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We report results of a study of strongly correlated d-wave superconducting slabs within a t-J model solved
using the statistically consistent Gutzwiller approach. For different dopings, we model slabs cut at 45◦ relative
to the main crystallographic ab axes, i.e., [110] orientation, and conclude that quasiparticle charge is drawn
to the edges. Thus, the correlations are locally strengthened, and a region near the edge is closer to the Mott-
insulating state with reduced hopping amplitudes on the links. Superconductivity is locally weakened near the
edges in the correlated state, and the spectral weight of zero-energy Andreev bound states is substantially reduced
compared to weak coupling theory. The renormalization of the edge states leaves no room for an extended s-wave
component to form for hole dopings ranging from strongly underdoped to slightly overdoped.

DOI: 10.1103/5bl6-g7x4

I. INTRODUCTION

Quantum materials and their use have attracted intense
research in recent years [1–4]. The material properties, emerg-
ing from strong correlations and topology, often guarantee
protected states at the material surfaces. However, intricate
physics near the surfaces may lead to surprising readjustments
of the surface states [5–10]. One material class of broad
interest is the cuprates, which are high-temperature supercon-
ductors with d-wave symmetry of the order parameter [11,12].
Surfaces not perfectly aligned with the main crystallographic
axes of these d-wave superconductors host a large spectral
weight of zero-energy Andreev bound states [13] related to
topology [14,15].

High-temperature superconductivity is believed to emerge
from a Mott-insulating state upon hole doping and is charac-
terized by strong electron-electron interactions [16]. The t-J
model, together with the Gutzwiller approximation, has been
used for a long time to study properties of strongly correlated
superconductors [17,18]. This approximation scheme can re-
produce many results of variational Monte Carlo methods
which are in qualitative agreement with experiments [19,20].
We note that the true ground state of the Hubbard and t-J
models is still under debate [21,22].

Recent focus has shifted from bulk properties of cuprates,
to the readjustment of the many-body state in response to
inhomogeneities, such as defects [23–26], vortices [27–29],
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interfaces [30], grain boundaries [31] and edges [32–34].
These studies on inhomogeneous systems have mainly been
within the framework of the t-J model and the Gutzwiller
approximation. In one of these, superconductivity coexisting
with antiferromagnetism, was observed near impurities to-
gether with a non-uniform redistribution of charge [25]. A
redistribution also seen in Refs. [24,26]. The redistribution
effectively screens the superconductor from the adverse effect
of impurity scattering and can contribute to explaining the
robustness of the high-Tc superconductors against disorder.
Analogous redistribution of charge is seen in the other works
on vortices and interfaces [27–29,31,34].

A redistribution of charge has also been seen in inho-
mogeneous superconductors studied with the Bogoliubov-de
Gennes approach including Hartree-Fock (HF) interactions. In
Ref. [35], the electron density across the radius of nanowires
in the superconducting state was found to be non-uniform
when HF terms were included. In another study of surface
superconductor-insulator transitions under an applied electric
field at the surface, it was seen that the HF interactions in-
crease the effect of the applied field [36].

Edges of d-wave superconductors misaligned with respect
to the main crystallographic axes have attracted interest both
experimentally and theoretically since the 1990s [37–39].
At these edges, zero-energy Andreev bound states are
formed due to the d-wave symmetry of the order parameter
[13]. Experimentally, the Andreev bound states have been
observed in transport measurements through normal metal-
superconducting contacts as zero-bias conductance peaks
(ZBCP) [38]. In a magnetic field, the ZBCP split, an effect
consistent with Doppler shifts due to screening supercurrents
[40,41]. The same effect has been seen without applying a
magnetic field [40,42]. This seemingly spontaneous split is
in agreement with suggestions of time reversal symmetry
breaking and appearance of a subdominant component of
the order parameter with s-wave symmetry [41,43–45]. There
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are, however, other competing mechanisms that rely on mag-
netic ordering [46–48] or spontaneous supercurrents [49–52].
Experimentally, signatures of spontaneous time-reversal sym-
metry breaking still appear to be scarce [40,42,53–57].

In a more recent study, spontaneous breaking of both trans-
lational and time-reversal symmetries was proposed [52,58–
60]. The translational symmetry breaking is manifested
through supercurrent loops near the edges. This phase was
shown to also appear in a strongly correlated t-J model within
the Gutzwiller inhomogeneous mean field theory [34]. The
study was performed at a hole doping of δ = 0.2, and showed
higher electron occupation near the edge and a symmetry-
broken phase that is more robust to disorder than predicted
by weak-coupling theory. In the present paper, we focus on
the doping dependence of the redistribution of charge and
its effect on slabs with pair-breaking [110] edges. Assuming
translational invariance, we neglect the possible formation
of spontaneous current loops, and study how strengthened
correlations affect the superconducting order parameter and
the Andreev bound states themselves, as well as the fate of a
subdominant extended s-wave order parameter.

The paper is organized as follows. In Sec. II the t-J model
and the statistically consistent Gutzwiller approach (SGA)
is presented, including the main steps needed to derive the
equations applicable to a slab with edges misaligned by 45◦
with respect to the main crystallographic axes. The results
are presented in Sec. III. In particular, Sec. III B contains a
comparison of the results obtained here to previous results
[45] where electron densities, and resulting renormalizations
due to strong correlations, were assumed to retain their bulk
values throughout the slab. The present paper is summarized
in Sec. IV and some technical details have been collected in
the Appendix.

II. t-J MODEL AND STATISTICALLY CONSISTENT
GUTZWILLER APPROACH

The starting point for the investigation is the t-J Hamilto-
nian [17,18,61]

Ĥ = t
∑
〈i j〉σ

P̂(ĉ†
iσ ĉ jσ + H.c.)P̂ + J

∑
〈i j〉

Ŝi · Ŝ j, (1)

where i and j label sites on a square lattice in two dimensions,∑
〈i j〉 means sum over nearest neighbors, t < 0 is the nearest

neighbor hopping amplitude, and J > 0 is the antiferromag-
netic superexchange coupling. The index σ ∈ {↑,↓} labels
spin. The operator ĉ†

iσ creates and ĉiσ annihilates an electron
with spin σ on site i, while Ŝi is the spin operator. The
Gutzwiller projection operators P̂ forbid changes of the num-
ber of doubly occupied sites [62]. The projection operators are
dealt with using the Gutzwiller approximation [17,18,62–67],
relating expectation values of an operator Ô evaluated in the
correlated state 〈�|Ô|�〉 to the corresponding expectation
value evaluated in the uncorrelated state 〈�0|Ô|�0〉 via a
Gutzwiller factor gO, unique for each operator

〈�|Ô|�〉
〈�|�〉 ≈ gO 〈�0|Ô|�0〉

〈�0|�0〉 . (2)

In a search for the minimum ground state energy, the ex-
pectation value of the t-J Hamiltonian, Eq. (1), is computed

utilizing the Gutzwiller approach. An effective Hamiltonian
without projection operators is then introduced

Ĥeff = t
∑
〈i j〉σ

(
gt

i j ĉ
†
iσ ĉ jσ + H.c.

)+ J
∑
〈i j〉

gs
i j Ŝi · Ŝ j, (3)

with Gutzwiller factors renormalizing the hopping amplitude,
t → tgt

i j , as well as the antiferromagnetic superexchange
coupling, J → Jgs

i j . These factors depend on the local occu-
pations of nearest neighbor sites as [17]

gt
i j = 2

√
1 − ni

2 − ni

1 − n j

2 − n j
,

gs
i j = 4

(2 − ni )(2 − n j )
. (4)

The expectation value 〈�0|Ĥeff |�0〉 is evaluated using a
mean-field approximation. We have considered mean fields
for hopping and superconductivity, but also allowed for
antiferromagnetic order by computing inhomogeneous and
spin-dependent occupations niσ . As soon as antiferromag-
netism is present, superconductivity becomes a mix of a
spin-singlet component and a spin-triplet with zero spin pro-
jection. However, in the hole doping region δ ∈ [0.05, 0.2] we
are considering here, we have found that antiferromagnetism
is not stabilized and it will not be considered from here on.
Thus, we define mean fields in the uncorrelated (unprojected)
state for hopping and pairing as

χi j = 〈ĉ†
iσ ĉ jσ 〉0 = χ∗

ji,

�i j = 〈ĉi↓ĉ j↑〉0 = −〈ĉi↑ĉ j↓〉0 , (5)

where the last equality on the first line is a result of the
fermionic commutation relations, while on the second line
it derives from the spin-singlet symmetry of the consid-
ered superconductivity. The expectation value of the effective
Hamiltonian in Eq. (3) then takes the form

〈Ĥeff〉0 ≈ W =
∑
〈i j〉

[
4tgt

i jχi j − 3

2
Jgs

i j (|χi j |2 + |�i j |2)

]
.

(6)

Following the statistically consistent Gutzwiller approach
(SGA) [66–68], the mean-field Hamiltonian is defined

K̂ =W −
∑

i

[
λn

i (n̂i − ni ) + μn̂i
]

−
∑
〈i j〉σ

[
λ

χ
i j (ĉ

†
iσ ĉ jσ − χi j ) + λ�

i j (ĉiσ̄ ĉ jσ − �i j ) + H.c.
]
,

(7)

where μ is the chemical potential, and Lagrange multipliers λ,
one for each mean-field as well as for local occupation, have
been introduced. The Lagrange multipliers follow the same
symmetry constraints as the corresponding mean-fields.

The grand potential functional at inverse temperature
β = 1/kBT > 0 is then defined as

	 = − 1

β
ln Tr(e−βK̂ ), (8)
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(a)

(b)

FIG. 1. (a) Square lattice with lattice constant d cut into a slab
with [110] edges. There is translational invariance along the edge
tangent. The red lines mark the unit cell, the gray disks sites, and
the x- and y-axes are the crystal axes. Lines between sites represent
the links in either x- or y-direction. (b) The area enclosed by dotted
blue lines in (a), including the right [110] edge with edge tangent
y′ and edge normal x′. The sites are a = 1, 2, 3 etc. dependent on
distance from the edge measured along x′. Note that between sites
a and a + 1 there will be one link in the y-direction and one in
the x-direction. The pairing amplitudes �x

a,a+1 and �
y
a,a+1, laying on

links, are computed independently in order to allow for d-wave and
extended s-wave symmetries.

where kB = 1 is the Boltzman constant. The goal of the cal-
culation is to find the minimum 	0 of the grand potential
functional with respect to the mean fields and the constraints
introduced through the Lagrange multipliers. The procedure
will be outlined below after introducing the specific geometry
of the slab.

A. Slab with [110] edges

We consider a crystal with a 2-dimensional square lattice
structure with lattice constant d and a slab with the two edges
cut at 45◦ relative to the crystallographic axes ([110] edges),
as illustrated in Fig. 1. The slab is translationally symmetric
along the y′ axis (edge tangent), but varies along the x′ axis,
measuring distance from the edge. The unit vectors in the

rotated coordinate system with the origin on the upper slab
edge as in Fig. 1(b) are given by x̂′ = −(x̂ + ŷ)/

√
2 and ŷ′ =

(x̂ − ŷ)/
√

2. The slab has Nx sites from edge to edge, and we
shall use the integer a = 1, 2, . . . , Nx to enumerate the sites as
indicated for the first few sites in Fig. 1(b). The red rectangle
shows the unit cell, where sites with odd numbers lie with half
weight on the unit cell edges while sites with even numbers
lie along the unit cell center axis. To compute the mean-field
Hamiltonian K̂110 for the slab geometry, we make use of the
translational symmetry in the ŷ′ direction by considering Ny

unit cells and utilize periodic boundary conditions. The full
calculation is presented in the Appendix and here we outline
the main steps.

The expectation value of the effective Hamiltonian in
Eq. (3) is, after summing over nearest neightbors, reduced to
a sum over transverse sites

W110 = Ny

Nx−1∑
a=1

[
8tgt

a,a+1χa,a+1 − 3

2
Jgs

a,a+1

× (
2|χa,a+1|2 + ∣∣�x

a,a+1

∣∣2 + ∣∣�y
a,a+1

∣∣2)]. (9)

We note that, for instance, between sites a = 2 and a = 1 in
Fig. 1 there are two bonds, one directed in the x-direction and
the other in the y-direction. We keep pairing amplitudes along
the x- and y-directions in the unit cell separate to allow for
both extended s-wave and d-wave symmetries. The hopping
mean fields are assumed to be equal along these two bonds.

The terms with Lagrange multipliers and the creation and
annihilation operators in Eq. (7) are Fourier transformed. An
annihilation operator, ĉakσ , is then labeled by an index a in-
dicating the transverse lattice site, a k-vector specifying the
plane wave in the y′-direction, and spin σ . For each transverse
site we introduce electron-hole space

ψ̂ak =
(

ĉak↑
ĉ†

a−k↓

)
. (10)

For the whole slab we define a vector �̂
†
k =

(ψ̂†
1k, ψ̂

†
2k, . . . , ψ̂

†
Nxk ) and write the full grand potential in

terms of a 2Nx×2Nx large Hamiltonian matrix Hk as

K̂110 = W110 + λ110 +
∑

k

�̂
†
k Hk�̂k, (11)

where λ110 consists of scalar terms, for example λn
i ni in

Eq. (7), as well as terms appearing after using fermionic
commutation relations, see the Appendix for details. The
Hamiltonian matrix Hk is band diagonal, where neighboring
sites a and a + 1 are coupled through a 4×4 block

(Hk )a,a+1 =

⎛
⎜⎜⎜⎜⎜⎜⎝

−λn
a − μ 0 −2λ

χ

a,a+1 cos kd√
2

η−
a,a+1(k)∗

0 λn
a + μ −η+

a,a+1(k) 2λ
χ

a,a+1 cos kd√
2

−2λ
χ

a,a+1 cos kd√
2

−η+
a,a+1(k)∗ −λn

a+1 − μ 0

η−
a,a+1(k) 2λ

χ

a,a+1 cos kd√
2

0 λn
a+1 + μ

⎞
⎟⎟⎟⎟⎟⎟⎠. (12)
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where η±
aa′ (k) = λ�x

aa′e±ikd/
√

2 + λ�y

aa′e∓ikd/
√

2. The Hamiltonian
Hk can be diagonalized, corresponding to the Bogoliubov
transformation in a weak coupling Bogoliubov-de Gennes
approach. We then obtain eigenvalues and eigenvectors spec-
ifying the new basis, in which the grand potential functional
can be evaluated to be

	 = W110 + λ110 − 1

β

1

Ny

∑
k

2Nx∑
l=1

ln (1 + e−βElk ), (13)

where we have 2Nx eigenvalues Elk for each wave vector
k, enumerated by the index l . The eigenvalue spectrum is
symmetric with respect to the chemical potential μ and forms
a bandstructure Elk with respect to the wave vector k in the
first Brillouin zone k ∈ (−πd/

√
2, πd/

√
2]. Often we will

consider the grand potential functional per site 	/N , where
N = NxNy.

The above set of equations is the starting point for the
minimization of the grand potential functional, which is done
as follows. First, searching for the minimum of 	 with respect
to the mean fields, we obtain equations for the Lagrange
multipliers, see Eqs. (A9) and (A10). Second, searching for
the minimum of 	 with respect to the Lagrange multipliers,
we obtain self-consistency equations for the mean fields, see
Eq. (A8), which involves computing the derivatives of the
eigenvalues Elk with respect to the Lagrange multipliers.

The equations are numerically solved in an iterative man-
ner until self-consistency has been achieved. We use |t | = 1
as the unit of energy. The parameters are taken as t = −1,
J = 0.25, and inverse temperature β = 500. The target aver-
age hole doping of the slab

δ = 1 − 1

Nx

∑
a

na, (14)

is enforced by self-consistently tuning the slab chemical po-
tential μ.

B. Local density of states

The Gutzwiller approximation also affects the local density
of states (LDOS) [24,25,69]. The LDOS at site a as function
of energy ω is given by

Na(ω) =
∑

lk

gNa [|ualk|2δ(ω − Elk ) + |valk|2δ(ω + Elk )],

(15)

where l counts the positive eigenvalues Elk . The spectral
weights are given by the eigenvectors ulak (related to the
electron-like part), and vlak (related to the hole-like part) of
Hk . The Gutzwiller factor is

gNa = gt
aa = 2(1 − na)

2 − na
. (16)

The delta functions are approximated by Lorentzian functions
with width �.

III. RESULTS

We present results for the spatial dependence of the elec-
tron density na, the pairing �x

a,a+1 and hopping χa,a+1 mean

(a) (b)

(c) (d)

(e)

Site a Site a

Site a

Site a

Site a

FIG. 2. (a) Spatially dependent electron densities na, (b) pairing
amplitude �x

a,a+1, (c) hopping amplitude χa,a+1, (d) superconducting
order parameter �sc,x

a,a+1, and (e) the Gutzwiller factor gt
a,a+1. All

quantities are plotted at four different average hole dopings given
by the legend in (a). The slab width is Nx = 100, but only the
first a ∈ [1, 30] sites/links are shown. The pairing amplitudes and
superconducting order parameters are normalised with respect to the
respective bulk values indicated by the legends.

fields in the uncorrelated state, the superconducting mean field
in the correlated state, or superconducting order parameter,

�sc,x
a,a+1 = gt

a,a+1�
x
a,a+1, (17)

and the Gutzwiller factor gt
a,a+1 in Figs. 2(a)–2(e), respec-

tively, for a slab of width Nx = 100. The results are obtained
for four average hole dopings in the interval δ ∈ [0.05, 0.2].
The result of the calculation is a pairing amplitude of
pure d-wave symmetry, �

y
a,a+1 = −�x

a,a+1. For simplicity we
therefore only plot mean fields on x-links.

We see in Fig. 2(b) that for high average hole doping, δ =
0.2, the pairing amplitude �x

a,a+1 is suppressed on the scale
of the superconducting coherence length close to the edge,
as expected for d-wave superconductivity near a [110] edge.
At lower average hole dopings, the suppression of �x

a,a+1 is
not as significant. At δ = 0.05, �x

a,a+1 is actually strength-
ened, reflecting the enhanced electron-electron interactions
pushing the edge towards the Mott insulating state. However,
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FIG. 3. Doping dependence of self-consistently computed mean
fields and superconducting order in a bulk system. The lowest hole
dopings are shown in the left panel, where also antiferromagnetic
order m = n↑ − n↓ coexists with superconductivity in this model.

as shown in Fig. 2(d), the superconducting order parameter
�sc,x

a,a+1 is reduced at the edge for all hole dopings, especially
so for δ = 0.05. This difference between the mean field in
the uncorrelated state, �x

a,a+1, and superconducting order in
the correlated state, �sc,x

a,a+1, is due to the increased electron
density at the edge, see Fig. 2(a), reducing the value of the
Gutzwiller factor, gt

a,a+1, see Fig. 2(e). At the lowest hole dop-
ing δ = 0.05, the edge electron density reaches values close to
unity, black dashed line in Fig. 2(a), and the edge is effectively
close to Mott insulating. For the hopping mean field χa,a+1,
there are bond-to-bond oscillations near the edge, but the
amplitude of the oscillations have no qualitative dependence
on average hole doping δ. Note that χ x

a,a+1 − χ
y
a,a+1 = 0 by

assumption.
In Fig. 3 we show for comparison the doping dependence

of the pairing amplitude, hopping mean field, and supercon-
ducting order parameter for a bulk system computed with the
same t-J model as above, but in reciprocal space, as in e.g.
Ref. [67]. As is well known [17], the pairing amplitude �

is increasing towards low doping, while the superconducting
order parameter �sc shows a dome shape. Our results for the
slab system above, is reflecting this behavior, where the edge
regions of high electron density corresponds to the region with
low δ in Fig. 3.

In Fig. 4 we show the spatial dependences of the Lagrange
multipliers. Once self-consistency has been achieved they
follow from Eqs. (A9) and (A10). They consist of a renor-
malization of the hopping parameter t and superexchange J
through local density dependent Gutzwiller factors, as well as
Hartree and Fock shifts from the mean fields. The Lagrange
multipliers play an important role as they enter the Hamil-
tonian matrix Hk that is diagonalized to give eigenvalues
and eigenvectors that determine the local densities, the mean
fields, as well as the local density of states.

The Lagrange multiplier for local electron density λn
a enters

together with the slab chemical potential in Eq. (12) and
reflects the local enhancement near the edge of the elec-
tron density from electron-electron interactions, as seen in
Fig. 2(a). It is weakly strengthened near the edge. On the other
hand, λ

χ

a,a+1 and λ�x

a,a+1 enter in Eq. (12) in the positions for
nearest neighbor hopping and superconducting correlations.
Near the edge, the pairing correlations λ�x

a,a+1 are strengthened
for low doping δ, while the renormalized hopping λ

χ

a,a+1 is
reduced for all δ considered here. In conclusion, the edge be-

(a) (b)

(c) (d)

Site a Site a

Site a

FIG. 4. Spatial dependences of the Lagrange multipliers for
(a) local electron density, (b) d-wave pairing correlations, and
(c) nearest neighbor hopping. Results for four average hole doping
levels, as indicated in the legend, are presented. In (d) we show the
doping dependence of the slab chemical potential with dopings on
the x-axis. Note that after achieving convergence, the bulk value of
λn was shifted into the slab chemical potential μ.

come more strongly correlated than the slab interior while the
condensate, actual superconducting order defined in Eq. (17),
is locally weakened.

A. Local density of states

Next we study the eigenvalue spectrum and local density
of states, focusing on low average hole doping δ = 0.05. In
Fig. 5 the eigenvalue spectrum Elk is shown. The main feature
is a flat band of zero-energy states highlighted as a bold
blue line. These states follow from the d-wave symmetry of
the superconductor, as studied in a large volume of literature
within quasiclassical theory and Bogoliubov-de Gennes weak
coupling theory [37–39]. Here we see that the zero-energy flat
band survives when strong correlations are taken into account.

The LDOS in the entire slab and for the full band width
is presented in Fig. 6(a), while Fig. 6(b) focuses on subgap
energies. In Fig. 7(a), cuts of the LDOS between sites 1 and
50 are shown. The LDOS displays the zero-energy Andreev
surface bound states, corresponding to the flat band in Fig. 5.
The Andreev bound states lie on sites with odd numbers a
[70]. The spectral weight is suppressed near the surface by the
Gutzwiller factor gNa , see Fig. 7(b), as the edge is charged. The
suppression of the Gutzwiller factor gNa reflects the strength-
ened correlations near the edge at the considered low hole
doping δ = 0.05.

B. Approximation for homogeneous electron densities

In this section, we report results for a simplified model,
where only the pairing amplitude is spatially dependent, while
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t

FIG. 5. The spectrum of eigenvalues Elk for a Nx = 100 wide
slab at average hole doping δ = 0.05. The spectrum contains 100
bands at positive energies within the first Brillouin zone k ∈
(−πd/

√
2, πd/

√
2]. Note that the spectrum is cut at an energy

0.450. The thick blue line is the lowest positive eigenvalue and
contains the zero-energy Andreev bound states.

the electron density n = 1 − δ and hopping mean field χ are
assumed to be constant throughout the slab. The Lagrange
multipliers reflect this. The hopping mean field is taken to
have its corresponding bulk value reported in Fig. 3, and
the Gutzwiller factors are spatially independent and follow
from the bulk electron density. Results for this approximative
approach was previously reported by Tanuma et al. [45],
although our approach is slightly different in that we use
the SGA of the t-J model. The pairing amplitudes obtained
in the SGA are plotted in Fig. 8. In contrast to the results
of the model allowing for redistribution of electron density
presented above, the real part of the pairing amplitude is now
suppressed at the edge for all occupations δ, see Fig. 8(a). Fur-
thermore, the suppression is more significant, and the pairing
amplitude is almost vanishing at the edge, in correspondence
with the superconducting d-wave order parameter in weak
coupling theory. The suppression of the real part, which fol-
lows d-wave symmetry, Re[�x] = −Re[�y], allows for an
imaginary part at the edge with extended s-wave symmetry
Im[�x] = Im[�y] to form, see Fig. 8(b).

However, as we have seen in previous sections, redistri-
bution of charge and renormalization towards more strong
correlations near the edge, leads to a more robust d-wave
pairing amplitude �x

a,a+1 and we find that the extended s-wave
component is no longer favorable to form.

IV. SUMMARY

Slab systems with edges cut at 45o relative to the main
crystallographic axes have been studied within the statisti-
cally consistent Gutzwiller approach. For uniform electron

(a)

(b)

Site a

Site a

t
t

FIG. 6. Local density of states �Na(E ), scaled by the Lorentzian
width � of the delta functions in Eq. (15), for the same slab as in
Fig. 5 (Nx = 100, δ = 0.05). In (a) we show the full spectrum as
function of coordinate a using � = 0.015. (b) Focus on the low-
energy part of the spectrum, where the zero-energy Andreev bound
states are clearly seen with a smaller � = 0.001.

distribution, the pair-breaking edge reduces the strength of
the d-wave pairing amplitude and thus allows for an extended
s-wave component to arise near the edge, as found before [45].
Allowing charge redistribution, charge is attracted by the edge
and local electron densities na for low average hole-dopings δ

Site a

 t

FIG. 7. (a) Cuts of the local density of states �Na(E ) in Fig. 6
(Nx = 100, δ = 0.05) at sites between 1 and 50. Each consecutive
curve is shifted upwards by 0.105 for clarity. (b) The spatial depen-
dence of the Gutzwiller factor gN

a that enters into the LDOS defined
in Eq. (15).
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(a) (b)

Site a Site a

FIG. 8. The real (a) and imaginary (b) parts of the pairing ampli-
tude �x

aa+1 for varying slab hole doping under the assumption that the
bulk values for electron density and hopping mean field are the same
throughout the slab. The real and imaginary parts have d-wave and
extended s-wave symmetries, respectively. These results agree well
with Ref. [45]. The real part of the pairing amplitudes is normalised
with respect to the respective bulk value indicated by the legend.

approach one at the edge. As the electron density increases,
the Gutzwiller factor gt is decreased near the edge: a sign of
strengthened correlations. At hole doping δ = 0.2, the d-wave
pairing amplitude is reduced near the edge, but less so than
in the case of uniform charge distribution. In the underdoped
region, when δ = 0.05, it is even increased near the edge. It
should be pointed out, however, that the d-wave supercon-
ducting order parameter in the correlated state, Eq. (17), is
reduced at the edge for all doping levels δ due to the reduction
of gt . A reduction which also significantly scales down the
spectral weight of zero-energy Andreev bound states in the
LDOS. These results may be of importance for the intriguing
physics and competition between different symmetry broken

states at edges of strongly correlated d-wave superconductors
as well as for the properties of surfaces and interfaces of
real cuprate materials. The results also add to the growing
literature on reconstruction of edges of strongly correlated
topological quantum materials [5–10,71,72].
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APPENDIX: PAIR-BREAKING [110] EDGE

The structure of the mean-field Hamiltonian depends on how the edges are oriented relative to the main xy axes of the lattice.
Here we consider a slab geometry with [110] edges as shown in Fig. 1 and described in Sec. II A. The operators ĉ†

iσ and ĉ jσ

appearing in the Hamiltonian Eq. (7) should be Fourier transformed utilizing the translational invariance in the y′-direction,
keeping the spatial coordinate x′ explicitly. To this end, a site i is associated with a pair of real space coordinates a and b
specifying its position along the x′ and y′ axes, respectively. The Fourier transform then takes the form

ĉabσ = 1√
Ny

∑
k

ĉakσ eikb, ĉ†
abσ = 1√

Ny

∑
k

ĉ†
akσ

e−ikb. (A1)

The sum over nearest neighbors in this coordinate system has to be taken with care. For example, the position of site 2 can
be expressed as p2 = d√

2
x̂′, corresponding to a = 1, b = 0. Site 3 on the other hand appears at two different positions in the unit

cell, p3 = d√
2
(2x̂′ ± ŷ′), corresponding to a = 2, b = ±1. The distance between sites 2 and 3 in the y′ direction is accordingly

± d√
2

depending on if going in the x- or y-direction. Using this notation, the sums over nearest neighbors can be expressed as

sums of coordinate index pairs
∑

〈i j〉 = ∑
〈aba′b′〉, i.e. i → ab, j → a′b′. The superconducting pairing term acquires the form

∑
〈i j〉σ

λ�
i j ĉiσ ĉ jσ̄ = 1

Ny

∑
〈aba′b′〉σ

λ�
aba′b′ ĉabσ ĉa′b′σ̄ = 1

Ny

∑
〈aba′b′〉σ

λ�
aba′b′

∑
kk′

ĉakσ ĉa′k′σ̄ ei(k+k′ )beik′(b′−b)

= 1

2Ny

∑
aa′σ

⎛
⎜⎜⎜⎜⎜⎝
∑
kk′

ĉakσ ĉa′k′σ̄

[(
λ�x

aa′e
i k′d√

2 + λ
�y
aa′e

−i k′d√
2

)
δa,a′−1 +

(
λ�x

aa′e
−i k′d√

2 + λ
�y
aa′e

i k′d√
2

)
δa,a′+1

]∑
b

ei(k+k′ )b

︸ ︷︷ ︸
δk+k′,0

⎞
⎟⎟⎟⎟⎟⎠
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= 1

2

∑
aa′σ

(∑
k

ĉakσ ĉa′−kσ̄

[(
λ�x

aa′e
−i kd√

2 + λ
�y
aa′e

i kd√
2

)
δa,a′−1 +

(
λ�x

aa′e
i kd√

2 + λ
�y
aa′e

−i kd√
2

)
δa,a′+1

])

= 1

2

∑
aa′σ

(∑
k

ĉakσ ĉa′−kσ̄ [η−
aa′ (k)δa,a′−1 + η+

aa′ (k)δa,a′+1]

)

= 1

2

∑
kσ

(
Nx−1∑
a=1

ĉakσ ĉa+1−kσ̄ η−
a,a+1(k) +

Nx∑
a=2

ĉakσ ĉa−1−kσ̄ η+
a,a−1(k)

)

=
∑
kσ

Nx−1∑
a=1

ĉakσ ĉa+1−kσ̄ η−
a,a+1(k). (A2)

When evaluating the sum over b′ in the first step, it has been used that λ�
aba′b′ is independent of position in the b direction due to

the translational symmetry. The exponential have been rewritten as

ĉabσ ĉa′b′σ̄ =
∑
kk′

ĉakσ eikbĉa′k′σ̄ eik′b′ =
∑
kk′

ĉakσ ĉa′k′σ̄ ei(k+k′ )beik′(b′−b) (A3)

to allow the sum over b to be executed. Further, note that the distance between sites a and a + 1 comes with different signs in
the b-direction (b′ − b), therefore x and ylinks comes with different signs in the exponential. Lastly, to avoid double counting of
links a factor 1/2 is introduced.

Fourier transforming Eq. (7) in the same fashion, the terms containing operators reduce to

∑
akσ

(
4λ

χ

aa+1

(
ĉ†

akσ
ĉa+1kσ + ĉ†

a+1kσ
ĉakσ

)
cos

kd√
2

+ ĉakσ ĉa+1−kσ̄ η−
a,a+1(k) + ĉ†

a+1−kσ̄
ĉ†

akσ
η−

a,a+1(k)∗ + (
μa + λn

a

)
ĉ†

akσ
ĉakσ

)
, (A4)

which can be written as
∑

k �̂
†
k Hk�̂k , where Hk and �̂k are defined in the main text.

Next the mean-field approximation of the expectation value of the effective Hamiltonian, W in Eq. (6), is evaluated. The
paring term takes the form

∑
〈i j〉

Jgs
i j

3

2
|�i j |2 = 1

2

∑
aa′〈bb′〉±

Jgs
aa′

3

2
|�aba′b′ |2δa,a′±1 = 3JNy

4

∑
f ∈{x,y}

[
Nx−1∑
a=1

gs
aa+1

∣∣� f
aa+1

∣∣2 +
Nx∑

a=2

gs
aa−1

∣∣� f
aa−1

∣∣2]

= 3JNy

2

Nx−1∑
a=1

gs
aa+1

(∣∣�x
aa+1

∣∣2 + ∣∣�y
aa+1

∣∣2), (A5)

where, as before, the paring on x and y links are differentiated to allow for both extended s- and d-wave symmetries, and a 1
2 is

introduced to avoid double-counting. Adding the hopping term, which is independent of direction, and the conjugate term of the
pairing, gives W110 in Eq. (9).

Lastly, the terms with products between mean-fields and lambdas are considered. The pairing becomes

∑
〈i j〉σ

λ�
i j�i j = 2

∑
〈aba′b′〉

λ�
aba′b′�aba′b′ = 2Ny

∑
〈aa′〉

(
λ�x

aa′�
x
aa′ + λ

�y
aa′�

y
aa′
) = 2Ny

Nx−1∑
a=1

(
λ�x

aa+1�
x
aa+1 + λ

�y
aa+1�

y
aa+1

)
,

and the full contribution is

λ110 = 2Ny

Nx−1∑
a=1

(
4λ

χ

a,a+1χa,a+1 + λ�x
a,a+1�

x
a,a+1 + λ

�y
a,a+1�

y
a,a+1 + λ�x∗

a,a+1�
x∗
a,a+1 + λ

�y∗
a,a+1�

y∗
a,a+1

)+ Ny

∑
a

(
λn

ana − λn
a − μ

)
.

(A6)

It is now possible to express the Grand potential functional per site as

	

N
= W110

N
− 1

Nβ

∑
lk

ln (1 + e−βElk ) + λ110

N
, (A7)

where N = NyNx is the number of sites in the lattice, and Elk is the lth eigenvalue of the Hamiltonian Hk for momentum k.
With the aim of finding the minimum of 	, derivatives are taken with respect to the mean fields and lambda parameters. The
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derivatives with respect to lambda parameters lead to self-consistency equations⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

∂	

∂λ
χ

a,a+1

= 0

∂	

∂ Re λ�x

a,a+1

= 0

∂	

∂ Im λ�x

a,a+1

= 0

∂	

∂λn
a

= 0

⇒

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

χa,a+1 = − 1

8Ny

∑
lk

f (Elk )
∂Elk

∂λ
χ

a,a+1

Re �x
a,a+1 = − 1

4Ny

∑
lk

f (Elk )
∂Elk

∂ Re λ�x

a,a+1

Im �x
a,a+1 = 1

4Ny

∑
lk

f (Elk )
∂Elk

∂ Im λ�x

a,a+1

na = 1 − 1

Ny

∑
lk

f (Elk )
∂Elk

∂λn
a

(A8)

where f (E ) is the Fermi-Dirac distribution function. Derivatives of 	 with respect to mean fields give corresponding lambda
parameters ⎧⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎩

∂	

∂χa,a+1
= 0

∂	

∂ Re �x
a,a+1

= 0

∂	

∂ Im �x
a,a+1

= 0

⇒

⎧⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎩

λ
χ

a,a+1 = −tgt
a,a+1 + 3

4
Jgs

a,a+1χa,a+1

Re λ�x

a,a+1 = 3

4
Jgs

a,a+1 Re �x
a,a+1

Im λ�x

aa+1 = −3

4
Jgs

a,a+1 Im �x
a,a+1

(A9)

while the derivative with respect to electron density gives

∂	

∂na
= 0 ⇒ λn

a = − 8t
∂ga,a+1

∂na
χa,a+1 + 3

2
J
∂gs

a,a+1

∂na

(
2|χa,a+1|2 + ∣∣�x

a,a+1

∣∣2 + ∣∣�y
a,a+1

∣∣2)
− 8t

∂ga−1,a

∂na
χa−1,a + 3

2
J
∂gs

a−1,a

∂na

(
2|χa−1,a|2 + ∣∣�x

a−1,a

∣∣2 + ∣∣�y
a−1,a

∣∣2). (A10)

Since �x = Re �x + i Im �x and λ� = Re λ�x + i Im λ�x
may be complex, derivatives are taken with respect to the real and

imaginary parts separately. The equations for y-links are obtained by changing superscript x to y.
The above equations are solved until self-consistency has been achieved to a maximum relative accuracy of 10−4 of any

quantity at any lattice site or link. Self consistent solutions of mean fields and Lagrange multipliers are obtained using 128 k
values (equal to number of unit cells in the y direction) while the local density of states is computed using 512 k values. Our
code is parallelized using the MPI.jl package [74].
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