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Abstract
The demand to know the structure of functionally independent invariants of tensor fields arises in
many problems of theoretical and mathematical physics, for instance for the construction of inter-
acting higher-order tensor field actions. In mathematical terms the problem can be formulated

as follows. Given a semi-simple finite-dimensional Lie algebra g and a g-module V, one may ask
about the structure of the sub-ring of g-invariants inside the ring freely generated by the module.
We point out how some information about the ring of invariants may be obtained by studying an
extended Lie algebra. Numerous examples are given, with particular focus on the difficult problem

of classifying invariants of a self-dual 5-form in 10 dimensions.
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1. Introduction

The problem we are dealing with is a very generic one: given a (semi-simple) Lie algebra g and a highest
weight g-module V, what are the most general polynomials in V which are invariant under g? This is
the subject of invariant theory, with a long history in mathematics (see e.g. [1-3]).

The question is of course relevant in physics and met regularly by any mathematical physicist; it may
be the question of finding possible terms in an action, or many other applications. In spite of this, the
awareness in the physics community of the possible structures of the rings of invariants thus arising
is rather low, to our knowledge. In particular, the possibility of having relations among invariants has
received very little attention in physics. A main purpose of the present notes is to try to improve this
situation, and also to present a few simple criteria that can help to determine the nature of the ring of
invariants.

The concrete question that led to these investigations was the search for independent so(1,9)-
invariants of a self-dual 5-form, naturally arising e.g. in higher-derivative corrections to string effective
actions [4, 5] and other interacting chiral 4-form models [6—9]. More generally, there exist generating
formulations for interacting duality-invariant or chiral gauge p-form theories in d = 2p + 2 space-time
dimensions, in which the self-interaction is described by an arbitrary real function of a self-dual (p + 1)-
form [8, 10, 11].°> To construct the most general self-interactions, one has to address the problem of
classifying the functionally independent invariants of a self-dual form. Unfortunately, we will not be able
to give a full answer to the question; it turns out to be extremely much more complicated than for self-
dual forms in lower dimensions.

In section 2, the general framework is formulated. We discuss the use of partition functions of
invariants and their meaning. With the given data, an extended Lie algebra g* can be defined, and we
investigate the implications of the properties of g* for the ring of invariants. In section 3 numerous
examples are given, with a particular focus on cases which we find physically interesting, such as anti-
symmetric tensor fields. Some more complicated examples are also displayed in full in terms of their
partition functions. We discuss how the rings of invariants relate to the findings in section 2. Finally,
section 4 deals with the difficult problem that prompted this investigation, the classification of the
invariants of a self-dual 5-form in 10 dimensions. Partial results are derived concerning the partition
function (up to order 20) and the tensorial structure of low-order invariants (up to order 10). A list of
useful identities to handle self-dual 5-forms and construct invariants thereof are given in appendices C
and D.

We hope that our presentation, in particular the criteria given in sections 2.4 and 2.5, and the prop-
erties of partition functions following from the Gorenstein property, can be useful for physicists faced
with the problem of finding invariants for particular g and V.

2. The ring of invariants

2.1. Generalitites

Let g be a finite-dimensional® simple (or semi-simple) Lie algebra and V = R(A) an irreducible module
with integral dominant highest weight” \. Let G denote a Lie group with Lie algebra g acting on V. We
want to investigate the polynomial expressions in X € V which are invariant under g. Let S= Sym®V be

5 In the d = 4n case, the self-coupling Lint(F+, F—) is a Lorentz-invariant function of a self-dual 2n-form F and its conjugate F_,
*xFx = %iF., which is subject to the condition Liy(e!?Fy,e 1P F_) = Lin.(F,F_), with ¢ € R, see [10] for the technical details.
6 The focus on finite-dimensional g is no restriction; tensor products of highest weight representations of infinite-dimenional Kac—
Moody algebras never contain the trivial representation.

7 Meaning that the Dynkin labels of X are natural numbers.
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the commutative N-graded ring freely generated by X € V at level 1. Every level S contains a completely
reducible g-module V¥V, spanned by monomials of degree k in V. Invariants are in the subring S°.

We work over the field C, which can be replaced by R whenever a real form of g is chosen such that
R(\) is real (e.g. the split real form for any \). We will often denote a module by its highest weight,
which then is expressed as Dynkin labels (coefficients in the basis of fundamental weights).

A very common question in physical applications is to find a basis of independent invariants that
generate the elements in $9. Our interest in it arose from considerations of possible additional (e.g.
higher derivative) terms in an action, like powers of some field strength.

In many simple situations, the answer is straightforward. If A = 0, the highest weight, S% = U(g)? is
the ring of polynomial invariants inside the universal enveloping algebra of g, generated by elementary
Casimir invariants, the number of which equals the rank of g. The invariants are found by the Harish-
Chandra homomorphism. This ring is freely generated. Is this statement true in general? Le., is S, gen-
erated by a number of monomials, free of relations? Most physicists would probably spontaneously guess
an answer in the positive, by some kind of intuition. However, as is a well known fact in invariant the-
ory, the generic answer is that S9 is not freely generated. A criterion helping to decide the answer is
given in section 2.5.

It has been shown that all rings of the type we are discussing are Gorenstein® [12, 13]. This can be
of concrete help in characterizing the ring, see section 2.2, and examples. It also guarantees (through
‘Gorenstein = Cohen—Macaulay’) that the following concepts are well defined. We refer the reader to
the book [14] for an introduction to the concepts of ring theory.

Consider a generic object X € V, i.e. X is in a generic G-orbit. Let its stability group be H, with Lie
algebra h. We can now calculate the dimension d of the space of invariants (the closure of the space of
generic G-orbits) as d = dim V — dimg + dimb. This dimension should match the (Krull) dimension of
the ring S9, the ring being seen as the coordinate ring of the space of invariants. Thus,

d=dimS? =dimV — dimg + dim#b . (2.1)

Let us denote by N the number of (linearly independent and non-factorizable at each level k) gen-
erators of the ring S9, and let R be the ring freely generated by them. Then S? = R/ for some ideal
generated by the relations in $9. (Note that R is not a sub-ring of S.) Only if §9 is freely generated is
N =dim 9. If there are polynomial relations between the generators, the number of these need to be
subtracted. There may then be further ‘syzygies), relations between relations etc. This is handled by find-
ing a resolution of the ring. Two resolutions are of interest:

e The (minimal) Tate resolution’, a free multiplicative resolution over C;
e The minimal additive resolution over R (sometimes called a Koszul resolution).

In section 2.2, we will explain the use of these in terms of the partition function (Hilbert series) of S9.
The Tate resolution, which in the general physics community is understood as BRST, with a differential
(BRST operator) whose cohomology is S9, is often most convenient for finding the structure of the ring
in concrete situations. It however has the ‘drawback’ that it generically is infinite, i.e. contains ghosts at
arbitrarily high degree (degree is inherited from S). The additive resolution, on the other hand, is always
finite; this is the Hilbert syzygy theorem [16]. It is expressed as the sequence

RO RMW ¢ RO+ RM (2.2)

where R(®) = R, and the only cohomology is S¢ inside R("). All R®) are tensor products of R with some
vector space. The Cohen—Macaulay property ensures that the depth n of the resolution equals the codi-
mension of S9 in R, i.e. dimS? = N — n. The Gorenstein property implies that R®) ~ R("~P),

In section 2.2, we will explain the use of these notions in terms of the partition function (Hilbert
series) of S, and also introduce a minimal additive form obtained from the additive resolution.

8 This and other ring-theoretic concepts can be skipped by readers who are not interested in them; note however the implications
explained in section 2.2. Gorenstein is for rings what Calabi—Yau is for manifolds; the spaces of invariants are in fact (non-compact)
Calabi-Yau varieties.

9 For physicists, this is the same as a BRST operator enforcing the relevant constraints on the generators, and also introducing the
appropriate ghosts to eliminate any reducibility between constraints, etc so that the BRST cohomology consists precisely of elements in
the ring one seeks to describe (see [15] for a review).
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2.2. Partition functions
The partition function, or Hilbert series, P(¢) of S9 is a formal power series in a variable (‘fugacity’) t,
counting the dimension of each of the vector spaces (S9) at level k making up S%:

P(t) = idim(Sg)k . (2.3)
k=0

For rings with some level-preserving action of an algebra, the definition can be refined to lift the coeffi-

cients from dimensions to representations, but this is not the case here, since we are counting singlets.
The dimension of the ring is read off from the partition function as the power of its divergence as

t — 1. Its behavior close to t=1 is

c 1

P(H= (1—1)* o (1—5)*!

(2.4)

for some constant ¢, where d = dim S9.
A multiplicative form of P(t), reflecting the Tate resolution [17], is

P(1) = ﬁ (1-4)"™ . (2.5)

k=1

Here, my € Z are integers which are positive for even and negative for odd variables (generators, ghosts,
second order ghosts,...) in the resolution. See [18] for an introduction to such resolutions for physicists.
One aspect to bear in mind, which limits the usefulness of the partition function for more ‘complic-
ated’ rings, is that there is no guarantee that even and odd variables do not appear at the same level.
The partition function will then only know the difference'”.
An additive form of P(t), reflecting an additive resolution (but which requires knowledge of the set

of generators) is

P(t)=Q()Y (~1)'m, (1) (2.6)
p=0

Here, p is the same label as in equation (2.2) and Q(¢) = [/, (1 — #)~" is the partition function of

a ring R, which is defined to be freely generated by the generators of S¢ at levels {k;})_, (so, any rela-
tions are ignored). The ,() are polynomials, such that the partition function of R%”) in equation (2.2) is
Qt)my ().

Finally, from either form of the partition function, one can identify a minimal set of algebraically
independent generators, the number of course being equal to d = dim S8, so that the factors (1 — %)~
in the partition function from the dependent generators cancel against those from odd variables (ghosts)
in the Tate resolution, or against factors in the numerator Z;:o( —1)Pm,(1) in the additive resolution.
Let {k;}%_, be the degrees of the independent generators. Independency means that the subring T gener-
ated by these generators is free. The result is a rational function

B o(t)
TN T

with no common factor in numerator and denominator. Reflecting the Gorenstein property, the numer-
ator o(t) =1+...+t" is a ‘symmetric’ polynomial of some order m, i.e. it obeys the relation o(¢t™!) =
£ ™p(t), with non-negative integer coefficients. This minimal form of the partition function reflects the
partition function for the freely generated ring T (the denominator) together with degree-shifted cop-
ies (modules) of T' (the numerator). The numerator can be thought of as the partition function of the
0-dimensional ring S9/(T).

(2.7)

10 In simple terms, the coefficients of the power series partition function (2.3) are the numbers of the invariants at order k in the sym-
metric product of the considered group representation module denoted as dim(S8) (these numbers were computed with the help

of the LiE program [19]). The multiplicative partition function (2.5) is reconstructed in such a way that the coefficients of its Taylor
expansion coincide with the coefficients of the partition function (2.3). The Taylor expansion can be computed ‘by hand’, or e.g. with
the use of the Mathematica function ‘Series” The powers my of (2.5) count the number of polynomially independent invariants at

the order k, i.e. the difference between all linearly independent k-order invariants and the number of k-order invariants that can be
constructed by taking the products of the invariants of low orders. For instance, if # = dim(S¢), and dim($8), are the number of the
invariants at orders 2 and 4, then m, = dim($8)4 — n(n+1)/2, etc.

4



10P Publishing

J. Phys. A: Math. Theor. 59 (2026) 065203 M Cederwall et al

The aim is concrete understanding of S% for concrete choices of g and V. The main method is to
use computer-aided calculation of the number of elements in S to a degree which is high enough to
give a clear indication of the form of the partition function. This is often practically possible, but not
always (with limited access to processing power and memory). We have been using the program LiE
[19], simply asking it for the number of singlets in a symmetric tensor product. In view of the limit-
ations, it would be of interest to find an even more efficient method; we are unfortunately not aware
of one.

2.3. The extended Lie algebra

Given g and the highest weight g-module V, one may define an extended simple Kac—Moody Lie algebra
g™, which in a grading contains g & C at degree 0, V at degree —1 and the conjugate module V at
degree 1. This means that the Dynkin diagram of g* consists of that for g together with one more node
connected in a way that reflects the highest weight of V' (V= R(\)). The algebra g is not completely
determined by these definitions. Let us number the simple roots of g by i =1,...,r, and let the extend-
ing node be number 0. Then, the definitions imply that the components A; of the Cartan matrix of g™
are Ag;j = —)\;, while the components Ay, are undetermined, where \; are the coefficients of A in the
basis of fundamental weights A, A\ = \;A’. For example, starting from g = A, = 5[(3) and V = (01),

a three-dimensional module, both the extension to As; (by a root of the same length) and to B; (by a
shorter root) contain V at level —1. We complement the definitions by the following prescriptions:

o If there is a choice of g+ which is finite-dimensional, choose it.

o If there is more than one finite-dimensional choice for g™, choose any (or e.g. the smallest one).
e If there is no finite-dimensional choice of g*, but an affine one, choose it.

o If none of the above exists, choose any.

In what follows, we are only interested in the question whether g is finite-dimensional or affine. Kac
[20] also considers extending the algebra in this way for the study of nilpotent orbits.

In the following two Subsections, we state sufficient criteria for S® to be at most one-dimensional,
and/or for it to be freely generated. Unfortunately, we are not aware of a way to show this using the
properties of g*, which is somewhat frustrating since this is what the criteria involve. Instead we rely
on examining all possible cases. It should be stressed that the criteria are sufficient but not necessary.

2.4. When is the dimension 0 or 12
By inspecting the cases when g7 is finite-dimensional, we arrive at the statement

Ifdimg™t < oo, S9 is either {1} or (freely) generated by a single invariant.

All such instances are listed in table 1. Most cases are straightforward and well known. Among the less

trivial cases are the 3-forms under s[(6), 5(7) and s[(8). The stability algebras are sl(3) @ sl(3), G, and
5(3), respectively [21, 22], yielding the dimension 1 according to equation (2.1) in all cases: 20 — 35 +

16 =1,35—48+14=1, 56 — 63+ 8 = 1. The order of the invariants are then obtained using LiE. The
stability algebra of a generic chiral spinor under s0(12) is s((6) [23, 24] and under s0(14) it is G, ® G,
[25]. The dimensions are obtained as 32 —66+35=1, 64 —91+28 =1.

2.5. When is the ring freely generated?
By inspecting the cases in which g™ is an affine Kac-Moody algebra, listed in table 2, we arrive at the
conjecture

If g is an affine Kac-Moody algebra, S® is freely generated.

The table excludes cases in which gT is the untwised affine extension of g. Then the Casimir invariants
are obtained, and S% ~ UJ[g]?, freely generated by the Casimirs. Some cases are straightforward and cor-
respond to traces of powers of matrices. In some other cases we can prove the result. For example, the
invariants of a spinor under Spin(16) provides an intermediary step in the Harish-Chandra homomorph-
ism for Eg [26]. Analogous statements hold for a 4-form under SL(8) and for an irreducible 4-form
(0001) under Sp(8). This explains the orders of invariants being identical to Casimirs of Eg, E; and Eg

in table 2. The stability algebra is trivial for a generic 3-form under SL(9) [27], so the dimension of the
ring is 84 — 80 = 4. In this A = (00100000) case, with our limited computer power, the LiE program has
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Table 1. A list of irreps of simple algebras g with Dynkin labels associated with the weight A (modulo outer automorphisms) such that
the extended algebra g7 is finite-dimensional. The extending node is colored gray. The last column lists orders at which one
independent invariant appears.

gt g Dynkin diagram A order of inv’s
Ay Ar_q 0—0—0— —0—0 (10...0) —
B, B—1 0—0—0——0=0 (10...0) 2
Ary 0—0— —0—0=0 (10...0) —
C Cr1 0—0—0——0=0 (10...0) —
Ar 0—0——0—0=0 (20...0) r
D, D, (10...0%) 2
o—o0—o—-
Ay (010...0) 5 (r even) — (r odd)
o—o0—o—-
G, A &0 (1) _
A e==¢ (3) 4
Fu Cs 0—0=0—0 (001) 4
Bs o0—0=0—0 (001) 2
Es Ds O—O—i—o—o (0000) —
As o—o—i—o—o (00100) 4
o—o—o—i—o—o 0
Er Ee ( 10000 ) 3
Ds o—o—o—i—o—o (00005) 4
Ag o—o—o—i—o—o (001000) 7
o—o—o—o—i—o—o 0
By Er ( 100000 ) 4
D; o—o—o—o—i—o—o (00000¢) 8
Az o—o—o—o—i—o—o (0010000) 16

been able to calculate the orders 12 and 18 of the two lowest invariants. The remaining two should have
degrees at least 24.

3. Examples

Many examples refer to entries in tables 1 and 2.

3.1. Modules of s1(2)
Take g = A;. This is a good testing area, and has been a main subject of invariant theory for a long time.

We will write the partition functions P, (t) of S¢ for A = (n), with fugacity ¢ measuring the level. We
reproduce known results, see [2, 28], with corrections in [29] (see also [30]).

When A = (1) (i.e. the fundamental weight), P(#) = 1. This of course happens when R(\) contains a
single G-orbit, so that S = &° (R(k)) and $% = {1}. In this case g = A,.

For A = (2), gt = C,. We get the ring generated by the quadratic Casimir at level 2, and P,(t) =
(1—#)"L

For A = (3), g" = G,, and there is a single quartic invariant, which is straightforward to construct.
The partition function is Ps(t) = (1 —#)~".

For A\ = (4), g™ is the twisted affine Kac-Moody algebra Agz), and there are two elementary invari-
ants at degrees 2 and 3, freely generating S%. P,(t) = (1 —£)"1(1—¢£)"L

6
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Table 2. A list of irreps of simple algebras g with Dynkin labels associated with the weight A (modulo outer automorphisms of g ) such
that the extended algebra gt is affine, except the cases where g is the untwisted affine extension of g. Cases where finite-dimensional
extensions with identical g-modules at levels 1 exist are omitted. The extending node is colored gray. The last column lists the orders
at which single independent invariants appear.

+

g g Dynkin diagram A order of inv’s

AY Crs (010...0) 2,3,...,2k—1
D—0—0— —0—0=0
AD Di_, : (20...09) 2,3,...,2(k—1)

AY Bi_: O=0—0—0——0—0=0 (20...0) 2,3,...,2k—1
AP A =0 (4) 2,3
p{Y As o—a=o (30) 4,6
Y B4 0—0—03=0—0 (0001) 2
E® Es 0—0—0=%0—0 (0001) 2,3
Cs 0—0—0=%0—0 (0001) 2,5,6,8,9,12

EWY A; o—o—o—i—o—o—o (0001000) 2,6,8,10,12,14,18

E As o—o—o—o—o—i—o—o (00100000) 12,18, ...
Ds o—o—o—o—o—i—o—o (0000003) 2,8,12, 14,18, 20,24, 30

At A = (5), something happens. Now, g© is neither finite-dimensional nor affine. We have checked
the total number of invariants up to level 80, and they match the partition function

Ps(t)=(1—) " (1=2) " (1= (1=1%) " (1= 79) (3.1)

corresponding to generators of S9 at levels 4, 8, 12 and 18, and a relation between them at level 36.
These invariants and the relation are explicitly given in appendix A. The form (3.1) reflects the Tate res-
olution, as described in section 2.2, but also the additive resolution, since this is a complete intersection
and the depth is 1. Canceling the common factor 1 — '8 gives the canonical minimal form,

1+t18
BO=ma—ma-m) G-2)

It reflects the fact that this S has three elementary generators and hence dimS? = 3 in accordance with
the formula (2.1) in which dimbh = 0.
Similarly, for A = (6)

Ps()=(1-7) " (1-) " (1= (1= (1= (1-79)
_ 1417
T0-A-M1-m) (-’

(3.3)

corresponding to generators of S9 at levels 2, 4, 6, 10 and 15, and an identity at level 30. Details are
given in appendix B.

For higher ), the situation is more complicated. The Tate resolution is infinite. For A = (7), up to
level 42,

()= (1) (=) (1) (1) T =) T (1)
(1) (=) (1= (1) P (-2 (1) T (1= )
x (1= (1= (1= (12" (1) 7 %L (3.4)
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Note the mixture of negative and positive exponents. It is known that the partition function is [29]

P =(1+8) (1-F+) (1— 2+t — £ 1)
y 17t6+2t8ft10+5t12+2t14+6t16+2t18+5t207t22+2t247t26+t32
(1—#)(1—8)(1—12)*(1—r0) '

(3.5)

Multiplying in the prefactor gives the minimal form with nominator 1+ 2£8 + 4¢'2 4 4¢1* 4 5¢16 4 9418
6120 + 9122 + 8124 + 920 + 6128 + 90 + 5% 4 4% + 4176 + 240 4 8. One observation here is that there is
a generator at degree 20, which is not seen in the multiplicative form of the partition function. Indeed,
there are also relations at degree 20, and equation (3.4) only counts the difference. Unfortunately, this is
a feature, probably quite generic, that limits the power of using the partition function for more complic-
ated rings.

A = (8) has a more elegant structure. Up to level 29,

Pe()=(1-7)" (1-2) " (1= (1-A) " (1= (=) (1=
x (1-F) 7 (1= (1= (1= £7) (1= £%) (1= ) (1- )
x(1=2) (1= =) (1= (1-2) T x

14840 + 1104118
TR - - (1) (1—@)(1—F) (3.6)

There are generators at degrees 2, 3, 4, 5, 6, 7, 8, 9 and 10. Knowing that dimS9 = 6, the Cohen—
Macaulay property implies that the additive resolution has depth 3. Indeed, this is seen in the form of
the partition function reflecting the additive resolution, which is

1— (t16+t17+t18+t19+t20) + (t25+t26+t27+t28+t29) 5

Ps() = 1-2)(1-2) Q- (1-P)1—-)(1—)(1—8)(1 =) (1 —£0) " (3.7)

3.2. Forms under s((n)
One needs only to consider form degree < 7.

1-forms have no invariants. The extended algebra is sl(n+1).

For 2-forms, the extended algebra is s0(2n), and there is a single invariant (the Pfaffian) at degree 5
when # is even.

3-forms under s1(6), sI(7) and sl(8) give the extended algebras Es, E; and Eg. There is a single
invariant at degree 4, 7 and 16, respectively.

3-forms under s((9) have 4 independent invariants, the first two occurring at degrees 12 and 18,
and we conjecture that S%, whose dimension is 4, is freely generated. The extended algebra is Eg = Eél),
which is affine.

4-forms under s[(8) have 7 independent invariants, and S9 is freely generated. g* = E;l), and the
generators appear at the same degrees as the E; Casimirs.

In other cases, none of our criteria are applicable, and there is reason to expect rings with complic-
ated structures. Computer-aided calculations are difficult in many cases, since a p-form under s{(n) only
can have invariants at degrees m such that mp =kn for some k € N.

3.3. Forms under s0(n)
We need only consider form degree < 5.
1-forms (vectors) have a single invariant, the norm squared. The extended algebra is so(n + 2).
2-forms span the adjoint, so g is the untwisted affine extension of g, and the invariants are freely
generated by Casimirs.
For 3-forms under s0(7), g* is already neither finite-dimensional nor affine. The stability group is
trivial, which means that the dimension of S? is 35 — 21 = 14. The beginning of the multiplicative form
of the partition function is

P)=(1-2)" (1=2)" (1= (=) 1= (1=7) "
x (1= (1=2) " (1= (1= =) (1-)
(1= 0= (1= (=) =) T (1= 1)
x(1=2) 7 (1=2) (1= 1= (1= =)
X (1= PO (1= P(1= %1 = 2 (1= )P =AY (1 - PP (1- )P x ... (3.8)

X
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This shows that S9 is not freely generated, but does not allow for guessing the precise content of linearly
independent generators, except that they at least (due to possible overlap with relations) correspond to
the initial factors with negative exponents, so their number is at least the sum of these negative expo-
nents, i.e 40.

3-forms, A = (0012), under s0(10) appearing as NS and RR 3-form field strengths in D = 10 super-
gravities. The dimension of the ring is 75 = 120 — 45 and the partition function up to order 18 is

P(t) =1+ +3t" + 90 + 3315 + 1210 + 524" + 2496 " + 13006 '° +70909¢'% ...
R o I s I T I R R )

% (1 _ t]z) —336 (1 . t14)7167() (1 . tlﬁ) —9041 (1 . t18)750379' -

Already by order 10 the total number of generators exceeds the dimension of the ring, while relations
between them have not shown up yet.

3.4. Self-dual forms under so(4), s0(6), s0(8) and s0(10)
Self-dual forms under so(4) ~ sl(2) ®s[(2) are in the adjoint of s[(2), and there is a single (Casimir)
invariant.

Self-dual forms under s0(6) have a single quartic invariant. In table 1 they occur as (200) under A;
(r=4). gt =C,.

Self-dual 4-forms, A = (00%), under s0(8) have 35 components and are equivalent via triality to
traceless symmetric 8 x 8 matrices M. The dimension of s0(8) is 28 and there are 7 = 35 — 28 independ-
ent invariants tr M?, p=2,...8. The ring S9 is freely generated. g™ is the twisted affine algebra Agz).

For self-dual forms under 50(10) and higher, g* is neither finite-dimensional nor affine, and an
explicit structure of the rings of these invariants is presently out of reach. We will discuss the case of a
D =10 self-dual 5-form further in section 4.

3.5. Complex self-dual forms in D-dimensional spaces
Only D-dimensional spaces with metric signatures (t,s) fulfilling s — t € 4Z allow for real self-dual
(D/2)-forms. In other cases, when x* = —1, one may consider the complex self-dual form F* = F+ix
F=ixF" and its complex conjugate anti-self-dual F~ (constructed from a generic (D/2)-form F). One
can then ask for real invariants of F* and F~ under so(D) @ u(1). This falls slightly outside the main
scope of the paper, but can be treated with the same methods. Note that such invariants only can exist
at even degrees, and that their number at degree 2n equals the number of irreducible representations in
the symmetric n-fold product of a self-dual form.

In D=4, there is a single quartic invariant of a self-dual 2-form and its complex conjugate.

In D=6, the ring of real invariants of a self-dual 3-form and its complex conjugate is freely gener-
ated by single independent invariants of degrees 2,4,6,8. The stability group is trivial, and the dimension
is 4 = dim(F;) — dim(s0(6) +u(1)) =20 — 15 — 1. The partition function is

1
1-2)(1-)1—1)(1-8)

P(t)= (3.9)

It is instructive to compare this case with the structure of the ring of the s0(6) invariants of a gen-
eric 3-form F5 without requiring the u(1) (duality) invariance. The dimension of the ring is 5 =20 — 15
and it is freely generated by independent invariants at orders 2,4,4,4,6."" The three ones at degree 4
have u(1) charges —4,0,4 associated with powers of FSi Introducing the fugacity g associated with the
charge, we get the following partition function

1
Pa) = s i i =i A (=)

(3.10)

The generators at t*q™* go away when we demand U(1)-invariance. There are many elements at degree

8 in the ring of the s0(6)-invariants, and fewer in the ring of (s0(6) @® u(1))-invariants. However, the
former has no independent generators at degree 8. The latter does have, because there is one element
obtained as the product of the generators at t*q~* and t*q* that is composite in the ring of 50(6)-
invariants but not in the ring of (s0(6) @ u(1))-invariants.

1 Explicit construction of these invariants is given in appendix E, equations (E.23)—(E.27).
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In D =8 space-time of (e.g.) Lorentz signature there is no stability subalgebra and the dimension of
the ring of the real invariants of F; and F, is 41 = 70 — 28 — 1, where 70 = 35 + 35 is the dimension
of the module, 28 is the dimension of s0(1,7) and 1 stands for the reality condition under u(1) duality.
The ring is not freely generated; we have not been able to find its partition function.

3.6. Weyl tensors of s0(n)

A Weyl tensor belongs to the irreducible module (020...0) of so(n) (n > 7). When n =4, the module
is reducible, and falls outside our considerations (self-dual Weyl tensors are covered by the A; examples:
invariants of degrees 2 and 3). Already when n=5, A = (04) and g* is beyond affine. For n=6, g = A;
and X\ = (202). For algebraic invariants of the Weyl tensor in 5 dimensions the ring S? has the partition
function

P)=(1-2)" (1=2) " (1= (1=-2) "' 1= (1) " (1=

> (1 _ tg) —63 (1 _ tlo)_136 (1 _ tll)_276 (1 _ tlz) —569 (1 _ t13)—1135

« (1 t14) —2243 ( t ) —4265 (1 _ t16) —7823 (1 - t17)_13709 (1 . tlg) —22580
y (1 tlg) —34144 ( ) —44522 (1 _t21)740658 (1 _t22)12835 (1 _t23)199009
( t24) 702382 — 5)1903228(] _ (26)4557099 (1 __ (2710085268
x (1 t28)21050933( — PO)HB0IETY (3.11)

pointing towards a very complicated ring structure with a very large number of generators and relations
among them. The dimension of the ring is 69. For Weyl invariant models of eight-dimensional gravity
the explicit form of Weyl tensor invariants at order 4 were given e.g. in [31, 32].

3.7. Other examples

We recall that the criteria of sections 2.4 and 2.5 are sufficient, but not necessary. Even if they are not
ubiquitous, there are examples of free generation even if neither criterion is fulfilled. One such case is
a spinor under Bg = 50(13). The stability algebra of a generic spinor [33] is s[(3) @ s[(3), so dimS? =
64 — 78416 = 2. S9 is freely generated by generators of degrees 4 and 8.

The situations where our computing power is sufficient for safely deducing the full partition func-
tion of S® when neither of the criteria are fulfilled are rare. One such example, which is not a complete
intersection, is g = B, A = (11) (with no obvious physical applications). The multiplicative form of the
partition function yields

P@O)=(1=) " (=) (=) (1) T (=) T (1Y)
x (1 t“f( =) =) (=) T ()T (1) (1)
(1= 1= (=) (1) P (1=
x (1= 7 (1-79) " x . (3.12)

The ring is six-dimensional (16 — 10 = 6), but has 19 generators subject to certain relations. An inde-
pendent set of generators is found to be one at degree 4, three at degree 8 and two at degree 12. The
partition function has the minimal form

1+ 88+ 2612+ 31 42610 + 6618 + 2720 4 382 + 2724 + 28 + 136

PiH)= (1—#) (1 =) (1—12)? G:13)

Another case is g = A3, A= (011). g*
function is

is the hyperbolic Kac-Moody algebra A" *. The partition

P =(1-A) (1) 21— (1) (1) (- )
) (1=F2) (1=29) (1— ) (1= ) (1— %)
x (1= "% (3.14)
The ring has 9 generators and dimension 20 — 15 = 5. The minimal form of the partition function is
1T+ 24 - 7%

P() = P (3.15)

Note that in this example as well as in the previous one (and all other) the numerator has the symmet-
ric form reflecting the Gorenstein property.
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3.8. Non-simple g

Although this should be possible, we have not conducted a complete survey of situations in which g is
semi-simple but not simple. A few examples lead to the tentative conjecture that the criteria hold also in
these cases:

g=A; DA, A= (1)(2). g* = C5. S? is generated by a single invariant at degree 4.

g=A DA, A= (1)(3). g" is the twisted affine algebra Df). §9 is freely generated by two generators at
degrees 2 and 6.

g=A; ®A;, A= (1)(4). Neither criterion is fulfilled. S® is a complete intersection, with generators of
degrees 4, 4, 8, 12 and 18, and a relation at degree 36.

B 1+
P(H)= (1—#)2(1—8)(1—2) (3:16)

g=A; DA, A= (1)(5). Neither criterion is fulfilled. S¢ has generators at degrees 2, 4, 6, 6, 8, 10, 10, 12
and 14. Out of these an independent subset is at degrees 2, 4, 6, 6, 8 and 10.

1+t10+t12+t14+t24

- . (3.17)
(1=2)1—=t)(1—1)" (1—8)(1—19)

P(r) =

g=A1 DA A, A= (1)(1)(1). g7 = D4. S? is generated by a single invariant at degree 4.

g=A DA DA DA, A= (1)(1)(1)(1). gT is the untwisted affine extension of D,. S? is freely gener-
ated by generators with the same degrees as the Casimirs of Dy (2, 4, 4, 6).

g=A, DA, A, A=(10)(10)(10). g is the untwisted affine extension of Es. There are generators at
degrees 6, 9 and 12, and S% is freely generated.

g=A;DA;, A= (010)(010). g" is the untwisted affine extension of Ds, and S? is freely generated by

generators with the same degrees as the Casimirs of D¢ (2, 4, 6, 6, 8, 10).

4, Self-dual 5-forms in 10 dimensions

Aiming at possible applications to type IIB D= 10 supergravity and string theory, as well as to other
non-linear generalizations of the self-dual 5-form theory (see the accompanying paper [9] for more
details), in this section we will consider and derive an explicit form of some of) invariants under the
Lorentz group SO(1,9) of a real self-dual rank-5 tensor

1

_ — V1 V2 V34 V5
Fﬂl#z#smﬂs - *F/»HILZMMHS - gsmuz#sm#suszawusF ’

in a 10D Minkowski space-time with a metric of almost plus signature. The Greek letters now stand for
the D =10 vector indices. The dimension of this SO(1,9) module is 126 and its Dynkin label is (00002).

Let us compute the number of functionally independent invariants in this case using the formula
(2.1). First, let us prove that there is no a stability subgroup of SO(1,9) that leaves Fs invariant. To this
end we construct a traceless symmetric matrix

MMU = M>\1~~/\4FV)\]”.>\4' (4.1)

Using an SO(1,9) transformation this matrix can be brought to the diagonal form diagM,,” =
(A1, , A10), where generically all eigenvalues are different (but > \; = 0). We require that F5 be invari-
ant under infinitesimal SO(1,9)-rotations with parameters w/* = —w"#, this implies the stability con-
dition on the matrix w®,M** +w? ,M** = 0. Since all matrix eigenvalues are different, this equation
implies w"*” = 0. Therefore the stability group of Fs is trivial. Thus, the number of functionally inde-
pendent SO(1,9) invariants which one can construct with powers of the components of the self-dual
tensor Fs is 81 = 126 — 45, where 45 is the dimension of SO(1,9).

Up to order 22 the partition function characterizing the ring of these invariants looks as follows

P(t) = 1+ £ 426 +76 4 1461+ 7267 4 2471 + 13641 + 6851 4401706 4227 979¢ ...
= (1 — t4)’1 (1 _ ts)—z (1 . ts)—6 (1 o th)—lZ (1 _ tll) —62 (1 _ t”) —221
X (1 _ t16)71247 (1 _ t]g)—6404 (1 . tzo)—37896 (1 _ tzz)—216486 . (4‘2)

The number 7 of linearly independent invariants (given by negative powers of (1 —#)~") at higher
levels is huge, and we do not know when non-linear relations between them start to appear. One can

11
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notice that already at orders p=4, 6, 8, 10 and 12 the total number of unfactorizable and linearly inde-
pendent (at each level) invariants is 83 which exceeds the dimension 81 of the ring. Since the complete
classification of these invariants is beyond our present reach, in what follows we present a number of
invariants appearing at lower orders of F". To construct such invariants we will use two methods, the
first one will be based on the tensor structure of the self-dual Fs and the second one on its spin-tensor
realization.

4.1. Tensor form of F5 invariants

To construct and identify independent invariants of powers of F5 one notices that in all the invariants
at least one index of each Fs is contracted with an index of another Fs. So the building blocks of the
invariants are the following tensor structures

F/»blltzltsl»b«t)\FVWsz)\ 46 Dl Hzl'3/t4} vl 5[:] 5'25”% M/LAJ (4'3)
where M,,” has already been introduced in (4.1) and
N nnvs . g Frivvshih (4.4)
Hipa s, : Hip2 3 AL A2 . .

The indices in the square brackets are anti-symmetrized such that

1

Tlrog) = I (T,

Hifa..pp T#zﬂl---ﬂp +.. ) :

The relation between the Lh.s. of (4.3) and the tensors N and M is a consequence of the self-duality of
Fs (see the list of identities in appendix C which were used to derive all the expressions given in this
section). The tensor M, is symmetric and traceless, and has dimension 54. The tensor N, ,;,,,,"""*"*
splits into the irreducible representations of dimensions 54, 1050 and 4125. Different (but equivalent)
forms of this splitting are

(1050 4125) [an e
Nlt1uzﬂ37V1VzVa - N[ulumg,[uluz]ug] +N§L1;42u3,y1y2y3 75 [ 6#2 Noyvy Mooy Mo vs
_ 4125) 7 sl sa, as]
NMleMs,VleVs - 3N[V1 [#1#2»#3]1/21/3 +2N/(J«1H2M3,V1V2V3 146[;“ 6H2M#3] nall’lnanznaws (4'5)

where in the second equality the indices [u1, 12, pt3] and [vy,14,v3] are anti-symmetrized separately, while
in the first one the anti-symmetrization of the three indices v; with the ‘red’ brackets is performed upon
the anti-symmetrization of the five indices [p1, 42, 143,71, 12] in the ‘black’ brackets.
(1050)

The irrep N[I—LIHZ#37I—L4H5]V is self-dual with respect to the five anti-symmetric indices y;, and the con-
traction of v with p; is zero.

In the irrep Nfﬁljf,)“,,jl v, the groups of three indices y; and v; are anti-symmetric, the tensor
is symmetric under the exchange of these anti-symmetric groups of indices and traceless. The anti-
symmetrization of any four indices is zero.

The Young tableaux of the irreps 54, 1050 and 4125 are

54 : [T, 1050 : , 4125 @ (4.6)

(1050)

Therefore the building blocks of the Fs invariants are the irreducible SO(1,9) tensors M, and

N(4125)
The simplest choice of nine invariants of Fs is to construct them as traces of products of the matrix

CON N . o .
M. Since the 10 x 10 matrix M" s symmetric and traceless, all its invariants are freely generated by
a basis of 9 invariants which can be chosen as

L) =tM",  n=2,...10, (4.7)

where the subscript 2 indicates the order of Fs in these invariants.
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4.1.1. 4th order invariant
The unique independent fourth-order invariant of Fs is

I = M, M"" = tr M*. (4.8)
This is because the scalar product of two self-dual N s zero, while the scalar product of two N
composed of FF is proportional to tr M> due to the identity (C.28) and the relation (4.5). This invariant
was considered in the context of non-linear self-dual 5-form theories in [6, 8].

4.1.2. 6th order invariants
The LiE program [19] tells us that at the sixth order there are two independent invariants (see
equation (4.2)). The analysis shows that one can choose them as follows

(1)
Iy =trM, (4.9)
(2) (1050) [ .
= PLP2P3, {papsk,aras]as
Iy = [P1P2p3,paps]K (N(losu) alaz]azN“()m) )
3 (1050) [
= —— P1P2P3, [papsk,|araa]as]
- ZN[p1p2p3;P4P5]N (N(mso) ala2]a3N(msn) > (4.10)

where in the last equality the three indices «; are anti-symmetrized upon the anti-symmetrization of five
indices py, ps, k, a1, ;. The tensor structure of (NN) in the brackets with the anti-symmetrized indices
p1,--.,ps is an anti-self-dual 1050 irrep.

All other six-order invariants that one can construct with the use of the tensors M<54), N(IOSU) and
N are linear combinations of (4.9) and (4.10), which one can check using the fact that M and N are
composed of FF and applying identities given in appendix C. For instance, all the invariants of the form

MNN are proportional to tr M® (due to identities like (C.26) and (C.27)), while e.g. the invariant'’

(4125) [ Qs 5 (1050)
_ P1P2P3 12 3,00 Qi | Q3
Is= Nmuz#s ' (NUOW) N[plpzps,alozz]as)
75 @
:_716 +xtrM®, (4.11)

with some coefficient x which we did not compute explicitly because its value is not important.

4.1.3. 8th order invariants
At the 8th order in F, according to the LiE program (see (4.2)), there are six linearly independent invari-
ants, the seventh one being the square of the 4th order invariant (4.8).

One can choose a basis of these invariants as follows. Two invariants can be constructed as products of
four tensors Ms or three Ms and one N, namely

(1) 4 (2) v v U/ (4125)
I, =trM*, Iy =M, "M,,"*M,,"’N,

Va3

Hip2 s (4‘12)

Other three invariants can be constructed with two Ms and two Ns. One of these is constructed by tak-
(1050)

ing the inner product of the 210 irrep M*” N, [ the only independent 210 irrep in the sym-

ajayazoplr (

metric product of F*) with itself

(3) (1050)
Iy = MIWN[omazaamu]VNEij;gzasmp]/\MﬁA : (4.13)

In (4.13) the indices p,v,p, A are automatically totally symmetrized due to the symmetry properties
of the product of two self-dual N(,os0) (see equation (C.33)). So this invariant can also be seen as the
product of the 660 irrep in Ng?o(izasm (M]UNE?(‘);OO;W“‘" pn) with M*MP® (upon subtracting all traces)'”.

Note that the symmetric product of F* contains two 660 irreps, one of which can be chosen as the
12 Note the difference in the order of the indices ¢ in the last term of this invariant and that of (4.10).
13 The indices within the round brackets are symmetrized such that

1
Turoony) = ] (Tuspizcopty + Thiagirecoy +---) -
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traceless part of (MM) 2. So the fourth invariant can be

chosen as

(uvxp)> and another one is contained in (N, )

N g {nonas 618283 Baplv N7 pIA
I8 - N[mazasm(u]uN(i;gza a4p]/\>N(mlso)2 " VN[BIBzﬁs&p ) (4.14)
where the indices u,v, p, A are totally symmetrized, i.e. this invariant is constructed by taking the inner
product of the two copies of the 660 irrep in (N(loso))2 (upon subtracting all traces).

The product of M,,, M,y splits into two tensors, the totally symmetric one MEWM o) Which takes
values in the 660 irrep of SO(1,9) (it has appeared in (4.13)) and the tensor M, M, Al which takes

. . . . . 50)
values in the 770 irrep (upon subtracting traces). The contraction of the latter with two N produces
the following invariant

(1050)

(p1p2p3,pavilva (4.15)

(5) [
— 1 Mz]
IS - M[”l MDZ] N[Plpzﬁa,m#l]#z (1050)

Finally, the contraction of MM with the single 770 irrep in the product of N and N produces the
sixth invariant
(6) (1050)
= Iz Iz 1023, P41V,
Iy =My, P My 2Ny oo NODPPH2 (4.16)

Note that the symmetric product of F* contains three 770 irreps. They can be associated with

(1050)

[v1p 2] [p1p2p3,p4[1]12]
M[#l MMz]’ [P1p2p3,pa 1] 2] " (1050)
and
(1050) (4125)
P1P2P3,P4V1V2 [L1v201,0203] P4
[w1p2p1 7PZP3]I)4N(4125) + N(1050) Npl P2P3,Pa 1 2"

An alternative choice of the basis of the 8th order invariants. Instead of the basis of six Iz given above,
one can choose it using the results of [4, 5] on higher-order string corrections to the effective action
of type IIB supergravity produced by 10D curvature tensor and the five-form. It was shown there that
supersymmetry singles out five independent 8th order terms in the action involving exclusively the Fs
form and its derivative 9, F,, . ,,."* In the assumption that the self-dual Fs is the external derivative of
a four form (Fs = dA4) and satisfies a free equation of motion (9, F*'=#> = 0), the tensor 0, F,, .. .,
forms an irreducible 1050 module of SO(1,9). The five independent invariants individualized in [4,

5] (see the last five lines in the tables of those papers) form a basis of the invariants in the symmetric
product of four 1050 irreps of the form

(1050)

7E _8VFM1---H5+N

Hreepsly T

(1050)

[H1paps, paps)v - (4.17)

The LiE program tells us that there are exactly five independent invariants in (7*)sm. However, in this
paper we are interested exclusively in Fs invariants that do not contain derivatives of Fs. So we need to
check that the five invariants found in [4, 5] remain independent if we set O, F,,, .. ,, = 0. This is a pri-
ori not guaranteed because of the composite nature of N(1%%) = FF, but it turns out that this is indeed

the case. These invariants have the following structure (in which we skip the superscript (1050) from
N(1050)

FON

A A2 As]A
Iy == (N[Mluzus[MPl]Pz]NWIMM[MV}]W]) (N[lel 12as] 4]N[P2)\1/\2[V2)\3]>\4])
1 > A1 A A3
- ? (6 [M“Z“MM[PI]PZ}N[#lﬂzuaﬂq[m]W]N[ e 4pl}pzN[)\1)\z)\3)\4V1]V2
1 2
trM M’ 4.18
* 7200 ™~ a7 (1 )>’ (4.18)
)
Iy = (N[Hlltzus[Mpl]lJz]N[mmm[MVI]VZ]) (N[pl/\1>\z[m/\a])\z;]N[pz}\l)\S]AZ)\q]VZ]) (4.19)
1

[,ul#2#3#4[”1]”2]N[A|A2A3A4P|]P2N[>\ N
1A2

Y (N[Mluzmm o1l N A,

+ (ter)z) , (4.20)

ouMio
2407 10 - 2402

14 Other terms are constructed by taking products of components of the Weyl tensor with themselves or with Fs.
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where the indices in the red brackets are antisymmetrized after the antisymmetrization of the indices in
black brackets. These two invariants are composed of tr M*, (tr M?)? and the scalar product of the 770
irrep (N oo pus ] o) N 1#2H2H4 112 )Y with tself, as one finds using identities of appendix C.

i 123 (V1 V2|V 1P2 A1 [ A2\
IS = (N[ﬂlltz#s[Plpz]Ps]N[M el ! 3]> <N[p el S]Vl]N[pSVZAZ[)\l)q]w]) ) (4.21)

A(4) 1 mwvs 1A A2 A
8 = (N[ltlﬂzlta[Plpz]pa]N[M papslv] ‘]) (N[le P2l S]N[psl/zz\z[Vaz\l]Aa]) (4‘22)

and

7 11 [J2 03 | fha 2 Vi [ A 3]\ vy
Iy = (N[le plkassli] Nlp mm[wm]m]) <N[Pz N )\1>\z[p1/\3]>\4])

5.y 25
=-7
68 T1os

IE;) +xtrM* +y (ter)2 , (4.23)

where I;;) is given in (4.14), and x and y are coefficients whose explicit values we did not compute, since
they are not important.

. . - o) . . .
To these five invariants we can add e.g. If:) = Ig2 in (4.12) to complete the basis. It is not an easy

computational problem to establish the full relation between the two bases I} and f; (i=1,...,6), which
we leave a part.

4.1.4. 10th and higher order invariants

At the 10th order there are 12 linearly independent invariants and at order 12 there are 64. As we have
already mentioned, together with the lower-order invariants their number is 83 which is by two units
higher than the dimension of the ring. Therefore, there should be at least 2 non-linear relations between
these 83 invariants. The problem of individualizing the linearly independent invariants at order 10 and
higher and to find functional relations between them (similar to those considered in appendices A and
B for sl(2) invariants of the modules of dimension 6 and 7) becomes highly involved (if at all doable)
without using a computer program, a challenge which we leave to experts. Below we only give 12 pos-
sible candidates for a basis of the 10th-order invariants constructed by choosing and contracting differ-

ent irreps in the decompositions of symmetric products of M, N"™ and N“:

1(1]0) =trM ,

I(lzg = (MM)#] VIMMDZMHSWNij:::VSMWzMa ,

o =My M, M, (NG NN )

Iy = (MM)" MP> (NESTZMM " ngzasaz,pw) 7

I(IDO) - (MM) [ [HlZ\/IVz]M2 NEII)OISZP%I)AM]MNgllnolsﬁ))zps’myl]uza

I(l(;) = (MM) v mMVzmNEZTZZM7P203]P4N€111f52>p3’pwwz )

B = N I s (NG g N7 17502,

I(li)) = EZSZ)zPan]uM[VPSM#]N (Ngﬁ,;ffp“alaz]asNEﬁg)’;Hvalas]az) ,

I(lz) = E2j22a3a4ﬁ](VMKNNE%;$ZQ3Q4P])\>NEﬁLﬁZﬁ3ﬁ4lt]VNE;}f22ﬁ3ﬁ4P]A7

5 = (i N M1 (N, 500

o = (N ™ N o) (N e oINS N )
o' = <NEZSZ)ZP3’alaz}aaNE’]‘Of(ZW’“1“2]“3) (Ngﬁlsgzm[wz]ui]NEfO)plAl[pm]MNEﬁfso) Vz)\z[l/3)\1])\3]) . (4.24)

where the symmetrization and/or anti-symmetrization of the indices within the red brackets is made
upon the anti-symmetrization within the black brackets.

12th-order invariants that have appeared in certain models of the non-linear self-dual 5-form theory
[9] are

15



10P Publishing

J. Phys. A: Math. Theor. 59 (2026) 065203 M Cederwall et al

(4125)
=, 1 = ) (N e ) = ()" (N )
j224
(3) (4125) (4125) "
1= (V") (N aam)" (4.25)
j724

An alternative approach to try for the construction of independent invariants is the spin-tensor
description of the self-dual 5-form which we consider below.

4.2. Fs invariants in spinor formalism

We refer the reader to appendix D which is devoted to mathematical conventions utilized in this
Subsection and various useful identities concerning the spin-tensor formalism in 10-dimensional space-
time. Given a self-dual five-form F,(sy = F,,, i, 315> it is equivalently described by a symmetric rank-
two spinor F* defined by

1 ab
F'= S Fue) (&”(5)) = F0,),=0  ab=1,...16. (4.26)

Since there is no metric to lower the upper indices, the invariants of products of F® are obtained by
contracting them with an invariant tensor carrying only lower spinor indices, I, 4, 4,0,- Such invariant
tensors may be constructed from

Taya bib, *= (Uﬂ)alaz (O-U)blbz = Iyby,mar = L(aray), (012) (4.27a)
and its analogue with upper indices

juabiby (5u)u1ﬂz (5#)b1b2 — Prbrmar _ f(@ma),(bib2) (4.27b)
There also exists the invariant tensor with upper and lower indices

]Z:gi = (&u)alﬂz (Uﬂ)b]bz :]5253 . (4.27¢)

It turns out that the role of a basic invariant tensor to contract the indices of Fs can be played by
products of the structure given in (4.27a). Of course, there exist more general invariant tensors, for
example

Iﬁfzﬁﬁ]f]m,azaalfzbl,hzhslﬁcl,czcalﬁtdl7d2d3 ) (4.28)
where 125/t is defined in (4.27h). However, each of them may be reduced to an invariant tensor that

involves only products of (4.27a), by making use of the identity (D.35).
It also follows from the definitions (4.27a)—(4.27¢) and Fierz identities that

Icwzyalaz[c]cz’blbz =16 hiZE , IC]!SZ,LIltlzICIthZb2 =38 biz; s (4.29(1)
T s _ ay ¢a. Tt s . a
Iﬂl[q CZ]uZIbIChCzhz - 166£1]5sz] ’ Ial(q CZ)aZIblchczbz - 74]2112 ' (429b)

For constructing invariants of F%%, equation (4.26), there are four building blocks:

Halazblb2 i= Ialaz’leFC‘b‘FCzb2 = H(uluz)(ble) , (4.30a)
Gal,,,zblh2 1= Ial[q,q]azplhlfqbz =1, [ahaz]QFClblfqbz = Gla,] [b162] , (4.30b)
O s = gy o FV b by = @, br(hab) (4.30¢)
Qiaabas . — Iblbz’clcth'a'FbZ“ZFc'@Pcza“ = Qla®),(asa) (4.30d)

The additional properties of H, , "% and Galuzblb2 are:

142

Hacbc =0, PalazHalazblhz =0, (4.3161)
Gacbc — 0 . (4.31b)

The important algebraic properties of @, 220> are

@Ec,lhbz =0, @Cﬂyfb =0, @u(bl,bzha) -0 (4.32)
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and
Oha2,a3d4 — ()a304,0142 , Qﬂl(ﬂ27ﬂ3ﬂ4) =0. (4‘33)

They follow from the analogous properties of Ij,p, ¢, given in equations (4.27) and (D.34b).

171 b b b b (1050) (4125)
.The building blocks Hy,,, 1 2 an.d Galf,2 172 are related to My, Np, o, a0d Ny,
which were used to construct invariants in the tensor form as follows:
M e ([~ \hay H b1 b,
pv = (Uu) (Uu)blbz ara
~ ~ 5) 5(5
=8tr [O‘NUP(S)O'VO’(;@)] PO PG (4.34a)
One can see that M, = M,,, and it is traceless
M, =0, (4.34b)

which follows from the fact that H, ,,”'% has vanishing contractions. Furthermore,

(1050) = @4 bib
1o piopis papas)v - (0'1,) (UMlMZNSIMMS)bIbZ Haa, ' (4.35a)

which has vanishing trace

n””prll(f?)vm]y -0, (4.35b)
since H,,,,""? has vanishing contractions. Defining
N = ()" (005)) 3, G
= 411 [0,,(3)6 p(5) 00 (3)Fo(5)| PO ) (4.36a)
we see that
N(125) — N(#125) (4.36b)

K123,V V213 V1VaVs3, [ o 43 °

4.2.1. 4th order invariant

Every F*" invariant contains an F* building block of the form Q#%:%%  equation (4.30d). Indeed, given
such an F?" invariant, the 4# indices of 2n Fs should be contracted with n invariant tensors Is. Let us
pick one of the tensors Is. Its four indices must be contracted with four different Fs, due to (D.41).
Using this observation, it is easy to see that there is a unique F* invariant. Indeed, there are only two
Lorentz-invariant F* scalars:

T, = Quasar (4.37a)
TZ — Quluz’u3u4la1a3,a2a4 . (437b)

However, T, proves to be proportional to T, since
T, = —Qaaan (Ialaz,aw; +Ia1a4,a3a2) =-"1T,-7,, (4.38)

and therefore T, = —3 7.

4.2.2. 6th order invariants
Let us now identify all independent F® invariants. There are several Lorentz-invariant F® structures:

Y= Qala27a3a41b1bz,mazlclcz,ungblClszcz 3 (439‘1)

S0 = QSN b e ae PO (4.390)

23 = Qulu27u3a41b1a1,azbzIC1a3,a4CZFblClszcz bl (4'39C)

Sy = QIO T e PO (4.39d)

Vg = QUaaaL T a o FRO R 4.39¢
1a1,a3bye1ag,a26

Here ¥5 differs from ¥, by swapping a, <+ a4 in the factor I, 4,c,- The structure ¥, can be
rewritten as

Y= Hd1dzalazHamzClcanczdldz =tr (HS) . (4-40)
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The structure ¥, can be reshuffled as follows:

_ a a; pe1as rea o phac
2 7Id1dz,€1€2Fd1 Phe s P 4Ib1ﬂ17a3bzlclaz7ﬂ4czpbl Pt
asa dic a c
= Ha,a,”" Hap,"' lIClaz7ﬂ452Pd2 Sa

Here 1,4 0,c, F2®F% can be further rewritten as

d b d b dyb
Iﬁlﬂz,mCzPﬂz ZFCZ : :Iﬁ(az,cz)mlyz ZPCZ : +Gflﬂ4 =
1

1
d b drb drb drb
= o aa FUEF 4 Gog, M =~ Ho oM 4 G,

2 axcy,C1a4
The outcome of these transformations is
N, = 1H asay fr d1le dyby H, , ®%G dzsz dic
2 = _E did, asb, cray + did, cra4 asb;

Relabeling the indices gives

1
bib axc aic bic arb a
Z2 = _EHﬂlﬂz ! ZHblcl : 2Hbzcz b +Ha1uz ! ]Gclcz ! ZHblhz S

The structures X3 and X4 are proportional to ¥;. Indeed

Y3 = Qalaz,aaaAIbl(ﬂl,ﬂz)bzlflﬂs,ﬂz;CzFb]Cl P

1
a1az,asa. bic c
= _EQ 1 41“1“27b1b21611137ﬂ4sz1 ]sz :
_ 19“1“27“3“41 I FblClFbZCZ
- _E ayay,bibylei (a3,a4)c2

1 1
) bycy __
- ZQ“I“Z awqﬂlﬂhblbzIﬂsm,ClCszmF = ZEI '

and

24 = Qaz<a1 )as)a41h| 1727111a3161ﬂ2,u4CzFbqubzcz

1 b
_ _Eﬂmusmzmlblbz,alu;Ic] (uz,a4)C2F 11 szCz
1 1
= 79“1”3’azmlblbzﬂﬂblﬂzﬂmflfzpblqthcz =Y.
4 4
Applying the second property in (4.33) to the structure 5 we get
25 = (Qala37a4a2 + QalaA,aza})Iblﬂl’ﬂ,%bzlflm,ﬂzszblC] szCz .

The first contribution on the right is

a,as,asa; 10 R a1a3,d,04 161 b2
— Q™ Ipa ,ﬂsbzIC1a47azCzFb P = e Ibl(ﬂu%)hzlﬂ (M;ﬂz)CzFb F

1 1
, by phacy _
= 710411“3 a2a4Ib1b27ﬂ1ﬂ3IC1C27ﬂzﬂ4F PR = 7121

and the second contribution in (4.47) is

_ ()M104,0203 Fhia pha — _()ma2,a30 Fhia g
Q Iblﬂ17a3b2151a4ﬂ252 - Q Ib|ﬂ|7a3b2161ﬂ2,u462 F

=-,.
As a result,

1
D= T -5

M Cederwall et al

(4.41)

(4.42)

(4.43)

(4.44)

(4.45)

(4.46)

(4.47)

(4.48)

(4.49)

(4.50)

Thus our analysis shows that there are two independent F® invariants, which can be chosen to

be (4.39a) and (4.39D).
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4.2.3. 8th order invariants
Every F® invariant proves to contain one F° factor of the form (4.30c) and one F* factor of the
form (4.30d). Due to the relation Q102630 — @ b2.bsbs phic. along with

,asb _ , bd
Qa2 Ialaz,a3c - ('—)ca1 “0 | Idal,u2u3 ) (451)

some of the independent invariants can be expressed in terms of two (2-factors

ayay,asds bb,bb 212
Q 142,03 Q 102,03 4{ . 7111 l N 711 R (4.5 )
,a3ay bib ,bb 217
Qtlltlz 3 s! 102,03 4l1 ,‘l ll]l ,l s (4.5 )
ap|az,as|ay b h27b3 by I 4 SZC
Q][ ] S!l[ ] ll{l 7l] ll[u,a}b . ( . )

The other independent F® invariants may be chosen as follows

d ,ad203 b ) l b l bob

Q ay,da @ 1 b2h3P'C1CZ : , 5 (4'53a)
d ,aas3 b ,b2b3 C l 4

Q ap,aa @ 1 FCI Zl .a bsleb )hzu‘% ’ ( .53b)
d ,ad203 b 7b b c l l

Q o @d o2 SFI : ca ’azb c2u3¢b2b3 . (4.53C)

5. Conclusion

In this paper we addressed the problem of the construction and classification of functionally independ-
ent invariants of tensor fields of various Lie algebras and showed that the structure of the ring of the
invariants, in particular whether or not it is freely generated, is related to the properties of the extended
Lie algebra defined in section 2.3. This observation has been supported by the numerous examples, but
its promotion to a strict theorem remains an open problem, as well as the problem of explicit comput-
ability of generating functions of most of non-freely generated rings of invariants. On the other hand,
examples considered in this paper may also be useful for applications in field theoretical contexts. In
particular, we have elaborated on the complicated problem of the construction of independent higher-
order invariants of the self-dual 5-form in ten space-time dimensions, some of which appeared or should
appear as higher-order corrections to the effective action of type IIB String Theory.
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Appendix A. Invariants of the six-dimensional module (symmetric rank-5 tensor) of

s1(2)

A six-dimensional module of A; = sl(2) of weight (5) can be associated with a totally symmetric rank-5
tensor T, ayasasa5> Where o = 1,2, and the indices are raised, lowered and contracted with the anti-
symmetric sl(2)-invariant matrices £*” and €ap (EeNg = 65, €12 = 1). We are interested in an expli-
cit form of the independent invariants which one gets by contracting (symmetric) products of n copies
of this tensor. As we showed in section 3.1 independent invariants appear at orders n=4, 8, 12 and 18
with one invariant at each order, and at n =36 there appears an identity between these four invariants.
So that the total number of independent invariants is 3.

To find an explicit form of these invariants let us individualize independent tensors in the contrac-
tion of different number of indices in the product of two tensors Ts).'® They correspond to the decom-
position of the symmetric product ((5) x (5))Sym = (2) + (6) + (10) whose dimension is 21.

The contraction of all five indices obviously gives zero. The contraction of four indices produces a
symmetric matrix (the module of weight (2))

Maﬁ = Ta’Yl’)’z"/3’Y4 Tﬁvrﬁ%% . (Al)

The contraction of three indices is not an independent tensor. It is expressed in terms of the compon-
ents of the matrix M as follows

T,

Q1 27Y17273

TP BN — 5251Ma2)ﬁ2) , (A.2)

where the round brackets denote the symmetrization of k indices with weight % .
The contraction of two indices produces an independent totally symmetric rank-6 tensor which is a
seven-dimensional module of sl(2)

9
Nalaza3ﬁ1ﬁ2ﬁ3 = T!l]azaa’Yl’Yz Tﬁlﬁzﬁ;ywz - Egﬁlﬂlgﬁzﬁzgﬁspsé((zllégfz 043)p3) : (A3)

The contraction of one index in the TT product produces a dependent tensor
T THB BB — 95BN Bi6:85) 4 25582580 B (A4)
Q030047 - (ou ajazos) 5 (o 27 o) . .

Therefore the invariants can be constructed with the use of the tensors (A.1) and (A.3). Obviously,
the result is zero at the orders n = 2k + 1 and at order 2. At order four in T we have the unique
invariant

I = MogMP® = tr M?, (A.5)

and this is the only independent one which can be constructed solely with powers of the symmetric 2 x
2 matrix M (since Mo, M"# = 165 tr M?). The NN = N* invariant is proportional to trM* due to the
composite nature of the tensor N =TT given in equation (A.3).

At order n=6 in T possible invariants might come from the contractions of MMM, MMN, MNN
and NNN, but they are all zero. At the 8th order one (dependent) invariant is the square of the 4th
order invariant (tr M?)%. A possible form of the independent Iy invariant is

Iy = (M(MQNMMMMSM)OL) (M(;MBNMMMMM)/B)

1 2
= o (ter) (NZ) + ngaNmuzusma&Nm/LZMMMM(SB_ (A.6)

A reason to choose this invariant is that the product of M(;)N(s) contains only one irrep with A = (6)
given in brackets in (A.6), which should thus be the same as the single A = (6) irrep in the decomposi-
tion of the symmetric tensor product of four Tis):

((5)4)Sym:1><(20)—1—1><(16)—1—1><(14)—1—2><(12)+1><(10)+2x(8)—|—1><(6)—|—2><(4)—|—1><(0) ,
(A7)

16 In the Appendices A and B the subscripts of tensors like T(s), M(2)> N(s) etc indicate the number of symmetric indices, which coin-
cides with the weight of the corresponding s(2) module.
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where the coefficients nx count the number of independent irreps of different weights.

Thus an independent Iy invariant can be chosen as the scalar product of two copies of this A = (6)
module (i.e. the tensor (MN) ) in the first line of (A.6)).

Another option is

Iy = NOélOézltlHzmlmNﬂluzu}mngzNﬂlﬂzvl y2u3u4NVl VsV Qy (A.8)

The next independent invariant appears at the 12th order in Ts). A possible choice is an invariant con-
structed as a scalar product of two copies of the single rank-(2) tensor in the symmetric tensor product
of three Nis)

(6) x (6)x (6)=1x(18)+1x(14)+1x(12)+1x (10)+1x (8)+2x (6)+1x (2). (A9)
We thus have
Ip=(N), (N)"", (A.10)
where
(N3)p1p2 = Noyosasasasag N NS i (A.11)

The reason to choose this invariant is that the 6-order of T sy contains two (2)-modules, one of which is
factorized into (Tz)(z) - (T*)iny and another one should coincide with (A.11).

Let us now look for a form of the I;5 invariant. It cannot be constructed as (N(s))’, because there is
no invariants at order 9 of the rank-6 tensor. So the invariant should be constructed with powers of N(g)
and M(z) or T(5)

Iig = MPNA, Iig = T N1, 2p+2q=18 (p=1,2,...) (A.12)

A simple guess is (MN) - N’ ~ T* - N’. where for MN ~ T* and N’ ~ T™* we choose (6)-modules in the
decomposition of MN and N”. Note that the (6)-module in MN is not contained in N2, so the invariant
(MN) - N7 cannot reduce to N°N’ = 0. The (6)-module in MN ~ T* is

M aNuzﬂsmusus)a ~ TR T3 a0 b1 B2 THs2 g TR g (A.13)

where in T* the six indices p; are assumed to be symmetrized.
We thus get the invariant

— pp HapsHaps e ) (N7
L1 = MU | NH2#atabs i (N ),LLl,LLzlL3,LL4lL5#6 (A.14)

with

( 7)muzuau4usu6 = NILI/LZ (2)(2)N(2)(2> N (2)(2)NH3#4(2) (2)N(2)(2)(2)N<2)(2>(2)N(2)(2)lt5/t6 (A.15)
where the numbers 2 in brackets of different colors denote pairs of indices contracted with pairs of
indices of the same color. The black pairs of indices are contracted with their black neighbors.

Note that that the invariant (A.14) is the only non-trivial one which one can construct by con-
tracting (MN)(6) with NZ6)' Indeed in addition to the (6)-irrep of N7, equation (A.15) used in (A.14)
there are six other (6)-irreps in the decomposition of the symmetric tensor product N7, but they are all
factorizable:

N (N),)7s Ng (V) ()0 (W) ) (N),)7 Nigy (N, (A.16)
N?é) (l\fz)inv7 Nﬁé*) (Nz)inv’ NZ6)’

where (6*) stands for another independent (6)-module in N°.

Upon opening the symmetrization brackets (i1 ... us) the invariant (A.14) can also be viewed as the
contraction M**(N®),,,,, where (N®),,, stands for the single (2)-module in the symmetric product of
eight N(6).

According to the form of the partition function (3.1) and (3.2) the square of the invariant (A.14)
must be equal to a linear combination of 36-order monomials of products of the invariants (A.5), (A.6)
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and (A.10). It is however not easy to find the explicit form of this relation for the compactly-looking
tensor products (A.5), (A.6), (A.10) and (A.14).

To derive such a relation we will construct another set of independent invariants in a weight basis,
which in spite of a very cumbersome appearance allows one to use Mathematica to find the relation (see
equation (A.18)). Let the basis for the six-dimensional module be {r,s,t,u,v,w}. We normalize so that
the s[(2) generators act as the vector fields

e= ra— —&—ZSQ —1—31‘2 —|—4uﬁ —&—51/i
Os ot ou ov ow’
h:SrQ+3sg+tQ—u2—3vg—5w£
or Os Ot ou Ov ow’

f= 55%+4t%+3u§t+2v%+w% . (A.17)
We can then make a general Ansatz spanned by all polynomials with eigenvalue 0 under h. The require-
ment of their invariance under e and f can then be solved using Mathematica. As a result, the following
polynomials of the components of these fields at order 4, 8, 12 and 18 generate the ring of invariants S%:

Iy = Pw? — 10rsvw + drtuw + 16rtv? — 12ruv + 165> uw + 952V — 12st2w — 76stuv + 48su’ 4 488
—32Pu2,

Iy = Ptuw® — Pov*w? — 38 vw? + 5P uvw — 27 — 22uw’ 4 282w — 3758w + 11 stuvw? —
525t w 4+ 127 suw? — 307 su?v2w + 152 suv* + 127 8vw? — 2172 21 w? — 34 Puviw + 2217 2v* +
7872t vw — 482tV — 27w + 187 u*v? + 5rs3tw® — Srsduvw? — 30rs?2vw? — 34rsttutw? +
133rs’ tuv?w — 54rs*tv* — 18rs2uvw + 3rs*u?v® + 78rsuw? — 18rs2v*w — 220rs2u’vw + 106rs2uv® +
93rstutw — 30rstu>v? — 9rsu’v — 27rEw? + 93rttuvw — 38t — L2r2 1w + 8rP w4 6ruty — 259w +
15s*tvw? 4+ 225* 1 w? — 54stuv?w 4 2754 — 4853 Punw? + 352 22w + 1065° tulvw — 8153 tuv® — 3853 utw +
38521312 + 1852 *w? — 305> Luvw + 38522V + 852 1P w + 2552 21 v? — 575 tutv + 18521l — 9sPvw +
6st*uPw — 57st*uv? + 74sPudv — 24520 + 18190 — 24 u?v + 81*ud,

I, = *uPw* — 27 P uvw® + Aevi? — erttlvw? + 167 v W — 14ttt w + artn
+(more other hundreds of terms),

Lis = w>w® — 57 u*v*w’ + 107 > vint — 107 12 vow? + 57 wdw? — /v 0% — 15/ stutw®
+(more other hundreds of terms),

There are choices of representatives for Is and I;. We have chosen them so that the coefficient for

r*w* in I3 and those for °w® and r°tuw” in I, are 0. Iy, Iy and I, are even under a Chevalley involu-

tion, while I, is odd. These invariants are related by the identity
By + 270, + 20,1 — 1,1 — LB + 2o RE — LR =0. (A.18)
From this relation it follows that the invariant I;5 is functionally dependent.

Appendix B. Invariants of the seven-dimensional module (symmetric rank-6 tensor) of
s((2)

The tensor in question is now an elementary totally symmetric rank-6 tensor Ny, .. In this case, as
we showed in section 3.1, there are four functionally independent invariants which appear at order 2, 4,
6 and 10. And at order 15 there appears an invariant which is functionally dependent of those four. A
possible choice of the independent invariants is

12 :Nul...ubNm”'“67 (Bl)

_ 3. V1V V30400 O
I4 _NQ1QZH1H2#3H4NHIMZM” 4'6152N5152V1V2V3V4N1 S 27 (BZ)

— Nalazaswﬂlll’z P1P2P3 P41 L2 3 4 1727737405 Qe
Is = Nmoézasawtsoés NV1V291P2P3F)4N Nlt1#271727374m ’ (B'3)

instead one can also choose the invariant (A.10).
The 10th-order invariant can be chosen as follows

Iig = <N7)(,u1-..,u5) (N#l#zlflVzplPzNﬂsﬂayluz)\l/\sz#é)\]Azplpz) , (B.4)
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where (N7) .., is the same as in (A.15),
Finally, a possible form of the 15th-order invariant is

115 = (N7),twoz6 s (N7)(#p1p2p3p4p5)NP1P203P4P5V = (N7) o (NS)HV' (B~5)

prap
The choice of this invariant is related to the fact that the decomposition of the symmetric product N’
contains a single non-factorizable symmetric rank-2 tensor and so does the decomposition of N®.

Again, as in the case of appendix A, to find an explicit relation between invariants I, I, Is. I1o and
I5 (see equation (B.7)) we construct them in a weight basis using Mathematica as was explained in
appendix A. Let the basis for the seven-dimensional module be {q,r,s,t,u,v,w}. We normalize so that
the s[(2) generators act as the vector fields

e= g+2rg+3sg+4t2+5u2+6v—
T T s T e Mo T o T ow

h= 6q2 —|—4r§ + ZSQ — 2u2 —4y— — 6Ww—
dq or Os Ou v ow’
f= 6r% + 55% + 4t% + Su% + ZV% + W% . (B.6)
The following polynomials of the components of these fields at order 2, 4, 6, 10 and 15 generate the ring
of the invariants S9:
I, = qw — 6rv+ 155u — 10£%,
Iy = gsuw — qsv* — qtPw + 2qtuv — qu® — rPuw + r*v* + 2rstw — 2rsuv — 2rt*v + 2rtu’ — SSw+ 2s°tv +
s2u? — 3stu+ 4,
Is = @*Pw* — 6@°tuvw + 4g*tV° + 4q? P w — 3q*u*v? — 6qrstw? + 18grsuvw — 12qrsv° + 12qrtvw —
18qrtu*w + 6qr’y + 4gs*w? — 18qs*tvw — 24qs*u*w + 30gs*uv? + 54qst?uw — 12gst*v* — 42qstu*v +
12gsu* — 20gt*w + 24qPuv — 8qPPu® + 4r tw? — 12 uvw + 8r°v* — 3r2s*w? + 302 su’w — 24r’suv? —
12722 uw — 2477 2v? + 60 tu?y — 2777 u* + 6rs>vw — 42rs’ tuw + 60rs>tv? — 30rs?u’v + 24rstw — 84rst>uv +
667stu’ + 24rtty — 24r2u? + 125*uw — 275*2 — 853 Pw + 665> tuy — 85’1’ — 2452y — 39522 u? + 36st*u — 81°,

Lo = ¢*w’w’ — 3¢ > VW + 3¢ w'w — g"° — 12¢° P w’ 4 2447 rtuvw? — 12¢° revw
+(more other hundreds of terms).

2.2 4 6,.3.3.3

Ii5 = q6tu3w5 - 3q6tu vw' + 3q6tuv4w3 - c16t1/6w2 - 3q6u4vw4 +11q°uw’v'w

+(more other hundreds of terms).

The representatives have been chosen so that I, has vanishing coefficient for g*w?, I for g>w® and
g*suw? and Iy for g>w?, g*suw?, g*#wt, @’ s*u’w?® and @’sPuw’.
These invariants fulfill the following polynomial relation at order 30:

0 = Ijs + 4L, + 39613, IsIy — I} Is 5 + 120151, — 18130 [. 1, + 125281, 21
— 120110 21,15 + 67681 oI L1, — 84110 I 315 + 69121, + 48111315
— 1611031 + 2717 — 4321 L1, + AL 1 + 1248481 1; — 2376 L 1,15
+ 12BI,15 + 88992211, — 20962115 + 1212315 + 2972161615
— 4752115 — 37211415 + 41 L 15 + 179712141, — 7520151 + 961,15 . (B.7)

From this relation it follows that the invariant I;5 is functionally dependent.
Appendix C. List of useful identities involving 10D self-dual 5-forms

All the identities are obtained by replacing (anti)self-dual 5-forms with their Hodge duals and using the
expression of the product of the two Levi-Civita symbols as the generalized Kronecker delta

1

Kl BmW1...Vp _ Sl vp) _ [V]...l/p]
) = gl = g

B pr ety € =0 -
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: 1 2
For two different self-dual F,, . and F;, . we thus have
1 2v1..05 _ 12 lvy..vs s 2 111,030 A
quzn-ltsF - FHIH2-~H5F 255[#5 Fﬂluzuam])\F

[ PYP)
+1006[11255511111Fi2#3lt4])\1)\2F1VZV}W] v

_ Vs cuy cvn 2 1v3vg] A A2 A3
150000 012 F2 3 aoncF

+ 505[[:55 611111 611122 611133Ffl4])\1)\2>\3>\4F1 V4]/\1/\2>\3>\4’ (C.1)
A 2 A A1 A
Fflhuzmmz\quwmw == muzusMMFl e +86%:111:2“2#3#4])‘1)‘21:1VZVSW] v
[v 2 1 PYPYPY [v 5 12 IPPYPYPIPY
o 125[#1 6522FH3H4]>\1>\2/\3F vralhides Jr45[#11 5;2255313 H4])\1>\2>\3/\4F vilida s :
(C.2)
A1 A1 A
FLl#z#s)\lAzeymm = FfLI#zMSA]AzFl nmA — 35[[:]1F2/42M3]'€1K253 Flel/,z]limsz
3 2 1
+ E 6[::11 5Z22F#3]mmmm F vl : (C3)
2010 A M A 2 PYPIYSY MA2AsAg 2
FIIJIIMZAI)\Z)\SF Vi A A A _FM1H2/\1/\2>\3F1V1U2 12223 +5[[:11F1V2] 12223 AFMz]/\lx\zM)\q (C.4)
From the above identities for a single F5 we have
3
N#l#z#s e = N#l#z#s e — 36[[:11FH2113]H1H2’$3 FVZU}]MKZM + E 5[[:]1 5Z§MM3]U3]7 (C5)
and hence
1
A ]
Ny = EM[M[”JZ], (C.6)
where
M#V = #)\1~~»)\4FV)\IW/\4 ) N#l#zltayluzys = F#l#z#akl)\szlyzyy\l)\z . (C.7)
Then
F Pl — 450N — 6 gt gt M, g (C8)
OYETEYTIRN [ ¥ 23 pha] [ Cp2 O™ pal :
Other identities are:
10— p 14
pt1 VL Vplpp1 Vi, 1 [V v vl _ tE el 123
6VP+1 6[#1~»Hp#p+l] B p+1 5[#1--‘;], 6;33 (6[N16F‘ZM‘“] ' ) 9 ] o (€9)
[ _ 24
O i Sy 0y My ™) = 501,07 M. (C.10)
A 1 Vi...Us A
M[Hl Fuzmmus])\ = 75@”---#5 M., "Fp,ususn, (C.11)
1
A sk 2
M[Hl FHzHaMIJ«s]AFMMM# "= E‘Sﬁl tr M. (C.IZ)
1 P1---P5 _
agﬂ«luzﬂslﬁl’z N[P1P2P37P4P5]V3 - N[ll'l#ZHMVIVZ]VS ‘ (C‘13)
N[N1M2N3)V1V2V3] =0. (C.14)
From the latter identity it follows that
N[alazaa,[muz]us] — N[NIHZH%[(XIOQ}@S] , (C‘15)
(where the indices within the red brackets are antisymmetrized after the antisymmetrization of the
Y. Y
indices within the black brackets)
NM[HZVl,VzlGVd - Nllz[#lVl,Vzsz] = _NVI (11 02,1203 14] +NV2[H1/JZ,V1V3V4]
- NVa[Mle,VWsz;] +NV4[M1N27V1V2V3] . (C‘l6)
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or
N[m [2|vi,avsv]) = _2N[u1 Vo3, Vg 1 2] (C17)
or
N[V1V2V3V47[N1]MZ] = 72N[M1Hz7[V1VzV3]V4]' (C-IS)
_1 Ao As
N[HIHZH%VI]VZVS - ngulltzltal/l 2 NV3]/\1/\2,>\3)\4)\5
5
= Z (N[m/tzm,vl ZIZ e N[MHZM,M Va]”z) . (C.19)

1
_ Al s
Nlll [M2#37V1 Vz]Vs - 72 E#2H3V1 vy (vs NM])>\1>\2,A3)\4>\57

5
= 6 (Nﬂl[ﬂzuaﬁvll/zl/s] +NV3[N2,LL3,U1V2/,L1]) . (C.20)
4
Nul[uzua,vl]vwa = gN[H1H2u37V1]VzV3 + gNVI#Z#S»ILIVZVB (C‘Zl)

We also have

Nmuz[us,m]wm = 2N[H11L2H37V1]V2V3 - NH3V1 [ﬂnltz]Vzw

1 3
= SNILI [Hapz,in)vs ™ ENILMUGVI”U'ZVZVS + ENHIVZ[/L27IL3VI]V3 . (C.ZZ)
From (C.21) and (C.19) it follows that
Nl paps, [aron]as] Tl() (NM1M2N376¥1¢120¢3 _ 3N[M1Nz[0¢370¢1a2]ﬂ3]) , (C.23)

where on the Lh.s the antisymmetrization of the indices « is taken after the antisymmetrization of the
five indices, while in the second term on the r.h.s the two sets of three indices are antisymmetrized
separately.

The above identities tell us that the tensor N, ;1,11 takes values in the reducible representation
of SO(1,9) which is decomposable into three irreducible representations as given in (4.5).

Identities involving products of two N-tensors (as a consequence of their composite nature in terms
of FF, equation (4.1, 4.4)):

N,

1 3
Hip2 3 . VZVSNVl s e = _55[#1 [p16#2 926#3}03] tI'M2 + Ré[ﬂl [le/Jz pzMﬂa]pS]

3 A 9 3 A
+ Ré[m g 5MPZMM3]‘ ‘M)‘psl + gN)‘[Muzy[plpZ(;m]p’]MV
3 3 N
_ §M” (o1 NM1N2M3p2p3]V . gM[#l Nﬂzm])\mpm , (C.24)
1
NM1M27525354N626354V11/2’Y — EMaﬁNauluzylVZﬁ , (C.25)

1 1
NVW;JMMHSNMMZMVWZA = E‘SUAU'MZ 3 (MM)O' A ) (C.26)
(1050) [vp1p2p3,p4]p5 — _i (MM) _— ié Y tr M? (C.27)
[p1p2p3,p4]p5™ (1050) T 60 » 10 " . ‘
1
1‘\71111/2113H”LZLBI\T,UII#HHVlyzy3 - Eter ) (C28)
(4125) (4125) 5
Nm uzusulmmN/uuzm n = % ter ' (C.zg)

pPU3Vy Ap3pbs parcr pAps BB
Nspapa Nivsv, = Fs3ps0100 Nk 8y F

3
A
= N ™ Nygyyr, P12 (C.30)
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3

P1P2A vimp —
2NH1M2/) Nplpzf'i 5 pluipz

3

vivp e p1p2[A viv]p
+ NHleP N/)lpzfi

A
P1P2 Nﬁ]plpz 5

[ 12N Ap1p2 1 A Vi o
+ 5[/L1NN2]P1;02 NKVSW + gam Nltlltzﬂ MV

1 N 1 \
a gNmuzpy'm M,." = §Nulum”‘uszp
LMoty ) — g, BN, e (C31)
+ 16~ [ 2] [ @102 @ s p1a] KU3Vy ) .
N[P2P3P47P1][#1 [VI NHZ]DZ][M ,921)304] = N[PzpamwdmmNmzmphpl]m v2 ) (C.32)
(10°0) VIN[PIPZPLPWz] — N[P1P2P37P4,V2]V|N (C.33)
[P1p2p3,p4p1] H2 [p1p2p3,pap1] 12 - .

Appendix D. Spinor formalism in ten dimensions

In this appendix we give a summary of the 10-dimensional spinor formalism available in the literat-
ure (see e.g. [34—40]) and derive identities used for the construction of independent invariants of Fs in
section 4.2.

Let 7, be the gamma matrices in ten dimensions,

{’7u7’71/} = _2"7}“/]132 ) (D.1a)

with 77, the mostly plus Minkowski metric. We assume -y, to obey the standard Hermiticity condition

() =" =y ==, = (7)) (D.1b)

We introduce matrices B and C as solutions of the equations
(y)" = —By.B™", (D.2)
()" = =CyC™" (D3)

where (7y,,)* denotes the complex conjugate of ~,,. The matrices B and C can always be chosen to be
unitary, and prove to be symmetric and antisymmetric, respectively. In summary, their properties are:

B'B=15,, B'=B, (D.4)
ctc=1s,, c'=-c, (D.5)

see [34, 35] for more details. One can choose C = B1°.
Introducing the matrices

,yu(k) = b = ,y[m,yuz B ',yﬂk] , 1<k<10 (D.6)
one observes that the matrices 7, () C~! are (anti)symmetric,
_1\T 1r(k —
(€ ™) == (=) Vg, 9C (D.7)
When working with Weyl spinors, it suffices to deal with Vu(k) with k < 5, since

* * o 1 Vy...Vjo—k D
RITTINTIRSS 7#1...Nk711 ) ’YM..‘W T W€M1<-~Mkl’l~~ylo—k’y ) ( '8)

where 7, denotes the 10-dimensional counterpart of the four-dimensional matrix s,

m=7"7 =) () =1n, b =0. (D.9)
In particular, it holds that

1
Yr.oops — *gs,ul...usvl...usﬁyulmysf}/ll ; (DlO)

where we have assumed the following normalization of the Levi-Civita tensor £g;. ¢ = 1.
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In what follows, we work in the Weyl representation for «y,, in which

. ]]-16 0
’Yll( 0 —1y ) ) (D.11)
and the matrices v, are block off-diagonal,
0 (Uu) b
_ . ab ) D.12
’YHA < (&u)ub O ( )

Here the o-matrices obey the anti-commutation relations

0u0y+ 0,0, =201, Ouoy +0,0, =—2111 . (D.13)

In the Weyl representation the Lorentz generators are block diagonal

1 1 1<(o—,w)ab 0

M, =—- = —— =_= .
v 2 [’7#7'71/] Yuv 0 (5—;”/)“[}

2 2 ) = (M), ") - (D.14)

A Dirac spinor ¥ has the form
U= ( Pa ) =(0,) , (D.15)

In any representation for the y-matrices, equation (D.1), it holds that (y;;)T = —Cy,;C~". This rela-
tion turns into {711, C} =0 in the Weyl representation since 7;; is symmetric, and thus the charge con-
jugation matrix C is block off-diagonal,

c:( 0 ):(CAB) N (D.16)
—C; 0
Due to the identity

M,,C'+C'M,, =0, (D.17)

the matrix C = (C*?) and its inverse C~! are invariant tensors of Spin(9,1). Therefore, we can use the
components of C and C~! to convert all dotted indices into undotted ones, following the definitions:

X = (D.184)
(Uu)aiy - (Uﬂ)ah = (Uu)at (cil)cb ) (D.18b)
(60" = (6)" = ¢"e(5,)" . (D.18¢)
The matrices
0 (o) b
= a D.19
ll’* < (&H)ab 0 ( )
are related to the y-matrices (D.12) by the rule
—1 ]116 0 +
Y =My M, M= 0 ¢ , MM=153,, (D.20)

hence the matrices 7, obey the same algebra and Hermiticity condition as the matrices v,
equation (D.1). Relation (D.3) turns into

T _ 0 1
() =-CnC", C=< 1, 0 ) : (D.21)

In what follows, we will work with 7, and their descendants 7,,(x) and refer to them simply as 7, and

V)
It follows from (D.7) that the matrices o, and 0,5y := 07(,,5,,,0,,0 1,0, are symmetric, while
Ou(3) = O[O, 0py) 1s antisymmetric

=0+ (9065) 0 = (09 » (D.22a)
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(01) = = (Ou)) - (D.22b)
Similar properties hold for the matrices 6, 7,,(3) := 0,,0,0 ,) and G ,(5) := G (1,0, 0 1130 11,0 pis)»
specifically:
ba
G =" (6)" = () (D220
~ ab ~ ba
(Gu)" == (Gum)" - (D.22d)

The matrices 0,,(s) and 7,5y are (anti) self-dual,
Tp(s) = 0us) »  Tpu(s) = ~Ou(s) - (D.23)
Matrices ,,(x) are characterized by the properties
tr (’yﬂ(k)%(l)) =0, k#1. (D.24)
In particular,
tr (Y Yu(s)) =0, tr (YuYu(smm) =0 . (D.25)

In the Weyl representation, these identities are equivalent to

60" (005) =05 (00)y (Fuis)™ =0 (D.26)
Matrices Yu(k) are traceless,
tr (Vum) =0,  tr(vumy) =0, 0<k<10. (D.27)
In the Weyl representation, these identities lead to
tr(oue) =tr (Gu) =0, tr (o) =tr (Guw) =0 (D.28)
The following completeness relations hold

1 biby
b s b)) _ ~
8, 1116, = BT (Uu(3)) (03)) .0, - (D.29a)

1 ~ 102 1 ~ bib,
5 {Z(UM)b " (), + 5 <Ju<s>) (gu(s))m} . (D.29b)

ba, (b Oay b)) _ _

In d spacetime dimensions it holds that

Y Yyt = — (=1 (d = 2k) 19 - (D.30)

In the d =10 case, this implies the identities

Y VYo = 87 5 (D.31a)
Y Yu3) Vo = 4Vu(3) (D.31b)
Y Yusy Y =0, (D.31¢)
which are equivalent, in the Weyl basis, to
v ~ \ed ~v ~ \db ~ \ab
(o )uc (Uu)c (UV)db =38 (0M>ah ) (¢ )ac (Uu)cd (6,)7 =8 (Uu>a ) (D.32a)
v ~ d ~v ~ \db ~ b
(0)a (603) “ (O)ay =4(00u) y » (6 (00(3) 0 (6:2)7 =4 (6u3)" (D.32b)
a"G,i5y0, =0,  "oy;y0,=0. (D.32¢)

Using the definition of the invariant tensors introduced in (4.27) and (4.27¢), the relations (D.32)
can be rewritten as

G0 Lear =8(0,), 5 (04) %" =8(5,)" , (D.33a)
() Locats =4 (003) 0y (0us)) % =4 (G3)" (D.33b)
(5’#(5))Cd1u57db =0, (U#(S))Cdjac,db =0. (D.33¢)
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Contracting the completeness relations (D.29) with I3, 4, .., leads to

1
—4 o e, = 3 (gum)u (), (D.34a)

3161(“1,“262) = 16111170252 +IC1ﬂz7Cza1 +IC1Cz7a1az =0. (D'34b)

Another identity used in section 4.2 is
7ifa,h|h21 66{ 1 517] bz 6172 bl
_g fe,didy = ddz_f clgd + c]?i]dz
St - ()]t - ()

{5“ (ohy otz +afpaly) — 75”1 (o508 + b0, - 75% (ohy a5, + 3,05
(sd

+

N\'—‘ NM—‘ O | N

[5 5, (ohhote + ool ) - 751’1 (0.0 + afz5,) — f(shz (8% 02+ 5 5bl)]
{5 g (ool oty ) - 3 Lot (g0l + a3, ) — 553; (ot a5, + 5353;)} } .
(D.35)

Now, let X5 = Xp, be a symmetric rank-two spinor. Applying the completeness relation (D.29b)
allows us to represent

1 1
Xap = =716 (0, — 5753 (7OX) (009, - (D.36)

It follows that the space of symmetric rank-two spinors X is the direct sum of two Lorentz-invariant
subspaces

~ b ~ \a
Tar=Var + Gary  (Gu)" V=0,  (6,)" G =0. (D.37)

A similar decomposition exists for symmetric rank-two spinors Y.
Given a ten-vector V¥, it can equivalently be described by a symmetric rank-two spinor V,;, defined
by

ab

Var=V"(0,)y = Va(Gue) =0- (D.38)
The indices of V,, may be raised by applying (D.32a)
(") Va(G,)" =8V, v =vr(G,)" . (D.39)

Given a self-dual five-form F,,s), it is equivalently described by a symmetric rank-two spinor F*” defined
by

1 B ab
FP= B (670) 7 = F(0,),,=0. (D.40)

5l H#
The spin-tensor F% has vanishing contractions with the tensor (4.27),

LpaF=0, LeaF?=0. (D.41)
Appendix E. Spinor formalism in six dimensions

In this appendix we briefly describe the spinor formalism in six dimensions'” and concentrate on
emphasizing the differences from the 10-dimensional case. The algebra of the d =6 gamma matrices is

{,YIU’YV} = _277;w18 ) M7V:0715"'75 ) (El)

17 More detailed description of this formalism can be found, e.g. in [41, 42].
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and their Hermiticity properties are given by (D.1b). The B and C matrices are universally defined by the
relations (D.2) and (D.3), respectively. Unlike the d =10 case, however, the algebraic properties of the
Hermitian matrices B and C differ from those in (D.4) and (D.5), specifically

B'=-B, ct=cC. (E.2)
The symmetry of C implies that the d =10 relation (D.7) is replaced with
_I\T 1 _
(uwC ™) = (=) et (E.3)

This relation tells us that the matrices v,C™', 7,,C™", 7,77C™" and 77;C" are anti-symmetric, while
the matrices C™1, YA C~! and ’y#l/wC*l are symmetric, where <7 is the d =6 analogue of the matrix
~s in four dimensions,

=t )=, ()=, {ml=0. (E4)

In the Weyl representation for «y,, defined by

(1, 0
77_< 0 _]14 ) bl (ES)

the matrices v, become block off-diagonal and have the same form as in equation (D.12). Since
{~7,C} = 0 in this representation, the charge conjugation matrix also becomes block off-diagonal,

0 %
C= ( b Ob ) . al=d (E.6)
a

The Lorentz-invariant tensor ¢; and its inverse can be used to convert all dotted indices into undotted
ones following the rules (D.18). As a result, one ends up with the gamma matrices

_ 0 G
T = < (6_“)ub 0 > ; (E7)

and for their off-diagonal blocks equation (E.3) implies

(O—#)ub == (Uﬂ)hu ) (&#)ab = (UNH)W . (ES)

It follows that the off-diagonal blocks of the matrices

0
YuG) = ( b (Um))“b > (E.9)

(G.)" 0

are symmetric,

~ ab ~ ba
(01) = @ue)pa » (Cu)” = (Gue) (E.10)
Due to the identity
! v(3)
Tu(3) = 318G 7 (E.11)
the matrices 0,,(3) and 7,3y are (anti) self-dual,
ls o’®) = ¢ la 0 =5 (E.12)
31513 G) 1) > 31513 G) n(3) - .
In the d =6 case, the relation (D.30) has the following important implications:
0”30y =0, 670,30, =0, (E.13a)
UV&NUV = 4Uu ) &VUM&V - 46’u . (E.13b)
Introducing Lorentz-invariant tensors
I“b1fd = (Uy)ub (GV)gd = I[ab],[aﬂ = ledyab (E14(l)
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Jabsed . _ (&u)ﬂh (&V)Cd _ j[ab],[cd] _ [ediab ’ (E.14b)

they allow us to raise and lower the spinor indices of o, and &,

1. - 1 ~ \ad
Zlac’dh (U/t)cd =G ) ZI“C»db (U,u)c =o% ) (E.15)

in accordance with (E.130). On the other hand, equation (E.13a) tells us that the invariant tensors I .4
and 1> are completely antisymmetric,

Iub,cd = I[ub,cd] ; fub,aj = ﬂub@ﬂ . (E16)
Let em1%%% and &p,p,5,5, be the spinor Levi-Civita tensor and its inverse, respectively,
5u1u2u3u45b1b2b3b4 — 4!5“1 (b 5612 by 6613 (5173 6&4 b Ealazaclcnglbzqcz _ 4(5“1 b 56[2 bl - (E17)

These tensors are used to raise and lower the antisymmetric rank-2 spinors associated with a six-vector
VH

VH o YRe . H (5u)a1az , V= Vaya, = VH (U#)maz , (E.18a)
~ 1 1 ~
yan — 55”1”2“[2 Ve Vaa, = 3 Cmaac vae | (E.18b)
Comparing (E.18b) with (E.15) gives
1 1~
EIalahﬂ}ﬂA =&a(4) > E[”lﬂz’ﬂsm = (E.19)
These relations imply that every invariant tensor with upper spinor indices may be expressed as a
product of several Is.
The following completeness relations hold
L .
5.66,% = i G (0,),5 » (E.20a)
1 cd
csd ~n(3
6.0 = 7= (") (00 (E.20D)

Given a self-dual three-form F,,3), such that xF,,(3y = F,(3), it can equivalently be described by a
symmetric rank-2 spinor

1
Fani= 5:Fu (")) . (E.21)
The three-form is reconstructed from F,;, by making use of the identity

1 ~1u(3 ) |
30 .4tr (0’“‘( )Uy(3)) = oM [ 5UZV25H3”3] + agﬂ( )”(3) . (E22)

The unique independent invariant in the D=6 case is

ayaazay by bybsb.
1425 10203 g 4Fu1b1Fa2b2Fu3b3Fu4b4-

As a simple application of the above formalism, we construct independent invariants of a generic
three-form Fo(3)- Let F(H) and F(-) be its self-dual and anti-self-dual parts, F = FH) 4+ F(=) | and let

FEJ) and F(-)% be their spinor counterparts. There is only one invariant constructed solely from Fg:):
17 = det (FJ) - (E.23)
And there is only one invariant constructed solely from F(—)4’:
L) = det (F(_)”b) . (E.24)
Let us introduce the following 4 x 4 matrix

G=(G'), Gl=FJFI®. (E.25)
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Three independent invariants can be constructed from G:
L=tuG, I=u(G), L=tu(G). (E.26)
The Cayley-Hamilton theorem tells us that
G'+ G +0G+cG+detGl =0, (E.27)

where det (G— A1) = A* + c3A° + A + ;A + det G is the characteristic polynomial. Since detG =
L(f)L(f), we conclude that any invariant of the generic three-form F,,(3) can be expressed in terms of

the invariants I,, L(lo), L(li) and I,.
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