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Everything is vague to a degree you do not realize
till you have tried to make it precise.

– Bertrand Russell





Advancing the Understanding of Phantom Limb Pain through Math-
ematical Models
Malin Ramne
Department of Electrical Engineering
Chalmers University of Technology

Abstract
Phantom limb pain is a condition where pain is perceived as arising from a
missing limb. Despite being one of the most prevalent and distressing con-
sequences of limb amputation, theories regarding its underlying mechanisms
remain disputed. Research on phantom limb pain faces several challenges:
pain is a subjective experience that is difficult to measure and quantify, the
array of available experimental methods is limited by ethical constraints, and
the heterogeneity within the amputee population further complicates efforts
to empirically disentangle the factors driving pain.

Mathematical modeling offers a way to shed light on complex topics such
as phantom limb pain. This approach is particularly valuable when direct
empirical observations are difficult to obtain, since mathematical models can
provide insight to how systems behave, enable predictions of scenarios that
have not yet occurred and forecast possible consequences of perturbations to
a system. While mathematical models alone cannot definitively determine the
mechanisms underlying phantom limb pain, they can reveal patterns in com-
plex data, generate testable hypotheses, and guide future research directions.

This thesis aims to apply mathematical models to bridge gaps in the current
understanding of phantom limb pain. The included models span neurophys-
iological mechanisms, cognitive processes, quantification of pain perception,
and statistical modeling of neural activity. Together, these models offer in-
sights that can support future research and inform the development and use
of interventions aimed at relieving phantom limb pain.

Keywords: Phantom limb pain, pain, neuropathic pain, chronic pain,
mathematical modeling, Bayesian inference, active inference, pain maps, com-
putational neuroscience, electroencephalography, EEG, resting state EEG
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Preface

How do you mathematically model pain? That is one of the most common
questions I get when I tell people what my research is about. And rightfully
so – how does one put numbers and equations on something as abstract as
a subjective sensory experience? With this preface, I would like to take you,
the reader, along on the mental journey that eventually led me to an answer,
and introduce some of the core concepts that the resulting models build upon
– concepts that, in fact, influence your life every single day.

When I first started this PhD position, armed with the “there’s-no-problem-
I-can’t-solve” hubris and naivety of a newly graduated engineer, I figured if I
just learned what the “hardware” of the pain system is, I could approach it the
same way I had approached problems in my mathematics and physics courses:
set up a model of the physical and functional properties of each piece, plug
them all together, press play on the simulation, and out would come some
output corresponding to pain. Easy, right?

However, once I started reading about pain I was quickly humbled by the
immense complexity of the human body (more on that in Chapter 2.1). I also
realized that my original idea had two major problems. First, it is not par-
ticularly well known what “hardware” is actually involved in pain processing.
Unlike other sensory modalities – such as vision and hearing, which rely on
specialized regions of the brain like the visual and auditory cortex – there is
no “pain cortex”. Studies of brain activity during pain perception show that
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regions across the entire brain are active, highlighting the distributed and
highly complex processes involved in the pain experience.

Second, even if it were possible to pinpoint with greater detail which neural
circuits are involved in pain processing, too little is known about how the
individual components (neurons and other supporting cells) of those circuits
work to create large-scale simulations that generate meaningful insights to
pain perception and experience (as exemplified by the failure of the billion-
euro Human Brain Project, that had set the explicit goal of mapping the
entire human brain in computer models). Don’t get me wrong – mathematical
models can still be immensely useful to model processes at the cellular level.
It just didn’t seem like that was an approach that would give me satisfactory
answers pertaining to the mysteries of phantom limb pain.

With these insights, I started glancing around at other possible approaches
at modeling pain. I recalled some papers I had come across which dealt
with modeling cognitive processes involved in pain perception. At first, I
had dismissed these papers as irrelevant, due to dealing with comparatively
“soft” concepts like expectations and emotions (scary to engineers) rather than
“hard” concepts like neurons. But the more I read about the complexities of
the pain experience, the more appealing this cognitive computational approach
seemed for the purpose of modeling pain. In particular, one concept stood
out as especially promising: Bayesian inference.

So what actually is Bayesian inference? Let’s take it word-by-word, starting
from the back with inference: a conclusion that is formed from (potentially
uncertain) evidence. Humans engage in inference all day, every day, at many
different levels, from the seemingly mundane task of recognizing sound waves
reaching our ears as spoken words, to the sophisticated process of inferring
the existence of dark matter based on its gravitational effects. Many forms
of sensory perception can be understood as a kind of inference, where the
“evidence” is the sensory information arriving from our ears, eyes, skin, and
other sensory organs. The Bayesian part of Bayesian inference comes from the
mathematical formalization of this process, where Bayes’ rule plays a central
role.

For those who (intentionally or not) have suppressed their memories of
high-school mathematics, Bayes’ rule is a mathematical relation for inverting
conditional probabilities:
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P (A|B) = P (B|A)P (A)
P (B) ,

where A and B are events, P (A|B) is the probability of event A occurring
given that B is true (also called the posterior probability of A given B),
P (B|A) is the probability of event B occurring given that A is true (also
called the likelihood of A given B), and P (A) and P (B) are the probabilities
of events A and B respectively without any conditions. This relation allows
you to, for instance, calculate the probability that there is a fire in your local
neighborhood given that you see smoke. If you know the overall probability
of fires occurring in the area (P (fire), hopefully low), the probability of smoke
(P (smoke), which could be high if your neighbors like to barbecue), and the
probability that a fire gives off smoke (P (smoke|fire)), you can use Bayes’ rule
to infer the posterior probability of fire, P (fire|smoke). In Bayesian inference
terminology, the smoke is the evidence (or observation) on which the inference
is based. Two other key ingredients in the inference process are the prior
probability of fire, P (fire), and the likelihood of observing smoke when there
is fire, P (smoke|fire). These probabilities give us the quintessential Bayesian
inference formula for estimating the probability that an explanation is true
given some observation:

P (explanation|observation) ∝ P (observation|explanation) × P (explanation)
or

Posterior ∝ Likelihood × Prior

Okay, so we have a formula for calculating one number from a bunch of
others numbers – what’s the big deal? Well, the thing that is particularly
neat about Bayesian inference is that it gives us the ability to make the op-
timal conclusion when the evidence is uncertain. This matters for perception
because sensory information arriving to the brain can be noisy, low quality,
partially informative and can even be open to multiple interpretations. If we
were to only operate based on such ambiguous information it would be very
difficult to function well in the world. But when that noisy sensory input is
combined with prior information – our expectations about how things usu-
ally work – we can make better estimates of what is going on, allowing us to
interact more effectively with our environment.
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Figure 1: Optical illusions exemplify how expectations can influence perception
such that identical sensory input result in vastly different experiences.
Some readers will see a duck in the left image, others will see a rabbit.
In the right image, the squares marked A and B have the exact same
shade of gray, yet it might not look like it to you? This effect is can
described mathematically by Bayesian inference.

While Bayesian inference in perception allows us to operate more efficiently
in the world, it also comes with a quirk: the same sensory input can produce
different experiences depending on the expectations of the observer. For ex-
ample, when you see a person at a distance your conclusion on who it might
be depends on how well you can discern the features of the person, but also on
whether or not you are expecting to meet someone in particular at that time
and place (see [1] for an elaboration of this example and more on Bayesian
models). Sometimes the effect is even subtler, as exemplified by the optical
illusions in Figure 1. Do you see a duck or a rabbit in the left image? And in
the right image, are squares A and B the same or different shades of gray?

The influence of Bayesian inference is well documented also in the context
of pain perception. You might be familiar with the placebo effect, where a
sugar pill or even a band-aid can result in genuine pain relief – not because
of any active ingredient, but because of the expectations they generate. Or
perhaps you’ve experienced a paper cut you didn’t notice until you saw the
blood, at which point the pain suddenly “appeared”. These everyday examples
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highlight why Bayesian inference is a compelling framework for modeling pain.
What makes it particularly relevant to phantom limb pain is that following
amputation the available observations relating to the missing limb become
profoundly uncertain. Bayesian inference offers a potential explanation for
how that uncertainty might lead to something as undesirable as phantom
limb pain.

I hope this preface has given a sense of how pain can, in fact, be mod-
eled mathematically – and that doing so does not necessarily require highly
advanced computing methods. Instead, it can often build on rather simple
concepts that also apply to a wide range of situations we encounter in every-
day life. In the chapters that follow, I will show in more detail how these ideas
fit into the broader framework of this thesis: advancing the understanding of
phantom limb pain. With that, it is time to move on from this informal in-
troduction and dive into the details. I hope you enjoy reading the rest of this
thesis as much as I enjoyed writing it...
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CHAPTER 1

Introduction

Mathematics is one of the tools we as humans use to make sense of the world
around us, from the fundamental laws of physics to the complex market dy-
namics of financial trading. Mathematical models allow us to understand how
systems operate and how their components interact [2]. They also enable pre-
dictions in scenarios we have not yet encountered and help us anticipate the
consequences of potential actions. This is especially valuable in the context
of complex systems, where dynamics may be difficult to predict and small
changes in input can lead to disproportionately large effects on output. One
example of such a complex system is the human body – a high-dimensional
system with interacting processes across multiple scales. This complexity
necessitates abstraction and simplification through modeling in order to un-
derstand its biological processes.

One of the most fundamental functions of the human body is protection
from harm. Pain serves this purpose: it acts as a warning signal of actual or
potential tissue damage [3]. While pain has evolved as a protective mechanism
essential for survival, it can at times become maladaptive and persist even after
injury has healed. One of the most striking examples where pain is clearly
disproportionate to any ongoing tissue damage is phantom limb pain, in which
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Chapter 1 Introduction

pain is perceived in a limb that is no longer present.
Despite being one of the most prevalent and distressing consequences of

limb amputation, the mechanisms underlying phantom limb pain remain dis-
puted [4, 5]. Research in this area faces several challenges. Pain is inherently
subjective, making it difficult to measure and quantify. Experimental meth-
ods for studying pain mechanisms are constrained by ethical considerations.
Animal research, while allowing for more invasive investigation, presents ad-
ditional difficulties, such as assessing the presence, intensity, and location of
pain. Moreover, the heterogeneity within the population of those with ampu-
tation further complicates efforts to empirically disentangle the factors driving
phantom limb pain. These challenges are compounded by the fact that prior
studies often involve small sample sizes and heterogeneous experimental de-
signs, limiting the strength of conclusions drawn from existing literature [5].

Returning to the tools we use to make sense of the world, mathematical
modeling provides a promising avenue for deepening our understanding of
phantom limb pain. Although mathematical models alone cannot definitively
determine its underlying mechanisms, they can reveal patterns in complex
data, generate testable hypotheses, and guide future empirical work [2]. This
approach is particularly valuable when direct observation is difficult or im-
possible, as is the case for phantom limb pain. Mathematical models can be
applied in multiple ways to elucidate different aspects of the phenomenon:
mechanistic models can explore candidate biological and cognitive mecha-
nisms, while empirical models can enable quantification pain percepts and
uncover empirical relationships between neural data and pain reports. For a
multifaceted phenomenon like phantom limb pain, a combination of different
modeling approaches is necessary to capture its different dimensions.

Together, these perspectives motivate the central theme of this thesis: math-
ematical modeling offers a powerful set of tools for exploring the mechanisms,
perception, and neural signatures of phantom limb pain. By combining mech-
anistic and empirical approaches, the thesis aims to contribute to an improved
understanding understanding of phantom limb pain at multiple levels.
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1.1 Research objectives

1.1 Research objectives
The overarching aim of this thesis is to use mathematical models to
advance the understanding of phantom limb pain. Under this umbrella,
the thesis pursues the following two research objectives:

R1. Develop mathematical models that propose possible mechanisms of phan-
tom limb pain.

R2. Apply mathematical modeling approaches to quantify and characterize
perceptual and neural aspects of phantom limb pain.

1.2 Thesis outline
Part I of this thesis provides the background and context needed to support
the papers presented in Part II. Because the work spans two distinct fields
– mathematical modeling and pain research – the background chapters are
designed to help readers from either discipline bridge the conceptual gap.
To this end, Part I includes two introductory chapters: Introduction to the
study of pain in Chapter 2, which offers an overview of pain mechanisms
and pain science, and Introduction to mathematical models in Chapter 3,
which introduces key modeling concepts relevant to the thesis. These are
followed by a chapter that focuses specifically on phantom limb pain and
summarizes the current state of the field. Chapter 5 provides a summary
of the appended publications and their contribution to the field, followed by
concluding remarks in Chapter 6.
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CHAPTER 2

Introduction to the study of pain

The aim of this chapter is to provide an overview of pain – what it is, how it
can be measured, and how the human “hardware” and “software” shape pain
perception – for readers with limited clinical or scientific experience of pain.
To this end, I’ll begin with a deceptively simple question: “What is pain?”.
While the task of defining pain may seem simple – it is after all something
that almost everyone1 has experienced – formulating a concise yet accurate
definition is not trivial. Putting a physical sensation into words is something
of a philosophical conundrum, analogous to describing the color red or the ba-
sic taste of sweetness. One might be tempted to resort to the definition “you
know it when you feel/see/taste it”, but in the context of scientific research
this type of definition is not very informative or helpful. Instead, we often
turn to describing these sensations in terms of the context in which they may
be experienced. For example, describing the color red as the color of a straw-
berry and the taste sweetness as the strawberry’s taste. A similar approach
is taken by the International Association for the Study of Pain (IASP), who
define pain with the following words [3]:

1There exist rare genetic conditions that impair the ability to perceive pain, so called
congenital insensitivity to pain.
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Chapter 2 Introduction to the study of pain

“An unpleasant sensory and emotional experience associated with, or re-
sembling that associated with, actual or potential tissue damage.”

In other words, pain is a form of warning signal to motivate the organism to
withdraw from harmful situations. It may also function as a learning signal,
to teach the organism to avoid such harmful situations in the future. As a
consequence, pain should typically only arise when there is actual or potential
tissue damage present. However, as the “resembling that of” in the definition
alludes to, this relationship between tissue damage and pain does not always
hold. Pain that arises from actual or threatened tissue damage is often referred
to as nociceptive pain, but sometimes pain persists also after tissue damage
has healed and all noxious stimuli have been removed. In cases where pain
persists or recurs for longer than 3 months, it is classified as chronic pain [6].
Chronic pain is one of the leading global burdens of health [7] as well as an
enormous personal and economic burden, affecting more than 30% of people
worldwide [8].

The problem of chronic pain is made even more challenging by the fact
that pain can arise even in absence of apparent tissue damage. Neuropathic
pain is a particular category of pain that is caused by damage or disease of
the somatosensory nervous system [6], for example due to nerve compression,
as in carpal tunnel syndrome, or viral infection affecting neural tissue, as in
shingles. In contrast, nociceptive pain arises from damage to somatic tissue –
such as skin, muscles and bone – or visceral organs. A third category of pain,
nociplastic pain, arises due to dysfunction of the sensory nervous system, but
without damage to somatic, visceral or nervous system tissue [9]. Examples
include certain forms of fibromyalgia and complex regional pain syndrome.
Since neuropathic and nociplastic pain are caused by damage or dysfunction
of the nervous system itself, these types of pain usually do not accurately
reflect the level of harm to which the organism is exposed. Furthermore, since
damage or dysfunction of the nervous system can occur in many forms and at
multiple levels, these pain conditions are often very difficult to treat.

Although these three categories are defined by distinct underlying mech-
anisms, they are not mutually exclusive and may coexist, as illustrated in
Figure 2.1. Both nociceptive and neuropathic pain can present as acute or
chronic conditions, whereas nociplastic pain is typically chronic, since the un-
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Figure 2.1: Pain can be classified by duration (acute vs. chronic) and by mecha-
nism, including nociceptive pain caused by damage to somatic or vis-
ceral tissue, neuropathic pain caused by damage or disease of the ner-
vous system, and nociplastic pain caused by dysfunction of the nervous
system without apparent damage. While these categories relate to dis-
tinct pain mechanisms, they can also coexist in mixed pain conditions.

derlying neural changes often take time to develop. Consequently, an injury
that initially causes nociceptive or neuropathic pain may, through adaptive
or maladaptive changes in the nervous system, develop over time to include
nociplastic mechanisms. As we will see in Chapter 4, phantom limb pain is a
particularly striking example of neuropathic pain that can include nociplastic
mechanisms.
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Chapter 2 Introduction to the study of pain

Figure 2.2: Description of anatomical directions. Created with BioRender.com.

2.1 The neurophysiology of pain

The aim of this section is to provide a concise, yet comprehensive overview
of the neurophysiology of pain (the “hardware”). A more extensive version of
this literature review has been published as a preprint [10]. Although most of
the material in this section is not necessary for understanding the papers on
which this thesis builds, it is included to offer additional context for the curious
reader. Throughout this section, anatomical references are made regarding
the location or direction of neural structures and signals. Figure 2.2 may be
helpful to readers unfamiliar with this terminology.

The process leading from tissue damage to the experience of pain can
coarsely be divided into four phases: transduction, transmission, perception,
and modulation [11], as illustrated in Figure 2.3. Important to note is that
pain becomes a conscious experience only when the neural signals reach the
level of perception, where they are integrated with other sensory stimuli and
cognitive processes. The processes leading up to this point are often denoted
collectively as nociception. The following sections will deal with these four
phases one by one.
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2.1 The neurophysiology of pain

Figure 2.3: The neurophysiologal processes leading up to the experience of pain can
be divided into four phases: transduction, transmission, perception,
and modulation [11]. Created with BioRender.com.
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Chapter 2 Introduction to the study of pain

Transduction
Transduction of pain refers to the process by which a noxious (potentially
harmful) stimulus results in electrical activity in nociceptive sensory neurons.
These so called nociceptors, are specialized to detect chemical, mechanical,
and thermal stimuli that can potentially damage the tissue [11, 12]. The
nociceptors innervate different types of tissue such as skin, bones, muscles,
joints and certain visceral tissue. Worthy of notice is that nociceptor terminals
respond more vigorously to successive stimuli (sensitization), as opposed to
reduced responsiveness or adaptation in all other sensory transduction systems
[12–15].

Although nociceptive fibers have no specific receptors in the nerve endings
(as there are for different modalities of touch), they have plenty of recep-
tors designed to recognize products of cell damage and inflammation [16, 17].
Chemical mediators released into tissues upon injury can increase the pain
sensitivity by changing the excitability of individual neurons [16–23] and de-
polarizing nociceptive sensing terminals by direct activation of ion channels
[17, 24]. Sensitization may also in part be due to depletion of degrading
enzymes upon repetitive release of the chemicals, leading to prolonged depo-
larization [25]. Many nociceptors are inactive under normal circumstances
and become activated/sensitized in a state of inflammation, so called silent or
dormant nociceptors [16, 19, 26–29].

Cell bodies of peripheral afferent neurons are located in the dorsal root
ganglia (DRG), just lateral of the spinal cord. Axons from the DRG enter the
spinal cord via the dorsal root [30, 31], though there are reports of sensory
afferents also in the ventral root (otherwise described to exclusively contain
efferent fibers) [27, 32, 33].

Transmission
The previous section dealt with first-order neurons conducting information
between the periphery to the spinal cord. Next, we will consider second-order
neurons which relay information within the spinal cord and between the spinal
cord and the brain. Upon entering the spinal cord first-order neurons synapse
onto second-order neurons in the spinal cord grey matter. In other words, the
spinal cord is the first place in which information from “the sensors of the
body” is relayed and processed. The neurons in the spinal cord grey matter
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2.1 The neurophysiology of pain

are divided into sections called lamina according to their cellular structure and
anatomical location. The dorsal horn is the main pain processing region of
the spinal cord grey matter. There are three functional populations of dorsal
horn neurons: interneurons that can make excitatory or inhibitory connections
within the spinal cord; propriospinal neurons that extend over multiple spinal
segments and are involved in reflex activity and interactions among stimuli
at separate bodily locations; and projection neurons that extend beyond the
spinal cord to connect to supraspinal cites (i.e., the brain) [19]. The projection
neurons can be further divided into two main types: nociceptive specific (NS)
neurons that are excited solely by nociceptive afferents, and wide dynamic
range (WDR) neurons that are excited by both innocuous and nociceptive
stimuli [19, 20, 27, 34–36].

Several mechanisms can alter the responsiveness of spinal cord neurons to
innocuous and nociceptive stimuli, giving rise to what is commonly referred
to as central sensitization. These include a lowered discharge threshold, such
that neurons respond to stimuli that would not normally evoke pain [19, 21,
37]; spontaneous discharge of nociceptors and other neurons involved in no-
ciceptive processing at abnormally high frequencies [27, 37]; and exaggerated
firing responses to repeated stimulation, known as wind-up [20, 35, 37]. Cen-
tral sensitization may also involve an expansion of neuronal receptive fields
[19–21, 29, 37, 38] and persistent post-stimulus neuronal firing [37]. Finally,
a reduction in central inhibitory control may further contribute to heightened
spinal excitability [35, 37].

Perception
There is no single region of the brain that is solely responsible for pain per-
ception, in fact, pain involves a wide range of different cortical and subcortical
structures. Figure 2.4 indicates some of the most commonly mentioned brain
regions in connection to pain perception.

The thalamus is a major relay point for sensory information [39, 40]. Third-
order neurons project from the thalamus to primary somatosensory cortex (SI)
[20, 33, 41] in a somatotopically organized manner (meaning that stimuli from
different parts of the body map to specific neural regions), and to secondary
somatosensory cortex (SII) [41]. There are also projections from the thalamus
to the insular cortex which are thought to be involved in dull or deep pain and
the longer lasting emotional features of pain [30]. Projections to the prefrontal
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Figure 2.4: Pain perception involves many different cortical and subcortical brain
regions. Some of the most prominently mentioned regions are the tha-
lamus, the primary and secondary somatosensory cortices (SI and SII),
the anterior cingulate cortex (ACC), the insula, the motor cortex, the
limbic system including the amygdala and the hippocampus and sev-
eral nuclei in the midbrain and brainstem such as the periaqueductal
gray (PAG), the nucleus raphe magnus (NRM) and the parabrachial
nuclei. Created with BioRender.com.
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cortex (PFC) and the limbic system are thought to be related to the arousal
mechanism of pain [33].

All cutaneous sensations (sensations of the skin), such as temperature,
touch, and pain are equally relayed to SI [42]. Brain imaging studies indi-
cate that SI activation correlates with intensity of pain sensation, but not
pain unpleasantness [15, 34, 43, 44]. It has also been observed that SI plays
a role in sensory-discriminative functions such as spatial discrimination and
intensity encoding [15, 34, 44]. This observation is consistent with hypotheses
that parietal cortex (the region in which SI is located) is essential for finer
discrimination, localization, and determination of intensity [39, 40, 44]. Wor-
thy of notice is evidence suggesting that SI is not essential for pain perception
[25]. Findings supporting this idea are reports that electrical stimulation of
somatosensory cortex can produce sensations of tingling, numbness or elec-
tricity, but rarely pain, and that lesions to these areas are not always sufficient
to entirely alleviate pain [27, 44, 45].

SII may play a role in tactile object recognition and also recognition of
the nature of noxious stimuli [44]. SII projects via insular cortex to limbic
structures. These cortico-limbic structures are proposed to subserve tactile
learning and memory.

The anterior cingulate cortex (ACC) is thought to be involved in unpleas-
antness and possibly also to attention to pain to some extent. Lesions of ACC
have been shown to reduce emotional value and motivation to avoid painful
stimuli [15, 44]. Activity in ACC has been noted in response to pain in imag-
ing studies [43, 46–48], and increased activity has been noted in chronic pain
[15, 49]. Brain imaging has also shown activity in ACC in response to witness-
ing others experience pain [48]. ACC may be involved in modulating affective
aspects of sensory perception via pain expectation and in mediating attention
and anticipation of noxious stimuli. Hypnotic suggestion has been reported
to selectively alter the unpleasantness of pain along with reduced pain-evoked
activity in ACC [15]. Distracting subjects during noxious stimulation has also
been noted to alter ACC activation [31, 47].

The insular cortex is proposed to mediate interoceptive information, i.e.,
information on the physiological condition of the body across a variety of do-
mains as they relate to motivation, including sensations of pain and tempera-
ture, and how different threats affect homeostasis [44, 47, 50]. Brain-imaging
studies have shown activity in the insular cortex in response to experiencing
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pain, as well as witnessing others experiencing pain [43, 47, 48]. Lesions to the
insular cortex have shown apparent reduction in pain affect and appropriate
reactions to painful and threatening visual or auditory stimuli, but not pain
threshold [44].

The limbic system mediates aversive drive and thus influences motivational
components and determines purposeful behavior [19]. The amygdala in one
region of the limbic system which receives both noxious and innocuous sig-
nals and is an important hub for processing the threatening aspect of pain.
Projections from the amygdala are widespread to several brain areas, such
as hypothalamus and various regions of the brainstem [51]. The connections
to these brain regions are thought to contribute to activation of species spe-
cific defense responses, i.e., hormonal, cardiovascular and behavioral reactions.
Research suggests inhibition of the amygdala may help reduce experience of,
and emotional responses to, chronic pain [51], whereas stimulation of limbic
structures can induce behavior which is otherwise associated with pain [52].

Modulation
The body has several mechanisms for modulating pain signals at different
levels along the nervous system. Modulation can result in both inhibition and
facilitation of transmission and processing of pain. Descending modulation
is exerted by three main neurochemical systems: noradrenergic, serotonergic,
and opioidergic [53]. Figure 2.5 shows some of the supraspinal regions most
prominently involved in pain modulation and their associated neurochemicals
and afferent and efferent projections.

The periaqueductal gray (PAG) in the brainstem plays an important role in
descending modulation of pain [19, 33, 54]. PAG receives input from cerebral
cortex, limbic structures, and the spinal cord [16, 31, 33]. Electrical stimu-
lation of PAG inhibits response to wide spectrum of noxious stimuli [28, 49,
52, 54–57]. Stimulation of PAG also induces a behavioral state suggestive of
fear, indicating that PAG likely is involved in complex behavioral responses
to stressful or life-threatening situations [28, 58].

The reticular formation is another important region of the brainstem as it
relates to nociceptive transmission, arousal and consciousness [13, 39, 41, 59,
60]. Perhaps the most prominent reticular formation nuclei in pain modula-
tion are in the rostroventral medulla (RVM), including nucleus gigantocellu-
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laris, nucleus paragigantocellularis, and nucleus raphe magnus (NRM) [25, 28,
32, 41, 49]. The NRM has diffuse projections to the dorsal horn and is the
major source of serotonin in the spinal cord [31, 61], and the catecholamine
cell groups A5, A6 (the locus ceruleus) and A7, are the primary sources of
noradrenergic projections to the spinal cord [28].

Opioid receptors are present on peripheral nociceptive fibers and when en-
dogenous or exogenous opioids bind to these receptors the neurons become
hyperpolarized and signal transmission becomes inhibited [22, 62, 63]. How-
ever, opioids are less effective once sensitization has been elicited [64]. Thus,
preemptive analgesia is often better at reducing pain. Furthermore, damage
of a peripheral nerves can lead to loss of opioid receptors, thereby reducing
the responsiveness to opioids [65]. There are several additional factors that
can impact opioid responsiveness, such as accumulation of opioid antagonists
and changes in non-opioid peptides.

Endogenous opioids act also on opioid receptors in the dorsal horn, where
inhibitory interneurons synapse onto primary afferent terminals and inhibit
incoming nociceptive signals [17, 35, 63]. In addition, descending pathways
from the brainstem release serotonin and norepinephrine into the dorsal horn,
where these neurotransmitters activate inhibitory interneurons and suppress
pain transmission at the spinal level [35, 56, 66]. These inhibitory mechanisms
play an important role in endogenous analgesia and are thought to underlie, at
least in part, the effectiveness of certain antidepressant medications in treating
chronic and neuropathic pain conditions [53, 56].
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Figure 2.5: Pain modulation involves several cortical and subcortical regions. Cer-
tain regions are more strongly associated with certain neurochemi-
cals. RVM of the reticular formation has serotonergic projections to
the spinal cord, whilst cell groups A5, A6 (locus ceruleus) and A7
have noradrenergic projections. These regions receive input from other
supraspinal regions as well as direct ascending input from the spinal
cord. Created with BioRender.com.
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2.2 Beyond the neurophysiology

Recall the first words of the IASP definition of pain: “An unpleasant sensory
and emotional experience...” (see the start of this chapter for the full defi-
nition). While emphasis often is placed on the sensory aspects of pain, the
inclusion of words like unpleasant and emotion in the definition clearly indi-
cates that pain is a complex and multidimensional experience. Or, as Stewart
Wolf expressed in a 1967 paper [67]:

“... pain is no more a simple perception of a sensory experience than insult
is a simple perception of a sound.”

The conscious experience of pain is not an objective reflection of noxious
stimuli, but a complex subjective experience influenced by factors such as
other sensory stimuli, context, attention, and broader cognitive processes.
As a result, identical noxious stimuli can produce vastly different levels of
perceived pain depending on the context in which they are occur. An extreme
illustration is the well-documented phenomenon of soldiers who remain largely
unfazed by severe injuries in combat. In such situations, physiological and
psychological responses to threat, stress, and shock can suppress what would
normally be overwhelming pain [68]. While this example sits at one end of the
spectrum, similar but subtler, effects occur in everyday life. One might fail
to notice the sting of a papercut until seeing the blood, or a child’s scraped
knee may seem to feel better immediately after a band-aid is applied. In both
cases, expectations shape the perceived intensity of pain – a phenomenon often
referred to as the placebo effect. Its “evil twin”, the nocebo effect, captures
the opposite: negative expectations that exacerbate the experience of pain.

Expectations are only one of many cognitive influences on pain. Mood and
emotion can also shape pain perception in nuanced ways [69]. A stubbed
toe is likely to feel far more bothersome on a cold, rainy Monday morning at
the start of a stressful workday than on a Friday afternoon while preparing
for an enjoyable evening with friends. Speaking of friends, social context can
also have a profound influence on pain: the presence, reactions, or support of
others can meaningfully alter how pain is experienced. In 1977 Dr. George
Engel condensed these phenomena into the biopsychosocial model of pain,
proposing that pain doesn’t solely stem from biological factors but is also
influenced by psychological and social elements [70]. This framework has been
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Figure 2.6: Illustration of how various biological, psychological and social factors
may contribute to the pain experience, collectively referred to as the
biopsychosocial model of pain. Figure adapted from [71].

widely influential in the following decades, shaping many aspects surrounding
pain – from assessment and management, to education and research on pain.
Figure 2.6 illustrates some of the different factors suggested to influence pain
perception within the biopsychosocial model of pain.

Although the examples above pertain primarily to acute pain, a growing
body of evidence suggests that similar factors could contribute to the devel-
opment and maintenance of chronic pain conditions [72–75]. Expectations
may become self-reinforcing, resulting in pain persisting even when the tissue
damage has healed. Such expectation effects might be particularly relevant in
neuropathic pain where sensory input is unreliable and the brain relies heavily
on prediction. Furthermore, cognitive patterns like pain catastrophizing and
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fear-avoidance are linked to worse outcomes [72] and chronic pain commonly
co-occurs with psychological conditions such as depression and post-traumatic
stress disorder [51, 76, 77], although the exact linking mechanism between
these conditions remains unclear. Finally, and on a more encouraging note,
addressing these factors through targeted interventions has shown promise
in improving treatment outcomes for chronic pain [78]. These results provide
evidence for likely role of negative affective processes in pathological pain con-
ditions, while also offering hope for more effective treatment opportunities.

2.3 Measuring, assessing and quantifying pain
The study of pain necessitates reliable methods for measuring, assessing, and
quantifying an individual’s pain experience. One of the primary challenges in
measuring pain is its inherently subjective nature. As discussed in previous
sections, pain is a highly complex and multifaceted experience, influenced by
a wide range of psychological, social, and physiological factors. In an era char-
acterized by advanced biosensors, big data, and high-tech solutions, one might
assume that this challenge has been largely overcome. Yet, the most widely
used tools for pain assessment remain the Visual Analogue Scale (VAS), the
Numeric Rating Scale (NRS) and Likert-scales [79, 80] – all of which rely on
self-reported scores along a one-dimensional scale (e.g., 0-10). Unlike phys-
iological parameters such as heart rate or physical activity, which can be
passively tracked using mobile devices (e.g., smartphones and smartwatches),
pain cannot be directly measured by any sensor. Instead, assessing pain re-
quires individuals to actively report their experience, which often means col-
lapsing the aforementioned complex and multifaceted experience into a single
number. This approach not only oversimplifies a rich and dynamic experi-
ence, but also makes it difficult for patients to express their pain accurately.
Important contextual details are lost, and the subjective, variable nature of
pain can introduce significant variability in reported ratings.

Some assessment tools attempt to address these limitation by evaluating
multiple dimensions of pain, such as the intensity of different pain sensations,
the distinction between pain intensity and unpleasantness, or even the impact
of pain on daily activities and quality of life [79]. While these multidimensional
assessments provide a more comprehensive understanding of pain, they also
yield high-dimensional data that can be challenging to interpret. Addition-
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ally, more detailed pain assessments can be burdensome for respondents [81].
Given that chronic pain is often associated with impaired cognitive function
and attention [82, 83], this response burden poses a significant challenge in
longitudinal pain studies, where participants are required to provide repeated
pain ratings over time [84]. Additionally, the process of rating pain itself may
alter the perception of pain, further complicating its assessment [85, 86].

Beyond enabling individuals to more accurately express and communicate
their pain, multidimensional assessment tools are crucial for identifying po-
tential pain etiologies. Different causes of pain tend to manifest with distinct
characteristics, and capturing these nuances can guide diagnosis and treat-
ment. For instance, specific screening questionnaires have been developed to
identify neuropathic pain [87], which is clinically important because neuro-
pathic pain often requires different interventions than other pain types.

Some pain experiences are not well captured by standard questionnaires,
highlighting the need for alternative or complementary tools for pain assess-
ment. For pain conditions with complex bodily manifestations, tools such as
pain drawings have proven valuable for describing and assessing the location,
spatial distribution, and variability of pain sensations [88–92]. In more recent
time, these approaches have been extended to three-dimensional representa-
tions and animations to better capture distorted perceptions of limb position
or telescoping, which can occur in conditions such as phantom limb pain [93].
Figure 2.7 shows examples of some different pain measures, from simple rating
scales to pain drawings and advanced computer animations. Free-text descrip-
tions can also provide patients with a way to convey their pain experience in
a more detailed and nuanced manner, free from the constraints imposed by
predefined questionnaire descriptors and scales. However, both pain draw-
ings and free-form descriptions share a common limitation in contexts such
as research and longitudinal monitoring: they are difficult to quantify. Math-
ematical modeling offers a potential avenue for overcoming this challenge by
enabling systematic and reproducible quantification of subjective pain reports
– which leads us directly to the focus of the next chapter.
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Figure 2.7: Examples of different tools used to measure pain. a) Visual Analogue
Scale (VAS) and Numeric Rating Scale (NRS). b) Excerpt from the
McGill Short Form Pain Questionnaires version 2 (SF-MPQ-2) [94]. c)
Different types of pain drawings, image reproduced from Paper D. d)
C.A.L.A, a novel tool for illustrating and documenting phantom limb
sensations [93].
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CHAPTER 3

Introduction to mathematical models

One possible approach for gaining a better understanding of complex phe-
nomena is through mathematical models. They can provide insight into how
a system works and how different components of the system interact. Math-
ematical models can also enable us to make predictions about scenarios we
have not yet encountered and foresee possible consequences of events within
the system. For example, even something as simple as the familiar formula
speed = distance traveled / time elapsed (v = d/t) is a mathematical model: it
captures how three quantities relate and allows us to predict how fast we have
traveled or how long time a journey of a certain distance will take. Somewhat
more elaborate models can be used to describe how the amount of money in a
bank account with interest rate, r, accumulates over time (P (t) = P0ert, for
initial amount of money P0 at time t = 0), helping people plan their finances.
And at a much larger scale, highly complex meteorological models combine
physics, chemistry, and statistical methods to generate the weather forecasts
we rely on every day.

Mathematical models are particularly valuable in areas where direct empir-
ical observations are difficult or limited by ethical concerns. Pain research is
one such area. Experimental methods and clinical interventions must be de-
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signed with great care, as untested procedures or invasive measurements may
inadvertently increase pain or suffering. Attempts to investigate the mecha-
nisms of pain sometimes require inducing pain in human or animal partici-
pants, which naturally raises ethical concerns. These constraints often limit
the amount and type of data that can be collected. Although mathematical
models cannot replace experimental research in uncovering the mechanisms
of pain, they can complement it by generating new hypotheses, helping to
interpret sparse or noisy data, and providing insights that guide the design of
future studies. Thoughtful use of mathematical models may also reduce the
number of experiments needed in both humans and animals.

Computational neuroscience – a field dedicated to using mathematical and
computational tools to study brain function – illustrates how powerful such ap-
proaches can be. For an accessible introduction to how mathematics, physics,
and engineering have shaped our understanding of the brain, readers are re-
ferred to Models of the Mind by Grace Lindsay [95]. Today, mathematical
models are used to investigate neural processes at every scale, from the elec-
trical activity of single neurons to theories that attempt to unify perception,
action, and cognition. The remainder of this chapter first provides a brief
overview of different types of mathematical models and then describes how
they can and have been used to gain a better understanding of pain.

3.1 Different types of mathematical models
Mathematical modeling is a vast topic, too large to cover in full in this thesis.
For an accessible overview of how models in science improve our understanding
of the world, readers are referred to the book Scientific Models — Red Atoms,
White Lies and Black Boxes in a Yellow Book [2].

There are many different ways to sort mathematical models into different
categories, for example based on the type of mathematics they employ or the
kinds of questions they are intended to address. For the purpose of this thesis,
I will distinguish between two broad categories of mathematical models: mech-
anistic models, which attempt to describe how observed phenomena could be
generated by underlying processes of the system, and empirical models, which
quantify data without explicitly modeling the causal mechanisms that gen-
erate them. The two model categories and the interaction between them is
illustrated in Figure 3.1. Note that the distinction between mechanistic and
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empirical models used here reflects one possible way of categorizing mathe-
matical models, rather than a universally accepted taxonomy. This framework
is introduced as a practical guide for the reader, intended to highlight the dif-
ferent contributions of the work included in this thesis rather than to impose
a strict or exhaustive classification. Other distinctions and terminologies are
used elsewhere and vary depending on disciplinary context and research focus.

Figure 3.1: Mathematical models can broadly be sorted into two categories with
complementary roles: mechanistic models explaining how phenomena
may arise, and empirical models quantifying the patterns they produce.
Models from the two categories can interact and influence each other
through constraints and predictions, and some models may incorporate
elements from both categories.
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For many readers – at least this has been my own experience – mechanistic
models may be the type of models that are first associated with mathematical
modeling. This category includes historically prominent models describing
a wide range of phenomena, from Newton’s laws of motion to Black-Scholes
Model of financial markets. By contrast, empirical models include tools such
as rating scales, regression models, and other statistical or geometric repre-
sentations of data. These models are widely used across scientific disciplines
to quantify empirical observations and evaluate experimental hypotheses, yet
they may go relatively unnoticed as mathematical models in their own right.

Together, these two categories highlight complementary roles of mathemati-
cal modeling: explaining how phenomena may arise and characterizing the em-
pirical patterns they produce. Importantly, mechanistic and empirical models
do not exist in isolation but, can interact and influence each other. Mecha-
nistic models can generate predictions about observable quantities, which can
then be evaluated using empirical models applied to empirical data. Con-
versely, empirical models can provide constraints on mechanistic theories by
characterizing patterns or statistical relationships that the mechanistic model
must account for.

In the following sections I will dive deeper into the possible use cases of
models within these categories. However, in practice, the boundary between
the categories is not rigid. There exist models that incorporate elements of
both mechanistic and empirical approaches, for example by embedding causal
assumptions within statistical inference frameworks or by fitting mechanistic
models directly to empirical data. Such hybrid models serve to bridge the two
categories, illustrating how explanation and empirical evaluation are often
tightly coupled in the process of scientific modeling.

Mechanistic models
Mechanistic models aim to answer questions like “Why does the system behave
the way it does?”, “How would the system respond if we change component
X?” and “What mechanisms are sufficient to produce phenomenon Y?”. These
models necessarily make assumptions about the underlying components and
their interactions, which are often formalized mathematically by equations de-
scribing how different parts of the system interact (e.g., with network models
or stochastic processes) and how things change over time (differential equa-
tions). Examples of mechanistic models are Newton’s laws describing how
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forces cause motion, models of infectious disease spread and predator-prey
models of population growth.

Such equation-based models allow us to use tools from mathematical anal-
ysis to study and probe various aspects of the studied system, such as iden-
tification of steady states, maximal and minimal values, or state-transitions.
Yet, some systems may be too complex to describe in terms of systems of
equations. In such scenarios simulations of agent-based models can be of use.
In agent-based models a simulated agent is assigned properties and rules ac-
cording to which it acts under certain conditions in a simulated environment.
Simulations can then be used to investigate how the agent’s state and behav-
ior change for different parameter choices. These types of models are used
in a variety of applications, ranging from the field of economics to describe
market behavior to tumor growth in biomedical contexts.

Importantly, mechanistic models are not limited to modeling physical sys-
tems or – using terminology that may be more familiar to readers in computa-
tional neuroscience – to the implementation level in Marr’s levels of analysis1.
Mechanistic accounts can also be formulated at the algorithmic and computa-
tional levels. In these contexts, underlying mechanisms are not forces, flows,
or reactions, but internal information-processing steps such as perception,
memory updating, decision rules, or prediction. One influential framework
is the Bayesian brain framework, which treats perception, decision-making,
and learning as forms of probabilistic reasoning. In Bayesian models, the
brain is assumed to combine prior expectations with incoming sensory evi-
dence to form updated beliefs about the world. This framework provides a
mechanistic account in the sense that it proposes how the brain computes
perceptual estimates, resolves uncertainty, or chooses between competing in-
terpretations, even if the mechanisms are algorithmic rather than biophysical.
The Bayesian brain framework has successfully been applied to describe a
range of perceptual and sensorimotor tasks [97–101]. By making the hypoth-
esized computational steps explicit, Bayesian models allow cognitive theories

1David Marr proposed that information-processing systems can be understood at three
complementary levels of analysis: the computational level, which specifies the problem
being solved and the goal of the computation; the algorithmic level, which describes the
representations and procedures used to solve the problem; and the implementation level,
which concerns the physical realization of those procedures in a biological or physical
substrate [96]. This framework is widely used in computational neuroscience and related
fields as a way to distinguish complementary levels of explanation.
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to be tested, compared, and refined in much the same way that mechanistic
models are used in the physical sciences.

While mechanistic models can provide causal explanations and even fore-
casting of future outcomes, the model predictions generally must be inter-
preted with some caution as this type of model run the risk of relying on
faulty assumptions or oversimplifying important details of the system they
are intended to model.

Empirical models
Empirical models focus on what is observed rather than why it happens.
These models come in many different forms with a wide variety of complexity.
One of the simplest forms of empirical model involves mappings measurable
quantities to numerical representations. One such example is temperature
scales, which map observable effects of thermal energy onto numerical values,
without describing the molecular mechanisms that underlie heat. Empirical
models can also take more complex forms, involving equations describing the
relation between two or more variables, such as dose–response curves showing
how a drug’s effect increases with dosage.

These models can also make use of tools from probability theory to un-
derstand variability, infer patterns, test hypotheses, or make predictions from
data. They are often used to answer questions like “Is this effect real or just
random noise?” and “What factors predict outcome X?” and are used in all
domains of scientific research. For some questions, simple statistical compar-
isons like t-tests or correlations are sufficient to evaluate differences between
groups or relationships between variables. However, often there are multi-
ple factors that influence the variable of interest, calling for more advanced
statistical models.

Statistical data models are an important subset of empirical models. At
its core, this type of modeling begins with the assumption that any measure-
ment varies across individual research subjects and situations in ways that
can be described by a probability distribution. Choosing an appropriate dis-
tribution (for example, a normal distribution for continuous measures, or a
binomial distribution for yes/no outcomes) is the first step in constructing a
model. Next, researchers specify how different factors of interest – such as
experimental conditions, participant characteristics, or time – are expected to
influence the data. These assumptions are formalized in a mathematical model

36



3.2 Mathematical models of pain

that links predictors to the outcome, often through structures such as linear
models, generalized linear models, or mixed-effects models. Once specified, the
model is fitted to data to estimate how strongly each factor contributes to the
observed variability. The fitted model can then be used to test hypotheses
(e.g., whether two groups differ significantly), quantify uncertainty (through
confidence intervals or credible intervals), and sometimes make predictions
about new data. Throughout this process, assumptions about distributional
shape, independence of observations, and linearity of effects play a central role
and must be assessed to ensure that the conclusions drawn from the model are
valid. In this way, statistical data modeling provides a systematic approach to
translating noisy, high-dimensional measurements into interpretable scientific
claims.

In recent years, a particular type of model has gained a lot of traction in
the empirical space: machine learning models. These models can be trained
to classify complex data based on relationships between patterns in the data
and the target classes. While machine learning models often can achieve very
high accuracy, they generally are “opaque boxes” giving little to no insight on
the underlying mechanisms.

3.2 Mathematical models of pain

Using mathematical models to study pain is not an idea that is unique to
this thesis. In 2021, a systematic review by Lang et al., identified 31 arti-
cles using mathematical approaches to study various aspects of pain [102], the
earliest dating back to 1981 [103]. More recently, I had the good fortune of at-
tending the first international conference on computational pain neuroscience
at Aarhus University, a meeting that gathered researchers with the common
interest of using mathematics to better understand pain. Despite being a
well-established approach, many open questions remain in pain research that
mathematical models may help to address.

Following the categorization outlined in the previous section, mathematical
models of pain can be sorted into the following groups: mechanistic models
investigating hypothetical causal processes of pain, and empirical models for-
malizing how aspects of pain can be quantified without necessarily explaining
the underlying processes.
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Mechanistic models of pain

Mechanistic models of pain can take on many different forms, depending on the
specific pain mechanism they aim at modeling. Some models aim to emulate
pain neurophysiology, or the “hardware” involved in pain processing. Others
take an alternative approach to modeling pain processing by considering a
higher level of abstraction in the form of cognitive computational models.
They describe pain as a result of information processing, or the “software”,
and attempt to capture how expectations, attention, emotions, and memory
shape what we feel. Below, I give some examples of modeling approaches
that have been applied to investigate the mechanistic underpinnings of pain.
Figure 3.2 lists the mechanistic pain models that I have come across during
the work in this thesis.

Figure 3.2: Summary of the mechanistic models I have come across during the
work with this thesis, sorted according to the pain mechanisms they
target. References are listed in Table 6.5 at the end of the bibliography.
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Biophysical neuron models are detailed models of individual neurons, de-
scribing the physical and chemical processes inside and around the cell. These
models are particularly well suited to study how electrical signals are generated
and how they change over time, allowing researchers to investigate nocicep-
tive transduction and transmission under different conditions. For example,
such models have been used to model peripheral afferent neurons [104, 105],
wind-up in spinal cord circuits [106, 107], effects of spinal cord stimulation
[108] and possible changes in spinal cord circuits in chronic pain [109].

Neuronal population (rate-based) models track how the activity of groups of
neurons evolve over time, often using concepts from dynamical systems theory.
Compared to simulating individual neurons, these models make it easier to
study large-scale interactions of neuronal populations and identification of
the patterns the system can fall into, such as steady state activity, bursts, or
oscillations. Example applications of this modeling approach are models of
spinal cord circuits involved in pain processing [110–112].

Artificial neural networks attempt to mimic networks of interconnected neu-
rons using computer simulations. By incorporating plasticity rules, describing
how connections strengthen or weaken based on the activity of individuals
neurons, these models allow researchers to explore how connections in the
brain might change with learning, injury, or persistent pain. Such models
have been used to investigate how somatosensory cortex reorganizes following
amputation [113, 114].

Bayesian inference is a framework that has garnered significant attention
in the field of pain modeling in recent years [72, 73, 115–117] as it offers a
compelling account for how expectations and sensory input are combined in
pain perception. The framework is described in more detail in Section 3.1. For
pain, Bayesian models have been used to describe how expectations influence
pain perception in several different situations, such as experimentally induced
placebo hypoalgesia and nocebo hyperalgesia [75, 118], learning of statistical
pain patterns [119] and even in chronic pain [74].

Active inference models extend Bayesian inference by combining percep-
tion and action. This framework describes how the brain not only interprets
sensory signals but also acts to reduce uncertainty or undesirable outcomes.
One of the key challenges in modeling the action-perception loop is simulta-
neously optimizing exploration, exploitation, perception and learning. The
active inference framework proposes a simple yet elegant solution to this chal-
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lenge: that all living organisms follow the single objective of minimizing the
surprise of their sensory observations [120]. Importantly, in the active infer-
ence framework surprise has a technical meaning – it measures how much an
agent’s current sensory observations differ from its preferred sensory obser-
vations. This formulation allows outcomes of actions to be quantified in the
same units as perception, enabling the optimization of action, perception and
learning to all be cast as the minimization of a single quantity.

While active inference has been proposed as a promising framework for
describing both how an agent might act when faced with pain and how such
actions, in turn, shape pain perception [73, 116, 121], I have encountered
only a single concrete implementation of this approach. That model was
applied not to pain directly, but to visual foraging for threat assessment and
to patient–clinician interactions [122].

In addition to these Bayesian frameworks, reinforcement learning has been
suggested as a computational theory of learning and adaptive behavior in pain
[117, 123]. Reinforcement learning encompasses many different models, with
the common goal of learning optimal behavior to maximize some reward (or
minimize loss). Such models have been used to describe how predictions of
pain are learned in conditioning paradigms [75, 124, 125] and pain-avoidance
behavior [126].

Empirical models of pain
In pain research, empirical models are used to describe and quantify character-
istics of pain, and for characterizing relationships between variables without
explicitly modeling the causal mechanisms that generate them. Some of the
simplest – but most widely used – empirical models in pain research are pain
rating scales, described in 2.3. Rating scales such as the visual analogue scale
(VAS) and the numeric rating scale (NRS) are simple models that treat pain
intensity as a measurable quantity. While these models are useful for tracking
changes, they do not explain why pain fluctuates, and are therefore not mecha-
nistic models. Composite questionnaire-based scores are slightly more complex
models that combine responses to multiple questions, to quantify different as-
pects of pain – such as intensity, unpleasantness, or emotional consequences –
into numerical scores. Some questionnaire-based scores can be used to identify
the etiology of the subjects’ pain, such as PainDETECT [127], ID Pain [128]
and DN4 [129].
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3.2 Mathematical models of pain

Psychophysical models describe how physical events in the body or envi-
ronment are transformed into subjective sensations. In the context of pain
research, these models help quantify the relationship between a stimulus (such
as heat, pressure, or electrical stimulation) and the pain experience it evokes.
They are especially valuable because they bridge the gap between objective
measurements and subjective reports. In the study of pain, psychophysics
are used to measure various characteristics of pain such as threshold, toler-
ance, modulation, sensitization and habituation [130]. Quantitative sensory
testing encompasses a battery of such psychophysical tests that can quantify
responses to standardized stimuli and provide information about pain mech-
anisms. Pain drawings are another type of psychophysical model that can be
used to describe the spatial spread and variation of pain sensations [88].

Just as in most scientific disciplines, statistical data modeling is an essen-
tial tool in pain research. As an example, let’s consider the evaluation of a
new pain intervention. At first glance, the problem may seem simple: measure
pain before and after treatment, compute the difference, and conclude whether
the intervention worked. However, this approach overlooks several alternative
explanations for changes in pain such as spontaneous remission, natural fluc-
tuations over time, or placebo effects arising simply from participating in a
study.

To address these issues, researchers typically compare outcomes between
two groups: an intervention group and a control group. The control group may
receive no treatment (helping control for spontaneous remission and sponta-
neous fluctuations) or a sham version of the treatment (controlling for placebo
effects by mimicking the intervention without its active component, such as
giving a sugar pill instead of a drug). Pain can then be measured before and af-
ter treatment in both groups, and statistical tests – among the simplest forms
of statistical data models – are used to determine whether the improvement
in the intervention group is significantly greater than in the control group.

Even with this more rigorous design, additional factors may influence the
results. For example, the intervention and control groups might differ in age,
sex, baseline pain levels, or other characteristics. Such differences can some-
times be reduced through careful matching of participants, but matching is
not always feasible due to constraints in the study population. In these cases,
models such as linear regression provide a way to estimate how much each
factor contributes to an outcome measure like pain relief, allowing researchers
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to account for confounding variables.
Statistical data modeling also plays a central role in neuroimaging studies

of pain, where researchers must interpret large, high-dimensional datasets
[131]. As in the previous examples, linear models are useful for some types
of questions, such as identifying brain regions whose activity correlates with
pain intensity. Other research questions require more advanced techniques.
For example, source-reconstruction models estimate which brain areas give
rise to recorded neural signals, while network or graph-theoretic models allow
researchers to examine whether patterns of connectivity between brain regions
differ between individuals with and without chronic pain.

Machine-learning classifiers are another type of empirical models that can
be trained to categorize pain states or patient groups based on complex pat-
terns in data, such as questionnaire responses or sensory measurements. They
can be useful for identifying subtypes of pain [132]. In recent years, natural
language processing and large language models have seen exceptional devel-
opment, opening up potential for new ways of assessing and quantifying pain
from unstructured data such as free-form text and speech [133].

In sum, there are many different ways by which mathematical models can be
employed to advance the understanding of pain. In the next chapter, we will
first outline the state-of-the art of the main topic of this thesis – phantom limb
pain – and then examine how mathematical models can be applied to move
the frontier on the collective understanding of this intriguing pain condition.
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3.2 Mathematical models of pain

Figure 3.3: Examples of empirical models in pain research include pain rating
scales, composite questionnaire scores, machine learning classifiers,
source-reconstruction models of neural data, linear regressions and var-
ious statistical tests.
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CHAPTER 4

Phantom limb pain

From the previous chapters it is clear that the pain experience is influenced
by a wide range of neurophysiological, psychological, and social factors, and
that pain can be subdivided into different categories depending on the specific
cause and characteristics. In this chapter I will narrow in on the particular
flavor from the multidimensional pain spectrum that is the main topic of this
thesis: phantom limb pain.

4.1 Prevalence
According to a recent meta-analysis the prevalence of phantom limb pain is
approximately 64% among individuals with limb amputations [4], with lifetime
prevalence reported to be even higher [134]. In comparison, the transition rate
to chronic pain for various types of injuries typically falls in the range of 10-
30% [135–137], which suggests that the prevalence of phantom limb pain is
relatively high compared to other forms of chronic pain.

While most literature focuses on phantom pain in limbs, phantom pain and
sensations can also arise in non-limbs. Table 4.1 list the average reported
prevalence of phantom pain in breasts, eyes, testes, rectum, and teeth, post
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Chapter 4 Phantom limb pain

excision or removal, as identified by a systematic literature search. Overall,
the reported prevalence of phantom pain seems to be lower in these non-
limbs, than in limbs following limb amputations. More detailed reports on
the prevalence of phantom pain and phantom sensations for specific body
parts and information about the literature search can be found at [138].

Table 4.1: Summary of reported prevalence of phantom pain (PP) in non-limbs
based on a systematic literature search [138].

Body part Nr reports Total n % PP: mean (range)
Breast 32 2547 15 (0–53)
Eyes 10 617 24 (4–47)

Testes 3 448 23 (11–32)
Rectum 7 1073 26 (8–63)
Teeth 3 1162 8 (3–15)

4.2 Hypotheses, findings and misconceptions

There are several hypotheses for the possible underlying mechanism of phan-
tom limb pain, some of which are illustrated in Figure 4.1. While some of
these hypotheses are sprung out of experimental findings, others have limited
empirical support. In fact, strong empirical evidence remains relatively rare
in phantom limb pain research. Studies often suffer from limited statistical
power due to small sample sizes, high heterogeneity within samples (e.g., relat-
ing to level, cause or time of amputation), and inconsistent methodologies [5].
These challenges are further compounded by the historical lack of validated
assessment tools. Only recently has the short-form McGill Pain Questionnaire
Version 2 – one of the most widely used instruments for assessing neuropathic
pain – been validated for use in individuals with phantom limb pain [139].
Furthermore, findings have at times been misinterpreted or taken out of con-
text, leading to potentially faulty conclusions. The following section outlines
some of the most commonly cited hypotheses, findings and misconceptions
relating to phantom limb pain.
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4.2 Hypotheses, findings and misconceptions

Figure 4.1: A visual overview of some factors that are likely to contribute to phan-
tom limb pain. The relative contribution of each factor likely varies
across individuals. Figure created with BioRender.com.
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Peripheral Nerve Changes

Although nerves that used to innervate a limb are severed at amputation,
this process does not necessarily mean that they are forever silent. As the
site of amputation heals the severed nerves will innervate new tissue or form
neuromas, which are disorganized bundles of nervous tissue. Stimulation of
the tissue or neuroma can then elicit activity in the afferent nerves, resulting
in sensations in the missing limb. It is also hypothesized that neuromas can
become spontaneously active in absence of external stimulation. If this ac-
tivity occurs in neurons that used to transmit nociceptive signals it could of
course contribute to phantom limb pain. Tentative results indicate that surgi-
cal interventions that prevent neuroma formation can reduce post-amputation
pain, including phantom limb pain to some extent [140–142]. However, if ac-
tivity in peripheral neurons were the sole contributor to phantom limb pain,
regional anesthesia of the residual limb would consistently relieve phantom
pain. While it does provide relief in some cases, it is not universally effective
[143–145]. Thus, activity in peripheral afferent nerves may be a contributing
factor of phantom limb pain, but cannot account for all cases.

The cell bodies of peripheral afferent neurons are gathered in structures
called the dorsal root ganglia (DRG), located just outside of the spinal cord
entry point (see Section 2.1 for more details). While anesthesia of the resid-
ual limb has limited efficacy at reducing phantom limb pain, several studies
have reported complete or near complete reduction of phantom limb pain
when anesthesia is applied at the level of the DRG [144, 146]. Similarly, a
recent study on an animal model of neuropathic pain following deafferentation
showed that clustered firing of neurons in the DRG correlates with pain be-
havior [147]. In-vivo imaging revealed that sympathetic neurons had sprouted
in the DRG following deafferentation, likely resulting in activation of afferent
sensory neurons. Inhibition of ectopic activity in sympathetic nerves atten-
uated cluster firing and pain behavior [147]. While these studies have some
limitations that affect their generalizability (lack of blinding, limited sample
sizes, heterogeneity in study participants, and species differences in neuro-
physiology and pain processing), the results still suggest that spontaneous
activity that arises in the DRG may contribute to phantom limb pain.
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Cortical reorganization

Since the hallmark study by Flor et al., in 1995, the concept of cortical reorga-
nization has been closely linked to phantom limb pain in literature. The study
encompassing 13 individuals with upper limb amputation (eight with phantom
limb pain, five without) demonstrated using magnetoencephalography (MEG)
that the cortical representation of the lower face/lips was shifted medially on
the side contralateral to the amputation, as compared to the ipsilateral side
[148]. Furthermore, the shift was larger in the individuals who had phantom
limb pain. The study became the starting point of the cortical reorganization
hypothesis of phantom limb pain – that the area in sensorimotor cortex that
corresponds to the missing limb becomes “invaded” by neighbouring areas fol-
lowing amputation, resulting in pain in the missing limb. Several subsequent
studies have shown similar results as reported the original -95 paper [143,
149–154], but evidence of a causal relationship to phantom limb pain is yet
lacking. Analogously, some studies have reported that movement of the lips
resulted in neural activation in the phantom hand region of somatosensory
and motor cortex and that imagined or executed movement of the phantom
hand resulted in neural activation in the lip area [150, 155], with association
to the presence of phantom limb pain. Meanwhile, others have failed to show
a relationship between phantom limb pain and shift of the lip/face represen-
tation [156–158], however the inconsistent methodology across studies makes
it difficult to directly compare results.

Also within studies that have a similar results, there are methodological
discrepancies. Studies differ regarding the modality of stimulation (touch
[143, 148, 149, 151, 152] vs. imagined, observed or executed movements [150,
153, 154]), neuroimaging techniques (MEG [148, 151], electroencephalogra-
phy (EEG) [143, 149, 152], fMRI [150, 153–155]), and even how the level of
phantom limb pain is evaluated.

Most studies of cortical reorganization have focused on upper limb ampu-
tations, and in particular shift of the face-representation. If there is a causal
relationship between cortical reorganization and phantom limb pain, it seems
reasonable that similar shifts should occur also for other neighboring cortical
areas. Based on the somatotopic mapping in somatosensory and motor cortex,
a lateral shift of the residual limb in individuals experiencing phantom limb
pain following upper limb amputation could be expected. To my knowledge,
only one study has demonstrated such a relationship [154]. Another study did
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observe a shift of the residual limb representation, but found no correlation
with phantom limb pain intensity [159], and a third study found a shift in
the opposite direction [149]. Furthermore, under this hypothesis similar reor-
ganization would be expected to occur following lower limb amputation, yet
there are only a few studies investigating this phenomenon. One study states
that they “detect” reorganization of the large toe (the paper says “thumb”
but I suspect that is an error of translation) representation in lower limb am-
putees, but do not describe how the reorganization is defined or quantified
[160]. Another study found a lateral shift of the intact limb following lower
limb amputation, but this shift did not correlate with phantom limb pain
intensity [161].

At this point it is fairly well established that reorganization of sensory and
motor cortex occurs following amputation (such findings were demonstrated
in non-human primates over 40 years ago [162]). However, there is a lack of
evidence for a causal role of cortical reorganization on phantom limb pain.
Further evidence speaking against this theory is the fact that stimulation of
somatosensory or motor cortex typically do not elicit pain [45]. Furthermore,
studies of acute pain have found similar reorganization [163], as have studies
where parts of the body have been anesthetized [164].

Preservation of cortical representation

Following the wave of cortical reorganization-findings came a string of stud-
ies showing a relationship between phantom limb pain and preservation of
the cortical representation of the missing limb during phantom movement.
The first study to show this relationship was conducted by Tamar Makin in
2013 [156]. Makin’s group subsequently followed up with two additional stud-
ies with similar results [158, 165], but others have failed to show the same
relationship [150, 166, 167]. Just as in the case of cortical reorganization,
the discrepancy in results likely comes down to methodological differences.
Two factors that likely contribute are differing mode of stimulation (phantom
movement [156, 158, 165] vs. imagined, mirrored or observed movements [166,
167]) and how phantom limb pain is measured. All of the studies showing a
positive correlation use a unique measure of phantom limb pain, so called
“pain magnitude”. This measure is intended to capture the chronicity of the
pain by dividing the pain intensity (0: ‘no pain’ – 10: ‘worst pain imaginable’)
by frequency (1 – ‘all the time’, 2 – ‘daily’, 3 – ‘weekly’, 4 – ‘several times
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per month’ and 5 – ‘once or less per month’). However, dividing two ordinal
variables is mathematically ill defined. Since the distance between two val-
ues on each of the ordinal scales is not known, and might vary on different
parts of the scale (e.g., is the difference between ’daily’ and ’weekly’ the same
as the difference between ’weekly’ and ’monthly’?), performing mathematical
operations with this type of variable has poorly defined results. Thus, any
statistical calculations performed on this measure of pain are at risk of lead-
ing to faulty conclusions. Therefore, it is yet uncertain if and how phantom
limb pain relates to activation strength in sensorimotor cortex during phantom
movements.

A recent first-of-its-kind longitudinal study followed subjects before and
after planned amputations [168]. This study observed stable cortical rep-
resentations of both hand and lips in primary sensorimotor regions following
upper limb amputation, with no particular associations to phantom limb pain.
While this study is uniquely positioned to investigate possible changes in corti-
cal representations following amputation, it does have a few limitations. First,
there are only three subjects in the group that is followed before and after am-
putation. Second, all of these subjects had some level of pain and disability
of the limb prior to amputation, possibly influencing the results.

While cortical reorganization and preservation of cortical representations
initially were pitted against each other as two mutually exclusive mechanisms
of phantom limb pain, it has later been recognized that both phenomena can
occur simultaneously [164, 169]. Taken together, there is little doubt that some
form of reorganization may occur in sensorimotor regions of cortex following
amputation, without complete erasure of the phantom representation. What
still remains unclear is if and how these findings relate to phantom limb pain.

Sensorimotor incongruence

Sensorimotor incongruence refers to the mismatch between visual and proprio-
ceptive feedback resulting from motor intention that occurs following amputa-
tion. This concept was first proposed by Harris in the late 90s [170]. The idea
arose following results of the possible therapeutic effect of mirror therapy on
phantom limb pain [171] and suggests that phantom limb pain is analogous to
the nausea that arises when visual information is incongruent with vestibular
and proprioceptive feedback (i.e., motion sickness). Harris further suggested
that providing visual feedback that is congruent with motor intentions, as
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in mirror therapy, thus could alleviate the pain. A study by McCabe et al.,
is often cited as evidence that pain can be elicited from incongruent move-
ment and visual feedback [172], but closer inspection of the results indicate
otherwise. While some participants did experience pain during incongruent
movement, the pain was never described as exceeding 2 out of 10 on verbal
rating scale or distinguished from “discomfort”, and more importantly pain
was reported also in the case of congruent movement and visual feedback (6 of
40 participants reported “pain or discomfort” for incongruent movement, the
corresponding number for congruent movement was 5 out of 40). Addition-
ally, it is not possible to exclude that this pain may have arisen from muscle
fatigue or any other cause.

While many case studies report positive outcomes of mirror therapy, trials
have failed to show strong evidence of clinically meaningful reduction in pain
[173]. Furthermore, this hypothesis seemingly predicts that better ability to
move the phantom limb would result in more incongruence and ultimately
more phantom limb pain. However, there is at least tentative evidence of
the opposite, that the ability to move the phantom is associated with lower
phantom limb pain [154, 165, 174], and leveraging phantom movements has
shown promising results for relieving phantom limb pain [175].

In more recent time, sensorimotor incongruence has been re-framed in the
context of predictive coding. In this framework, phantom limb pain is sug-
gested to arise as a consequence of mismatches between interoceptive pre-
dictions and sensory input [176]. Similar ideas have been proposed for pain
processing in general [73, 115].

Other hypotheses

The hypotheses listed above are the ones that have gained the most traction in
academic literature in recent years. I will also briefly summarize some of the
other ideas I have come across during the past years immersed in the study
of phantom limb pain:

Pain memory. One idea is that phantom limb pain is a re-experiencing
of pre-amputation pain in the form of pain memory. While prolonged pre-
amputation has been reported as a risk factor for developing phantom limb
pain [4], it is not a necessary requirement. phantom limb pain can arise even
in absence of pre-amputation pain.
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Spinal cord disinhibition and hyperexcitability. Relatively little em-
phasis has been placed on spinal cord circuits’ possible contribution to phan-
tom limb pain. However, there are some ideas on how mechanisms in the
spinal cord may contribute to phantom limb pain. It has been suggested that
disinhibition at the spinal cord level, either by disrupted descending modula-
tion or loss of peripheral afferent input, could be a contributing factor in some
neuropathic pain conditions . Similarly, structural and functional changes in
the spinal cord circuits may lead to hyperexcitability in response to input that
normally would not generate pain [177].

Stochastic entanglement. This hypothesis proposes that the stochastic
activity following an amputation could result in the pain system becoming
pathologically “entangled” with other networks in the brain, such as the senso-
rimotor system [178]. As a consequence of this entanglement, the pain system
may become sporadically activated by activity in networks that are otherwise
unrelated to pain. However, the assumptions underlying this hypothesis are
not specified in sufficient detail, and the notion of “entanglement” remains
conceptually broad, making it difficult to derive concrete, empirically testable
predictions.

Electromagnetic force fields and quantum tunneling. Suggestions have
been made that phantom limb pain may be triggered by “environmental elec-
tromagnetic fields” [179] or by quantum tunneling of potassium ions through
cell membranes [180]. Empirical evidence supporting the existence of inter-
actions of the environmental force fields and the human nervous system, or a
meaningful effect of quantum phenomena such as tunneling, is lacking.

4.3 Mathematical models of phantom limb pain
Just as in most other fields of research, mathematical models play an impor-
tant role in the study of phantom limb. Empirical models such as statistical
data models are used in a wide range of settings, such as quantifying differences
between study cohorts or determining the efficacy of some treatment across
time. In neuroimaging studies of phantom limb pain, statistical data model-
ing techniques such as general linear models, functional connectivity analysis,
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and network-based approaches have been used to relate neural activity to pain
measures, see the previous section for references to such studies.

Rating scales and composite questionnaire scores are another type of em-
pirical model that are commonly used in pain research to attempt to quantify
the pain experience into numerical representations. These tools attempt to
quantify the pain experience by mapping subjective reports onto numerical
scales, typically reflecting overall pain intensity or weighted combinations of
different pain characteristics. For phantom limb pain, the Short-Form McGill
Pain Questionnaire was recently validated to have acceptable test-retest re-
liability [139]. Responses to this questionnaire can be converted into a total
or several subscale scores, allowing for comparison across individuals, cohorts,
or time points. However, such scales fail to capture the spatial distribution
and variability of pain sensations, factor that is especially relevant to phan-
tom limb pain as phantom sensations do not always conform to typical bodily
representations – for example, due to telescoping or distorted perceptions of
limb position. To better capture these complex experiences, a novel three-
dimensional animation tool has been developed that allows individuals to
illustrate and document phantom sensations in greater detail [93]. This tool
provides possibility for richer description and quantification of phantom limb
pain.

As for mechanistic models, I have only come across a few mathematical
models of this sort that deal with phantom limb pain, and a few more that
deal with related phantom limb topics. One of the earliest examples is a
model where self-organizing maps are used to demonstrate how reorganization
of somatosensory cortex might be driven by spontaneous activity in periph-
eral neurons following amputation, although this model makes no mention of
phantom limb pain [113]. Using a similar approach Boström at al., showed
how both cortical reorganization and preservation of the cortical representa-
tion can co-occur following amputation [114]. While this model does unify
two apparently contradictory findings related to phantom limb pain, it makes
no claims of providing a unique explanatory account for the mechanism un-
derlying the pain itself. Rather, the model relies on the the assumption that
the causal driver of phantom pain is the abnormally enhanced spontaneous
activity of deafferented peripheral afferent neurons.

When it comes to mechanistic models explicitly dealing with phantom limb
pain, I have found two examples, each with quite different approaches. The
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first model goes down the path of neurophysiology, using a neuron population
rate-based approach to model spinal cord circuits involved in pain processing
[112]. The relatively simple model demonstrates characteristics of a number
of different pain conditions. For simulations of phantom limb pain, the model
relies on a negative firing threshold in the projection neurons, giving a possible
explanatory mechanism. However, it is not quite clear what a negative firing
threshold corresponds to in neurophysiology.

The second mechanistic model of phantom limb pain takes a cognitive com-
putational approach, proposing predictive coding as a possible mechanism of
phantom limb pain [176]. The model is “conceptual” in the sense that is does
not perform any numerical calculations. Nevertheless, the model offers predic-
tions of how phantom limb pain might arise as a consequence of mismatches
between interoceptive predictions and sensory input in a three step process:
1) the functional reorganization in somatosensory cortex leads to a prediction
error triggered by peripheral input from neighboring areas and by intentional
movements of the amputated limb, which 2) evokes an aversive sensation such
as pain, and 3) leads to activation of the salience network and to periph-
eral and central disinhibition. Together, these mechanisms are suggested to
increase the probability of phantom limb pain.

While this model presents an intriguing explanation of phantom limb pain
based on prediction errors, it relies on assumptions that are currently not well
supported by empirical evidence. For instance, step 2) of the process relies
on the assumption that a mismatch between motor intention and sensory in-
put, or between different sensory modalities, can elicit pain and other aversive
sensations. Motion sickness is cited as one such example, along with studies
that have used mirrors to experimentally induce sensorimotor incongruence
in healthy individuals. However, the link between motion sickness and pain
remains unclear, as does the evidence that any of the pain reported in the ex-
perimental condition was causally related to incongruence of movements and
sensory feedback (see the discussion on Sensorimotor Incongruence in the pre-
vious section). The model additionally assumes that “in healthy individuals,
the stimulation of a body part results exclusively in activation of the cor-
responding cortical representation”. Brain imaging studies have shown that
there exist significant overlap of cortical representations also in non-amputees
[164]. It is possible that the change or absence of sensory input from the miss-
ing limb does lead to unexpected patterns of activations in somatosensory
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cortex. However, the causal relationship between this mismatch and phantom
limb pain in this framework is based on assumptions with limited empirical
evidence.

4.4 Current consensus – or the lack thereof
To round out this section on phantom limb pain, I will attempt to summa-
rize the current consensus as I understand it. For a comprehensive review on
the challenges in the field of phantom limb pain research, readers are referred
to [5]. The review underscores that the overall low incidence of amputation,
heterogeneity within the study population and methodological limitations in
earlier studies have made it difficult to accumulate robust and reliable data.
The authors also list a number of recommendations for future studies to re-
duce the impact of these challenges, including larger and more homogeneous
study samples (e.g., by amputation type), use of prospective longitudinal de-
signs, pre-registering outcome measures for more hypothesis driven research,
and development of standardized, comprehensive assessment tools that cover
multiple pain characteristics.

To summarize my observations related to phantom limb pain during my
years in the field, I have prepared tables for some of the commonly cited
phenomena and findings. The tables list supporting and detracting papers and
an estimate of the confidence in each phenomenon’s validity given the current
literature. The tables each deal with one of four categories: Phenomenology in
Table 4.2, Risk factors and predictors in Table 4.3, Interventions for preventing
and relieving phantom limb pain in Table 4.3, and Neuroimaging findings in
Table 4.5.
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4.4 Current consensus – or the lack thereof

As can be surmised from the tables, there are few points where there is
strong consensus on topics related to phantom limb pain. As has previously
been mentioned, heterogeneous methodology and low statistical power make
it challenging to draw strong conclusions from existing literature. The lack of
strong evidence in empirical studies also makes it difficult to discern the con-
tributions of possible pain mechanisms, which has downstream implications
for difficulties in applying appropriate interventions.

To assess the potential completeness of the existing hypotheses on phantom
limb pain mechanisms in Section 4.2 and the mechanistic mathematical mod-
els in Section 4.3, the hypotheses and models are cross-checked against the
phenomena from the Tables 4.2-4.5. Phenomena with inconclusive evidence
are omitted. The results are presented in Table 4.6.

In evaluating hypotheses and models against observed phenomena, I have
tried to distinguish between different levels of alignment. First, a hypothesis
or model may clearly account for a phenomenon – that is, the mechanism
explicitly predicts, explains, or reproduces the phenomenon in a way that is
consistent with existing observations. Second, a hypothesis or model may be in
contradiction with a phenomenon, meaning that its assumptions or predicted
outcomes are at odds with empirical evidence or established characteristics of
the phenomenon. Third, a hypothesis or model may not account for a phe-
nomenon at all – that is, the phenomenon falls entirely outside the scope of the
proposed mechanism, and the hypothesis provides no means by which it could
be explained. Finally, a hypothesis or model may potentially relate to a phe-
nomenon, but the effect is unclear or under-specified in existing descriptions of
the hypothesis or implementations of the model. In this case, the mechanism
could plausibly influence the phenomenon, but the available formulations or
interpretations do not provide sufficient information to determine the effect
with confidence. Each of these four classifications are indicated in the table
as follows:

Y: The hypothesis/model does account for this phenomenon,

X: The hypothesis/model is in contradiction with this phenomenon,

–: The hypothesis/model does not speak to this phenomenon,

?: The hypothesis/model might account for this phenomenon.
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Chapter 4 Phantom limb pain

Table 4.6: A summary of how different hypotheses and mechanistic models of phan-
tom limb pain account for various phantom limb pain phenomena.
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Chapter 4 Phantom limb pain

In constructing the table, I have tried to treat the hypotheses as if they were
causally related to phantom limb pain and mutually exclusive. For example,
when evaluating cortical reorganization as a hypothesis, I have assumed that
peripheral interventions (such as regional anesthesia of the residual limb or
surgical procedures targeting peripheral nerves) would not influence phantom
limb pain if that pain were solely caused by cortical changes. This simplify-
ing assumption is necessary for comparison, but it does not reflect the likely
reality: phantom limb pain is almost certainly not explained by a single mech-
anism, but by multiple interacting processes whose relative contributions vary
across individuals. This complexity is reflected in the fact that no hypothesis
or model receives a full score across all phenomena. A further implication is
that the phenomena themselves are not universal – different individuals ex-
hibit different subsets of the clinical and perceptual features associated with
phantom limb pain. Thus, a given hypothesis may account well for the experi-
ences of some individuals but not others. The mathematical models included
in the table are somewhat less ambiguous, as they explicitly formalize the
assumed contributions of different mechanisms, and in some cases the models
integrate several of the listed hypotheses within a single framework.

I acknowledge that the selection of phenomena may be biased toward the
topics most relevant to my work. There are additional topics not considered
here, for example pharmacological interventions for phantom limb pain (see
[181] for a review). I also acknowledge that the hypotheses presented in the
literature vary in their level of specificity and that different researchers may
interpret them differently, particularly regarding whether a proposed mecha-
nism is framed as causal or correlational.

This chapter has outlined the current state of phantom limb pain research,
including prevailing hypotheses, empirical findings, and some commonly held
misconceptions. A recurring theme is the persistent lack of consensus on the
mechanisms driving phantom limb pain, the effectiveness of proposed treat-
ments, and even several foundational observations in the field – revealing many
gaps that are open for further investigation. Some of these gaps can only be
addressed by experimental and clinical research, which is beyond the scope
of this thesis centered on mathematical modeling. Other issues can, at least
in part, be addressed through the use of mathematical models. In the next
chapter, I summarize how the work included in this thesis relates to these
gaps and contribute to advancing the understanding of phantom limb pain.
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CHAPTER 5

Summary of the publications and their contribution to
the field

Before turning to the summary of the publications, I will begin by briefly
recapping the preceding chapters. Chapter 1 introduced the overarching aim
of this thesis: to use mathematical models to advance the understanding of
phantom limb pain. The following two chapters set the stage for how the pub-
lications in this thesis address this aim by introducing the study of pain and
mathematical modeling, respectively. Together, these chapters highlighted
the many complexities inherent in both the pain experience and the scientific
study of pain, and suggested that mathematical models can provide a means
of navigating this complexity in two distinct but overlapping ways: through
mechanistic and empirical modeling approaches.

Chapter 4 summarized the current state of phantom limb pain research,
and mapped out several of the gaps in the field. Some key challenges that
were identified to continue to hinder progress include the lack of precisely
formulated and testable hypotheses, the lack of standardized quantifiable out-
come measures, and the lack of rigorous, hypothesis-driven empirical studies.
These challenges motivated the research objectives of this thesis, which brings
us back to Chapter 1:
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Chapter 5 Summary of the publications and their contribution to the field

R1. Develop mathematical models that propose possible mechanisms under-
lying phantom limb pain.

R2. Apply mathematical modeling approaches to quantify and characterize
perceptual and neural aspects of phantom limb pain.

Using the categories of mathematical models introduced in Chapter 3, the
first research objective is primarily pursued through mechanistic modeling, as
exemplified by Papers A, B, and C. The second objective is addressed through
empirical modeling approaches, which are the focus of Papers D and E. Figure
5.1 illustrates how the publications relate to these model categories and how
the categories connect to the research objectives.

Figure 5.1: Conceptual overview of how the publications included in this thesis
relate to the research objectives and the two broad categories of math-
ematical modeling introduced in Chapter 3. Papers A, B and C em-
ploy mechanistic modeling approaches to propose possible mechanisms
underlying phantom limb pain, addressing the first research objective
(R1). Papers D and E employ empirical modeling approaches to quan-
tify perceptual and neural aspects of phantom limb pain, addressing
the second research objective (R2).
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The mechanistic models developed in Papers A, B, and C each generate
testable hypotheses that can guide the design of future experiments and help
disentangle the potential mechanisms underlying phantom limb pain. To eval-
uate the specific contributions of these mechanistic models, it is useful to
consider them in relation to established hypotheses and models about phan-
tom limb pain. For this purpose, I have incorporated the three models into
the hypotheses × phenomena table introduced in the previous chapter (Ta-
ble 4.6), allowing a structured comparison of how well each model accounts
for key empirical observations. The table is limited to mechanistic models
because it assesses how well different hypotheses explain known phenomena.
The remaining two papers serve complementary aims – Paper D introduces
quantitative tools for characterizing pain maps, and Paper E examines neural
correlates of phantom limb pain – and do not propose mechanistic accounts.
They therefore fall outside the scope of this particular comparative framework.

Although none of the three mechanistic models developed in this thesis pro-
vide a complete account of all phenomena, each offers a distinct and meaning-
ful contribution to the field. The dorsal horn model in Paper A shares several
features with the model proposed by Ropero-Pelaez and Taniguchi [112], but
importantly extends it by incorporating spontaneous dorsal root ganglion ac-
tivity as a potential driver of phantom limb pain. The hierarchical Kalman
filter model in Paper B provides a mechanistic explanation for why persistent
pre-amputation pain is a strong risk factor for phantom limb pain. Despite
being one of the phenomena with the strongest empirical support, few other
hypotheses or models address this phenomena, making this contribution par-
ticularly valuable. The active inference model in Paper C consolidates how
loss of limb control, ambiguity in sensory input pertaining to limb position,
residual noxious input, and pre-amputation pain all may contribute to phan-
tom limb pain, thus offering the most complete account of phantom limb pain
of the hypotheses and models considered. Nonetheless, some phenomena re-
main unaccounted for by the model, and for others it is not yet clear how the
model fares based on the current implementation.
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Table 5.1: A summary of how the mechanistic models included in this thesis fit
into the landscape of existing models, hypotheses and phenomena.
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Chapter 5 Summary of the publications and their contribution to the field

Looking beyond the mechanistic models, Paper D addresses the lack of
quantitative methodologies for reliably accumulating data on phantom limb
pain by introducing novel, unified measures to quantify the similarity and
intensity of pain maps. While tools like C.A.L.A. offer a method for describ-
ing and quantifying phantom pain through 3D visualization and surface area
calculation [93], the measures proposed in Paper D incorporate additional an-
alytical nuances by accounting for incomplete spatial summation, providing
consistent metrics for non-overlapping sensory maps and being map-agnostic,
meaning that they can be applied to many different types of pain maps. These
measures have potential value both in clinical practice – where they may help
track changes in phantom sensations over time – and in research settings,
including meta-analyses combining data collected with diverse methods. Fi-
nally, Paper E applies a hypothesis-driven analytic approach leveraging empir-
ical models to investigate previously unexplored neural correlates of phantom
limb pain. In line with best-practice recommendations, both the hypotheses
and the analysis plan were pre-registered, thereby increasing transparency,
scientific rigor, and the interpretability of the findings.

Taken together, the five publications in this thesis offer a coherent set of
contributions that directly engage with several pressing challenges in phantom
limb pain research. The work in this thesis demonstrates how mathematical
models can complement experimental and clinical work to advance the field
and provide insights that can support both future research efforts and clinical
management.
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5.1 Summary of Publications

Paper A
Malin Ramne
A Computational Model of Dorsal Horn Circuits’ Contribution to Neu-
ropathic Pain
Published in 2025 in the proceedings of the 47th Annual International
Conference of the IEEE Engineering in Medicine and Biology Society
(EMBC), DOI: 10.1109/EMBC58623.2025.11253737 .

The dorsal horn of the spinal cord is the first site for a synaptic relay in the
somatosensory nervous system, where peripheral afferents synapse onto sec-
ond order neurons. Projection neurons then transmit the information from
the dorsal horn to supraspinal neural circuits for further processing. Despite
the crucial role in pain processing, little emphasis has been placed on the dor-
sal horn circuits’ possible contribution to neuropathic pain conditions such as
phantom limb pain. This paper presents a mathematical model of the inte-
gration of noxious and innocuous somatosensory afferent input in the dorsal
horn. The firing rate of distinct neural populations are modeled using differ-
ential equations. The model replicates several well-known pain phenomena,
including wind-up and pain inhibition by touch. Changes in afferent input
and modifications of the synaptic connections, which are hypothesized to oc-
cur following nerve injury, reveal possible mechanisms of neuropathic pain
conditions such as phantom limb pain and allodynia.

Author contributions: MR contributed with conceptualization and imple-
mentation of the model, and writing and editing of the manuscript.
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Paper B
Malin Ramne, Jon Sensinger
A Computational Framework for Understanding the Impact of Prior
Experiences on Pain Perception and Neuropathic Pain
Published in 2024 in PLoS Computational Biology
DOI: 10.1371/journal.pcbi.1012097 .

To efficiently navigate the world and avoid harmful situations, it is beneficial
to learn from prior pain experiences. This learning process typically results in
certain contexts being associated with an expected level of pain, which sub-
sequently influences pain perception. While this process of pain anticipation
has evolved as a mechanism for avoiding harm, recent research indicates that
overly precise expectations of pain may in fact contribute to certain chronic
pain conditions, especially when sensory input has become unreliable, such
as after limb loss. However, it remains an open question how prior experi-
ences contribute to pain expectations. In this paper, we apply a hierarchical
Bayesian approach to model how people integrate prior experiences in their fu-
ture expectations of pain. This hierarchical model structure is able to describe
how several counterintuitive but well-documented pain phenomena, such as
offset analgesia and placebo hypoalgesia, can arise. In simulations of neuro-
pathic pain, the model corroborates that persistent non-neuropathic pain is a
risk factor for developing neuropathic pain following denervation, and addi-
tionally offers an interesting prediction that complete absence of informative
painful experiences could be a similar risk factor. Taken together, these results
provide insight to how prior experiences may contribute to pain perception,
in both experimental and neuropathic pain conditions such as phantom limb
pain.

Author contributions: MR and JS jointly conceptualized the model. MR
implemented the model in code and drafted the manuscript, with support and
feedback from JS. MR and JS both edited and approved the final manuscript.
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Paper C
Malin Ramne, Torbjörn Lundh, Jon Sensinger
Modeling the Action-Perception Loop and its role in Phantom Limb
Pain using Active Inference
Preprint at bioRxiv 2025, DOI: 10.64898/2025.12.05.692511
Submitted to Journal of Theoretical Biology .

The heterogeneity within the amputee population makes it challenging to em-
pirically disentangle the possible factors driving phantom limb pain. Conse-
quently, it is often difficult to ensure that interventions are targeting relevant
mechanisms, leading to variable efficacy at the individual level and limited
efficacy at the group level. Mathematical modeling offers a way to shed light
on such complex phenomena, as exemplified by recent applications of the
Bayesian inference framework to describe various aspects of pain perception.
Yet, pain is not only passively inferred but also actively shaped through in-
teractions with the environment – a dimension that classical Bayesian models
typically fail to capture. Because amputation disrupts both sensory inputs
related to the limb and the ability to perform actions, a model that incorpo-
rates both sensory and active components of pain may provide new insight
into the mechanisms underlying phantom limb pain. To this end, we devel-
oped a model within the active inference framework, which extends Bayesian
inference to include action selection. The model provides a conceptual account
of how loss of limb control, ambiguity in sensory input pertaining to limb po-
sition, residual noxious input, and pre-amputation pain may contribute to the
emergence and persistence of phantom limb pain. Furthermore, the model
offers insight into the possible mechanisms underlying common interventions
and may help account for their variable efficacy across individuals.

Author contributions: MR and JS jointly conceptualized the model. MR
implemented the model in code and drafted the manuscript, with support
and feedback from JS and TL. All authors edited and approved the final
manuscript.
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Paper D
Eric J. Earley, Malin Ramne, Johan Wessberg
Unified Measures Quantifying Intensity and Similarity of Pain and So-
matosensory Percepts
Published in 2025 in Journal of Neurophysiology,
DOI: 10.1152/jn.00031.2025 .

Pain maps are a common measure for characterizing how the quality and in-
tensity of pain may vary across different regions of the body or the affected
area. Such characterization are especially valuable in pain conditions with
complex bodily manifestations such as phantom limb pain, yet existing meth-
ods for quantification of the intensity and similarity of percepts recorded with
these measures can give non-unique results. Furthermore, differing method-
ology of how the data is recorded introduces additional challenges for com-
pounding or comparing data across studies. In this paper, we propose novel
and unifying measures to quantify the similarity and intensity of pain maps
and somatosensory percepts. These measures are generalizable and can be
applied to any application of somatosensory maps, and are usable with both
discretized and free-hand drawings in both 2D and 3D representations. The
utility of the measures is demonstrated using data from two studies, proving
strong agreement with the validation studies. These results illustrate the po-
tential as agnostic measures for quantifying somatosensory percepts in studies
and meta-analyses. In the clinical setting, these measures may aid in improved
pain characterization, granting a better understanding of the needs and pro-
gression of patients experiencing pain.

Author contributions: EE conceptualized the measures, their mathemat-
ical derivation and code implementation. MR reviewed the mathematical
derivations, contributed with expertise in how the measures could be used in
the field of pain research and aided in finding appropriate datasets for vali-
dation of the measures. JW contributed with expertise in how the measures
could be used in the field of somatosensory research. EE drafted the majority
of the manuscript, MR contributed to the sections on pain. All authors edited
and approved the final manuscript.
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Paper E
Malin Ramne, Eva Lendaro
Resting-State Theta and Alpha Oscillations in Amputation and Phan-
tom Limb Pain: A Pre-Registered High-Density EEG Study
Preprint at ResearchSquare 2026, DOI: 10.21203/rs.3.rs-8645281/v1
Submitted to Brain Topography .

While neuroimaging studies of phantom limb pain have predominantly em-
ployed fMRI and MEG, resting-state EEG could offer complementary insight
into intrinsic brain oscillations but remains largely unexplored in this specific
context. Systematic reviews suggest that chronic pain is associated with in-
creased theta-band power and reduced peak alpha frequency in resting-state
EEG, but whether these patterns extend to phantom limb pain is unknown.
In this study, we used high-density resting-state EEG to examine theta-band
power and peak alpha frequency in amputees with phantom limb pain, am-
putees without phantom limb pain, and intact controls. We employed mixed-
effects models with bootstrap inference, multiple sensitivity analyses, and ex-
ploratory cluster-based permutation testing, and to ensure transparency and
scientific rigor, the hypotheses and analysis plan were pre-registered. Across
all primary and sensitivity analyses we found no evidence that these oscil-
latory markers generalize to phantom limb pain. We did observe tentative
evidence for amputation-related alterations in alpha-band dynamics, and an
exploratory analysis within the phantom limb pain group showed a positive
association between one measure of peak alpha frequency and pain intensity.
However, inconsistent replication across spectral measures and statistical ap-
proaches indicates that these amputation and pain intensity-related findings
should be interpreted with caution and require confirmation in larger, well-
powered studies. Taken together, these results suggest that resting-state EEG
markers commonly reported in chronic pain do not straightforwardly general-
ize to phantom limb pain, and that alterations in alpha-band dynamics may
be driven by multiple processes following amputation.

Author contributions: MR and EL jointly conceptualized the study. EL
contributed to collection of the dataset that this study uses. MR formatted the
data according to the BIDS standard and prepared the open access reposito-
ries. MR planned and implemented the statistical analysis, with support and
feedback from EL. Both authors edited and approved the final manuscript.
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CHAPTER 6

Concluding remarks

This thesis aims to advance the understanding of phantom limb pain through
the use of mathematical models. Part I provides foundational context to the
research contributions in Part II, where Chapter 2 situates phantom limb
pain within the wider landscape of pain research and Chapter 3 illustrates
how mathematical models can generate insights by a variety of different ap-
proaches. The fourth chapter of Part I reviews prevailing hypotheses and
empirical findings on phantom limb pain, but perhaps more importantly, it
identifies common misconceptions and points out contradictory or insufficient
evidence. This chapter highlights that phantom limb pain is troubling not
only because of the immense suffering it causes, but also because of the lack
of consensus among researchers and clinicians regarding its underlying mech-
anisms. In such a landscape, mathematical modeling offers a particularly
valuable set of tools. Models allow complex phenomena to be quantified more
reliably, help reveal patterns hidden in data, and generate explicit, testable
hypotheses that can guide future empirical work. Crucially, mathematical
models require that assumptions and relationships be stated unambiguously.
This level of precision is often absent in purely conceptual descriptions of hy-
potheses, where ambiguity can foster misconceptions, misunderstandings, and
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incorrect inferences – issues that have long complicated the study of phantom
limb pain. The chapter on phantom limb pain is rounded out with a mapping
of the proposed mechanisms against the best-supported phenomena. This syn-
thesis helps clarify where explanatory gaps remain and provides a structured
framework into which future research can be placed.

The five publications in Part II of the thesis address several key challenges
in phantom limb pain research. The mechanistic models in Papers A, B, and
C demonstrate how a mathematical approach can generate explicit, testable
hypotheses about the mechanisms underlying phantom limb pain, while also
revealing gaps and inconsistencies in existing hypotheses. Paper D provides
a quantitative method for measuring phantom percepts – both painful and
non-painful – and for tracking how these percepts change over time. Finally,
Paper E present new empirical evidence on oscillatory neural correlates of
phantom limb pain and amputation, based on statistically principled analyses
of resting-state neural activity. Taken together, this thesis offers a coherent
set of contributions that directly engage with several pressing challenges in
phantom limb pain research, and offer insights that can support both future
research efforts and clinical management of phantom limb pain.

Future work
While mathematical modeling provides a powerful framework for clarifying
mechanisms, refining hypotheses, and quantifying and analyzing data, progress
ultimately depends on empirical studies capable of generating data for test-
ing, constraining and validating these models. The work included in this thesis
points to several experimental directions that could substantially improve the
understanding of phantom limb pain.

Perhaps most prominently – and as suggested across all three mechanistic
models – phantom limb pain likely arises from a combination of peripheral
and central mechanisms. However, the relative contribution of these mecha-
nisms remains unclear at both the individual and group levels. Although some
studies have attempted to disentangle these effects [143, 144, 146], they often
share common limitations in the field: small and heterogeneous samples, lim-
ited blinding, and a lack of longitudinal follow-up. One particularly valuable
next step would be a replication of the 2014 study by Vaso et al. [144], but car-
ried out with stronger methodological rigor, including larger samples, proper
blinding (e.g., sham injections), possible cross-over design, and multi-center
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collaboration. Such a study could meaningfully clarify the respective roles
of peripheral and central mechanisms, leading to more targeted and effective
clinical management strategies.

A related priority is the development of clinical tools for determining whether
an individual’s phantom limb pain is primarily driven by peripheral mecha-
nisms. Papers B and C suggest that interventions targeting central pain-
processing mechanisms may prove ineffective in cases where pain is in fact
driven by peripheral afferent input – for example from a neuroma or sponta-
neous activity in the dorsal root ganglion. Differentiating these mechanisms at
the individual level is therefore essential for selecting appropriate, mechanism-
based interventions. Moreover, investigating individual differences in how sen-
sory modalities, expectations, and cognitive factors shape sensory and pain
perception may also shed light on why certain interventions benefit some am-
putees but not others. Psychophysical experiments probing such differences
could offer valuable group-level insights that eventually support more tailored,
individualized approaches to clinical management.

More broadly, the field would benefit from explicitly hypothesis-driven re-
search grounded in carefully specified causal models. For example, many inter-
vention studies invoke the notion of “reversing maladaptive plasticity”, while
providing little clarity on the specific assumptions about causal pain mecha-
nisms. These studies typically build on the neuroimaging findings of cortical
reorganisation, and assume that reversal of cortical reorganisation will result
in reduction of phantom limb pain. However, this assumption is problematic
in several ways. First, there is no clear causal relation between cortical reor-
ganisation and phantom limb pain. Second, the ability for the intervention
to reverse cortical reorganization may not be empirically established. Here, a
comprehensive neuroimaging study that applies multiple methodologies within
the same cohort – mirroring those used across previous, often contradictory
studies – could help to resolve longstanding misconceptions about cortical
reorganisation or preservation and their relationship to phantom limb pain.

On the topic of neuroimaging, Paper E explores oscillatory neural activity
as a potential correlate of phantom limb pain and amputation, an aspect that
has received comparatively little attention in prior work. Using statistically
principled analyses of resting-state EEG data, the study shows that oscilla-
tory markers commonly reported in chronic pain do not directly generalize
to phantom limb pain. However, the findings also suggest the presence of
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amputation-related alpha-band alterations and potential modulation of peak
alpha frequency by pain intensity. These findings highlight the need for future
neuroimaging studies to distinguish pain-specific effects from broader conse-
quences of sensory deafferentation, and to combine measures of neural activity
with detailed assessments of both painful and non-painful phantom percepts
in larger cohorts.

Once some of these conceptual and methodological uncertainties have been
resolved and hypotheses can be formulated with greater precision, longitu-
dinal studies could play a transformative role for the field. For this type of
study, tools such as the measures proposed in Paper D can be of use for re-
liably quantifying and tracking changes in phantom sensations across time.
Two longitudinal study designs that could be of particular value are stud-
ies following individuals before and after amputation, and studies tracking
participants before, during, and after a clearly hypothesis-driven interven-
tion. Although such studies pose logistical challenges and would likely require
multi-site collaboration, they have the potential to fundamentally advance the
understanding of the causal mechanisms of phantom limb pain.

In parallel with these empirical studies, mathematical modeling should also
continue to be used in the investigation of phantom limb pain. A promising
direction for future work lies in developing models that integrate mechanis-
tic and empirical perspectives, a gap that remains relatively underexplored
in this thesis. Another open and interesting topic that could be investigated
with mathematical models is the contribution of affective processes to phan-
tom limb pain. Pain and emotion are closely linked and there are tentative
results indicating that addressing fear and negative emotions can have a pro-
found impact on recovery from chronic pain conditions. Limb amputation
often involves a significant psychological burden, possibly further exacerbat-
ing the contributions of these factors. Therefore, it would be very interesting
to investigate possible mechanisms linking affective processes and phantom
limb pain.

In conclusion, moving forward mathematical modeling and empirical stud-
ies should be conducted in tandem in research on phantom limb pain. The
modeling work can help better specify well-defined research questions and hy-
potheses, and also provide some of the tools needed to conclusively answer
those questions. Meanwhile, well designed empirical studies a necessary to
constrain the models and to validate or debunk their predictions.
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