 · 2402
(trM2)2

)
, (4.20)

14 Other terms are constructed by taking products of components of the Weyl tensor with themselves or with F5.
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where the indices in the red brackets are antisymmetrized after the antisymmetrization of the indices in
black brackets. These two invariants are composed of trM4, (trM2)2 and the scalar product of the 770
irrep (N[µ1µ2µ3µ4[ρ1]ρ2]N

[µ1µ2µ3µ4[ν1]ν2]) with itself, as one finds using identities of appendix C.

Î
(3)

8 =
(
N[µ1µ2µ3[ρ1ρ2]ρ3]N

[µ1µ2µ3[ν1ν2]ν3]
)(

N[ρ1ρ2λ1[λ2λ3]
ν1]N

[ρ3
ν2λ2[λ1λ3]ν3]

)
, (4.21)

Î
(4)
8 =

(
N[µ1µ2µ3[ρ1ρ2]ρ3]N

[µ1µ2µ3[ν1ν2]ν3]
)(

N[ν1
ρ1λ1[ρ2λ2]λ3]N[ρ3

ν2λ2[ν3λ1]λ3]

)
(4.22)

and

Î
(5)

8 =
(
N[ν1

ρ1µ1[µ2µ3]µ4]N[ρ2
µ1µ2[ν2µ3]µ4]

)(
N[ρ2

ν1λ1[λ2λ3]λ4]N[ν2
λ1λ2[ρ1λ3]λ4]

)
=−5

6
Î
(1)

8 +
25

4 · 93
I
(4)

8 + x trM4 + y
(
trM2

)2
, (4.23)

where I
(4)

8 is given in (4.14), and x and y are coefficients whose explicit values we did not compute, since
they are not important.

To these five invariants we can add e.g. Î
(6)

8 = I
(2)

8 in (4.12) to complete the basis. It is not an easy

computational problem to establish the full relation between the two bases Ii8 and Î
i
8 (i = 1, . . . ,6), which

we leave a part.

4.1.4. 10th and higher order invariants
At the 10th order there are 12 linearly independent invariants and at order 12 there are 64. As we have
already mentioned, together with the lower-order invariants their number is 83 which is by two units
higher than the dimension of the ring. Therefore, there should be at least 2 non-linear relations between
these 83 invariants. The problem of individualizing the linearly independent invariants at order 10 and
higher and to find functional relations between them (similar to those considered in appendices A and
B for sl(2) invariants of the modules of dimension 6 and 7) becomes highly involved (if at all doable)
without using a computer program, a challenge which we leave to experts. Below we only give 12 pos-
sible candidates for a basis of the 10th-order invariants constructed by choosing and contracting differ-

ent irreps in the decompositions of symmetric products of M
(54)

, N
(1050)

and N
(4125)

:

I
(1)

10 = trM5 ,

I
(2)

10 = (MM)µ1

ν1Mµ2
ν2Mµ3

ν3N
(4125)

ν1ν2ν3
µ1µ2µ3 ,

I
(3)

10 =Mµ1
ν1Mµ2

ν2Mµ3
ν3
(
N[µ1µ2µ3,α1α2]α3

(1050) N
(1050)

[ν1ν2ν3,α1α2]α3

)
,

I
(4)

10 = (MM)
µνMρλ

(
N

(1050)

[α1α2α3α4(µ]ν
N[α1α2α3α4

(1050) ρ]λ)

)
,

I
(5)

10 = (MM)[ν1
[µ1Mν2]

µ2]N
(1050)

[ρ1ρ2ρ3,ρ4µ1]µ2
N[ρ1ρ2ρ3,ρ4ν1]ν2

(1050)
,

I
(6)

10 = (MM)ν1
µ1Mν2

µ2N
(1050)

[µ1µ2ρ1,ρ2ρ3]ρ4
Nρ1ρ2ρ3,ρ4ν1ν2

(4125)
,

I
(7)

10 = N
(1050)

[ρ1ρ2ρ3,ρ4ρ5]µ
(MM)

µ
κ

(
N[ρ1ρ2ρ3,

(1050) α1α2]α3
N[ρ4ρ5κ,α1α3]α2

(1050)

)
,

I
(8)

10 = N
(1050)

[ρ1ρ2ρ3,ρ4ν]µ
M[ν

ρ5M
µ]

κ

(
N[ρ1ρ2ρ3,

(1050) α1α2]α3
N[ρ4ρ5κ,α1α3]α2

(1050)

)
,

I
(9)

10 = N
(1050)

[α1α2α3α4κ](ν
Mκ

µN
[α1α2α3α4

(1050) ρ]λ)N
[β1β2β3β4µ]ν
(1050)

N
(1050)

[β1β2β3β4

ρ]λ ,

I
(10)

10 =
(
N

(1050)

[ρ1ρ2ρ3,ρ4[µ1]µ2]
N[ρ1ρ2ρ3,

(1050) α1α2]α3
N[ρ4ν1ν2,α1α3]α2

(1050)

)(
N

(1050)

[β1β2β3,β4ν1]ν2
N[β1β2β3,β4µ1]µ2

(1050)

)
,

I
(11)

10 =
(
N

(1050)

[ρ1ρ2ρ3,
α1α2]α3N

(1050)

[µ1µ2µ3,α1α2]α3

)(
N[µ1µ2µ3[ν1ν2]ν3]

(1050)
N[ρ1ρ2λ1[λ2λ3]

(1050) ν1]N
[ρ3

(1050)ν2λ2[λ1λ3]ν3]

)
,

I
(12)

10 =
(
N

(1050)

[ρ1ρ2ρ3,
α1α2]α3N

(1050)

[µ1µ2µ3,α1α2]α3

)(
N[µ1µ2µ3[ν1ν2]ν3]

(1050)
N

(1050)

[ν1
ρ1λ1[ρ2λ2]λ3]N[ρ3

(1050)ν2λ2[ν3λ1]λ3]

)
, (4.24)

where the symmetrization and/or anti-symmetrization of the indices within the red brackets is made
upon the anti-symmetrization within the black brackets.

12th-order invariants that have appeared in certain models of the non-linear self-dual 5-form theory
[9] are
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I
(1)

12 = trM6, I
(2)

12 =
(
M3
)µν (

N
(4125)

µα1α2,νβ1β2
Mα1β1Mα2β2

)
≡
(
M3
)µν(

N
(4125)

MM

)
µν

,

I
(3)

12 =
(
N

(4125)

MM
)
µν

(
N

(4125)

MM
)µν

. (4.25)

An alternative approach to try for the construction of independent invariants is the spin-tensor
description of the self-dual 5-form which we consider below.

4.2. F5 invariants in spinor formalism
We refer the reader to appendix D which is devoted to mathematical conventions utilized in this
Subsection and various useful identities concerning the spin-tensor formalism in 10-dimensional space-
time. Given a self-dual five-form Fµ(5) = Fµ1µ2µ3µ4µ5 , it is equivalently described by a symmetric rank-
two spinor Fab defined by

Fab =
1

5!
Fµ(5)

(
σ̃µ(5)

)ab
=⇒ Fab (σµ)ab = 0 a,b= 1, . . . ,16 . (4.26)

Since there is no metric to lower the upper indices, the invariants of products of Fab are obtained by
contracting them with an invariant tensor carrying only lower spinor indices, Ia1a2,a3a4 . Such invariant
tensors may be constructed from

Ia1a2,b1b2 := (σµ)a1a2 (σµ)b1b2 = Ib1b2,a1a2 = I(a1a2),(b1b2) , (4.27a)

and its analogue with upper indices

Ĩa1a2,b1b2 := (σ̃µ)
a1a2 (σ̃µ)

b1b2 = Ĩb1b2,a1a2 = Ĩ(a1a2),(b1b2) . (4.27b)

There also exists the invariant tensor with upper and lower indices

Ja1a2b1b2
:= (σ̃µ)

a1a2 (σµ)b1b2 = J(a1a2)(b1b2)
. (4.27c)

It turns out that the role of a basic invariant tensor to contract the indices of Fs can be played by
products of the structure given in (4.27a). Of course, there exist more general invariant tensors, for
example

Ĩf1f2,f3f4 If1a1,a2a3 If2b1,b2b3 If3c1,c2c3 If4d1,d2d3 , (4.28)

where Ĩf1f2,f3f4 is defined in (4.27b). However, each of them may be reduced to an invariant tensor that
involves only products of (4.27a), by making use of the identity (D.35).

It also follows from the definitions (4.27a)–(4.27c) and Fierz identities that

Ĩc1c2,a1a2 Ic1c2,b1b2 =−16J
a1a2
b1b2

, Ĩc1c2,a1a2 Ic1b1,c2b2 = 8Ja1a2b1b2
, (4.29a)

Ĩa1[c1,c2]a2 Ib1c1,c2b2 = 16δ[a1b1
δ
a2]
b2

, Ĩa1(c1,c2)a2 Ib1c1,c2b2 =−4J
a1a2
b1b2

. (4.29b)

For constructing invariants of Fab, equation (4.26), there are four building blocks:

Ha1a2
b1b2 : = Ia1a2,c1c2F

c1b1Fc2b2 =H(a1a2)
(b1b2) , (4.30a)

Ga1a2
b1b2 : = Ia1[c1,c2]a2F

c1b1Fc2b2 = Ic1[a1,a2]c2F
c1b1Fc2b2 = G[a1a2]

[b1b2] , (4.30b)

Θa
b1,b2b3 : = Iac1,c2c3F

c1b1Fc2b2Fc3b3 =Θa
b1,(b2b3) , (4.30c)

Ωa1a2,a3a4 : = Ib1b2,c1c2F
b1a1Fb2a2Fc1a3Fc2a4 =Ω(a1a2),(a3a4) . (4.30d)

The additional properties of Ha1a2
b1b2 and Ga1a2

b1b2 are:

Hac
bc = 0 , Fa1a2Ha1a2

b1b2 = 0 , (4.31a)

Gac
bc = 0 . (4.31b)

The important algebraic properties of Θa
b1,b2b3 are

Θc
c,b1b2 = 0 , Θc

a,cb = 0 , Θa
(b1,b2b3) = 0 (4.32)
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and

Ωa1a2,a3a4 =Ωa3a4,a1a2 , Ωa1(a2,a3a4) = 0 . (4.33)

They follow from the analogous properties of Ib1b2,c1c2 given in equations (4.27) and (D.34b).

The building blocks Ha1a2
b1b2 and Ga1a2

b1b2 are related to Mµν , N
(1050)

[µ1µ2µ3,ν1ν2]ν3
and N

(4125)

µ1µ2µ3,ν1ν2ν3

which were used to construct invariants in the tensor form as follows:

Mµν := (σ̃µ)
a1a2 (σν)b1b2 Ha1a2

b1b2

= 8tr
[
σµσ̃ρ(5)σν σ̃δ(5)

]
Fρ(5)Fδ(5) . (4.34a)

One can see that Mµν =Mνµ and it is traceless

ηµνMµν = 0 , (4.34b)

which follows from the fact that Ha1a2
b1b2 has vanishing contractions. Furthermore,

N(1050)
[µ1µ2µ3µ4µ5]ν

:= (σ̃ν)
a1a2 (σµ1µ2µ3µ4µ5)b1b2 Ha1a2

b1b2 , (4.35a)

which has vanishing trace

ηνρN(1050)
[ρµ1...µ4]ν

= 0 , (4.35b)

since Ha1a2
b1b2 has vanishing contractions. Defining

N(4125)
µ1µ2µ3,ν1ν2ν3 : =

(
σ̃µ(3)

)a1a2 (
σν(3)

)
b1b2

Ga1a2
b1b2

= 4tr
[
σµ(3)σ̃ρ(5)σν(3)σ̃δ(5)

]
Fρ(5)Fδ(5) , (4.36a)

we see that

N(4125)
µ1µ2µ3,ν1ν2ν3 = N(4125)

ν1ν2ν3,µ1µ2µ3
. (4.36b)

4.2.1. 4th order invariant
Every F2n invariant contains an F4 building block of the form Ωa1a2,a3a4 , equation (4.30d). Indeed, given
such an F2n invariant, the 4n indices of 2n Fs should be contracted with n invariant tensors Is. Let us
pick one of the tensors Is. Its four indices must be contracted with four different Fs, due to (D.41).
Using this observation, it is easy to see that there is a unique F4 invariant. Indeed, there are only two
Lorentz-invariant F4 scalars:

Υ1 =Ωa1a2,a3a4 Ia1a2,a3a4 , (4.37a)

Υ2 =Ωa1a2,a3a4 Ia1a3,a2a4 . (4.37b)

However, Υ2 proves to be proportional to Υ1, since

Υ2 =−Ωa1a2,a3a4 (Ia1a2,a4a3 + Ia1a4,a3a2) =−Υ1−Υ2 , (4.38)

and therefore Υ2 =− 1
2Υ1.

4.2.2. 6th order invariants
Let us now identify all independent F6 invariants. There are several Lorentz-invariant F6 structures:

Σ1 =Ωa1a2,a3a4 Ib1b2,a1a2 Ic1c2,a3a4F
b1c1Fb2c2 , (4.39a)

Σ2 =Ωa1a2,a3a4 Ib1a1,a3b2 Ic1a2,a4c2F
b1c1Fb2c2 , (4.39b)

Σ3 =Ωa1a2,a3a4 Ib1a1,a2b2 Ic1a3,a4c2F
b1c1Fb2c2 , (4.39c)

Σ4 =Ωa1a2,a3a4 Ib1b2,a1a3 Ic1a2,a4c2F
b1c1Fb2c2 , (4.39d)

Σ5 =Ωa1a2,a3a4 Ib1a1,a3b2 Ic1a4,a2c2F
b1c1Fb2c2 . (4.39e)

Here Σ5 differs from Σ2 by swapping a2↔ a4 in the factor Ic1a2,a4c2 . The structure Σ1 can be
rewritten as

Σ1 =Hd1d2
a1a2Ha1a2

c1c2Hc1c2
d1d2 = tr

(
H3
)
. (4.40)
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The structure Σ2 can be reshuffled as follows:

Σ2 = Id1d2,e1e2F
d1a1Fd2a2Fe1a3Fe2a4 Ib1a1,a3b2 Ic1a2,a4c2F

b1c1Fb2c2

=Hd1d2
a3a4Ha3b2

d1c1 Ic1a2,a4c2F
d2a2Fb2c2 . (4.41)

Here Ic1a2,a4c2F
d2a2Fb2c2 can be further rewritten as

Ic1a2,a4c2F
a2d2Fc2b2 = Ic1(a2,c2)a4F

a2d2Fc2b2 +Gc1a4
d2b2

=−1

2
Ia2c2,c1a4F

a2d2Fc2b2 +Gc1a4
d2b2 =−1

2
Hc1a4

d2b2 +Gc1a4
d2b2 . (4.42)

The outcome of these transformations is

Σ2 =−
1

2
Hd1d2

a3a4Ha3b2
d1c1Hc1a4

d2b2 +Hd1d2
a3a4Gc1a4

d2b2Ha3b2
d1c1 (4.43)

Relabeling the indices gives

Σ2 =−
1

2
Ha1a2

b1b2Hb1c1
a2c2Hb2c2

a1c1 +Ha1a2
b1c1Gc1c2

a1b2Hb1b2
c2a2 . (4.44)

The structures Σ3 and Σ4 are proportional to Σ1. Indeed

Σ3 =Ωa1a2,a3a4 Ib1(a1,a2)b2 Ic1a3,a4c2F
b1c1Fb2c2

=−1

2
Ωa1a2,a3a4 Ia1a2,b1b2 Ic1a3,a4c2F

b1c1Fb2c2

=−1

2
Ωa1a2,a3a4 Ia1a2,b1b2 Ic1(a3,a4)c2F

b1c1Fb2c2

=
1

4
Ωa1a2,a3a4 Ia1a2,b1b2 Ia3a4,c1c2F

b1c1Fb2c2 =
1

4
Σ1 . (4.45)

and

Σ4 =Ωa2(a1,a3)a4 Ib1b2,a1a3 Ic1a2,a4c2F
b1c1Fb2c2

=−1

2
Ωa1a3,a2a4 Ib1b2,a1a3 Ic1(a2,a4)c2F

b1c1Fb2c2

=
1

4
Ωa1a3,a2a4 Ib1b2,a1a3 Ia2a4,c1c2F

b1c1Fb2c2 =
1

4
Σ1 . (4.46)

Applying the second property in (4.33) to the structure Σ5 we get

Σ5 =−(Ωa1a3,a4a2 +Ωa1a4,a2a3) Ib1a1,a3b2 Ic1a4,a2c2F
b1c1Fb2c2 . (4.47)

The first contribution on the right is

−Ωa1a3,a4a2 Ib1a1,a3b2 Ic1a4,a2c2F
b1c1Fb2c2 =−Ωa1a3,a2a4 Ib1(a1,a3)b2 Ic1(a4,a2)c2F

b1c1Fb2c2

=−1

4
Ωa1a3,a2a4 Ib1b2,a1a3 Ic1c2,a2a4F

b1c1Fb2c2 =−1

4
Σ1 (4.48)

and the second contribution in (4.47) is

−Ωa1a4,a2a3 Ib1a1,a3b2 Ic1a4,a2c2F
b1c1Fb2c2 =−Ωa1a2,a3a4 Ib1a1,a3b2 Ic1a2,a4c2F

b1c1Fb2c2

=−Σ2 . (4.49)

As a result,

Σ5 =−
1

4
Σ1−Σ2 . (4.50)

Thus our analysis shows that there are two independent F6 invariants, which can be chosen to
be (4.39a) and (4.39b).
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4.2.3. 8th order invariants
Every F8 invariant proves to contain one F3 factor of the form (4.30c) and one F4 factor of the
form (4.30d). Due to the relation Ωb1b2,b3b4 =Θc

b2,b3b4Fb1c, along with

Ωa1a2,a3bIa1a2,a3c =Θc
a1,a2a3FbdIda1,a2a3 , (4.51)

some of the independent invariants can be expressed in terms of two Ω-factors

Ωa1a2,a3a4Ωb1b2,b3b4 Ia1a2,b1b2 Ia3a4,b3b4 , (4.52a)

Ωa1a2,a3a4Ωb1b2,b3b4 Ia1a2,a3b4 Ib1b2,b3a4 , (4.52b)

Ωa1[a2,a3]a4Ωb1[b2,b3]b4 Ia1[b2,b3]a4 Ib1[a2,a3]b4 . (4.52c)

The other independent F8 invariants may be chosen as follows

Ωda1,a2a3Θd
b1,b2b3Fc1c2 Ic1b1,a2a3 Ic2a1,b2b3 , (4.53a)

Ωda1,a2a3Θd
b1,b2b3Fc1c2 Ic1a1,a2b3 Ic2b1,b2a3 , (4.53b)

Ωda1,a2a3Θd
b1,b2b3Fc1c2 Ic1a1,a2b1 Ic2a3,b2b3 . (4.53c)

5. Conclusion

In this paper we addressed the problem of the construction and classification of functionally independ-
ent invariants of tensor fields of various Lie algebras and showed that the structure of the ring of the
invariants, in particular whether or not it is freely generated, is related to the properties of the extended
Lie algebra defined in section 2.3. This observation has been supported by the numerous examples, but
its promotion to a strict theorem remains an open problem, as well as the problem of explicit comput-
ability of generating functions of most of non-freely generated rings of invariants. On the other hand,
examples considered in this paper may also be useful for applications in field theoretical contexts. In
particular, we have elaborated on the complicated problem of the construction of independent higher-
order invariants of the self-dual 5-form in ten space-time dimensions, some of which appeared or should
appear as higher-order corrections to the effective action of type IIB String Theory.
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Appendix A. Invariants of the six-dimensional module (symmetric rank-5 tensor) of
sl(2)

A six-dimensional module of A1 = sl(2) of weight (5) can be associated with a totally symmetric rank-5
tensor Tα1α2α3α4α5 , where αi = 1,2, and the indices are raised, lowered and contracted with the anti-
symmetric sl(2)-invariant matrices εαβ and εαβ (εαγεγβ = δαβ , ε12 = 1). We are interested in an expli-
cit form of the independent invariants which one gets by contracting (symmetric) products of n copies
of this tensor. As we showed in section 3.1 independent invariants appear at orders n= 4, 8, 12 and 18
with one invariant at each order, and at n= 36 there appears an identity between these four invariants.
So that the total number of independent invariants is 3.

To find an explicit form of these invariants let us individualize independent tensors in the contrac-
tion of different number of indices in the product of two tensors T(5).

16 They correspond to the decom-
position of the symmetric product

(
(5)× (5)

)
sym

= (2)+ (6)+ (10) whose dimension is 21.

The contraction of all five indices obviously gives zero. The contraction of four indices produces a
symmetric matrix (the module of weight (2))

Mαβ = Tαγ1γ2γ3γ4Tβ
γ1γ2γ3γ4 . (A.1)

The contraction of three indices is not an independent tensor. It is expressed in terms of the compon-
ents of the matrix M as follows

Tα1α2γ1γ2γ3T
β1β2γ1γ2γ3 = δ

(β1

(α1
Mα2)

β2) , (A.2)

where the round brackets denote the symmetrization of k indices with weight 1
k! .

The contraction of two indices produces an independent totally symmetric rank-6 tensor which is a
seven-dimensional module of sl(2)

Nα1α2α3β1β2β3 = Tα1α2α3γ1γ2Tβ1β2β3
γ1γ2 − 9

10
εβ1ρ1εβ2ρ2εβ3ρ3δ

(ρ1

(α1
δρ2
α2
Mα3)

ρ3) . (A.3)

The contraction of one index in the TT product produces a dependent tensor

Tα1α2α3α4γT
β1β2β3β4γ = 2δ(β4

(α4
Nα1α2α3)

β1β2β3) +
4

5
δ
(β1

(α1
δβ2
α2
δβ3
α3
Mα4)

β4) . (A.4)

Therefore the invariants can be constructed with the use of the tensors (A.1) and (A.3). Obviously,
the result is zero at the orders n= 2k+ 1 and at order 2. At order four in T we have the unique
invariant

I4 =MαβM
βα = trM2 , (A.5)

and this is the only independent one which can be constructed solely with powers of the symmetric 2×
2 matrix M (since MαγMγβ = 1

2δ
β
α trM

2). The NN= N2 invariant is proportional to trM2 due to the
composite nature of the tensor N =TT given in equation (A.3).

At order n= 6 in T possible invariants might come from the contractions of MMM, MMN, MNN
and NNN, but they are all zero. At the 8th order one (dependent) invariant is the square of the 4th
order invariant (trM2)2. A possible form of the independent I8 invariant is

I8 =
(
M(µ1

αN
µ2µ3µ4µ5µ6)α

)(
M(µ1

βNµ2µ3µ4µ5µ6)β

)
=

1

12

(
trM2

)(
N2
)
+

2

3
Mγ

αN
µ1µ2µ3µ4αδNµ1µ2µ3µ4βγMδ

β . (A.6)

A reason to choose this invariant is that the product of M(2)N(6) contains only one irrep with λ= (6)
given in brackets in (A.6), which should thus be the same as the single λ= (6) irrep in the decomposi-
tion of the symmetric tensor product of four T(5):(
(5)4

)
sym

= 1× (20)+ 1× (16)+ 1× (14)+ 2× (12)+ 1× (10)+ 2× (8)+ 1× (6)+ 2× (4)+ 1× (0) ,

(A.7)

16 In the Appendices A and B the subscripts of tensors like T(5),M(2), N(6) etc indicate the number of symmetric indices, which coin-
cides with the weight of the corresponding sl(2)module.
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where the coefficients n× count the number of independent irreps of different weights.
Thus an independent I8 invariant can be chosen as the scalar product of two copies of this λ= (6)

module (i.e. the tensor (MN)(6) in the first line of (A.6)).
Another option is

Î8 = Nα1α2µ1µ2µ3µ4N
µ1µ2µ3µ4β1β2Nβ1β2ν1ν2ν3ν4N

ν1ν2ν3ν4α1α2 . (A.8)

The next independent invariant appears at the 12th order in T(5). A possible choice is an invariant con-
structed as a scalar product of two copies of the single rank-(2) tensor in the symmetric tensor product
of three N(6)

(6)× (6)× (6) = 1× (18)+ 1× (14)+ 1× (12)+ 1× (10)+ 1× (8)+ 2× (6)+ 1× (2) . (A.9)

We thus have

I12 =
(
N3
)
ρ1ρ2

(
N3
)ρ1ρ2

, (A.10)

where (
N3
)
ρ1ρ2

= Nα1α2α3α4α5α6N
α1α2α3α4ν1ν2Nα5α6

ν1ν2ρ1ρ2 (A.11)

The reason to choose this invariant is that the 6-order of T(5) contains two (2)-modules, one of which is
factorized into (T2)(2) · (T4)inv and another one should coincide with (A.11).

Let us now look for a form of the I18 invariant. It cannot be constructed as (N(6))
9, because there is

no invariants at order 9 of the rank-6 tensor. So the invariant should be constructed with powers of N(6)

and M(2) or T(5)

I18 =MpNq, Î18 = T2pNq, 2p+ 2q= 18 (p= 1,2, . . .) (A.12)

A simple guess is (MN) ·N7 ∼ T4 ·N7. where for MN∼ T4 and N7 ∼ T14 we choose (6)-modules in the
decomposition of MN and N7. Note that the (6)-module in MN is not contained in N2, so the invariant
(MN) ·N7 cannot reduce to N2N7 = 0. The (6)-module in MN∼ T4 is

M(µ1
αN

µ2µ3µ4µ5µ6)α ∼ Tµ1µ2
α1α2α3T

µ3µ4α1β1β2Tµ5α2
β1γ1γ2T

µ6α3γ1γ2
β2 (A.13)

where in T4 the six indices µi are assumed to be symmetrized.
We thus get the invariant

I18 =M(µ1
αN

µ2µ3µ4µ5µ6)α
(
N7
)
µ1µ2µ3µ4µ5µ6

(A.14)

with (
N7
)
µ1µ2µ3µ4µ5µ6

= Nµ1µ2 (2)(2)N
(2)(2)(2)N(2)

(2)(2)Nµ3µ4(2)
(2)N(2)(2)(2)N

(2)(2)(2)N(2)(2)µ5µ6
(A.15)

where the numbers 2 in brackets of different colors denote pairs of indices contracted with pairs of
indices of the same color. The black pairs of indices are contracted with their black neighbors.

Note that that the invariant (A.14) is the only non-trivial one which one can construct by con-
tracting (MN)(6) with N7

(6). Indeed in addition to the (6)-irrep of N7, equation (A.15) used in (A.14)

there are six other (6)-irreps in the decomposition of the symmetric tensor product N7, but they are all
factorizable:

N(6)

((
N2
)
inv

)3
, N(6)

(
N2
)
inv

(
N4
)
inv

;
(
N3
)
(6)

((
N2
)
inv

)2
, N3

(6)

(
N4
)
inv

, (A.16)

N5
(6)

(
N2
)
inv

, N5
(6∗)

(
N2
)
inv

, N7
(6),

where (6∗) stands for another independent (6)-module in N5.
Upon opening the symmetrization brackets (µ1 . . .µ6) the invariant (A.14) can also be viewed as the

contraction Mµν(N8)µν , where (N8)µν stands for the single (2)-module in the symmetric product of
eight N(6).

According to the form of the partition function (3.1) and (3.2) the square of the invariant (A.14)
must be equal to a linear combination of 36-order monomials of products of the invariants (A.5), (A.6)
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and (A.10). It is however not easy to find the explicit form of this relation for the compactly-looking
tensor products (A.5), (A.6), (A.10) and (A.14).

To derive such a relation we will construct another set of independent invariants in a weight basis,
which in spite of a very cumbersome appearance allows one to use Mathematica to find the relation (see
equation (A.18)). Let the basis for the six-dimensional module be {r, s, t,u,v,w}. We normalize so that
the sl(2) generators act as the vector fields

e= r
∂

∂s
+ 2s

∂

∂t
+ 3t

∂

∂u
+ 4u

∂

∂v
+ 5v

∂

∂w
,

h= 5r
∂

∂r
+ 3s

∂

∂s
+ t

∂

∂t
− u

∂

∂u
− 3v

∂

∂v
− 5w

∂

∂w
,

f= 5s
∂

∂r
+ 4t

∂

∂s
+ 3u

∂

∂t
+ 2v

∂

∂u
+w

∂

∂v
. (A.17)

We can then make a general Ansatz spanned by all polynomials with eigenvalue 0 under h. The require-
ment of their invariance under e and f can then be solved using Mathematica. As a result, the following
polynomials of the components of these fields at order 4, 8, 12 and 18 generate the ring of invariants Sg:

I4 = r2w2− 10rsvw+ 4rtuw+ 16rtv2− 12ru2v+ 16s2uw+ 9s2v2− 12st2w− 76stuv+ 48su3 + 48t3v
−32t2u2,

I8 = r3tuw3− r3tv2w2− 3r3u2vw2 + 5r3uv3w− 2r3v5− r2s2uw3 + r2s2v2w2− 3r2st2w3 + 11r2stuvw2−
5r2stv3w+ 12r2su3w2− 30r2su2v2w+ 15r2suv4 + 12r2t3vw2− 21r2t2u2w2− 34r2t2uv2w+ 22r2t2v4 +
78r2tu3vw− 48r2tu2v3− 27r2u5w+ 18r2u4v2 + 5rs3tw3− 5rs3uvw2− 30rs2t2vw2− 34rs2tu2w2 +
133rs2tuv2w− 54rs2tv4− 18rs2u3vw+ 3rs2u2v3 + 78rst3uw2− 18rst3v2w− 220rst2u2vw+ 106rst2uv3 +
93rstu4w− 30rstu3v2− 9rsu5v− 27rt5w2 + 93rt4uvw− 38rt4v3− 42rt3u3w+ 8rt3u2v2 + 6rt2u4v− 2s5w3 +
15s4tvw2 + 22s4u2w2− 54s4uv2w+ 27s4v4− 48s3t2uw2 + 3s3t2v2w+ 106s3tu2vw− 81s3tuv3− 38s3u4w+
38s3u3v2 + 18s2t4w2− 30s2t3uvw+ 38s2t3v3 + 8s2t2u3w+ 25s2t2u2v2− 57s2tu4v+ 18s2u6− 9st5vw+
6st4u2w− 57st4uv2 + 74st3u3v− 24st2u5 + 18t6v2− 24t5u2v+ 8t4u4,

I12 = r4t2u2w4− 2r4t2uv2w3 + r4t2v4w2− 6r4tu3vw3 + 16r4tu2v3w2− 14r4tuv5w+ 4r4tv7

+(more other hundreds of terms),

I18 = r7u5w6− 5r7u4v2w5 + 10r7u3v4w4− 10r7u2v6w3 + 5r7uv8w2− r7v10w− 15r6stu4w6

+(more other hundreds of terms),

There are choices of representatives for I8 and I12. We have chosen them so that the coefficient for
r4w4 in I8 and those for r6w6 and r5tuw5 in I12 are 0. I4, I8 and I12 are even under a Chevalley involu-
tion, while I18 is odd. These invariants are related by the identity

I218 + 27I312 +
9
2 I

2
12I8I4− 1

16 I
2
12I

3
4− 1

2 I12I
3
8 +

1
8 I12I

2
8I
2
4− 1

16 I
4
8I4 = 0 . (A.18)

From this relation it follows that the invariant I18 is functionally dependent.

Appendix B. Invariants of the seven-dimensional module (symmetric rank-6 tensor) of
sl(2)

The tensor in question is now an elementary totally symmetric rank-6 tensor Nµ1...µ6 . In this case, as
we showed in section 3.1, there are four functionally independent invariants which appear at order 2, 4,
6 and 10. And at order 15 there appears an invariant which is functionally dependent of those four. A
possible choice of the independent invariants is

I2 = Nµ1...µ6N
µ1...µ6 , (B.1)

I4 = Nα1α2µ1µ2µ3µ4N
µ1µ2µ3µ4β1β2Nβ1β2ν1ν2ν3ν4N

ν1ν2ν3ν4α1α2 , (B.2)

I6 = Nα1α2α3α4α5α6N
α1α2α3α4ν1ν2Nν1ν2ρ1ρ2ρ3ρ4N

ρ1ρ2ρ3ρ4µ1µ2µ3µ4Nµ1µ2γ1γ2γ3γ4N
γ1γ2γ3γ4α5α6 , (B.3)

instead one can also choose the invariant (A.10).
The 10th-order invariant can be chosen as follows

I10 =
(
N7
)
(µ1...µ6)

(
Nµ1µ2ν1ν2ρ1ρ2Nµ3µ4

ν1ν2λ1λ2N
µ5µ6λ1λ2

ρ1ρ2

)
, (B.4)
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where (N7)µ1...µ6 is the same as in (A.15),
Finally, a possible form of the 15th-order invariant is

I15 =
(
N7
)
µναβ

αβ
(
N7
)(µρ1ρ2ρ3ρ4ρ5)Nρ1ρ2ρ3ρ4ρ5

ν :=
(
N7
)
µναβ

αβ
(
N8
)µν

. (B.5)

The choice of this invariant is related to the fact that the decomposition of the symmetric product N7

contains a single non-factorizable symmetric rank-2 tensor and so does the decomposition of N8.
Again, as in the case of appendix A, to find an explicit relation between invariants I2, I4, I6. I10 and

I15 (see equation (B.7)) we construct them in a weight basis using Mathematica as was explained in
appendix A. Let the basis for the seven-dimensional module be {q, r, s, t,u,v,w}. We normalize so that
the sl(2) generators act as the vector fields

e= q
∂

∂r
+ 2r

∂

∂s
+ 3s

∂

∂t
+ 4t

∂

∂u
+ 5u

∂

∂v
+ 6v

∂

∂w
,

h= 6q
∂

∂q
+ 4r

∂

∂r
+ 2s

∂

∂s
− 2u

∂

∂u
− 4v

∂

∂v
− 6w

∂

∂w
,

f= 6r
∂

∂s
+ 5s

∂

∂r
+ 4t

∂

∂s
+ 3u

∂

∂t
+ 2v

∂

∂u
+w

∂

∂v
. (B.6)

The following polynomials of the components of these fields at order 2, 4, 6, 10 and 15 generate the ring
of the invariants Sg:

I2 = qw− 6rv+ 15su− 10t2,
I4 = qsuw− qsv2− qt2w+ 2qtuv− qu3− r2uw+ r2v2 + 2rstw− 2rsuv− 2rt2v+ 2rtu2− s3w+ 2s2tv+

s2u2− 3st2u+ t4,
I6 = q2t2w2− 6q2tuvw+ 4q2tv3 + 4q2u3w− 3q2u2v2− 6qrstw2 + 18qrsuvw− 12qrsv3 + 12qrt2vw−

18qrtu2w+ 6qru3v+ 4qs3w2− 18qs2tvw− 24qs2u2w+ 30qs2uv2 + 54qst2uw− 12qst2v2− 42qstu2v+
12qsu4− 20qt4w+ 24qt3uv− 8qt2u3 + 4r3tw2− 12r3uvw+ 8r3v3− 3r2s2w2 + 30r2su2w− 24r2suv2−
12r2t2uw− 24r2t2v2 + 60r2tu2v− 27r2u4 + 6rs3vw− 42rs2tuw+ 60rs2tv2− 30rs2u2v+ 24rst3w− 84rst2uv+
66rstu3 + 24rt4v− 24rt3u2 + 12s4uw− 27s4v2− 8s3t2w+ 66s3tuv− 8s3u3− 24s2t3v− 39s2t2u2 + 36st4u− 8t6,

I10 = q4u3w3− 3q4u2v2w2 + 3q4uv4w− q4v6− 12q3rtu2w3 + 24q3rtuv2w2− 12q3rtv4w

+(more other hundreds of terms).

I15 = q6tu3w5− 3q6tu2v2w4 + 3q6tuv4w3− q6tv6w2− 3q6u4vw4 + 11q6u3v3w3

+(more other hundreds of terms).

The representatives have been chosen so that I4 has vanishing coefficient for q2w2, I6 for q3w3 and
q2suw2 and I10 for q5w5, q4suw4, q4t2w4, q3s2u2w3 and q3st2uw3.

These invariants fulfill the following polynomial relation at order 30:

0= I215 + 4I310 + 396I210I6I4− I210I6I
2
2 + 120I210I

2
4I2− 18I10I

3
6I2 + 12528I10I

2
6I
2
4

− 120I10I
2
6I4I

2
2 + 6768I10I6I

3
4I2− 84I10I6I

2
4I
3
2 + 6912I10I

5
4 + 48I10I

4
4I
2
2

− 16I10I
3
4I
4
2 + 27I56− 432I46I4I2 + 4I46I

3
2 + 124848I36I

3
4− 2376I36I

2
4I
2
2

+ 12I36I4I
4
2 + 88992I26I

4
4I2− 2096I26I

3
4I
3
2 + 12I26I

2
4I
5
2 + 297216I6I

6
4

− 4752I6I
5
4I
2
2− 372I6I

4
4I
4
2 + 4I6I

3
4I
6
2 + 179712I74I2− 7520I64I

3
2 + 96I54I

5
2 . (B.7)

From this relation it follows that the invariant I15 is functionally dependent.

Appendix C. List of useful identities involving 10D self-dual 5-forms

All the identities are obtained by replacing (anti)self-dual 5-forms with their Hodge duals and using the
expression of the product of the two Levi-Civita symbols as the generalized Kronecker delta

1

m!p!
εκ1...κmµ1...µpε

κ1...κmν1...νp =−δ[ν1µ1
. . . δ

νp]
µp ≡−δ

[ν1...νp]
µ1...µp .
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For two different self-dual F1µ1...µ5
and F2µ1...µ5

we thus have

F1µ1µ2...µ5
F2ν1...ν5 = F2µ1µ2...µ5

F1ν1...ν5 − 25δ[ν5[µ5
F2µ1µ2µ3µ4]λ

F1ν1ν2ν3ν4]λ

+ 100δ[ν5[µ5
δν1µ1

F2µ2µ3µ4]λ1λ2
F1ν2ν3ν4]λ1λ2

− 150δ[ν5[µ5
δν1µ1

δν2µ2
F2µ3µ4]λ1λ2λ3

F1ν3ν4]λ1λ2λ3

+ 50δ[ν5[µ5
δν1µ1

δν2µ2
δν3µ3

F2µ4]λ1λ2λ3λ4
F1ν4]λ1λ2λ3λ4 , (C.1)

F1µ1µ2µ3µ4λF
2ν1ν2ν3ν4λ =−F2µ1µ2µ3µ4λF

1ν1ν2ν3ν4λ + 8δ[ν1[µ1
F 2

µ2µ3µ4]λ1λ2
F1ν2ν3ν4]λ1λ2

− 12δ[ν1[µ1
δν2µ2

F2µ3µ4]λ1λ2λ3
F1ν3ν4]λ1λ2λ3 + 4δ[ν1[µ1

δν2µ2
δν3µ3

F 2
µ4]λ1λ2λ3λ4

F1ν4]λ1λ2λ3λ4 .

(C.2)

F1µ1µ2µ3λ1λ2
F2ν1ν2ν3λ1λ2 = F2µ1µ2µ3λ1λ2

F1ν1ν2ν3λ1λ2 − 3δ[ν1[µ1
F 2

µ2µ3]κ1κ2κ3
F1ν2ν3]κ1κ2κ3

+
3

2
δ
[ν1
[µ1

δν2µ2
F2µ3]κ1κ2κ3κ4

F1ν3]κ1κ2κ3κ4 . (C.3)

F1µ1µ2λ1λ2λ3
F2ν1ν2λ1λ2λ3 =−F2µ1µ2λ1λ2λ3

F1ν1ν2λ1λ2λ3 + δ
[ν1
[µ1

F1ν2]λ1λ2λ3λ4F2µ2]λ1λ2λ3λ4
(C.4)

From the above identities for a single F5 we have

Nµ1µ2µ3
ν1ν2ν3 = Nµ1µ2µ3

ν1ν2ν3 − 3δ[ν1[µ1
Fµ2µ3]κ1κ2κ3

Fν2ν3]κ1κ2κ3 +
3

2
δ
[ν1
[µ1

δν2µ2
Mµ3]

ν3], (C.5)

and hence

Nµρλ
νκλ =

1

2
M[µ

[νδ
κ]
ρ] , (C.6)

where

Mµ
ν = Fµλ1...λ4F

νλ1...λ4 , Nµ1µ2µ3
ν1ν2ν3 = Fµ1µ2µ3λ1λ2F

ν1ν2ν3λ1λ2 . (C.7)

Then

Fµ1µ2µ3µ4λF
ν1ν2ν3ν4λ = 4δ[ν1[µ1

Nµ2µ3µ4]
ν2ν3ν4]− δ

[ν1
[µ1

δν2µ2
δν3µ3

Mµ4]
ν4] . (C.8)

Other identities are:

δ
µp+1
νp+1 δ

ν1...νpνp+1

[µ1...µpµp+1]
=

10− p

p+ 1
δ
ν1...νp

[µ1...µp]
, δµ3

ν3

(
δ
[ν1
[µ1

δν2µ2
Mµ3]

ν3]
)
=

14

9
δ
[ν1
[µ1

Mµ2]
ν2] , (C.9)

δµ4
ν4 δ

[ν1
[µ1

δν2µ2
δν3µ3

Mµ4]
ν4] =

9

8
δ
[ν1
[µ1

δν2µ2
Mµ3]

ν3] . (C.10)

M[µ1

λFµ2µ3µ4µ5]λ =− 1

5!
εµ1...µ5

ν1...ν5Mν1
λFν2ν3ν4ν5λ, (C.11)

M[µ1

λFµ2µ3µ4µ5]λF
µ2µ3µ4µ5κ =

1

10
δκµ1

trM2 . (C.12)

1

5!
εµ1µ2µ3ν1ν2

ρ1...ρ5N[ρ1ρ2ρ3,ρ4ρ5]ν3 = N[µ1µ2µ3,ν1ν2]ν3 . (C.13)

N[µ1µ2µ3,ν1ν2ν3] = 0 . (C.14)

From the latter identity it follows that

N[α1α2α3,[µ1µ2]µ3] = N[µ1µ2µ3,[α1α2]α3] , (C.15)

(where the indices within the red brackets are antisymmetrized after the antisymmetrization of the
indices within the black brackets)

Nµ1[µ2ν1,ν2ν3ν4]−Nµ2[µ1ν1,ν2ν3ν4] =−Nν1[µ1µ2,ν2ν3ν4] +Nν2[µ1µ2,ν1ν3ν4]

−Nν3[µ1µ2,ν1ν2ν4] +Nν4[µ1µ2,ν1ν2ν3] . (C.16)
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or

N[µ1[µ2]ν1,ν2ν3ν4] =−2N[ν1ν2ν3,ν4]µ1µ2]. (C.17)

or

N[ν1ν2ν3ν4,[µ1]µ2] =−2N[µ1µ2,[ν1ν2ν3]ν4]. (C.18)

N[µ1µ2µ3,ν1]ν2ν3 =
1

48
εµ1µ2µ3ν1[ν2

λ1...λ5Nν3]λ1λ2,λ3λ4λ5

=
5

4

(
N[µ1µ2µ3,ν1ν2]ν3 −N[µ1µ2µ3,ν1ν3]ν2

)
. (C.19)

Nµ1[µ2µ3,ν1ν2]ν3 =
1

72
εµ2µ3ν1ν2(ν3

λ1...λ5Nµ1)λ1λ2,λ3λ4λ5
,

=
5

6

(
Nµ1[µ2µ3,ν1ν2ν3] +Nν3[µ2µ3,ν1ν2µ1]

)
. (C.20)

Nµ1[µ2µ3,ν1]ν2ν3 =
4

3
N[µ1µ2µ3,ν1]ν2ν3 +

1

3
Nν1µ2µ3,µ1ν2ν3 (C.21)

We also have

Nµ1µ2[µ3,ν1]ν2ν3 = 2N[µ1µ2µ3,ν1]ν2ν3 −Nµ3ν1[µ1,µ2]ν2ν3

= 3Nµ1[µ2µ3,ν1ν2]ν3 −
1

2
Nµ1µ3ν1,µ2ν2ν3 +

3

2
Nµ1ν2[µ2,µ3ν1]ν3 . (C.22)

From (C.21) and (C.19) it follows that

N[µ1µ2µ3,[α1α2]α3] =
1

10

(
Nµ1µ2µ3,α1α2α3 − 3N[µ1µ2[α3,α1α2]µ3]

)
, (C.23)

where on the l.h.s the antisymmetrization of the indices α is taken after the antisymmetrization of the
five indices, while in the second term on the r.h.s the two sets of three indices are antisymmetrized
separately.

The above identities tell us that the tensor Nµ1µ2µ3,ν1ν2ν3 takes values in the reducible representation
of SO(1,9) which is decomposable into three irreducible representations as given in (4.5).

Identities involving products of two N-tensors (as a consequence of their composite nature in terms
of FF, equation (4.1, 4.4)):

Nµ1µ2µ3
ν1ν2ν3Nν1ν2ν3

ρ1ρ2ρ3 =− 1

32
δ[µ1

[ρ1δµ2
ρ2δµ3]

ρ3] trM2 +
3

16
δ[µ1

[ρ1Mµ2
ρ2Mµ3]

ρ3]

+
3

16
δ[µ1

[ρ1δµ2
ρ2Mµ3]

|λ|Mλ
ρ3] +

9

8
Nλ[µ1µ2

ν[ρ1ρ2δµ3]
ρ3]Mν

λ

− 3

8
Mν

[ρ1Nµ1µ2µ3
ρ2ρ3]ν − 3

8
M[µ1

λNµ2µ3]λ
ρ1ρ2ρ3 , (C.24)

Nµ1µ2γ
δ2δ3δ4Nδ2δ3δ4

ν1ν2γ =
1

2
Mα

βNαµ1µ2
ν1ν2β , (C.25)

Nν1ν2σ
µ1µ2µ3Nµ1µ2µ3

ν1ν2λ =
1

16
δσ

λ trM2− 1

8
(MM)σ

λ , (C.26)

N
(1050)

[µρ1ρ2ρ3,ρ4]ρ5
N[νρ1ρ2ρ3,ρ4]ρ5

(1050)
=− 1

60

[
(MM)µ

ν − 1

10
δµ

ν trM2

]
. (C.27)

Nν1ν2ν3
µ1µ2µ3Nµ1µ2µ3

ν1ν2ν3 =
1

2
trM2 . (C.28)

N
(4125)

ν1ν2ν3
µ1µ2µ3N

(4125)

µ1µ2µ3

ν1ν2ν3 =
5

28
trM2 . (C.29)

Nδµ3µ4
ρν3ν4Nκν3ν4

λµ3µ4 = Fδµ3µ4α1α2Nκβ1β2
ρα1α2Fλµ3µ4β1β2

= Nδµ3µ4
λν3ν4 Nκν3ν4

ρµ3µ4 . (C.30)
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2Nµ1µ2ρ
ρ1ρ2λNρ1ρ2κ

ν1ν2ρ =
3

2
Nρ[µ1µ2

ρ1ρ2λNκ]ρ1ρ2

ν1ν2ρ +
3

2
Nµ1µ2ρ

ρ1ρ2[λNρ1ρ2κ
ν1ν2]ρ

+ δ
[ν1
[µ1

Nµ2]ρ1ρ2

ν2]ν3ν4Nκν3ν4
λρ1ρ2 +

1

8
δλκNµ1µ2ρ

ν1ν2νMν
ρ

− 1

8
Nµ1µ2ρ

ν1ν2λMκ
ρ− 1

8
Nµ1µ2κ

ν1ν2ρMρ
λ

+
1

16
Mκ

λ δ
[ν1
[µ1

Mµ2]
ν2]− δ

[ν1
[µ1

δν2µ2
δν3µ3

Mµ4]
ν4]Nκν3ν4

λµ3µ4 , (C.31)

N[ρ2ρ3ρ4,ρ1][µ1

[ν1Nµ2]
ν2][ρ1,ρ2ρ3ρ4] = N[ρ2ρ3ρ4,ρ1]µ1µ2

N[ρ2ρ3ρ4,ρ1]ν1ν2 , (C.32)

N
(1050)

[ρ1ρ2ρ3,ρ4,µ1]
ν1N[ρ1ρ2ρ3,ρ4ν2]

µ2 = N[ρ1ρ2ρ3,ρ4,ν2]ν1N[ρ1ρ2ρ3,ρ4µ1]µ2 . (C.33)

Appendix D. Spinor formalism in ten dimensions

In this appendix we give a summary of the 10-dimensional spinor formalism available in the literat-
ure (see e.g. [34–40]) and derive identities used for the construction of independent invariants of F5 in
section 4.2.

Let γµ be the gamma matrices in ten dimensions,

{γµ,γν}=−2ηµν132 , (D.1a)

with ηµν the mostly plus Minkowski metric. We assume γµ to obey the standard Hermiticity condition

(γµ)
†
= γ0γµγ0 =−ηµνγν =−γµ , γµ =

(
γ0,γi

)
. (D.1b)

We introduce matrices B and C as solutions of the equations

(γµ)
∗
=−BγµB−1 , (D.2)

(γµ)
T
=−CγµC−1 , (D.3)

where (γµ)∗ denotes the complex conjugate of γµ. The matrices B and C can always be chosen to be
unitary, and prove to be symmetric and antisymmetric, respectively. In summary, their properties are:

B†B= 132 , BT = B , (D.4)

C†C= 132 , CT =−C , (D.5)

see [34, 35] for more details. One can choose C= Bγ0.
Introducing the matrices

γµ(k) = γµ1...µk = γ[µ1γµ2 . . .γµk] , 1≤ k≤ 10 (D.6)

one observes that the matrices γµ(k)C
−1 are (anti)symmetric,(

γµ(k)C
−1
)T

=−(−1)
1
2 k(k+1)

γµ(k)C
−1 . (D.7)

When working with Weyl spinors, it suffices to deal with γµ(k) with k≤ 5, since

γµ1...µk ∝ γ∗
µ1...µk

γ11 , γ∗
µ1...µk

:=
1

(10− k)!
εµ1...µkν1...ν10−kγ

ν1...ν10−k , (D.8)

where γ11 denotes the 10-dimensional counterpart of the four-dimensional matrix γ5,

γ11 = γ0γ1 . . .γ9 = (γ11)
†
, (γ11)

2
= 132 , {γ11,γµ}= 0 . (D.9)

In particular, it holds that

γµ1...µ5 =−
1

5!
εµ1...µ5ν1...ν5γ

ν1...ν5γ11 , (D.10)

where we have assumed the following normalization of the Levi-Civita tensor ε01...9 = 1.
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In what follows, we work in the Weyl representation for γµ in which

γ11 =

(
116 0
0 −116

)
, (D.11)

and the matrices γµ are block off-diagonal,

γµ =

(
0 (σµ)aḃ

(σ̃µ)
ȧb 0

)
. (D.12)

Here the σ-matrices obey the anti-commutation relations

σµσ̃ν +σν σ̃µ =−2ηµν116 , σ̃µσν + σ̃νσµ =−2ηµν116 . (D.13)

In the Weyl representation the Lorentz generators are block diagonal

Mµν =−1

4
[γµ,γν ] =−

1

2
γµν =−1

2

(
(σµν)a

b 0

0 (σ̃µν)
ȧ
ḃ

)
=
(
(Mµν)A

B
)
. (D.14)

A Dirac spinor Ψ has the form

Ψ =

(
φa

χ̄ȧ

)
≡ (ΨA) , (D.15)

In any representation for the γ-matrices, equation (D.1), it holds that (γ11)T =−Cγ11C−1. This rela-
tion turns into {γ11,C}= 0 in the Weyl representation since γ11 is symmetric, and thus the charge con-
jugation matrix C is block off-diagonal,

C=

(
0 caḃ
−cȧb 0

)
=
(
CAB
)
, cȧ

b = cbȧ . (D.16)

Due to the identity

MµνC
−1 +C−1MT

µν = 0 , (D.17)

the matrix C= (CAB) and its inverse C−1 are invariant tensors of Spin(9,1). Therefore, we can use the
components of C and C−1 to convert all dotted indices into undotted ones, following the definitions:

χ̄ȧ→ χ̄a := caḃχ̄
ḃ , (D.18a)

(σµ)aḃ→ (σµ)ab := (σµ)aċ
(
c−1
)ċ

b , (D.18b)

(σ̃µ)
ȧb→ (σ̃µ)

ab
:= caċ (σ̃µ)

ċb
. (D.18c)

The matrices

γµ =

(
0 (σµ)ab

(σ̃µ)
ab 0

)
(D.19)

are related to the γ-matrices (D.12) by the rule

γµ =MγµM
−1 , M=

(
116 0
0 c

)
, M†M= 132 , (D.20)

hence the matrices γµ obey the same algebra and Hermiticity condition as the matrices γµ,
equation (D.1). Relation (D.3) turns into

(
γµ

)T
=−CγµC

−1 , C=

(
0 116

−116 0

)
. (D.21)

In what follows, we will work with γµ and their descendants γµ(k) and refer to them simply as γµ and
γµ(k).

It follows from (D.7) that the matrices σµ and σµ(5) := σ[µ1
σ̃µ2σµ3 σ̃µ4σµ5] are symmetric, while

σµ(3) := σ[µ1
σ̃µ2σµ3] is antisymmetric

(σµ)ab = (σµ)ba ,
(
σµ(5)

)
ab
=
(
σµ(5)

)
ba

, (D.22a)
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(
σµ(3)

)
ab
=−

(
σµ(3)

)
ba

. (D.22b)

Similar properties hold for the matrices σ̃µ, σ̃µ(3) := σ̃[µ1
σµ2 σ̃µ3] and σ̃µ(5) := σ̃[µ1

σµ2 σ̃µ3σµ4 σ̃µ5],
specifically:

(σ̃µ)
ab
= (σ̃µ)

ba
,

(
σ̃µ(5)

)ab
=
(
σ̃µ(5)

)ba
, (D.22c)(

σ̃µ(3)

)ab
=−

(
σ̃µ(3)

)ba
. (D.22d)

The matrices σµ(5) and σ̃µ(5) are (anti) self-dual,

σ∗
µ(5) = σµ(5) , σ̃∗

µ(5) =−σ̃µ(5) . (D.23)

Matrices γµ(k) are characterized by the properties

tr
(
γµ(k)γν(l)

)
= 0 , k ̸= l . (D.24)

In particular,

tr
(
γµγν(5)

)
= 0 , tr

(
γµγν(5)γ11

)
= 0 . (D.25)

In the Weyl representation, these identities are equivalent to

(σ̃µ)
ab (

σν(5)

)
ab
= 0 , (σµ)ab

(
σ̃ν(5)

)ab
= 0 . (D.26)

Matrices γµ(k) are traceless,

tr
(
γµ(k)

)
= 0 , tr

(
γµ(k)γ11

)
= 0 , 0< k< 10 . (D.27)

In the Weyl representation, these identities lead to

tr
(
σµ(2)

)
= tr

(
σ̃µ(2)

)
= 0 , tr

(
σµ(4)

)
= tr

(
σ̃µ(4)

)
= 0 . (D.28)

The following completeness relations hold

δa1
[b1δa2

b2] =− 1

3! · 16

(
σ̃µ(3)

)b1b2 (
σµ(3)

)
a1a2

, (D.29a)

δa1
(b1δa2

b2) =− 1

32

{
2(σ̃µ)

b1b2 (σµ)a1a2 +
1

5!

(
σ̃µ(5)

)b1b2 (
σµ(5)

)
a1a2

}
. (D.29b)

In d spacetime dimensions it holds that

γνγµ(k)γν =−(−1)k (d− 2k)γµ(k) . (D.30)

In the d= 10 case, this implies the identities

γνγµγν = 8γµ , (D.31a)

γνγµ(3)γν = 4γµ(3) , (D.31b)

γνγµ(5)γν = 0 , (D.31c)

which are equivalent, in the Weyl basis, to

(σν)ac (σ̃µ)
cd
(σν)db = 8(σµ)ab , (σ̃ν)

ac
(σµ)cd (σ̃ν)

db
= 8(σ̃µ)

ab
, (D.32a)

(σν)ac
(
σ̃µ(3)

)cd
(σν)db = 4

(
σµ(3)

)
ab

, (σ̃ν)
ac (

σµ(3)

)
cd
(σ̃ν)

db
= 4

(
σ̃µ(3)

)ab
, (D.32b)

σµσ̃ν(5)σµ = 0 , σ̃µσν(5)σ̃µ = 0 . (D.32c)

Using the definition of the invariant tensors introduced in (4.27) and (4.27c), the relations (D.32)
can be rewritten as

(σ̃µ)
cd Iac,db = 8(σµ)ab , (σµ)cd Ĩ

ac,db = 8(σ̃µ)
ab

, (D.33a)(
σ̃µ(3)

)cd
Iac,db = 4

(
σµ(3)

)
ab

,
(
σµ(3)

)
cd
Ĩac,db = 4

(
σ̃µ(3)

)ab
, (D.33b)(

σ̃µ(5)

)cd
Iac,db = 0 ,

(
σµ(5)

)
cd
Ĩac,db = 0 . (D.33c)
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Contracting the completeness relations (D.29) with Ic1b1,b2,c2 leads to

−4Ic1[a1,a2]c2 =
1

3!

(
σµ(3)

)
a1a2

(
σµ(3)

)
c1c2

, (D.34a)

3Ic1(a1,a2c2) ≡ Ic1a1,a2c2 + Ic1a2,c2a1 + Ic1c2,a1a2 = 0 . (D.34b)

Another identity used in section 4.2 is

−7

8
Ĩf a,b1b2 If c,d1d2 = δac J

b1b2
d1d2
− 1

2

(
δb1c J

ab2
d1d2

+ δb2c J
ab1
d1d2

)
− 1

2

[
δad1 J

b1b2
cd2
− 1

2

(
δb1d1 J

ab2
cd2

+ δb2d1 J
ab1
cd2

)]
− 1

2

[
δad2 J

b1b2
cd1
− 1

2

(
δb1d2 J

ab2
cd1

+ δb2d2 J
ab1
cd1

)]
+

2

9

{
δac

(
δb1d1δ

b2
d2
+ δb2d1δ

b1
d2

)
− 1

2
δb1c

(
δad1δ

b2
d2
+ δb2d1δ

a
d2

)
− 1

2
δb2c

(
δb1d1δ

a
d2 + δad1δ

b1
d2

)
− 1

2

[
δad1

(
δb1d2δ

b2
c + δb2d2δ

b1
c

)
− 1

2
δb1d1

(
δad2δ

b2
c + δb2d2δ

a
d2

)
− 1

2
δb2d1

(
δb1d2δ

a
c + δad2δ

b1
c

)]
−1

2

[
δad2

(
δb1c δ

b2
d1
+ δb2c δ

b1
d1

)
− 1

2
δb1d2

(
δac δ

b2
d1
+ δb2c δ

a
d1

)
− 1

2
δb2d2

(
δb1c δ

a
d1 + δac δ

b1
d1

)]}
.

(D.35)

Now, let Xab = Xba be a symmetric rank-two spinor. Applying the completeness relation (D.29b)
allows us to represent

Xab =−
1

16
tr(σ̃µX)(σµ)ab−

1

5! · 32
tr
(
σ̃µ(5)X

)(
σµ(5)

)
ab

. (D.36)

It follows that the space of symmetric rank-two spinors Xab is the direct sum of two Lorentz-invariant
subspaces

Tab = Vab +Gab,
(
σ̃µ(5)

)ab
Vab = 0 , (σ̃µ)

abGab = 0 . (D.37)

A similar decomposition exists for symmetric rank-two spinors Yab.
Given a ten-vector Vµ, it can equivalently be described by a symmetric rank-two spinor Vab defined

by

Vab = Vµ (σµ)ab =⇒ Vab

(
σ̃µ(5)

)ab
= 0 . (D.38)

The indices of Vab may be raised by applying (D.32a)

(σ̃ν)
acVcd (σ̃ν)

db
= 8Vab , Vab = Vµ (σ̃µ)

ab
. (D.39)

Given a self-dual five-form Fµ(5), it is equivalently described by a symmetric rank-two spinor Fab defined
by

Fab =
1

5!
Fµ(5)

(
σ̃µ(5)

)ab
=⇒ Fab (σµ)ab = 0 . (D.40)

The spin-tensor Fab has vanishing contractions with the tensor (4.27),

Iab,cdF
cd = 0 , Iac,dbF

cd = 0 . (D.41)

Appendix E. Spinor formalism in six dimensions

In this appendix we briefly describe the spinor formalism in six dimensions17 and concentrate on
emphasizing the differences from the 10-dimensional case. The algebra of the d= 6 gamma matrices is

{γµ,γν}=−2ηµν18 , µ,ν = 0,1, . . . ,5 , (E.1)

17 More detailed description of this formalism can be found, e.g. in [41, 42].
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and their Hermiticity properties are given by (D.1b). The B and C matrices are universally defined by the
relations (D.2) and (D.3), respectively. Unlike the d= 10 case, however, the algebraic properties of the
Hermitian matrices B and C differ from those in (D.4) and (D.5), specifically

BT =−B , CT = C . (E.2)

The symmetry of C implies that the d= 10 relation (D.7) is replaced with(
γµ(k)C

−1
)T

= (−1)
1
2 k(k+1)

γµ(k)C
−1 . (E.3)

This relation tells us that the matrices γµC−1 , γµνC−1 , γµγ7C−1 and γ7C−1 are anti-symmetric, while
the matrices C−1, γµνλC−1 and γµνγ7C−1 are symmetric, where γ7 is the d= 6 analogue of the matrix
γ5 in four dimensions,

γ7 := γ0γ1 . . .γ5 , (γ7)
2
= 18 , (γ7)

†
= γ7 , {γ7,γµ}= 0 . (E.4)

In the Weyl representation for γµ defined by

γ7 =

(
14 0
0 −14

)
, (E.5)

the matrices γµ become block off-diagonal and have the same form as in equation (D.12). Since{
γ7,C

}
= 0 in this representation, the charge conjugation matrix also becomes block off-diagonal,

C=

(
0 caḃ
cȧ

b 0

)
, cȧ

b = cbȧ . (E.6)

The Lorentz-invariant tensor caḃ and its inverse can be used to convert all dotted indices into undotted
ones following the rules (D.18). As a result, one ends up with the gamma matrices

γµ =

(
0 (σµ)ab

(σ̃µ)
ab 0

)
, (E.7)

and for their off-diagonal blocks equation (E.3) implies

(σµ)ab =−(σµ)ba , (σ̃µ)
ab
=−(σ̃µ)

ba
. (E.8)

It follows that the off-diagonal blocks of the matrices

γµ(3) =

(
0

(
σµ(3)

)
ab(

σ̃µ(3)

)ab
0

)
(E.9)

are symmetric, (
σµ(3)

)
ab
=
(
σµ(3)

)
ba

,
(
σ̃µ(3)

)ab
=
(
σ̃µ(3)

)ba
. (E.10)

Due to the identity

γµ(3) =
1

3!
εµ(3)ν(3)γ

ν(3)γ7 , (E.11)

the matrices σµ(3) and σ̃µ(3) are (anti) self-dual,

1

3!
εµ(3)ν(3)σ

ν(3) =−σµ(3) ,
1

3!
εµ(3)ν(3)σ̃

ν(3) = σ̃µ(3) . (E.12)

In the d= 6 case, the relation (D.30) has the following important implications:

σν σ̃µ(3)σν = 0 , σ̃νσµ(3)σ̃ν = 0 , (E.13a)

σν σ̃µσν = 4σµ , σ̃νσµσ̃ν = 4σ̃µ . (E.13b)

Introducing Lorentz-invariant tensors

Iab,cd := (σν)ab (σν)cd = I[ab],[cd] = Icd,ab , (E.14a)
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Ĩab,cd := (σ̃ν)
ab
(σ̃ν)

cd
= Ĩ[ab],[cd] = Ĩcd,ab , (E.14b)

they allow us to raise and lower the spinor indices of σµ and σ̃µ,

1

4
Ĩac,db (σµ)cd = σ̃ab ,

1

4
Iac,db (σ̃µ)

cd
= σab , (E.15)

in accordance with (E.13b). On the other hand, equation (E.13a) tells us that the invariant tensors Iab,cd
and Ĩab,cd are completely antisymmetric,

Iab,cd = I[ab,cd] , Ĩab,cd = Ĩ[ab,cd] . (E.16)

Let εa1a2a3a4 and εb1b2b3b4 be the spinor Levi-Civita tensor and its inverse, respectively,

εa1a2a3a4εb1b2b3b4 = 4!δa1 [b1δ
a2
b2δ

a3δb3δ
a4
b4] =⇒ εa1a2ac1c2εb1b2c1c2 = 4δa1 [b1δ

a2
b2] . (E.17)

These tensors are used to raise and lower the antisymmetric rank-2 spinors associated with a six-vector
Vµ

Vµ → Ṽa1a2 := Vµ (σ̃µ)
a1a2 , Vµ → Va1a2 := Vµ (σµ)a1a2 , (E.18a)

Ṽa1a2 =
1

2
εa1a2c1c2Vc1c2 , Va1a2 =

1

2
εa1a2c1c2 Ṽ

c1c2 . (E.18b)

Comparing (E.18b) with (E.15) gives

1

2
Ia1a2,a3a4 = εa(4) ,

1

2
Ĩa1a2,a3a4 = εa(4) . (E.19)

These relations imply that every invariant tensor with upper spinor indices may be expressed as a
product of several Ĩs.

The following completeness relations hold

δa
[c δb

d] =
1

4
(σ̃µ)

cd
(σµ)ab , (E.20a)

δa
(c δb

d) =
1

3! · 8

(
σ̃µ(3)

)cd (
σµ(3)

)
ab

. (E.20b)

Given a self-dual three-form Fµ(3), such that ⋆Fµ(3) = Fµ(3), it can equivalently be described by a
symmetric rank-2 spinor

Fab :=
1

3!
Fµ(3)

(
σµ(3)

)
ab

. (E.21)

The three-form is reconstructed from Fab by making use of the identity

1

3! · 4
tr
(
σ̃µ(3)σν(3)

)
= δµ1

[ν1δ
µ2

ν2δ
µ3

ν3] +
1

3!
εµ(3)ν(3) . (E.22)

The unique independent invariant in the D= 6 case is

I4 = εa1a2a3a4εb1b2b3b4Fa1b1Fa2b2Fa3b3Fa4b4 .

As a simple application of the above formalism, we construct independent invariants of a generic
three-form Fµ(3). Let F

(+) and F(−) be its self-dual and anti-self-dual parts, F= F(+) + F(−), and let

F(+)
ab and F(−)ab be their spinor counterparts. There is only one invariant constructed solely from F(+)

ab :

I(+)
4 = det

(
F(+)
ab

)
. (E.23)

And there is only one invariant constructed solely from F(−)ab:

I(−)
4 = det

(
F(−)ab

)
. (E.24)

Let us introduce the following 4× 4 matrix

G=
(
Ga

b
)
, Ga

b := F(+)
ac F(−) cb . (E.25)
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Three independent invariants can be constructed from G:

I2 = trG , I(0)4 = tr
(
G2
)
, I6 = tr

(
G3
)
. (E.26)

The Cayley-Hamilton theorem tells us that

G4 + c3G
3 + c2G

2 + c1G+ detG1= 0 , (E.27)

where det
(
G−λ1

)
= λ4 + c3λ3 + c2λ2 + c1λ+ detG is the characteristic polynomial. Since detG=

I(+)
4 I(−)

4 , we conclude that any invariant of the generic three-form Fµ(3) can be expressed in terms of

the invariants I2, I
(0)
4 , I(±)

4 and I6.
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