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Abstract
We investigate lower asymptotic bounds of number variances for invariant locally
square-integrable random measures on Euclidean and real hyperbolic spaces. In the
Euclidean case we show that there are subsequences of radii for which the number
variance grows at least as fast as the volume of the boundary of Euclidean balls, gen-
eralizing a classical result of Beck. With regards to real hyperbolic spaces we prove
that random measures are never geometrically hyperuniform and if the random mea-
sure admits non-trivial complementary series diffraction, then it is hyperfluctuating.
Moreover, we define spectral hyperuniformity and stealth of randommeasures on real
hyperbolic spaces in terms of vanishing of the complementary series diffraction and
sub-Poissonian decay of the principal series diffraction around the Harish-Chandra
�-function.
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1 Introduction

In the field of statistical mechanics for low-temperature states of matter, the notion
of hyperuniformity, or superhomogeneity, as introduced by Stillinger and Torquato
in the seminal paper [26] in 2003, quantifies long-range order of an invariant point
process in terms of the degree of suppression of large-scale density fluctuations. Equiv-
alently, hyperuniformity is characterized by the suppression of small frequencies in the
diffraction picture. Hyperuniformity and the associated number variances of invariant
point processes have been studied extensively in Euclidean spaces, examples includ-
ing invariant random lattice shifts, i.i.d. perturbations of such, certain determinantal
point processes, most mathematical quasicrystals and more. See [25] for an extensive
survey and [8] for details on mathematical quasicrystals.

In this article we investigate lower asymptotic bounds of number variances, i.e.
the variance of the measure of asymptotically large balls, for invariant locally square-
integrable random measures on Euclidean and real hyperbolic spaces. We prove for
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general invariant locally square-integrable random measures on Euclidean space that
there are unbounded sequences of centered Euclidean balls such that the number
variance grows at least as fast as the volume of the boundary of the balls, extending
a Theorem of Beck in the case of a locally finite point set [4, Theorem 2A]. Our
methods are Fourier theoretic and utilizes the diffractionmeasure of a randommeasure,
generalizing the notion of the structure factor of a point process.

As for randommeasures on real hyperbolic space,we investigate contendingnotions
of hyperuniformity. This is also done in terms of the diffraction measure associated
to such a random measure, which for hyperbolic spaces (and more generally, com-
mutative spaces) is defined using the available spherical transform, generalising the
Hankel transform in Euclidean space. We show that, contrary to the Euclidean setting,
the large-scale number variance of a random measure on real hyperbolic space grows
at least as fast as the volume of large metric balls along some unbounded sequence
of metric balls. Nevertheless, we are able to define a notion of spectral hyperunifor-
mity on the principal part of the relevant frequency domain that is distinctly different
from measuring large-scale density fluctuations. Instead, our definition favours the
property of having suppressed ”small scale” frequency fluctuations to characterize
hyperuniformity.

1.1 Randommeasures

Let X denote the space R
n with the action of translations or real hyperbolic space H

n

with the action of orientation-preserving isometries. By a random measure on X we
mean a probability measure μ on the coneM+(X) of positive locally finite measures
on X , which can be thought of as the law of a M+(X)-valued random variable. One
usually studies such random measures in terms of linear statistics S f : M+(X) → C

associated to bounded measurable functions f : X → C with bounded support, given
by

S f (p) =
∫
X
f (x)dp(x) .

Given an invariant locally square-integrable random measure μ on X , we denote by
NVμ : R≥0 → R≥0 the number variance with respect to μ,

NVμ(r) = Varμ(SχBr ) =
∫
M+(X)

|p(Br ) − ιμVolX (Br )|2dμ(p) (1.1)

where Br = Br (o) is the metric ball of radius r > 0 centered at a fixed reference point
o ∈ X and ιμ > 0 is the intensity ofμ, i.e. themeanmeasure of a unit volumeBorel set.
More generally, one can consider variances of the form Var(Sχr B) for r > 0, where
B ⊂ X is any bounded Borel set with positive measure and r B is the r -neighbourhood
of B with respect to the metric on X . We will in this paper only consider metric balls
Br .
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46 Page 4 of 70 M. Björklund, M. Byléhn

1.2 Number variances and diffractionmeasures inR
n

A uniform upper bound on the number variance of a random measure μ on R
n is

obtained from an application of the mean ergodic theorem, yielding

lim sup
R→+∞

NVμ(R)

VolRn (BR)2
= 0 .

We provide a general lower bound of the number variance for maximizing sequences
of radii, extending a celebrated result of Beck [4, Theorem 2A]. We emphasize that
our results in the Euclidean setting are considered well-known and will serve as a
guide for the hyperbolic setting.

Theorem 1.1 Let μ be an invariant locally square-integrable random measure on R
n.

Then

lim sup
R→+∞

NVμ(R)

Voln−1(∂BR)
> 0 . (1.2)

Remark 1.2 The question of whether there is a uniform lower bound on this quotient
for a given random measure μ is in general unclear. In Sects. 5.2 and 5.3 however, we
show that the randomly shifted standard lattice in R

5 satisfies

lim inf
R→+∞

NVμ
Z5

(R)

Vol4(∂BR)
= 0 . (1.3)

After the completion of the paper, we found that this result has been established earlier
by Parnovski and Sobolev [21, Theorem 3.1].

The proof of Theorem 1.1 relies on a spectral formulation of the number variances.
More precisely, the diffraction measure η̂μ of an invariant locally square-integrable
random measure μ is the unique positive Radon measure on R

n satisfying

Covμ(S f1, S f2) =
∫
Rn

f̂1(ξ) f̂2(ξ)dη̂μ(ξ)

for all bounded measurable functions f1, f2 on R
n with bounded support, where f̂

denotes the Fourier transform of f . In particular, one computes the number variance
to be

NVμ(r) = (2π)nrn
∫
Rn

Jn
2
(r‖ξ‖)2 dη̂μ(ξ)

‖ξ‖n ,

where Jn/2 denotes a Bessel function of the first kind. Classical asymptotic expansions
of such Bessel functions allow for a proof of Theorem 1.1.
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1.3 Hyperuniformity and stealth inR
n

An invariant locally square-integrable random measure μ on R
n is geometrically

hyperuniform if

lim sup
R→+∞

NVμ(R)

VolRn (BR)
= 0 .

The volume term in the denominator coincides with the variance of the invariant
Poisson point process on R

n with unit intensity, and one can interpret a hyperuniform
random measure μ as having ”sub-Poissonian mass fluctuations”. If the above upper
limit is infinite, the random measure is hyperfluctuating. In [8], the first author and
Hartnick prove that a random measure μ is geometrically hyperuniform if and only if
it is spectrally hyperuniform, meaning that

lim sup
ε→0+

η̂μ(Bε(0))

VolRn (Bε(0))
= 0 .

The denominator here can be interpreted as the diffraction measure of the invariant
Poisson point process in R

n with unit intensity.
A particularly rigid class of hyperuniform invariant randommeasuresμ are stealthy

random measures, meaning random measures for which the diffraction measure η̂μ

vanishes in a neighbourhood of the origin in R
n . Examples include invariant random

shifts of lattices, and in upcoming work with A. Fish we will provide new families of
stealthy random measures and point processes on R

n .

1.4 Number variances and diffractionmeasures for real hyperbolic spaces

For n-dimensional real hyperbolic space H
n = SO◦(1, n)/SO(n), we consider locally

square-integrable random measures μ that are invariant under the action of the
orientation-preserving isometry group SO◦(1, n) in analogy with isotropic (i.e. trans-
lation and rotation invariant) random measures on R

n .
OnH

n , there is awell-behaved generalization of the Fourier transform, the spherical
transform, available for bi-SO(n)-invariant functions ϕ : SO◦(1, n) → C. It is given
by

ϕ̂(λ) =
∫
SO◦(1,n)

ϕ(g)ω(n)
λ (g)dg ,

where dg denotes a fixed Haar measure and ω
(n)
λ are SO(n)-spherical functions for

SO◦(1, n), that is, the bi-SO(n)-invariant functions on SO◦(1, n) given by

ω
(n)
λ (g) = 2

n−1
2 
( n2 )√

π 
( n−1
2 )
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sinh(d(g.o, o))2−n
∫ d(g.o,o)

0
(cosh(d(g.o, o)) − cosh(s))

n−3
2 cos(λs)ds ,

where d denotes the hyperbolic metric. With respect to the spherical transform, the
diffraction measure of an invariant locally square-integrable random measure μ is a
pair of measures defined by the equation

Covμ(Sϕ1, Sϕ2) =
∫ ∞

0
ϕ̂1(λ)ϕ̂2(λ)dη̂(p)

μ (λ) +
∫ n−1

2

0
ϕ̂1(iλ)ϕ̂2(iλ)dη̂(c)

μ (λ) .

We refer to the measures η̂
(p)
μ on (0,+∞) and η̂

(c)
μ on i[0, n−1

2 ) as the principal- and
complementary diffraction measure respectively.We leave out λ = 0 corresponding to
the Harish-Chandra �-function ω0 from the support of the principal diffraction mea-
sure for reasons that will become clear from our results. The existence and uniqueness
of such diffraction measures can be seen as part of work by Krein, Gelfand–Vilenkin
and later by Bopp [9, Part II, Theorem 3].

Remark 1.3 Diffraction measures can more generally be defined for randommeasures
on a large class of commutative spaces X = G/K with K compact, which includes
higher rank symmetric spaces, regular trees, Bruhat–Tits buildings and products of
such. These are positive measures on the K -spherical unitary dual ĜK of the pair
(G, K ). We investigate the general framework and prove the existence and uniqueness
of diffraction measures in [7, Theorem 1.1].

In terms of the diffraction measure, the number variance can be written as

NVμ(r) = πn


( n2 + 1)2
sinh(r)2n

( ∫ ∞

0
|ω(n+2)

λ (ar )|2dη̂(p)
μ (λ) +

∫ n−1
2

0
|ω(n+2)

iλ (ar )|2dη̂(c)
μ (λ)

)
.

In this picture, it is crucial to understand the asymptotic behaviour of the spherical
functions in order to understand the asymptotics of the number variance.

Also, the asymptotics of the number variance of a random measure μ depends
significantly on whether the complementary diffraction measure is trivial or not.

A first naive definition of geometric hyperuniformity of a random measure μ on
H

n is to require that

lim sup
R→+∞

NVμ(R)

VolHn (BR)
= 0 .

However, since SO◦(1, n) is non-amenable then Vol(∂BR) 
 VolHn (BR) as R →
+∞, so it is a priori unclear whether this definition admits examples or not. We prove
that no random measures on H

n are geometrically hyperuniform in the following
hyperbolic analogue of Theorem 1.1.
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Theorem 1.4 Let μ be a locally square-integrable invariant random measure on H
n.

Then

lim sup
R→+∞

NVμ(R)

VolHn (BR)
> 0 . (1.4)

Moreover,

(1) if η̂(c)
μ ({0}) > 0, then

lim inf
R→+∞

NVμ(R)

R2VolHn (BR)
> 0 . (1.5)

(2) if η̂(c)
μ ([δ n−1

2 , n−1
2 ]) > 0 for some δ ∈ (0, 1), then

lim inf
R→+∞

NVμ(R)

VolHn (BR)1+δ
> 0 . (1.6)

For the special case of a randomly shifted lattice orbit in H
n , Theorem 1.4 implies

that there is a sequence of radii such that the number variance grows at least as fast
as the hyperbolic volume of large metric balls. Moreover, when the complementary
diffraction measure is non-trivial, the random measure is hyperfluctuating in analogy
with the Euclidean terminology.

There are related works to the above result: In [15, Theorem 2], Hill and Parnovski
derive explicit asymptotics of the number variance for randomly shifted lattice orbits
in H

n . Theorem 1.4 implies that the error term in their result is sharp. In [20, Theorem
2], Magyar provides a positive lower bound on discrepancies of infinite point sets
over weighted balls in H

n that is proportional to the square root of the volume of the
ball along certain radii. Theorem 1.4 is the analogue of Magyar’s result for random
measures, and does not require any weighting function. For number variances (the
squared L2-norm of the discrepancy), we expect that there are examples of translation
bounded point processes μ in H

n for which

lim inf
R→+∞

NVμ(R)

VolHn (BR)
= 0 .

Remark 1.5 The second author in [10, Theorem 1.5] has proved that such point
processes exist in the discrete hyperbolic setting. More precisely, for certain finite
(q + 1)-regular graphs, for example finite complete graphs, with fundamental group

 acting on the (q + 1)-regular tree Tq+1 by deck automorphisms, the associated
random lattice orbit μ
 satisfies

lim inf
R→+∞

NVμ
(R)

VolHn (BR)
= 0 .
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1.5 Hyperuniformity in real hyperbolic space

In light of Theorem 1.4, there is no canonical ”geometric” definition of hyperuni-
formity of a random measure μ on H

n . We instead formulate a notion of spectral
hyperuniformity in terms of the diffraction measure of μ that is distinctly different
from the geometric one.

Definition 1.6 An invariant locally square-integrable random measure on H
n is spec-

trally hyperuniform if η̂
(c)
μ = 0 and

lim sup
ε→0+

η̂
(p)
μ ((0, ε])

ε3
= 0 .

The denominator ε3 is asymptotic to the diffraction measure of the interval (0, ε] for
the unit intensity invariant Poisson point process as ε → 0+, so this definition of
hyperuniformity is in that way consistent with spectral hyperuniformity on R

n . It is
worth noting that, with respect to this definition, it is no longer the case that all invariant
randomly shifted lattice orbits are spectrally hyperuniform as there are lattices that
admit complementary spectrum, even co-compact ones, see for example [16, Section
1.2, Eq.B]. With this notion of hyperuniformity in mind, we define what it means for
a random measure to be stealthy.

Definition 1.7 An invariant locally square-integrable random measure on H
n is

stealthy if η̂
(c)
μ = 0 and there is a λo > 0 such that η̂(p)

μ ((0, λo)) = 0.

Stealthy random measures are spectrally hyperuniform. In [16, Section 1.2, Eq.B],
Jenni constructs a lattice
 < SL2(R) ∼= SO◦(1, 2) that does not admit complementary
spectrum nor principal spectrum around λ = 0 in the sense that the smallest non-zero
eigenvalue of the Laplace operator on 
\H

2 is strictly larger than 1/4. The eigenvalue
1/4 corresponds to λ = 0, so the resulting invariant random lattice orbit of 
 in H

2 is
stealthy, and in particular spectrally hyperuniform.

The lack of other examples of spectrally hyperuniform point processes and ran-
dom measures in H

n is however quite severe. In an upcoming article we will prove
that determinantal point processes in H

n (and more generally in any commutative
space associated with a non-amenable Gelfand pair) are not spectrally hyperuniform,
in contrast to the Euclidean case where determinantal point processes associated to
kernels which define orthogonal projections in L2(Rn) are always hyperuniform. Here
we show that locally square-integrable i.i.d. perturbations of an invariant random lat-
tice orbit in H

n are not hyperuniform. We note the apparent contrast to the setting
in R

n , where i.i.d. perturbations of an invariant random lattice are always locally
square-integrable and always preserves hyperuniformity, see [17, Appendix B] and
Proposition 4.5. The following Proposition is proved in Sect. 10.

Proposition 1.8 Let
 < SO◦(1, n) be a lattice and dν(g) = β(g)dg for some positive
measurable bi-SO(n)-invariant function β with

∫
β(g)dg = 1 such that

β(g) ≤ Ce−2(n−1+ε)d(g.o,o)
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for all g ∈ SO◦(1, n) and some C > 0, ε > 0. Then the invariant random lattice orbit
of 
 in H

n with independent ν-distributed perturbations is locally square-integrable
and not spectrally hyperuniform.

Remark 1.9 (Heat kernel hyperuniformity in Euclidean and hyperbolic spaces) In
future work, we will prove that spectral hyperuniformity is equivalent to what we
refer to as heat kernel hyperuniformity. Denote the heat kernel by hτ (x), τ > 0, the
fundamental solution of the heat operator ∂τ − � in the respective geometries. In R

n ,
we define μ to be heat kernel hyperuniform if

lim sup
τ→+∞

τ
n
2 Varμ(Shτ ) = 0 ,

and similarly in H
n , if

lim sup
τ→+∞

τ
3
2 e

(n−1)2
2 τ Varμ(Shτ ) = 0 .

One perk of this formulation is that the smoothness of hτ allows us to extend the notion
of hyperuniformity to invariant random distributions on these spaces aswell, for which
we expect that one can construct hyperuniform and stealthy examples. Moreover, by
uniform estimates of the heat kernel due to Anker and Ostellari [2], one should be able
to formulate heat kernel hyperunifomity for a large class of non-compact symmetric
spaces.

2 Randommeasures on homogeneous spaces

We introduce invariant locally square-integrable random measures and their autocor-
relation measures. The constructions work for a large family of proper homogeneous
metric spaces, but we will only apply them to Euclidean and hyperbolic spaces in the
subsequent sections.

In Sect. 2.1 we set up the metric spaces over which we will consider random mea-
sures. We proceed by defining invariant locally square-integrable random measures,
related objects and provide examples in Sect. 2.2. In Sect. 2.3, we define the autocorre-
lation measure of an invariant locally square-integrable randommeasure and compute
it for the examples given in the previous subsection.

2.1 Homogeneousmetric spaces

Let (X , d) be a proper non-compact metric space and fix a point o ∈ X . Suppose that
there is a closed and unimodular subgroup G of the isometry group Isom(X , d) under
pointwise convergence whose action on X is transitive. The action of g ∈ G on x ∈ X
will be denoted by g.x . If we denote the G-stabilizer of the point o by K then the orbit
map π : G → X , g 
→ g.o, descends to a homeomorphism G/K → X . We will
assume that K is compact.
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We will frequently make use of the fact that there is a Borel measurable section
ς : X → G of the orbit map π , that is, a Borel measurable map such that ς(x).o = x
for all x ∈ X and such that ς(B) ⊂ G is pre-compact for every bounded Borel set
B ⊂ X , see [19, Lemma 1.1]. One shows that such a section satisfies the ς(g.o) ∈ gK
for all g ∈ G. For Euclidean and real hyperbolic spaces, we will construct continuous
sections.

Fix a Haar measure mG on G and define a positive G-invariant measure mX on X
as the push-forward of mG along π . Explicitly,

mX (B) = mG
({
g ∈ G : g.o ∈ B

})
(2.1)

for all bounded Borel sets B ⊂ X . Since the orbit map π : G → X is proper, mX

defines a positive Radon measure on X . Also, since the Haar measure mG is unique
up to scaling, then the measure mX is unique up to scaling. We will moreover denote
by mK the unique Haar probability measure on K .

On the level of functions, if M is a measurable space we denote by L ∞(M) the
vector space of bounded measurable complex valued functions on M . With regards
to the proper metric space X , we denote by L ∞

bnd(X) ⊂ L ∞(X) the subspace of
functions which vanish outside of a bounded set, or equivalently, vanish outside a
compact subset. TheBorel sectionς then establishes a bijection between f ∈ L ∞

bnd(X)

and right-K -invariant functions ϕ f ∈ L ∞
bnd(G) by f (x) = ϕ f (ς(x)) for all x ∈ X .

The vector space L ∞
bnd(G) defines an involutive algebra over the complex numbers

under the convolution operation

(ϕ ∗ ψ)(g) =
∫
G

ϕ(gh−1)ψ(h)dmG(h) , ϕ, ψ ∈ L ∞
bnd(G) ,

and the involution ϕ∗(g) = ϕ(g−1). If ϕ,ψ ∈ L ∞
bnd(G) are right-K -invariant then ϕ∗

is left-K -invariant, and one checks that ϕ∗ ∗ ψ is bi-K -invariant, so that the subspace
L ∞

bnd(G, K ) ⊂ L ∞
bnd(G) of bi-K -invariant functions defines an involutive subalgebra.

We can moreover identify L ∞
bnd(G, K ) with the subspace L ∞

bnd(X)K ⊂ L ∞
bnd(X) of

left-K -invariant functions on X using the section ς as mentioned. We say that a
function on X is radial if it is left-K -invariant. More generally, if ν, η are Radon
measures on G with ν finite, their convolution is given by

(ν ∗ η)(Q) =
∫
G

∫
G

χQ(gh)dν(g)dη(h)

for Borel sets Q ⊂ G.

2.2 Randommeasures

Let M+(X) denote the set of positive locally finite Borel measures on X , endowed
with the smallest σ -algebra such that for every f ∈ L ∞

bnd(X), the linear statistic
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S f : M+(X) → C given by

S f (p) = p( f ) =
∫
X
f (x)dp(x) , p ∈ M+(X)

is measurable. ThenM+(X) is a Polish space when endowed with the vague topology
with respect to the subspace Cc(X) ⊂ L ∞

bnd(X) of compactly supported continuous
complex valued functions on X . By a randommeasure on X wewillmean a probability
measureμ onM+(X).We say thatμ is a point process if it is supported on the subspace

M LF+ (X) =
{
p ∈ M+(X) : supp(p) is locally finite

}

of measures with locally finite support. A point process is simple if it is supported on

M LFS+ (X) =
{
δ� =

∑
x∈�

δx ∈ M+(X) : � ⊂ X is locally finite
}

of locally finite measures with unit masses. The action ofG on X lifts to an action ofG
onM+(X) by push-forward and leaves the mentioned subspaces invariant. Moreover,
an additional lifting by push-forward yields an action of G on the space of random
measures on X . A random measure μ on X is

• invariant if g∗μ = μ for all g ∈ G.
• ergodic if μ(E) ∈ {0, 1} for every G-invariant Borel set E ⊂ M+(X),
• locally k-integrable, k ∈ N, if for every bounded Borel set B ⊂ X ,

∫
M+(X)

p(B)kdμ(p) < +∞ .

In terms of linear statistics, SχB ∈ Lk(M+(X), μ) for all bounded Borel B ⊂ X .
Note that a locally k-integrable randommeasureμ is locally k′-integrable for every
1 ≤ k′ ≤ k.

We will from now on assume that all random measures are invariant, ergodic and
locally square-integrable, and we will simply refer to them as randommeasures, if not
stated otherwise.

By local square-integrability, the linear statistics S f , f ∈ L ∞
bnd(X), have a well-

defined μ-expectation

Eμ(S f ) =
∫
M+(X)

p( f )dμ(p),

μ-covariance,

Covμ(S f1, S f2) = Eμ((S f1 − Eμ(S f2))(S f2 − Eμ(S f2)))

= Eμ(S f1S f2) − Eμ(S f1)Eμ(S f2) ,
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and μ-variance

Varμ(S f ) = Covμ(S f , S f ) = Eμ(|S f − Eμ(S f )|2) = Eμ(|S f |2) − |Eμ(S f )|2 .

By invariance of μ, the linear functional f 
→ Eμ(S f ) on L ∞
bnd(X) is G-invariant,

and sincemX is the only G-invariant positive Radon measure on X up to scaling there
is a unique scalar ιμ > 0, the intensity of μ, such that

Eμ(S f ) = ιμmX ( f ) .

The μ-variance of S f can thus be written as

Varμ(S f ) = Eμ(|S f |2) − ι2μ|mX ( f )|2 .

In the case that f = χBr is the indicator function of the metric ball Br centered at
o ∈ X , we arrive at the number variance.

Definition 2.1 Letμ be an invariant ergodic locally square-integrable randommeasure
on X . The number variance of μ is the function NVμ : R≥0 → R≥0 given by

NVμ(r) = Varμ(SχBr ).

Example 2.1 (Invariant Poisson point processes) The mX-Poisson point process is the
random measure μ on X satisfying

(1) for every bounded Borel set B ⊂ X , the linear statistic SχB is Poisson distributed
with intensity mX (B). In other words, for every non-negative integer j ,

μ
({

p ∈ M+(X) : p(B) = j
})

= e−mX (B)mX (B) j

j ! .

(2) for every finite collection B1, ..., BN of disjoint bounded Borel sets in X , the linear
statistics SχB1 , ..., SχBN are μ-independent.

One shows that the two conditions above ensure the existence and uniqueness of μ

up to equivalence and that μ defines a locally square-integrable point process [18,
Theorem 3.6 + Prop. 3.2]. Moreover, since mX is G-invariant, μ is invariant. By (2)
above we see that μ is mixing, in particular ergodic. Lastly, if mX has no atoms then
μ is simple. We will write μPoi for the mX -Poisson point process and VarPoi for the
associated variance.

Example 2.2 (Random lattice orbits) Let 
 < G be a lattice, i.e. a discrete subgroup
such that there is a (necessarily unique) G-invariant probability measure mG/
 on
G/
. Since 
 is a subgroup it is also uniformly discrete in G in the sense that there
is a (symmetric) open neighbourhood U ⊂ G of the identity such that |
 ∩ gU | ≤ 1
for all g ∈ G. In particular, if Q ⊂ G is compact then a standard covering argument
for Q using left translates of U yields

sup
g∈G

|g
 ∩ Q| = sup
g∈G

|
 ∩ gQ| < +∞ .
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We let
o = Stab
(o) = 
∩K be the stabilizer of o ∈ X under the action of
, which
is finite since 
 is discrete and K compact. The map G/
 → M LFS+ (X) sending a
coset g
 to the measure

δg
.o =
∑

γ
o∈
/
o

δgγ.o = 1

|
o|
∑
γ∈


δgγ.o

induces a simple point process μ
 on X as the pushforward of mG/
 via said map, in
other words

∫
M+(X)

�(p)dμ
(p) =
∫
G/


�(δg
.o)dmG/
(g
)

for all � ∈ L ∞(M+(X)). This point process will be invariant as mG/
 is a G-
invariant measure and it is locally k-integrable for every k ∈ N as

∫
M+(X)

p(B)kdμ
(p) =
∫
G/


|g
.o ∩ B|kdmG/
(g
) ≤ sup
g∈G

|g
.o ∩ B|k < +∞

by uniform discreteness of 
. We say that μ
 is a random lattice orbit in X . In the
case that X = G is a proper metric group then we say that μ
 is a random lattice.

The description of the probability measure mG/
 can be made explicit. A subset
F
 ⊂ G is a (left) fundamental domain for 
 if it is measurable and

G =
⊔
γ∈


F
γ .

If F
 is pre-compact then we say that 
 is cocompact. It follows from uniform dis-
creteness of 
 that Q ∩ F
γ = ∅ for all but finitely many γ ∈ 
 whenever Q ⊂ G
is compact. Given a fundamental domain F
 of 
 in G we define the covolume of 


to be
covol(
) = mG(F
) .

The G-invariant probability measure on G/
 is then given by

mG/
 = covol(
)−1(π
)∗mG |F
 ,

where π
 : G → G/
 is the canonical quotient map. The above definitions can be
shown to be independent of the choice of fundamental domain.

Next we construct new invariant point processes by applying random i.i.d. perturba-
tions to each point in the lattice orbit.

Example 2.3 (Random perturbed lattice orbits) Let 
 < G be a lattice and let ν ∈
Prob(G) a probability measure.

Consider the space Z = G
 of 
-indexed sequences z = (zγ )γ∈
 in G, endowed
with the product topology. The group 
 acts on Z by right translation, γ.(zγ ′)γ ′∈
 =
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(zγ ′γ )γ∈
 and it also acts on G canonically from the right by g 
→ gγ −1 for each
γ ∈ 
. The action of G × 
 on G × Z given by (g, γ ).(z, h) = (ghγ −1, γ .z) for
g, h ∈ G, γ ∈ 
 and z ∈ Z is well-defined and continuous, andwe letY = (G×Z)/


be the space of 
-orbits. Explicitly, each y ∈ Y is of the form

y = (g, z)
 = {
(gγ, γ.z) ∈ G × G
 : γ ∈ 


}

for some g ∈ G, z ∈ G
 . On Y we define a G-invariant positive probability measure
mY by

mY (F) =
∫
G/


( ∫
Z
F((g, z)
)dν⊗
(z)

)
dmG/
(g
)

for all F ∈ L ∞(Y ), where ν⊗
 is the product probability measure on Z .
To construct a ν-perturbed random
-orbit in X wefirst define a ν-perturbed random


-orbit in G by considering the measures

δ(g,z)
 =
∑
γ∈


δgγ zγ .

Lemma 2.2 Let 
 < G be a lattice and ν ∈ Prob(G). Then

(1) δ(g,z)
 is locally finite mG/
 ⊗ ν⊗
-almost everywhere.
(2) If ν is absolutely continuous with respect to the Haar measure mG, then δ(g,z)
 is

simple mG/
 ⊗ ν⊗
-almost everywhere.

Proof For (1), let Q ⊂ G be compact. We want to show that

ν⊗

({

z ∈ Z : γ zγ ∈ Q for infinitely many γ ∈ 

})

= 0 .

By the Borel–Cantelli Lemma, it suffices to show that

∑
γ∈


ν⊗

({

z ∈ Z : γ zγ ∈ Q
})

=
∑
γ∈


ν(γ −1Q) < +∞ ,

which follows from a standard covering argument by picking 
-injective open sets
U1, ...,UN ⊂ G that cover Q and using that ν is a probability measure.

For (2) it is enough to show that the event γ1zγ1 = γ2zγ2 is a null set in Z with
respect to ν⊗
 for all γ1 �= γ2. Explicitly, if we set Bγ1,γ2 = {z ∈ Z : γ1zγ1 = γ2zγ2}
then we aim to show that ν⊗
(Bγ1,γ2) = 0 for γ1 �= γ2 in 
. Since 
 is countable it
will follow by σ -subadditivity that

ν⊗

({

z ∈ Z : γ1zγ1 = γ2zγ2 for some γ1 �= γ2

})
≤

∑
γ1 �=γ2

ν⊗
(Bγ1,γ2) = 0 .
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Using that ν⊗
 is a product measure, we get

ν⊗
(Bγ1,γ2) = (ν ⊗ ν)
({

(z1, z2) ∈ G × G : γ1z1 = γ2z2
})

= (ν ⊗ ν)
({

(z1, γ
−1
2 γ1z1) ∈ G × G : z1 ∈ G

})
.

By Fubini’s Theorem,

ν⊗
(Bγ1,γ2) =
∫
G

ν({γ −1
2 γ1z1})dν(z1) ,

so if ν is absolutely continuous with respect to the Haar measure mG then
ν({γ −1

2 γ1z1}) = 0 for all z1 ∈ G and ν⊗
(Bγ1,γ2) = 0. ��
We now assume that ν ∈ Prob(G) is absolutely continuous with respect to the Haar
measuremG . By Lemma 2.2 the invariant randommeasure μ̃
,ν obtained as the push-
forward of mY via the map (g, z)
 
→ δ(g,z)
 is an invariant simple point process on
G, explicitly given by

∫
M+(G)

�(q)dμ̃
,ν(q) =
∫
G/


( ∫
Z

�(δ(g,z)
)dν⊗
(z)
)
dmG/
(g
)

for all � ∈ L ∞(M+(G)). In order to construct a locally finite simple ν-perturbed
random 
-orbit in X we consider the measures

p(g,z)
 = π∗δ(g,z)
 =
∑
γ∈


δgγ zγ .o ,

where π : G → X is the orbit map g 
→ g.o. The following Proposition provides
conditions for when these measures are almost everywhere locally finite and simple
with respect to mG/
 ⊗ ν⊗
 .

Proposition 2.3 Suppose that ν ∈ Prob(G) is right-K -invariant and absolutely con-
tinuous with respect to the Haar measure mG. Moreover, assume that mG(K ) = 0.
Then the measures p(g,z)
 are locally finite and simple mG/
 ⊗ ν⊗
-almost every-
where.

Under these assumptions we get an invariant simple point process in X as the push-
forward of μ̃
,ν along the map M+(G) � q 
→ π∗q ∈ M+(X).

Definition 2.4 (Random perturbed lattice orbit) Let 
 < G be a lattice and ν ∈
Prob(G) a right-K -invariant probability measure absolutely continuous with respect
to the Haar measure mG . The ν-perturbed 
-orbit in X = G/K is the simple point
process μ
,ν given by

∫
M+(X)

�(p)dμ
,ν(p) =
∫
G/


( ∫
Z

�(p(g,z)
)dν⊗
(z)
)
dmG/
(g
)

for all � ∈ L ∞(M+(X)).
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Remark 2.5 If K is compact and open in G, for example when X is the homogeneous
(p + 1)-regular tree and G = PGL2(Qp), K = PGL2(Zp), then mG(K ) > 0. In
this case there are lattices 
 and probability measures ν absolutely continuous with
respect to the Haar measure on G for which the associated random perturbed lattice
orbit is not a simple point process.

Proof of Proposition 2.3 Similarly to the proof of item (2) in Lemma 2.2, it is enough
to show that ν⊗
(Bγ1,γ2) = 0, where

Bγ1,γ2 =
{
z ∈ Z : γ1zγ1 .o = γ2zγ2 .o

}
=

{
z ∈ Z : γ2zγ2 ∈ γ1zγ1K

}
.

Using that ν⊗
 is a product measure, we get

ν⊗
(Bγ1,γ2) = (ν ⊗ ν)
({

(z1, z2) ∈ G × G : γ2z2 ∈ γ1z1K
})

= (ν ⊗ ν)
({

(z1, γ
−1
2 γ1z1k) ∈ G × G : z1 ∈ G , k ∈ K

})
.

By Fubini’s Theorem,

ν⊗
(Bγ1,γ2) =
∫
G

ν(γ −1
2 γ1z1K )dν(z1) .

Now, if ν is absolutely continuous with respect to the Haar measure mG then
ν(γ −1

2 γ1z1K ) vanishes for all z1 ∈ G if and only ifmG(K ) = 0, so ν⊗
(Bγ1,γ2) = 0.
��

Nextwe address local square-integrability ofμ
,ν , which in the general setting requires
the following conditions on either 
 or ν.

Lemma 2.6 Let 
 < G be a lattice with fundamental domain F
 and ν be a right-
K -invariant probability measure on G. If 
 is cocompact or the support supp(ν) of
ν is compact then the random perturbed lattice orbit μ
,ν on X is locally square-
integrable.

Proof Let B ⊂ R
n be a bounded Borel set. Then by definition of μ
,ν ,

Eμ
,ν (|SχB |2) =
∫
G/


( ∑
γ1,γ2∈


∫
Z
χB(gγ1zγ1 .o)χB(gγ2zγ2 .o)dν⊗
(z)

)
dmG/
(g
) .

Note how
∫
Z

χB(gγ1zγ1 .o)χB(gγ2zγ2 .o)dν⊗
(z)

=
{

ν(γ −1g−1Q) if γ1 = γ2 = γ

ν(γ −1
1 g−1Q)ν(γ −1

2 g−1Q) if γ1 �= γ2
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where Q = π−1(B) = ς(B)K is measurable and pre-compact. Splitting into these
two cases we have that

Eμ
,ν (|SχB |2) =
∫
G/


( ∑
γ∈


ν(γ −1g−1Q)
)
dmG/
(g
)

+
∫
G/


( ∑
γ1 �=γ2

ν(γ −1
1 g−1Q)ν(γ −1

2 g−1Q)
)
dmG/
(g
) .

The first term can be computed using Fubini and the G-invariance of mG/
 as

∫
G/


( ∑
γ∈


ν(γ −1g−1Q)
)
dmG/
(g
) = mG(Q)

covol(
)
< +∞ .

We postpone the details of this computation to Example 2.6.
For the second term, it suffices to show that

I
,ν :=
∫
G/


( ∑
γ∈


ν(γ −1g−1Q)
)2
dmG/
(g
) < +∞ . (2.2)

First, if 
 is cocompact with fundamental domain F
 then we use Fubini to write

I
,ν = 1

covol(
)

∑
γ1,γ2

∫
G

∫
G

( ∫
F


χQ(gγ1h1)χQ(gγ2h2)dmG(g)
)
dν(h1)dν(h2) .

If we let Q′ = F−1

 Q, then Q′ is measurable and pre-compact in G and χQ(gγ h) ≤

χQ′(γ h) for all g ∈ F
, h ∈ G, γ ∈ 
, so

1

covol(
)

∫
F


χQ(gγ1h1)χQ(gγ2h2)dmG(g) ≤ χQ′(γ1h1)χQ′(γ2h2) . (2.3)

Thus the expression in Eq.2.2 is bounded by

I
,ν ≤
∑
γ1,γ2

∫
G

∫
G

χQ′(γ1h1)χQ′(γ2h2)dν(h1)dν(h2) =
( ∑

γ∈


ν(γ −1Q′)
)2

,

which is finite by the same argument as in the proof of item (1) in Lemma 2.2.
Secondly, if supp(ν) is compact and we let Q′′ = Q supp(ν)−1, then Q′′ is mea-

surable and pre-compact in G and by the same argument as for Eq.2.3 we have

∫
G

∫
G

χQ(gγ1h1)χQ(gγ2h2)dν(h1)dν(h2) ≤ χQ′′(gγ1)χQ′′(gγ2) .

This bound along with a standard computation yields

123



46 Page 18 of 70 M. Björklund, M. Byléhn

I
,ν ≤ 1

covol(
)

∫
F


∑
γ1,γ2

χQ′′ (gγ1)χQ′′ (gγ2)dmG(g)

= 1

covol(
)

∑
γ1∈


∫
G

χQ′′(gγ1)χQ′′(g)dmG(g) = 1

covol(
)

∑
γ1∈


mG(Q′′γ −1
1 ∩ Q′′) .

Since Q′′ is pre-compact, the latter series is a sum over finitely many γ1 ∈ 
 and
hence finite. ��
We will give more examples of perturbations ν for which random perturbed lattice
orbits on real hyperbolic spaces are locally square-integrable in Sect. 10.

2.3 Autocorrelationmeasures

The autocorrelation measure of a random measure is a signed Radon measure on G
that uniquely determines the μ-covariance of linear statistics,

Covμ(S f1, S f2) =
∫
M+(X)

p( f1)p( f2)dμ(p) − ι2μmX ( f1)mX ( f2) , f1, f2 ∈ L∞
bnd(X) .

The definition is the following.

Definition 2.7 (Autocorrelation measures) Let b ∈ L ∞
bnd(X) be a positive function

with mX (b) = 1. The autocorrelation measure of an invariant locally square-
integrable random measure μ on X is the bi-K -invariant signed Radon measure ημ

on G defined by

ημ(ϕ) =
∫
M+(X)( ∫

X

∫
X

ϕ(ς(x)−1ς(y))b(x)dp(x)dp(y)
)
dμ(p) − ι2μ

∫
G

ϕ(g)dmG(g) .

for all ϕ ∈ L ∞
bnd(G).

The truncation function b ∈ L ∞
bnd(X) is necessary for the definition as the bivari-

ante functions (x, y) 
→ ϕ(ς(x)−1ς(y)) do not have bounded support. However, the
definition does not depend on the choice of b by the following Lemma.

Lemma 2.8 The autocorrelation measure ημ of an invariant locally square-integrable
random measure μ satisfies

ημ(ψ∗ ∗ ϕ) = Covμ(S(ϕ ◦ ς), S(ψ ◦ ς))

for all right-K -invariant ϕ,ψ ∈ L ∞
bnd(G). In particular, the definition of ημ is inde-

pendent of the choice of b ∈ L ∞
bnd(X).

123



Hyperuniformity of random measures on Euclidean and hyperbolic spaces Page 19 of 70 46

Proof Assume without loss of generality thatmG(ϕ) = mG(ψ) = 0, so thatmG(ψ∗ ∗
ϕ) = mG(ψ)mG(ϕ) = 0. Then it suffices to show that

ημ(ψ∗ ∗ ϕ) =
∫
M+(X)

( ∫
X

∫
X

ψ(ς(x))ϕ(ς(y))dp(x)dp(y)
)
dμ(p) .

Given this identity, the subspace of functions of the formψ∗∗ϕ are enough to uniquely
determine ημ, so ημ will be independent of the choice of b.

First, we write

(ψ∗ ∗ ϕ)(ς(x)−1ς(y)) =
∫
G

ψ(hς(x))ϕ(hς(y))dmG(h)

and using Fubini, we get that

ημ(ψ∗ ∗ ϕ)

=
∫
G

∫
M+(X)

( ∫
X

∫
X

ψ(hς(x))ϕ(hς(y))b(x)dp(x)dp(y)
)
dμ(p)dmG(h) .

Since hς(x).o = h.x = ς(h.x).o for all x ∈ X then ψ(hς(x)) = ψ(ς(h.x)) and
ϕ(hς(y)) = ϕ(ς(h.y)) by right-K -invariance. Thus

∫
X

∫
X

ψ(hς(x))ϕ(hς(y))b(x)dp(x)dp(y)

=
∫
X

∫
X

ψ(ς(x))ϕ(ς(y))b(h−1.x)dh∗ p(x)dh∗ p(y)

and by the G-invariance of μ, we see that

ημ(ψ∗ ∗ ϕ)

=
∫
G

∫
M+(X)

( ∫
X

∫
X

ψ(ς(x))ϕ(ς(y))b(h−1.x)dp(x)dp(y)
)
dμ(p)dmG(h)

=
∫
M+(X)

( ∫
X

∫
X

( ∫
G
b(h−1.x)dmG(h)

)
ψ(ς(x))ϕ(ς(y))dp(x)dp(y)

)
dμ(p)

= mX (b)
∫
M+(X)

( ∫
X

∫
X

ψ(ς(x))ϕ(ς(y))dp(x)dp(y)
)
dμ(p) .

Since b ∈ L ∞
bnd(X) was assumed to satisfy mX (b) = 1 then we are done. ��

Example 2.4 (Autocorrelation of the invariant Poisson point process) Let f =∑N
j=1 a jχBj be a simple function for disjoint and bounded Borel sets B1, ..., BN

in X . Since the linear statistics SχB1 , ..., SχBN are Poisson distributed and indepen-
dent, the variance of the linear statistic S f with respect to the invariant Poisson point
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process μPoi is

VarPoi(S f ) =
N∑
i=1

N∑
j=1

aia jCovPoi(SχBi , SχBj ) =
N∑
j=1

|a j |2VarPoi(SχBj )

=
N∑
j=1

|a j |2mX (Bj ) =
∫
X

| f (x)|2dmX (x) .

The latter can be rewritten as
∫
X | f (x)|2dmX (x) = ∫

G |ϕ f (g)|2dmG(g) = (ϕ∗
f ∗

ϕ f )(e), so that

VarPoi(S f ) = δe(ϕ
∗
f ∗ ϕ f ) .

This identity extends to every f ∈ L ∞
bnd(X) and by polarization we find that the

autocorrelation measure of the mX -Poisson point process is ηPoi = δe as a linear
functional on L ∞

bnd(G, K ). In particular, the number variance of the process is

NVPoi(R) =
∫
X

|χBR (x)|2dmX (x) = VolX (BR) .

Example 2.5 (Intensity and autocorrelation of a random lattice orbit) Using the explicit
description for the probability measure mG/
 from Example 2.2, we now compute
the autocorrelation η
 := ημ
 . The expectation of linear statistics can be computed
using a fundamental domain F
 ⊂ G of 
 to be

Eμ
(S f ) = |
o|−1covol(
)−1mG(ϕ f )

for every f ∈ L ∞
bnd(X), where ϕ f (g) = f (g.o). In particular, the intensity is ι
 :=

ιμ
 = |
o|−1covol(
)−1. The second correlation is computed in a similar way to be

Eμ
 (S f1S f 2) = |
o|−2covol(
)−1
∑
γ∈


∫
G

f1(gγ.o) f2(g.o)dmG(g)

= |
o|−2covol(
)−1
∑
γ∈


(ϕ∗
f2 ∗ ϕ f1)(γ )

for all f1, f2 ∈ L ∞
bnd(X). With this the autocorrelation measure can be identified as

η
(ϕ∗ ∗ ϕ)

= 1

|
o|covol(
)

( 1

|
o|
∑
γ∈


(ϕ∗ ∗ ϕ)(γ ) − 1

|
o|covol(
)

∣∣∣
∫
G

ϕ(g)dmG(g)
∣∣∣2

)
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for all right-K -invariant ϕ ∈ L ∞
bnd(G). In shorter notation,

η
(ϕ) = ι


( 1

|
o|δ
(ϕ) − ι
mG(ϕ)
)

(2.4)

for all bi-K -invariant functions ϕ ∈ L ∞
bnd(G, K ).

Example 2.6 (Intensity and autocorrelation of a random perturbed lattice orbit) Let G
be such that mG(K ) = 0, 
 < G a lattice and ν ∈ Prob(G) a right-K -invariant mea-
sure on G absolutely continuous with respect to the Haar measure mG . The expected
value of a linear statistic S f , f ∈ L ∞

bnd(X), with respect to the randomperturbed lattice
orbit μ
,ν can be computed using the 
-invariance of ν⊗
 and the same computation
as for the random lattice orbit. Fubini yields

Eμ
,ν (S f ) =
∫
G/


( ∫
Z

∑
γ∈


f (gγ zγ .o)dν⊗
(z)
)
dmG/
(g
)

=
∫
G/


∑
γ∈


( ∫
G

f (gγ h.o)dν(h)
)
dmG/
(g
)

=
∫
G

( ∫
G/


∑
γ∈


f (gγ h.o)dmG/
(g
)
)
dν(h) .

By the computation for the intensity of random lattice orbits and the unimodularity of
G we get

Eμ
,ν (S f ) = 1

covol(
)

∫
G

( ∫
G

f (gh.o)dmG(g)
)
dν(h) = mG(ϕ f )

covol(
)
.

Thus the intensity of μ
,ν is ι
,ν = covol(
)−1, in particular independent of ν.
For the second moment of the process μ
,ν , we assume that 
 is cocompact or

supp(ν) is compact, so that μ
,ν is locally square-integrable by Lemma 2.6. Using
Fubini,

Eμ
,ν (S f1S f2)

=
∫
G/


( ∑
γ1,γ2∈


∫
Z
f1(gγ1zγ1 .o) f2(gγ2zγ2 .o)dν⊗
(z)

)
dmG/
(g
) .

Note how

∫
Z
f1(gγ1zγ1 .o) f2(gγ2zγ2 .o)dν⊗
(z)

=
{

(ϕ f1ϕ f2 ∗ ν̌)(gγ ) if γ1 = γ2 = γ

(ϕ f1 ∗ ν̌)(gγ1)(ϕ f2 ∗ ν̌)(gγ2) if γ1 �= γ2 ,
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where ϕ f (g) = f (g.o) as before and ν̌ is the left-K -invariant probability measure on
G defined by ν̌(Q) = ν(Q−1) for Borel sets Q ⊂ G. From this we get that

Eμ
,ν (S f1S f2) =
∫
G/


( ∑
γ1 �=γ2

(ϕ f1 ∗ ν̌)(gγ1)(ϕ f2 ∗ ν̌)(gγ2)
)
dmG/
(g
)

+
∫
G/


( ∑
γ∈


(ϕ f1ϕ f2 ∗ ν̌)(gγ )
)
dmG/
(g
)

=
∫
G/


( ∑
γ1,γ2∈


(ϕ f1 ∗ ν̌)(gγ1)(ϕ f2 ∗ ν̌)(gγ2)
)
dmG/
(g
)

−
∫
G/


( ∑
γ∈


(ϕ f1 ∗ ν̌)(gγ )(ϕ f2 ∗ ν̌)(gγ )
)
dmG/
(g
)

+
∫
G/


( ∑
γ∈


(ϕ f1ϕ f2 ∗ ν̌)(gγ )
)
dmG/
(g
) .

From the computations made for the random lattice orbits,

∫
G/


( ∑
γ1,γ2∈


(ϕ f1 ∗ ν̌)(gγ1)(ϕ f2 ∗ ν̌)(gγ2)
)
dmG/
(g
)

= 1

covol(
)

∑
γ∈


(ν ∗ ϕ∗
f2 ∗ ϕ f1 ∗ ν̌)(γ ) ,

∫
G/


( ∑
γ∈


(ϕ f1 ∗ ν̌)(gγ )(ϕ f2 ∗ ν̌)(gγ )
)
dmG/
(g
)

= 1

covol(
)

∫
G
(ϕ f1 ∗ ν̌)(g)(ϕ f2 ∗ ν̌)(g)dmG(g) ,

and by unimodularity of G,

∫
G/


( ∑
γ∈


(ϕ f1ϕ f2 ∗ ν̌)(gγ )
)
dmG/
(g
)

= 1

covol(
)

∫
G
(ϕ f1ϕ f2 ∗ ν̌)(g)dmG(g)

= 1

covol(
)

∫
G

( ∫
G

ϕ f1(gh)ϕ f2(gh)dmG(g)
)
dν(h)

= 1

covol(
)

∫
G

ϕ f1(g)ϕ f2(g)dmG(g) .

Thus

Eμ
,ν (S f1S f2) = 1

covol(
)

( ∑
γ∈


(ν ∗ ϕ∗
f2 ∗ ϕ f1 ∗ ν̌)(γ )
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−
∫
G
(ϕ f1 ∗ ν̌)(g)(ϕ f2 ∗ ν̌)(g)dmG(g)

+
∫
G

ϕ f1(g)ϕ f2(g)dmG(g)
)

,

so the autocorrelation measure η
,ν of μ
,ν is

η
,ν(ϕ∗ ∗ ϕ) = 1

covol(
)

( ∑
γ∈


(ν ∗ ϕ∗ ∗ ϕ ∗ ν̌)(γ ) −
∫
G

|(ϕ ∗ ν̌)(g)|2dmG(g)

+
∫
G

|ϕ(g)|2dmG(g) − 1

covol(
)

∣∣∣
∫
G

ϕ(g)dmG(g)
∣∣∣2

)

= |
o|2Varμ
 (S((ϕ ∗ ν̌) ◦ ς)) + covol(
)−1(mG(|ϕ|2) − mG(|ϕ ∗ ν̌|2)) .

In short hand notation, considering the autocorrelation measure as a functional on the
sub-algebra L ∞

bnd(G, K ) of bi-K -invariant functions on G, we have

η
,ν = |
o|2 ν̌ ∗ η
 ∗ ν + 1

covol(
)

(
δe − ν̌ ∗ ν

)
,

where η
 is the random lattice orbit autocorrelation of 
 from Eq. 2.4. In particular,
if ν = mK then η
,mK = η
 .

3 Euclidean harmonic analysis

In Sect. 3.2 we introduce the Fourier transform and compute the Fourier transform of
the indicator function on a centered Euclidean ball in terms of Bessel functions of the
first kind. An asymptotic expansion and an integral formula for the relevant Bessel
functions are surveyed in Sect. 3.3.

3.1 Euclidean space

Let n ∈ N and consider R
n with the metric induced by the Euclidean norm ‖·‖ and

the origin o ∈ R
n as a reference point. For r > 0 we let Br denote the Euclidean ball

centered at o. We will write dx = dmRn (x) for the Lebesgue measure on R
n . If we

denote by σn−1 the canonical surface measure on the (n − 1)-dimensional unit sphere
S
n−1 with mass σn−1(S

n−1) = 2πn/2/
(n/2), then integration against the Lebesgue
measure can be written as

mRn ( f ) =
∫ ∞

0

∫
Sn−1

f (tu) dσn−1(u) tn−1dt , f ∈ L ∞
bnd(R

n) .

With this measure we have that VolRn (Br ) = πn/2
( n2 + 1)−1rn .
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We consider the transitive action of R
n on itself by translation and emphasize that

invariance of a random measure μ on R
n refers to invariance under this action, which

corresponds to G = R
n and K = {0} in the setting of the previous section.

3.2 The Fourier transform onR
n

We take the Fourier transform of a function f ∈ L ∞
bnd(R

n) to mean the function
f̂ ∈ C0(R

n) given by

f̂ (ξ) =
∫
Rn

f (x)e−i〈x,ξ〉dx .

In particular, f̂1 = f̂2 if and only if f1 = f2 Lebesgue almost everywhere. The
classical Plancherel formula reads as

∫
Rn

| f (x)|2dx = (2π)−n
∫
Rn

| f̂ (ξ)|2dξ .

In particular, the Fourier transform extends to a unitary map

L2(Rn) −→ L2(Rn, (2π)−ndξ) .

Example 3.1 (Fourier transform of the indicator function on centered Euclidean balls)
Let us compute the spherical transform of the indicator function χBr . Since χBr is
radial, averaging over the unit sphere S

n−1 ⊂ R
n yields

χ̂Br (ξ) = 2π
n
2


( n2 )

∫
Br

ω
(n)
‖ξ‖(x) dx

where

ω
(n)
‖ξ‖(x) = 
( n2 )

2π
n
2

∫
Sn−1

e−i‖ξ‖〈v,x〉dσn−1(v) .

These are the SO(n)-spherical functions of the Euclidean group SO(n) � R
n of rota-

tions and translations, and they can be expressed in terms of Bessel functions of the
first kind,

Jα(z) = 21−αzα

π
1
2 
(α + 1

2 )

∫ 1

0
(1 − s2)α− 1

2 cos(zs)ds , α, z ∈ C , Re(α) > −1

2
.

The following formulas can be derived from [22, Lemma 4.13 + Theorem 4.15, p.
170-171].
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Lemma 3.1 Let ξ ∈ R
n and x ∈ R

n. Then

ω
(n)
‖ξ‖(x) = 2

n−2
2 
( n2 )

(‖ξ‖‖x‖) n−2
2

Jn−2
2

(‖ξ‖‖x‖) and χ̂Br (ξ) = (2π)
n
2

( r

‖ξ‖
) n

2
Jn
2
(r‖ξ‖) .

In particular, the Fourier transform satisfies the homogeneity χ̂Br (ξ) = rnχ̂B1(rξ) as
expected, and χ̂Br (0) = VolRn (Br ).

3.3 Some properties of Bessel functions

A crucial tool for the following sections will be a first order asymptotic approximation
of the (half-)integer Bessel functions Jn

2
, and hence for the spherical functions ω

(n)
λ .

Lemma 3.2 ([27], p.199) Let α > −1/2 and let φα = (2α + 1)π/4. As t → +∞,
the Bessel function Jα(t) admits the asymptotic expansion

Jα(t) ∼
( 2

π t

)1/2(
cos(t − φα)

∞∑
j=0

(−1) j A2 j

t2 j
− sin(t − φα)

∞∑
j=0

(−1) j A2 j+1

t2 j+1

)
,

where

A j = 
(α + j + 1
2 )

2 j j !
(α − j + 1
2 )

, j ∈ Z≥0 .

In particular, there is a constant κα > 0 such that

∣∣∣Jα(t) −
( 2

π t

)1/2
cos(t − φα)

∣∣∣ ≤ κα

t3/2
, ∀ t ≥ 1 .

Corollary 3.3 Let α ≥ 1/2. Then there is a constant Cα > 0 such that

|Jα(t)| ≤ Cα(1 + t)−1/2 , ∀ t ≥ 0 .

Proof If 0 ≤ t ≤ 1, then tα ≤ 2(1 + t)−1/2, and we bound Jα from above and below
by

|Jα(t)| = 21−αtα

π
1
2 
(α + 1

2 )

∣∣∣
∫ 1

0
(1 − s2)α− 1

2 cos(ts)ds
∣∣∣ ≤ 21−αtα

π
1
2 
(α + 1

2 )

≤ 22−α

π
1
2 
(α + 1

2 )(1 + t)1/2
.
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If t ≥ 1 then we let Mα(t) = ( 2
π t )

1/2 cos(t − φα). We use that t−1/2 ≤ 2(1 + t)−1/2

for all t ≥ 1 and Lemma 3.2 to get the bound

|Jα(t)| ≤ |Mα(t)| + |Jα(t) − Mα(t)| ≤
( 2

π t

)1/2 + κα

t3/2
≤

( 2
π

)1/2 + κα

t1/2

≤ 2

( 2
π

)1/2 + κα

(1 + t)1/2
.

To finish the proof, we take

Cα = max
( 22−α

π
1
2 
(α + 1

2 )
, 2

(( 2

π

)1/2 + κα

))
.

��
In proving Theorem 1.1, we will encounter an integral of the following type.

Lemma 3.4 Let α ≥ 1/2 and β ≥ 1. Then for every T ≥ 1 there is a δT = δT (α, β)

with δT → 0 as T → +∞ such that

∫ T

0
tβ Jα(t)2dt =

( 1

πβ
+ δT

)
T β .

Proof of Lemma 3.4 Let Mα(t) = ( 2
π t )

1/2 cos(t − φα), so that |Jα(t) − Mα(t)| ≤
καt−3/2 for all t ≥ 1 as in Lemma 3.2. We bound the integral in question from above
and below by

∫ T

0
tβMα(t)2dt −

∫ T

0
tβ |Jα(t)2 − Mα(t)2|dt

≤
∫ T

0
tβ Jα(t)2dt

≤
∫ T

0
tβMα(t)2dt +

∫ T

0
tβ |Jα(t)2 − Mα(t)2|dt .

First,

∫ T

0
tβMα(t)2dt = 2

π

∫ T

0
tβ−1 cos2(t − φα)dt

= 1

π

( ∫ T

0
tβ−1dt +

∫ T

0
tβ−1 cos(2(t − φα))dt

)

= 1

π

(T β

β
+ T β

∫ 1

0
sβ−1 cos(2(T s − φα))ds

)
.
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Note that
∫ 1
0 sβ−1 cos(2(T s − φα))ds → 0 as T → +∞ by the Riemann-Lebesgue

Lemma.
Secondly, by Lemma 3.2 and Corollary 3.3 we have

|Jα(t)2 − Mα(t)2| ≤ |Jα(t)|2 + |Mα(t)|2 ≤ C2
α

1 + t
+ 2

π t
≤ C2

α + 1

t
if 0 ≤ t ≤ 1 ,

(3.1)

|Jα(t)2 − Mα(t)2| = |Jα(t) + Mα(t)||Jα(t) − Mα(t)| (3.2)

≤
( Cα

(1 + t)1/2
+

( 2

π t

)1/2) κα

t3/2
≤ (Cα + 1)κα

t2
if t ≥ 1 ,

(3.3)

so that

∫ T

0
tβ |Jα(t)2 − Mα(t)2|dt

=
∫ 1

0
tβ |Jα(t)2 − Mα(t)2|dt +

∫ T

1
tβ |Jα(t)2 − Mα(t)2|dt

≤ (C2
α + 1)

∫ 1

0
tβ−1dt + (Cα + 1)κα

∫ T

1
tβ−2dt

= C2
α + 1

β
+ (Cα + 1)κα

T β−1 − 1

β − 1
, T ≥ 1 .

Note that the right hand side remains finite in the limiting case of β = 1+. Putting
everything together, we define

δT = T−β

∫ T

0
tβ Jα(t)2dt − 1

πβ
,

so that

∫ T

0
tβ Jα(t)2dt =

( 1

πβ
+ δT

)
T β , T ≥ 1

and

|δT | ≤ T−β
( ∫ T

0
tβMα(t)2dt − T β

πβ
+

∫ T

0
tβ |Jα(t)2 − Mα(t)2|dt

)

≤ 1

π

∣∣∣
∫ 1

0
sβ−1 cos(2(T s − φα))ds

∣∣∣ + C2
α + 1

βT β
+ (Cα + 1)κα

T β−1 − 1

(β − 1)T β
−→ 0

as T → +∞. We also note that this limit is preserved in the limiting case
β = 1+. ��
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4 Euclidean diffractionmeasures

We define the diffraction measure of an invariant locally square-integrable random
measure on R

n and recall a known upper bound for its asymptotic volume growth.
The autocorrelation measure ημ of an invariant locally square-integrable random

measure μ on R
n is positive-definite in the sense of measures, that is

ημ( f ∗ ∗ f ) ≥ 0 , ∀ f ∈ L ∞
bnd(R

n) .

The positive-definiteness of ημ is the crucial property that will allow us to define the
diffraction measure of μ. Recall that a Radon measure η is tempered if it extends
to a continuous linear functional on the Schwartz space S (Rn) of smooth functions
f : R

n → C with sub-polynomial decay, that is,

sup
x∈Rn

(1 + ‖x‖)α|∂β f (x)| < +∞

for all α ∈ Z≥0 and all multi-indices β ∈ Z
n≥0. The following classical result

establishes the existence and uniqueness of a measure-theoretic Fourier transform
of positive-definite measures.

Theorem 4.1 (Bochner–Schwartz) Let η be a positive-definite signed Radon measure
on R

n. Then there is a unique positive tempered Radon measure η̂ on R
n such that

η( f ) =
∫
Rn

f̂ (ξ)dη̂(ξ)

for all functions f ∈ S (Rn). In particular, η is tempered.

We refer to η̂ as the Fourier transform of η.

Definition 4.2 (Euclidean diffraction measures) The diffraction measure of an invari-
ant locally square-integrable randommeasureμ onR

n is the unique Fourier transform
η̂μ ∈ M+(Rn) of the autocorrelation measure ημ on R

n .

In particular, the μ-variance of linear statistics S f with f ∈ S (Rn) can written in
terms of the diffraction measure as

Varμ(S f ) = ημ( f ∗ ∗ f ) =
∫
Rn

| f̂ (ξ)|2dη̂μ(ξ) .

The linear span of the functions f ∗ ∗ f ∈ S (Rn) are enough to uniquely determine
the autocorrelation measure ημ, so the above formula for the μ-variance uniquely
determines the diffractionmeasure η̂μ.Moreover, ifμ is ergodic then one canmake use
of the mean ergodic theorem to see that the diffraction measure satisfies η̂μ({0}) = 0.

We now justify the extension of this formula to all functions f ∈ L ∞
bnd(R

n), in
particular for indicator functions χBr with r > 0.
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Lemma 4.3 Let μ be an invariant locally square-integrable random measure on R
n

and f ∈ L ∞
bnd(R

n). Then

ημ( f ∗ ∗ f ) =
∫
Rn

| f̂ (ξ)|2dη̂μ(ξ) .

In particular, f̂ ∈ L2(Rn, η̂μ).

Proof For every ε > 0, let βε ∈ S (Rn) be the function satisfying β̂ε(ξ) = e−ε2‖ξ‖2

for all ξ ∈ R
n . Setting fε = βε ∗ f ∈ S (Rn) then a standard argument shows that fε

converges to f Lebesgue-almost everywhere. Since f is measurable and boundedwith
bounded support, the convolution f ∗ ∗ f defines a continuous compactly supported
function on R

n . It follows that f ∗
ε ∗ fε converges uniformly to f ∗ ∗ f . In particular,

since ημ is a Radon measure then

lim
ε→0+ ημ( f ∗

ε ∗ fε) = ημ( f ∗ ∗ f ) .

On the other hand, by definition of βε and the diffraction measure we have that

ημ( f ∗
ε ∗ fε) =

∫
Rn

| f̂ (ξ)|2e−2ε2‖ξ‖2dη̂μ(ξ) ≤
∫
Rn

| f̂ (ξ)|2dη̂μ(ξ) .

Since e−2ε2‖ξ‖2 is monotonely increasing as ε → 0+ with limit 1 then the monotone
convergence Theorem tells us that

ημ( f ∗ ∗ f ) = lim
ε→0+

∫
Rn

| f̂ (ξ)|2e−2ε2‖ξ‖2dη̂μ(ξ) =
∫
Rn

| f̂ (ξ)|2dη̂μ(ξ) .

��
The above Lemma imposes a growth condition on the diffraction measure η̂μ, which
one can give a more specific description of.

Lemma 4.4 ([5], Proposition 4.9, p.21) Let μ be a random measure on R
n. Then the

diffraction measure of μ satisfies

η̂μ(BL) �n,μ VolRn (BL)

for all sufficiently large L > 0.

Example 4.1 (Poisson diffraction) In Example 2.4 we computed the variance of linear
statistics for the unit intensity invariant Poisson point process, which in the Euclidean
case reads as

VarPoi(S f ) = ( f ∗ ∗ f )(0) =
∫
Rn

| f (x)|2dx .
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By the Plancherel formula,

VarPoi(S f ) =
∫
Rn

| f (x)|2dx = (2π)−n
∫
Rn

| f̂ (ξ)|2dξ ,

so the diffraction measure of the Poisson process is dη̂Poi(ξ) = (2π)−ndξ .

Example 4.2 (Diffraction of a random lattice) Let 
 < R
n be a lattice. Then there is

a matrix g
 ∈ GLn(R) such that 
 = g
Z
n . The covolume of 
 can then be written

as covol(
) = | det(g
)| and the dual lattice of 
 is the lattice


⊥ =
{
ξ ∈ R

n : 〈γ, ξ 〉 ∈ 2πZ ∀ γ ∈ 

}

.

The Poisson summation formula states that

∑
γ∈


f (γ ) = 1

covol(
)

∑
ξ∈
⊥

f̂ (ξ)

for f ∈ S (Rn). By the formula for the autocorrelation measure in Example 2.5 and
the Poisson summation formula,

η
( f ) = 1

covol(
)

∑
γ∈


f (γ ) − 1

covol(
)2

∫
Rn

f (x)dx = 1

covol(
)2

∑
ξ∈
⊥\{0}

f̂ (ξ)

for all f ∈ S (Rn). Thus the diffraction measure of the random lattice μ
 is

η̂
 = 1

covol(
)2

∑
ξ∈
⊥\{0}

δξ .

Example 4.3 (Diffraction of a random perturbed lattice) Since all lattices in Euclidean
spaces are cocompact, random perturbed lattices are locally square-integrable by
Lemma 2.6 with a well-defined diffraction measure.

If ν ∈ Prob(Rn) we define its Fourier transform ν̂ : R
n → C to be

ν̂(ξ) =
∫
Rn

e−i〈x,ξ〉dν(x) .

Then ν̂ is a continuous function, but does not necessarily vanish at infinity as in the

absolutely continuous case. Moreover, one computes ̂̌ν ∗ ν = |̂ν|2. With this Fourier
transform inmind and the formula for the autocorrelation of a random perturbed lattice
(
, ν) from Example 2.6,

η
,ν = ν̌ ∗ η
 ∗ ν + ι
(δ0 − ν̌ ∗ ν) = ν̌ ∗ ν ∗ η
 + ι
(δ0 − ν̌ ∗ ν)
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where ι
 = covol(
)−1, the corresponding diffraction measure is

dη̂
,ν(ξ) = |̂ν(ξ)|2dη̂
(ξ) + ι
(1 − |̂ν(ξ)|2) dξ

(2π)n
.

Proposition 4.5 Let 
 < R
n be a lattice and ν ∈ Prob(Rn) a probability measure.

Then the perturbed lattice point process μ
,ν is hyperuniform.

Proof By the formula for the diffraction measure we have

η̂
,ν(Bε) =
∫
Bε

|̂ν(ξ)|2dη̂
(ξ) + ι


(2π)n

∫
Bε

(1 − |̂ν(ξ)|2)dξ .

Note that ν̂(0) = ν(Rn) = 1, so 1− |̂ν(ξ)|2 = o(1) as ξ → 0. Moreover, since μ
 is
stealthy, then η̂
|Bε = 0 for sufficiently small ε > 0. Finally, as ε → 0 we then have
that

η̂
,ν(Bε) = ι


(2π)n

∫
Bε

(1 − |̂ν(ξ)|2)dξ = ι


(2π)n
o(εn) ,

so μ
,ν is spectrally hyperuniform and hence hyperuniform. ��

5 Beck’s Theorem

Wewill in this section investigate lower bounds for number variance NVμ(r) as R →
+∞ for invariant locally square-integrable random measures μ on R

n . As mentioned
in the Introduction, we emphasize that the results of this Section are considered well-
known. In Sect. 5.1 we refine and prove Theorem 1.1, and in Sects. 5.2 and 5.3 we
arrive at a proof of Eq.1.3. Finally, we formulate the contents of Sect. 5.1 for isotropic
random measures in terms of the associated powder diffraction measure in Sect. 5.4.

5.1 Proof of Theorem 1.1

To prove Theorem 1.1, we will prove a lower bound on the average of the number
variance that is similar to the inequality that Beck proves in [4, p.4].

Theorem 5.1 Let μ be an invariant locally square-integrable random measure on
Euclidean space R

n. Then there is a constant C = C(n) > 0 such that for every
Ro > 0,

1

R

∫ R

0
NVμ(r)dr ≥ C

( ∫
‖ξ‖≥R−1

o

dη̂μ(ξ)

‖ξ‖n+1

)
Rn−1 , ∀ R ≥ Ro .

Proof From Lemma 3.1 we have that

χ̂Br (ξ) = (2π)
n
2

( r

‖ξ‖
) n

2
Jn
2
(r‖ξ‖) .
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By Lemma 3.4 with α = n/2 and β = n, there is for every T ≥ 1 a δT ∈ R with
δT → 0 as T → +∞ such that

∫ R

0
|χ̂Br (ξ)|2dr = (2π)n

‖ξ‖n
∫ R

0
rn Jn

2
(r‖ξ‖)2dr = (2π)n

‖ξ‖2n+1

∫ R‖ξ‖

0
tn Jn

2
(t)2dt

(5.1)

= (2π)n

‖ξ‖n+1

( 1

πn
+ δR‖ξ‖

)
Rn > 0 (5.2)

for every R ≥ Ro and every ‖ξ‖ ≥ R−1
o . Define

C = (2π)n inf
T≥1

( 1

πn
+ δT

)
= (2π)n inf

T≥1
T−n

∫ T

0
tn Jn

2
(t)2dt ,

which is positive since

∫ T

0
tn Jn

2
(t)2dt > 0 ∀ T ≥ 1 and lim

T→+∞ T−n
∫ T

0
tn Jn

2
(t)2dt = 1

πn
> 0

by Lemma 3.4. An application of Fubini provides the lower bound

1

R

∫ R

0
NVμ(r)dr =

∫
Rn

( 1

R

∫ R

0
|χ̂Br (ξ)|2dr

)
dη̂μ(ξ)

≥
∫

‖ξ‖≥R−1
o

( 1

R

∫ R

0
|χ̂Br (ξ)|2dr

)
dη̂μ(ξ) ≥ Rn−1C

∫
‖ξ‖≥R−1

o

dη̂μ(ξ)

‖ξ‖n+1

as desired. ��
Remark 5.2 Since η̂μ satisfies η̂μ(BL) �n,μ Ln for sufficiently large L > 0 by
Lemma 4.4, then

∫
‖ξ‖≥R−1

o

dη̂μ(ξ)

‖ξ‖n+1 �n

∫ ∞

R−1
o

η̂μ(Bu)

un+2 du �n,μ,Ro

∫ ∞

R−1
o

du

u2
= Ro < +∞ .

Thus the right hand side in Theorem 5.1 is indeed finite.

Theorem 1.1 now follows form the fact that

lim sup
R→+∞

NVμ(R)

Rn−1 ≥ lim sup
R→+∞

1

Rn

∫ R

0
NVμ(r)dr ≥ C

∫
Rn

dη̂μ(ξ)

‖ξ‖n+1 > 0 ,

which may or may not be infinite.
Before moving on we emphasize that if the diffraction measure vanishes in a neigh-

bourhood around ξ = 0, then the limit as R → +∞ in Theorem 5.1 can be normalized
and computed.
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Definition 5.3 (Euclidean stealthy random measures) An invariant locally square-
integrable random measure μ on R

n is stealthy if there is a λo > 0 such that
η̂μ(Bλo) = 0.

Corollary 5.4 Let μ be a stealthy random measure on R
n. Then

lim
R→+∞

1

R

∫ R

0

NVμ(r)

rn−1 dr = 2nπn−1
∫
Rn

dη̂μ(ξ)

‖ξ‖n+1 .

Proof Let λo > 0 such that η̂μ(Bλo) = 0. Similarly to the proof of Theorem 5.1 we
have

1

R

∫ R

0

NVμ(r)

rn−1 dr =
∫

‖ξ‖≥λo

( 1

R

∫ R

0

|χ̂Br (ξ)|2
rn−1 dr

)
dη̂μ(ξ)

= (2π)n
∫

‖ξ‖≥λo

( 1

R

∫ R

0
r Jn

2
(r‖ξ‖)2dr

)dη̂μ(ξ)

‖ξ‖n .

If R ≥ λ−1
o , then Lemma 3.4 with α = n/2 and β = 1 gives us

1

R

∫ R

0
r Jn

2
(r‖ξ‖)2dr = 1

R‖ξ‖2
∫ R‖ξ‖

0
t J n

2
(t)2dt −→ 1

‖ξ‖π

as R → +∞. By Remark 5.2 we know that
∫
‖ξ‖≥λo

‖ξ‖−(n+1)dη̂μ(ξ) is finite, so by
dominated convergence we see that

lim
R→+∞(2π)n

∫
‖ξ‖≥λo

( 1

R

∫ R

0
r Jn

2
(r‖ξ‖)2dr

)dη̂μ(ξ)

‖ξ‖n = 2nπn−1
∫

‖ξ‖≥λo

dη̂μ(ξ)

‖ξ‖n+1 .

��

5.2 Dynamics for the invariant randomZ
n-lattice

We consider the invariant random Z
n-lattice and compute its diffraction measure. We

also provide dynamical results on square roots of natural numbers that will be a key
ingredient in proving the lower limit

lim inf
R→+∞

NVμ
Z5

(R)

R4 = 0 .

5.2.1 Number variance of the invariant randomZ
n-lattice

Consider the standard lattice Z
n < R

n and the random lattice μZn . Its dual lattice is
(Zn)⊥ = 2πZ

n , so by Example 4.2, the diffraction measure η̂Zn of the random lattice
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μZn is

η̂Zn ( f̂ ) =
∑

γ∈Zn\{0}
f̂ (2πγ )

for any f ∈ L ∞
bnd(R

n). In particular,μZn is stealthy. The number variance of the linear
statistic SχBR can then be written using Example 3.1 as

NVμZn (R)

Rn−1 = 1

Rn−1

∑
γ∈Zn\{0}

|χ̂BR (2πγ )|2 = (2π)n R
∞∑

�=1

rn(�)

�n/2 Jn
2
(2πR

√
�)2

(5.3)

where rn(�) = |{γ ∈ Z
n : ‖γ ‖2 = �}| is the sum-of-squares function. By Corollary

5.4,

lim
R→+∞

1

R

∫ R

0

NVμZn (r)

rn−1 dr = 2nπn−1
∞∑

�=1

rn(�)

�
n+1
2

.

Moreover, Remark 5.2 implies that the right hand side is finite. We now show the
slightly stronger statement that the map R 
→ R−(n−1)NVμZn (R) is uniformly
bounded in R ≥ 0.

Lemma 5.5 Let n ≥ 1. Then the Dirichlet series

D(s; rn) =
∞∑

�=1

rn(�)

�s

is absolutely convergent whenever Re(s) > n
2 .

Proof Without loss of generality, we assume that s is real. Rewriting D(s, rn) as a
series over the integer lattice and partitioning into unit annuli, we get

D(s; rn) =
∑

γ∈Zn\{0}

1

‖γ ‖2s =
∞∑
k=1

( ∑
k≤‖γ ‖<k+1

1

‖γ ‖2s
)

.

An upper bound is then

D(s; rn) ≤
∞∑
k=1

|Zn ∩ Bk+1\Bk |
k2s

.

The number of lattice points in a ball can be bounded from above and below using a
standard box covering argument,

πn/2


( n2 + 1)
(k − √

n)n ≤ |Zn ∩ Bk | ≤ πn/2


( n2 + 1)
(k + √

n)n
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for all sufficiently large k ≥ 1. Thus the number of lattice points in the annulus
Bk+1\Bk is bounded as

|Zn ∩ Bk+1\Bk | = |Zn ∩ Bk+1| − |Zn ∩ Bk |

≤ πn/2


( n2 + 1)

(
(k + 1 + √

n)n − (k − √
n)n

)
�n kn−1

for all sufficiently large k ≥ 1, and we extend this to a uniform bound |Zn ∩
Bk+1\Bk | �n kn−1 for all k ≥ 1. This means that

D(s; rn) �n

∞∑
k=1

1

k2s−(n−1)
.

The latter series is convergent if and only if s > n
2 . ��

Corollary 5.6 The number variance of the invariant random Z
n-lattice satisfies

NVμZn (R) �n Rn−1

for all R ≥ 0.

Proof ByCorollary 3.3, there is a constantCn/2 > 0 such that Jn
2
(t) ≤ Cn/2(1+t)−1/2

for all t ≥ 0. Thus

NVμZn (R) = (2π)n Rn
∞∑

�=1

rn(�)

�n/2 Jn
2
(2πR

√
�)2

≤ C2
n/2(2π)n Rn

∞∑
�=1

rn(�)

�n/2(1 + 2πR
√

�)
≤ C2

n/2(2π)n−1Rn−1
∞∑

�=1

rn(�)

�
n+1
2

.

By Lemma 5.5, the right hand side is convergent and so we’re done. ��
Example 5.1 (Vanishing of the number variance for random shifts of Z) When n =
1 we have r1(�) = 2 if � = m2 for some integer m ≥ 1 and 0 else. Moreover,
χ̂[−R,R](2πm) = sin(2πRm)

πm , so

NVμZ
(R) = 2

π2

∞∑
m=1

sin2(2πRm)

m2 .

Thus the number variance is identically zero along the sequence R = 0, 1/2, 1, 3/2,
2, ... of half-integers. In dimension n = 5 we can not find simultaneous zeroes of the
Bessel function J5/2(2πR

√
�) for all relevant positive integers �, but we will provide

a sequence of radii for which the number variance is asymptotically dominated by R4.
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5.2.2 Rational independence of square roots and ergodicity

The support of the diffraction measure η̂Zn is {2πξ : ξ ∈ Z
n} ⊂ R

n , and in light
of Example 5.1 we will show that one can scale norms ‖ξ1‖, ..., ‖ξN‖ for any finite
collection ξ1, ..., ξN ∈ Z

n such that they are simultaneously close to the integers. We
will make crucial use of the following is a classical result due to Besicovitch.

Lemma 5.7 ([6], Theorem 2, p.4) Let �1, ..., �J be distinct positive square-free inte-
gers. Then the roots

√
�1, ...,

√
�J are linearly independent over Q.

A simultaneous consideration of the fractional parts of such square roots give rise to
the following uniquely ergodic dynamical system.

Lemma 5.8 Let α1, ..., αJ ∈ R be linearly independent over Q. Then the translation
action

v + Z
J 
−→ (v + α) + Z

J , α = (α1, ..., αJ ) ∈ R
J

on the torus R
J /Z

J is uniquely ergodic with the Lebesgue measure as the invariant
measure. In particular, every orbit of the action is dense.

Proof Suppose that θ is an invariant probability measure onR
J /Z

J with respect to the
prescribed action. It suffices to show that θ is the Lebesgue measure. By invariance,
the Fourier transform θ̂ : Z

J → C of θ satisfies

θ̂ (γ ) =
∫
RJ /ZJ

e−2π i〈γ,x〉dθ(x) =
∫
RJ /ZJ

e−2π i〈γ,x+α〉dθ(x) = e−2π i〈γ,α〉θ̂ (γ )

for all γ ∈ Z
J . This forces θ̂ (γ ) = 0 for all γ �= 0, since otherwise there would be a

non-zero γ for which 〈γ, α〉 ∈ Z, contradicting the assumed Q-linear independence
of α1, ..., αJ . Thus θ̂ is the unit mass on 0 ∈ Z

J and hence θ is the Lebesgue measure
on R

J /Z
J by injectivity of the Fourier transform. ��

Corollary 5.9 Let N ∈ N. Then there is a positive sequence Rk → +∞ such that

Rk .(1,
√
2, ...,

√
N ) + Z

N −→ 0 + Z
N

as k → +∞ in R
N/Z

N .

Proof Take distinct positive square-free integers �1, ..., �J and finite subsets A1, ...,

AJ ⊂ N such that

{
1,

√
2, ...,

√
N

} =
J⊔

j=1

{
k
√

� j : k ∈ A j
}
. (5.4)

By Lemma 5.7,
√

�1, ...,
√

�J are linearly independent over Q, and by Lemma 5.8 the
action of translation by α = (

√
�1, ...,

√
�J ) on the torus R

J /Z
J has dense orbits.
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Thus we may take a sequence Rk → +∞ such that Rk .α + Z
J → 0+ Z

J in R
J /Z

J .
It follows by the decomposition in Eq. (5.4) that Rk

√
� + Z

N → 0 + Z
N for all

� = 1, ..., N . ��

5.3 Proof of Equation 1.3

From Eq. (5.3) for the number variance of μZn , we have

NVμZn (R)

Rn−1 = (2π)n R
∞∑

�=1

rn(�)

�n/2 Jn
2
(2πR

√
�)2 .

This is uniformly bounded in R ≥ 0 by Corollary 5.6, so we fix ε > 0 and take N ≥ 1
to be an integer such that

R
∞∑

�=N+1

rn(�)

�n/2 Jn
2
(2πR

√
�)2 < ε , ∀ R ≥ 0 .

It remains to find a suitable sequence of radii such that the first N terms of the series
tend to 0. To do this wemake use of the approximation Mn

2
(t) = ( 2

π t )
1/2 cos(t−φn/2)

of Jn/2(t) in Lemma 3.2 along with the bound in Eq. (3.1) for R ≥ 1 to find that

R
N∑

�=1

rn(�)

�
n
2

Jn
2
(2πR

√
�)2 ≤ R

N∑
�=1

rn(�)

�
n
2

Mn
2
(2πR

√
�)2

+ R
N∑

�=1

rn(�)

�
n
2

|Jn
2
(2πR

√
�)2 − Mn

2
(2πR

√
�)2|

≤ 1

π2

N∑
�=1

rn(�)

�
n+1
2

cos2(2πR
√

� − φ n
2
) + 2κ n

2

R
1
2

N∑
�=1

rn(�)

�
n
2

,

where again φn/2 = n+1
4 π . Fix ε > 0 and take Ro ≥ 1 such that

2κ n
2

R
1
2

N∑
�=1

rn(�)

�
n
2

< ε ∀ R ≥ Ro .

Then

NVμZn (R)

Rn−1 = (2π)n
(
R

N∑
�=1

rn(�)

�
n
2

Jn
2
(2πR

√
�)2 + R

∞∑
�=N+1

rn(�)

�
n
2

Jn
2
(2πR

√
�)2

)

<
(2π)n

π2

N∑
�=1

rn(�)

�
n+1
2

cos2(2πR
√

� − φ n
2
) + 2(2π)nε ∀ R ≥ Ro .
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For the case n = 5 we get

Varμ
Z5

(SχBR )

R4 < 32π3
N∑

�=1

r5(�)

�3
sin2(2πR

√
�) + 64π5ε ∀ R ≥ Ro .

By Corollary 5.9 there is an sequence (Rk)k≥1 with Rk → +∞ as k → +∞ and
such that Rk

√
� → 0 in R

N/Z
N for every 1 ≤ � ≤ N , hence sin2(2πRk

√
�) → 0 for

every 1 ≤ � ≤ N . This means that

lim sup
k→+∞

NVμ
Z5

(Rk)

R4
k

≤ 64π5ε ,

and since ε > 0 was chosen arbitrarily we are done.

Remark 5.10 The key feature of dimension n = 5 is that φ5/2 = 3π
2 is an odd multiple

of π
2 , so that cos2(t − φ5/2) = sin2(t) for all t ≥ 0. Thus the same proof works for

dimensions n = 4m+1,m ≥ 0. Moreover, Parnovski and Sobolev [21, Theorem 3.1]
prove that

lim inf
R→+∞

NVμ
Zd

(R)

Rd−1 > 0

when n �= 4m + 1, which, as the authors mention, essentially follows from a result of
Dahlberg and Trubowitz in [11] for dimension n = 2. The argument of Dahlberg and
Trubowitz was also adopted in [13, Corollary 2.2] for dimensions n �= 4m + 1.

5.4 Isotropic randommeasures onR
n

Given a random measure μ on R
n , one can require invariance under other subgroups

of the Euclidean isometries rather than just translations. The special Euclidean group
Gn = Kn � R

n with Kn = SO(n) is the group of rotations and translations, and
contains the subgroup of translations considered in the previous subsections. Random
measures that are invariant under Gn are commonly referred to as isotropic.

Given a translation invariant random measure μ on R
n , one can construct an

isotropic random measure μiso as the push-forward of μ along the Kn-averaging map
AvKn : M+(Rn) → M+(Rn)Kn defined by

AvKn (p)(B) =
∫
Kn

p(k.B)dmKn (k)

for every bounded Borel set B ⊂ R
n , where mKn is the Haar probability measure

on Kn . Note however that this specific procedure does not produce isotropic point
processes from translation invariant point processes.

If μ is an isotropic and locally square-integrable random measure on R
n , then the

autocorrelation measure ημ is a bi-Kn-invariant measure on Gn which canonically

123



Hyperuniformity of random measures on Euclidean and hyperbolic spaces Page 39 of 70 46

descends to a radial measure on R
n . Thus it is uniquely determined by its restriction

to the subalgebra L ∞
bnd(R

n)rad ⊂ L ∞
bnd(R

n) of radial functions. On this subalgebra
the Fourier transform restricts to what we call the Hankel transform. Given f ∈
L ∞

bnd(R
n)rad, its Hankel transform is the function f̃ : R≥0 → C given by

f̃ (λ) =
∫
Rn

f (x)ω(n)
λ (x)dx ,

where ω
(n)
λ are the SO(n)-spherical functions from Lemma 3.1,

ω
(n)
λ (x) = 2

n−2
2 
( n2 )

(λ‖x‖) n−2
2

Jn−2
2

(λ‖x‖) .

By construction, f̂ (ξ) = f̃ (‖ξ‖) for all ξ ∈ R
n and dualizing this to measures, we

are able to define the Hankel transform of a positive-definite Radon measure on R
n .

Definition 5.11 Let μ be an isotropic locally square-integrable random measure on
R
n . The powder diffraction measure of μ is the Hankel transform η̃μ ∈ M+(R≥0) of

the autocorrelation measure ημ.

By the existence and uniqueness of the diffraction measure in Theorem 4.1, η̃μ exists
and is unique. In particular,

Varμ(S f ) = 2π
n
2


( n2 )

∫ ∞

0
| f̃ (λ)|2dη̃μ(λ)

for all f ∈ L ∞
bnd(R

n)rad. With this notation, the lower bound in Theorem 5.1 is

1

R

∫ R

0
NVμ(r)dr ≥ C

( ∫ ∞

R−1
o

dη̃μ(λ)

λn+1

)
Rn−1 , ∀ R ≥ Ro

for Ro > 0 and some C = C(n, Ro) > 0. If μ is in addition stealthy, then the limit
formula in Corollary 5.4 becomes

lim
R→+∞

1

R

∫ R

0

NVμ(r)

rn−1 dr = 2n+1π
3n
2 −1


( n2 )

∫ ∞

0

dη̃μ(λ)

λn+1 .

6 Spherical harmonic analysis on real hyperbolic spaces

We introduce real hyperbolic spaces, Cartan coordinates and invariant reference mea-
sures in Sect. 6.1 and the spherical functions in Sect. 6.2. We give a careful treatment
of the spherical functions, providing a trigonometric expansion in Sect. 6.3 and as
a consequence some bounds and an asymptotic mean in Sect. 6.4, which are crucial
ingredients in the proof of Theorem 1.4. Lastly, we survey some properties of the
spherical transform in Sect. 6.5.

123



46 Page 40 of 70 M. Björklund, M. Byléhn

6.1 Cartan decomposition and invariant referencemeasures

Consider the bilinear form [x, y] = x0y0 − x1y1 −· · ·− xn yn for x, y ∈ R
1+n and the

one-sheeted paraboloid H
n = {x ∈ R

1+n : [x, x] = 1, x0 > 0} with the hyperbolic
metric d(x, y) = arccosh([x, y]). On R

1+n , the group Gn = SO◦(1, n) of orientation
preserving linear maps preserving [·, ·] restricts to a transitive isometric action on
(Hn, d). Fixing the reference point o = (1, 0, ..., 0) ∈ H

n , its stabilizer is

Kn =
{(

1 0
0 k

)
: k ∈ SO(n)

}
< Gn .

With this we obtain a proper pointed metric space (Hn, d, o) as in Sect. 2.1.

6.1.1 Cartan decomposition

A polar decomposition for H
n is available via the length map � : Gn → R≥0, �(g) =

d(g.o, o), which is a bi-Kn-invariant map and descends to a bijection Kn\Gn/Kn →
R≥0. If we consider the one parameter subgroup

An =
{
at =

⎛
⎝cosh(t) 0 sinh(t)

0 IdRn−1 0
sinh(t) 0 cosh(t)

⎞
⎠ : t ∈ R

}
< Gn

then �(at ) = |t |, and we obtain the Cartan decomposition Gn = Kn A+
n Kn , where

A+
n = {at : t ≥ 0}. From this decomposition we get for every R > 0 an open subset

BR = �−1([0, R)) = {k1atk2 ∈ Gn : t ∈ [0, R), k1, k2 ∈ Kn} ,

which we refer to as the centered open Cartan ball of radius R > 0. Moreover, we
note that the orbit of the Cartan ball BR ⊂ Gn in H

n coincides with the open metric
ball, BR .o = BR(o). We will interchangeably use the notation BR for the centered
Cartan ball in Gn and the metric ball BR(o) in H

n .

6.1.2 Continuous sections

Note that if g ∈ Gn with Cartan decomposition g = k1atk2 then

g.o = k1at .o = (cosh(t), sinh(t)u)

for some u ∈ S
n−1 ⊂ R

n . The sphere S
n−1 is a homogeneous space for Kn , and

a standard argument using the Gram-Schmidt orthogonalization process produces a
continuous section κ : S

n−1 → Kn , so ς(cosh(t), sinh(t)u) = κ(u)at is a continuous
section from H

n into Gn .
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6.1.3 Invariant reference measures

If we denote by mKn the unique Haar probability measure on Kn then a Haar measure
on Gn written in Cartan coordinates is

mGn (ϕ) =
∫
Kn

∫ ∞
0

∫
Kn

ϕ(k1at k2) dmKn (k1) sinh(t)
n−1dt dmKn (k2) , ϕ ∈ L∞

bnd(Gn) ,

and a Gn-invariant reference measure on H
n is

mHn ( f ) =
∫ ∞
0

∫
Sn−1

f (cosh(t), sinh(t)u) dσn−1(u) sinh(t)n−1dt , f ∈ L∞
bnd(H

n) ,

where σn−1 is the canonical surface measure on S
n−1. The relation between the two

measures is

mHn ( f ) = 2π
n
2


( n2 )

∫
Gn

f (g.o)dmGn (g) .

In particular, the volume growth of centered Cartan balls in H
n is

mHn (BR .o) = 2π
n
2


( n2 )

∫ R

0
sinh(t)n−1dt 
n cosh(R)n−1 (6.1)

for all sufficiently large R > 0.

6.1.4 The algebra of bi-Kn-invariant functions

As in the case of isotropic random measures on Euclidean spaces we will restrict our
attention to linear statistics and autocorrelation measures on the subspace of radial
functions in L ∞

bnd(H
n), which we identify with the space L ∞

bnd(Gn, Kn) of bi-Kn-
invariant functions using the sectionς . A key feature in defining the spherical functions
and the spherical transform is that the latter space defines a commutative algebra with
respect to convolution.

Lemma 6.1 Let η, ν be bi-Kn-invariant Radon measures on Gn and assume that ν is
finite. Then

η ∗ ν = ν ∗ η .

In particular, the subalgebraL ∞
bnd(Gn, Kn) ⊂ L ∞

bnd(Gn) is a commutative involutive
subalgebra.

With this property, we say that (Gn, Kn) is a Gelfand pair.
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6.2 Spherical functions onH
n

A complex hyperbolic wave will for us be a function ξλ,u : H
n → C of the form

ξλ,u(x) = [x, (1, u)]−iλ− n−1
2 , where u ∈ S

n−1 and λ ∈ C. A spherical function for
hyperbolic space H

n will, similarly to the Bessel functions appearing in the Euclidean
setting, be a function ωλ : Gn → C given by

ωλ(g) =
∫
Kn

ξλ,u(k
−1g.o)dmKn (k) = 
( n2 )

2π
n
2

∫
Sn−1

[g.o, (1, v)]−iλ− n−1
2 dσn−1(v)

for any choice of u ∈ S
n−1. To emphasize the dimension n, we write ω

(n)
λ in place of

ωλ. These functions are continuous and bi-Kn-invariant, and can be rewritten as an
integral overR by a formula that we state next. For the statement, we remind ourselves
of the Beta function

B(z, w) = 
(z)
(w)


(z + w)
=

∫ 1

0
sz−1(1 − s)w−1ds , z, w ∈ C\Z≤0 .

Lemma 6.2 The spherical function ω
(n)
λ , λ ∈ C, can be written as

ω
(n)
λ (g) = an sinh(�(g))

2−n
∫ �(g)

0
(cosh(�(g)) − cosh(s))

n−3
2 cos(λs)ds ,

an = 2
n−1
2

B( n−1
2 , 1

2 )
.

Proof From the Cartan decomposition, every g ∈ Gn can be written as g = k1a�(g)k2
for some k1, k2 ∈ Kn , where �(g) = d(g.o, o). Using that spherical functions are
bi-Kn-invariant and introducing spherical coordinates on S

n−1 yields

ω
(n)
λ (g) = ω

(n)
λ (a�(g)) = 
( n2 )

2π
n
2

∫
Sn−1

[a�(g).o, (1, v)]−iλ− n−1
2 dσn−1(v)

= 
( n2 )

π
1
2 
( n−1

2 )

∫ π

0
(cosh(�(g)) − sinh(�(g)) cos(α))−iλ− n−1

2 sin(α)n−2dα .

Making the substitution es = cosh(�(g)) − sinh(�(g)) cos(α) we get

ω
(n)
λ (g) = 
( n2 )

π
1
2 
( n−1

2 ) sinh(�(g))

∫ �(g)

−�(g)
e−(iλ+ n−3

2 )s
(
1 −

( cosh(�(g)) − es

sinh(�(g))

)2) n−3
2 ds

= 
( n2 )

π
1
2 
( n−1

2 ) sinh(�(g))n−2

∫ �(g)

−�(g)
e−iλs

(
e−s( sinh2(�(g)) − (cosh(�(g)) − es)2

)) n−3
2 ds .
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Note that

e−s( sinh2(�(g)) − (cosh(�(g)) − es)2
)

= e−s( sinh2(�(g)) − cosh2(�(g)) + 2 cosh(�(g))es − e2s
)

= 2(cosh(�(g)) − cosh(s)) ,

so the spherical function is

ω
(n)
λ (g) = 2

n−3
2 
( n2 )

π
1
2 
( n−1

2 ) sinh(�(g))n−2

∫ �(g)

−�(g)
(cosh(�(g)) − cosh(s))

n−3
2 eiλsds

= 2
n−1
2 
( n2 )

π
1
2 
( n−1

2 ) sinh(�(g))n−2

∫ �(g)

0
(cosh(�(g)) − cosh(s))

n−3
2 cos(λs)ds .

��
The following result is a recollection of some standard useful properties of the spherical
functions.

Lemma 6.3 The spherical functions ω
(n)
λ , λ ∈ C, satisfy the following:

(1) ω
(n)
λ (e) = 1 and ω

(n)
−λ = ω

(n)
λ for all λ ∈ C.

(2) ω
(n)
λ is bounded if and only if |Im(λ)| ≤ n−1

2 . Moreover, if |Im(λ)| < n−1
2 we have

that
|ω(n)

λ (g)| < 1

for all g /∈ Kn.
(3) If g /∈ Kn and λ > 0 then |ω(n)

λ (g)| < ω
(n)
0 (g).

Proof For (1) we have that

ω
(n)
λ (e) = 
( n2 )

2π
n
2

∫
Sn−1

[o, (1, v)]−iλ− n−1
2 dσn−1(v) = 1 ,

and byLemma 6.2 it is easy to see thatω(n)
−λ = ω

(n)
λ for allλ ∈ C using that cos(−λs) =

cos(λs).
For (2), the first claim is obvious and for the second one we first assume that

|Im(λ)| ≤ n−1
2 and use Lemma 6.2 to find that

|ω(n)
λ (g)| ≤ 2

n−1
2 
( n2 )

π
1
2 
( n−1

2 ) sinh(�(g))n−2

∫ �(g)

0
(cosh(�(g)) − cosh(s))

n−3
2 cosh(|Im(λ)|s)ds

≤ 2
n−1
2 
( n2 )

π
1
2 
( n−1

2 ) sinh(�(g))n−2

∫ �(g)

0
(cosh(�(g)) − cosh(s))

n−3
2 cosh

(n − 1

2
s
)
ds

123



46 Page 44 of 70 M. Björklund, M. Byléhn

= ω
(n)

i n−1
2

(g) = 1

for all g ∈ Gn . Moreover, it is not hard to see that the last inequality is strict if
|Im(λ)| < n−1

2 and g /∈ Kn , so the second statement also holds.
(3) follows from a similar bound as in the proof of (2), using that | cos(λs)| < 1

for almost all s ≥ 0. ��

6.3 A trigonometric expansion of spherical functions

The following Proposition can be viewed as a alternate formulation of the classical
asymptotic expansions of spherical functions due toHarish-Chandra, see [14, Theorem
5.5, p.430]. For us however, we are in need of an expansion along the line λ ≥ 0, which
differs slightly from the referenced statement. We emphasize that our proof will rely
entirely on elementary arguments.

Proposition 6.4 Let λ > 0. Then there is an ro > 0 and bounded continuous functions

αn(·, λ), βn(·, λ) : [ro,+∞) → R

such that

ω
(n)
λ (ar ) = an sinh(r)

− n−1
2

(
αn(r , λ) cos(λr) + βn(r , λ) sin(λr)

)
,

with

lim
r→+∞ αn(r , λ) = Re

(
B

(
iλ,

n − 1

2

))
and lim

r→+∞ βn(r , λ) = Im
(
B

(
iλ,

n − 1

2

))
.

6.3.1 Some identities for the Beta function

For the proof of Proposition 6.4 in even dimensions, it will be useful to consider the
the power series expansion

(1 − x)−1/2 =
∞∑

�=0

E�x
� , E� = (2�)!

4�(�!)2 (6.2)

for 0 ≤ x < 1. Using Stirling approximation, one gets the asymptotic E� ∼
√

2
π�

as
� → +∞.

Lemma 6.5 Let z ∈ C\{0} such that Re(z) ≥ 0 and m ∈ Z≥0. Then

B(z,m + 1) =
m∑

k=0

(
m

k

)
(−1)k

k + z
and B(z,m + 1/2) =

∞∑
�=0

E� B(z + �,m + 1) .
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Proof The first identity follows from binomial expansion,

B(z,m + 1) =
∫ 1

0
xz−1(1 − x)mdx =

m∑
k=0

(
m

k

)
(−1)k

∫ 1

0
xz+k−1dx =

m∑
k=0

(
m

k

)
(−1)k

k + z
.

For the second identity, we first note that

|B(z + �,m + 1)| ≤ B(Re(z) + �,m + 1) ≤ B(�,m + 1) = m!(� − 1)!
(� + m)! ,

so

∞∑
�=1

E�|B(z + �,m + 1)| ≤
∞∑

�=1

E�B(�,m + 1)

= m!
∞∑

�=1

E�

(� − 1)!
(� + m)! ≤ m!

∞∑
�=1

E�

�m+1 < +∞ .

By dominated convergence, we get

∞∑
�=1

E� B(z + �,m + 1) =
∫ 1

0
xz−1

( ∞∑
�=1

E�x
�
)
(1 − x)mdx

=
∫ 1

0
xz−1((1 − x)−1/2 − 1

)
(1 − x)mdx

= B(z,m + 1/2) − B(z,m + 1) .

Rearranging this, we finally have that

B(z,m + 1/2) =
∞∑

�=0

E� B(z + �,m + 1) .

��

6.3.2 Some formulas for intermediate coefficients

Lemma 6.6 For every q ∈ N and all r ≥ 0,

∫ r

0
cosh(s)qds ≤ 2q+ 1

2 + 2 cosh(r)q

q
.

Proof Setting u = cosh(s) we split our integral as

∫ r

0
cosh(s)qds =

∫ cosh(r)

1

uq√
u2 − 1

du =
∫ 2

1

uq√
u2 − 1

du +
∫ cosh(r)

2

uq√
u2 − 1

du .
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For the first integral we make the estimate

∫ 2

1

uq√
u2 − 1

du =
∫ 2

1

uq√
(u + 1)(u − 1)

du ≤ 2q− 1
2

∫ 2

1

du√
u − 1

= 2q+ 1
2 .

For the second integral, we have that

∫ cosh(r)

2

uq√
u2 − 1

du =
∫ cosh(r)

2

uq√
(u + 1)(u − 1)

du ≤
∫ cosh(r)

2

uq

u − 1
du

=
∫ cosh(r)

2

(
1 + 1

u − 1

)
uq−1du ≤ 2

∫ cosh(r)

2
uq−1du ≤ 2 cosh(r)q

q
.

Gathering the two estimates we get

∫ r

0
cosh(s)qds =

∫ 2

1

uq√
u2 − 1

du +
∫ cosh(r)

2

uq√
u2 − 1

du ≤ 2q+ 1
2 + 2 cosh(r)q

q
.

��
Lemma 6.7 For every k ∈ Z≥0, r ≥ 0, λ > 0,

∫ r

0
cosh(s)k cos(λs)ds = ak(r , λ) cos(λr) + bk(r , λ) sin(λr) , (6.3)

where

ak (r , λ) = 1

2k

k∑
j=0

(
k

j

)
(2 j − k) sinh((2 j − k)r)

(2 j − k)2 + λ2
, bk (r , λ) = λ

2k

k∑
j=0

(
k

j

)
cosh((2 j − k)r)

(2 j − k)2 + λ2
.

Moreover, if r > arctanh( 12 ) these coefficients satisfy

ak(r , λ) ≤
∫ r

0
cosh(s)kds , bk(r , λ) ≤ 1

λ
+ 2λ

∫ r

0
cosh(s)kds ,

and

lim
r→+∞

ak(r , λ)

cosh(r)k
= k

k2 + λ2
, lim

r→+∞
bk(r , λ)

cosh(r)k
= λ

k2 + λ2
.

Proof A binomial expansion of cosh(s)k yields

∫ r

0
cosh(s)k cos(λs)ds = 1

2

∫ r

−r
cosh(s)keiλsds = 1

2k+1

k∑
j=0

(
k

j

)∫ r

−r
e(2 j−k+iλ)sds .
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The latter integral is

∫ r

−r
e(2 j−k+iλ)sds = 2Re

( sinh((2 j − k + iλ)r)

2 j − k + iλ

)

= 2
(2 j − k) sinh((2 j − k)r) cos(λr) + λ cosh((2k − j)r) sin(λr)

(2 j − k)2 + λ2

which means that

∫ r

0
cosh(s)k cos(λs)ds =

(
1

2k

k∑
j=0

(
k

j

)
(2 j − k) sinh((2 j − k)r)

(2 j − k)2 + λ2

)
cos(λr)

+
(

λ

2k

k∑
j=0

(
k

j

)
cosh((2 j − k)r)

(2 j − k)2 + λ2

)
sin(λr)

as desired.
For the upper bound of ak(r , λ), we have

ak(r , λ) = 1

2k

k∑
j=0

(
k

j

)
(2 j − k) sinh((2 j − k)r)

(2 j − k)2 + λ2

= 1

2k

k∑
j=0

(
k

j

)
(2 j − k)2

(2 j − k)2 + λ2

sinh((2 j − k)r)

2 j − k

≤ 1

2k

k∑
j=0

(
k

j

)
sinh((2 j − k)r)

2 j − k
=

∫ r

0
cosh(s)kds .

For bk(r , λ), we isolate the worst case of 2 j − k = 0 by

bk(r , λ) = λ

2k

k∑
j=0

(
k

j

)
cosh((2 j − k)r)

(2 j − k)2 + λ2
≤ 1

λ
+ λ

2k
∑

2 j−k �=0

(
k

j

)
cosh((2 j − k)r)

(2 j − k)2 + λ2
.

In the above inequality, we used that
(k
j

) ≤ 2k for all j = 0, ..., k when isolating the
term corresponding to 2 j − k = 0. Next we observe that

1

2|2 j − k| ≤ 1

2
≤ tanh(r) ≤ tanh(|2 j − k|r)

for all j such that 2 j − k �= 0 and all r ≥ arctanh(1/2), so that

cosh((2 j − k)r) ≤ 2(2 j − k) sinh((2 j − k)r)
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for the same j and r . Thus

1

2k
∑

2 j−k �=0

(
k

j

)
cosh((2 j − k)r)

(2 j − k)2 + λ2
≤ 2

2k

k∑
j=0

(
k

j

)
(2 j − k) sinh((2 j − k)r)

(2 j − k)2 + λ2

≤ 2ak(r , λ) ≤ 2
∫ r

0
cosh(s)kds ,

and so

bk(r , λ) ≤ 1

λ
+ λ

2k
∑

2 j−k �=0

(
k

j

)
cosh((2 j − k)r)

(2 j − k)2 + λ2
≤ 1

λ
+ 2λ

∫ r

0
cosh(s)kds

for all r > arctanh(1/2). Lastly, the limits in the statement follow easily. ��
Lemma 6.8 Suppose that m ∈ N, � ∈ Z≥0. Then

∫ r

0

(cosh(s)
cosh(r)

)�(
1 − cosh(s)

cosh(r)

)m−1
cos(λs)ds

= Am,�(r , λ) cos(λr) + Bm,�(r , λ) sin(λr) ,

where

Am,�(r , λ) =
m−1∑
k=0

(
m − 1

k

)
(−1)kak+�(r , λ)

cosh(r)k+�
,

Bm,�(r , λ) =
m−1∑
k=0

(
m − 1

k

)
(−1)kbk+�(r , λ)

cosh(r)k+�
.

Moreover, for all r > arccosh(2) and all � ≥ 1,

|Am,�(r , λ)| ≤ 2m+1

�
and |Bm,�(r , λ)| ≤ (1

λ
+ 8λ

)2m−1

�

and for all � ≥ 0,

lim
r→+∞ Am,�(r , λ) =

m−1∑
k=0

(
m − 1

k

)
(−1)k(k + �)

(k + �)2 + λ2
= Re(B(iλ,m)) ,

lim
r→+∞ Bm,�(r , λ) = λ

m−1∑
k=0

(
m − 1

k

)
(−1)k

(k + �)2 + λ2
= Im(B(iλ,m)) .

Proof of Lemma 6.8 Using the binomial Theorem we can write

∫ r

0

(cosh(s)
cosh(r)

)�(
1 − cosh(s)

cosh(r)

)m−1
cos(λs)ds
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=
m−1∑
k=0

(
m − 1

k

)
(−1)k

cosh(r)k+�

∫ r

0
cosh(s)k+� cos(λs)ds ,

which by Lemma 6.7 is

m−1∑
k=0

(
m − 1

k

)
(−1)k

cosh(r)k+�
(ak+�(r , λ) cos(λr) + bk+�(r , λ) sin(λr))

=
(m−1∑
k=0

(
m − 1

k

)
(−1)kak+�(r , λ)

cosh(r)k+�

)
cos(λr) +

(m−1∑
k=0

(
m − 1

k

)
(−1)kbk+�(r , λ)

cosh(r)k+�

)
sin(λr) .

For the upper bounds, we use the upper bounds in Lemma 6.7 for ak(r , λ) and bk(r , λ),
yielding

|Am,�(r , λ)| ≤
m−1∑
k=0

(
m − 1

k

)
ak+�(r , λ)

cosh(r)k+�
≤

m−1∑
k=0

(
m − 1

k

)
1

cosh(r)k+�

∫ r

0
cosh(s)k+�ds .

Since r > arccosh(2), Lemma 6.6 gives us

∫ r

0
cosh(s)k+�ds ≤ √

2
( 2

cosh(r)

)k+� + 2

k + �
≤ 4

�

for all k ≥ 0 and all � ≥ 1, so

m−1∑
k=0

(
m − 1

k

)
1

cosh(r)k+�

∫ r

0
cosh(s)k+�ds ≤ 4

�

m−1∑
k=0

(
m − 1

k

)
= 2m+1

�
.

Similarly,

|Bm,�(r , λ)| ≤
m−1∑
k=0

(
m − 1

k

)
bk+�(r , λ)

cosh(r)k+�

≤
m−1∑
k=0

(
m − 1

k

)
1

cosh(r)k+�

(1
λ

+ 2λ
∫ r

0
cosh(s)k+�ds

)

≤
m−1∑
k=0

(
m − 1

k

)( 1

λ cosh(r)k+�
+ 8λ

�

)

≤ 2m−1
( 1

λ cosh(r)�
+ 8λ

�

)
≤

(1
λ

+ 8λ
)2m−1

�
.

The limits are a straightforward consequence of Lemma 6.5 and Lemma 6.7. ��
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Corollary 6.9 Let r ≥ 0 and λ > 0. Then the series

∞∑
�=0

E�Am,�(r , λ) and
∞∑

�=0

E�Bm,�(r , λ)

are absolutely convergent.

Proof Using the upper bounds provided in Lemma 6.8, we get that

∞∑
�=0

E�|Am,�(r , λ)| ≤ 2m+1
∞∑

�=0

E�

�
and

∞∑
�=0

E�|Bm,�(r , λ)| ≤ 2m−1
( 1

λ
+ 8λ

) ∞∑
�=0

E�

�
.

From the asymptotic E� ∼
√

2
π�

as � → +∞, we see that
∑

�≥0 E�/� is convergent.
��

6.3.3 A Proof of Proposition 6.4 for odd dimensions

Let n = 2m + 1, m ∈ N. We use the formula in Lemma 6.2, binomial expansion and
Lemma 6.8 to write the spherical function ω

(2m+1)
λ as

ω
(2m+1)
λ (ar ) = a2m+1

sinh(r)2m−1

∫ r

0
(cosh(r) − cosh(s))m−1 cos(λs)ds

= a2m+1

sinh(r)m
coth(r)m−1

∫ r

0

(
1 − cosh(s)

cosh(r)

)m−1
cos(λs)ds

= a2m+1

sinh(r)m
coth(r)m−1(Am,0(r , λ) cos(λr) + Bm,0(r , λ) sin(λr)

)
.

(6.4)

If we define

α2m+1(r , λ) = coth(r)m−1Am,0(r , λ) and β2m+1(r , λ) = coth(r)m−1Bm,0(r , λ)

then

ω
(2m+1)
λ (ar ) = an sinh(r)

− n−1
2

(
α2m+1(r , λ) cos(λr) + β2m+1(r , λ) sin(λr)

)
,

and Lemma 6.8 tells us that

lim
r→+∞ α2m+1(r , λ) = Re(B(iλ,m)) and lim

r→+∞ β2m+1(r , λ) = Im(B(iλ,m)) .
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6.3.4 A Proof of Proposition 6.4 for even dimensions

Let n = 2m, m ∈ N. Using the Taylor expansion

(1 − x)−
1
2 =

∞∑
�=0

E�x
�

for 0 ≤ x < 1, we rewrite the spherical function ω
(2m)
λ in the same way as in the odd

dimensional case,

ω
(2m)
λ (ar ) = a2m

sinh(r)2m−2

∫ r

0
(cosh(r) − cosh(s))m− 3

2 cos(λs)ds

= a2m

sinh(r)m− 1
2

coth(r)m− 3
2

∫ r

0

(
1 − cosh(s)

cosh(r)

)m− 3
2 cos(λs)ds

= a2m

sinh(r)m− 1
2

coth(r)m− 3
2

∫ r

0

∞∑
�=0

E�

( cosh(s)
cosh(r)

)�(
1 − cosh(s)

cosh(r)

)m−1
cos(λs)ds .

(6.5)

By Lemma 6.8 and Corollary 6.9, we know that

∞∑
�=0

E�

∫ r

0

(cosh(s)
cosh(r)

)�(
1 − cosh(s)

cosh(r)

)m−1
cos(λs)ds

=
( ∞∑

�=0

E�Am,�(r , λ)
)
cos(λr) +

( ∞∑
�=0

E�Bm,�(r , λ)
)
sin(λr)

is absolutely convergent. We may then apply Fubini’s Theorem to write the spherical
function as

ω
(2m)
λ (ar ) = a2m

sinh(r)m− 1
2

coth(r)m− 3
2

∞∑
�=0

E�

∫ r

0

( cosh(s)
cosh(r)

)�(
1 − cosh(s)

cosh(r)

)m−1
cos(λs)ds

= a2m

sinh(r)m− 1
2

coth(r)m− 3
2

(( ∞∑
�=0

E�Am,�(r , λ)
)
cos(λr)

+
( ∞∑

�=0

E�Bm,�(r , λ)
)
sin(λr)

)
.

Thus we are inclined to define

α2m (r , λ) = coth(r)m− 3
2

∞∑
�=0

E�Am,�(r , λ) and β2m (r , λ) = coth(r)m− 3
2

∞∑
�=0

E�Bm,�(r , λ) .
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Since these series are absolutely convergent for all r > arccosh(2) by Corollary 6.9,
we can compute their term-wise limit and use Lemma 6.5 to see that

lim
r→+∞ α2m(r , λ) = lim

r→+∞

∞∑
�=0

E�Am,�(r , λ)

=
∞∑

�=0

E�Re(B(iλ + �,m)) = Re(B(iλ,m − 1/2))

and

lim
r→+∞ β2m(r , λ) = lim

r→+∞

∞∑
�=0

E�Bm,�(r , λ)

=
∞∑

�=0

E�Im(B(iλ + �,m)) = Im(B(iλ,m − 1/2)) .

This concludes the proof of Proposition 6.4.

Remark 6.10 The spherical functionsω(n)
λ on real hyperbolic spaceH

n are special cases
of Jacobi functions. For real rank one symmetric spaces, the spherical functions are
essentially all Jacobi functions, admitting integral formulas similar to that of Lemma
6.2, see [3, Eq. 5.10, p.40]. The explicit integral formulas for n-dimensional hyperbolic
space over the real, complex and quarternionic field respectively are given by

ω
(n)
λ (g) = Vol(Sn−1)−1

∫
Sn−1

|[a�(g).o, (1, v)]|−iλ−ρdσ(v)

for t ≥ 0, where S
n−1 is the unit sphere in the hyperbolic space with canonical surface

measure σ and ρ is the half sum of positive roots with respect to a fixed root system.
For the octonionic case, n = 2 and one must make some modifications for the integral
formula, but we do not get into any details about this here. We expect that the proof of
Proposition 6.4 can for the complex and quarternionic cases be carried out in a similar
fashion for such real rank one symmetric spaces.

6.4 Bounds and asymptotics of spherical functions

We will now derive the main asymptotic bounds of spherical functions that will lead
us to the proof of Theorem 1.4 in the later sections.

Proposition 6.11 The spherical functions satisfy the following:

(1) For every r > 0 and every λ > 0,

|ω(n)
λ (ar )| ≤ an

λ sinh(r)
n−1
2

.
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(2) For every λ > 0 we have

lim
R→+∞

1

R

∫ R

0
|ω(n)

λ (ar )|2 sinh(r)n−1dr = 2n−2 |B(iλ, n−1
2 )|2

B( 12 ,
n−1
2 )2

.

In particular, the convergence is uniform in λ ≥ λo for every λo > 0.
(3) Moreover, if λ ∈ [0, n−1

2 ] and r > 1 then there is a constant C = C(n) > 0 such
that

ω
(n)
iλ (ar ) ≥ C

sinh(λr)

λ sinh(r)
n−1
2

.

Remark 6.12 The limit formula in item (2) of the above Proposition has previously
been computed by Strichartz [23, Eq.4.20, p.84] by viewing the spherical functions
on H

n as generalized Legendre functions. We present another proof of this using the
trigonometric expansion given in Proposition 6.4.

To prove item (2) in Proposition 6.11, we make use of the following elementary
Lemma.

Lemma 6.13 Let Ro ≥ 0 and suppose that α, β : [Ro,+∞) → R are bounded
continuous functions such that α(R) → a and β(R) → b as R → +∞. Then for
every λ > 0,

1

R

∫ R

Ro

(α(r) cos(λr) + β(r) sin(λr))2dr −→ a2 + b2

2
, R → +∞ .

Proof of Proposition 6.11 To prove (1) we use that cosh(r)− 1 ≤ sinh(r) for all r ≥ 0
to find that

|ω(n)
λ (ar )| = an

sinh(r)n−2

∣∣∣
∫ r

0
(cosh(r) − cosh(s))

n−3
2 cos(λs)ds

∣∣∣

≤ an
(cosh(r) − 1)

n−3
2

sinh(r)n−2

∣∣∣
∫ r

0
cos(λs)ds

∣∣∣ ≤ an

λ sinh(r)
n−1
2

.

For (2) it is enough to show that

lim
R→+∞

1

R

∫ R

Ro

|ω(n)
λ (ar )|2 sinh(r)n−1dr = 2n−2 |B(iλ, n−1

2 )|2
B( 12 ,

n−1
2 )2

for some choice of Ro ≥ 0. Choose Ro sufficiently large so that we can apply Propo-
sition 6.4 and Lemma 6.13 to find that
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1

R

∫ R

Ro

|ω(n)
λ (ar )|2 sinh(r)n−1dr = a2n

R

∫ R

Ro

(αn(r , λ) cos(λr) + βn(r , λ) sin(λr))2dr

−→ a2n
Re(B(iλ, n−1

2 ))2 + Im(B(iλ, n−1
2 ))2

2
= 2n−2 |B(iλ, n−1

2 )|2
B( 12 ,

n−1
2 )2

as R → +∞.
For (3), we bound from below by

ωiλ(ar ) = an
sinh(r)n−2

∫ r

0
(cosh(r) − cosh(s))

n−3
2 cosh(λs)ds

≥ an
sinh(r)n−2

∫ r−1

0
(cosh(r) − cosh(s))

n−3
2 cosh(λs)ds

≥ an
(cosh(r) − cosh(r − 1))

n−3
2

sinh(r)n−2

∫ r−1

0
cosh(λs)ds

= an
cosh(r)

n−3
2

sinh(r)n−2

(
1 − cosh(r − 1)

cosh(r)

) n−3
2 sinh(λ(r − 1))

λ

≥ an

sinh(r)
n−1
2

(
1 − cosh(r − 1)

cosh(r)

) n−3
2 sinh(λ(r − 1))

λ
.

Using that λ ∈ [0, n−1
2 ] and r > 1, elementary calculations yield the lower bounds

sinh(λ(r − 1)) ≥ e− n−1
2 sinh(λr) and 1 − cosh(r − 1)

cosh(r)
≥ 1 − 2

e

so that

ωiλ(ar ) ≥ C
sinh(λr)

λ sinh(r)
n−1
2

, C = ane
− n−1

2 (1 − 2e−1)
n−3
2 .

6.5 The spherical transform onH
n

Given a function ϕ ∈ L ∞
bnd(Gn), its Fourier-Helgason transform is the functionFϕ :

C × S
n−1 → C given by

Fϕ(λ, u) =
∫
Gn

ϕ(g)ξλ,u(g)dmGn (g) .

If ϕ happens to be bi-Kn-invariant, then

Fϕ(λ, u) =
∫
Gn

ϕ(g)ωλ(g)dmGn (g)

for any choice of u ∈ S
n−1.
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Definition 6.14 (Hyperbolic spherical transform) The spherical transform of a func-
tion ϕ ∈ L ∞

bnd(Gn, Kn) is the function ϕ̂ : C → C given by

ϕ̂(λ) =
∫
Gn

ϕ(g)ωλ(g)dmGn (g) =
∫ ∞

0
ϕ(at )ωλ(at ) sinh(t)

n−1dt .

One shows that ϕ̂ is even and analytic on C for every ϕ ∈ L ∞
bnd(Gn, Kn) and that

ϕ̂∗
1 ∗ ϕ2(λ) = ϕ̂1(λ)ϕ̂2(λ). In particular, if λ ∈ R ∪ iR then ϕ̂∗ ∗ ϕ(λ) = |ϕ̂(λ)|2.
As for the L2-theory of the spherical transform,we again have a Plancherel formula.

To state it, we introduce the Harish-Chandra c-function

cn(λ) = ρn2
n−2
2
B(iλ, n−1

2 )

B( 12 ,
n−1
2 )

= ρn2
n−2
2


( n2 )
(iλ)


( n−1
2 )
(iλ + n−1

2 )
, λ ∈ C\iZ≥0 ,

where ρn > 0 is a normalizing constant such that the Plancherel formula below holds.
The precise value of ρn is not crucial to us in proving the remaining main results. A
computation of the c-function with an exact value of ρn can be found in [24, Section
4, Thm 4.2. p.334], but we note that the value depends on the normalization of the
Haar measure mGn . Note that cn is meromorphic and does not have any zeros in C. In
particular, |cn| is a strictly positive function.
Lemma 6.15 (Spherical Plancherel formula) For every ϕ ∈ L ∞

bnd(Gn, Kn),

∫
Gn

|ϕ(g)|2dmGn (g) =
∫ ∞

0
|ϕ̂(λ)|2 dλ

|cn(λ)|2

Equivalently, the spherical transform extends to a unitary map

L2(Gn, Kn) → L2(R≥0, |cn(λ)|−2dλ) .

Before moving on, we will compute the spherical transform of indicator functions
on balls.

Example 6.1 (Spherical transform of the indicator function on a centered Cartan ball)
The computation of the spherical transform for the indicator function χBr is similar
to the Euclidean case. Using the formula

ω
(n)
λ (t) = an sinh(t)

2−n
∫ t

0
(cosh(t) − cosh(s))

n−3
2 cos(λs)ds , an = 2

n−1
2

B( 12 ,
n−1
2 )

for the spherical functions, Fubini’s Theorem yields

χ̂Br (λ) =
∫ r

0
ω

(n)
λ (t) sinh(t)n−1dt

= an

∫ r

0

( ∫ t

0
(cosh(t) − cosh(s))

n−3
2 cos(λs)ds

)
sinh(t)dt
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= an

∫ r

0

( ∫ r

s
(cosh(t) − cosh(s))

n−3
2 sinh(t)dt

)
cos(λs)ds

= 2an
n − 1

∫ r

0
(cosh(r) − cosh(s))

n−1
2 cos(λs)ds .

In terms of spherical functions, we have

χ̂Br (λ) = bn sinh(r)
nω

(n+2)
λ (r) , bn = 2

n+1
2

n
. (6.6)

7 Hyperbolic diffractionmeasures

In this section we will introduce the diffraction measure associated to a random mea-
sure on H

n . Furthermore, we provide an asymptotic upper bound on the diffraction
measures of large intervals, similar to the Euclidean case. The support such diffraction
measures will be confined to the subset

�+
n = (0,+∞) ∪ i[0, (n − 1)/2] ⊂ C .

The following Lemma ensures existence and uniqueness of the diffraction measure of
a random measure on H

n , which we prove in larger generality in [7, Theorem 1.1].

Lemma 7.1 Letμ be a locally square-integrable invariant randommeasure onH
n with

autocorrelation measure ημ on Gn. Then there is a unique positive Radon measure
η̂μ on �+

n such that

∫
Gn

ϕ(g)dημ(g) =
∫

�+
n

ϕ̂(λ)dη̂μ(λ) , ∀ϕ ∈ C∞
c (Gn, Kn) .

The measures ημ, η̂μ are tempered in the sense that there are constants a, b ∈ Z≥0
such that

∫
Gn

(1 + �(g))−aω
(n)
0 (g)

n+1
2 dημ(g) < +∞ and

∫
�+
n

(1 + |λ|)−bdη̂μ(λ) < +∞ .

Moreover, if μ is ergodic then η̂μ({i n−1
2 }) = 0.

Since the spherical function ω
(n)
0 decays exponentially, the following family of func-

tions are integrable with respect to the autocorrelation measure.

Corollary 7.2 If ϕ : Gn → C is a measurable function such that

|ϕ(g)|eαd(g.o,o) −→ 0

as g → ∞ for every α > 0, then ϕ is integrable with respect to ημ.
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In fact, ημ extends to a continuous linear functional on a certain Harish-Chandra
L p-space of smooth functions that are rapidly decaying with respect to a power of ω0,
but for our purposes we will not need this here.

We define the principal diffraction measure η̂
(p)
μ and the complementary diffraction

measure η̂
(c)
μ to be the restrictions of η̂μ to (0,+∞) and i[0, n−1

2 ) respectively, so that

∫
�+
n

ϕ̂(λ)dη̂μ(λ) =
∫ ∞

0
ϕ̂(λ)dη̂(p)

μ (λ) +
∫ n−1

2

0
ϕ̂(iλ)dη̂(c)

μ (λ) , ϕ ∈ C∞
c (Gn, Kn) .

Both measures η̂
(p)
μ , η̂

(c)
μ are positive Radon measures, and η̂

(c)
μ is necessarily a finite

measure. As in the Euclidean case, we can extend the defining identity

Varμ(S f ) = ημ(ϕ∗
f ∗ ϕ f ) =

∫ ∞

0
|ϕ̂ f (λ)|2dη̂(p)

μ (λ) +
∫ n−1

2

0
|ϕ̂ f (iλ)|2dη̂(c)

μ (λ)

to all radial functions f ∈ L ∞
bnd(H

n), in particular the indicator functions f = χBr ,
r > 0.

Lemma 7.3 Let μ be an invariant locally square-integrable random measure on H
n

and ϕ ∈ L ∞
bnd(Gn, Kn). Then

ημ(ϕ∗ ∗ ϕ) =
∫

�+
n

|ϕ̂(λ)|2dη̂μ(λ) .

In particular, ϕ̂ ∈ L2(�+
n , η̂μ).

Proof Same proof as that of Lemma 4.3 by letting βε be the bi-Kn-invariant rapidly

decaying smooth function on Gn satisfying β̂ε(λ) = e−ε2(λ2+( n−1
2 )2). ��

Example 7.1 (Diffraction of the mHn -Poisson point process) Recall that the autocor-
relation measure ηPoi of the mHn -Poisson point process is evaluation at the identity
e ∈ Gn when considered as a linear functional on L ∞

bnd(Gn, Kn). Therefore, by the
Plancherel formula for the spherical transform,

ηPoi(ϕ
∗ ∗ ϕ) = (ϕ∗ ∗ ϕ)(e) =

∫
Gn

|ϕ(g)|2dmGn (g) =
∫ ∞

0
|ϕ̂(λ)|2 dλ

|cn(λ)|2 .

Thus the Poisson diffraction measure is

dη̂
(p)
Poi (λ) = |cn(λ)|−2dλ and dη̂

(c)
Poi(λ) = 0 .

We will next prove the following analogue of Lemma 4.4.

Proposition 7.4 Let μ be a locally square-integrable invariant random measure on
H

n. Then the principal part η̂(p)
μ of the diffraction measure η̂μ of μ satisfies

η̂(p)
μ ([0, L]) �n,μ Ln
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for all sufficiently large L > 0.

Remark 7.5 For the mHn -Poisson point process on H
n we have that dη̂

(c)
Poi(λ) = 0 and

dη̂
(p)
Poi (λ) = |cn(λ)|−2dλ, and the c-function has the asymptotic bounds

cn(λ) = ρn2
n−2
2


( n2 )
(iλ)


( n−1
2 )
(iλ + n−1

2 )



{
λ− n−1

2 if λ � 0

λ−1 if λ ≈ 0 .
(7.1)

For sufficiently large L > 0 we then have

η̂(p)
μ ([0, L]) =

∫ L

0

dλ

|cn(λ)|2 

∫ L

0
λn−1dλ 
 Ln .

The upper bound in Proposition 7.4 is thus, up to constant, a strict upper bound in
general and which is achieved by the invariant Poisson point process.

In order to prove Proposition 7.4 we make use of the heat kernel hτ onGn with τ > 0.
It is the bi-Kn-invariant function

hτ (g) =
∫ ∞

0
e−τ(( n−1

2 )2+λ2)ωλ(g)
dλ

|cn(λ)|2 .

Equivalently, ĥτ (λ) = e−τ(( n−1
2 )2+λ2). For the heat kernel in even dimensions n, there

is no closed formula in terms of elementary functions, but it will be sufficient for us
to consider the following uniform bounds in [12, Theorem 3.1, p.186].

Lemma 7.6 (Davies-Mandouvalos) The heat kernel satisfies

hτ (ar ) 
 τ− n
2 (1 + τ + r)

n−3
2 (1 + r)e−( n−1

2 )2τ− n−1
2 r− 1

4τ r
2

uniformly in r ∈ [0,+∞) and τ ∈ (0,+∞).

In particular, the heat kernel hτ is tempered and hence integrable with respect to
the autocorrelation measure ημ of a locally square-integrable random measure μ on
H

n by Lemma 7.1.

Proof of Proposition 7.4 Denote by χ[0,L] the indicator function of the interval [0, L]
in R≥0 and bound it from above by χ[0,L](λ) ≤ e1−λ2/L2

, so that

η̂(p)
μ ([0, L]) ≤

∫ ∞

0
e1−

λ2

L2 dη̂(p)
μ (λ) ≤

∫
�+
n

e1−
λ2

L2 dη̂μ(λ)

= e1+( n−1
2L )2

∫
�+
n

e− 1
L2

(( n−1
2 )2+λ2)dη̂μ(λ) .

Note that the latter integral is finite since η̂
(p)
μ is tempered by Lemma 7.1. Since

ĥL−2(λ) = e− 1
L2

(( n−1
2 )2+λ2)
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then from the definition of the diffraction measure η̂μ we see that

∫
�+
n

e− 1
L2

(( n−1
2 )2+λ2)dη̂μ(λ) =

∫
Gn

hL−2(g)dημ(g) ,

so that η̂
(p)
μ ([0, L]) ≤ e1+( n−1

2L )2ημ(hL−2). Consider the Radon measure η+
μ = ημ +

ιμmGn , which is a positive tempered measure satisfying ημ(hτ ) ≤ η+
μ (hτ ) for all

τ > 0. By Lemma 7.6, we find in particular that there is a constant C > 0 such that

0 < hL−2(ar ) ≤ CLn(1 + L−2 + r)
n−3
2 (1 + r)e− (Lr)2

4 ≤ CLn(2 + r)
n−1
2 e− r2

4

for all L > 1 and all r ∈ [0,+∞). We moreover bound e1+( n−1
2L )2 ≤ e1+( n−1

2 )2 for
L > 1, so that the final bound becomes

η̂(p)
μ ([0, L]) ≤ e1+( n−1

2 )2CLn
∫
Gn

(2 + �(g))
n−1
2 e− �(g)2

4 dη+
μ (g) .

Since η+
μ is tempered, the latter integral is finite by Corollary 7.2 and thus

η̂
(p)
μ ([0, L]) �n,μ Ln . ��

Remark 7.7 It should be noted that, there are uniform estimates of the heat kernel by
Anker and Ostellari in the Main Theorem of [2], and using those the above proof can
be approached in the same way for general non-compact symmetric spaces X = G/K
with G a non-compact connected real semisimple Lie group with finite center and
maximal compact subgroup K < G.

8 A hyperbolic analouge of Beck’s theorem

We prove Theorem 1.4 using the following hyperbolic analogue of Theorem 5.1.

Theorem 8.1 Let μ be an invariant locally square-integrable random measure on H
n

with diffraction measure η̂μ. The following holds:

(1) if η̂(c)
μ ([0, n−1

2 ]) > 0, then for every Ro > 1 there is a constant C = C(n, Ro) > 0
such that

NVμ(R)

cosh(R)n−1 ≥ C
∫ n−1

2

0

sinh2(Rλ)

λ2
dη̂(c)

μ (λ) , ∀ R ≥ Ro .

(2) if η̂
(p)
μ ((0,+∞)) > 0 then for every λo > 0 there is Ro = Ro(λo) > 0 and a

constant C = C(n, λo) > 0 such that

1

R

∫ R

0

NVμ(r)

cosh(r)n−1 dr ≥ C
∫ ∞

λo

|cn+2(λ)|2dη̂(p)
μ (λ) , ∀ R ≥ Ro .
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Proof By definition of the diffraction measure η̂μ and Eq. (6.6) in Example 6.1,

NVμ(r)

cosh(r)n−1 =
∫ ∞

0

|χ̂Br (λ)|2
cosh(r)n−1 dη̂(p)

μ (λ) +
∫ n−1

2

0

|χ̂Br (iλ)|2
cosh(r)n−1 dη̂(c)

μ (λ)

= 2n+1

n2
tanh(r)n−1 sinh(r)n+1

( ∫ ∞

0
|ω(n+2)

λ (ar )|2dη̂(p)
μ (λ)

+
∫ n−1

2

0
|ω(n+2)

iλ (ar )|2dη̂(c)
μ (λ)

)
.

To prove (1), we use item (3) in Proposition 6.11 to find a constant Co = Co(n) > 0
for Ro > 1 such that

ω
(n+2)
iλ (aR) ≥ Co

sinh(λR)

λ sinh(R)
n+1
2

∀ R ≥ Ro .

Then

NVμ(R)

cosh(R)n−1 ≥ 2n+1

n2
tanh(R)n−1 sinh(R)n+1

∫ n−1
2

0
|ω(n+2)

iλ (aR)|2dη̂(c)
μ (λ)

≥ 2n+1

n2
Co tanh(Ro)

n−1
∫ n−1

2

0

sinh2(Rλ)

λ2
dη̂(c)

μ (λ) .

If we let C(n, Ro) = 2n+1n−2Co(n) tanh(Ro)
n−1 then we are done.

For (2), we assume without loss of generality that η̂
(c)
μ = 0. An application of

Fubini yields

1

R

∫ R

0

NVμ(r)

cosh(r)n−1 dr

≥ 2n+1

n2

∫ ∞

λo

( 1

R

∫ R

0
|ω(n+2)

λ (ar )|2 tanh(r)n−1 sinh(r)n+1dr
)
dη̂(p)

μ (λ) .

We claim that

lim
R→+∞

1

R

∫ R

0
|ω(n+2)

λ (ar )|2 tanh(r)n−1 sinh(r)n+1dr = ρ−2
n+2|cn+2(λ)|2

uniformly for all λ ≥ λo, which will finish the proof by dominated convergence. To
compute this limit, write

∫ R

0
|ω(n+2)

λ (ar )|2 tanh(r)n−1 sinh(r)n+1dr =
∫ R

0
|ω(n+2)

λ (ar )|2 sinh(r)n+1dr

+
∫ R

0
|ω(n+2)

λ (ar )|2(tanh(r)n−1 − 1) sinh(r)n+1dr .
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By item (1) in Proposition 6.11, ω
(n+2)
λ (ar ) ≤ λ−1 sinh(r)− n+1

2 , and since 1 −
tanh(r)n−1 ≤ ne−r we get

1

R

∫ R

0
|ω(n+2)

λ (ar )|2| tanh(r)n−1 − 1| sinh(r)n+1dr ≤ n

Rλ2

∫ R

0
e−r dr ≤ n

Rλ2
−→

R→+∞ 0 .

By item (2) in Proposition 6.11 we finally have that

lim
R→+∞

1

R

∫ R

0
|ω(n+2)

λ (ar )|2 tanh(r)n−1 sinh(r)n+1dr =

= lim
R→+∞

1

R

∫ R

0
|ω(n+2)

λ (ar )|2 sinh(r)n+1dr = 2n
|B(iλ, n+1

2 )|2
B( 12 , n+1

2 )2
= ρ−2

n+2|cn+2(λ)|2 .

��
Remark 8.2 The lower bounds in Theorem 8.1 are finite for fixed R > 0. For the com-
plementary diffraction bound the statement is trivial, and for the principal diffraction
bound we write

∫ ∞

λo

|cn+2(λ)|2dη̂(p)
μ (λ) �n

∫ ∞

λo

η̂(p)
μ ([0, u]) d

du
|cn+2(u)|2du .

Using the standard asymptotic


(iu)


(iu + n−1
2 )

∼ (iu)−
n−1
2

as u → +∞ one can see that d
du |cn+2(u)|2 �n,λo u

−(n+2) for large u ≥ λo, and since

η̂
(p)
μ satisfies η̂

(p)
μ ([0, L]) �n,μ Ln for sufficiently large L > 0 by Lemma 7.4, then

∫ ∞
λo

|cn+2(λ)|2dη̂
(p)
μ (λ) �n,λo

∫ ∞
λo

η̂
(p)
μ ([0, u])
un+2 du �n,μ,λo

∫ ∞
λo

du

u2
= λ−1

o < +∞ .

Thus the right hand side in item (2) of Theorem 8.1 is indeed finite.

Proof of Theorem 1.4 The first statement of the Theorem follows from item (2) of
Theorem 8.1,

lim sup
R→+∞

NVμ(R)

cosh(R)n−1 ≥ lim sup
R→+∞

1

R

∫ R

0

NVμ(r)

cosh(r)n−1 dr ≥ C
∫ ∞

0
|cn+2(λ)|2dη̂(p)

μ (λ) .

Since |cn+2(λ)|2 > 0 for all λ > 0 then the right hand side is positive, possibly infinite.
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Item (1) of Theorem 1.4 follows from item (1) of Theorem 8.1, since

lim inf
R→+∞

NVμ(R)

R2 cosh(R)n−1 ≥ lim inf
R→+∞

C

R2

∫ n−1
2

0

sinh2(Rλ)

λ2
dη̂(c)

μ (λ) ≥ C η̂(c)
μ ({0}) > 0 .

Lastly, for any δ ∈ (0, 1) with η̂
(c)
μ ([δ n−1

2 , n−1
2 ]) > 0 we have that

lim inf
R→+∞

NVμ(R)

cosh(R)(n−1)(1+δ)
≥ lim inf

R→+∞
C

cosh(R)(n−1)δ

∫ n−1
2

δ n−1
2

sinh2(Rλ)

λ2
dη̂(c)

μ (λ)

≥ C η̂(c)
μ

([
δ
n − 1

2
,
n − 1

2

])
lim inf
R→∞

sinh2(Rδ n−1
2 )

δ2 cosh(R)(n−1)δ

= C2(n−1)δ−2δ−2η̂(c)
μ

([
δ
n − 1

2
,
n − 1

2

])
> 0 .

Thus item (2) of Theorem 1.4 follows. ��

9 Spectral hyperuniformity and stealth

We define spectral hyperuniformity of an invariant locally square-integrable random
measure on H

n in Sect. 9.1 and define the relative notion of stealth in Sect. 9.2.

9.1 Spectral hyperuniformity

By Theorem 1.4, we know that random measures μ on H
n are never geometrically

hyperuniform in the sense that

lim sup
R→+∞

NVμ(R)

cosh(R)n−1 > 0 , (9.1)

and if μ admits non-trivial complementary spectrum, then this upper limit is infinite.
A useful definition of spectral hyperuniformity would then necessarily have to dif-
fer from this geometric definition. Having understood the large scale behaviour of
diffraction measures, one is inclined to study the small scale/local behaviour of the
diffraction measure in order to obtain information on the large scale behaviour of the
number variance.We take the stance that one should interpret spectral hyperuniformity
as comparing the diffraction measure of a given random measure to the diffraction
measure of the invariant Poisson point process around λ = 0. For the definition we
shall use that

η̂Poi((0, ε]) =
∫ ε

0

dλ

|cn(λ)|2 

∫ ε

0
λ2dλ 
 ε3

for sufficiently small ε > 0. Note that the exponent 3 is the same in all dimensions n.
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Definition 9.1 (Hyperbolic spectral hyperuniformity) A random measure μ on H
n is

spectrally hyperuniform if η̂
(c)
μ = 0 and

lim sup
ε→0+

η̂
(p)
μ ((0, ε])

ε3
= 0 .

Remark 9.2 There are many examples of point processes μ on H
n such that η̂(c)

μ �= 0,
even for many lattices, including cocompact ones. These will be hyperfluctuating in
the sense of Theorem 1.4 and not spectrally hyperuniform according to our definition.

Having defined spectral hyperuniformity, we have a point of reference for defining
more rigid properties of random measures on H

n .

9.2 Stealthy randommeasures

Definition 9.3 (Stealthy random measure on H
n) A random measure μ on H

n is
stealthy if η̂

(c)
μ = 0 and there is a λo > 0 such that η̂(p)

μ ((0, λo)) = 0.

It is clear from this definition that every stealthy random measure on H
n is spectrally

hyperuniform. As mentioned in the introduction, in [16, Section 1.2., Eq.B] Jenni
provides a lattice 
 < G2 ∼= SL2(R) such that the random lattice orbit μ
 on H

2 is a
stealthy point process, in particular spectrally hyperuniform.

An almost immediate consequence of Theorem 8.1 is that we can compute the
average asymptotic number variance of a given stealthy random measure in terms of
the diffraction measure.

Corollary 9.4 Let μ be a stealthy random measure on H
n. Then

lim
R→+∞

1

R

∫ R

0

NVμ(r)

cosh(r)n−1 dr = 2n+1

n2ρ2
n+2

∫ ∞

0
|cn+2(λ)|2dη̂(p)

μ (λ) ,

which is strictly positive.

Proof Ifμ is stealthy there is aλo > 0 such that the diffractionmeasure η̂μ is supported
on [λo,+∞) ⊂ �+

n . Thus

1

R

∫ R

0

NVμ(r)

cosh(r)n−1 dr

= 2n+1

n2

∫ ∞

λo

( 1

R

∫ R

0
|ω(n+2)

λ (ar )|2 tanh(r)n−1 sinh(r)n+1dr
)
dη̂(p)

μ (λ) .

As shown in the proof of item (2) of Theorem 8.1, we have

lim
R→+∞

1

R

∫ R

0
|ω(n+2)

λ (ar )|2 tanh(r)n−1 sinh(r)n+1dr = ρ−2
n+2|cn+2(λ)|2

uniformly in λ ≥ λo, so by dominated convergence we’re done. ��
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10 Random perturbed lattice orbits in hyperbolic spaces

In Sect. 10.1 we provide examples of non-compact perturbations of random lattice
orbits that are locally square-integrable. In Sect. 10.2 we compute the diffraction
measure of random perturbed lattice orbits that are locally square-integrable and lastly
we show that random perturbed lattice orbits in H

n are not spectrally hyperuniform in
Sect. 10.3.

10.1 A criterion for local square-integrability

We first extend Lemma 2.6 to include right-Kn-invariant perturbations ν ∈ Prob(Gn)

that are absolutely continuous with respect to the Haar measure mGn with sufficent
exponential decay of the Radon-Nikodym derivative at infinity. To do this we make
use of the fact that the critical exponent of a lattice 
 < Gn is that of the volume
growth. The following Lemma is a special case of Theorem C in [1], which includes
higher rank analogues as well.

Lemma 10.1 Let 
 < Gn be a lattice. Then for every ε > 0,

∑
γ∈


e−(n−1+ε)d(γ.o,o) < +∞ .

Lemma 10.2 Let β : Gn → [0,+∞) be a right-Kn-invariant measurable function
with

∫
β dmGn = 1 and assume that there are C > 0 and ε > 0 such that

β(g) ≤ Ce−2(n−1+ε)d(g.o,o)

for all g ∈ Gn. Then for dν(g) = β(g)dmGn (g) and any lattice 
 < Gn, the random
perturbed lattice orbit μ
,ν in H

n is locally square-integrable.

By the same argument in the proof in Lemma 2.6, it suffices to bound the expression
in Eq.2.2, that is,

I
,ν :=
∫
Gn/


( ∑
γ∈


ν(γ −1g−1Q)
)2
dmGn/
(g
) .

Lemma 10.3 Let Q ⊂ Gn be a pre-compact measurable set and let ν ∈ Prob(Gn).
Then

I
,ν = 1

covol(
)

∑
γ∈


∫
Gn

∫
Gn

mGn (Qh−1
1 γ h2 ∩ Q)dν(h1)dν(h2) .

Proof By Fubini,

∫
Gn/


( ∑
γ∈


ν(γ −1g−1Q)
)2
dmGn/
(g
)
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=
∫
Gn

∫
Gn

( ∫
Gn/


|g
h1 ∩ Q||g
h2 ∩ Q|dmGn/
(g
)
)
dν(h1)dν(h2) .

From the computation for the second moment of a random lattice in Example 2.5, we
have that

∫
Gn/


|g
h1 ∩ Q||g
h2 ∩ Q|dmGn/
(g
) = 1

covol(
)

∑
γ∈


(χ∗
Qh−1

1
∗ χQh−1

2
)(γ )

= 1

covol(
)

∑
γ∈


mGn (Qh−1
1 γ h2 ∩ Q) ,

and Fubini then gives us that

∫
Gn/


( ∑
γ∈


ν(γ −1g−1Q)
)2
dmGn/
(g
)

= 1

covol(
)

∑
γ∈


∫
Gn

∫
Gn

mGn (Qh−1
1 γ h2 ∩ Q)dν(h1)dν(h2) .

��
Proof of Lemma 10.2 For convenience of notation we set αε = n − 1 + ε. Let Q =
π−1(B) = ς(B)K , so that Q ⊂ Gn is pre-compact, measurable and Q.o = B. By
Lemma 10.3, it suffices to show that

∑
γ∈


∫
Gn

∫
Gn

mGn (Qh−1
1 γ h2 ∩ Q)β(h1)β(h2)dmGn (h1)dmGn (h2)

is finite. We first rewrite this expression as

∫
Gn

∫
Gn

mGn (Qh−1
1 γ h2 ∩ Q)β(h1)β(h2)dmGn (h1)dmGn (h2)

=
∫
Gn

( ∫
Gn

mGn (Qh2 ∩ Q)β(γ −1h1h2)dmGn (h2)
)
β(h1)dmGn (h1) .

If mGn (Qh2 ∩ Q) > 0 then h2 ∈ Q−1Q, and using the assumed upper bound on β

we get that

∫
Gn

mGn (Qh2 ∩ Q)β(γ −1h1h2)dmGn (h2)

≤ C
∫
Gn

mGn (Qh2 ∩ Q)e−2αεd(h2.o,h
−1
1 γ.o)dmGn (h2)

≤ CmGn (Q)e−2αεd(Q−1Q.o,h−1
1 γ.o) ,
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where d(Q−1Q.o, h−1
1 γ.o) denotes the minimal distance between h−1

1 γ.o and
Q−1Q.o in H

n . Since Q−1Q is pre-compact, we use the reverse triangle inequal-
ity to find that

e−2αεd(Q−1Q.o,h−1
1 γ.o) ≤ sup

q∈Q−1Q
e2αεd(q.o,o)e−2αεd(h1.o,γ .o)

for all h1 ∈ G, γ ∈ 
. Thus it remains to prove finiteness of

∑
γ∈


∫
Gn

e−2αεd(h1.o,γ .o) β(h1)dmGn (h1)

≤ C
∑
γ∈


∫
Gn

e−2αε(d(h1.o,γ .o)+d(h1.o,o))dmGn (h1) .

To see this this we use the triangle inequality to find that

e−2αε(d(h1.o,γ .o)+d(h1.o,o)) = e−αε(d(h1.o,γ .o)+d(h1.o,o))e−αε(d(h1.o,γ .o)+d(h1.o,o))

≤ e−αεd(γ.o,o)e−αεd(h1.o,o) .

Finally,

∑
γ∈


∫
Gn

e−2αε(d(h1.o,γ .o)+d(h1.o,o))dmGn (h1)

≤
∑
γ∈


e−αεd(γ.o,o)
∫
Gn

e−αεd(h1.o,o)dmGn (h1) ,

which is finite by Lemma 10.1. ��

10.2 A formula for the diffractionmeasure

Let 
 < Gn be a lattice and ν ∈ Prob(Gn) be right-Kn-invariant and absolutely
continuous with respect to the Haar measure satisfying the conditions in Lemma 10.2,
so that the random perturbed lattice μ
,ν is locally square-integrable. Then from the
computations in Example 2.6, the autocorrelation measure of the random perturbed
lattice orbit μ
,ν is

η
,ν = |
o|2ν̌ ∗ η
 ∗ ν + 1

covol(
)
(δe − ν̌ ∗ ν)

as a linear functional onL ∞
bnd(Gn, Kn), where 
o = Stab
(o) = 
 ∩ Kn . If we let η̂


denote the diffraction measure of the random lattice orbit μ
 and η̂
,ν that of μ
,ν ,
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then

∫
�+
n

ϕ̂(λ)dη̂
,ν(λ)

= |
o|2
∫

�+
n

ϕ̂ν(λ)dη̂
(λ) + 1

covol(
)

∫ ∞

0

(
ϕ̂(λ) − ϕ̂ν(λ)

) dλ

|cn(λ)|2

for all ϕ ∈ L ∞
bnd(Gn, Kn), where ϕν = ν ∗ ϕ ∗ ν̌. If ν happens to be bi-Kn-invariant,

then by Lemma 6.1 we can write

η
,ν = |
o|2ν̌ ∗ ν ∗ η
 + 1

covol(
)
(δe − ν̌ ∗ ν) .

Considering the spherical transform of ν given by

ν̂(λ) =
∫
Gn

ωλ(g)dν(g)

we can write the diffraction measure η̂
,ν as

dη̂
,ν(λ) = |
o|2 |̂ν(λ)|2dη̂
(λ) + 1

covol(
)
(1 − |̂ν(λ)|2) dλ

|cn(λ)|2 . (10.1)

10.3 Random perturbed lattice orbits inH
n are not spectrally hyperuniform

Let 
 < Gn be a lattice and ν ∈ Prob(Gn) a bi-Kn-invariant probability measure
that is absolutely continuous with respect to the Haar measure mGn , satisfying the
exponential decay condition in Lemma 10.2.

Proof of Proposition 1.8 From the formula for the diffraction measure η̂
,ν in Eq.10.1
we cut off the first term to get the lower bound

lim sup
ε→0+

η̂
,ν((0, ε])
ε3

≥ 1

covol(
)
lim sup
ε→0+

1

ε3

∫ ε

0
(1 − |̂ν(λ)|2) dλ

|cn(λ)|2 .

By item (3) of Lemma 6.3 we have that

ν̂(λ) =
∫
Gn

ωλ(g)dν(g) ≤
∫
Gn

ω0(g)dν(g) = ν̂(0) ,

so

lim sup
ε→0+

η̂
,ν((0, ε])
ε3

≥ 1

covol(
)
(1 − |̂ν(0)|2) lim sup

ε→0+

1

ε3

∫ ε

0

dλ

|cn(λ)|2 .
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Since |cn(λ)|−2 
 λ2 when λ → 0+ then there is a constant co > 0 such that
|c(λ)|−2 ≥ coλ2 for all sufficiently small λ ≥ 0, so that

lim sup
ε→0+

1

ε3

∫ ε

0

dλ

|cn(λ)|2 ≥ co
3

.

Moreover, by item (2) in Lemma 6.3,ω0(g) < 1 for all g /∈ Kn , and sincemGn (Kn) =
0 then ν(Kn) = 0 by absolute continuity, so

ν̂(0) =
∫
Gn

ω0(g)dν(g) < ν(Gn) = 1 .

Gathering these lower bounds,

lim sup
ε→0+

η̂
,ν((0, ε])
ε3

≥ co
3 covol(
)

(1 − |̂ν(0)|2) > 0 .

��
Remark 10.4 Although we have not introduced diffraction measures for random
measures on other homogeneous spaces, we do so in upcoming work for general
commutative metric spaces X = G/K with K compact. This includes semisimple Lie
groups G with finite center and maximal compact subgroup K , and there the same
argument as in the above proof holds, so no perturbation of a stealthy lattice yields a
hyperuniform point process.

As a consequence of Proposition 1.8, we prove that the number variance of a
perturbed lattice orbit grows as fast as the volume along all subsequences of radii.

Corollary 10.5 Let 
 < Gn be a lattice and ν ∈ Prob(Gn) be bi-Kn-invariant as in
Lemma 10.2. Then

lim inf
R→+∞

NVμ
,ν (R)

VolHn (BR)
> 0 .

Proof By the formula for the diffraction measure of μ
,ν in Eq. 10.1 we can bound
the number variance form below using the spherical Plancherel formula as

NVμ
,ν (R) ≥ 1

covol(
)

∫ ∞

0
|χ̂BR (λ)|2(1 − |̂ν(λ)|2) dλ

|cn(λ)|2
≥ 1

covol(
)
(1 − |̂ν(0)|2)

∫ ∞

0
|χ̂BR (λ)|2 dλ

|cn(λ)|2
= 1

covol(
)
(1 − |̂ν(0)|2)

∫
G

|χBR (g)|2dmGn (g)

= 
( n2 )

covol(
)2π
n
2
(1 − |̂ν(0)|2)VolHn (BR) .

Since ν̂(0) < 1 the right hand side is strictly positive. ��
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