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Abstract

We investigate lower asymptotic bounds of number variances for invariant locally
square-integrable random measures on Euclidean and real hyperbolic spaces. In the
Euclidean case we show that there are subsequences of radii for which the number
variance grows at least as fast as the volume of the boundary of Euclidean balls, gen-
eralizing a classical result of Beck. With regards to real hyperbolic spaces we prove
that random measures are never geometrically hyperuniform and if the random mea-
sure admits non-trivial complementary series diffraction, then it is hyperfluctuating.
Moreover, we define spectral hyperuniformity and stealth of random measures on real
hyperbolic spaces in terms of vanishing of the complementary series diffraction and
sub-Poissonian decay of the principal series diffraction around the Harish-Chandra
E-function.
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1 Introduction

In the field of statistical mechanics for low-temperature states of matter, the notion
of hyperuniformity, or superhomogeneity, as introduced by Stillinger and Torquato
in the seminal paper [26] in 2003, quantifies long-range order of an invariant point
process in terms of the degree of suppression of large-scale density fluctuations. Equiv-
alently, hyperuniformity is characterized by the suppression of small frequencies in the
diffraction picture. Hyperuniformity and the associated number variances of invariant
point processes have been studied extensively in Euclidean spaces, examples includ-
ing invariant random lattice shifts, i.i.d. perturbations of such, certain determinantal
point processes, most mathematical quasicrystals and more. See [25] for an extensive
survey and [8] for details on mathematical quasicrystals.

In this article we investigate lower asymptotic bounds of number variances, i.e.
the variance of the measure of asymptotically large balls, for invariant locally square-
integrable random measures on Euclidean and real hyperbolic spaces. We prove for
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general invariant locally square-integrable random measures on Euclidean space that
there are unbounded sequences of centered Euclidean balls such that the number
variance grows at least as fast as the volume of the boundary of the balls, extending
a Theorem of Beck in the case of a locally finite point set [4, Theorem 2A]. Our
methods are Fourier theoretic and utilizes the diffraction measure of arandom measure,
generalizing the notion of the structure factor of a point process.

As for random measures on real hyperbolic space, we investigate contending notions
of hyperuniformity. This is also done in terms of the diffraction measure associated
to such a random measure, which for hyperbolic spaces (and more generally, com-
mutative spaces) is defined using the available spherical transform, generalising the
Hankel transform in Euclidean space. We show that, contrary to the Euclidean setting,
the large-scale number variance of a random measure on real hyperbolic space grows
at least as fast as the volume of large metric balls along some unbounded sequence
of metric balls. Nevertheless, we are able to define a notion of spectral hyperunifor-
mity on the principal part of the relevant frequency domain that is distinctly different
from measuring large-scale density fluctuations. Instead, our definition favours the
property of having suppressed “small scale” frequency fluctuations to characterize
hyperuniformity.

1.1 Random measures

Let X denote the space R” with the action of translations or real hyperbolic space H"
with the action of orientation-preserving isometries. By a random measure on X we
mean a probability measure u on the cone .Z, (X) of positive locally finite measures
on X, which can be thought of as the law of a .#, (X)-valued random variable. One
usually studies such random measures in terms of linear statistics Sf : M+(X) — C
associated to bounded measurable functions f : X — C with bounded support, given
by

SF(p) = /X FE)dp(r).

Given an invariant locally square-integrable random measure 1 on X, we denote by
NV, : R>g — R the number variance with respect to p,

NV, (r) = Var, (Sxp,) = / |p(Br) — 1, Volx (B,)|*du(p) (L.1)
M1 (X)

where B, = B, (0) is the metric ball of radius r > 0 centered at a fixed reference point
o € X andt, > Oistheintensity of i, i.e. the mean measure of a unit volume Borel set.
More generally, one can consider variances of the form Var(Sy,p) for r > 0, where
B C X is any bounded Borel set with positive measure and r B is the r-neighbourhood
of B with respect to the metric on X. We will in this paper only consider metric balls
B,.
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46 Page4of70 M. Bjérklund, M. Byléhn

1.2 Number variances and diffraction measures in R"

A uniform upper bound on the number variance of a random measure © on R” is
obtained from an application of the mean ergodic theorem, yielding

i NV, (R)
imsup —————— =0.
R— 400 YOlrn (BR)

We provide a general lower bound of the number variance for maximizing sequences
of radii, extending a celebrated result of Beck [4, Theorem 2A]. We emphasize that
our results in the Euclidean setting are considered well-known and will serve as a
guide for the hyperbolic setting.

Theorem 1.1 Let i1 be an invariant locally square-integrable random measure on R".
Then

NV, (R
lim sup w(R)

—— > 0. (1.2)
R—+00 Yolp—1(dBR)

Remark 1.2 The question of whether there is a uniform lower bound on this quotient
for a given random measure p is in general unclear. In Sects. 5.2 and 5.3 however, we
show that the randomly shifted standard lattice in R satisfies

NV, - (R)
liminf —2_~ —

—_— = (1.3)
R—+o00 Volg (0 BR)

After the completion of the paper, we found that this result has been established earlier
by Parnovski and Sobolev [21, Theorem 3.1].

The proof of Theorem 1.1 relies on a spectral formulation of the number variances.
More precisely, the diffraction measure 7, of an invariant locally square-integrable
random measure p is the unique positive Radon measure on R” satisfying

Covu(sf. S = [ FO RO

for all bounded measurable functions f1, f> on R" with bounded support, where f
denotes the Fourier transform of f. In particular, one computes the number variance
to be

diu(§)
g

VL) = @ [ gD

where J,, /> denotes a Bessel function of the first kind. Classical asymptotic expansions
of such Bessel functions allow for a proof of Theorem 1.1.
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1.3 Hyperuniformity and stealth in R"

An invariant locally square-integrable random measure p© on R" is geometrically
hyperuniform if

. NV, (R)
limsup —— =
R—+oo VOlrn (BR)

The volume term in the denominator coincides with the variance of the invariant
Poisson point process on R” with unit intensity, and one can interpret a hyperuniform
random measure p as having ”sub-Poissonian mass fluctuations”. If the above upper
limit is infinite, the random measure is hyperfluctuating. In [8], the first author and
Hartnick prove that a random measure u is geometrically hyperuniform if and only if
it is spectrally hyperuniform, meaning that

; Tu(B:(0)
imsup ——— =
e—07F Volg: (B, (0))

The denominator here can be interpreted as the diffraction measure of the invariant
Poisson point process in R” with unit intensity.

A particularly rigid class of hyperuniform invariant random measures p are stealthy
random measures, meaning random measures for which the diffraction measure 7,
vanishes in a neighbourhood of the origin in R”. Examples include invariant random
shifts of lattices, and in upcoming work with A. Fish we will provide new families of
stealthy random measures and point processes on R”.

1.4 Number variances and diffraction measures for real hyperbolic spaces

For n-dimensional real hyperbolic space H" = SO°(1, n)/SO(n), we consider locally
square-integrable random measures p that are invariant under the action of the
orientation-preserving isometry group SO°(1, n) in analogy with isotropic (i.e. trans-
lation and rotation invariant) random measures on R”.

OnH", there is a well-behaved generalization of the Fourier transform, the spherical
transform, available for bi-SO(n)-invariant functions ¢ : SO°(1, n) — C. It is given
by

o0 = / o2 (g)dg,
S0°(1,n)

where dg denotes a fixed Haar measure and w)(L") are SO(n)-spherical functions for

SO°(1, n), that is, the bi-SO(n)-invariant functions on SO°(1, n) given by

B 2T T ()
SRV VT
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d(g.0,0) .
sinh(d(g.o, 0))2_" / ) (cosh(d(g.o0,0)) — cosh(s))T3 cos(As)ds
0

where d denotes the hyperbolic metric. With respect to the spherical transform, the
diffraction measure of an invariant locally square-integrable random measure p is a
pair of measures defined by the equation

n—1

o0 I e I
Cov,.(Sp1, Sg2) = /0 21V () + /0 P1ENGL N7 (L) .

We refer to the measures ﬁl(tp ) on (0, 4+00) and ﬁff) on i[O, %) as the principal- and

complementary diffraction measure respectively. We leave out & = 0 corresponding to
the Harish-Chandra E-function wq from the support of the principal diffraction mea-
sure for reasons that will become clear from our results. The existence and uniqueness
of such diffraction measures can be seen as part of work by Krein, Gelfand—Vilenkin
and later by Bopp [9, Part II, Theorem 3].

Remark 1.3 Diffraction measures can more generally be defined for random measures
on a large class of commutative spaces X = G /K with K compact, which includes
higher rank symmetric spaces, regular trees, Bruhat-Tits buildings and products of
such. These are positive measures on the K-spherical unitary dual GK of the pair
(G, K). We investigate the general framework and prove the existence and uniqueness
of diffraction measures in [7, Theorem 1.1].

In terms of the diffraction measure, the number variance can be written as

n

NV, (r) = ———— sinh(r)>"
rG+n

n—1
00 e
( fo oy (a) PP () + /0 |w§2”)(ar)|2dﬁ§f><x)).

In this picture, it is crucial to understand the asymptotic behaviour of the spherical
functions in order to understand the asymptotics of the number variance.

Also, the asymptotics of the number variance of a random measure p depends
significantly on whether the complementary diffraction measure is trivial or not.

A first naive definition of geometric hyperuniformity of a random measure & on
H" is to require that

. NV, (R)
limsup ————— =
R—+00 Volg (BRr)

However, since SO°(1, n) is non-amenable then Vol(d Bg) =< Volg:(Bgr) as R —
+00, so it is a priori unclear whether this definition admits examples or not. We prove
that no random measures on H" are geometrically hyperuniform in the following
hyperbolic analogue of Theorem 1.1.
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Theorem 1.4 Let u be a locally square-integrable invariant random measure on H".
Then

‘ NV,.(R)
lim sup ———— (1.4)
R—+oo Yolmr (BRr)
Moreover,
(1) if 3 ({0}) > 0, then
NV, (R
liminf — Ve R 0s)
R—+00 RZVOIHM(BR)
(2) if A0 A825L, 151 > 0 for some § € (0, 1), then
NV, (R
fiminf B 16

R—+o00 Vol (BR)1+5

For the special case of a randomly shifted lattice orbit in H", Theorem 1.4 implies
that there is a sequence of radii such that the number variance grows at least as fast
as the hyperbolic volume of large metric balls. Moreover, when the complementary
diffraction measure is non-trivial, the random measure is hyperfluctuating in analogy
with the Euclidean terminology.

There are related works to the above result: In [15, Theorem 2], Hill and Parnovski
derive explicit asymptotics of the number variance for randomly shifted lattice orbits
in H". Theorem 1.4 implies that the error term in their result is sharp. In [20, Theorem
2], Magyar provides a positive lower bound on discrepancies of infinite point sets
over weighted balls in H" that is proportional to the square root of the volume of the
ball along certain radii. Theorem 1.4 is the analogue of Magyar’s result for random
measures, and does not require any weighting function. For number variances (the
squared L2-norm of the discrepancy), we expect that there are examples of translation
bounded point processes w in H" for which

... NV,(R)
liminf ———— =
R—+o00 Vol (BR)

Remark 1.5 The second author in [10, Theorem 1.5] has proved that such point
processes exist in the discrete hyperbolic setting. More precisely, for certain finite
(g + 1)-regular graphs, for example finite complete graphs, with fundamental group
I' acting on the (¢ + 1)-regular tree T, by deck automorphisms, the associated
random lattice orbit p satisfies

V- (R
lim inf N“—F() =
R—+o00 Vol (BR)
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1.5 Hyperuniformity in real hyperbolic space

In light of Theorem 1.4, there is no canonical ’geometric” definition of hyperuni-
formity of a random measure p on H". We instead formulate a notion of spectral
hyperuniformity in terms of the diffraction measure of u that is distinctly different
from the geometric one.

Definition 1.6 An invariant locally square-integrable random measure on H" is spec-
trally hyperuniform if ’ﬁff) =0and

(0. eD) _

0.
&3

lim sup
e—>07T

The denominator &3 is asymptotic to the diffraction measure of the interval (0, &] for

the unit intensity invariant Poisson point process as ¢ — 07T, so this definition of
hyperuniformity is in that way consistent with spectral hyperuniformity on R”. It is
worth noting that, with respect to this definition, it is no longer the case that all invariant
randomly shifted lattice orbits are spectrally hyperuniform as there are lattices that
admit complementary spectrum, even co-compact ones, see for example [16, Section
1.2, Eq.B]. With this notion of hyperuniformity in mind, we define what it means for
a random measure to be stealthy.

Definition 1.7 An invariant locally square-integrable random measure on H”" is
stealthy it ¢’ = 0 and there is a ., > 0 such that 7 ((0, A,)) = 0.

Stealthy random measures are spectrally hyperuniform. In [16, Section 1.2, Eq.B],
Jenni constructsalattice I’ < SL,(R) = SO°(1, 2) thatdoes not admit complementary
spectrum nor principal spectrum around A = 0 in the sense that the smallest non-zero
eigenvalue of the Laplace operator on I'\H? is strictly larger than 1/4. The eigenvalue
1/4 corresponds to A = 0, so the resulting invariant random lattice orbit of T in H? is
stealthy, and in particular spectrally hyperuniform.

The lack of other examples of spectrally hyperuniform point processes and ran-
dom measures in H” is however quite severe. In an upcoming article we will prove
that determinantal point processes in H" (and more generally in any commutative
space associated with a non-amenable Gelfand pair) are not spectrally hyperuniform,
in contrast to the Euclidean case where determinantal point processes associated to
kernels which define orthogonal projections in L (R") are always hyperuniform. Here
we show that locally square-integrable i.i.d. perturbations of an invariant random lat-
tice orbit in H" are not hyperuniform. We note the apparent contrast to the setting
in R”, where i.i.d. perturbations of an invariant random lattice are always locally
square-integrable and always preserves hyperuniformity, see [17, Appendix B] and
Proposition 4.5. The following Proposition is proved in Sect. 10.

Proposition 1.8 LetI" < SO°(1, n) be alattice and dv(g) = B(g)dg for some positive
measurable bi-SO(n)-invariant function B with [ B(g)dg = 1 such that

,B(g) < Ce—Z(n—1+s)d(g.0,o)
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forall g € SO°(1, n) and some C > 0, ¢ > 0. Then the invariant random lattice orbit
of T in H" with independent v-distributed perturbations is locally square-integrable
and not spectrally hyperuniform.

Remark 1.9 (Heat kernel hyperuniformity in Euclidean and hyperbolic spaces) In
future work, we will prove that spectral hyperuniformity is equivalent to what we
refer to as heat kernel hyperuniformity. Denote the heat kernel by i (x), T > 0, the
fundamental solution of the heat operator d; — A in the respective geometries. In R”,
we define u to be heat kernel hyperuniform if

lim sup 72 Var,, (Shy) =0,

T—+00
and similarly in H", if

. 3 o=
limsup t2e 2 ' Var,(Sh;) =0.

T—+00

One perk of this formulation is that the smoothness of /; allows us to extend the notion
of hyperuniformity to invariant random distributions on these spaces as well, for which
we expect that one can construct hyperuniform and stealthy examples. Moreover, by
uniform estimates of the heat kernel due to Anker and Ostellari [2], one should be able
to formulate heat kernel hyperunifomity for a large class of non-compact symmetric
spaces.

2 Random measures on homogeneous spaces

We introduce invariant locally square-integrable random measures and their autocor-
relation measures. The constructions work for a large family of proper homogeneous
metric spaces, but we will only apply them to Euclidean and hyperbolic spaces in the
subsequent sections.

In Sect. 2.1 we set up the metric spaces over which we will consider random mea-
sures. We proceed by defining invariant locally square-integrable random measures,
related objects and provide examples in Sect. 2.2. In Sect. 2.3, we define the autocorre-
lation measure of an invariant locally square-integrable random measure and compute
it for the examples given in the previous subsection.

2.1 Homogeneous metric spaces

Let (X, d) be a proper non-compact metric space and fix a point o € X. Suppose that
there is a closed and unimodular subgroup G of the isometry group Isom(X, d) under
pointwise convergence whose action on X is transitive. The actionof g € Gonx € X
will be denoted by g.x. If we denote the G-stabilizer of the point o by K then the orbit
maprw : G - X, g — g.o, descends to a homeomorphism G/K — X. We will
assume that K is compact.

@ Springer



46 Page 10 of 70 M. Bjorklund, M. Byléhn

We will frequently make use of the fact that there is a Borel measurable section
¢ : X — G of the orbit map 7, that is, a Borel measurable map such that ¢ (x).0 = x
for all x € X and such that ¢(B) C G is pre-compact for every bounded Borel set
B C X,see[19,Lemma 1.1]. One shows that such a section satisfies the ¢(g.0) € gK
forall g € G. For Euclidean and real hyperbolic spaces, we will construct continuous
sections.

Fix a Haar measure mg on G and define a positive G-invariant measure mx on X
as the push-forward of m¢ along 7. Explicitly,

mx(B) =mg({g € G:g.0€ B}) 2.1

for all bounded Borel sets B C X. Since the orbit map 7 : G — X is proper, my
defines a positive Radon measure on X. Also, since the Haar measure m ¢ is unique
up to scaling, then the measure m y is unique up to scaling. We will moreover denote
by m g the unique Haar probability measure on K.

On the level of functions, if M is a measurable space we denote by .£*° (M) the
vector space of bounded measurable complex valued functions on M. With regards
to the proper metric space X, we denote by £ (X) C £°°(X) the subspace of
functions which vanish outside of a bounded set, or equivalently, vanish outside a
compact subset. The Borel section ¢ then establishes a bijection between f € Z5% (X)
and right-K -invariant functions ¢y € Z5°(G) by f(x) = ¢r(s(x)) forall x € X.
The vector space %> (G) defines an involutive algebra over the complex numbers
under the convolution operation

(0 ¥)(g) = fG o(gh ™Yy hdma(h), ¢, € L(G),

and the involution ¢*(g) = ¢(g~1).If ¢, ¥ € £ (G) are right-K -invariant then ¢*
is left- K -invariant, and one checks that ¢* x 1 is bi- K -invariant, so that the subspace
Lo (G, K) C Z55(G) of bi-K -invariant functions defines an involutive subalgebra.
We can moreover identify .Z5°% (G, K') with the subspace .Z > (X K ¢ Lo (X) of
left-K -invariant functions on X using the section ¢ as mentioned. We say that a
function on X is radial if it is left-K -invariant. More generally, if v, n are Radon
measures on G with v finite, their convolution is given by

(vxn)(Q) =/ f xo(gh)dv(g)dn(h)
GJG
for Borel sets Q C G.

2.2 Random measures

Let .#, (X) denote the set of positive locally finite Borel measures on X, endowed
with the smallest o-algebra such that for every f € £ (X), the linear statistic
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Sf . M (X) — C given by
SF(p) = p(f) = /X Fp(). p e My (X)

is measurable. Then .# (X) is a Polish space when endowed with the vague topology
with respect to the subspace C.(X) C % (X) of compactly supported continuous
complex valued functions on X . By a random measure on X we will mean a probability
measure 1 on .+ (X). We say that u is a point process if it is supported on the subspace

(//ZJ];F(X) = {p € M (X) : supp(p) is locally ﬁnite}
of measures with locally finite support. A point process is simple if it is supported on

//&FS(X) _ {85 = Z(;X € M (X): E C X islocally ﬁnite}

xXel&

of locally finite measures with unit masses. The action of G on X lifts to an action of G
on .+ (X) by push-forward and leaves the mentioned subspaces invariant. Moreover,
an additional lifting by push-forward yields an action of G on the space of random
measures on X. A random measure i on X is

e invariant if g,u = pforall g € G.
e ergodic if u(E) € {0, 1} for every G-invariant Borel set E C .# (X),
e locally k-integrable, k € N, if for every bounded Borel set B C X,

/ p(BYdu(p) < +oo.
M+ (X)

In terms of linear statistics, Syp € L¥ (A4 (X), p) for all bounded Borel B C X.
Note that a locally k-integrable random measure w is locally k’-integrable for every
1<k <k.

We will from now on assume that all random measures are invariant, ergodic and
locally square-integrable, and we will simply refer to them as random measures, if not
stated otherwise.

By local square-integrability, the linear statistics Sf, f € £ (X), have a well-
defined p-expectation

E.(Sf) = f p(fdu(p).

M1 (X)

-covariance,

Cov,(Sfi, Sfr) = Eu((Sfi — Eu(S£) (S — Eu(Sf2)))
=E.(SASfH) —E(SHEL(Sf),
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and p-variance

Var, (Sf) = Cov, (Sf, Sf) = B (ISf — Eu(SHIP) = E (ISFI1P) — IEL(SHI*.

By invariance of j, the linear functional f +— E,(Sf) on .,%b?fd (X) is G-invariant,
and since m x is the only G-invariant positive Radon measure on X up to scaling there
is a unique scalar ¢, > 0, the intensity of i, such that

Eu(Sf) = Lumx(f) .

The p-variance of Sf can thus be written as

Var,, (Sf) = Eu(ISf1%) — o, Imx ().

In the case that f = xp, is the indicator function of the metric ball B, centered at
o € X, we arrive at the number variance.

Definition 2.1 Let  be an invariant ergodic locally square-integrable random measure
on X. The number variance of y is the function NV, : R~ — R given by

NV, (r) = Var, (Sx,).

Example 2.1 (Invariant Poisson point processes) The m x -Poisson point process is the
random measure p on X satisfying

(1) for every bounded Borel set B C X, the linear statistic S xp is Poisson distributed
with intensity m x (B). In other words, for every non-negative integer j,

mx (B)’
w([peacoripm=jl) = emmx® MX B
J!
(2) for every finite collection By, ..., By of disjoint bounded Borel sets in X, the linear
statistics Sxg,, ..., SxB, are pu-independent.

One shows that the two conditions above ensure the existence and uniqueness of u
up to equivalence and that p defines a locally square-integrable point process [18,
Theorem 3.6 + Prop. 3.2]. Moreover, since mx is G-invariant, u is invariant. By (2)
above we see that u is mixing, in particular ergodic. Lastly, if mx has no atoms then
W is simple. We will write pupo; for the mx-Poisson point process and Varpy; for the
associated variance.

Example 2.2 (Random lattice orbits) Let I' < G be a lattice, i.e. a discrete subgroup
such that there is a (necessarily unique) G-invariant probability measure mg,r on
G/T. Since T is a subgroup it is also uniformly discrete in G in the sense that there
is a (symmetric) open neighbourhood U C G of the identity such that [’ N gU| < 1
for all g € G. In particular, if Q C G is compact then a standard covering argument
for Q using left translates of U yields

sup [gT" N Q| = sup |I' N g Q| < +00.
geG geG
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WeletT', = Stabr (o) = I' N K be the stabilizer of 0 € X under the action of I', which
is finite since I" is discrete and K compact. The map G/’ — ///%FS(X ) sending a
coset gI" to the measure

1
gro = Z 8gy.0 = m Z Sgy.0

yLo€l'/ Ty yel’

induces a simple point process wr on X as the pushforward of mg,r via said map, in
other words

/ W(p)dpur(p) = / W (Sgr0)dma, 1 (gT)
Mo (X) G/T

for all ¥ e Z*°(.#1(X)). This point process will be invariant as mg,r is a G-
invariant measure and it is locally k-integrable for every k € N as

f p(B)*dur(p) = / |gT.0 N Bl*dmg,r(gT) < sup |gT.0 N B|* < +oo
M+ (X) G/ geG

by uniform discreteness of I'. We say that ur is a random lattice orbit in X. In the
case that X = G is a proper metric group then we say that ur is a random lattice.

The description of the probability measure m ¢, can be made explicit. A subset
Fr C G is a (left) fundamental domain for I if it is measurable and

G=|]Fy.

yell

If Fr is pre-compact then we say that I" is cocompact. It follows from uniform dis-
creteness of I' that Q N Fry = & for all but finitely many y € I' whenever Q C G
is compact. Given a fundamental domain Fr of I' in G we define the covolume of I
to be

covol(I') = mg (Fr) .

The G-invariant probability measure on G/ I' is then given by
mgyr = covol(") ™' (xr).ma| Fy |

where nr : G — G/ T is the canonical quotient map. The above definitions can be
shown to be independent of the choice of fundamental domain.

Next we construct new invariant point processes by applying random i.i.d. perturba-
tions to each point in the lattice orbit.

Example 2.3 (Random perturbed lattice orbits) Let ' < G be a lattice and let v €
Prob(G) a probability measure.

Consider the space Z = GT of I'-indexed sequences z = (zy)yer in G, endowed
with the product topology. The group I' acts on Z by right translation, y.(z,/),er =
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(zy7y)yer and it also acts on G canonically from the right by g gy~ ! for each
y € I'. The action of G x I" on G x Z given by (g, y).(z, h) = (ghy ™', y.z) for
g,h € G,y e I'and z € Z is well-defined and continuous, and weletY = (Gx Z)/T
be the space of I'-orbits. Explicitly, each y € Y is of the form

y=al ={@gr.y2) €GxG 1y eTl}

for some g € G,z € G''. On Y we define a G-invariant positive probability measure
my by

mv(P) = [ ([ P arav® @ ), r(er)
G/T Nz

for all F € £°(Y), where v®' is the product probability measure on Z.
To construct a v-perturbed random I'-orbitin X we first define a v-perturbed random
I'-orbit in G by considering the measures

Sg.or = Z Sgyzy -
yell

Lemma2.2 LetT" < G be a lattice and v € Prob(G). Then

(1) &g, is locally finite mg/r ® vl almost everywhere.
(2) Ifv is absolutely continuous with respect to the Haar measure mg, then §(g »yr is
simple mg,r ® vOT _almost everywhere.

Proof For (1),let Q C G be compact. We want to show that
v®r<{z € Z : yzy € Q forinfinitely many y € F}) =0.

By the Borel-Cantelli Lemma, it suffices to show that

Zv@r([z €Z:yzy € Q}) = Zv(yle) < 400,

yell yell

which follows from a standard covering argument by picking ['-injective open sets
Ui, ...,Un C G that cover Q and using that v is a probability measure.

For (2) it is enough to show that the event y1z,, = ¥22,, is a null set in Z with
respect to v®! for all y; # y». Explicitly, if we set By, =1z € Z : 129, = v22y,}
then we aim to show that v®F(B,,l,y2) = 0 for y; # y» in I'. Since I' is countable it
will follow by o -subadditivity that

v®r<{z € Z : Y12y, = V22y, for some y; # y2}> < Z U®F(By1,y2) =0.
YI#V2
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Using that v®" is a product measure, we get

v By = 0@ )({@1.22) € 6 x G iz = nal)

=@ ®V)<{(ZL v, 'nz) eGxGizie G})

By Fubini’s Theorem,

V®F(By1,y2):/C;V({Vz_lylzl})dv(zl)v

so if v is absolutely continuous with respect to the Haar measure mg then
v({yz_lylzl}) =0forall z; € G and v®r(By1,y2) =0. O

We now assume that v € Prob(G) is absolutely continuous with respect to the Haar
measure 7. By Lemma 2.2 the invariant random measure fir, obtained as the push-
forward of my via the map (g, z)I" + (g o)r is an invariant simple point process on
G, explicitly given by

| vadir@= [ ([ $oord®@)dne )
M1 (G) G/T V4

for all W € Z*°(#(G)). In order to construct a locally finite simple v-perturbed
random I"-orbit in X we consider the measures

P(g,2)l = n*g(g,z)l" = Z 8gyzy.0 s
yell

where 7 : G — X is the orbit map g — g.o. The following Proposition provides
conditions for when these measures are almost everywhere locally finite and simple
with respect to mg,r ® v®.

Proposition 2.3 Suppose that v € Prob(G) is right-K -invariant and absolutely con-
tinuous with respect to the Haar measure mg. Moreover, assume that mg(K) = 0.
Then the measures p(g r are locally finite and simple mg/r ® vl _almost every-
where.

Under these assumptions we get an invariant simple point process in X as the push-
forward of fir,, along the map .#4(G) 3 q — 7m.q € A (X).

Definition 2.4 (Random perturbed lattice orbit) Let ' < G be a lattice and v €
Prob(G) a right-K -invariant probability measure absolutely continuous with respect
to the Haar measure m¢g. The v-perturbed T"-orbit in X = G /K is the simple point
process ur,, given by

| wodiram = [ ([ $oeand® @)dmerer)
M1 (X) G/T V4
forall W € (A (X)).
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Remark 2.5 If K is compact and open in G, for example when X is the homogeneous
(p + D-regular tree and G = PGL»(Q,), K = PGL1(Z,), then mg(K) > 0. In
this case there are lattices I' and probability measures v absolutely continuous with
respect to the Haar measure on G for which the associated random perturbed lattice
orbit is not a simple point process.

Proof of Proposition 2.3 Similarly to the proof of item (2) in Lemma 2.2, it is enough

to show that v®" (B, ,,) = 0, where

By .y, = {z €Z:Y1Zy.0= yzzn.o} = iz €Z: 7y, € ylzle}.
Using that v®' is a product measure, we get

v (Byy ) = 0@ V)({(1.22) € G x G i yaz € mzik )

—vew({e.n mab eGxGiu e kek]).

By Fubini’s Theorem,

V®F(By1,yz)=/GV()/2_17/121K)dV(21).

Now, if v is absolutely continuous with respect to the Haar measure mg then
v(y, 'y121K) vanishes for all z; € G if and only if mg (K) = 0,50 v® ' (By, ;,) = 0.
O

Next we address local square-integrability of ur ,,, which in the general setting requires
the following conditions on either I or v.

Lemma 2.6 Let I < G be a lattice with fundamental domain Fr and v be a right-
K -invariant probability measure on G. If ' is cocompact or the support supp(v) of
v is compact then the random perturbed lattice orbit ur, on X is locally square-
integrable.

Proof Let B C R”" be a bounded Borel set. Then by definition of ur,,,

Epr, (151817 = /G (X /Z XB (&N 210 XB(87227,.00dv®" () )dm (T
v1,v2€l

Note how

/Z xB(8Y12y,-0) xB(8V22y,-0)dVv®" (2)

- {v(y_lg_lQ) ify=y=y
vy e o, e ) ity #
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where Q = 7~ 1(B) = ¢(B)K is measurable and pre-compact. Splitting into these
two cases we have that

Eyr., (1Sx81%) = fG/r (X v 'e7'0))dmoyr(er)

yell

+/G/F< Z ”(Vl_lg_lQ)V(Vz_lg_lQ)>de/F(g[‘)_

YIFYV2

The first term can be computed using Fubini and the G-invariance of mg, r as

[ (Z 0 'e ' @)dmerier) = 2EE < oo,
G/T

e covol(I")

We postpone the details of this computation to Example 2.6.
For the second term, it suffices to show that

2
I, = “g7'0)) d I') < +00. 2.2
= [ (Do ) e < oo @2)

yel

i st, if I'is COCOHlpaCt with fundamental domain / T then we use Fubini to write
\ I V V .

If welet Q' = Fo ' 0, then Q' is measurable and pre-compact in G and xo(gyh) <
Xxo'(yh) forall g € Fr,h e G,y €T, s0

|
covol(I) /FF xo(grih)xo(gy2h2)dme(g) < xo(nh)xg (r2h2) . (2.3)

Thus the expression in Eq.2.2 is bounded by

2
Irw<y /G /G xo D xg (rh2dv(indv(i) = (Y vy eh)

Y112 yell

which is finite by the same argument as in the proof of item (1) in Lemma 2.2.
Secondly, if supp(v) is compact and we let Q” = Q supp(v)~', then Q” is mea-
surable and pre-compact in G and by the same argument as for Eq.2.3 we have

/G/GXQ(g)/lhl)XQ(gV2h2)dV(h1)dV(h2) =< xo(gYDx0"(gy2) -

This bound along with a standard computation yields
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I, < > xor(8vDxor(gv2)dme ()

i
covol(I") J pr- i

1 1
= " 4 d = - "y,=1 ﬂ " .
SovolD) YIZEF /G X" (8YDXQ (©)mG(8) = s ylzermG(Q n'ne’

Since Q" is pre-compact, the latter series is a sum over finitely many y; € T and
hence finite. o

We will give more examples of perturbations v for which random perturbed lattice
orbits on real hyperbolic spaces are locally square-integrable in Sect. 10.

2.3 Autocorrelation measures

The autocorrelation measure of a random measure is a signed Radon measure on G
that uniquely determines the pu-covariance of linear statistics,

Covu(Sf1. Sf2) = ///[ p(OP(Fd(p) — gmx (fmx (). fi, fr € Log(X).

M (X
The definition is the following.

Definition 2.7 (Autocorrelation measures) Let b € £ (X) be a positive function
with mx(b) = 1. The autocorrelation measure of an invariant locally square-
integrable random measure @ on X is the bi-K-invariant signed Radon measure 7,
on G defined by

Nu(p) = /
M1 (X)

( / f P(s ()~ MBIy )dn(p) - &, / ¢()dm(g) .
X JX G

for all ¢ € £ (G).

The truncation function b € £ (X) is necessary for the definition as the bivari-
ante functions (x, y) — ¢(c(x)~'¢(y)) do not have bounded support. However, the
definition does not depend on the choice of b by the following Lemma.

Lemma 2.8 The autocorrelation measure 0, of an invariant locally square-integrable
random measure | satisfies

M™% @) = Covu(S(@o ), S(¥og))

for all right-K -invariant ¢, € £33 (G). In particular, the definition of n,, is inde-
pendent of the choice of b € £~ (X).
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Proof Assume without loss of generality that mg (@) = mg(¥) = 0, so that mg (¥ ™* *
@) = mg(Y)mg () = 0. Then it suffices to show that

M % ) =/

(] [ 7ot onarmp»)an.
M) Nx Ux

Given this identity, the subspace of functions of the form vr* x ¢ are enough to uniquely
determine 7,,, so i, will be independent of the choice of b.
First, we write

W) (c(x) s(y) = fG Y(hg(x)ehs(y))dme(h)
and using Fubini, we get that

Nu(Y™ * @)

G J M (X) XJXx

Since h¢(x).0 = h.x = ¢(h.x).o for all x € X then ¥ (hg(x)) = ¥ (¢g(h.x)) and
¢(hc(y)) = ¢(c(h.y)) by right-K -invariance. Thus

/X/Xw(hg(X))<p(hg(y))b(x)dp(x)dp(y)
= /X /X ¥ (s (b x)dhy p(x)dhsp(y)
and by the G-invariance of u, we see that

Nu (Y™ * @)

=/f (/ / w(g(x))‘p(g(y))b(h_l,x)dp(x)dp(y)>d'u(p)de(h)
GJAM(X) NIXIX

= [ ([ ] (] st rama i foctoots ) dpdpn )duip)
o) NxJx Na

= mx(b) ( f / PECDP(sNApAP() )dn(p)
Mo (X) NIX Ix
Since b € £ (X) was assumed to satisfy m y (b) = 1 then we are done. O

Example 2.4 (Autocorrelation of the invariant Poisson point process) Let f =
Z;V:l ajxp; be a simple function for disjoint and bounded Borel sets Bj, ..., By
in X. Since the linear statistics Sxg,, ..., Sxpy are Poisson distributed and indepen-
dent, the variance of the linear statistic Sf with respect to the invariant Poisson point
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process [Upoj 1S

N N N
Varpi (Sf) = Z > " ai@;jCoveoi(Sxs;. Sxs;) = Y _ laj|*Vareoi (Sxs;)
j=1 j=1

Il
Mz il

a;Pmx (B)) = / (o) Pdmx (x)

I
—

J

The latter can be rewritten as [y | f(x)[>dmx(x) = I lor(9)2dmg(g) = (¢F *
@ r)(e), so that

Varpoi (Sf) = 8e (¢ * @) -

This identity extends to every f € £ (X) and by polarization we find that the
autocorrelation measure of the m x-Poisson point process is npyi = J. as a linear
functional on .Z>°, (G, K). In particular, the number variance of the process is

NVpoi(R) = /x | X8 (¥)Pdmx (x) = Volx (Bg) .

Example 2.5 (Intensity and autocorrelation of arandom lattice orbit) Using the explicit
description for the probability measure mg,r from Example 2.2, we now compute
the autocorrelation nr := 7n,,.. The expectation of linear statistics can be computed
using a fundamental domain Fr C G of I to be

Eur (Sf) = Tl 'eovol(T) " mg (¢ )

for every f € Z55(X), where ¢r(g) = f(g.0). In particular, the intensity is (p :=
tur =T |~Icovol(I") 1. The second correlation is computed in a similar way to be

By (S£i5f2) = [Tl 2covol ()™ Y / fi(g7.0) f2(g.0)dma(g)

yel

= |y 2covol(M) ™" > (g%, % 91) ()
yell

forall f1, fo € £ (X). With this the autocorrelation measure can be identified as

nr(e™ * @)
1 1 N 1 2
= T, |covol(T) (m };(‘P *@)(y) — m‘/;;fp(g)de(g)‘ )
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for all right-K -invariant ¢ € £ (G). In shorter notation,

nrip) = tr(

o) —wma()) 24)

for all bi-K -invariant functions ¢ € £ (G, K).

Example 2.6 (Intensity and autocorrelation of a random perturbed lattice orbit) Let G
be such that mg(K) = 0, ' < G alattice and v € Prob(G) a right-K -invariant mea-
sure on G absolutely continuous with respect to the Haar measure m . The expected
value of a linear statistic Sf, f € fborfd (X), with respect to the random perturbed lattice
orbit s, can be computed using the I'-invariance of v®!" and the same computation
as for the random lattice orbit. Fubini yields

Bun 59 = [ () 3 #arzy o0t ©)ame,risr)

yel

f Z f f(gyh.0)dv(h))dma,r(gT)

G/T

= / / Zf(gyh.o>de/r<gr>)dv<h>.
G MJa/r

By the computation for the intensity of random lattice orbits and the unimodularity of
G we get

maG(@f)

1
B (S5 = oo /G ( /G F(gho)dma(s) v = ZEEL

Thus the intensity of ur,, is tr,, = covol(I‘)_l, in particular independent of v.

For the second moment of the process ur,,, we assume that I" is cocompact or
supp(v) is compact, so that ur,, is locally square-integrable by Lemma 2.6. Using
Fubini,

EMF,V(SfIS_fz)
= f > f f1(g12y,-0) (8122, O)dV®F(Z))de/r(gF)
G/T

Y1,y2€l

Note how

Lfl(gylzyl-0)f2(gVZZy2-0)dV®F(Z)

@@ x0)Gy) ifyr=yn=y
(0 *V)(gyD(@p xV)(gy2) ify1 # 12,
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where ¢ ¢ (g) = f(g.0) as before and V is the left- K -invariant probability measure on
G defined by v(Q) = v(Q~") for Borel sets Q C G. From this we get that

Bur, (5157 = [ (3 0 = ierier =9iar) o (e

VI£V2

+ /G/r (Z((pflafz * ﬁ)(gy))de/r(gF)

yell
= [ (X @ 0emn e )dme )
¢ ri,y2€l

~
—

- /(;/r (Z(?’fl * D)(gy)W)de/r(gr)

yel

+ /G/F (Z(wf@fz * lV))(g)/))dm(;/r(gr).

yell

From the computations made for the random lattice orbits,

/G " (X @nxiermios s ﬁ)(gm)dmc/r(gm

v, 2 €l

covol(F) Z(" *Qf *f kDY),

| (Zwnsoenns f))(gy))dmc/r(gm
G/T

yell

1 R
~ covol(l) /G (@r, * V) ()@ xV)(g)dmag(g),

and by unimodularity of G,

/G/r (Z((pflafz * ‘v))(g)/)>dmc/r(gr)

yel"

_ m / @1, % 9)(g)dmG (g)
_ m /G /G 01, (8¢ 75 (ghYdma () )dv(h)
_ COV;W /G 07 (97 &)dma(s) .

Thus

_ 1 . .
Eur, (Sf1SfH) = m(%(v *@h x@p xV)(Y)
y
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- /G((/)fl *V)(g)(@p * V)(g)dmg(g)

+ / 07 (@9 RdmG (),
G

so the autocorrelation measure nr , of ur,, is

(Z(vw*w*ﬁ)(y)—fG|(¢*ﬁ><g)|2de<g>

1
* —
nru(e” * @) = covol(T)
yell

2d ! d ?
+fG|w(g>\ ma(g) - Covol(r)\me) mg@)|)

= |To|?Vary (S((¢ # D) 0 )) + covol(l) ™ L (mg (I9) — mg (1¢ * ¥[%)) .

In short hand notation, considering the autocorrelation measure as a functional on the
sub-algebra Zbonod(G, K) of bi-K -invariant functions on G, we have

1

covol(I") (6e v v) ’

v = IDol? Vs * v +

where nr is the random lattice orbit autocorrelation of I' from Eq. 2.4. In particular,
if v = mg then N,mg = Nr-

3 Euclidean harmonic analysis

In Sect. 3.2 we introduce the Fourier transform and compute the Fourier transform of
the indicator function on a centered Euclidean ball in terms of Bessel functions of the
first kind. An asymptotic expansion and an integral formula for the relevant Bessel
functions are surveyed in Sect. 3.3.

3.1 Euclidean space

Let n € N and consider R” with the metric induced by the Euclidean norm ||-|| and
the origin 0 € R” as a reference point. For r > 0 we let B, denote the Euclidean ball
centered at 0. We will write dx = dmpn (x) for the Lebesgue measure on R”. If we
denote by 0,1 the canonical surface measure on the (n — 1)-dimensional unit sphere
S"=1 with mass 0,1 (S"~1) = 27"/2/ T'(n/2), then integration against the Lebesgue
measure can be written as

mn (f) :/O /sm fuydo,_1) " 'dt,  f e LEYR").

With this measure we have that Volg: (B,) = /2T (% + 1)~'r".
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We consider the transitive action of R” on itself by translation and emphasize that
invariance of a random measure y on R” refers to invariance under this action, which
corresponds to G = R" and K = {0} in the setting of the previous section.

3.2 The Fourier transform on R"

We take the Fourier transform of a function f € Lo (R™) to mean the function
f € Co(R") given by

@& = [ fooe™dx

Rn

In particular, fl = fi if and only if f; = f> Lebesgue almost everywhere. The
classical Plancherel formula reads as

f |f(x)Pdx = 2m)™" f | f(&)%ds .
Rn Rn

In particular, the Fourier transform extends to a unitary map

L*(R") — L*(R", Q) "d§).

Example 3.1 (Fourier transform of the indicator function on centered Euclidean balls)
Let us compute the spherical transform of the indicator function xp,. Since xp, is
radial, averaging over the unit sphere S"~! c R” yields

20 ® = 22 [ o ()
XB, = wy (X)) dx
F(%) B, (]
where
r .
o =2 [ el g, ).
2w2 Jsr-l

These are the SO(n)-spherical functions of the Euclidean group SO(n) x R" of rota-
tions and translations, and they can be expressed in terms of Bessel functions of the
first kind,

l—ocza 1 | 1
Jo(2) = 1—/ (1 —s)%"2cos(zs)ds, a,z€C, Re(e) > ——.
70+ 1) Jo 2

The following formulas can be derived from [22, Lemma 4.13 + Theorem 4.15, p.
170-171].
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Lemma3.1 Let & € R" and x € R". Then

(n) ( ) 3
() = —,,Jn L(ENXD) and s, &) = @)% Ty (rlED).
T e = (”5 ”)

In particular, the Fourier transform satisfies the homogeneity xp, (§) = r" x5, (r§) as
expected, and xp, (0) = Volg» (B;).

3.3 Some properties of Bessel functions

A crucial tool for the following sections will be a first order asymptotic approximation

of the (half-)integer Bessel functions J 1, and hence for the spherical functions a);").

Lemma 3.2 ([27], p.199) Let @ > —1/2 and let ¢ = Qo + ) /4. Ast — 400,
the Bessel function Jy(t) admits the asymptotic expansion

Jo (1) ~ (%)1 (Cos(t — ba) Z ( lt)2] in(t — ¢g) Z (= 1t)2ﬁf/+1> ,

where

T(a+j+4) _
Aj: . .21 i ]GZZO
2/jT (e —j+3)

In particular, there is a constant ko > 0 such that

Ko

2\ 1/2
Ja(t)—<E) cos(t —¢)| = 575 V=1

Corollary 3.3 Let o > 1/2. Then there is a constant Cy > 0 such that
[Ja(O] < Co(1+0)712, Vi >0.

Proof 1If 0 <t < 1, then % < 2(1 + t)_l/z, and we bound J, from above and below

by
21—atoc 1 . l—ata
[Ju ()] = 1—‘/ (1 — s 2 cos(ts)ds| < —_
72l (e + 5) ' o 7iT(a+ 1)
22—a
<

7A@+ 5+ 012
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If £ > 1 then we let My (1) = (2)!'/% cos(t — ¢o). We use that 1=1/2 < 2(1 4 1)~1/2
for all # > 1 and Lemma 3.2 to get the bound

2012 kg (2P 4k
el = Mo )]+ o 0) = Ma 0] = (=) + 575 = Zpr—

1/2
<2M
T (T4l

To finish the proof, we take

22— 2\1/2
Caommax (. 2((7) 7+ ).

7T2F(Ol+§)

In proving Theorem 1.1, we will encounter an integral of the following type.

Lemma3.4 Leta > 1/2 and B > 1. Then for every T > 1 there is a 67 = d1(«, B)
with é7 — 0as T — +00 such that

T 1
B 20 — (— B
/(; tP Jy(H)~dt = ( -|—5T>7 .

Proofof Lemma 3.4 Let My (1) = ()2 cos(t — ¢q). so that [Jo(t) — My(1)] <
kot /% forall t > 1 as in Lemma 3.2. We bound the integral in question from above
and below by

T T
/ zﬁMa(r)Zdt—/ P11, () — My (1)?|dt
0 0
T
5/ P I, ()2dt
0
T T
< / 8 Moy (0)2d1 + / P11 (1) — Mo (02 dt
0 0

First,

T
/ P My (1)2dt =

T
/ A1 cosz(t — g )dt
0 0

T
th= 1dt+/ (A1 cos(2(t—¢>a))dt>
5

5 /0 B=1 cos(2(T's —¢a))ds>

Nl— 8= 8w

(),
(
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Note that fol sPLcos(2(Ts — ¢o))ds — 0 as T — 400 by the Riemann-Lebesgue
Lemma.
Secondly, by Lemma 3.2 and Corollary 3.3 we have

cz 2 Cl+i

Vo () = My ()% < [ Ja O + Mo (0)]F < —% + = < ifo<r<1,
1+t Tt
3.1)
o (1)? — Mo (1)%] = |Ja (1) + Mo (0)||Jo(£) — My (1) (3.2)
Cy 2\1/2\ kg (Cq + Drg .
S<—(l+t)l/2 <E) )t?’TS—tz ift>1,
(3.3)

so that
T
/0 1P Jo(1)* — My (2)%|d1

1 T
= / P10 (1)? — My (1)?|d1 + / tP1Ja(1)? — My (1)?|d1
0 1

IA

1 T
(c§+1)/ tﬁ_ldt+(Ca~|—1)Ka/ P=2dr
0 1

C2+1 TA-1 1
= C Dkg—, T >1.
B + (Cq + Dy B—1 =

Note that the right hand side remains finite in the limiting case of 8 = 17. Putting
everything together, we define

T
1
Sy = T—f‘f 1, ()%dt — —
0 B

so that
r 1
f B I, (1)2dt = (— +5T)Tf’, T>1
0 B
and

r 2 Tf r 2 2
57| < T—ﬁ(/ B My (1) 2dr — — +/ B1T,(0)2 — My (1) |dt>
0 7B Jo
B-1 _

C2+1 T N
B-DTF

0
BT?

1 1
< ;‘ / s cos(2(Ts — qba))ds‘ n F(Cy + ko
0

as T — +oo. We also note that this limit is preserved in the limiting case
p=1% O
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4 Euclidean diffraction measures

We define the diffraction measure of an invariant locally square-integrable random
measure on R” and recall a known upper bound for its asymptotic volume growth.

The autocorrelation measure 7, of an invariant locally square-integrable random
measure u on R” is positive-definite in the sense of measures, that is

Mu(f** f) =0, VfeLu@R.

The positive-definiteness of n,, is the crucial property that will allow us to define the
diffraction measure of p. Recall that a Radon measure 7 is fempered if it extends
to a continuous linear functional on the Schwartz space .(R") of smooth functions
f : R" — C with sub-polynomial decay, that is,

sup (1 + [lxN¥]8” £ (x)| < +o0

xeR”

for all « € Z>o and all multi-indices 8 € ZZ,. The following classical result
establishes the existence and uniqueness of a measure-theoretic Fourier transform
of positive-definite measures.

Theorem 4.1 (Bochner-Schwartz) Let n be a positive-definite signed Radon measure
on R". Then there is a unique positive tempered Radon measure 1 on R" such that

n(f) = /R Fedne

for all functions f € . (R"). In particular, 1 is tempered.
We refer to 7] as the Fourier transform of 1.

Definition 4.2 (Euclidean diffraction measures) The diffraction measure of an invari-
ant locally square-integrable random measure x on R” is the unique Fourier transform
N € A+ (R") of the autocorrelation measure 7, on R”.

In particular, the p-variance of linear statistics Sf with f € .(R") can written in
terms of the diffraction measure as

Var (Sf) = 0 (f* % f) = /R NGRAGS

The linear span of the functions f* % f € .%/(R") are enough to uniquely determine
the autocorrelation measure 7, so the above formula for the j-variance uniquely
determines the diffraction measure ﬁu- Moreover, if w is ergodic then one can make use
of the mean ergodic theorem to see that the diffraction measure satisfies 7),,({0}) = 0.

We now justify the extension of this formula to all functions f € Z > (R"), in
particular for indicator functions xp, with r > 0.
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Lemma4.3 Let u be an invariant locally square-integrable random measure on R"
and f € Z5 (R"). Then

M (f* % ) = /R NGRAGS

In particular, f € L2(R", M)

Proof For every ¢ > 0, let 8. € .(R") be the function satisfying B\g(é) e
forall &£ € R”. Setting f. = B x f € . (R") then a standard argument shows that f
converges to f Lebesgue-almost everywhere. Since f is measurable and bounded with
bounded support, the convolution f* % f defines a continuous compactly supported

function on R”. It follows that f;* * f; converges uniformly to f* x f.In particular,
since 7, is a Radon measure then

im0y (f o fe) = nu(f 1)

On the other hand, by definition of B, and the diffraction measure we have that
—~ 21512 -~ —~
M (f o fe) = A;{ F@©re i, ¢) < fR @ P E) .

. 2 2. . . . ..
Since e ~2¢” €17 is monotonely increasing as ¢ — 07 with limit 1 then the monotone
convergence Theorem tells us that

Me(f*x f) = lim /R TP 1 am, ¢) = fR TP ).

O

The above Lemma imposes a growth condition on the diffraction measure 7,,, which
one can give a more specific description of.

Lemma 4.4 ([5], Proposition 4.9, p.21) Let u be a random measure on R". Then the
diffraction measure of u satisfies

Nu(BL) K,y Volrn(Br)
for all sufficiently large L > 0.
Example 4.1 (Poisson diffraction) In Example 2.4 we computed the variance of linear

statistics for the unit intensity invariant Poisson point process, which in the Euclidean
case reads as

Varpoi (Sf) = (f* # £)(0) = /R f@Pdx.
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By the Plancherel formula,
Varpoi(Sf) = /R £ (0)Pdx = @7)" /R 76

so the diffraction measure of the Poisson process is d7poi(§) = (2m)"d&.
Example 4.2 (Diffraction of a random lattice) Let ' < R" be a lattice. Then there is

a matrix gr € GL,(R) such that I' = grZ". The covolume of I" can then be written
as covol(I") = |det(gr)| and the dual lattice of T is the lattice

riz{geanw,g)eznz vyer}.

The Poisson summation formula states that

1 —~
Zf()’)=m > F®
Eert

yel

for f € . (R"). By the formula for the autocorrelation measure in Example 2.5 and
the Poisson summation formula,

1 1 1 —~
nr(f) = covol(T") ); F) = covol(I")?2 Jgn frdx = covol(I")2 Z F&)

ger\{0}

for all f € & (R"). Thus the diffraction measure of the random lattice ur is

1
Fr= — 55 .
g covol(I")2 Z §

£er+\(0)

Example 4.3 (Diffraction of a random perturbed lattice) Since all lattices in Euclidean
spaces are cocompact, random perturbed lattices are locally square-integrable by
Lemma 2.6 with a well-defined diffraction measure.

If v € Prob(R") we define its Fourier transform v : R” — C to be

() = / e 8 qu(x).

Then 7 is a continuous function, but does not necessarily vanish at infinity as in the

absolutely continuous case. Moreover, one computes v % v = [0|%. With this Fourier
transform in mind and the formula for the autocorrelation of a random perturbed lattice
(T, v) from Example 2.6,

Nry =V*knr v 4+ir(8o—V*v) =V*vknr +(r(Sp — V)
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where i = covol(I") ™!, the corresponding diffraction measure is

d§

diir,» (€) = [D(E)Pdir () + w0 (1 — )] )(2 e

Proposition 4.5 Let I' < R" be a lattice and v € Prob(R") a probability measure.
Then the perturbed lattice point process [ir,, is hyperuniform.

Proof By the formula for the diffraction measure we have

Ao (Be) = fB &) P ) + —T— / (1 P& P)de .

(2 )”

Note that D(0) = v(R") = 1,50 1 — [9(£)|2 = o(1) as & — 0. Moreover, since jr is
stealthy, then 7r | B. = 0 for sufficiently small ¢ > 0. Finally, as ¢ — 0 we then have
that

i (B) = s / (1= FEP)E = S0l
so ur,y is spectrally hyperuniform and hence hyperuniform. O

5 Beck’s Theorem

We will in this section investigate lower bounds for number variance NV, (r) as R —
+o0 for invariant locally square-integrable random measures ¢ on R”. As mentioned
in the Introduction, we emphasize that the results of this Section are considered well-
known. In Sect. 5.1 we refine and prove Theorem 1.1, and in Sects. 5.2 and 5.3 we
arrive at a proof of Eq. 1.3. Finally, we formulate the contents of Sect. 5.1 for isotropic
random measures in terms of the associated powder diffraction measure in Sect. 5.4.

5.1 Proof of Theorem 1.1

To prove Theorem 1.1, we will prove a lower bound on the average of the number
variance that is similar to the inequality that Beck proves in [4, p.4].

Theorem 5.1 Let 1 be an invariant locally square-integrable random measure on
Euclidean space R". Then there is a constant C = C(n) > 0 such that for every
R, > 0,

1 /R dn,.(§) 1
- NV(r)drzC/ SIS\ pn=1 YR > R, .
RJo " ( lEI=R; ! ||5||”+1) ’

Proof From Lemma 3.1 we have that
X8, (§) = (2m)2 Ju(rl&l) .
(||§||> 2
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By Lemma 3.4 with « = n/2 and = n, there is forevery T > 1 a 67 € R with
87 — 0as T — —+oo such that

R n prR n RI&]l
f 75, € Pdr = &) f Iy (rlEdr = 2 / " Jn (1)*dt
0 0 2 0 2

n&n: [|& )2+
5.1
Qm)* /1 n
= ”g:”—"-H(E + 5R||g”)R >0 5.2)

for every R > R, and every || &|| > R;l. Define
1 T
C = 2n)" inf (— + aT) — Q@7)" inf T~" / " Jn (1)2dt |
T>1\mn T>1 0 B
which is positive since
T T 1
/ "Ja()?dt >0 YT >1 and lim T—”/ "I ()dt = — > 0
0 2 T—+00 0 2 mn

by Lemma 3.4. An application of Fubini provides the lower bound

1 1 —~ 2 ~
R/ N‘M(‘ )d) /;1<R/ |XBr(E)| d’)d”u(%)

= [ er ©)Pdr)d, 6 = r7C [
ey r
= Jierzrt \R Jo ** o= lel=ry " 1§

as desired. O

Remark 5.2 Since 7),, satisfies 7),,(Br) <, L" for sufficiently large L > 0 by
Lemma 4.4, then

d;/\/l.(é) o ﬁu(Bu) ° du
/usanol gt < /R ez SRy /R = fosee

-1
Thus the right hand side in Theorem 5.1 is indeed finite.
Theorem 1.1 now follows form the fact that

. NV,.(R) _ . 1 (R
lim sup — > lim sup = NV, (r)dr = C
R—+o00 R" R—+o00 R™ Jo R

A7, (€)
2 T T

which may or may not be infinite.

Before moving on we emphasize that if the diffraction measure vanishes in a neigh-
bourhood around & = 0, then the limitas R — +o00 in Theorem 5.1 can be normalized
and computed.

@ Springer



Hyperuniformity of random measures on Euclidean and hyperbolic spaces Page330of70 46

Definition 5.3 (Euclidean stealthy random measures) An invariant locally square-
integrable random measure p on R" is stealthy if there is a A, > 0 such that

Mu(By,) = 0.

Corollary 5.4 Let w be a stealthy random measure on R". Then

lim l NV/L(") —onn 1/ dﬁu(éj—)
R—+o00 R 0 r”_l R~ ”%‘”I’l-‘rl ’

Proof Let A, > 0 such that 7’\# (B;,) = 0. Similarly to the proof of Theorem 5.1 we

have
fNVL) 1 (R Zs @R\ -
_/ yn— 1 /”SHZ)»O (E/O rn—l dr)an(S)
1k di,(£)
= Q2n)" — Ju 2dr) —£>2
(N)~AHZM<RL£ I g dr)

IfR > A;l, then Lemma 3.4 with « = n/2 and 8 = 1 gives us

i | [RIED ) 1
_/rhUWDm_Rwa O e

as R — +00. By Remark 5.2 we know that [}, ., |I§ |~ +Dan, (&) is finite, so by
dominated convergence we see that B

. 1 [R dnu (&) _ dn, (&)
1 2 n _ Jﬂ 2d H—=2n n 1/ l .
R T /@exo(Rfo Pl lear) S =2t |

5.2 Dynamics for the invariant random Z"-lattice
We consider the invariant random Z"-lattice and compute its diffraction measure. We
also provide dynamical results on square roots of natural numbers that will be a key

ingredient in proving the lower limit

NV, .(R)
lim inf —-2 """ —
R—+400 R4

5.2.1 Number variance of the invariant random Z"-lattice

Consider the standard lattice Z" < R” and the random lattice 7. . Its dual lattice is
(Z"y*+ = 277", so by Example 4.2, the diffraction measure 77 of the random lattice
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Mzn is

iw(H= Y. fery

y €Z"\{0}

forany f € £ (R"). In particular, j7n is stealthy. The number variance of the linear
statistic S x g, can then be written using Example 3.1 as

NV, (R 1 R :
1:5—5 = Ri-1 > IXBR(Zny)|2=(2n)”R[Z;(/Z) J: 2 RV0)?

Y €Z"\{0}

(5.3)

where r,(0) = |{y € Z" : ||y ||*> = £}] is the sum-of-squares function. By Corollary
54,

lim lf Wiz 0, =2"n"—1§:r"(€).

R—+oc0 R rn—l

Moreover, Remark 5.2 implies that the right hand side is finite. We now show the
slightly stronger statement that the map R +— R~""UNV,_, (R) is uniformly
bounded in R > 0.

Lemma 5.5 Let n > 1. Then the Dirichlet series

Dy =3 20

ES
(=1

is absolutely convergent whenever Re(s) > 5.

Proof Without loss of generality, we assume that s is real. Rewriting D (s, r,,) as a
series over the integer lattice and partitioning into unit annuli, we get

1 - 1
D0im = 2 o 1717 =2( 2 )
yezZn\{ k=1 k<|ly|l<k+1
An upper bound is then

o0
|Z" N Byy1\ Bkl
SYRISP L LT
k=1

The number of lattice points in a ball can be bounded from above and below using a
standard box covering argument,
n/2 /2

T n n n
e 1)(k V)t < |Z ﬂBk|_F(,,+1)(k+f)
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for all sufficiently large k& > 1. Thus the number of lattice points in the annulus
Bi+1\ By is bounded as

|Z" N Biy1\Bi| = |Z" N Bry1| — |Z" 0 By

n/2
(K414 V)" = k= V") < k!

b
< -
TG+

for all sufficiently large k > 1, and we extend this to a uniform bound |Z" N
Bi+1\Bi| <, k"1 for all k > 1. This means that

o0

1
D(s;1p) Kn ,; m .

n

The latter series is convergent if and only if s > 7. O

Corollary 5.6 The number variance of the invariant random 7" -lattice satisfies
NV, (R) <, R™™!

forall R > 0.

Proof By Corollary 3.3, there is a constant C, /> > 0 such that J% () < Cypa(l +1)~1/2
for all # > 0. Thus

NV, (R) = (21)"R" Z rn(t )Jn (27 RV0)?

n/2
(=1 e
o o
n(£) 1 n ()
<C?,Q27)'R" " Qr)" "R )
" ,; R0+ 27 RVD) Cire ,; gt
By Lemma 5.5, the right hand side is convergent and so we’re done. O

Example 5.1 (Vanishing of the number variance for random shifts of Z) When n =
1 we have ri(¢) = 2 if £ = m? for some integer m > 1 and O else. Moreover,

Ri—r.R)(2rm) = SCTRM) o

NV, (R) = = Z sin (271Rm)

m
m=1

Thus the number variance is identically zero along the sequence R = 0, 1/2, 1, 3/2,
2, ... of half-integers. In dimension n = 5 we can not find simultaneous zeroes of the
Bessel function J5,2 (27 R~/0) for all relevant positive integers £, but we will provide
a sequence of radii for which the number variance is asymptotically dominated by R*.
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5.2.2 Rational independence of square roots and ergodicity

The support of the diffraction measure 7z is 27§ : & € Z"} C R”, and in light
of Example 5.1 we will show that one can scale norms || &1]|, ..., [|Ex || for any finite
collection &1, ..., £y € Z" such that they are simultaneously close to the integers. We
will make crucial use of the following is a classical result due to Besicovitch.

Lemma 5.7 ([6], Theorem 2, p.4) Let {1, ..., £ be distinct positive square-free inte-
gers. Then the roots /L1, ..., /L are linearly independent over Q.

A simultaneous consideration of the fractional parts of such square roots give rise to
the following uniquely ergodic dynamical system.

Lemma5.8 Let «ay, ..., a5 € R be linearly independent over Q. Then the translation
action

v+ZJr—>(v+a)+ZJ, a:(al,...,ou)e]RJ

on the torus R’ /7.7 is uniquely ergodic with the Lebesgue measure as the invariant
measure. In particular, every orbit of the action is dense.

Proof Suppose that 6 is an invariant probability measure on R /Z’ with respect to the
prescribed action. It suffices to show that 6 is the Lebesgue measure. By invariance,
the Fourier transform 6 : Z’/ — C of 0 satisfies

'é‘(y) — / e—2ni(y,x>d9(x) — / e—2ni(y,x+a)d9(x) — e—2ni(y,a)§(y)
R/ /77 RY /77

for all y € Z’. This forces 5()/) = 0 for all y # 0, since otherwise there would be a
non-zero y for which (y, a) € Z, contradicting the assumed Q-linear independence
of oy, ..., ay. Thus 0 is the unit mass on 0 € Z’ and hence 6 is the Lebesgue measure
on R’ /Z7 by injectivity of the Fourier transform. O

Corollary 5.9 Let N € N. Then there is a positive sequence Ry — +00 such that
Re.(1, V2, ., N+ 72N — 0+ 7N

ask — +oo in RN JZN.

Proof Take distinct positive square-free integers ¢y, ..., £; and finite subsets Ay, ...,
Ay C N such that

J
(V2 VN = | [{k/E ke Ay} (5.4)
j=1

By Lemma 5.7, /€1, ..., »/£ are linearly independent over Q, and by Lemma 5.8 the
action of translation by o = (v/€1, ..., »/£) on the torus R/ /ZJ has dense orbits.
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Thus we may take a sequence Ry — oo such that Ry.o +77 — 0+ 7Z7 in R/ /77 .
It follows by the decomposition in Eq. (5.4) that Rgv/€ + ZNV — 0 + ZV for all
£=1,..,N. O

5.3 Proof of Equation 1.3
From Eq. (5.3) for the number variance of uz», we have

NVMzn (R)

2=~ n )”RZ”’( L J, e RVE?.

n/2

This is uniformly bounded in R > 0 by Corollary 5.6, so we fix ¢ > O and take N > 1
to be an integer such that

o
r (£)
R > E/Zh(an\/—) <&, VR>0.
{=N+1

It remains to find a suitable sequence of radii such that the first N terms of the series
tend to 0. To do this we make use of the approximation M z (1) = (%)1/ 2 cos(r — Dns2)
of J,/2(¢) in Lemma 3.2 along with the bound in Eq. (3.1) for R > 1 to find that

S0 o ra(0)
n 2 n 2
R;:l: E Jj(an\/Z) SRE_: 5 Mj(an\/Z)

+RZ ru(t )|Jn(2nR«/_)2 My Q2 RV0)?|

1 ul rn(£) kg n(£)
_E 27 RV — +_2§ i
5 2 ; cos ( T (]5 )

n
2@152

where again ¢, 2 = %n. Fix ¢ > 0 and take R, > 1 such that

2kn Xy (0)
2 i VR>R,.
Then
NV im (R) _ n () rn(€)
S — o) (RZ e RVO? + R Z Sy G Rf))

=1 {=N+1

cos’2m RVE — ¢1) +2(27)"e VR = R,.
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For the case n = 5 we get

Var, (Sxs,)

N
¢
o <3273y % sin? 2T RV + 647°¢  VR>R,.

=1

By Corollary 5.9 there is an sequence (Ry)i>1 with Ry — 400 as k — +o00 and
such that Rk«/z — 0in RN/ZN forevery 1 < ¢ < N, hence sin2(27r Rk\/Z) — 0 for
every 1 < £ < N. This means that

NV,u,s (Re)
D ()

lim sup < 64ne,

k— 400 Rk
and since ¢ > 0 was chosen arbitrarily we are done.

Remark 5.10 The key feature of dimension n = 5 is that ¢5/» = 37” is an odd multiple
of 7, so that cos2(t — ¢s ) = sin2(¢) for all # > 0. Thus the same proof works for
dimensions n = 4m + 1, m > 0. Moreover, Parnovski and Sobolev [21, Theorem 3.1]
prove that

NV, (R)
lim inf ——2¢ "~
R—+00 Rd-1

when n # 4m + 1, which, as the authors mention, essentially follows from a result of
Dahlberg and Trubowitz in [11] for dimension n = 2. The argument of Dahlberg and
Trubowitz was also adopted in [13, Corollary 2.2] for dimensions n # 4m + 1.

5.4 Isotropic random measures on R"

Given a random measure i on R", one can require invariance under other subgroups
of the Euclidean isometries rather than just translations. The special Euclidean group
G, = K, x R" with K,, = SO(n) is the group of rotations and translations, and
contains the subgroup of translations considered in the previous subsections. Random
measures that are invariant under G,, are commonly referred to as isotropic.

Given a translation invariant random measure 1 on R”, one can construct an
isotropic random measure 1'% as the push-forward of . along the K ,-averaging map
Avg, : My (RY) — A (R")Kn defined by

Avk, (p)(B) = f pk.Bydmy, ()

n

for every bounded Borel set B C R", where mg, is the Haar probability measure
on K,. Note however that this specific procedure does not produce isotropic point
processes from translation invariant point processes.

If 1 is an isotropic and locally square-integrable random measure on R”, then the
autocorrelation measure 7, is a bi-K,-invariant measure on G, which canonically
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descends to a radial measure on R”. Thus it is uniquely determined by its restriction
to the subalgebra .Z5%) (Rmyrad Lo (R™) of radial functions. On this subalgebra
the Fourier transform restricts to what we call the Hankel transform. Given [ €
Lo (R™)™d its Hankel transform is the function f: Rs>9 — C given by

Fo= [ oo s,

(n)
A

where w, ~ are the SO(n)-spherical functions from Lemma 3.1,

n—2
27 T(5)
0 () = 25 T2 (1lIxI))
(rlxl 2

By construction, f(é ) = f(||§ ) for all & € R" and dualizing this to measures, we
are able to define the Hankel transform of a positive-definite Radon measure on R”.

Definition 5.11 Let u be an isotropic locally square-integrable random measure on
R”™. The powder diffraction measure of 1 is the Hankel transform 7, € .#, (Rx) of
the autocorrelation measure 7.

By the existence and uniqueness of the diffraction measure in Theorem 4.1, 7, exists
and is unique. In particular,

23 [ 2 i~
Var, (Sf) = =~ [f ) 7dn, (h)
I'(3) Jo
forall f € £, (R™)"d_With this notation, the lower bound in Theorem 5.1 is

1 (R  di, (A
— | nv (r)drzC( i )>R”_1, VR >R,
R Jy " go1 ATl

for R, > 0 and some C = C(n, R,) > 0. If p is in addition stealthy, then the limit
formula in Corollary 5.4 becomes

1 RNV T F 1 %0 g ()
lim — 1 r = n +1
R—+o00 R Jo 1" '(3) 0o A"

6 Spherical harmonic analysis on real hyperbolic spaces

We introduce real hyperbolic spaces, Cartan coordinates and invariant reference mea-
sures in Sect. 6.1 and the spherical functions in Sect. 6.2. We give a careful treatment
of the spherical functions, providing a trigonometric expansion in Sect. 6.3 and as
a consequence some bounds and an asymptotic mean in Sect. 6.4, which are crucial
ingredients in the proof of Theorem 1.4. Lastly, we survey some properties of the
spherical transform in Sect. 6.5.
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6.1 Cartan decomposition and invariant reference measures

Consider the bilinear form [x, y] = xoyo —Xx1y1 —- - —X,yn forx, y € R and the
one-sheeted paraboloid H" = {x € R'*" : [x, x] = 1, xo > 0} with the hyperbolic
metric d(x, y) = arccosh([x, y]). On R+ the group G,, = SO°(1, n) of orientation
preserving linear maps preserving [-, -] restricts to a transitive isometric action on
(H", d). Fixing the reference point o = (1, 0, ..., 0) € H", its stabilizer is

Kn={<(])2>:kESO(n)}<Gn.

With this we obtain a proper pointed metric space (H", d, 0) as in Sect. 2.1.

6.1.1 Cartan decomposition

A polar decomposition for H" is available via the length map £ : G,, — Rxg, £(g) =
d(g.o, 0), which is a bi- K,,-invariant map and descends to a bijection K,\G, /K, —
R>o. If we consider the one parameter subgroup

cosh(¢)| O |[sinh(?)
An = {a[ = 0 Ian—l 0 it e R} < Gn
sinh(r)| 0O |cosh(¢)

then £(a;) = |t], and we obtain the Cartan decomposition G, = KnA,J{Kn, where
A} = {a, : t > 0}. From this decomposition we get for every R > 0 an open subset

Bg = €7'(10, R) = {kia;ka € G, 1 1 € [0, R), k1, ka € Ky} ,
which we refer to as the centered open Cartan ball of radius R > 0. Moreover, we
note that the orbit of the Cartan ball Bg C G, in H" coincides with the open metric

ball, Bg.o = Bg(0). We will interchangeably use the notation Bg for the centered
Cartan ball in G,, and the metric ball Bg(0) in H".

6.1.2 Continuous sections
Note that if g € G, with Cartan decomposition g = kja;k; then
g.0 = kjas.o = (cosh(t), sinh(t)u)

for some u € $""! C R”™. The sphere S"~! is a homogeneous space for K, and
a standard argument using the Gram-Schmidt orthogonalization process produces a
continuous section x : S"~! — K,,, so ¢ (cosh(t), sinh(#)u) = «x (u)a, is a continuous
section from H" into G,,.
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6.1.3 Invariant reference measures

If we denote by m g, the unique Haar probability measure on K, then a Haar measure
on G, written in Cartan coordinates is

o0
me, (@) = /K /O fK o(kiarks) dmg, (kp)sinh(tY'~\didmg, (k). ¢ € L (G) |

and a G, -invariant reference measure on H”" is

myn (f) = /OOO /;”71 f(cosh(t), sinh(t)u) doy,_1 (u) sinh(t)" " Ldt fe Lo,

where o,_ is the canonical surface measure on S"~!. The relation between the two
measures is

mye (f) = / f(g.0)dmg,(g) .

F()

In particular, the volume growth of centered Cartan balls in H" is

Z R
2
mpr (Bg.o) = / sinh(1)"~'dr =, cosh(R)"~! 6.1)
0

T
I'()

for all sufficiently large R > 0.

6.1.4 The algebra of bi-K,,-invariant functions

As in the case of isotropic random measures on Euclidean spaces we will restrict our
attention to linear statistics and autocorrelation measures on the subspace of radial
functions in Z> (H"), which we identify with the space £ (G, K,;) of bi-Kj,-
invariant functions using the section ¢. A key feature in defining the spherical functions
and the spherical transform is that the latter space defines a commutative algebra with
respect to convolution.

Lemma 6.1 Let n, v be bi-K,-invariant Radon measures on G, and assume that v is
finite. Then
Nkv=v%n.

In particular, the subalgebra bnd(G,,, K, C bnd(G”) is a commutative involutive
subalgebra.

With this property, we say that (G, K,) is a Gelfand pair.
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6.2 Spherical functions on H"

A complex hyperbolic wave will for us be a function &, , : H* — C of the form
E.ux) =[x, (1, u)]_i’\_%, where u € S"! and A € C. A spherical function for
hyperbolic space H" will, similarly to the Bessel functions appearing in the Euclidean
setting, be a function w;, : G, — C given by

I'(%)
2

w(g) = / £ uk 1 g.0)dmg, (k) = —2% / [g.0. (1 v)] "~ "T doy,_1 (v)
K, 2 Jgn-l

for any choice of u € S*~!. To emphasize the dimension n, we write a)( " in place of
w;,.. These functions are continuous and bi-K,,-invariant, and can be rewritten as an
integral over R by a formula that we state next. For the statement, we remind ourselves
of the Beta function

CT@T) '
B(Z, LU) = m = /0 N (1 S) ds , Z,WeE C\Zfo .

Lemma 6.2 The spherical function w, ), A € C, can be written as

g
o (g) = ay sinh(£(g))>™" /O ! (cosh(£(g)) — cosh(s))"T cos(rs)ds ,
2 2
n—1

ay = —————
B(* 7.

%

N —

Proof From the Cartan decomposition, every g € G, can be written as g = k1ae(g)k2
for some k1, ko € K,, where £(g) = d(g.0,0). Using that spherical functions are
bi-K,-invariant and introducing spherical coordinates on §"~! yields

F 5 . n—
0" (8) = 0" (are) = (_22/ laccg)-o0, (1, A" doy_1 (v)
27‘[2 Sn—
- lr(—j,,)_lf (cosh(£(g)) — sinh(£(g)) cos(@))™*~"7" sin(@)" 2da .
w2l (%) Jo

Making the substitution e* = cosh(€(g)) — sinh(£(g)) cos(x) we get

z ¢ s n=3
o = P [ g ()
720 ("5L) sinh(e(g)) /@ sinh(£(g))
_ re)
72T (25L) sinh(£(g))n 2
W n=3
/ ¢ e*’“(eﬂ(sinhz(ag))—(cosh(e(g))—es)z)) 7 ds .
—£(g)
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Note that

e*S(sinh2(£(g)) — (cosh(£(g)) — es)z)
= e—S(sinhz(f(g)) - COShZ(E(g)) + ZCOSh(K(g))eS _ ezs)
= 2(cosh(£(g)) — cosh(s)),

so the spherical function is

™ 27 TG @ "
w, ' (8) = — / (cosh(£(g)) — cosh(s)) 2 e**ds
72T (%) sinh(¢(g))"2 /-t
2T T(%) g .
= — 2 / (cosh(£(g)) — cosh(s)) 2z cos(As)ds .
w2 ("5 sinh(£(g))"=2 Jo

]

The following resultis arecollection of some standard useful properties of the spherical
functions.

Lemma 6.3 The spherical functions a)(") A € C, satisfy the following:

() @ (e) =1 and ") = 0" forall 1 (C

2) w§ ") is bounded if and only if Im(1)| < *5=. Moreover, if Im(X)| < "5~ we have
that
o) ()] < 1

forall g ¢ K,.
(3) Ifg ¢ K, and A > O then |a)(")(g)| - a)(")(g)

Proof For (1) we have that

n
0@ =—22 | [o.(1,v)]7* " T doy_1(v) =1,
712 sl

and by Lemma 6.2 it is easy to see that w("; = win) forall A € Cusing thatcos(—As) =
cos(As).

For (2), the first claim is obvious and for the second one we first assume that
Im()| < % and use Lemma 6.2 to find that

27 () “(g)
2 / (cosh(£(g)) — cosh(s)) cosh(lIm(A)ls)ds

0 (9)] < — 1
72T (%51) sinh(£(g)n =2 JO

n—1
2T}

12¢3) n3 n—1
: / (cosh(£(g)) — cosh(s)) 2 cosh ( s)ds
72T (251 sinh(e(g)y"=2 /0 2

IA
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n l(g)_l

for all g € G,. Moreover, it is not hard to see that the last inequality is strict if
[Im(A)| < ”2;1 and g ¢ K,,, so the second statement also holds.

(3) follows from a similar bound as in the proof of (2), using that | cos(As)| < 1
for almost all s > 0. 0

6.3 A trigonometric expansion of spherical functions

The following Proposition can be viewed as a alternate formulation of the classical
asymptotic expansions of spherical functions due to Harish-Chandra, see [14, Theorem
5.5, p.430]. For us however, we are in need of an expansion along the line A > 0, which
differs slightly from the referenced statement. We emphasize that our proof will rely
entirely on elementary arguments.

Proposition 6.4 Let A > 0. Then there is anr, > 0 and bounded continuous functions
(s 2), Bp (-, A) 2 [ro, +00) > R
such that
(n)(ar) = a, sinh(r)~ = (an (r,A)cos(Ar) + Bu(r, A) sm()»r))

with

i et =R (35, "5) et e = im(o(0."5 ).

6.3.1 Some identities for the Beta function

For the proof of Proposition 6.4 in even dimensions, it will be useful to consider the
the power series expansion

20)!
172 = Z E@X [ W (62)

for 0 < x < 1. Using Stirling approximation, one gets the asymptotic E; ~ ,/ﬁ as
{ — 4o00.

Lemma 6.5 Ler z € C\{0} such that Re(z) > 0 and m € Z=g. Then

m —lk o]
B(z,m+1)=2<’;:>% and B(z,m+1/2)=ZE5B(z+€,m+l).
k=0 =0
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Proof The first identity follows from binomial expansion,

b m o (m P 2 (m\ (—DE
B(z,m—l—l):/o Xl —x)dx =) ) (=1 /0 x dx =) N et
k=0 k=0
For the second identity, we first note that
¢ — 1!
[B(z + ¢, m + 1) SB(RG(Z)+E,m+1)5B(€,m+1):u,
€+ m)!
SO
oo o0
D E(BGz+L.m+ 1) <> EBEm+1)
=1 =1
o o0
€ —-n! ¢
= Y By S L g <+
=1 =1

By dominated convergence, we get

00 1 00
S EBG+Lm+1) =/ xz—l(Zng@)(l — x)"dx
0 =1

=1
= /01 XA =)= 1) - x)"dx
=B(z,m+1/2) —B(z,m+1).
Rearranging this, we finally have that

o0
Bz,m+1/2) =) E/B@z+tm+1).
(=0

6.3.2 Some formulas for intermediate coefficients

Lemma 6.6 For everyq € Nandallr > 0,

2 cosh(r)4

.
/ cosh(s)?ds < 29+3 4
0 q

Proof Setting u = cosh(s) we split our integral as

r cosh(r) ud 2 ud cosh(r) ud
cosh(s)?ds = / ———du = / ———du + ———du.
/0 1 21 1 vu?—1 2 uz —1

us —
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For the first integral we make the estimate

2 q 2 q 2
[ [ gt [ e,
1 vu?—1 1 VJu+1)u—1) 1 Ju—1

For the second integral, we have that

cosh(r) u cosh(r) u cosh(r) u
M = f
/2 Vu? -1 2 «/(u+l)(u—1 u—l

cosh(r) cosh(r) q
:/ ( ! 1>uq_1du < 2/ wlldu < m.
2 - 2

q
Gathering the two estimates we get

cosh(r) q q
—du + Mg < geth 4 2e0shOT

r 2
cosh(s)?ds =/ <
/0 Ju? — u? —1 q

Lemma 6.7 Foreveryk € Z=o, r > 0, A > 0,
r
/ cosh(s)k cos(As)ds = ay(r, L) cos(Ar) + b (r, 1) sin(Ar) , (6.3)
0

where

k k .
1 (2j — k)sinh((2j — k)r) A cosh((2j —k)r)
w2 = 72() Qi—kR+az P = 72()(2171«)2“2'

Moreover, if r > arctanh(%) these coefficients satisfy

r 1 r
ar(r, 1) < / cosh(s)kds, br(r,r) < X+2)\ f cosh(s)¥ds ,
0 0

and

arg(r, A) k . bi(r, A) A
im = , .
r—+oo cosh(r)k¥ k2 4+ A2 r oo cosh(r)f — k2 4+ A2

Proof A binomial expansion of cosh(s)* yields

" k L k ik LY [T ki
/(; cosh(s)* cos(rs)ds = E./—r cosh(s)*e'ds = W}X_E)(]) /_r eGi—k+ids g
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The latter integral is

/ " @ik g _ o Re (sinh<<gj —k+ m)r))
_r 2j —k+i)

_5 (2j — k) sinh((2j — k)r) cos(Ar) + A cosh((2k — j)r) sin(Ar)
B (2j — k)2 + A2

which means that

/r Cosh(s)k COS()»S)dS :<i Z <k> (2] —k) Sth((2] - k)r)
0 ;

" Q=2+ 2 > cos(Ar)

—o

~

k .
A k\ cosh((2j —k)r)\ .
" (2_’“ 2, (1) @ -k 2 ) )

J

as desired.
For the upper bound of ay (r, 1), we have

k
ay(r,A) = — <

k) (2j — k) sinh((2j — k)r)
j=0

J Q2j —k?+a?

<k) (2j — k)2 sinh((2j — k)r)
j)@Qj—k)?2+22 2j—k

(k)w = /FCOSh(s)"dS-
J 2j —k 0

For by (r, 1), we isolate the worst case of 2j — k = 0 by

k
. A k\ cosh((2j — k)r) 1 A k\ cosh((2j — k)r)
He b= Jz_;) (1) Gj k742 ~h & 2;,;#0 (1) @j =0+ 12

In the above inequality, we used that (lj‘) < 2k forall j =0, ..., k when isolating the
term corresponding to 2j — k = 0. Next we observe that

1

m < tanh(r) < tanh(|2j — k|r)

1
< —
2
for all j such that 2j — k # 0 and all r > arctanh(1/2), so that

cosh((2j —k)r) <2(2j — k)sinh((2j — k)r)
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for the same j and r. Thus

! K\ cosh((2j —k)r) 2 < (k) (2 — k) sinh((2j — k)r)
Z_kzj;ﬂ (,) @j =02 +22 52_";)(1) 2)j — k)% + 22

r
< 2ar(r,A) < 2/ cosh(s)ds ,
0

and so

1 A k h((2j — k 1 r
b(r,A) < —+ — E . M < -+ ZA/ cosh(s)kds
A 2k 2/ x0 i) @2 —k)? 4+ A2 A 0

for all » > arctanh(1/2). Lastly, the limits in the statement follow easily. O
Lemma 6.8 Suppose thatm € N, £ € Z>¢. Then
r h ¢ h m—1
/ (cos (s)) (1 _ cos (s)) cosCus)ds
0

cosh(r) cosh(r)
= Ap e(r, A) cos(Ar) 4+ By ¢(r, 1) sin(Ar) ,

where
m—1 k
m — 1\ (=1)%ag4e(r, 1)
A LA = _
me(r. 1) kX:(:) < k ) cosh(r)k+t
m—1 k
m — 1\ (=1)"bg4e(r, 1)
B LA) = _
m e, 3) Z ( k ) cosh(r)k+t
k=0
Moreover, for all r > arccosh(2) and all £ > 1,
m+1 2m—1

[Am,e(r, V)] =

1
and |Bm,£(r,)\)|§(x+8k) 7

and forall £ > 0,

m—1 _ —1)k
(m 1)( DK+ D _ pe®inm).

lim Ape(r,A) =
r— 400

2 2

=\ ok JeroTen

—m—1 (=1t
rgrfme,e(r,k)zkkE:Oﬁ( X )mzlm(B(m,m».

Proof of Lemma 6.8 Using the binomial Theorem we can write

" (cosh(s)\ ¢ cosh(s) \m—1
/0 (COSh(r)) (1 - Cosh(r)> cos(As)ds
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o, o
Z (m 1) Coih(gw / cosh(s)k+ cos(hs)ds .

which by Lemma 6.7 is

mi:l (m k_ 1) L)]]:H(ak—‘r@(i’, A) cos(Ar) + bk—‘rl(ry A) sin(Ar))
=0 cosh(r)
m—1 P mel \
_ m — 1\ (=1)"ag1¢(r, 1) m— 1\ (=D¥bg e (r, M) .
- (,§)< k )W) cos(Ar) + (lg) ( k )W) sin(Ar) .

For the upper bounds, we use the upper bounds in Lemma 6.7 for ay (v, A) and by (r, 1),
yielding

—1

m—1 m— 1\ agyo(r,A) m m—1 1 "
— +¢(1, - k+¢
A, o (ri <§ SR o ————— | cosh(s ds .
| m,l( )| =< P ( k )COSh(I’)k+e - ];) ( k )COSh(I’)k+e -/0 ®

Since r > arccosh(2), Lemma 6.6 gives us

r 2 k+¢ 2
h(s)*ds < /2 <
/0 cosh(s) s < \/_(cosh(r)) + Kre s

S

forallk > 0Oandall £ > 1, so

m—1 m—1
m—1 1 r 4 m—1 om+1
h k+€d < _ — .
kzzo( k )cosh(r)k+ef0 cosh()"ds = Z( k ) z

k=0

Similarly,

m—1
[GEDY (’”k_ 1)M

cosh(r)k+¢

— (m—1 1 1 r
< — (- +2A h(s)**td
- kX—(:) ( k )cosh(r)k“ (A + /0 cosh(s) S)
m—1
m—1 1 8\
< S — —_
- l;) < k ><A cosh(r)k+t + L )

. 1 81 1 2m-1
=2 oo+ ) = (58
rcosh(r)t = ¢ A ¢
The limits are a straightforward consequence of Lemma 6.5 and Lemma 6.7. O
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Corollary 6.9 Let r > 0 and A > 0. Then the series
o0 [e¢])
Y EAwi(r.h) and Y E¢By(r, 1)
£=0 =0

are absolutely convergent.

Proof Using the upper bounds provided in Lemma 6.8, we get that

m+1 m—1
;_OEelAm,e(r,)»)IEZ ;_o: o and ;_OEeIBm,e(r,)»)IEZ (X+sx)e§_0j -

From the asymptotic E, ~ ,/ % as £ — +o0, we see that ), E¢/¢ is convergent.
(]

6.3.3 A Proof of Proposition 6.4 for odd dimensions

Letn = 2m + 1, m € N. We use the formula in Lemma 6.2, binomial expansion and
Lemma 6.8 to write the spherical function wizmH) as

r
0@ (g, — sm}‘ﬁ’:ﬁfo (cosh(r) — cosh(s))" ! cos(rs)ds
r h —1
_ By / (1 _ cos (s))m cos(is)ds
sinh(r)™ 0 cosh(r)
- _sfhr?:;—m coth(r)" =" (Ap,0(r, ) coS(Ar) + By, o(r, 1) sin(Ar)) .
(6.4)
If we define

A1 (r, A) = coth(r)mflAm’O(V, A) and  Bouy1(r,A) = COth(V)mile,O(r’ A)
then
. _n=l ;
wizm"'l)(a,) = a, sinh(r)” 2 (a2m+1 (r, M) cos(Ar) + Bam+1(r, A) s1n(kr)) )

and Lemma 6.8 tells us that

lim oy,4+1(r, A) = Re(B(iA,m)) and lim Byut+1(r, A) =ImBGEA, m)).
+00 r——+00

r—
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6.3.4 A Proof of Proposition 6.4 for even dimensions

Let n = 2m, m € N. Using the Taylor expansion

o0
(1-x07"2 =) Eu'
=0

for 0 < x < 1, we rewrite the spherical function a)izm) in the same way as in the odd

dimensional case,

,
(2"1)( r) = th?rzﬁ /0 (cosh(r) — COSh(S))”P% cos(As)ds
__ “9m m—3 r _ cosh(s) m—%
*sinh()" 2 o 2/0 (1= o) cos0ds (6.5)
_ aZm m— COSh(S) COSh(S) m—1
= b T coth(r) 2/ Z cosh(r)) ( cosh(r)) cos(As)ds .

By Lemma 6.8 and Corollary 6.9, we know that

Z / cosh(s) 1 cosh(s)>m*1 cos(hs)ds

cosh(r) cosh(r)

= (Z E¢Ap o(r, A)) cos(Ar) + (i E¢Bp o(r, A)) sin(Ar)

£=0 =0

is absolutely convergent. We may then apply Fubini’s Theorem to write the spherical
function as

(2m)(ar) =DM coth(ry™ 3 Z / cosh(s) COSh(S))m_lCOS()\,S)dS

smh(r)m COSh(’) cosh(r)

arm m_?3
—— coth(r)" 2 E¢Ap ¢(ri 1) (Ar)
Sinh(r)m cotn(r ((Z(:) ? e\r )COS r

+ ( i EqByo(r, x)) sin(ir) ).

£=0

Thus we are inclined to define

3 2 3 2
o (r, A) = coth(r)" "2 Y " EgAp ¢(r,2) and oy (r,A) = coth(r)" "2 Y " EyBy o(r. 1) .
=0 =0
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Since these series are absolutely convergent for all » > arccosh(2) by Corollary 6.9,
we can compute their term-wise limit and use Lemma 6.5 to see that

o0
li M= li E/A A
r_}r_ir_loootzm(r, ) r—}rfoo; (Am,e(r, A)

=) E(Re(B(ix + £, m)) = Re(B(i%,m — 1/2))
=0

and
=
Jim fon(r,2) = lim % EtBpe(r. )
=
= Z EJdmBGA + £, m)) = ImBGr, m — 1/2)).
=0

This concludes the proof of Proposition 6.4.
Remark 6.10 The spherical functions wi") onreal hyperbolic space H" are special cases
of Jacobi functions. For real rank one symmetric spaces, the spherical functions are
essentially all Jacobi functions, admitting integral formulas similar to that of Lemma
6.2, see [3,Eq. 5.10, p.40]. The explicit integral formulas for n-dimensional hyperbolic
space over the real, complex and quarternionic field respectively are given by

™ (g) = Vol(§"~1)~! /SH laece)-0, (1, )] "4 Pdo (v)

forz > 0, where "~ is the unit sphere in the hyperbolic space with canonical surface
measure o and p is the half sum of positive roots with respect to a fixed root system.
For the octonionic case, n = 2 and one must make some modifications for the integral
formula, but we do not get into any details about this here. We expect that the proof of
Proposition 6.4 can for the complex and quarternionic cases be carried out in a similar
fashion for such real rank one symmetric spaces.

6.4 Bounds and asymptotics of spherical functions

We will now derive the main asymptotic bounds of spherical functions that will lead
us to the proof of Theorem 1.4 in the later sections.

Proposition 6.11 The spherical functions satisfy the following:

(1) Foreveryr > 0 and every A > 0,

a
o (a,)] < ——— .
Asinh(r) 2
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(2) For every ). > 0 we have

IB(ix, 50

1
lim — / 0" (a,)|? sinh(r)"~'dr = 2772
0 ' B(1, 1512

R—+o00 R

In particular, the convergence is uniform in A > A, for every A, > 0.
(3) Moreover, if 1 € [0, - 1] and r > 1 then there is a constant C = C(n) > 0 such
that

sinh(Ar)

o @)z C———
Asinh(r) 2

Remark 6.12 The limit formula in item (2) of the above Proposition has previously
been computed by Strichartz [23, Eq.4.20, p.84] by viewing the spherical functions
on H" as generalized Legendre functions. We present another proof of this using the
trigonometric expansion given in Proposition 6.4.

To prove item (2) in Proposition 6.11, we make use of the following elementary
Lemma.

Lemma6.13 Let R, > 0 and suppose that a, B : [R,, +00) — R are bounded
continuous functions such that «(R) — a and B(R) — b as R — +o0. Then for
every A > 0,

1R 2 a® + b?
R (a(r)cos(Ar) 4+ B(r) sin(Ar))“dr —> > , R— +4o00.
R,

Proof of Proposition 6.11 To prove (1) we use that cosh(r) — 1 < sinh(r) forallr > 0
to find that

|w(n)(ar)| = W‘/ (cosh(r) — cosh(s))" = cos(As)ds
M‘/ cos()»s)ds‘ < %
sinh(r) Asinh(r) 2

For (2) it is enough to show that

|B(l)» n— 1)|2
211 -2
B(§, 551)2

R—+4o00 R

1 R
lim — / 0" (a,)|? sinh(r)"~'dr =
R,

for some choice of R, > 0. Choose R, sufficiently large so that we can apply Propo-
sition 6.4 and Lemma 6.13 to find that
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1 R 2 R
= / o\ (a,)|? sinh(r)"~'dr = %" / (an(r, 1) coS(Ar) + B (r, X) sin(hr))?dr
R[’ R()

ReB2, 5% + ImBGA, 55?5 [BGx, "5
" : B 5502

as R — +o0.
For (3), we bound from below by

wir(ay) = / (cosh(r) — cosh(s)) cosh(ks)ds

smh(r)” 2

r—1

a, 13

> W/o (cosh(r) — cosh(s)) cosh(As)ds

(cosh(r) — cosh(r — 1))?
sinh(r)"—2

n

r—1
/ cosh(As)ds
0

. cosh(r)% (1 cosh(r — 1)) 3 sinh(A(r — 1))

~ "sinh(r)n2 cosh(r) A

ay, (1 cosh(r — 1)) 2 sinh(A(r — 1))
cosh(r) A

v

sinh(r) o

Using that A € [0, ”—51] and r > 1, elementary calculations yield the lower bounds

. _n-l cosh(r — 1) 2
sinh(A(r — 1)) >e~ 2 sinh(Ar) and 1 — ———>>1—=
cosh(r) e
so that
sinh(Ar) =l . n=3
wip(a)>C——-——=, C=aye” 2 (1-2")72 .
Asinh(r) z

6.5 The spherical transform on H"

Given a function ¢ € Z°(G,), its Fourier-Helgason transform is the function .7 ¢ :
C x §"~! — C given by

Fo,u) = / 9(8)€xu()dmg, (g) -
Gn
If ¢ happens to be bi-K,,-invariant, then

Fo(h,u) = /G @(g)wy(g)dmg,(g)

for any choice of u € S"~!.
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Definition 6.14 (Hyperbolic spherical transform) The spherical transform of a func-
tion ¢ € L5 (G,, Ky,) is the function ¢ : C — C given by

o) = / P()w.(g)dmg, (8) = fo @(a)w(ay) sinh(1)"dr .

n

One shows that ¢ is even and analytic on C for every ¢ € Jb"n"d(Gn, K,,) and that
o * 92() = 91 (M@2(A). In particular, if . € R UiR then ¢* x (1) = |§(M)|2.

As for the L2-theory of the spherical transform, we again have a Plancherel formula.
To state it, we introduce the Harish-Chandra c-function

a2 B, 5= n— INEIINN
) = p 2 P ol 2 e LGN ez,
CELEA+ 55)

where p, > 0is a normalizing constant such that the Plancherel formula below holds.
The precise value of p,, is not crucial to us in proving the remaining main results. A
computation of the c-function with an exact value of p, can be found in [24, Section
4, Thm 4.2. p.334], but we note that the value depends on the normalization of the
Haar measure m, . Note that ¢, is meromorphic and does not have any zeros in C. In
particular, |c,| is a strictly positive function.

Lemma 6.15 (Spherical Plancherel formula) For every ¢ € £52(G,, Ky),

2d :/OO o 2
[ tewPane, = [ iper

Equivalently, the spherical transform extends to a unitary map
L3 (G, Kn) = L2Rzo, |ca (V)] 72d2) .

Before moving on, we will compute the spherical transform of indicator functions
on balls.

Example 6.1 (Spherical transform of the indicator function on a centered Cartan ball)
The computation of the spherical transform for the indicator function yp, is similar
to the Euclidean case. Using the formula

t —
o™ (1) = a, sinh(r)>™" f (cosh(r) — cosh(s))"T cos(hs)ds, a, =
0
for the spherical functions, Fubini’s Theorem yields

.
73,(/\)=/ wf\”)(t) sinh(1)"~'dt
0

r t
=ay / (/ (cosh(t) — cosh(s))% cos()»s)ds) sinh(t)dt
0 0
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=ay /r (/r(cosh(t) — Cosh(s))§ sinh(t)dt) cos(As)ds
0 K

2ay, g n—1
= 1 (cosh(r) — cosh(s)) 2 cos(As)ds .
n— 0

In terms of spherical functions, we have

n+l1
~ . 277
%8, (1) = by sinh(r)" &P (r), b, = —. (6.6)

7 Hyperbolic diffraction measures

In this section we will introduce the diffraction measure associated to a random mea-
sure on H". Furthermore, we provide an asymptotic upper bound on the diffraction
measures of large intervals, similar to the Euclidean case. The support such diffraction
measures will be confined to the subset

QF = (0, +00) Ui[0, (n — 1)/2] Cc C.

The following Lemma ensures existence and uniqueness of the diffraction measure of
a random measure on H", which we prove in larger generality in [7, Theorem 1.1].

Lemma7.1 Let i be alocally square-integrable invariant random measure on H" with
autocorrelation measure 0, on G,. Then there is a unique positive Radon measure
N on QF such that

/G P(&)dn,(g) =/Q+ e (1), Yo e Cl(Gn, Ky).

n

The measures n,,, 7, are tempered in the sense that there are constants a,b € Zxg
such that

f(1+Z(g)>—“w3”><g>%dnu(g><+oo and /+(1+|A|>—bdm<x><+oo.
Gy Q,

Moreover, if w is ergodic then 7, ({i %}) =0.

Since the spherical function a)(()") decays exponentially, the following family of func-
tions are integrable with respect to the autocorrelation measure.

Corollary 7.2 If ¢ : G, — C is a measurable function such that

lp(g)]e!®?) — 0
as g — oo for every o > 0, then ¢ is integrable with respect to n,,.
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In fact, 1, extends to a continuous linear functional on a certain Harish-Chandra
L?-space of smooth functions that are rapidly decaying with respect to a power of wy,
but for our purposes we will not need this here.

We define the principal diffraction measure ﬁff’ ) and the complementary diffraction

measure ﬁ,(f) to be the restrictions of ﬁu to (0, +00) and i[O, ”T_l) respectively, so that

n—1

/Q L PO () = /O PARP () + /O T RENdTO ), 9 e C(Ga, Kn).-

Both measures ﬁ,(f ), ﬁff) are positive Radon measures, and ﬁl(f) is necessarily a finite

measure. As in the Euclidean case, we can extend the defining identity

n—1

Var, () = 0@} 29 = [ @ PARL 0 + [ 150 P o)
f 0 )

to all radial functions f € Z5% (H"), in particular the indicator functions f = xp,,
r>0.

Lemma 7.3 Let u be an invariant locally square-integrable random measure on H"
and ¢ € Z5°(Gy, Ky). Then

netr0) = [ R0Fm6).

In particular, ¢ € LZ(Q,J{, -

Proof Same proof as that of Lemma 4.3 by letting 8 be the bi-K,,-invariant rapidly
decaying smooth function on G, satisfying ,@(A) — e 03T, O
Example 7.1 (Diffraction of the mpn-Poisson point process) Recall that the autocor-
relation measure npo; of the mp»-Poisson point process is evaluation at the identity
e € G, when considered as a linear functional on .,iﬂb":d(G,,, K,). Therefore, by the
Plancherel formula for the spherical transform,

poi (9™ % @) = (9™ % ) (e) = / lp(9)>dmg, (g) = /0 [eS]s

n

lea (12
Thus the Poisson diffraction measure is
A () = lea (W) "2da and  di(A) = 0.

We will next prove the following analogue of Lemma 4.4.

Proposition 7.4 Let u be a locally square-integrable invariant random measure on

H". Then the principal part 'ﬁ,(f ) of the diffraction measure 1), of w satisfies

710, L]) <y L"
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for all sufficiently large L > 0.

Remark 7.5 For the my-Poisson point process on H" we have that dﬁl()f))i (A) =0and
npoz (A) = |cp(A)|~2d ), and the c-function has the asymptotic bounds

n

(0 = 2" POy " ifta>0
! ooreghrav+ i At ifa=o.

(7.1)

For sufficiently large L > 0 we then have

7010, L])—/L a2 V/LA"IdAvL”
0 lea2 " Jo T

The upper bound in Proposition 7.4 is thus, up to constant, a strict upper bound in
general and which is achieved by the invariant Poisson point process.

In order to prove Proposition 7.4 we make use of the heat kernel h, on G, with t > 0.
It is the bi- K, -invariant function

dr
|cn()‘)|2 .

% (5242
he(@)=| e "2 w3(8)
0

Equivalently, he(h) =e T ’+1%)_For the heat kernel in even dimensions n, there
is no closed formula in terms of elementary functions, but it will be sufficient for us
to consider the following uniform bounds in [12, Theorem 3.1, p.186].

Lemma 7.6 (Davies-Mandouvalos) The heat kernel satisfies

n—1 )

he(@) =<t 51 +1 40T (1 +re T = T

uniformly inr € [0, +00) and T € (0, +00).

In particular, the heat kernel /. is tempered and hence integrable with respect to
the autocorrelation measure 7, of a locally square-integrable random measure /& on
H" by Lemma 7.1.

Proof of Proposition 7.4 Denote by xpo,r the indicator function of the interval [0, L]
in R>0 and bound it from above by x[0,7j(A) < el_kz/Lz, so that

22 _x2
7P (0. L)) < /0 TP () < f e di 0

n

n— _ L n=1y2,52
_el+(2—;>2f+e BETPH e ).
Q

Note that the latter integral is finite since ?f,(f’ ) is tempered by Lemma 7.1. Since

o) = 2T
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then from the definition of the diffraction measure 7),, we see that
n—1 2_,’_)“
| e 00 = [ ha@dne.
QF Gy

so that 7 p)([O L] < et h? Ny (hy-2). Consider the Radon measure nu =nu +
tuymg,, which is a positive tempered measure satisfying 1, (h;) < UM +(h;) for all
7 > 0. By Lemma 7.6, we find in particular that there is a constant C > O such that

r2

n—>s r2 n—
0<hy2(a)<CL'"A+L 241 TA+ne T <CL'Q+r)'Te T

forall L > 1 and all r € [0, +00). We moreover bound eI+ ) < e+ T for
L > 1, so that the final bound becomes

AP0, L)) < e+ eL / Q+L(g)'Te - dnf(g).

Since n: is tempered, the latter integral is finite by Corollary 7.2 and thus
W0, L) Koy L. o
Remark 7.7 1t should be noted that, there are uniform estimates of the heat kernel by
Anker and Ostellari in the Main Theorem of [2], and using those the above proof can
be approached in the same way for general non-compact symmetric spaces X = G/K

with G a non-compact connected real semisimple Lie group with finite center and
maximal compact subgroup K < G.

8 A hyperbolic analouge of Beck’s theorem

We prove Theorem 1.4 using the following hyperbolic analogue of Theorem 5.1.

Theorem 8.1 Let u be an invariant locally square-integrable random measure on H"
with diffraction measure 7),,. The following holds:

(D) f )([O 2= l]) > 0, then for every R, > 1 thereis a constant C = C(n, R,) > 0
such that

n—1
NV, (R) . / T sinh? (RX) A(f)(k) VR>R,.
cosh(R)"—! 0 A2 g

2) zfnlp)((O +00)) > O then for every A, > O there is R, = R,(A,) > 0 and a
constant C = C(n, L,) > 0 such that

1 (R NV,) 00 )
— — K dr>C M2 P (), YR >R,.
R 0 COSh(l")n_] r = /)m |Cn+2( )| TI,L ( ) = I\p
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Proof By definition of the diffraction measure 7, and Eq. (6.6) in Example 6.1

n—1
NV, (r) > X8 M ) T XB. M o
—n—l=/ ocn T4 (“JF/ o =T 4 ()
cosh(r) o cosh(r) 0 cosh(r)
n+1

oo
= = tanh(r)""! sinh(r)"+ /O |0y (a)Pd7P (1)

n—1

2 .
+ /O 0l @) PR )

To prove (1), we use item (3) in Proposition 6.11 to find a constant C, = C,(n) > 0
for R, > 1 such that

2 sinh(AR)
(l’l-‘r )(Cl )_ e szRo
A sinh(R) 2

Then

NV, (R) _ 2! =

2
canh(R)"" sinh(R ,,+1/ (n+2) 24590,
cosh(Ry T ——tan (R)"!sinh(R) A lw;; 7 (ar)| (*)
ntl T sinh2(RA) .
> ) Co tanh(Ro)"71[) )\'—zdﬁff)()\,)

If we let C(n, R,) = 2"t'n=2C,(n) tanh(R,)" ! then we are done.
For (2), we assume without loss of generality that ﬁff) = 0. An application of
Fubini yields

1 (B NV,.@)

R Jo cosh(r)n—1

>

2n+1 1 R 5
> (— 10"*? (a,) | tanh ()" ! sinh(r)"“dr)dﬁ@) ).
n2 o R 0 1%

We claim that

. 1 2 1. _
Jmoz | " "2 (a,)|? tanh (r)" " sinh ()" dr = p, 7 lcua ()1

uniformly for all A > A,, which will finish the proof by dominated convergence. To
compute this limit, write

R R
/ i (a,) [ tanh(r)"~" sinh(r)"*dr = / i (a,)? sinh(r)"*dr
0 0

+ / 0" (a,)*(tanh (r)"~" — 1) sinh(r)"*+dr .
0
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By item (1) in Proposition 6.11, w""?(a,) < A~'sinh(-)~"%, and since 1 —
tanh(r)"~! < ne™" we get

LR w2, 2 I I n_ R n
—/ |y, (ar)|*|tanh(r)" =" — 1| sinh(r)"Tlar < —/ e 'dr<—— — 0
R Jo RA2 Jo RA2 R—>+o0

By item (2) in Proposition 6.11 we finally have that

1 R
Jim E/ 0" (a,)|? tanh ()"~ sinh ()" dr =
—+00 0

LICS nily)2

B(}. 251)2

. 1 (R 2 . _
= lim 7/0 0" (a,)|? sinh(r)"+ dr = = pylenp2 M.

R—>+00 R
O

Remark 8.2 The lower bounds in Theorem 8.1 are finite for fixed R > 0. For the com-
plementary diffraction bound the statement is trivial, and for the principal diffraction
bound we write

o0 o0
d
/ lens2(WI2dN P (1) <K f 00, uh = lensa @) *du.

Using the standard asymptotic

Piu) (-5
Tiu+ "5

as u — oo one can see that dd—u len42 (u)l2 Ly u~+2) for large u > A,, and since

'ﬁ,(f ) satisfies ﬁff ([0, L1) &, u L™ for sufficiently large L > 0 by Lemma 7.4, then

00 oo 7(P) 00
nu ([0, ul) du _
-/): |Cn+2()»)|2dﬁff) *) Lnho /): . unt2 du Snopiio /): 2~ *o ] = Tee

0 0 u

Thus the right hand side in item (2) of Theorem 8.1 is indeed finite.

Proof of Theorem 1.4 The first statement of the Theorem follows from item (2) of
Theorem 8.1,

NV, (R 1 (R NV >
lim sup L)l > lim sup — #(r)l > Cf leni2 ) 2d7P (1) .
R—+o00 cOsh(R)"~ R—+o00 R Jo cosh(r)"~ 0 g

Since |c,42(A)|* > Oforall » > 0 then the right hand side is positive, possibly infinite.
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Item (1) of Theorem 1.4 follows from item (1) of Theorem 8.1, since

n—1
L NV, (R) .. C (77 sinh*(Rpr)
1 f— > f— ———d790) = c39o 0.
ko too R2 cosh(R)"—1 — Rotoo R2 0 A2 M- () = €2 ({0)) >

Lastly, for any § € (0, 1) with ﬁl(f) ([6%, %]) > 0 we have that

n—1
o NV, (R) - C 7" sinh®(RA) )
B SRy D+5) = amint e (RT3 sit A2 (%)

-1 n—1 sinh?(R§ 21
> Cﬁ<c>([5n R ]) lim inf _Sinh™(R6757)
a 2 2 R—co 82 cosh(R)(n—1b

_ =525 2 ([~ 1 n—1]>
—C2 572 ([5 ——]) >0

Thus item (2) of Theorem 1.4 follows. m]

9 Spectral hyperuniformity and stealth

We define spectral hyperuniformity of an invariant locally square-integrable random
measure on H" in Sect. 9.1 and define the relative notion of stealth in Sect. 9.2.

9.1 Spectral hyperuniformity

By Theorem 1.4, we know that random measures @ on H" are never geometrically
hyperuniform in the sense that

. NV, (R)
lim sup ———— > 0, (CAY)
R o0 COSh(R)1=T

and if p admits non-trivial complementary spectrum, then this upper limit is infinite.
A useful definition of spectral hyperuniformity would then necessarily have to dif-
fer from this geometric definition. Having understood the large scale behaviour of
diffraction measures, one is inclined to study the small scale/local behaviour of the
diffraction measure in order to obtain information on the large scale behaviour of the
number variance. We take the stance that one should interpret spectral hyperuniformity
as comparing the diffraction measure of a given random measure to the diffraction
measure of the invariant Poisson point process around A = 0. For the definition we

shall use that
£ d)\‘ £
# -((0,81):f —x/ N = 6
ol o T " Jo

for sufficiently small ¢ > 0. Note that the exponent 3 is the same in all dimensions 7.
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Definition 9.1 (Hyperbolic spectral hyperuniformity) A random measure u on H" is
spectrally hyperuniform if ﬁff) =0and

(X))
limsup ———— =0.
e—0t €

Remark 9.2 There are many examples of point processes © on H” such that ;) A(C) # 0,
even for many lattices, including cocompact ones. These will be hyperﬂuctuatmg in
the sense of Theorem 1.4 and not spectrally hyperuniform according to our definition.

Having defined spectral hyperuniformity, we have a point of reference for defining
more rigid properties of random measures on H".

9.2 Stealthy random measures

Definition 9.3 (Stealthy random measure on H”) A random measure p on H" is
stealthy 1fA(C) = 0 and there is a A, > 0 such that 7 )((O o)) = 0.

It is clear from this definition that every stealthy random measure on H" is spectrally
hyperuniform. As mentioned in the introduction, in [16, Section 1.2., Eq.B] Jenni
provides a lattice I' < G = SL,(R) such that the random lattice orbit ur on H2is a
stealthy point process, in particular spectrally hyperuniform.

An almost immediate consequence of Theorem 8.1 is that we can compute the
average asymptotic number variance of a given stealthy random measure in terms of
the diffraction measure.

Corollary 9.4 Let wu be a stealthy random measure on H". Then

R +1
lim ! L"(r)dr = L /oo |Cn+2()\)|2d’\(p)(k),
R—>+0o R cosh(r)n—1 n2p2., Jo

which is strictly positive.

Proof If ju is stealthy thereisa A, > O such that the diffraction measure 7),, is supported
on [Ay, +00) C Q. Thus

1 (B NV,

R Jo cosh(r)"—1 g

2n+l g (n+2) 2 1 1
=" / (E /0 )" (a,)[* tanh(r)" ! sinh ()" dr)dﬁ,f)(,\).
A

As shown in the proof of item (2) of Theorem 8.1, we have

lim — f 0" (@) ? tanh ()"~ sinh() " dr = p7 2, lens2 (W)

R—+o0o0 R

uniformly in A > X,, so by dominated convergence we’re done. O
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10 Random perturbed lattice orbits in hyperbolic spaces

In Sect. 10.1 we provide examples of non-compact perturbations of random lattice
orbits that are locally square-integrable. In Sect. 10.2 we compute the diffraction
measure of random perturbed lattice orbits that are locally square-integrable and lastly
we show that random perturbed lattice orbits in H" are not spectrally hyperuniform in
Sect. 10.3.

10.1 A criterion for local square-integrability

We first extend Lemma 2.6 to include right- K, -invariant perturbations v € Prob(G,,)
that are absolutely continuous with respect to the Haar measure mg, with sufficent
exponential decay of the Radon-Nikodym derivative at infinity. To do this we make
use of the fact that the critical exponent of a lattice I' < G, is that of the volume
growth. The following Lemma is a special case of Theorem C in [1], which includes
higher rank analogues as well.

Lemma 10.1 Let I' < G, be a lattice. Then for every € > 0,

Zef(nflJrs)d(y.o,o) < 4o00.
yel

Lemma10.2 Let B : G, — [0, +00) be a right-K, -invariant measurable function
with [ Bdmg, = 1 and assume that there are C > 0 and & > 0 such that

B(g) < Ce 2n—1+e)d(g.0.0)

forall g € G,. Then for dv(g) = B(g)dmg,(g) and any lattice I' < G, the random
perturbed lattice orbit ur,, in H" is locally square-integrable.

By the same argument in the proof in Lemma 2.6, it suffices to bound the expression
in Eq.2.2, that is,

2
. -1 _—1
I, '_/G,,/F(Z”(V ¢ Q) dme,r(sD).

yell

Lemma 10.3 Let Q C G, be a pre-compact measurable set and let v € Prob(Gp).
Then

1
Iry=——m W'y hy 0 Q)dv(hy)dv(hy) .
BT covol(T) Z/ / mg,(Qhy yha 0 Q)dv(h1)dv(h2)
yel n n
Proof By Fubini,

vy g7t ) 2dmc,,/r(gm
Gn/T <Z

yel
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=[ [ ([ 1erhinoligrhan Qidme, r(er)dvindiha.
G71 G71 Gn/r

From the computation for the second moment of a random lattice in Example 2.5, we
have that

1 *
/G 8T 0 QlIgTh2 0 Qldma, m(8T) = o s gr(xghrl * X))
" 14

_ b .
"~ covol(I) gmGn(th yha N Q),

and Fubini then gives us that

fG/F(Zv(y—lg—lg))zdmgn/r(gr)

yell

1
- Z/ / mGn(th_l)/hzﬂQ)dv(hl)dv(hz).
covol(I") e, Ja,

O

Proof of Lemma 10.2 For convenience of notation we set o, = n — 1+ ¢.Let Q =
7 YB) = ¢(B)K, so that Q C G, is pre-compact, measurable and Q.0 = B. By
Lemma 10.3, it suffices to show that

> /G G, (QhT'yha 0 Q)R Bh)dme, (hy)dmg, ()

yel

is finite. We first rewrite this expression as

/G /G me, (OhT'yhy 0 Q)B(h)(hdme, (h)dme, (h)

ch (/G mGn(thﬂQ)ﬂ(V_lhlhz)den(hg))ﬂ(hl)den(hl).

If mg,(Qho N Q) > Othen hy € 0~ 'Q, and using the assumed upper bound on g
we get that

/G ma, (Qhs N Q)B(y~ hiha)dma, (ha)

<c f me, (Qhy N Q)e 24020 h" 70 g o (1)

< Cimg, (Q)e~ (@ Qi v o),
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where d(Q’lQ.o,hl_ly.o) denotes the minimal distance between hl_ly.o and
0~ '0.0 in H". Since Q' Q is pre-compact, we use the reverse triangle inequal-
ity to find that

e—zﬁtgd(Q_l Q.a,hfl y.0) < sup e2015d(q.0,0)e—2%a’(h1 .0,7.0)
q€0710Q

for all i1 € G, y € I'. Thus it remains to prove finiteness of

> / e 2aed o) B(h)dma, (h)

yell

<C Z / e—2ag(d(h1.0,y.o)+d(hl.0,0))den (hy).
yel n

To see this this we use the triangle inequality to find that

e—Zag (d(hy.0,y.0)+d(h1.0,0)) — e % (d(hy.0,y.0)+d(h; .0,0))e—a5 (d(hy.0,y.0)+d(h1.0,0))

< e—agd(y.o,o)e—agd(hl.0,0) )

Finally,
Z/ e 200,00 +dh1.0.0) gy (1)
yel n
< Ze—asd(y.o,o)/ e—agd(hl.o,o)de (hy),
yell G
which is finite by Lemma 10.1. O

10.2 A formula for the diffraction measure

Let ' < G, be a lattice and v € Prob(G,) be right-K,-invariant and absolutely
continuous with respect to the Haar measure satisfying the conditions in Lemma 10.2,
so that the random perturbed lattice ur , is locally square-integrable. Then from the
computations in Example 2.6, the autocorrelation measure of the random perturbed
lattice orbit pr , is

1
= |, 12D % nr —(§, — V%
nr,y = [Tol™V * nr v+C0VOI(F)(L V% V)

as a linear functional on b‘fd(Gn, K,),where I', = Stabr(0) = 'NK,,. If we let
denote the diffraction measure of the random lattice orbit ur and 71, that of ur,y,
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then

/ o(M)dir,y (1)
.

n

e coodn ! /Oo 500 — G
= [Tl /“"(pV()\')an()\)_’_COVOl(F) A @) —9u ()

n

len (W12

for all ¢ € Zborfd(Gn, K,), where ¢, = v % @ * V. If v happens to be bi- K ,-invariant,
then by Lemma 6.1 we can write

. 1 .
My = DoV % vk pp + ————— (80 — V % v) .

covol(I")

Considering the spherical transform of v given by
70 = [ e@dve
Gy
we can write the diffraction measure 7r,,, as

dijr v () = [To|" V(M) ["dir (1) + —covol(F)(l ] )|Cn(/\)|2 :

(10.1)

10.3 Random perturbed lattice orbits in H" are not spectrally hyperuniform

Let I' < G, be a lattice and v € Prob(G,) a bi-K,-invariant probability measure
that is absolutely continuous with respect to the Haar measure mg,, satisfying the
exponential decay condition in Lemma 10.2.

Proof of Proposition 1.8 From the formula for the diffraction measure 7r,, in Eq. 10.1
we cut off the first term to get the lower bound

(0, Lo dx
tim sup 120 €D limsup—/ (1= PW D) ——— .
e 0+ s covol(I") .o+ &3 Jo [cn (L)1

By item (3) of Lemma 6.3 we have that

500 = /G or(g)dv(g) < / w0(g)dv(g) = D(0).

n

SO

.0 ((0, 1 N ) 1 [® dx
tim sup 2@ €D (1= PO imswp 5 [T
Y € covol(I") esor € Jo lea()]
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Since |c, (1) 72 =< A2 when A — 07 then there is a constant ¢, > 0 such that
|c()»)|’2 > c,,)»z for all sufficiently small A > 0, so that

1 [® dx Co
lim sup — 7= -
e—0t € 0 |Cn ()\)| 3

Moreover, by item (2) in Lemma 6.3, wo(g) < 1forall g ¢ K,, and since mg, (K,) =
0 then v(K,) = 0 by absolute continuity, so

V(0) = / wo(g)dv(g) <v(Gp) =1.

n

Gathering these lower bounds,

. 7, ((0, e _
im sup 3
e 0+ & 3 covo l(F)

(1= > 0.

O

Remark 10.4 Although we have not introduced diffraction measures for random
measures on other homogeneous spaces, we do so in upcoming work for general
commutative metric spaces X = G /K with K compact. This includes semisimple Lie
groups G with finite center and maximal compact subgroup K, and there the same
argument as in the above proof holds, so no perturbation of a stealthy lattice yields a
hyperuniform point process.

As a consequence of Proposition 1.8, we prove that the number variance of a
perturbed lattice orbit grows as fast as the volume along all subsequences of radii.

Corollary 10.5 Let I' < G, be a lattice and v € Prob(G,,) be bi-K, -invariant as in
Lemma 10.2. Then

.. NV (R)
liminf —————
R—+oo Volgr (BR)

Proof By the formula for the diffraction measure of wr, in Eq. 10.1 we can bound
the number variance form below using the spherical Plancherel formula as

NV, (R) = ———— /oo Za. WP = PP —L
T - covol(l") Br len (M) 12

di
> — (0 A
Z oo 1(1“)( Ol )/ |XBx (I ERIE
1

= 1— 2d

oo 1(1“)( O] )/ |xBg (8)°dmg, (8)

I'(3) —~

= ——2—(1 — P(0)]*) Volgn (Bg) .

covol(I")2m 2

Since D(0) < 1 the right hand side is strictly positive. O
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