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Abstract—This paper investigates the localization, synchroniza-
tion, and speed estimation of a mobile user equipment (UE)
leveraging integrated terrestrial and non-terrestrial networks
(NTNs), in particular low Earth orbit (LEO) satellites. We
focus on a minimal setup in which the UE received signal
from only one base station (BS) and one LEO satellite. We
derive a generic signal model accounting for mobility, clock
and frequency offsets, based on which a hierarchy of simplified
models are proposed and organized by computational complexity.
Estimation algorithms are developed for each model to facilitate
efficient and accurate parameter recovery. Rigorous simulations
validate the effectiveness of the proposed models, demonstrating
their suitability across diverse scenarios. The findings highlight
how the trade-off between complexity and performance can be
optimized for varying deployment environments and application
requirements, offering valuable insights for 6G positioning and
synchronization systems under user mobility.

Index Terms—cellular positioning, LEO satellites, mobility,
non-terrestrial networks, synchronization

I. INTRODUCTION

NON-terrestrial networks (NTNs) are becoming a critical
component in the evolution of wireless communication

systems, particularly in the transition from 5G to 6G. By
integrating satellite systems, high altitude platform station
(HAPS), and airborne networks, NTNs aim to provide ubiq-
uitous and seamless global coverage, addressing connectivity
gaps in under-served and remote regions [1], [2]. Beyond com-
munication, NTNs have the potential to transform localization
services by enabling global, high-precision positioning that
is essential for a variety of emerging 6G applications [3],
[4]. Among various NTN technologies, low Earth orbit (LEO)
satellites stand out due to their low latency, high capacity, and
scalability through large constellations [3], [5]. These capa-
bilities make LEO satellites effective for critical localization
applications such as autonomous driving (AD) and advanced
driver-assistance systems (ADAS), where accuracy, reliability,
and global availability are essential [2], [5]. By complementing
terrestrial systems, NTNs are shaping the future of integrated
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Fig. 1. TN-NTN integrated setup: the mobile UE is localized from coordinated
downlink signals from the fixed BS and the mobile LEO satellite.

localization and communication, enabling safe and efficient
operation of autonomous vehicles, industrial automation, and
other next-generation services [1], [3], [6], [7].

Positioning is increasingly central to the vision of 6G,
enabling a wide range of advanced applications [8]. As part
of this evolution, the design of integrated positioning systems
that leverage the complementary strengths of terrestrial and
non-terrestrial infrastructures has emerged as a key focus
in realizing the next-generation communication and sensing
ecosystem [2], [9]. Recent research has explored cellular
localization frameworks that emphasize integrity, fault toler-
ance, and robust error bounding for safety-critical applications
[10]. In parallel, hybrid positioning approaches that integrate
terrestrial 5G and non-terrestrial systems, such as GNSS, have
demonstrated promising sub-meter accuracy in field trials [11].
These applications demand high reliability and accuracy to
ensure safe operation under diverse and challenging conditions,
including urban environments with severe multipath interfer-
ence and remote areas with limited terrestrial coverage.

Terrestrial networks (TNs) have been widely utilized for po-
sitioning services, but they face several critical limitations that
impact accuracy and reliability [12]. Precise synchronization
between base stations (BSs) and mobile devices is required
for accurate positioning, yet many cellular networks lack
the stringent synchronization mechanisms needed for high-
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precision localization [13]. Another challenge is the limited
coverage, as most positioning solutions require connection to
at least four BSs, placing high demands on the infrastructure,
compared to communication [14]. On the other hand, LEO
satellite systems offer global coverage and have been proposed
as a solution to enhance positioning services, considering both
opportunistic form [15] and as part of 6G [4]. However, they
also encounter specific limitations. The high mobility of LEO
satellites leads to rapidly changing satellite geometries, causing
high Doppler shifts [16], [17]. Furthermore, the beam patterns
of LEO satellites, designed for communication purposes, often
have narrow beam-widths for maximizing spectral efficiency,
which conflicts with the broader, overlapping beams needed for
accurate positioning. Interference management between over-
lapping beams in dense LEO constellations further complicates
the system design [4].

Integrating terrestrial and NTN has attracted significant
research interest due to the complementary strengths of these
systems, both for communication [18]–[20] and for local-
ization [9], [21]–[26]. Cellular networks, with their dense
infrastructure and advanced signal processing capabilities,
provide reliable positioning in urban areas, whereas NTNs,
particularly LEO satellites, offer global coverage and resilience
in rural or global navigation satellite system (GNSS)-denied
environments. Recent studies have demonstrated the potential
of 5G positioning reference signals to support integrated
terrestrial-NTN scenarios, addressing challenges like Doppler
shifts and interference in LEO-based networks [22], [23].
Fusion-based approaches, such as combining pseudorange and
angle-of-arrival (AoA) measurements, have shown promise in
enhancing positioning accuracy under low observability [25].
This integrated framework can bridge the performance gaps
of individual systems, providing robust, precise positioning for
emerging 6G applications. Nevertheless, this integration comes
with challenges in terms of modeling, synchronization, and
position estimation. In particular, in contrast to terrestrial-only
or NTN-only positioning [4], jointly considering the terrestrial
and non-terrestrial systems leads to high Doppler spread and
delay spread, which in turn cause inter-carrier interference
(ICI) and inter-symbol interference (ISI).

In this paper, we explore the fusion of NTN positioning,
more specifically LEO positioning, with cellular positioning.
The setup to be used comprises one multi-antenna BS together
with a time and frequency-synchronous single antenna LEO
satellite transmitting to a single-antenna mobile user equipment
(UE) which has an unknown clock offset and frequency offset
with respect to the BS and LEO satellite. The objective is to
find the position of the UE as well as the magnitude of velocity
(speed), and clock and frequency offsets. The contributions of
this paper are listed as follows:

• Unified discrete-time generative model for integrated
TN–NTN OFDM: We derive a generative model that
jointly captures BS-induced and LEO-induced Doppler
(slow and fast time), intersubcarrier Doppler, ICI, time-
varying AoD, and UE clock asynchrony. While each
physical effect is individually well studied, their combined
interaction in an integrated TN–NTN OFDM architec-
ture, using shared time-frequency resources, has not been
explicitly modeled in prior work. This unified treatment
forms the basis for systematic simplification and estimator

design.
• Systematic hierarchy of simplified models: Starting

from the unified generative model, we construct a struc-
tured hierarchy of four simplified models by progressively
removing classes of impairments. This creates a consistent
reduction path: (i) Comm removes all Doppler-related
terms (slow-time, intersubcarrier, and ICI), yielding a
constant-phase OFDM model. (ii) SlowD reintroduces
only the slow-time Doppler component, modeling phase
evolution across OFDM symbols. (iii) CCFODnoICI
additionally incorporates intersubcarrier Doppler effects
[27], while still neglecting ICI. (iv) CCFOD finally re-
stores both slow- and fast-time Doppler, including ICI
[27], [28]. While the individual physical effects have been
studied in classical OFDM and LEO-only links, this pro-
gressive, TN–NTN-specific hierarchy is new and enables
a principled comparison of accuracy and computational
complexity across modeling fidelities.

• Low-complexity estimators with Doppler–AoD decou-
pling: For each simplified model, we develop practical
estimators for delays, Doppler shifts, and AoD. The
estimators explicitly exploit the structure of the TN–
NTN model, including (i) the use of beamformer phase
repetition to decouple Doppler and AoD, (ii) partial com-
pensation of intersubcarrier Doppler using the satellite–
BS Doppler proxy, and (iii) tractable reconstruction of the
BS path in the presence of ICI. These elements are not
present in prior LEO-only positioning algorithms.

• Model evaluation and selection via CRB and MCRB:
We evaluate the simplified models using Cramér-
Rao bound (CRB) and misspecified Cramér-Rao bound
(MCRB) analysis to quantify the impact of model mis-
match. This provides analytical conditions under which
simpler models achieve performance comparable to more
complex ones, reducing the need for Monte Carlo sim-
ulations. The resulting insights support principled model
selection for different deployment scenarios and complex-
ity constraints.

While CFO, Doppler, and clock offset have each been
treated in isolation in prior LEO-only [17] and jointly modeled
in waveform-agnostic settings [26], their joint interaction in
an integrated TN–NTN setting with OFDM has not been
explicitly modeled. In contrast to prior work, our generative
model captures (i) the simultaneous presence of BS-induced
and satellite-induced Doppler with different orders and time
scales, (ii) the coupling between CFO, Doppler, and clock
offset in both slow-time and fast-time domains, and (iii)
the resulting phase distortions across OFDM symbols and
subcarriers. This unified treatment is required to derive the
hierarchy of models and the associated estimators.

Notation: Vectors and matrices are shown by bold-face
lower-case and bold-face upper-case letters respectively. The
notations (.)T and (.)H represent transpose and hermitian
transpose. All one vector with size n denoted by 1n. The L2
norm of a vector is shown by ∥.∥. The Hadamard product
and convolution are represented by ⊙ and ∗ respectively. The
set of real numbers and complex numbers are shown by R
and C respectively. The delta Dirac function is represented by
δ(.). The function rect(x) is defined such that rect(x) = 1
for 0 < x < 1 and is 0 otherwise. The (m,n)th element of
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the matrix A is referred to by [A](m,n) and the notation (̃.)
represents a passband signal.

II. SYSTEM MODEL

A. Scenario

We consider a system consisting of a BS equipped with a
uniform planar array (UPA) of

√
L ×

√
L antennas located

at known location pb ∈ R3, a LEO satellite with a direc-
tional antenna with known and varying location and velocity
ps(t) ∈ R3 and vs(t) ∈ R3, respectively, and a single-antenna
UE. The setup is illustrated in Fig. 1. The UE travels at a
constant velocity v ∈ R3 with known direction v/∥v∥ 1, but
unknown speed ∥v∥ and unknown initial location p0 ∈ R3. As
a result, the trajectory of the UE is given by p(t) = p0 + vt.
The clock oscillators at the BS and the satellite are assumed
to be synchronized to a common global reference. The clock
oscillator at the UE is assumed to have an unknown initial
clock offset, denoted as ∆t,0, relative to the clock oscillators at
the BS and the satellite. Additionally, the UE’s clock oscillator
introduces a carrier frequency offset (CFO) η which is treated
as an unknown.

B. Signal and Channel Model

We assume the positioning task is performed using one
transmission consisting M orthogonal frequency division mul-
tiplexing (OFDM) symbols, each comprising N subcarriers
(with a subcarrier spacing of ∆f ). We assign the even and
the odd subcarriers to the signal transmitted by the BS and
the satellite, respectively. The baseband transmit signal at the
base station (zb(t) ∈ CL) is

zb(t) = w(t)xb(t) = w(t)

M−1∑
m=0

xb,m(t), (1)

where

xb,m(t) =
1√
N

N−1∑
n=0,even n

xn,me
j2πn∆f (t−mTs)q(t−mTs).

Here, q(t) = rect(t/Ts),2 w(t) ∈ CL is the time-varying
precoding matrix, xn,m is the pilot at the nth subcarrier of the
mth symbol. The total symbol duration is Ts = T0+Tcp, where
T0 = 1/∆f is the elementary symbol duration, and Tcp is the
cyclic prefix duration. Then the transmit signal upconverted to
the carrier frequency fc is z̃b(t) = ℜ{zb(t)e

j2πfct}.
The time-varying channel between the BS and the UE

(h̃b(t, τ) ∈ CL) can be expressed as follows, for the lth BS
antenna:

h̃b,l(t, τ) = [h̃b(t, τ)]l = αb(t)δ(τ − τpb,l(t)), (2)
where αb(t) denotes the time-varying real-valued channel gain
between the BS and the UE and τpb,l(t) expresses3 the time-
varying propagation delay between the lth antenna at the BS

1The direction can be estimated using inertial sensors (e.g., inertial
measurement units (IMUs)) through dead reckoning or short-term motion
tracking, even without reliable GNSS.

2In case of using a more practical root-raised cosine (RRC) pulse instead
of a rectangular pulse, we need to apply matched filters at the receiver.

3The superscript ”p” indicates that the delay is purely due to propagation,
distinguishing it from the total effective delay values that will be introduced
later.

and the UE. Therefore, the passband noise-free received signal
at the UE can be written as

ỹb(t) = αb(t)

L∑
l=1

z̃b,l(t− τpb,l(t)). (3)

Similar to the BS-UE transmission, the baseband transmit
signal at the satellite is xs(t) =

∑M−1
m=0 xs,m(t), where

xs,m(t) =
1√
N

N−1∑
n=0,odd n

xn,me
j2πn∆f (t−mTs)q(t−mTs).

Here, xn,m is the pilot signal transmitted by the satellite. Then
the upconverted transmit signal is s̃s(t) = ℜ{xs(t)e

j2πfct}. We
denote the time-varying channel between the satellite and the
UE by h̃s(t, τ) = αs(t)δ(τ − τps (t)), where αs(t) and τps (t)
denote the time-varying channel gain and propagation delay
between the satellite and the UE. Therefore, the noise-free
received signal at the UE from the satellite will be

ỹs(t) = αs(t)s̃s(t− τps (t)). (4)
Finally, the total passband received signal will be

ỹ(t) = ỹb(t) + ỹs(t) + ñ(t), (5)
where ñ(t) is the passband additive white Gaussian noise
(AWGN) at the UE, with power spectral density N0.

C. Geometric Relations

The time-varying propagation delay between the lth antenna
of the BS and the UE is given by

τpb,l(t) = τpb (t) + τpl (t), (6)
where τpb (t) = ∥p(t) − pb∥/c is the delay between the
BS phase center and the UE, and c is the speed of light.
Assuming the UE is located in the far-field region of the BS,
the relative delay (or advance) of the lth antenna element
with respect to the phase center is τpl (t) = −(u(θ(t))Tql)/c,
where ql ∈ R3 is the known position of the lth antenna
element with respect to the BS phase center. The unit
direction vector u(θ(t)) ∈ R3 captures the orientation of
the UE with respect to the BS, and is defined as u(θ(t)) =
[cos(θel(t)) cos(θaz(t)), cos(θel(t)) sin(θaz(t)), sin(θel(t))]

T,
where θ(t) =

[
θel(t), θaz(t)

]T ∈ R2 is the time-varying 2D
angle-of-departure (AoD) in the global coordinate system.
These angles are computed based on the relative position
vector rb(t) = p(t)− pb from the BS to the UE, as

θel(t) = arcsin

(
[rb(t)]3
∥rb(t)∥

)
, (7)

θaz(t) = atan2 ([rb(t)]2, [rb(t)]1) . (8)
Finally, the time-varying propagation delay between the

satellite and the UE is given by τps (t) = ∥p(t)− ps(t)∥/c.

D. Problem Statement

The UE should determine its initial position p0 and its speed
∥v∥, from the observation ỹ(t) in (5), in the presence of the
unknown and time-varying channel parameters, and without
being a priori synchronized to the network (the BS and the
satellite). The details of the UE-network asynchrony will be
elaborated in the next section. For ease of reference, the pa-
rameters introduced in the following sections are summarized
in Table I.
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III. GENERATIVE AND SIMPLIFIED MODELS

In this section, we begin by introducing the notion of time-
varying clock bias; then, we derive the generative model used
to generate observations for the localization task. To assist
algorithm development, we propose four distinct simplified
models, some of which are widely used in the literature.

A. Clock and Frequency Offset

Due to the imperfect clock oscillator at the UE, the notion
of time at the UE differs from that at the BS and satellite. The
time reference of the receiver is denoted by t′ and is supposed
to be related to the time reference at the transmitter through

t′ = t/(1− η) + ∆t,0, (9)
where t represents the network reference time and ∆t,0 is the
initial clock offset. Hence, for

∣∣η∣∣≪ 1 it holds that the time-
varying offset ∆t(t) = t′ − t can be expressed as ∆t(t) ≈
ηt+∆t,0 [29].

B. Generative Model

1) Continuous-time Model: The received passband signal
in the global time reference t in (3) and (4) has the below
contributions from the BS-UE path and satellite-UE path (see
Appendix A):

ỹb(t) = (10)

ℜ{αb(t)a
T(θ(t))w(t− τpb (t))xb (t− τpb (t)) e

j2πfc(t−τp
b (t))}

where the array steering vector a(θ(t)) is given by
[a(θ(t))]l = exp(j(2π/λ)uT(θ(t))ql) [30], and

ỹs(t) = ℜ
{
αs(t)xs (t− τps (t)) e

j2πfc(t−τp
s (t))

}
. (11)

It is possible to approximate τpi (t), (with i ∈ {b, s}) as (see
Appendix B)

τpi (t) =
∥p(t)− pi(t)∥

c
≈ ∥p0 − pi∥

c
+
vi,u
c
t+

ai,u
2c

t2

= τpi + ψit+
1

2
µit

2, (12)

and τpi = ∥p0 − pi∥/c, ψi = vi,u/c, vi,u = (p0 −
pi)

Tvi,u/∥p0 − pi∥, µi = ai,u/c, and ai,u = (∥vi,u∥2 −
v2i,u)/∥p0−pi∥, in which vb,u = v and vs,u = (v+vE)−vLEO,
where vE denotes the Earth rotational velocity.

We now rewrite the received signal in the receiver’s time
domain t′ by substituting t = (t′ −∆t,0)(1− η) according to
(9) and using (12)

ỹ′(t′) = ỹ′b(t
′) + ỹ′s(t

′) + ñ′(t′)

= ℜ
{
α′

b(t
′)a′T(θ′(t′))w′(tb)x

′
b (tb) e

j2πfctb

+ α′
s(t

′)x′s (ts) e
j2πfcts + ñ′(t′)

}
, (13)

where α′
b(t

′) = αb((t
′ − ∆t,0)(1 − η)), θ′(t′) = θ((t′ −

∆t,0)(1 − η)). To ease the notation, we have introduced
tb = (1 − γb)t

′ − τb − ϵbt
′2, ts = (1 − γs)t

′ − τs − ϵst
′2

and define w′(tb) = w((1− γb)t
′ − τb − ϵbt

′2), and

γi = ψi(1− η) + η − µi(1− η)2∆t,0, (14a)

ϵi = 1/2µi(1− η)2, (14b)

τi = τpi +∆t,0(1− η)(1− ψi) + 1/2µi∆
2
t,0(1− η)2, (14c)

where i ∈ {b, s}. Here, γi, ϵi, and τi can be interpreted as the
effective Doppler shift, effective Doppler rate, and effective
delay, respectively, in a system affected by clock offset, carrier

TABLE I
LIST OF PARAMETERS

Symbol Description
UE
p0 Initial position of the UE
v Velocity vector of the UE
∥v∥ Speed of the UE
p(t) Position of the UE at time t
∆t,0 Initial clock offset of the UE
t′ Local time at the UE
∆t(t) Time-varying clock offset
η CFO of the UE
BS
pb Position of the BS
ql Position of the lth BS antenna element
θ(t) 2D AoD (θel(t), θaz(t)) at time t
rb(t) Vector from the BS to the UE
τpb,l(t) Propagation delay from lth BS antenna to UE
τpb (t) Propagation delay from BS center to UE
τpl (t) Relative delay from lth antenna to BS center
Satellite
ps(t) Position of the satellite at time t
vs Velocity of the satellite
τps (t) Propagation delay from satellite to UE
τ ress Initial residual delay after satellite timing advance
Propagation and Doppler Terms
τpi (t) Propagation delay from node i ∈ {b, s} to UE
τpi Initial propagation delay from node i to UE
ψi First-order Doppler term for node i
µi Second-order Doppler term for node i
γi Effective Doppler shift for node i
ϵi Effective Doppler rate for node i
τi Effective initial delay for node i
BS-Satellite Relative Terms
vb Relative velocity between BS and satellite
ψ̄b Proxy Doppler term for satellite-BS path
τb Estimated delay between BS and satellite

frequency offset, and time-varying Doppler. This completes the
continuous-time generative model, accounting for both first-
and second-order Doppler effects as well as the asynchrony
between the UE and the network.

2) Doppler and Time Precompensation: Based on (13), the
received frequency through the BS-UE path is fc(1− γb) and
through the satellite-UE path is fc(1 − γs). This results in a
significant Doppler spread of the received signal due to high
velocity of the LEO satellite, which causes limitations in low-
pass filtering prior to sampling at the receiver. Although γb
is unknown and much smaller than γs, a significant portion
of γs can be determined from the known satellite velocity
and position, as well as the known BS position, under the
assumption that the UE is in close proximity to the BS.
Consequently, it is feasible to apply a frequency (Doppler)
precompensation at the satellite prior to transmission, thereby
rendering the Doppler shifts in the received signals through
different paths more comparable and reducing the overall
Doppler spread. To achieve this, a proxy for γs, denoted by ψ̄sb,
can be estimated as follows (where the subscript ‘sb’ represents
satellite-BS path):

ψ̄sb = vsb/c, (15)

vsb = (pb − ps)
Tvsb/∥pb − ps∥, (16)

vsb = vE − vLEO. (17)
Then, we can utilize ψ̄sb to adjust the transmit frequency
at the satellite to f̄c = fc/(1 − ψ̄sb). With this Doppler
precompensation, the received frequency in the satellite-UE
path is changed from fc(1− γs) to fc(1− γs)/(1− ψ̄sb).

This article has been accepted for publication in IEEE Transactions on Vehicular Technology. This is the author's version which has not been fully edited and 

content may change prior to final publication. Citation information: DOI 10.1109/TVT.2026.3662565

This work is licensed under a Creative Commons Attribution 4.0 License. For more information, see https://creativecommons.org/licenses/by/4.0/



5

Similarly, in the time domain, the propagation delay expe-
rienced by the signal in the satellite-UE path is considerably
larger than that in the BS-UE path. Nevertheless, a significant
portion of the satellite-UE propagation delay is already known
from the satellite and BS positions, as well as the UE’s
proximity to the BS. Hence, it is possible to apply timing
advance at the satellite to reduce the delay spread in the
received signal. Analogous to Doppler precompensation, a
rough estimate of τps can be obtained as

τsb = ∥pb − ps∥/c, (18)
and we can then apply a timing advance of τsb to the satellite
transmit signal s(t), expressed as

˜̄ss(t) = ℜ{xs(t+ τsb)e
j2πfc(t+τsb)}. (19)

In this case, τs is replaced by τ res
s

4 in (13) defined as follows:

τ res
s = τs − τsb. (20)

3) Down-Conversion: To down-convert to the baseband, the
clock oscillator at the UE generates e−j2πfct

′
. Consequently,

after removing the constant phases, the baseband signal be-
comes:

y′(t′) = ỹ′(t′)e−j2πfct
′
= α′

b(t
′)z(t′)

M−1∑
m=0

1√
N

N−1∑
n=0, even n

xn,me
j2πn∆f (tb−mTs)e−j2πfc(γbt

′+ϵbt
′2)q(tb −mTs)

+ α′
s(t

′)

M−1∑
m=0

1√
N

N−1∑
n=0, odd n

xn,me
j2πn∆f (t

res
s −mTs)

× e−j2πf̄c(γst
′+ϵst

′2)ej2π(f̄c−fc)t
′
q(tres

s −mTs) + n′(t′),
(21)

where z(t′) = aT(θ(t′))w′(tb) and tres
s = (1− γs)t

′ − τ res
s −

ϵst
′2.
4) Discrete-time Model: To obtain the discrete-time re-

ceived signal, we first apply analog-domain low-pass filtering
to suppress out-of-band components, and then sample (21)
at time instants t′ = mTs + Tcp + kT0/N + τ0, where
k = 0, 1, . . . , N − 1, and

τ0 = min (τb/(1− η), τs/(1− η)) , (22)
represents the smallest delay in the receiver’s time domain that
ensures the first OFDM symbol is fully captured. In (22), τb
and τs are defined in (14c). Let us assume that τ0 is detectable
(through time acquisition in [31]) and hence we can start the
receiver’s clock at τ0. We can take N samples from each
OFDM symbol, resulting in Y = [y0, · · · ,yM−1] ∈ CN×M

where ym is defined as

ym = yb,m + ys,m + nm, (23)
with

yb,m =
√
Pb[Ab](:,m) ⊙ [Z](:,m) ⊙

(
Dq

b(γb, ϵb)

× Fqm,b(γb, ϵb)
(
iqm,b(γb, ϵb)⊙

((
qb(γb)⊙ bb(τb)

)
× [cqb(γb, ϵb)]m

)))
⊙Hq

b(ϵb), (24)

ys,m =
√
Ps[As](:,m) ⊙

(
Dq

s (γs, ϵs)F
q
s (γs, ϵs)× (25)

4The superscript ’res’ stands for residual.

(
iqm,s(γs, ϵs)⊙

((
qs(γs)⊙ bs(τ

res
s )
)
[cqs (γs, ϵs)]m

)))
⊙Hq

s (ϵs).

The superscript ‘q’ is used to underscore that the corresponding
matrices/vectors contain quadratic terms, which originate from
(12). The different matrices defined above are used to capture
the different effects:

• Time variations: [Ab](:,m), [As](:,m) and [Z](:,m) com-
prise the samples of α′

b(t
′), α′

s(t
′) and z(t′), respectively.

• Inter-carrier interference: The diagonal matrices
Dq

b(γb, ϵb) ∈ CN×N and Dq
s (γs, ϵs) ∈ CN×N are the

main source of ICI in the BS-UE and satellite-UE paths,
respectively. The kth diagonal element of each matrix is
defined as

[Dq
b(γb, ϵb)]k,k = (26)

e−j2πfc(γbT0k/N+ϵbT
2
0 k

2/N2+2ϵbTcpT0k/N),

[Dq
s (γs, ϵs)]k,k = e−j2πfc(1−(1−γs)/(1−ψ̄sb))T0k/N (27)

× e−j2πfc(ϵsT
2
0 /(1−ψ̄sb)k

2/N2+2ϵsTcpT0/(1−ψ̄sb)k/N).

• Slow-time Doppler: The slow-time effect in BS-UE path
and satellite-UE path are denoted by cqb(γb, ϵb) and
cqs (γs, ϵs) respectively and defined as

[cqb(γb, ϵb)]m = e−j2πfc(γmTs+ϵbm
2T 2

s +2ϵbmTsTcp), (28)

[cqs (γs, ϵs)]m = e−j2πfc((1−(1−γs)/(1−ψ̄sb))mTs)

× e−j2πfc(ϵsm
2T 2

s /(1−ψ̄sb)+2ϵsmTsTcp/(1−ψ̄sb)). (29)
• Delay steering vectors: For even n, bb(τ) ∈ CN/2 with

bb(τb) =[1, e−j2π∆f2τb , · · · e−j2π∆f (N−2)τb ]T. (30)
and for odd n,

bs(τ
res
s ) = (31)

[e−j2π∆fτ
res
s , e−j2π∆f3τ

res
s , · · · e−j2π∆f (N−1)τ res

s ]T.

• Modified Inverse Fourier matrices: For even n, the matrix
Fqm,b(γb, ϵb) ∈ CN×N/2 is defined as

[Fqm,b(γb, ϵb)]k,n =
1√
N

× (32)

ej2π(k/Nn(1−γb)−ϵbk
2/N2nT0−2ϵbgk/NnT0−2nmϵbk/NTs),

while for odd n

[Fqm,s(γs, ϵs)]k,n =
1√
N

× (33)

ej2π(k/Nn(1−γs)−ϵsk
2/N2nT0−2ϵsgk/NnT0−2nmϵsk/NTs),

where g = Tcp/T0 is the cyclic-prefix overhead. The
deviation of matrices Fqm,b(γb, ϵb) and Fqm,s(γs, ϵs) from
the standard IDFT matrices produces loss of subcarrier
orthogonality and hence an another source of ICI, but for
typical parameter values this effect is much smaller than
the ICI produced by (26)-(27).

• Intersubcarrier Doppler effect: For even n, Iqb(γb, ϵb) ∈
CN/2×M , can be expressed as

[Iqb(γb, ϵb)]n,m = (34)

e−j2π(γbmn(g+1)+nm2ϵb(1+g)Ts+2mnϵbgTs),

while for odd n

[Iqs,m(γs, ϵs)]n,m = (35)

e−j2π(γsmn(g+1)+nm2ϵs(1+g)Ts+2mnϵsgTs).
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• Intersubcarrier phase offset: For even n, qb(γb) ∈ CN/2,
where

qb(γb) = [1, e−j2πγbg2, · · · , e−j2πγbg(N−2)]T, (36)
while for odd n

qs(γs) = [e−j2πγsg, · · · , e−j2πγsg(N−1)]T. (37)
These offsets remain constant across M OFDM symbols.

• Second-order crossed slow/fast-time Doppler effect: Fi-
nally,

[Hq
b(ϵb)]k,m = e−j4πfcϵbmTskT0/N , (38)

[Hq
s (ϵs)]k,m = e−j4πfc/(1−ψ̄sb)ϵsmTskT0/N . (39)

The received signal in (23) represents the full generative
model, which is highly complex and challenging to handle. In
the following subsection, four simplified models are proposed,
arranged in decreasing order of complexity.

C. Simplified Models

In this subsection, four simplified models are introduced
based on the true model (23), arranged in descending order
of complexity. Table II summarizes which effects in the
generative model are retained and which are omitted in the
simplified models.

1) Model with constant channel (gain and AoD) and only
first-order Doppler (CCFOD): This model is derived ne-
glecting the Doppler rate and the second-order terms5 in the
effective Doppler shift and in the effective delay of the received
signal, with the assumption that the channel gains and AoDs
remain constant throughout the transmission of M OFDM
symbols. Specifically, we set µb = 0 and µs = 0, which would
change γb, γs, τb and τ res

s in (14a) and (14c) as

γb = ψb(1− η) + η, (40a)
γs = ψs(1− η) + η, (40b)
τb = τpb +∆t,0(1− η)(1− ψb), (40c)
τs = τps +∆t,0(1− η)(1− ψs), (40d)

while we set ϵs = ϵb = 0. Moreover, we consider αb = αb(t =
0), αs = αs(t = 0), θ = θ(t = 0). Under these assumptions,
the received signal simplifies to

Y = (41)√
PbαbDb(γb)Fb

(
Ib(γb)⊙ (bb(τb)(z(θ)⊙ cb(γb))

T)
)
+√

PsαsDs(γs)Fs(γs)
(
Is(γs)⊙ (bs(τ

res
s )cTs (γs))

)
+N,

where the elements of the diagonal matrices Db(γb) =
Dq

b(γb, ϵb = 0), Ds(γs) = Dq
s (γs, ϵs = 0) are

[Db(γb)]k,k =e−j2πfcγbT0k/N , (42)

[Ds(γs)]k,k =e−j2πfc(1−(1−γs)/(1−ψ̄sb))T0k/N , (43)
while Fb = Fqb(γb, ϵb = 0) ≈ Fqb(γb = 0, ϵb = 0), Fs(γs) =
Fqs (γs, ϵs = 0) are6

[Fb]k,n =
1√
N
ej2πnk/N , for even n, (44)

5By “second-order terms,” we refer to the components that depend on ϵb
or ϵs.

6Since γb is much smaller than γs, and Doppler precompensation in our
setup affects only the carrier frequency, we can approximate Fq

b (γb, ϵb =
0) ≈ Fq

b (γb = 0, ϵb = 0) = Fb, effectively reducing this matrix to the IDFT
matrix. If Doppler precompensation was applied at both the carrier frequency
and the subcarrier levels, a value of γs = 0 could be used in Fq

s (γs, ϵs = 0),
which would similarly reduce to the IDFT matrix.

[Fs(γs)]k,n =
1√
N
ej2π(1−γs)nk/N , for odd n. (45)

Finally, Ib(γb) = Iqb(γb, ϵb = 0), Is(γs) = Iqs (γs, ϵs = 0) are

[Ib,m(γb)]n,m =e−j2πγbmn(g+1), for even n, (46)

[Is,m(γs)]n,m =e−j2πγsmn(g+1), for odd n, (47)
and cb(γb) = cqb(γb, ϵb = 0), cs(γs) = cqs (γs, ϵs = 0) are

[cb(γb)]m = e−j2πfcγbmTs , (48)

[cs(γs)]m = e−j2πfc((1−(1−γs)/(1−ψ̄sb))mTs), (49)
and [z(θ)]m = w′T(t′ = mTs + Tcp)a(θ) and qb(γb) and
qs(γs) are neglected7. Table. III summarizes the transformation
from the generative model to the CCFOD model.

2) Model without ICI (CCFODnoICI): As the next step
towards simplifying (23), we neglect ICI and Doppler effect on
subcarriers over fast time (related to (45)) as well. Therefore
the received signal can be modeled as

Y =
√
PbαbFb

(
Ib(γb)⊙ (bb(τb)(z(θ)⊙ cb(γb))

T)
)

+
√
PsαsFs

(
Is(γs)⊙ (bs(τ

res
s )cTs (γs))

)
+N. (50)

Here, Fs = Fqs (γs = 0, ϵs = 0).
3) Model with only Slow Doppler (SlowD): To further

simplify the received signal, we neglect the intersubcarrier
Doppler effect as well, leading to

Y =
√
PbαbFb(bb(τb)(z(θ)⊙ cb(γb))

T)

+
√
PsαsFs(bs(τ

res
s )cTs (γs)) +N, (51)

in which only the slow-time Doppler effect is present, meaning
that the phase changes for every OFDM symbol and is constant
throughout N subcarriers in each OFDM symbol. This model
is common in the OFDM integrated sensing and communica-
tion (ISAC) literature [32].

4) Communication Coherence Interval Model (Comm): Fi-
nally, we derive the simplest model, where mobility is assumed
but the CFO and Doppler effects are considered negligible due
to their minimal impact over the short observation period. In
this model, these effects are treated as a fixed phase over the
entire frame, which can be absorbed into the channel gain.
Consequently, neither slow nor fast time Doppler nor CFO
effects are accounted for, and no phase rotation over time is
observed. Under these assumptions, the received signal can be
expressed as follows:

Y =
√
PbαbFb(bb(τb)z

T(θ)) +
√
PsαsFs(bs(τ

res
s )1T

M ) +N.
(52)

This model is common in the communication literature [33]
and also the positioning literature under low mobility [34].

IV. ESTIMATION ALGORITHMS

In this section, we present the maximum likelihood (ML)
estimation algorithms corresponding to the proposed simplified
models in Section III-C, starting with the simplest model and
progressing to more complex ones.

A. Channel Parameter Estimation

1) Model Comm: The channel-domain parameter vector is

χach = [αR,b, αI,b, αR,s, αI,s, τb, τ
res
s ,θT]T ∈ R8. (53)

7The vectors qb(γb) and qs(γs) induce only very small per-subcarrier
phase shifts. Since γi are between 10−6 and 10−4 in our setting, these shifts
are ≪ 10−3 rad and therefore negligible.
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TABLE II
RELATION BETWEEN GENERATIVE MODEL AND SIMPLIFIED MODELS

Feature Generative CCFOD CCFODnoICI SlowD Comm
Satellite Doppler rate (µs) ✓ × × × ×
BS Doppler rate (µb) ✓ × × × ×
Time variation (αb, αs, θb) ✓ × × × ×
ICI (Ds,Db) ✓ ✓ × × ×
Inter-subcarrier Doppler effect (Is, Ib) ✓ ✓ ✓ × ×
Slow-time Doppler (cb, cs) ✓ ✓ ✓ ✓ ×

TABLE III
TRANSFORMATION OF MATRICES AND VECTORS FROM THE GENERATIVE MODEL (24)–(25) TO THE CCFOD MODEL (41).

Term Gen. Model CCFOD Model Reason for Simplification
Time-varying gains Ab, As αb, αs (constants) Channel variation across m symbols neglected.
Time-varying beamformer term Z z(θ) AoD assumed constant; time-varying steering only over

OFDM symbols.
ICI matrices Dq

b(γb, ϵb), Dq
s(γs, ϵs) Db(γb), Ds(γs) Second-order Doppler terms removed; only first-order

Doppler retained.
Modified Fourier matrices Fq

m,b(γb, ϵb), Fq
m,s(γs, ϵs) Fb, Fs(γs) Second-order Doppler terms removed; BS reduces to

IDFT, satellite retains (1− γs) scaling.
Intersubcarrier Doppler matrices Iqb(γb, ϵb), Iqs(γs, ϵs) Ib(γb), Is(γs) Doppler rate (ϵb, ϵs) eliminated.
Slow-time Doppler vectors cqb(γb, ϵb), cqs(γs, ϵs) cb(γb), cs(γs) Only first-order slow-time Doppler retained.
Delay steering vectors bb(τb), bs(τ ress ) unchanged Depend only on delays and first-order parameters.
Intersubcarrier phase vectors qb(γb), qs(γs) neglected Phase shifts are ≪ 10−3 rad for system parameters;

negligible impact.
Second-order mixed Doppler Hq

b(ϵb), Hq
s(ϵs) removed All second-order Doppler components suppressed.

Since the satellite-UE and BS-UE paths do not share any
common unknown parameters, each path can be analyzed
independently. Leveraging the structure of model Comm, along
with the orthogonal subcarriers employed by the BS and the
satellite, the contributions from the BS and satellite can be
separated as follows:

Ỹb = FH
b Y, (54)

Ỹs = FH
s Y. (55)

To estimate τ res
s , the following problem needs to be solved:

[τ̂ res
s , α̂s] = argmin

τ,αs

∥Ỹs − αs

√
Psbs(τ)1

T
M∥2, (56)

which results in

τ̂ res
s = argmin

τ
∥Ỹs − α̂s(τ)

√
Psbs(τ)1

T
M∥2, (57)

where

α̂s(τ) =
∥Ỹs1MbHs (τ)∥2√
Ps∥bs(τ)1T

M∥2
=

∥Ỹs1MbHs (τ)∥2√
PsMN/2

. (58)

It follows with (57) that

τ̂ res
s = argmax

τ

∣∣bHs (τ)Ỹs1M
∣∣. (59)

The problem is initially solved by performing a 1D grid search,
which can then be refined using a 1D quasi-Newton algorithm
to obtain more accurate estimates of τ res

s .
To estimate τb and θ, the following problem needs to be

solved:

[τ̂b, θ̂
T, α̂b] = argmin

τ,θ,αb

∥Ỹb − αb

√
Pbbb(τ)z

T(θ)∥2. (60)

which results in

[τ̂b, θ̂
T] = argmin

τ,θ
∥Ỹb − α̂b(τ,θ)

√
Pbbb(τ)z

T(θ)∥2. (61)

where

α̂b(τ,θ) =
∥Ỹb(z(θ)

∗bHb (τ))∥2√
Pb∥bb(τ)zT(θ)∥2

. (62)

The estimation problem (60) can be solved using a separate
1D and 2D grid search, where the initial search is to estimate
the delay

τ̂b = argmax
τ

∣∣bHb (τ)Ỹb1M
∣∣, (63)

followed by 2D AoD search

θ̂ = argmax
θ

∣∣bHb (τ̂b)Ỹbz
∗(θ)

∣∣. (64)

We can refine our estimates using (60) by performing the
quasi-Newton algorithm.

2) Model SlowD: In model SlowD, the channel-domain
parameter vector is

χbch = [χach
T, γb, γs]

T ∈ R10. (65)
Similar to model Comm, the BS-UE and satellite-UE paths can
be separated due to the use of orthogonal subcarriers using (54)
and (55). To estimate τ res

s and γs, the following problem needs
to be solved:

[τ̂ res
s , γ̂s] =

argmin
τ,γ

∥Ỹs − α̂s(τ, γ)
√
Psbs(τ)cs(γ)

T∥2, (66)

where

α̂s(τ, γ) =
∥Ỹs(c

∗
s (γ)b

H
s (τ))∥2√

Ps∥bs(τ)cs(γ)T∥2
. (67)

Since τ res
s is related to the subcarriers and γs is associated

with the slow-time samples, these parameters can be estimated
independently using separate grid searches. To estimate τ res

s ,
we utilize (59). Subsequently, this result can be used to
estimate γs accordingly:

γ̂s = argmax
γ

∣∣bHs (τ̂ res
s )Ỹsc

∗
s (γ)

∣∣. (68)

For estimating parameters in the BS-UE path, the following
problem needs to be solved:

[τ̂b, γb, θ̂
T] = argmin

τ,γ,θ

∥Ỹb − α̂b(τ, γ,θ)
√
Pb(bb(τ)(z(θ)⊙ cb(γ))

T)∥2, (69)
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where

α̂b(τ, γ,θ) =
∥Ỹb((z

∗(θ)⊙ c∗b(γ))b
H
b (τ))∥2√

Pb∥bb(τ)(z(θ)⊙ cb(γ))T∥2
. (70)

It can be observed that while τb is associated with subcarrier
dimension, both θ and γb vary over slow-time domain. This
variation leads to angle-Doppler coupling in the slow-time
domain, and to tackle the estimation problem, a 1D grid search
followed by a 3D grid search (2D angle + Doppler) is required
in the basic approach. The 1D grid search is used to estimate
τb, and the subsequent 3D grid search jointly estimates θ
and γb. This complexity can be reduced by designing the
beamforming matrix with repetitive angles over a subset of
the observations, such as the first P samples, similar to the
solution in [35]. For this subset, the beamforming matrix
remains fixed, meaning that no angle information is embedded
in these observations. As a result, Doppler can be estimated
independently of the angles. Once γb is estimated from this
subset, the full set of observations can then be used to estimate
the angles θ, effectively decoupling the 3D grid search into
a 1D Doppler search and a 2D angle search. Therefore, an
estimate for τb is obtained using (63). Furthermore, an estimate
of γb can be found by leveraging the first P slow-time samples
of Ỹb:

γ̂b = argmax
γ

∣∣bHb (τ̂b)[Ỹb](:,1:P )[c
∗
b(γ)](1:P )

∣∣, (71)

and then the full set of observations can be utilized to estimate
θ as

θ̂ = argmax
θ

∣∣bHb (τ̂b)Ỹb(c
∗
b(γ̂b)⊙ z∗(θ))

∣∣. (72)

Finally, by performing the quasi-Newton algorithm we can
refine our estimates.

3) Model CCFODnoICI: The channel-domain parameter
vector in model CCFODnoICI is identical to that in model
SlowD, as χbch. The process begins by separating the BS-UE
and satellite-UE contributions, using (54) and (55). To estimate
τ res
s and γs, the following problem needs to be solved:

[τ̂ res
s , γ̂s] = argmin

τ,γ

∥Ỹs − α̂s(τ, γ)
√
PsIs(γ)⊙ (bs(τ)cs(γ)

T)∥2, (73)
where

α̂s(τ, γ) =
∥Ỹs(I

H
s (γ)⊙ c∗s (γ)b

H
s (τ))∥2√

Ps∥IHs (γ)⊙ (bs(τ)cs(γ)T)∥2
. (74)

The primary distinction between model CCFODnoICI and
model SlowD lies in the inclusion of the intersubcarrier
Doppler effect (Ib(γb) and Is(γs)). Given that a significant
portion of γs is already known from ψ̄sb, this prior knowl-
edge can be leveraged to partially mitigate the intersubcarrier
Doppler effect in the satellite-UE contribution. This can facil-
itate satellite-UE parameter estimation. We can estimate γsas

γ̂s = argmax
γ

∣∣1T
N/2(Ỹs ⊙ I∗s (ψ̄sb))c

∗
s (γ)

∣∣ (75)

and estimate τ res
s as follows

τ̂ res
s = argmax

τ

∣∣bHs (τ)(Ỹs ⊙ I∗s (γ̂s))c
∗
s (γ̂s)

∣∣. (76)

The term Is(γs), initially approximated using a proxy to
simplify the grid search, is then fully incorporated during the
refinement step to improve the estimation accuracy.

To estimate τb, γb and θ, the following problem needs to
be solved:

[τ̂b, γb, θ̂
T] = argmin

τ,γ,θ
||Ỹb−

α̂b(τ, γ,θ)
√
PbIb(γ)⊙ (bb(τ)(z(θ)⊙ cb(γ))

T)||2, (77)
where

α̂b(τ, γ,θ) =
∥Ỹb(I

H
b (γ)⊙ (z∗(θ)⊙ c∗b(γ))b

H
b (τ))∥2√

Pb∥Ib(γ)⊙ (bb(τ)(z(θ)⊙ cb(γ))T)∥2
.

(78)
Coarse estimates are first obtained by neglecting the term
Ib(γb) to simplify the initial grid search, using (63), (71), and
(72). These estimates are then refined by reintroducing Ib(γb)
and solving the full objective in (77).

4) Model CCFOD: The channel-domain parameter vector
in model CCFOD is the same as the one in model SlowD and
model CCFODnoICI. The key difference between model CC-
FOD and other simplified models is that due to the existence of
ICI represented by Db(γb) and Ds(γs), there may be leakage
between the BS-UE and satellite-UE paths. As a result, the two
paths can only be partially separated using simple processing
as outlined in (54) and (55). To estimate γb, τb and θ, we need
to solve

[τ̂b, γb,θ̂
T] = argmin

τ,γ,θ
||FH

b D
H
b (γ)Y− (79)

α̂b(τ, γ,θ)
√
PbIb(γ)⊙ (bb(τ)(z(θ)⊙ cb(γ))

T)||2,
where

α̂b(τ, γ,θ) =
∥Ỹb(I

H
b (γ)⊙ (z∗(θ)⊙ c∗b(γ))b

H
b (τ))∥2√

Pb∥Ib(γ)⊙ (bb(τ)(z(θ)⊙ cb(γ))T)∥2
.

(80)
To estimate γs and τ res

s we proceed by

[τ̂ res
s , γ̂s] = argmin

τ,γ
||FH

s D
H
s (γ)Y−

α̂s(τ, γ)
√
PsIs(γ)⊙ (bs(τ)cs(γ)

T)||2, (81)
where

α̂s(τ, γ) =
∥Ỹs(I

H
s (γ)⊙ c∗s (γ)b

H
s (τ))∥2√

Ps∥IHs (γ)⊙ (bs(τ)cs(γ)T)∥2
. (82)

To tackle (79), the presence of Db(γb) and Ib(γb) is tem-
porarily neglected. Therefore, we apply (54) and (55) to
partially separate two paths, and then leverage (63), (71)
and (72) similar to the procedures model SlowD and model
CCFODnoICI to estimate γb, τb and θ. These estimates are
then refined by incorporating Db(γb) and Ib(γb) using (79),
enabling the full reconstruction of the BS path Ỹb.
In the next step, we remove the reconstructed BS path from
Y to facilitate separating the satellite-UE contribution. Now
to estimate the satellite-UE related parameters (τ res

s and γs),
similar to the estimation algorithm in model CCFODnoICI, we
use ψ̄sb to eliminate the effect of Ds and Is partly, then we
estimate γs and τ res

s as

γ̂s = argmax
γ

∣∣1T
N/2(F

H
s D

H
s (ψ̄sb)(Y − Ỹb)⊙ I∗s (ψ̄sb))c

∗
s (γ)

∣∣,
(83)

τ̂ res
s = argmax

τ

∣∣bHs (τ)(FH
s D

H
s (γ̂s)(Y − Ỹb)⊙ I∗s (γ̂s))c

∗
s (γ̂s)

∣∣.
(84)

Remark 1. All the estimators presented in this section can be
improved by considering the first two peaks in the first grid
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search for each path (e.g., (59) and (63) in model Comm) to
account for potential leakage from the other path when using
data from the true model.

Remark 2. According to (49), the maximum unambiguous
interval for estimating γs is (1 − ψ̄sb)/(fcTs). However, due
to the velocities of LEO satellites and the Earth’s rotation
considered in γs, this value may exceed the maximum range in
certain scenarios. To address this issue, the known parameter
ψ̄sb is used to determine the integer part corresponding to the
unambiguous range within the actual Doppler γs. Given that
the UE’s velocity is significantly smaller than the LEO satellite
and Earth’s velocities, and that the UE is in close proximity
to the BS, the integer factors for ψ̄sb and γs are expected to be
identical. Consequently, only the residual Doppler needs to be
estimated, after which the known integer factor can be applied
to accurately retrieve γs.

B. Location, Clock Offset, Velocity and CFO Estimation

All models provide two TOA measurements and a single
AOD tuple, which can be used to position the UE and
estimate its clock offset [36]. Models SlowD, CCFODnoICI,
and CCFOD, however, also provide two additional Doppler
measurements, which can be utilized to estimate the UE’s
radial velocity and CFO.

As for estimating p0 and ∆t,0, it is possible to neglect the
factors (1−η)(1−ψb) and (1−η)(1−ψs) in (40c) and (40d)
due to their small nominal values for simplicity.8 Moreover,
we can write the expression for the line passing the BS with
AoD θ̂ according to p0(β) = pb + βû, where û = u(θ̂).
Therefore we can find p̂0 using p̂0 = p0(β̂) where

β̂ = argmin
β∣∣∣∣∥p0(β)− pb∥
c

− ∥p0(β)− ps∥
c

− (τ̂b − τ̂ res
s − τ̄sb)

∣∣∣∣, (85)

and ∆̂t,0 can be found as a weighted combination of residual
delays, where each residual represents the difference between
the measured delay and the expected geometric delay from the
estimated position:

∆̂t,0 =
1

D + 1

(
τ̂b −

∥pb − p̂0∥
c

)
+

D

D + 1

(
τ̂ ress + τ̄bs −

∥ps − p̂0∥
c

)
, (86)

where D = ∥p̂0 − pb∥/∥p̂0 − ps∥. This heuristic weighted
averaging approach puts more trust in the delay estimate from
the transmitter that is closer to the user, which in our case, is
the BS.

As for estimating ∥v∥ and η, due to the structure of model
Comm with neglecting any phase change in the transmission
of M OFDM symbols, it is not possible to estimate ∥v∥ and
η. But in models SlowD, CCFODnoICI and CCFOD, it holds
that γb = η + (1− η)ψb and γs = η + (1− η)ψs, where

ψb =
∥v∥(p0 − pb)

Tv⃗

c∥p0 − pb∥
, (87)

ψs =
∥v∥(p0 − ps)

Tv⃗

c∥p0 − ps∥
− (p0 − ps)

T(vLEO − vE)

c∥p0 − ps∥
, (88)

8A typical value for η is 1ppm, and in case of the UE moving with 80
kph and satellite elevation angle being π/4,

∣∣ψb
∣∣ and

∣∣ψs
∣∣ are in the order of

10−6 and 10−5 respectively.

according to (12) and (14a) where v⃗ = v/∥v∥. Then using
estimated p̂0, γ̂b and γs, we can find ˆ∥v∥ and η̂ as

η̂ =
γ̂s − ((ψ̂N,s/ψ̂N,b)γ̂b − ψ̃s)

1− ((ψ̂N,s/ψ̂N,b)− ψ̃s)
, (89)

ˆ∥v∥ =
γ̂b − η̂

(1− η̂)ψ̂N,b
, (90)

where

ψ̃s =
(p̂0 − ps)

T(vLEO − vE)

c∥p̂0 − ps∥
, (91)

ψ̂N,s =
(p̂0 − ps)

Tv⃗

c∥p̂0 − ps∥
, (92)

ψ̂N,b =
(p̂0 − pb)

Tv⃗

c∥p̂0 − pb∥
. (93)

Here, the vector v⃗ denotes the known UE’s heading and the
subscript N in (92) and (93) stands for normalized, with
respect to the UE’s speed. These estimates can be further
improved using gradient descent applied to the relevant cost
functions.

C. Complexity Analysis

In this subsection, the proposed simplified estimators are
compared in terms of computational complexity, summarized
in Table IV. Assuming a fixed number of grids G in each
dimension, and I iterations for the quasi-Newton algorithm,
the channel parameter estimation for the model Comm has the
lowest complexity at O(GNM+G2M+I(N+M)). Here, the
first term corresponds to the complexity of estimating the BS
and satellite delays; the second term represents the complexity
of 2D AoD estimation and the final term accounts for the
refinement cost. The estimator for the model SlowD has a
complexity of O(GM +GP +GNM +G2M + I(N +M))
where the terms respectively represent the complexity of
satellite Doppler estimation, BS Doppler estimation, BS and
satellite delay estimation, AoD estimation, and refinement.
For the model CCFODnoICI, the complexity is given as
O(N2+GM +GP +GNM +G2M + I(N +M)). The first
term reflects the additional cost of considering intersubcarrier
Doppler effect term in satellite Doppler estimation, while
the remaining terms are analogous to those in the model
SlowD. Finally, model CCFOD has the highest complexity at
O(N2+GM+NM+GP+GNM+G2M+IN2M) Here, the
third term represents the complexity of reconstructing the BS
path, while the other terms are similar to the model CCFOD-
noICI, with the refinement step contributing O(IN2M), due
to the inclusion of ICI in this model. We note that algorithmic
optimization and parallelization can affect the complexity, but
will not significantly impact the complexity order.

V. SIMULATION RESULTS

In this section, we illustrate the performance of our estima-
tors based on different models considering the data generated
from the generative model in (23). The objective of the simu-
lations is not to reveal unexpected behaviors, but to determine
when each simplified model achieves performance comparable
to the full model. This provides quantitative guidance on
selecting the least complex estimator that satisfies accuracy
requirements in TN-NTN deployments.
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TABLE IV
ASYMPTOTIC COMPUTATIONAL COMPLEXITY OF THE PROPOSED CHANNEL-PARAMETER ESTIMATORS. HERE, G DENOTES THE NUMBER OF GRID POINTS
PER DIMENSION, N THE NUMBER OF SUBCARRIERS, M THE NUMBER OF OFDM SYMBOLS, P THE NUMBER OF BEAMFORMER PHASE REPETITIONS, AND

I THE NUMBER OF QUASI-NEWTON ITERATIONS.

Model Complexity order Elapsed time in seconds

Comm O
(
GNM + G2M + I(N +M)

)
1.1

SlowD O
(
GP + GNM + G2M + I(N +M)

)
1.7

CCFODnoICI O
(
N2 + GP + GNM + G2M + I(N +M)

)
2.9

CCFOD O
(
N2 + GP + GNM + G2M + IN2M

)
64.5

TABLE V
SIMULATIONS PARAMETERS

Parameter Symbol Value
Carrier frequency fc 2 GHz
Speed of light c 3× 108 m/s
Number of subcarriers N 3300
Subcarrier spacing ∆f 30 kHz
Total symbol duration Ts 35.7 µs
Symbol duration T0 33.3 µs
Cyclic prefix duration Tcp 2.3 µs
Number of symbols M 64
Number of antennas L 64
LEO satellite velocity ∥vs∥ 7800 m/s
Number of beamformer phase repetition P 4
LEO satellite altitude h 600 km
Earth rotation velocity ∥vE∥ 465 m/s
Earth radius R 6371 km
BS position pb [0, 0, 5]T m
UE initial position p0 [20, 50, 1.5]T m
UE heading v⃗ [1, 0, 0]T m/s

A. Simulation Setup and Theoretical Bounds

The system parameters are given in Table V. The time-
varying channel gains αb(t) and αs(t) are modeled based
on free space path-loss (FSPL) and given by αb(t) =√

cosq(θel(t))λ/(4π∥p(t)− pb∥), where q = 0.57 [37, Sec.
9.7.3] and αs(t) = λ/(4π∥p(t)− ps(t)∥).

We employ two theoretical bounds to evaluate estimation
accuracy. The first is the CRB, which represents the minimum
achievable variance of an unbiased estimator when the estima-
tion model perfectly matches the true data generation model.
However, since the estimators in our scenario are not designed
based on the generative model, achieving the CRB is not
guaranteed in the presence of significant model mismatch. To
address this, we utilize the MCRB as an alternative theoretical
bound [38], [39]. The MCRB provides a lower bound on the
variance of estimators under model mismatch and incorporates
the effect of estimator bias. The CRB provides a reasonable
bound for our mismatched model in the low to medium
SNR regime, where estimation errors are mostly due to noise
rather than model mismatches. At high SNR, however, the
MCRB becomes more relevant, as the bias term dominates
the bound while the variance term approaches zero, making
it the appropriate theoretical bound in this regime. Thus, the
CRB characterizes the low to medium SNR regime where
noise dominates, while the MCRB bias term reflects the high
SNR behavior, and therefore the full MCRB does not need
to be explicitly plotted. The adoption of these bounds in our
problem is elaborated in Appendix C and can support model
selection based on the desired performance-complexity trade-
off.

B. Results and Discussion

1) Mismatched Estimation Performance: First, we analyze
the root mean-squared error (RMSE), CRB and bias terms of
estimated UE’s position for all simplified models, considering
data generated from the true model versus received signal-to-
noise ratio (SNR). To better understand the effect of BS and
satellite transmit power, two figures are presented to illustrate
the trends: Fig. 2 shows the case where the satellite transmit
power is fixed at Ps = 65 dBm, while Fig. 3 depicts the case
where the BS transmit power is fixed at Pb = 35 dBm. 9 In
Fig. 2 the BS transmit power changes from −40 dBm to 50
dBm, and in Fig. 3 the satellite transmit power changes from
10 dBm to 80 dBm. In both figures, the velocity magnitude is
set to ∥v∥ = 15 kph, the CFO is η = 10−8 and the satellite is
located at an elevation angle of θs

el = 88◦. It is observed that
the CRB for all four models coincides exactly in both figures.
The reason is that the combined Doppler and CFO (γb and γs)
contains marginal position information compared to the other
channel-domain parameters τs, τb and θ. The performance
of the Comm and SlowD models is very similar, indicating
that while accounting for slow-time Doppler is expected to
improve AoD estimation and consequently positioning, its
impact is overshadowed by the absence of inter-subcarrier
Doppler compensation in this scenario. This observation is
further reinforced by the performance improvement seen in
the CCFODnoICI model compared to Comm and SlowD. The
performance of models CCFODnoICI and CCFOD approaches
the CRB at high SNR, showing importance of compensating
for inter-subcarrier Doppler effect. In contrast, a significant
gap is observed between the bias of models Comm and SlowD
and the CRB at high SNR, highlighting that the performance
of these two models is limited by model mismatch. Notably,
except for high SNR, the performance of the CCFODnoICI
and CCFOD models is similar, indicating that accounting for
ICI has a negligible impact in this scenario at lower SNRs.
However, the difference becomes more noticeable at high SNR.

The analyses presented above apply to the specific scenario
described. In the following subsections, different scenarios are
explored to provide a deeper understanding of the behavior of
our algorithm.

2) Impact of CFO: In Fig. 4, the positioning performance
of the four models is analyzed as a function of the CFO. For

9Here, Ps and Pb denote the effective isotropic radiated power (EIRP) of
the satellite and BS, respectively. This is because the channel gains αb(t) and
αs(t) do not include the antenna gains. According to [40], the S-band, 600
km altitude Set-2 configuration, the satellite EIRP density is approximately
28 dBW/MHz. Considering our bandwidth of approximately 100 MHz, this
corresponds to ≈ 78 dBm total EIRP, therefore the choice Ps = 65 dBm is
practical.
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Fig. 2. RMSE and CRB of estimated position vs. received SNR in BS-UE
path. All four CRB curves overlap in this figure (as in all subsequent figures),
which is why they appear as a single curve. Comm and SlowD RMSE curves,
as well as CCFODnoICI and CCFOD RMSE curves, overlap for medium–high
received SNR. Since the legends in all figures are similar to that of Fig. 2,
they are omitted in the subsequent figures for clarity. Bias values are included
where relevant and omitted otherwise.
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Fig. 3. RMSE and CRB of estimated position vs. received SNR in the satellite-
UE path.Comm and SlowD RMSE curves overlap for medium–high received
SNR.

this evaluation, the satellite is positioned at the zenith, and the
user is assumed to be stationary. The transmit powers of the BS
and satellite are set to Pb = 35 dBm and Ps = 65 dBm, respec-
tively. The positioning CRB for all four models coincides, as
expected, and all models achieve the CRB at low values of η.
Therefore, the bias term is only presented for cases where the
RMSE deviates from the CRB. By increasing η, model Comm,
then model SlowD and model CCFODnoICI would introduce
large estimation errors, but it is model CCFOD that takes the
CFO into account in the ICI term as well as in modified
Fourier matrix Fs(γs), therefore, it is more robust towards
CFO variations compared to the other models. The reason
is that model Comm entirely ignores the presence of CFO,
making it the most susceptible to CFO variations among all
models. In contrast, the other models account for CFO to some
extent, enabling them to tolerate higher CFO values. Among
these, model CCFOD demonstrates the highest robustness.
An important observation is that for higher values of CFO,
the CCFOD model still achieves performance close to the
CRB, resulting in centimeter-level positioning accuracy. This
indicates that even for large CFO values, a complex estimation
algorithm incorporating time-varying AoDs and second-order
terms is not necessary. Instead, our most advanced estimation
algorithm is sufficient to achieve centimeter-level positioning
accuracy. In case more relaxed requirements on positioning
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R
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]

Fig. 4. RMSE and CRB of estimated position vs. CFO.
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Fig. 5. RMSE and CRB of estimated position vs. UE’s speed ∥v∥. The RMSE
curves of SlowD, CCFODnoICI, and CCFOD lie almost on top of each other,
with SlowD slightly higher than CCFODnoICI, and CCFOD slightly lower,
as expected.

accuracy, other simplified models could be used.
3) Impact of UE Speed: In Fig. 5, the behavior of our four

models is analyzed with varying speeds. We consider η = 0
in this scenario and the satellite is located at the zenith with
the transmit powers of the BS and satellite set to Pb = 35
dBm and Ps = 65 dBm, respectively. Model Comm performs
poorly when the velocity is as low as 3 m/s, as expected. In
contrast, the other three models demonstrate strong robustness
to variations in velocity due to the inclusion of γb and γs in
their models. It is important to note that the impact of CFO
and radial velocity is conveyed through Doppler shifts, making
their effects similar when the satellite is located at the zenith
and we investigate the effect of either CFO or radial velocity
individually. Specifically in such case, the positioning accuracy
when the UE’s speed is 15 m/s is comparable to that when
η = 15/(3×108) ≈ 0.5×10−7. Therefore, for practical values
of the UE’s speed, since the difference between models SlowD,
CCFODnoICI and CCFOD is marginal, and model SlowD is
sufficient.

4) Impact of Satellite Elevation: Fig. 6 demonstrates the
behavior of our models versus satellite elevation angles. The
UE is assumed to be stationary, with η = 0 and the transmit
powers of the BS and satellite are fixed at Pb = 35 dBm and
Ps = 65 dBm, respectively. It turns out that when the satellite
is directly overhead, i.e. at θs

el = π/2, all four models perform
very close to the CRB. The reason is that at θs

el = π/2, the
satellite-UE relative motion is almost entirely orthogonal to the
LoS direction. This makes the radial velocity nearly zero, and
therefore the first-order Doppler term γs becomes negligible.
Although the Doppler rate µs can be non-zero and may even
reach its maximum near zenith (Appendix B), its effect over
one OFDM block is much smaller than that of γs. Moreover,
γb = 0 and ϵb = 0 as the UE is stationary. Therefore,
since the dominant source of model mismatch is the first-order
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Fig. 6. RMSE and CRB of estimated position vs. satellite elevation angle.

Doppler distortion rather than the second-order Doppler rate,
all simplified models align closely with the generative model
at θs

el = π/2, resulting in the lowest estimation error and all
four models perform well when θs

el = π/2. However, as the
satellite elevation angle deviates from π/2, the performance of
models Comm and SlowD deteriorates. Model Comm performs
poorly because it entirely neglects γs, which increases rapidly
as the satellite moves away from the zenith. While model
SlowD accounts for γs, it only considers it in the slow-time
domain, leaving delay estimation across subcarriers susceptible
to errors. In contrast, models CCFODnoICI and CCFOD
consider inter-subcarrier Doppler effects, which spans over the
slow time as well as the subcarrier domains. By estimating γs
and compensating for these terms, models CCFODnoICI and
CCFOD significantly outperform models Comm and SlowD.

It is worth noting that γs increases as the satellite elevation
angle diverges further from the zenith. According to (33),
a larger γs causes the first term in Fqs (γs, ϵs) to diverge
more substantially from the IDFT matrix, due to the fast-time
Doppler effect. In models Comm, SlowD and CCFODnoICI,
the IDFT matrix is used to separate BS-UE and satellite-UE
contributions based on (50), (51), and (52). This divergence
makes it increasingly challenging for the estimators to separate
the BS-UE path from the satellite-UE path, ultimately de-
grading localization performance, whereas model CCFOD (41)
considers the first term in Fs(γs) which is the dominant term
in Fqs (γs, ϵs) for satellite elevation angle away from zenith.

Remark 3. In general, the choice of the appropriate estima-
tion algorithm depends on factors such as the required posi-
tioning accuracy, the expected scenario, and the complexity
preferences. Sec. V-B2 to V-B4 provide a general overview of
how different models perform in various scenarios, and the
results can serve as a guideline for model selection.

5) Estimation Performance of Other Parameters: Finally,
the estimation performance of ∆t,0, η and ∥v∥ are illustrated in
Figs. 7, 8, and 9, respectively. The UE velocity is set to 15 kph,
the BS transmit power is set to Pb = 35 dBm, with ∆t,0 = 1
ns, η = 10−8 and the satellite positioned at an elevation angle
of θs

el = 88◦, which is the simulation scenario as the one used
in Fig. 3. In Fig. 7, models Comm and SlowD exhibit similar
behavior, while model CCFODnoICI outperforms them, with
model CCFOD almost achieving the CRB. As for estimation
performance of η and ∥v∥ in Figs. 8–9, models CCFODnoICI
and CCFOD perform similarly and outperform model SlowD
as expected and model Comm is not included since it is not
capable of estimating η and ∥v∥.
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Fig. 7. RMSE and CRB of estimated ∆t,0 vs. received SNR. Comm and
SlowD RMSE curves overlap for medium–high received SNR.
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Fig. 8. RMSE and CRB of estimated η vs. received SNR. CCFODnoICI and
CCFOD RMSE curves overlap for medium–high received SNR.

By comparing Figs. 8–9 with Fig. 3, it can be observed that
the second-order terms become significant at high SNR, but
and only in the estimation of η and ∥v∥. This is due to the fact
that while Doppler conveys negligible positioning information,
it conveys significant information for estimating η and ∥v∥
and specifically the second-order terms (derived based on time-
varying Doppler) will be crucial only when we operate at high
SNR and we aim at estimating η and ∥v∥ with very high
accuracy. Based on Figs. 8–9, our CCFODnoICI and CCFOD
models would achieve speed and CFO estimation accuracies
of sub-1 m/s and sub-0.1 ppm respectively, therefore as long
as these values meet the requirements of our application, there
is no need to incorporate second-order terms.

VI. CONCLUDING REMARKS

This paper presented a comprehensive study on localization,
velocity magnitude estimation, and synchronization for a mo-
bile UE in integrated cellular and non-terrestrial networks. We
derived a generative model that accounts for the time-varying
Doppler and path gains effect, forming the foundation for un-
derstanding the positioning system’s behavior. Building upon

10 20 30 40 50 60 70 80 90
10−4

10−1

102

Received SNR satellite-UE [dB]

R
M

SE
[m

/s
ec

]

Fig. 9. RMSE and CRB of estimated ∥v∥ vs. received SNR. CCFODnoICI
and CCFOD RMSE curves overlap for medium–high SNR.
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this, we proposed a hierarchy of four simplified models, each
offering a distinct trade-off between computational complex-
ity and performance. Estimation algorithms were developed
for all the models, enabling accurate estimation of position,
velocity magnitude, initial clock bias, and carrier frequency
offset. Through rigorous simulations, we demonstrated the
effectiveness of the proposed models across diverse scenarios.
By analyzing both the performance and complexity of each
model, we can strategically select the most suitable one for
different deployment conditions, optimizing processing power
while maintaining high accuracy. These insights offer practical
guidance for improving 6G positioning and synchronization in
mobile scenarios, facilitating the seamless integration of NTNs
into future wireless networks.

Extensions of this work could focus on the comparative
quantitative evaluation of integrated terrestrial and NTN po-
sitioning to pure terrestrial or pure NTN solutions, to better
understand trade-off in terms of metrics such as complexity,
performance, coverage, latency.

APPENDIX A
DERIVATION OF CONTINUOUS-TIME GENERATIVE MODEL

Following (3), (2) and (1), ỹb(t) can be written as

ỹb(t) = αb(t)ℜ
{ L∑
l=1

z̃b,l(t− τpb,l(t))
}

(94)

= αb(t)ℜ
{ L∑
l=1

wl(t− τpb,l(t))xb(t− τpb,l(t))e
j2πfc(t−τp

b,l(t))
}
.

where wl(t) = [w(t)]l and z̃b,l(t) = [z̃b(t)]l. Then,

ỹb(t) (95)

= ℜ{αb(t)a
T(θ(t))w(t− τpb (t))xb (t− τpb (t)) e

j2πfc(t−τp
b (t))}.

APPENDIX B
LINEARIZING THE DELAY PROPAGATION

We express the propagation delay as

τ(t) =
r(t)

c
=

∥p(t)− pi(t)∥
c

, (96)
where i ∈ b, s denotes the transmitter (either the BS or the
satellite). The transmitter trajectory is modeled as pi(t) =
pi + vit, with pi and vi representing its initial 3D position
and velocity, respectively. Similarly, the receiver trajectory
is given by p(t) = p0 + vt, where p0 and v denote the
initial 3D position and velocity of the receiver. Substituting the
trajectories into (96), the propagation delay can be equivalently
rewritten as

τ(t) =
∥p0 + vi,ut− pi∥

c
, (97)

where vi,u denotes the relative velocity between the transmitter
and the receiver. Let’s expand the nominator of (96)

∥p0 + vi,ut− pi∥ = ∥p0 − pi∥
∥p0 + vi,ut− pi∥

∥p0 − pi∥
(98)

= ∥p0 − pi∥

√
(p0 + vi,ut− pi)T(p0 + vi,ut− pi)

∥p0 − pi∥2

= ∥p0 − pi∥

√
1 +

2(p0 − pi)Tvi,ut+ ∥vi,ut∥2
∥p0 − pi∥2

. (99)

Let’s assume that the UE and transmitter displacement during
the entire transmission block is much smaller than their initial
distance, which is equivalent to the stop-and-hop assumption
[41, Ch. 2.7.2]. Then, we can conclude that 10

2(p0 − pi)
Tvi,uMTs + ∥vi,uMTs∥2 ≪ ∥p0 − pi∥2. (100)

We can then expand (99) using the Taylor approximation√
1 + x ≈ 1+ x

2 −
x2

8 for small x, keeping all constant, linear-
in-t, and quadratic-in-t terms:

∥p0 + vi,ut− pi∥ ≈ ∥p0 − pi∥×(
1 +

t(p0 − pi)
Tvi,u + 1/2(∥vi,ut∥2 − v2i,ut

2)

∥p0 − pi∥2

)

= ∥p0 − pi∥+
t(p0 − pi)

Tvi,u + 1/2(∥vi,ut∥2 − v2i,ut
2)

∥p0 − pi∥
= ∥p0 − pi∥+ vi,ut+ 1/2ai,ut

2. (101)
where vi,u = (p0 − pi)

Tvi,u/∥p0 − pi∥ is the initial radial
velocity, and the second-order term denotes the quadratic
changes in the radial distance which can be interpreted as the
radial pseudo-acceleration ai,u = (∥vi,u∥2 − v2i,u)/∥p0 − pi∥.
Therefore, with the above approximation, the radial distance
can be written as a constant acceleration kinematic equation,
and the radial velocity and the delay will be approximated as

vi,u(t) = vi,u + ai,ut,

τ(t) = r(t)/c = τ0 + ψ0t+ 1/2µt2, (102)
where τ0 = ∥p0 − pi∥/c is the initial delay, ψ0 = vi,u/c is
the initial normalized Doppler shift and µ = ai,u/c is the
normalized Doppler shift rate.

APPENDIX C
FIM AND BIAS TERM IN MRCB

The positional parameters are as follows for the model
Comm

χapos = [αR,b, αI,b, αR,s, αI,s,p
T
0 ,∆t,0]

T ∈ R8, (103)
while for models k = SlowD, CCFODnoICI, and CCFOD,
they are

χComm
pos = [χComm

pos
T
, ∥v∥, η]T ∈ R10 (104)

The performance bounds Fisher information matrix (FIM)
and bias in MCRB are detailed here. As a basic bound, we
use FIM, which is given by [42]

Fch =
2

σ2

M−1∑
m=0

N−1∑
n=0

ℜ
{∂[R]n,m

∂χkch

(
∂[R]n,m
∂χkch

)H }
, (105)

in which R ∈ CN×M is the noise-free part of the received
signal, χkch ∈ R8 in case of evaluating model Comm (k =
Comm) and χkch ∈ R10 (53) in case of evaluating model
SlowD, CCFODnoICI, and CCFOD (k = SlowD, CCFOD-
noICI, CCFOD) (65). We can convert Fch to the positional
FIM, Fpos, corresponding to positional vector by using the
Jacobian matrix Fpo = JTFchJ , where J is the Jacobian
matrix with elements Jm,n = ∂[χkch]m/∂[χ

k
ch]n. In case

of k = Comm, J ∈ C8×10 and in case of k = SlowD,
CCFODnoICI, CCFOD, J ∈ C10×10.

10According to the parameter values in Table. V, for the BS-UE link with
UE speed up to 80 km/h, the ratio between the left-hand side and right-hand
side of (100) is approximately 1.9 × 10−3, while for the satellite-UE link
(worst case with satellite at initial elevation angle of θs

el = π/4) the ratio is
approximately 1.9× 10−6.
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In case of mismatched estimation, we can find the position-
ing bias through MCRB for each model k = Comm, SlowD,
CCFODnoICI, CCFOD as

Bkpos =

√
trace(( ˆχkpos[5:7]

)H ˆχkpos[5:7]
), (106)

where
ˆχkpos = argmin

χk
pos

[∥YNF −Yk
NF(χ

k
pos)∥2]. (107)

Here, YNF represents the noise-free received signal based on
the generative model, Yk

NF corresponds to the noise-free obser-
vations derived from the simplified models. The vector χkpos is
given by (103) and (104). For models SlowD, CCFODnoICI,
and CCFOD, the estimator bias for the magnitude of the
initial clock bias, velocity, and CFO can be determined as
B∆t,0 = | ˆχkpos[8]

|, B∥v∥ = |( ˆχkpos[9]
|, and Bη = | ˆχkpos[10]

|.
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