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ABSTRACT Tire wear is a major source of microplastic emissions, adversely affecting soil, water, air quality,
and ecosystems, while also representing a non-negligible operational cost for road vehicles. This paper
proposes a unified, monetary-cost-based control allocation framework for distributed-drive electric vehicles
that jointly minimizes electric energy consumption and tire wear. Both objectives are expressed in a common
economic unit (e.g., cost rate per time or distance), enabling explicit and transparent trade-offs between
propulsion efficiency and tire wear within a single optimization problem. A mixed-integer, optimization-
based control allocation strategy is developed to distribute wheel forces and motor torques across multiple
axles and wheels, implicitly managing tire slip while prioritizing actuators based on both electrical efficiency
and wear-related economic costs. To enable wear-aware control, an empirical tire wear model is introduced
that accounts for longitudinal and lateral slip contributions and captures axle-specific wear behaviour. The
model is calibrated using real vehicle measurement data and extends existing slip-based wear formulations.
Simulation results demonstrate that vehicles equipped with multiple driven axles—particularly heavy-duty
electric vehicles—benefit from cost-aware torque distribution, achieving a more balanced utilization of
driveline components. Across different driving cycles, the proposed approach reduces the combined cost of
electrical energy consumption and tire wear on average by 2.7% and up to 6% compared to energy-focused
control allocation strategies.

INDEX TERMS Battery electric vehicle, control allocation, tire wear, torque distribution, electric axle.

NOMENCLATURE
Twkg Amount of tire worn particles (kg).
sx Longitudinal tyre slip.
sy Lateral tyre slip.
wT Tire width (m).
dT Tire diameter (m).
DT Tire rubber density ( Kg

m3 ).
Twkg,sx Tire wear caused due to longitudinal slip (kg).
nw,l Number of tires of axle side l .
Ct Wear cost rate of a single tire (per travelled dis-

tance) ( Euro
m ).

Cx Tire longitudinal stiffness.
Fmw,k Wheel force coming from kth EM (N).
Fmw,k,max Maximum wheel force limit of the kth EM (N).
Fmw,k,min Minimum wheel force limit of the kth EM (N).
Fbr Friction brake force (N).

Fbr,min Limit of friction brake force (N).
Fxw Longitudinal tyre force (N).
rm,k Total gear ratio of the gearbox and differential

related to kth EM.
Fmc,k Input equivalent force to kth EM (N).
nem Total number of EMs.
ndAxles Number of driven axles.
Rw Wheel effective radius (m).
areq Longitudinal acceleration request ( m

s2 ).
m Gross combination mass (kg).
vx Longitudinal velocity ( m

s ).
A f Front area of the vehicle (m2).
cd Drag coefficient.
ρa Air density ( kg

m3 ).
bm

i j Fitting curve coefficients of the maximum and
minimum EM torques.
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α Road grade (positive downhill) (rad).
fr Rolling resistance coefficient.
g Gravitational acceleration ( m

s2 ).
ηtm,k Efficiency of EM transmission.
μ Road friction coefficient.
h+

i j Fitting function coefficients of the positive EM
power consumption.

h−
i j Fitting function coefficients of the negative EM

power consumption.

I. INTRODUCTION
Tire wear has become one of the main sources of non-exhaust
traffic-related particles due to increased adoption of battery
electric vehicles (BEVs) [1], [2]. Particles generated from tire
wear are primarily composed of microplastics and contribute
to pollution when they disperse into the environment [3], [4].
These microplastics can contaminate soil, water and air, pos-
ing risks to wildlife and ecosystems [5], [6]. New regulations
aim to label tires based on their wear rate and specific ap-
plications, and to establish limits on the maximum allowable
tire wear [7]. These measures are designed to encourage the
production and use of more durable, environmentally friendly
tires and ensure compliance with upcoming regulations by
avoiding potential fines.

In addition, the economic implications of tire related main-
tenance in vehicles are also significant. Tire wear on electric
passenger vehicles is 20% higher on the corresponding in-
ternal combustion engine vehicle [8]. For commercial heavy
vehicles using internal combustion engines, the total tire re-
lated costs account for approximately 5% of the total cost of
ownership [9]. With electrification, these costs are expected
to be higher due to increased wear. Moreover, balancing
durability of the tire with rolling resistance to reduce overall
operational expenses remains a key challenge for manufac-
turers. Hence, introducing strategies to minimize tire wear
offers environmental and economic benefits, and is therefore
an important research topic in tire development.

Vehicle dynamics control (VDC) systems have increasingly
been explored as a means to influence and potentially re-
duce tire wear, particularly in electric vehicles, autonomous
vehicles, and over-actuated platforms. VDC has been ex-
tensively studied using both traditional model-based strate-
gies and, more recently, learning-based approaches. Clas-
sical strategies—including rule-based control, PID control,
optimal control, and model predictive control—have been
widely applied to longitudinal and lateral vehicle dynamics
due to their interpretability, stability guarantees, and real-
time implementability [10], [11], [12], [13]. More recently,
learning-based methods, particularly reinforcement learning
and imitation learning, have shown strong capability in han-
dling high-dimensional, non-linear decision-making problems
in tasks such as car-following, lane-changing, and integrated
highway driving [14], [15], [16], [17]. Despite their effec-
tiveness in regulating overall vehicle motion, most existing
VDC strategies focus on supervisory or reference-level con-
trol and do not explicitly coordinate individual actuators or

incorporate tire–road interaction dynamics that directly influ-
ence wear. Consequently, their impact on tire degradation is
largely indirect. In contrast, more direct approaches to miti-
gating tire wear have focused on vehicle-level interventions,
including suspension optimization [2], [18], tire design [19],
[20], active steering systems [21] and driving behavior op-
timization [22], [23], which directly alter the mechanical or
operational conditions that govern tire wear. While effective at
reducing unfavorable operating conditions, these approaches
typically do not exploit the additional control authority avail-
able in electric vehicles with distributed propulsion systems,
motivating research into torque distribution and control allo-
cation strategies that explicitly consider tire wear.

Building on these vehicle-level and supervisory control
approaches, wheel torque distribution and control allocation
strategies have emerged as effective means of influencing tire
wear in electric vehicles equipped with distributed propul-
sion systems. Zhao et al. [24] demonstrated that minimizing
tire slip energy through optimized torque distribution in
four-wheel in-wheel-motor-driven electric vehicles can im-
prove energy efficiency while alleviating excessive tire slip.
This concept was extended in [25] by explicitly incorporat-
ing tire slip energy into the torque allocation problem for
four-wheel-drive electric vehicles, showing that appropriate
torque redistribution can reduce unnecessary tire excitation
without compromising vehicle stability. To address real-time
applicability, Guo et al. [26] proposed a fast model predic-
tive control–based torque allocator that balances slip energy
reduction with stability constraints, enabling rapid control
updates under dynamic driving conditions. While these ap-
proaches highlight the potential of slip-energy-aware torque
allocation, tire wear reduction is treated only implicitly, as
a secondary outcome of reduced slip or energy dissipation,
rather than as an explicit control objective with an associated
cost or trade-off.

However, tire slip energy alone does not fully capture the
mechanisms governing tire wear. Slip energy reflects instan-
taneous power dissipation at the tire–road interface and is
strongly correlated with longitudinal and lateral slip. Tire
wear, in contrast, is a cumulative and non-linear process
influenced by additional factors such as contact pressure dis-
tribution, temperature evolution, tread material properties, and
transient load histories [27], [28]. As a result, minimizing
slip energy—often in combination with motor energy loss—
does not necessarily correspond to minimizing actual tread
degradation, particularly under varying road conditions or
prolonged driving cycles. Existing torque allocation studies
based on slip energy and motor loss [24], [25], [26] rely on the
implicit assumption that reduced slip energy leads to reduced
wear, without explicitly modeling wear accumulation, its de-
pendence on operating conditions, or its economic impact
over time.

Consequently, although tire slip energy provides a conve-
nient and computationally efficient metric for control design,
its ability to accurately represent tire wear remains limited.
This motivates the need for control allocation formulations
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that move beyond implicit wear mitigation and explicitly in-
corporate tire wear–related objectives or economic trade-offs,
particularly for multi-axle distributed-drive electric vehicles
operating under diverse and sustained driving conditions.
From this perspective, model extensions and parameter cal-
ibration serve as enabling components, whereas the primary
contribution lies in the explicit formulation of wear-aware
control objectives and their integration into the torque alloca-
tion problem. Moreover, there remains a lack of comprehen-
sive and integrated approaches that jointly consider vehicle
dynamics, driving behaviour, road conditions, and real-world
validation when targeting tire wear minimization. To address
the highlighted gaps in research, this paper contributes to the
research community through the following contributions:

1) Unified monetary-cost-based control allocation frame-
work: The primary contribution of this work is the
formulation of a mixed-integer control allocation strat-
egy for distributed-drive electric vehicles that jointly
optimizes electric energy consumption and tire wear by
expressing both objectives in a common monetary unit
(e.g., Euro per second or Euro per meter). This unified
cost formulation enables explicit and transparent trade-
offs between propulsion energy efficiency and tire wear
emissions, which is particularly relevant for heavy-duty
vehicles with multiple driven axles.

2) Wear-cost–aware torque and force distribution across
axles and wheels: Building on the unified cost frame-
work, the proposed controller allocates wheel forces
and motor torques while implicitly managing tire
slip, allowing the prioritization of motors and axles
based not only on electrical efficiency but also on
the economic cost of tire wear. This extends conven-
tional energy-focused torque allocation strategies by di-
rectly embedding wear-related penalties into the control
decision.

3) Empirical tire wear modelling as an enabling compo-
nent: To support wear cost estimation within the control
framework, an empirical tire wear model is developed
that accounts for both longitudinal and lateral slip con-
tributions. This study extends existing slip-based wear
modelling [28], [29], which primarily address lateral
slip, and is calibrated using real vehicle measurement
data to capture axle-specific wear behaviour under prac-
tical operating conditions.

Together, these contributions establish a cost-aware con-
trol allocation paradigm that shifts the optimization objective
from purely energy considerations toward a more comprehen-
sive economic perspective, explicitly accounting for tire wear
emissions alongside electrical energy consumption.

II. PROBLEM STATEMENT
During vehicle operation, tires are subject to friction, heat,
and mechanical stress, which lead to gradual degradation and
wear. The wear of a tire is a complex phenomenon to anal-
yse, involving various factors, such as operating conditions,

vehicle configuration, and tire construction including the ma-
terial used, [30], [31], [32]. Some of the important factors
influencing tire wear include:
� Axle load
� Operating temperature
� Inflation pressure
� Lateral tire slip which is dependent on transport appli-

cation including road roughness, road curvature, vehicle
configuration, wheelbase, etc.

� Longitudinal tire slip, its rate, and sliding distance -
which depends on the transport application including
road roughness, the driving style, acceleration of the
vehicle, type of axle (driven/non-driven), braking control
strategy, etc.

� Tire rubber material
� Tire tread shape and depth
� Tire size
� Road type
� Vehicle Speed
Among these factors, longitudinal and lateral tire slips are

readily controllable during driving and can be managed to
reduce tire wear. The longitudinal slip utilization, which is
also proportional to the torque generated by the actuators,
such as the electric machines (EMs) and friction brakes, di-
rectly influences the energy consumption and tire wear. The
lateral slip can be influenced by controlling driving path and
curvature, for example through steering control [22], [23].

BEVs utilize regenerative braking to recover kinetic energy
and improve overall energy efficiency. To maximize energy
recovery, modern BEVs employ brake-blending strategies that
prioritize regenerative braking on the driven axles, up to
the limits imposed by the motor drive system (MDS) and
tire-road interaction. While this method enhances range and
reduces energy consumption, it also results in increased lon-
gitudinal tire slip on the driven wheels—particularly during
frequent acceleration and deceleration events. This increase
in longitudinal slip contributes significantly to tire wear,
especially on driven axles, where electric motors respond
quickly and frequently to torque demands. Compared to in-
ternal combustion engine (ICE) vehicles, BEVs exhibit higher
levels of torque variability and regenerative braking intensity,
leading to a noticeable disparity in tire wear patterns. Sim-
ulations and experimental data confirm that BEV drive tires
experience accelerated degradation under standard driving
conditions [33].

Additionally, reduced energy consumption does not always
translate to reduced costs. Tire degradation not only affects
safety and vehicle dynamics but also represents a significant
operational cost. Understanding the underlying mechanisms
linking longitudinal slip, torque demand, and tire wear is
essential for evaluating the long-term performance and cost
implications of BEV operating strategies. Therefore, this
research aims to analyse the tire wear characteristics and
propose a control strategy to minimize the operational cost of
BEVs.
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FIGURE 1. Envisioned overview of the implementation using the proposed
control allocator.

III. METHOD
This section summarizes the methods employed in the con-
trol allocation problem of minimizing energy consumption
along with tire wear. Initially, the tire wear model used in
this study is presented along with calibration using real test
measurements. Subsequently, the tire wear cost-rate objective
is defined, and the resulting optimization-based control allo-
cation problem is formulated.

Fig. 1 illustrates the envisioned control system architecture
incorporating a control allocator designed to minimize tire
wear and energy consumption. The proposed control allocator
receives motion requests from the vehicle motion controller,
along with information on actuator operating limits and cur-
rent vehicle states. To ensure safe operation, constraints and
status information associated with the tires and actuators are
fed back by the control allocator to the vehicle motion con-
troller.

A. TIRE WEAR MODEL AND EXPERIMENTAL CALIBRATION
A tire wear model, based on the physical principles presented
in [28], [29] is used. The wear model is extended in this
study to include the effects of lateral slip, longitudinal slip
and relation to the vertical load.

The tire wear is modelled by fitting a parabolic function of
lateral and longitudinal slips to the measurement data:

Twkg = wTKT

∫ sf

s0

(sy(s)2 + sx(s)2)ds (1)

where, Twkg is the amount of tire worn particles in Kg, KT

is a constant found by experimental calibration, wT is the
tire width, and s0 and sf are vehicle initial and final travelled
distance, respectively. The longitudinal slip sx and lateral slip
sy are obtained as shown in Appendix A.

The tire tread depth reduction dh can be found by

dh = Twkg

dTπwTDT
(2)

where dT is the tire diameter, and DT is the tire rubber
density. The tread depth measurements has been done on a
tractor-semi-trailer, with dimensions as specified in Table 4,

FIGURE 2. Average tire wear tread depth reduction of drive-axles,
simulations versus measurements.

FIGURE 3. The operational environment: regional distribution including
warehouses representing driving cycles where tread depth measurements
were performed.

for nearly 35000 km covering about three months of driving.
The curve fitting was done on all drive-wheels to find a proper
value for KT = 3.7 × 10−4 Kg

m2 . The fitted curves are shown
in Fig. 2. The vehicle model described in Appendix A was
used together with a simple driver model to accept steering
angle and speed profiles from the logged data, to convert it
to the inputs given in (26), and then to simulate all the driving
cycles within three months of driving. Driving cycles included
every manoeuvre the vehicle performed inside warehouses.
The simulation output included lateral and longitudinal slips
of each axle side of the vehicle. Fig. 3 shows the operational
environment of the vehicle between two tread depth mea-
surements. An example of velocity and road wheel steering
angle for four days of operations is shown in Fig. 4, illustrat-
ing the repetitiveness of operations, and a snapshot of a 10
minutes operation is shown in Fig. 5, illustrating the quality
of the model to follow the reference vehicle velocity. Fig. 6
illustrates lateral and longitudinal slips distribution of the left

904 VOLUME 7, 2026



FIGURE 4. Velocity profile and road wheel steering angle of the experimental vehicle of about four days of operations corresponding to Fig. 3.

FIGURE 5. Velocity profile and road wheel steering angle of the experimental vehicle of about ten minutes of operations.

FIGURE 6. Longitudinal slip versus lateral slip distribution of the left
wheel of the first driven axle.

wheel of the first driven axle. The calibrated function relating
tire wear to the longitudinal slip is shown in Fig. 7.

B. EVALUATION OF TIRE WEAR COST OBJECTIVE
Lateral slip is not directly controlled in this study because
steering-based path optimization is outside the scope of this

FIGURE 7. Tire wear as a function of longitudinal slip after model
calibration for the given tire, vehicle, and operations.

work. When longitudinal slip stays in the linear range of
the tire model, lateral slip is only slightly affected by lon-
gitudinal control. However, in sharp turns with high lateral
slip, combined-slip tire theory [34], [35], shows that reducing
longitudinal slip can also reduce lateral slip while the lateral

VOLUME 7, 2026 905
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TABLE 1. Tire Related Parameters Used in the Control Problem

TABLE 2. Metrics on Different Controllers

TABLE 3. Parameters of Tire and Vehicle Model Used for Correlation of
Test Measurements

force remains unchanged, (see Fig. 18). Combined-slip tire
behaviour is shortly addressed in Appendix B. Direct control
of lateral slip would require steering and path optimization,
which is not considered here. Therefore, the controller focuses
only on longitudinal slip, since it directly contributes to tire
wear through propulsion and braking.

Excluding lateral slip and inserting longitudinal slip calcu-
lated at zero lateral slip according to (37) into (1) we get tire
wear caused by longitudinal slip Twkg,sx

Twkg,sx = wTKT

∫ sf

s0

(−Fxw|(sy=0)

Cx

)2

ds (3)

TABLE 4. Vehicle Configuration and Dimensions

FIGURE 8. Measured power consumption of an EM versus fitted function
given in (9).

The tire tread depth reduction dhsx caused by longitudinal slip
can be found by

dhsx = Twkg,sx

dTπwTDT
(4)

The wear cost rate of a single tire Ct (per travelled distance)
can be calculated as

Ct = dhsx

ds

pT

h
(5)

where h is the difference of the tire tread length at the tire
beginning and end of life, and pT is the tire price. For an axle
side with index l , the cost rate of the tire wear Ct,l is then given
by

Ct,l = dhsx

ds

pT

h
nw,l (6)

C. CONTROL ALLOCATION INCLUDING TIRE WEAR
MINIMIZATION
A mixed-integer non-linear control problem for distributing
the propulsion demand of a hybrid or battery-electric heavy
vehicle equipped with multiple (nem) EMs, while explicitly
accounting for tire wear costs in the cost function, is presented
in this study. Including tire wear in the cost function does
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FIGURE 9. Driving cycles.

not result in additional computational load, because the added
cost term is convex.

Find {Fmw,k, Fbr, rm,k | k = 1, . . . , nem}

to minimize J =
(

Fbr +
nem∑
k=1

Fmc,k

)
Cel +

2·ndAxles∑
l=1

Ct,l

subject to: (7)

vehicle longitudinal dynamics in space domain, road grade α

positive downhill:

areq = 1

m

(
− Fbr +

nem∑
k=1

Fmw,k + mg sin α − mgfr cos α

− 0.5ρaA f cdv2
x

)
(8)

EM(s) (k = 1 . . . nem) power consumption using two 5th de-
gree fitting function for positive and negative torques [36],

shown in Fig. 8:

Fmck =

⎧⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎩

1
vx

∑5
i=0

∑5
j=0 h+

i j,k

(
rm,k
Rw

vx

)i ( RwFmw,k
rm,kηtm,k

) j
,

Fmw,k > 0
1
vx

∑5
i=0

∑5
j=0 h−

i j,k

(
rm,k
Rw

vx

)i (RwFmw,kηtm,k
rm,k

) j
,

Fmw,k ≤ 0
(9)

EMs torque upper and lower limits (k = 1 . . . nem) [36]:

RwFmw,k

rm,kηtm,k
−

min

⎧⎨
⎩

3∑
j=0

(
rm,k

Rw

vx

) j

bm
i j,k, i = 1, 2

⎫⎬
⎭ ≤ 0 (10)

− RwFmw,kηtm,k

rm,k
+

max

⎧⎨
⎩

3∑
j=0

(
rm,k

Rw

vx

) j

bm
i j,k, i = 3, 4

⎫⎬
⎭ ≤ 0

where Fmw,k,min ≤ Fmw,k ≤ Fmw,k,max (11)
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FIGURE 10. Longitudinal slip distribution.

FIGURE 11. The controller performance when the cost function includes energy but it does not account for tire wear. This controller finds optimal
energy-efficient power distribution by shutting down the EMs of the second axle.

and, friction brake limits:

−Fbr,min ≤ Fbr ≤ 0 (12)

where decision variables Fmw,k, Fbr, and rm,k are part of the
force on wheels that is originated from kth EM, friction
brake force on wheels, and gear ratio, including EM off, i.e.,
when rm,k = 0, of kth EM, respectively. The minimum and
maximum force limits for Fmw,k are represented by Fmw,k,min
and Fmw,k,max respectively and the minimum limit for Fbr by
Fbr,min. These limits are determined by the actuator force-
limits block considering road friction and combined-slip tire
behaviour. The cost function is shown in (7), where ndAxles is
the number of driven axles and Cel is the price of electricity.
Likewise, areq is the acceleration request, vx is the longitudinal
speed of the vehicle defined in the constraint equation. The
values of the tyre, vehicle and cost rate parameters used in this
study are provided in Tables 1 and 3. The problem is solved
by sequential programming according to [36]. It should be
noted that the problem is not formulated as a model predictive

control problem, since it is solved at each time instant with
a one-step horizon, which makes it highly computationally
efficient.

IV. RESULTS
The results in this section are organized to highlight factors
that influence tire slip and, in turn, tire wear, along with
differences in controller behaviour when tire wear is included
in the cost function versus when it is not. In order to evaluate
the performance of optimal control allocator, the controller
was tested on a 6x4 tractor for two different driving cycles.
This tractor has 3 axles, one front and two rear axles, where
the two rear axles are driven. Dimensions are given in Table 4,
unit 1. In this paper, each of the driven axles has two EMs, i.e.,
in total, 4 EMs. Furthermore, the controller’s performance,
in terms of cost reduction, has been analysed and presented
statistically across different driving cycles.

The longitudinal slip of the tires, and consequently tire
wear, is influenced by both the driving cycle and the drive-axle
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FIGURE 12. The controller performance when the cost function accounts for the cost of energy as well as tire wear for the same cycle as in Fig. 11. This
controller finds the optimal cost-efficient power distribution by turning on the EMs of the second axle, where both EMs of the second axle have equal
powers.

configuration. To illustrate this effect, Fig. 9(a) and (b) present
the regional distribution and city refuse driving cycles, respec-
tively. The main difference between these cycles lies in their
speed profiles: the city refuse cycle features more frequent
speed changes and a higher number of stops compared with
the regional distribution cycle. As a result, the distribution of
longitudinal slip differs between the two cycles, as shown in
Fig. 10(a), which in turn affects tire wear.

Furthermore, in the city-refuse cycle, vehicles with differ-
ent numbers of electrically driven axles show varying levels
of longitudinal slip and thus experience different rates of tire
wear. Fig. 10(b) illustrates the differences in the longitudinal
slip distribution for the left wheel of the first driven axle. This
variation arises because vehicles with only one driven axle
experience higher propulsion and regenerative torques on the
driven wheels compared to those with two driven axles.

The performance of two different controllers is shown in
Figs. 11 and 12 for the regional distribution driving cycle. In
the first controller, the cost function does not include the term
that accounts for the cost of tire wear. This controller finds
an optimal energy-efficient power distribution by shouting
down the EMs of the second driven axle shown in Fig. 11.
In the second controller, the cost function includes the term
that accounts for the cost of tire wear. This controller finds an
optimal cost-efficient power distribution for the same driving
cycle where the EMs of the second axle are most often on,
as shown in Fig. 12. In this example, both EMs of the second
axle have equal powers. Table 2 and Fig. 13 show the cost
differences of the controllers in terms of both energy and tire
wear. The proposed controller manages to reduce the total cost
by about 4% for that driving cycle.

To demonstrate the robustness of the results under diverse
driving conditions, approximately 2,300 driving cycles were
statistically generated. These cycles differ in terms of road
hilliness, speed variations, and vehicle mass, expressed as
gross combination weight (GCW). For each driving cycle,

FIGURE 13. The difference between total costs and cost factors as a result
of implementing two different controllers. 4% cost reduction is observed
when tire wear cost is included in the controller.

the performance of two controllers was evaluated. Fig. 14
presents the probability density of cost reductions achieved
by the controller that accounts for tire wear, compared with
the controller that considers energy cost only. Furthermore,
Fig. 15 illustrates the average cost reduction as a function
of road hilliness and different levels of average acceleration.
Road hilliness categories—flat (F), predominantly flat (PF),
hilly (H), and very hilly (VH)—are defined according to [37].
The average absolute instantaneous acceleration for each driv-
ing cycle is computed as follows. Let {vi}N

i=1 denote the
velocity samples and {ti}N

i=1 the corresponding time samples.
The average of the absolute instantaneous acceleration ā is
given by

ā = 1

N − 1

N∑
i=2

∣∣∣∣vi − vi−1

ti − ti−1

∣∣∣∣ . (13)
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FIGURE 14. Probability density of the cost reduction of a controller with
tire wear term over different driving cycles with different road hillinesses
and speed variations. Each distribution includes about 750 simulations.

V. DISCUSSION
In this paper, it is clearly shown that a control allocation strat-
egy, with and without tire wear cost in the cost function, will
change the way total power is distributed between different
driven axles. It should be noted that the subject vehicle can
have one or more driven axles. If there is only one driven
axle, or if there is a possibility to lift the second driven axle
and it is lifted, the inclusion of tire wear in the cost function
does not affect the controller’s action in the case of propulsion.
However, in the case of regeneration, the controller may prefer
to utilize friction brakes together with the regeneration of the
electrically driven axle to reduce tire wear. Reducing tire wear
by limiting acceleration could also be implemented, but this is
not demonstrated in the controller presented in this paper.

Moreover, the location of the second or additional driven
axles is not a limiting factor for the controller. The driven
axles could belong to other vehicle units, such as e-dollies and
e-trailers. In that case, the controller would still minimize the
cost, but additional constraints should be added to account for
the stability of the vehicle combination and the torque limits
of the electrically propelled units [38].

As highlighted earlier, there are many factors that affect
tire wear, but there are not many factors that influence both
tire wear and torque distribution, namely longitudinal slip and
tire vertical load. Longitudinal slip was directly considered
in the controller, but the effect of vertical load is not directly
addressed. The effect of vertical load was considered through
the non-linear relationship between longitudinal stiffness and
vertical load, as shown in (37). The higher the vertical load,
the lower the longitudinal stiffness, so a higher slip is needed
to provide the same amount of longitudinal force. Therefore,
tire wear increases with an increase in vertical load, beside
the need for an increase in longitudinal force itself, in case of
increased vehicle mass.

FIGURE 15. Average cost reduction of a controller with tire wear for
different GCWs, road hillinesses, and average acceleration given by (13)
over the cycle. Different road hillinesses are flat (F), predominantley flat
(PF), hilly (H), and very hilly (VH), [37].

Based on the statistical analysis across different driving
cycles presented in Figs. 14 and 15, the cost reduction in-
creases for lower GCWs and for higher speed variations, i.e.,
higher average acceleration. In addition, greater road hilliness
leads to a slightly higher cost reduction. The larger cost re-
duction observed at lower GCWs can be explained by the
fact that, under these conditions, the power of a single axle
is often sufficient to propel the vehicle for most of the trip.
Consequently, the controller that considers only energy cost
tends to deactivate one axle to minimize energy consumption.
In contrast, the controller that includes tire wear in the cost
function prioritizes overall cost minimization and may keep
both axles active when this leads to lower combined energy
and tire wear costs. At higher GCWs, however, the power
provided by a single axle may be insufficient, requiring the
energy-only controller to engage both axles more frequently.
This inherently reduces tire wear, making the axle power
distribution of the controller with the tire wear term more
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similar to that of the energy-only controller. As a result, the
additional cost reduction achieved by including tire wear is
smaller.

Furthermore, increased speed variations and greater road
hilliness naturally lead to higher and more variable propulsion
demands, providing more opportunities for optimal power
distribution between the axles. This, in turn, enables greater
overall cost reductions, considering both electricity consump-
tion and tire wear. It should be noted that the reported cost
reduction is primarily due to the reduction in tire wear,
given the assumed tire price pt and electricity price Cel in
Table 1. Moreover, for rangecritical driving cycles, where,
for example, the last 2% of the battery’s state of charge can
determine whether a trip is feasible, the cost term represent-
ing tire wear should be neglected or assigned a low weight
in order to prioritize energy efficiency over overall cost. In
addition, incorporating the tire-wear-related term does not
increase the complexity of the control problem. The additional
term is a convex function of the control variables; therefore,
regardless of the solver used, the computational time of a con-
ventional control allocator remains unchanged compared to a
formulation that does not include the tire wear term. More-
over, implementation of the proposed controller on a real
vehicle or on a hardware-in-the-loop test platform is left for
future work.

Lateral motion control and path planning are also outside
the scope of this paper; therefore, neither the steering angle
nor lateral slip is treated as an independent control variable.
However, in combined manoeuvres involving both longitu-
dinal and lateral slip, the effect of lateral slip is indirectly
mitigated through the reduction of longitudinal slip, owing
to the combined-slip characteristics of the tire [35]. The pro-
posed controller reduces longitudinal slip by appropriately
distributing torque among the driven axles. Consequently,
during combined manoeuvres, the lateral slip at each axle
is also reduced for a given level of lateral force, which in
turn leads to a reduction in tire wear associated with lateral
slip.

VI. CONCLUSION
This paper presents an approach to minimize energy con-
sumption and tire wear in battery electric vehicles through
an unified monetary-cost-based control allocation framework.
This framework incorporates electric energy and tire wear
costs while solving an optimization problem. By calibrating
a physics-based tire wear model against measurements and
integrating it into a control strategy, the paper highlights
the critical role of longitudinal slip in influencing tire wear
rates. The findings demonstrate that the inclusion of tire wear
in the cost function alters the distribution of power among
driven axles, leading to reduced operational costs. Moreover,
the developed models capture the differences in tire wear
rates across various driving cycles and vehicle configurations.
The results indicate that vehicles with electric prolusion and
particularly with multiple driven axles benefit from a more
balanced power distribution, which not only enhances energy

efficiency but also mitigates the environmental and economi-
cal impact of tire wear.

For future work, the controller should be tested across
a broader range of vehicle configurations and ultimately
validated in full-scale vehicle experiments. Extending the
framework with a wear model that explicitly minimizes both
lateral and longitudinal slip would also provide a more robust
basis for calibrating tire wear and related performance targets.

APPENDIX A
VEHICLE MODELLING
The paper presents a vehicle model based on Lagrangian
dynamics [39], [40], [41], [42], described by non-linear dif-
ferential algebraic equations (DAEs) or implicit ordinary dif-
ferential equations (ODEs). The model is formulated in both
time and space domains, incorporating generalized coordi-
nates for vehicle position and articulation angles for multi-unit
configurations. It includes parameters for tire forces, steering
angles, and a non-linear tire model calibrated with real-world
data. The model’s limitations include ignoring roll, wheel lift,
and chassis compliance, assuming moment-free articulation
joints, and not accounting for wheel rotational inertia or air
resistance on all units. The model’s validation used data from
normal driving manoeuvres, with options to include lateral
load transfer effects in the code. The code and its equations
are discussed and experimentally validated in [42]. Here de-
scription of the vehicle model used in this study is presented
briefly.

Let ua and sa be binary matrices representing unit wheels
and steerable wheels, respectively. For instance, for the two-
track 6-axle vehicle shown in Fig. 16:

ua = [1, 1, 1, 1, 1, 1; 1, 1, 1, 1, 1, 1],

sa = [1, 0, 0, 1, 0, 0; 0, 0, 0, 0, 0, 0].

Each row in these matrices corresponds to a vehicle unit
and its wheels. The number of rows equals the number of
units nu. For example, uai j = 1 and sai j = 1 indicate that unit
i has steerable wheel j. The columns represent the maximum
number of wheels per unit na. The wheels of each unit are
numbered from front-right to rear-right and then front-left to
rear-left.

The Lagrange equation is formulated as:

d

dt

∂T

∂ q̇l
− ∂T

∂ql
+ ∂V

∂ql
= Ql , l = 1, . . . , ng, (14)

where T and V are the kinetic and potential energies of the
system, respectively. ng = 4 is the number of generalized
coordinates, and the dot (̇) represents a time derivative. The
generalized coordinates q are:

q = [X1,Y1, φ1, θ1], (15)

where X1 and Y1 represent the global position of the COG of
the first unit. φ1 and θ are the global yaw angle of the first
unit and the articulation angles, respectively. The generalized
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FIGURE 16. Two-track model of a tractor-semitrailer. Forces acting on the vehicle include tire forces Fxw from propulsion/braking, tire rolling resistance
FwRR, air resistance Fair, and body forces on the vehicle’s COG due to gravity and road slopes.

force Ql is defined as:

Ql =
nf∑

k=1

(
FXk

∂PXk

∂ql
+ FYk

∂PYk

∂ql

)
, l = 1, . . . , ng, (16)

where nf is the total number of force elements. FXk and FYk

are the X and Y components of the forces, and PXk and PYk

are their positions in the global inertia frame.
The potential energy is zero, whereas the kinetic energy is

given by

T = 1

2

nu∑
i=1

(
mi(v

2
Xi + v2

Yi ) + Jiφ̇
2
i

)
, (17)

where mi, Ji, and φi are the mass, yaw moment of inertia, and
yaw angle of the ith vehicle unit, and vXi and vYi are the COG
velocity components. The potential energy is zero since its
affect is captured by the gravitational force.

The positions of the vehicle units’ COGs are found using
the system kinematics:[

Xi

Yi

]
=
[

Xi−1

Yi−1

]
+
[

xc(i−1)2 cos(φi−1) − xci1 cos(φi )

xc(i−1)2 sin(φi−1) − xci1 sin(φi )

]
,

i = 2, . . . , nu, (18)

where,

φi = φi−1 + θi−1, i = 2, . . . , nu, (19)

and xci1 and xci2 are the local positions of the front and
rear coupling points. For vehicle dimensions, see Fig. 16 and
Table 4. Thus, the vehicle unit velocities in the global frame
are:

vXi = dXi

dt
, vYi = dYi

dt
. (20)

Consider the matrix M used to convert coordinates from the
local frame of a vehicle unit to the global frame:

Mi =
[

cos(φi ) −sin(φi )

sin(φi ) cos(φi )

]
. (21)

Using this matrix, the global positions of the wheels Xw and
Yw can be expressed as:[

Xwi j

Ywi j

]
=
[

Xi

Yi

]
+ Mi

[
xai j

0

]
,

i = 1, . . . , nu, j = 1, . . . , 2na, uai j �= 0. (22)

The air resistance force position is represented by:[
Xair

Yair

]
=
[

X1

Y1

]
+ M1

[
xa11

0

]
. (23)

As a result, the derived equation of motion forms an im-
plicit system of ordinary differential equations (ODEs):

F (x, ẋ, u) = 0, (24)

where the state vector x is:

x = [X1,Y1, φ1, vX1, vY1, φ̇1, θi, θ̇i], i = 1, . . . , nu − 1,

(25)

The input vector u is defined by

u = [Fxwi j, δ11],

i = 1, . . . , nu, j = 1, . . . , 2na, uai j �= 0. (26)

The velocities vX1 and vY1 in the state vector (25) are
defined in the global frame. We can convert these global
frame velocities to the first vehicle unit’s local frame using
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a coordinate transformation:[
vx1

vy1

]
= M−1

1

[
vX1

vY1

]
=
[

cos(φ1) sin(φ1)

−sin(φ1) cos(φ1)

][
Ẋ1

Ẏ1

]
. (27)

To differentiate the kinetic energy in (17), we use the chain
rule:

∂T

∂Ẋ1
= ∂T

∂vx1

∂vx1

∂Ẋ1
+ ∂T

∂vy1

∂vy1

∂Ẋ1

= ∂T

∂vx1
cos(φ1) − ∂T

∂vy1
sin(φ1), (28)

∂T

∂Ẏ1
= ∂T

∂vx1

∂vx1

∂Ẏ1
+ ∂T

∂vy1

∂vy1

∂Ẏ1

= ∂T

∂vx1
sin(φ1) + ∂T

∂vy1
cos(φ1), (29)

∂T

∂φ1
= ∂T

∂vx1

∂vx1

∂φ1
+ ∂T

∂vy1

∂vy1

∂φ1
+ ∂T

∂g(φ1)

∂g(φ1)

∂φ1

= ∂T

∂vx1
vy1 − ∂T

∂vy1
vx1, (30)

where ∂g(φ1)
∂φ1

= 0.
The new state set in the first vehicle unit’s local coordinate

system is:

x = [X1,Y1, φ1, vx1, vy1, φ̇1, θi, θ̇i], i = 1, . . . , nu − 1.

(31)

To switch from the time domain to the spatial domain, the
following variable change can be performed.

d (·)
dt

= d (·)
ds

ds

dt
≈ vx1

d (·)
ds

, (32)

and

d2(·)
dt2

= d

dt

(
d (·)
ds

ds

dt

)
= v2

x1
d2(·)
ds2

+ vx1
dvx1

ds

d (·)
ds

, (33)

where (·) is any variable, assuming ds
dt ≈ vx1.

1) TIRE MODEL
For simplicity, axle and unit indices are omitted here. We
assume a linear longitudinal tire model given by

Fxw|(sy=0) = −Cxsx (34)

where Fxw|(sy=0) is the tire longitudinal force in the wheel
coordinate system at zero lateral slip sy, sx is the tire longitu-
dinal slip, and Cx is the tire longitudinal stiffness which can be
tuned based on experimental data [42]. Also, we can assume
that Cx is a function of the tire normal force Fz, for instance,
for a 315/80R22.5 drive tire, according to tire Magic formula
5.2 [43]:

Cx = Fz(PKX1 + PKX2 dfz) e(PKX3 dfz ) LKX, (35)

where,

dfz = (Fz − Fz0 LFZO)/(Fz0 LFZO), (36)

and Fz0, PKX1, PKX2, PKX3, LKX, and LFZO are tire parameters
according to the tire specification given in Table 3.

According to (26), the inputs to the vehicle model are the
wheel longitudinal forces. Therefore, the tire longitudinal slip
sx can be calculated as:

sx = −Fxw|(sy=0)

Cx
(37)

In order to have an accurate model of vehicle lateral motion,
we used a nonlinear lateral tire model in this paper. The tire
lateral slip is given by

sy = vwy

|vwx| , (38)

The local components of the wheel velocity are:[
vwx

vwy

]
=
[

cos(φ + δ) sin(φ + δ)

−sin(φ + δ) cos(φ + δ)

][
dXw/dt

dYw/dt

]
. (39)

Therefore, the lateral slip of each tire can be calculated
symbolically using the vehicle model. For example, lateral
slip of the second axle of the first unit on the right side can
be calculated as:

sy12 =
(

cos(φ1)

(
cos(φ1)vy + sin(φ1)vx + tw12 sin(φ1)φ̇1

2

+ xa12 cos(φ1)φ̇1

)
− sin(φ1)

(
cos(φ1)vx − sin(φ1)vy

− xa12 sin(φ1)φ̇1 + tw12 cos(φ1)φ̇1

2

))
∣∣∣∣ cos(φ1)

(
cos(φ1)vx − sin(φ1)vy − xa12 sin(φ1)φ̇1

+ tw12 cos(φ1)φ̇1

2

)
+ sin(φ1)

(
cos(φ1)vy + sin(φ1)vx

+ tw12 sin(φ1)φ̇1

2
+ xa12 cos(φ1)φ̇1

)∣∣∣∣ (40)

The nonlinear tire model used here is adapted from the
Pacejka magic tire model [43]. A revised version of this
model [42] is:

Fyw|(sx=0) = Fz uy sin(C arctan

(−Ccy

C uy
arctan(sy)

)
, (41)

where Fz, Ccy, and C represent the tire normal force, cornering
coefficient, and shape factor, respectively. The shape factor is
given by

C = 2

(
1 − arcsin(u2)

π

)
, (42)

where u2 = μslip
μstick

is the ratio between the road friction coef-
ficient at a large slip μslip and that at a zero slip μstick, and

uy = 0.8

(
1 + uyg

Fz − Fz0

Fz0

)
, (43)
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where Fz0 is the nominal tire normal force, assumed equal
to the axle static load, and uyg is the maximum lateral force
gradient from -0.3 to -0.1. The cornering coefficient Ccy is
defined as

Ccy = Ccy0

(
1 − 0.1

Fz − Fz0

Fz0

)
; (44)

where Ccy0 is the cornering coefficient at the nominal tire
normal force. Values for the maximum lateral force gradient
uyg and the cornering coefficient Ccy0 were tuned using exper-
imental data [42].

Finally, the combined slip was modelled according to the
friction ellipse model [34], [42], [43] according to

Fyw =
√

1 −
(

Fxw

e μ Fz

)2

Fyw|(sx=0) (45)

where e is a scaling factor defining the shape of the ellipse;
e.g., if e = 1 the model is a friction circle.

Finally, the tire forces in the global frame can be defined as[
FX

FY

]
=
[

cos(φ + δ) −sin(φ + δ)

sin(φ + δ) cos(φ + δ)

][
Fxw

Fyw

]
,

2) OTHER FORCE COMPONENTS
We will consider gravitational forces, rolling resistance
forces, and air resistance forces, transforming each to the
global frame of reference where necessary. The gravitational
force components in the local frame of a unit i are given by:

Fgxi = mi g sin(λpi ), (46)

Fgyi = mi g sin(λbi ), (47)

where mi is the mass of unit i, g is the gravitational accel-
eration, λpi is the pitch angle, and λbi is the banking angle
positive downhill at the left side of the vehicle unit.

Transform these forces into the global frame using the road
yaw angle φri[

FgXi

FgYi

]
=
[

cos(φri ) −sin(φri )

sin(φri ) cos(φri )

][
Fgxi

Fgyi

]
, (48)

where we assumed φri = φi.
The rolling resistance force FwRR is expressed as

FwRR = − fr Fz
vx1

|vx1| , (49)

where fr is the rolling resistance coefficient, Fz is the normal
force and vx1 is the velocity component in the local frame. To
transform these forces into the global coordinates, we use:[

FXRR

FYRR

]
=
[

cos(φi + δ) −sin(φi + δ)

sin(φi + δ) cos(φi + δ)

][
FwRR

0

]
,

where φi is the yaw angle, and δ is the steering angle.
The air resistance force is calculated as:

Fxair = − 0.5 Af cd ρa v2
x1

vx1

|vx1| , (50)

FIGURE 17. Relation between tire lateral and longitudinal forces as a
function of lateral and longitudinal slips according to anisotropic tire
brush model with a parabolic pressure and stick and slip friction [34].
sy denotes lateral slip.

FIGURE 18. Reduction of lateral slip (sy ) when longitudinal slip (sx) is
halved while the lateral force remains unchanged, based on the model
given in [34].

[
FXair

FYair

]
=
[

cos(φ1) −sin(φ1)

sin(φ1) cos(φ1)

][
Fxair

0

]
, (51)

where Af is the vehicle frontal area, cd is the air drag coeffi-
cient, and ρa is the air density.

There are also the effect of lateral load transfer is included
in the model. Detailed equations are provided in [42] and [44].

APPENDIX B
COMBINED-SLIP TIRE BEHAVIOUR
Combined-slip tire behaviour has been extensively studied in
the literature, and a detailed analysis is beyond the scope of
this paper. According to combined-slip theory, an increase in
longitudinal and lateral slip leads to a reduction in lateral and
longitudinal force, respectively. This behaviour, based on the
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anisotropic tire brush model with parabolic pressure distribu-
tion and stick–slip friction [34], is illustrated in Fig. 17. Using
the same model, Fig. 18 shows the reduction in lateral slip
achieved by halving the longitudinal slip while maintaining
the same lateral force. This result demonstrates that decreas-
ing longitudinal slip also reduces lateral slip, thereby lowering
tire wear associated with it.

Furthermore, as shown in Fig. 17, higher longitudinal slip
results in a slower increase in longitudinal force and a faster
decrease in lateral force. Consequently, to achieve the same
longitudinal force using two driven axles, the required overall
longitudinal slip is lower than that of a single driven axle.
Similarly, to maintain the same lateral force, the overall lateral
slip of two axles is lower than that of a single axle. Exper-
imental validation of the well-established combined-slip tire
behaviour is beyond the scope of this work, and interested
readers are referred to [45].
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