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ARTICLE INFO ABSTRACT

Editor: Prof. Blum Volker Real-time time-dependent density functional theory (rt-TDDFT) is a well-established method for studying the
dynamic response of matter in the femtosecond or optical range. In this method, the Kohn-Sham (KS) wave

Keywords: . . . s . .

Time-dependent density functional theory functions are propagated forward in time, and in principle, one can extract any observable at any given time.
Hot carrier Alternatively, by taking a Fourier transform, spectroscopic quantities can be extracted. There are many publicly
Nanoparticle available codes implementing rt-TDDFT, which differ in their numeric solution of the KS equations, their
Plasmon available exchange-correlation functionals, and in their analysis capabilities. For users of rt-TDDFT, this is an

inconvenient situation because they may need to use a numerical method that is available in one code, but an
analysis method available in another. Here, we introduce RHODENT, a modular Python package for processing
the output of rt-TDDFT calculations. Our package can be used to calculate hot-carrier distributions, energies,
induced densities, and dipole moments, and various decompositions thereof. In its current version, RHODENT
handles calculation results from the GPAW code, but can readily be extended to support other rt-TDDFT codes.
Additionally, under the assumption of linear response, RHODENT can be used to calculate the response to
a narrow-band laser, from the response to a broad-band perturbation, greatly speeding up the analysis of
frequency-dependent excitations. We demonstrate the capabilities of RHODENT via a set of examples, for
systems consisting of Al and Ag clusters and organic molecules.

PROGRAM SUMMARY

Program Title: rhodent

CPC Library link to program files: https://doi.org/10.17632/ksp3gdsgw6.1

Developer’s repository link: https://gitlab.com/materials-modeling/rhodent

Licensing provisions: MPL-2.0

Programming language: Python

Nature of problem: rt-TDDFT is a powerful method for probing the response of electronic systems. This
method is implemented in several codes, with differing implementation details and possibilities for computing
observables. However, if the full evolution of the density is recorded by the rt-TDDFT software, then it is
possible to extract observables as a post-processing step. A modular implementation of the post-processing
routines allows the same analysis to be applied to calculations performed using different rt-TDDFT programs.
Furthermore, relatively weak perturbations are often of interest, so that the system response is in the linear
regime. Then one single rt-TDDFT calculation with a broad-spectrum perturbation (e.g., a delta-kick) is enough
to reconstruct the response for other perturbations (e.g., Gaussian laser pulses) in post-processing. Carrying
out these post-processing steps is orders of magnitude faster than the rt-TDDFT calculation, and allows for
computationally efficient analysis of the system at hand.

Solution method: We construct the Kohn-Sham density matrix using matrix operations, transform between the
time and frequency domains by means of the discrete Fourier transform, and compute relevant observables by
weighted summations. These operations are parallelized using the MPI library, allowing efficient execution on
consumer-grade CPUs as well as on high-performance computer clusters.
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${\rm H}_{2}$


$C_{n\mu }(t)$


$\delta \rho _{ia}(\omega )$


$\delta \rho _{ia}(t)$


\begin {equation}\rho _{nn'}(t) = \sum _k f_k \int \psi ^*_{n'}(\vec {r}, 0) \psi _k(\vec {r}, t) \mathrm {d}{\vec {r}} \int \psi ^*_k(\vec {r}', t) \psi _{n}(\vec {r'}, 0) \mathrm {d}{\vec {r}'}, \label {eq:resp:rhonn}\end {equation}


$\psi _k(\vec {r}, t)$


$f_k$


$k$


$n$


$n'$


$\delta \rho _{nn'}(t) = \rho _{nn'}(t) - \rho _{nn'}(0)$


$\hat {v}(t)$


$n$


\begin {align}\frac {\delta \rho _{nn'}(\omega )}{v(\omega )} = \frac {\int _{0}^\infty \delta \rho _{nn'}(t)e^{i\omega t}\mathrm {d}t}{\int _{0}^\infty v(t)e^{i\omega t}\mathrm {d}t},\end {align}


$v(t)$


$\delta \rho (t)$


$N$


$t_j = j \Delta t$


$\delta \rho _{nn'}(\omega )$


\begin {align}\delta \rho _{nn'}(\omega ) &\approx \Delta t \textstyle \sum _{j=0}^{N-1} \delta \rho _{ia}(t_j) e^{i\omega t_j}.\end {align}


$\delta $


$v(t) = K \delta (t)$


$v(\omega ) = K$


\begin {align}v(\omega ) &\approx \Delta t \textstyle \sum _{j=0}^{N-1} v(t_j) e^{i\omega t_j}.\end {align}


$\delta \rho _{nn'}(\omega )$


$\sigma $


\begin {align}\delta \rho _{nn'}(\omega ; \sigma ) &\approx \Delta t \textstyle \sum _{j=0}^{N-1} \delta \rho _{ia}(t_j) e^{-\sigma ^2 t_j^2 / 2} e^{i\omega t_j}.\end {align}


$\delta \rho _{ia}(\omega )$


$e^{-\omega ^2 / 2\sigma ^2}$


$\rho _{ia}$


$f_i > f_a$


$\hat {v}$


\begin {align}\delta \rho _{ia}(t) = \int _0^t \hat {\chi }_{ia}(t - t') \hat {v}(t') \mathrm {d}t',\end {align}


\begin {align}\delta \rho _{ia}(\omega ) = \hat {\chi }_{ia}(\omega ) \hat {v}(\omega ),\end {align}


$\hat {\chi }_{ia}$


$\delta \rho _{ia}$


$\hat {v}$


$i$


$a$


$\delta \rho _{ia}'$


$\hat {v}'$


$\delta \rho _{ia}$


$\hat {v}$


\begin {align}\delta \rho _{ia}'(\omega ) &= \hat {\chi }(\omega )\hat {v}'(\omega ) \\ &= \delta \rho _{ia}(\omega )\frac {v'(\omega )}{v(\omega )}. \label {eq:resp:pulseconv}\end {align}


$v'(t)$


$v(t)$


$v(\omega )$


$v'(\omega )$


$N$


$t_j = j \Delta t$


$N$


\begin {align}\label {eq:respfft} \delta \hat {\rho }_{k,ia} &= \textstyle \sum _{j=0}^{N-1} \delta \rho _{ia}(t_j) e^{i\omega _k t_j} \\ \hat {v}_{k} &= \textstyle \sum _{j=0}^{N-1} v(t_j) e^{i\omega _k t_j} \\ \hat {v}'_{k} &= \textstyle \sum _{j=0}^{N-1} v'(t_j) e^{i\omega _k t_j}.\end {align}


$\hat {v}_{k}$


$\hat {v}'_{k}$


$k$


$v$


$v'$


$\delta \hat {\rho }_{k,ia}$


$k$


$ia$


$\omega _k = 2\pi k / (\Delta t N')$


$N'$


$N'$


$2N$


\begin {align}\label {eq:resppulseconvfft} \delta \rho '_{ia}(t_j) = \frac {1}{N'}\sum _{k=0}^{N-1} \frac {\delta \hat {\rho }_{k,ia}\cdot \hat {v}'_k}{\hat {v}_k}e^{-i\omega _k t_j}.\end {align}


$\delta $


$\Delta t$


$1/2\Delta t$


$\hbar \omega _\text {cut} = \qty {8}{\electronvolt }$


$t_0 = (5 + 1/4) / (2\pi \omega _\text {cut})$


\begin {align}v(t) = s_0 \frac {\sin (\omega _{cut} (t - t_0))}{\omega _{cut} (t - t_0)}, t > 0 \label {eq:resp:sinc-pulse}\end {align}


\begin {align}v(\omega ) = s_0 \frac {e^{i\omega t_0}}{\omega _\text {cut}}\text {rect}\left (\frac {\omega }{2\pi \omega _\text {cut}}\right ),\end {align}


$\text {rect}(x)$


$0 < x < 1$


$v(\omega )$


$v(t)$


$t_0$


$v(t)$


$t_0 = (n + 1/4) / (2\pi \omega _\text {cut})$


\begin {align}\psi _n(\vec {r}, t) = \sum _{\mu } C_{n\mu }(t) \Phi _\mu (\vec {r}),\end {align}


$\Phi _\mu (\vec {r})$


$C_{n\mu }$


$\mu $


$\nu $


$C_{n\mu }$


\begin {equation}\rho _{\mu \nu }(t) = \sum _k C_{k\nu }^*(t)f_k C_{k\nu }(t). \label {eq:resp:tdwfslcao}\end {equation}


$P_{n\mu } = \sum _{\nu } C_{n\mu }(0) S_{\nu \mu }$


$S_{\mu \nu } = \int \Phi ^*_{\nu }(\vec {r}) \Phi _{\mu }(\vec {r}) \mathrm {d}{\vec {r}}$


\begin {equation}\delta \rho _{nn'}(t) = \sum _{\mu \nu } P_{n'\nu }^*\left [\rho _{\mu \nu }(t) - \rho _{\mu \nu }(0)\right ] P_{n\mu }. \label {eq:resp:tdwfs}\end {equation}


$\delta \rho _{\mu \nu }(\omega ) = \int _{0}^\infty [\rho _{\mu \nu }(t) - \rho _{\mu \nu }(0)]e^{i\omega t}\mathrm {d}t$


\begin {align}\rho _{nn'}(\omega ) = \sum _{\mu \nu } P_{n'\nu }^*\rho _{\mu \nu }(\omega ) P_{n\mu }.\end {align}


$P_{n\mu }$


$\delta \rho _{ia}$


$i$


$a$


\begin {align}w^\text {proj}_{nn'} = \int _\text {Voronoi cell}\psi _{n'}^*(\boldsymbol {r}, 0) \psi _{n}(\boldsymbol {r}, 0) \mathrm {d}\boldsymbol {r} \label {eq:obs:voronoi}.\end {align}


$\delta \rho _{ia}$


\begin {align}\delta n(\boldsymbol {r}) = - \sum _{ia'} \psi ^*_a(\boldsymbol {r}, 0) \psi _i(\boldsymbol {r}, 0) \delta \rho _{ia}.\end {align}


$\delta \rho _{nn'}$


$f_n = f_{n'}$


$\rho _{ia} = \rho _{ai}^*$


\begin {align}\delta n(\boldsymbol {r}) = -2 \sum _{ia}^{f_i > f_a} \psi _a(\boldsymbol {r}, 0) \psi _i(\boldsymbol {r}, 0) \mathrm {Re}\:\delta \rho _{ia}.\end {align}


$\varepsilon _\text {low}$


\begin {align}\delta n_\text {filter}(\boldsymbol {r}) = -2 \sum _{ia}^{\substack {f_i > f_a \\ \varepsilon _a > \varepsilon _\text {low}}} \psi _a(\boldsymbol {r}, 0) \psi _i(\boldsymbol {r}, 0) \mathrm {Re}\:\delta \rho _{ia}.\end {align}


\begin {align}\label {eq:obs:dipoletotal} \delta \boldsymbol {\mu } = -2 \sum _{ia}^{f_i > f_a} \boldsymbol {\mu }_{ia} \mathrm {Re}\:\delta \rho _{ia},\end {align}


\begin {align}\boldsymbol {\mu }_{ia} = \int \psi ^*_a(\boldsymbol {r}, 0) \boldsymbol {r}\psi _i(\boldsymbol {r}, 0) \mathrm {d}\boldsymbol {r}.\end {align}


\begin {align}\label {eq:obs:dmvoronoi} \delta \boldsymbol {\mu }^{\text {occ}\rightarrow \text {unocc}, ia} = -2 \sum _{ia}^{f_i > f_a} \boldsymbol {\mu }_{ia} \mathrm {Re}\:\delta \rho _{ia} w^\text {proj,occ}_{ii} w^\text {proj,unocc}_{aa},\end {align}


\begin {align}\label {eq:obs:dipoletcm} & -2 \sum _{ia}^{f_i > f_a} \boldsymbol {\mu }_{ia} \mathrm {Re}\:\delta \rho _{ia} G(\varepsilon _\text {occ} - \varepsilon _i) G(\varepsilon _\text {unocc} - \varepsilon _a) \\ \label {eq:obs:dipoleprojtcm} & -2 \sum _{ia}^{f_i > f_a} \boldsymbol {\mu }_{ia} \mathrm {Re}\:\delta \rho _{ia} w^\text {proj,occ}_{ii} w^\text {proj,unocc} G(\varepsilon _\text {occ} - \varepsilon _i) G(\varepsilon _\text {unocc} - \varepsilon _a).\end {align}


\begin {align}G(\varepsilon - \varepsilon _n) = \frac {1}{\sqrt {2 \pi \sigma ^2}} \exp \left (-\frac { \left (\varepsilon - \varepsilon _n\right )^2 }{ 2 \sigma ^2 }\right ).\end {align}


$x$


\begin {align}\hat {v}(t) = v(t) x,\end {align}


\begin {align}\label {eq:polarizability} \vec {\alpha }_x(\omega ) = \frac {\int _{0}^\infty \delta \vec {\mu }(t)e^{i\omega t}\mathrm {d}t}{v(\omega )}.\end {align}


$x$


$y$


$z$


\begin {align}\boldsymbol {\alpha }(\omega ) = \begin {bmatrix} \vec \alpha _x(\omega ) & \vec \alpha _y(\omega ) & \vec \alpha _z(\omega ) \end {bmatrix}.\end {align}


\begin {align}\label {eq:obs:photoabs} S_x(\omega ) = \frac {2\omega }{\pi } \mathrm {Im}\:\alpha _{xx}(\omega ).\end {align}


$\int _0^\infty S(\omega )\mathrm {d}\omega $


\begin {align}\label {eq:obs:tcmphotoabs} -\frac {4\omega }{\pi } \sum _{ia}^{f_i > f_a} \boldsymbol {\mu }_{ia}\frac {\text {Im}\:\left [\mathrm {Re}\:\delta \rho _{ia}\right ](\omega )}{v(\omega )}G(\varepsilon _\text {occ} - \varepsilon _i) G(\varepsilon _\text {unocc} - \varepsilon _a)\end {align}


$E_\text {tot}$


$T$


$E_\text {Hxc}$


\begin {align}E_\text {tot}(t) = E_\text {tot}(0) + \delta T(t) + \delta E_\text {Hxc}(t) + E_\text {field}(t),\end {align}


\begin {equation}\label {eq:obs:energyfield} E_\text {field}(t) = - \delta \vec {\mu }(t)\cdot \hat {\boldsymbol {e}} v(t).\end {equation}


$\hat {\boldsymbol {e}}$


\begin {align}\label {eq:obs:energytotal} \delta T(t) + \delta E_\text {Hxc}(t) &= \sum _{ia}^{f_i > f_a} E_{ia} \\ \label {eq:obs:energyhxc} \delta E_\text {Hxc}(t) &= \sum _{ia}^{f_i > f_a} E_{ia}^\text {Hxc},\end {align}


\begin {align}E_{ia} &= \frac {1}{2} \left [ p_{ia}\dot {q}_{ia} - q_{ia} \dot {p}_{ia} - v_{ia} q_{ia} \right ] \\ E_{ia}^\text {Hxc} &= -\frac {1}{2} \left [ \omega _{ia} q_{ia}^2 - q_{ia} \dot {p}_{ia} - v_{ia} q_{ia} \right ]\end {align}


\begin {align}p_{ia} &= \frac {2\:\mathrm {Im}\:\delta \rho _{ia}}{\sqrt {2 f_{ia}}} \\ q_{ia} &= \frac {2\:\mathrm {Re}\:\delta \rho _{ia}}{\sqrt {2 f_{ia}}} \\ f_{ia} &= f_a - f_i \\ v_{ia} &= \sqrt {2 f_{ia}} \boldsymbol {\mu }_{ia} \cdot \hat {\boldsymbol {e}} v(t).\end {align}


\begin {align}\dot {E}_{ia} = \frac {1}{2} \left [ p_{ia}\ddot {q}_{ia} - q_{ia} \ddot {p}_{ia} - v_{ia} \dot {q}_{ia} - \dot {v}_{ia} q_{ia} \right ].\end {align}


$ia$


$\varepsilon _\text {low}$


\begin {align}\delta E_\text {tot}(t) &= \sum _{ia}^{\substack {f_i > f_a \\ \varepsilon _a - \varepsilon _i > \varepsilon _\text {low}}} E_{ia} \\ \delta E_\text {Hxc}(t) &= \sum _{ia}^{\substack {f_i > f_a \\ \varepsilon _a - \varepsilon _i > \varepsilon _\text {low}}} E_{ia}^\text {Hxc}.\end {align}


$f_{n} = f_{n'}$


\begin {equation}\delta \rho _{nn'}(t) = \delta \rho ^\text {electrons}_{nn'}(t) - \delta \rho ^\text {holes}_{nn'}(t), \label {eq:obs:secondorder}\end {equation}


\begin {align}\delta \rho ^\text {holes}_{ii'} &= \frac {1}{2} \sum _a^{f_i > f_a} p_{i'a} p_{ia} + q_{ia} q_{i'a} \\ \delta \rho ^\text {electrons}_{aa'} &= \frac {1}{2} \sum _i^{f_i > f_a} p_{ia} p_{ia'} + q_{ia} q_{ia'}.\end {align}


$\delta \rho _{aa'}$


$f_a = f_{a'} = 2$


$\delta \rho _{ii'}$


$f_i = f_{i'} = 0$


$\delta \rho ^\text {electrons}_{aa'}$


$\delta \rho ^\text {holes}_{aa'}$


$0 < f_n = f_{n'} < 2$


$\delta \rho _{ii'}$


$\delta \rho _{aa'}$


\begin {align}\label {eq:obs:holes} P^\text {holes}(\varepsilon ) &= \sum _i \delta \rho _{ii} G(\varepsilon - \varepsilon _i) \\ \label {eq:obs:electrons} P^\text {electrons}(\varepsilon ) &= \sum _a \delta \rho _{aa} G(\varepsilon - \varepsilon _a).\end {align}


\begin {align}\label {eq:obs:holesproj} P^\text {proj,holes}(\varepsilon ) &= \sum _{ii'} \delta \rho _{ii'} w^\text {proj}_{ii'} G(\varepsilon - \varepsilon _i) \\ \label {eq:obs:electronsproj} P^\text {proj,electrons}(\varepsilon ) &= \sum _{aa'} \delta \rho _{aa'} w^\text {proj}_{aa'} G(\varepsilon - \varepsilon _a).\end {align}


\begin {align}\vec {d}(\omega ) = \vec {\alpha }(\omega ) \vec {E}_\text {ext}(\omega ),\end {align}


\begin {align}\vec {d}(t) = \int _0^t \vec {\alpha }(t - t') \vec {E}_\text {ext}(t') \mathrm {d}t'.\end {align}


\begin {align}\label {eq:obs:dos} \sum _k G(\varepsilon - \varepsilon _k)\end {align}


\begin {align}\label {eq:obs:pdos} \sum _k G(\varepsilon - \varepsilon _k) w^\text {proj}_{kk},\end {align}


$w^\text {proj}_{kk}$


$30$


$\mathrm {fs}$


$10$


$\mathrm {as}$


$1.6$


$\mathrm {nm}$


$16$


$\mathrm {eV}$


$100$


$\mathrm {as}$


$20.7$


$\mathrm {eV}$


$\hbar \omega = \qty {7.6}{\electronvolt }$


$\hbar \omega $


$7.6$


$\mathrm {eV}$


$4$


$\mathrm {eV}$


$7.6$


$\mathrm {eV}$


\begin {equation}\vec {E}_\text {pulse}(t) = \vec {E}_0 \cos (\omega _0 (t - t_0)) \exp (-(t-t_0)^2/\tau ^2), \label {Xeqn6-59}\end {equation}


$|\vec {E}_0|=\qty {51}{\mu \volt /\angstrom }$


$t_0=\qty {10}{\femto \second }$


$\tau = \qty {2.19}{\femto \second }$


$5.2$


$\mathrm {fs}$


$0.7$


$\mathrm {eV}$


$\hbar \omega _0 = \qty {7.6}{\electronvolt })$


$\mu $


$\pi /2$


$\delta T(t)$


$\delta E_\text {Hxc}(t)$


$\mathrm {fs}$


$|\hbar \omega _{ia} - \hbar \omega _0| < \qty {1.4}{\electronvolt }$


$3$


$\mathrm {\bool_if:NF \g__siunitx_emulation_unit_warning_\angstrom_bool {\bool_gset_true:N \g__siunitx_emulation_unit_warning_\angstrom_bool \msg_warning:nnnn {siunitx}{unit-deprecated}{\angstrom}{\text {Å}}}\text {Å}}$


$7.6$


$\mathrm {eV}$


$7.6$


$\mathrm {eV}$


$6.9$


$\mathrm {eV}$


$6.9$


$\mathrm {eV}$


$7.6$


$\mathrm {eV}$


$6.9$


$\mathrm {eV}$


$0.2$


$\mathrm {eV}$


$\hbar \omega _0 = \qty {7.6}{\electronvolt }$


$\hbar \omega _0 = \qty {6.9}{\electronvolt }$


$14.3$


$\mathrm {\%}$


$2.0$


$\mathrm {\%}$


$\hbar \omega _0 = \qty {7.25}{\electronvolt }$


$t_0=\qty {5}{\femto \second }$


$\tau = \qty {1.10}{\femto \second }$


$2.6$


$\mathrm {fs}$


$1.4$


$\mathrm {eV}$


$7.25$


$\mathrm {eV}$


$A e^{-(t-t_0)^2/2\tau ^2}$


$3$


$\mathrm {fs}$


$20$


$\mathrm {fs}$


$7.7$


$\mathrm {\%}$


$3$


$\mathrm {\bool_if:NF \g__siunitx_emulation_unit_warning_\angstrom_bool {\bool_gset_true:N \g__siunitx_emulation_unit_warning_\angstrom_bool \msg_warning:nnnn {siunitx}{unit-deprecated}{\angstrom}{\text {Å}}}\text {Å}}$


$10$


$\mathrm {as}$


$30$


$\mathrm {fs}$


$8$


$\mathrm {eV}$


$200$


$\mathrm {as}$


$10.3$


$\mathrm {eV}$


$3.8$


$\mathrm {eV}$


$14.5$


$\mathrm {eV}$


$4$


$\mathrm {eV}$


$3.8$


$\mathrm {eV}$


$7.6$


$\mathrm {eV}$


$\hbar \omega _0 = \qty {3.8}{\electronvolt }$


$t_0=\qty {10}{\femto \second }$


$\tau = \qty {2.19}{\femto \second }$


$7.3$


$\mathrm {fs}$


$0.7$


$\mathrm {eV}$


$3.8$


$\mathrm {eV}$


$3.8$


$\mathrm {eV}$


$5$


$\mathrm {fs}$


$\varepsilon _a - \varepsilon _i = \hbar \omega _0$


$\varepsilon _a$


$\varepsilon _i$


$2$


$\mathrm {eV}$


$C_{n\mu }(t)$


$P_{n\mu }$


$N_\text {time}$


$t$


$N_\text {occupied}$


$n$


$N_\text {basis}$


$\mu $


$N_\text {time} = \num {300}$


$N_\text {occupied} = N_\text {basis} / 3$


$N_\text {basis}$


$N_\text {basis} = \num {100}$


$N_\text {basis} = \num {7500}$


$N_\text {basis} = \num {2829}$


$N_\text {basis} = \num {3635}$


$2.25$


$\mathrm {GHz}$


$128$


$128$


$2.25$


$\mathrm {GHz}$


$128$


$128$


$1$


$128$


$256$


$384$


$512$


$4000$


$N_\text {basis}$


$N_\text {occupied}\times N_\text {basis}$


$N_\text {basis} = \num {4000}$


$1$


$128$


$256$


$384$


$512$


$64$


$N_\text {basis}$


$N_\text {occupied}$


$N_\text {basis}\times N_\text {basis}$


$N_\text {basis}$


$N_\text {occupied}$


$N_\text {basis}\times N_\text {basis}$


$28.8$


$\mathrm {\bool_if:NF \g__siunitx_emulation_unit_warning_\angstrom_bool {\bool_gset_true:N \g__siunitx_emulation_unit_warning_\angstrom_bool \msg_warning:nnnn {siunitx}{unit-deprecated}{\angstrom}{\text {Å}}}\text {Å}}$


${}\times {}$


$28.8$


$\mathrm {\bool_if:NF \g__siunitx_emulation_unit_warning_\angstrom_bool {\bool_gset_true:N \g__siunitx_emulation_unit_warning_\angstrom_bool \msg_warning:nnnn {siunitx}{unit-deprecated}{\angstrom}{\text {Å}}}\text {Å}}$


${}\times {}$


$43.2$


$\mathrm {\bool_if:NF \g__siunitx_emulation_unit_warning_\angstrom_bool {\bool_gset_true:N \g__siunitx_emulation_unit_warning_\angstrom_bool \msg_warning:nnnn {siunitx}{unit-deprecated}{\angstrom}{\text {Å}}}\text {Å}}$


$32.0$


$\mathrm {\bool_if:NF \g__siunitx_emulation_unit_warning_\angstrom_bool {\bool_gset_true:N \g__siunitx_emulation_unit_warning_\angstrom_bool \msg_warning:nnnn {siunitx}{unit-deprecated}{\angstrom}{\text {Å}}}\text {Å}}$


${}\times {}$


$32.0$


$\mathrm {\bool_if:NF \g__siunitx_emulation_unit_warning_\angstrom_bool {\bool_gset_true:N \g__siunitx_emulation_unit_warning_\angstrom_bool \msg_warning:nnnn {siunitx}{unit-deprecated}{\angstrom}{\text {Å}}}\text {Å}}$


${}\times {}$


$35.2$


$\mathrm {\bool_if:NF \g__siunitx_emulation_unit_warning_\angstrom_bool {\bool_gset_true:N \g__siunitx_emulation_unit_warning_\angstrom_bool \msg_warning:nnnn {siunitx}{unit-deprecated}{\angstrom}{\text {Å}}}\text {Å}}$


$0.2$


$\mathrm {\bool_if:NF \g__siunitx_emulation_unit_warning_\angstrom_bool {\bool_gset_true:N \g__siunitx_emulation_unit_warning_\angstrom_bool \msg_warning:nnnn {siunitx}{unit-deprecated}{\angstrom}{\text {Å}}}\text {Å}}$


$0.1$


$\mathrm {\bool_if:NF \g__siunitx_emulation_unit_warning_\angstrom_bool {\bool_gset_true:N \g__siunitx_emulation_unit_warning_\angstrom_bool \msg_warning:nnnn {siunitx}{unit-deprecated}{\angstrom}{\text {Å}}}\text {Å}}$


$0.05$


$\mathrm {eV}$


$1\times 10^{-12}$


$ia$


\begin {align}\delta \rho (t) &= \int _0^t \chi (t') v(t - t') \mathrm {d}t', \label {app:linrestime}\end {align}


$v(t)$


$\chi (t) = 0$


$t<0$


\begin {align}\delta \rho (\omega ) = \chi (\omega )v(\omega ),\end {align}


\begin {align}\delta \rho (\omega ) = \int _{-\infty }^{\infty } \delta \rho (t)e^{i\omega t} \mathrm {d}t,\end {align}


$\chi (\omega )$


$v(\omega )$


$0 < t < T$


\begin {align}v^{(0)}(t) &= \begin {cases} v(t) &, 0 < t < T \\ 0 &, T < t < T' \end {cases},\end {align}


$T'$


$T'$


$T$


$0 < t < T$


\begin {align}\delta \rho (t) = \int _0^{T} \chi (t') v^{(0)}(t - t') \mathrm {d}t'. \label {app:linresextended}\end {align}


\begin {align}\int _t^{T} \chi (t')\underbrace {v^{(0)}(t - t')}_{=0} \mathrm {d}t' = 0.\end {align}


$T'$


\begin {align}v^{(0)}(t) = \frac {1}{T'}\sum _{k=-\infty }^\infty \hat {v}^{(0)}_k e^{-i\omega _k t}, \label {app:vfourierseries}\end {align}


$\omega _k = 2\pi k / T'$


\begin {align}\hat {v}^{(0)}_k = \int _0^{T'}v^{(0)}(t) e^{i\omega _k t}\mathrm {d}t = \int _0^{T}v(t) e^{i\omega _k t}\mathrm {d}t\end {align}


$0 < t < T$


$v^{(0)}$


\begin {align}\delta \rho (t) &=\frac {1}{T'} \sum _{k=-\infty }^\infty \hat {v}^{(0)}_k e^{-i\omega _k t} \int _{0}^{T} \chi (t') e^{i\omega _k t'} \mathrm {d}t' \\ &= \frac {1}{T'}\sum _{k=-\infty }^\infty \hat \chi ^{(0)}_k \hat {v}^{(0)}_k e^{-i\omega _k t}, \label {app:rhofourierseries}\end {align}


\begin {align}\hat {\chi }^{(0)}_k = \int _0^{T}\chi (t) e^{i\omega _k t}\mathrm {d}t.\end {align}


$\delta \rho (t)$


$0 < t < T$


\begin {equation}\delta \hat \rho _k = \hat {\chi }^{(0)}_k\hat {v}^{(0)}_k. \label {Xeqn7-A.12}\end {equation}


\begin {align}\delta \hat {\rho }^{(0)}_k = \int _0^{T}\delta \rho (t) e^{i\omega _k t}\mathrm {d}t,\end {align}


$\delta \hat {\rho }_k$


$\delta \hat {\rho }^{(0)}_k$


$0 < t < T$


$v'(t)$


\begin {equation}\delta \rho '(t) = \int _0^t \chi (t') v'(t-t')\mathrm {d}t', \label {Xeqn8-A.14}\end {equation}


\begin {align}\hat {v}'^{(0)}_k &= \int _0^{T}v'(t) e^{i\omega _k t}\mathrm {d}t,\end {align}


$\delta \hat \rho '_k = \hat {\chi }^{(0)}_k\hat {v}'^{(0)}_k$


$\delta \rho '(t)$


$0 < t < T$


\begin {align}v'^{(0)}_k = K^{(0)}_k v^{(0)}_k,\end {align}


\begin {equation}v'^{(0)}(t) = \int _0^{T'} K^{(0)}(t')v^{(0)}(t-t')\mathrm {d}t', \label {Xeqn9-A.17}\end {equation}


$K^{(0)}(t)$


$K^{(0)}_k$


\begin {align}\delta \hat \rho '_k &= \hat {\chi }^{(0)}_kK^{(0)}_k\hat {v}^{(0)}_k = K^{(0)}_k \delta \hat \rho _k,\end {align}


$K^{(0)}$


$\delta \rho '(t)$


$0 < t < T$


$K^{(0)}$


$\delta {\hat {\rho }}_k$


$\delta {\hat {\rho }}^{(0)}_k$


\begin {align}\delta {\rho }'(t) = \frac {1}{T'}\sum _{k=-\infty }^\infty \delta {\hat {\rho }}^{(0)}_k \frac {\hat {v}'^{(0)}_k}{\hat {v}^{(0)}_k} e^{-i\omega _k t}.\end {align}


$K_k = \hat {v}'^{(0)}_k / \hat {v}^{(0)}_k$


$\hat {v}'^{(0)}_k$


$\delta \rho (t)$


$v(t)$


$N$


$t_j = j \Delta t$


$\Delta t = T / N'$


\begin {align}\delta \hat {\rho }_k = \Delta t \left (\sum _{j=0}^{N-1} \delta \rho (t_j) e^{i\omega _k t_j}\right )\end {align}


\begin {align}\delta \rho ^{(0)}(t_j) = \frac {1}{\Delta t} \left (\frac {1}{N'}\sum _{k=0}^{N'-1} \delta \hat \rho _k e^{-i\omega _k t_j}\right ),\end {align}


$N' \geq 2N$


$\omega = 2\pi / (2\Delta t)$
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1. Introduction

Real-time time-dependent density functional theory (rt-TDDFT) is
a well-established method for studying the response of electronic sys-
tems [1,2]. It has been used for spectroscopy calculations [3-10], in-
cluding circular dichroism [11,12], X-rays [13], non-linear spectroscopy
[14], and high-harmonic generation [15-17], as well as to study elec-
tron [18-23] and spin dynamics [24] on femtosecond timescales. In
essence, one simply takes the ground state calculated with Kohn-Sham
(KS)-density functional theory (DFT) [25,26] and numerically propa-
gates the single-particle Schrodinger equation forward in time, under
the influence of something driving the system out of the ground state,
typically an external electric field. There are various codes implement-
ing rt-TDDFT, including GPAW [27], OCTOPUS [28,29], TURBOMOLE
[30], Siesta [31], cP2K [32], INQ [33], and QRCODE [34]. These codes
differ in implementation details and numerical representations of the KS
wave functions.

There is, however, a need for modular libraries [35]. It may be desir-
able for some users to employ one code, due to its numerical implemen-
tation details, while using the analysis capabilities of another. Without
modular libraries, the only solution to this problem is for the developer
to either port the analysis capabilities or the numerical implementation
to the other code. Here, we introduce RHODENT - a Python package
for processing the response from rt-TDDFT calculations. In its current
version, calculation outputs from GPAW using the linear combination of
atomic orbitals (LCAO) basis are supported, but the modular design of
RHODENT prepares it for future integration with other programs. RHO-
DENT is open source and comes with proper unit- and integration tests,
easing development, even for external contributors. An extensive docu-
mentation is available online [36].

2. Program overview

The RHODENT package is written in Python and designed in a mod-
ular and object-oriented fashion. The key components are the Response
and Calculator objects (Fig. 1). The Response class allows reading out-
put files generated in a previous rt-TDDFT calculation (outside RHO-
DENT), and transforms the response into the appropriate form for RHO-
DENT, either in the time or frequency domain. There are several imple-
mented Response classes, for use with different rt-TDDFT output files.

User interface

i Input file
+on disk

» Response

. Input .
! perturbation ' »

Output

2 ‘ Calculator

: perturbation ! »

! frequencies »
¢ Writeto
p disk ]
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The Calculator is responsible for computing the observables at vari-
ous times in the simulation, or the Fourier transform thereof. Several
Calculator classes are available.

The modular structure of RHODENT opens up the possibility to, with
relatively little effort, extend the functionality of the code. In order to
interface RHODENT to another rt-TDDFT code than GPAW, which is cur-
rently supported, a new Response class needs to be added. The new class
should parse the appropriate output files, and iteratively return objects
representing density matrices that are understood by the Calculator
classes. We refer the interested reader to the online documentation [36]
and source code repository of RHODENT to familiarize themselves with
the internal structure of the code. Similarly, in order to compute a new
type of observable, one in principle only needs to implement a new
Calculator.

3. Implementation and theory

The central quantity that RHODENT works with is the time-dependent
KS density matrix in the basis of ground-state KS orbitals

P (1) = ka/W:,(T,O)Wk(r,t)dr/W,f(r',t)l//,,(r',O)dr', €9)
k

where y, (r,t) are the time-dependent KS wave functions and f, their
occupation numbers (including a spin degeneracy of 2). Here and in
the following, k, n, and n’ are indices enumerating the wave functions,
or equivalently, the rows and columns of the KS density matrix. In
particular, we are interested in the induced density matrix ép,,, (1) =
Pt (D — pr (0). This quantity contains all information about the system
response to some time-dependent perturbation #(r), and is obtained from
an rt-TDDFT calculation (e.g., using GPAW). We note here that, since
RHODENT currently is implemented for non-periodic and spin-paired
systems, the only quantum number of the KS orbitals is n. We are re-
stricted to fixed-atom calculations, so the time-dependence comes only
from electronic degrees of freedom.

3.1. Obtaining the response
In RHODENT, we can work with the response in the time domain,

which is obtained directly from the rt-TDDFT calculation, or in the
frequency domain. For the latter, we define the normalized Fourier

Responses
Read C,,(t) from disk. Read &p,,, (w) Read &p,,(t)

from disk from disk

Egs. (17)-(18) to

construct 8p,,(t)
Energies Hot carriers Induced Induced

density dipole

moment

Fig. 1. Overview of the user interface for the RHODENT package. The RHODENT workflow consists of setting up a Response and a Calculator object, as shown by
the arrows and boxes to the left in the figure. Input files (generated using rt-TDDFT) on disk are provided to the Response object, together with a description of the
perturbation that generated the input files. An output perturbation and a set of times or frequencies are provided to the Calculator object. The Calculator object
then transforms the input data appropriately to obtain the Fourier transform of the response at a given frequencies, or the response to the output perturbation at
the given times. In the current implementation, there are three possible response types (shown in the upper right): reading time-dependent LCAO coefficients C,, (1)
from disk, reading the Fourier transform of the induced KS density matrix 6p;,(w) from disk, or reading the induced KS density matrix ép,,(¢) from disk. There are
four different calculators (lower right), calculating: energies, hot carriers, induced density and induced dipole moment.
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transform
8Py (@) Jy 8Py (D€ d1 @
v(@) Jo7 veiondr

where v(?) is the scalar amplitude of the perturbation, and the lower
bound on the integrals can be taken to be zero, because the integrands
are zero before this time. This quantity is related to the Casida eigenvec-
tors and gives similar information as the solution of the Casida equation
[371.

3.1.1. In the frequency domain

In practice, the rt-TDDFT calculation results in samples of §p(f) on
a finite grid of N times #; = jAr. We then approximate §p,,, () by the
discrete Fourier transform

S (@) & AL TG 6y (1))e 3)

A common choice is to perform the rt-TDDFT calculation using a so-
called 6-kick, where v(r) = Ké6(¢) and the Fourier transform v(w) = K is
exactly constant. For all other kinds of perturbations, we approximate
v(@) & At T u(e))e . “
The finite simulation length results in a convolution of the true Fourier
transform 6p,,, () by a sinc-shape, leading to a noisy spectrum. A com-
mon remedy is to artificially dampen the response function, forcing it
to zero before the end of the simulation. In RHODENT, Gaussian broad-
ening is implemented, where the delta-kick response is multiplied by a
Gaussian envelope of width &

—2s2 .
Sp(@:0) m At TN 81 12 (5)
This is equivalent to convoluting the noisy 6p;,(w) with a Gaussian
e’ /297 in the frequency domain.

3.1.2. In the time domain through the convolution trick

The electron-hole part of the induced density matrix p,,, where f; >
f, is linear in the perturbation [38], meaning that for sufficiently weak
perturbations o there is a linear response regime where

t
30a01= [ 2t =000t ©
0
or equivalently, in the frequency domain,

5pia(w) = )?ia(a))ﬁ(w)s (7)

where j#;, is a response function describing the response of matrix el-
ement 6p;, to 0. By convention, we use indices i and a to denote oc-
cupied and unoccupied ground state orbitals (equivalent to holes and
electrons), respectively. Using RHODENT, we can exploit this linearity
to compute the response §p/, to perturbation &’ knowing the response
to 6p;, to perturbation 9, without performing another rt-TDDFT calcu-
lation.

5L, (@) = 7@ (@) ®)
= 5p,, ()12 ©
v(w)

We are restricted to perturbations of the same spatial shape, where the
onset of v/(¢) is not earlier in time than v(r), and where the spectrum
of v(w) covers v'(w) entirely. The response in the time domain can be
obtained by carrying out an inverse Fourier transformation of Eq. (9).

In practice, quantities are available on a finite grid of N times t; =
jAt. We then take a discrete Fourier transform of the induced density
matrix and both perturbations on the grid of N time instances

3hria = g Opialt))es's (10)
D an

0, = X! v (t)e . (12)
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Fig. 2. Sinc-shaped pulse with cutoff #hw., =8eV and offset 7,=(5+
1/4)/2zw.,) in the time and frequency domain. Choosing a multiple of an in-
teger plus one quarter ensures that the pulse is finite at the beginning of the
simulation.

Then 9, and o) are the kth Fourier components of the perturbations v
and v/, and 6p, ;, are the kth Fourier component of the ia matrix ele-
ment of the induced KS density matrix. The chosen frequencies w; =
27k /(AtN') correspond to a grid of N’ times (N’ is at least 2N), which
is equivalent to padding the data with zeros after the end of the simula-
tion. This is necessary to prevent circular correlation (see Appendix A).
We obtain the induced density matrix to the new perturbation as the
inverse discrete Fourier transform of Eq. (9)

N-1 ¢» Al
0Pria 0,
% — K pmin;, (13)
= Y

8piat) =

When constructing the density matrix from the time-dependent wave
functions file, it is important to write the wave functions at every time
step, if a 5-kick was used. Otherwise, if the wave functions are written at
a sparse interval At there will be aliasing in the Fourier spectrum above
the Nyquist frequency 1/2At.

This behavior can be alleviated by using different temporal shapes.
For example, a sinc-shaped pulse (Fig. 2)

sin(@,,;(t — ty))

>0 14
wcm(t - IO)

v(t) = s

has the Fourier transform

@ > (15)
cut

v(w) e rect
w) =5
0w 27w,

cut
where the rectangular function rect(x) is equal to 1 for 0 < x < 1 and 0
otherwise. In principle, this pulse does not induce any response above
the cutoff frequency and allows saving the time-dependent wave func-
tions file using a sparse interval.
However, in finite simulations, v(w) is effectively convoluted with
a sinc function leading to a smooth cutoff as v(r) does not fit in the
simulation window in its entirety. Choosing ¢,, one should strike a bal-
ance between fitting as much as possible of v(¢) in the simulation win-
dow (leading to a sharper cut-off) and perturbing the system with a
sufficiently strong field early on in the perturbation (leading to better
numerical stability). In particular, it is a judicious choice to let the off-
set be an integer and a quarter offset of the time between oscillations
tg = (n+1/4)/Qrwey,) so that the pulse starts at a local maximum.

3.1.3. Constructing the KS density matrix

Currently, RHODENT provides an interface to the LCAO implemen-
tation of rt-TDDFT in GPAW [4,27,39]. In this implementation, the KS
wave functions are represented as the linear combination

w(r 1) = Y C (0P, (r), 16)
M
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where @, (r) are atom-centered orbitals (typically a few orbitals for each
atom) and only the coefficients C,, are time-dependent. In the follow-
ing, the Greek letters y and v enumerate the LCAO basis functions, or
equivalently, the rows and columns of the density matrix in the LCAO
basis.

3.1.4. Time-dependent wave functions file
In GPAW, the time-dependent coefficients C,, can be written to file
periodically during time propagation. From this file, we can construct

the KS density matrix in the LCAO basis

P = Y Ch ()£, Cpo (1), ()
k

Combining Egs. (1) and (17), we find the basis transformation ma-
trix P,, = ¥, C,,(0)S,,, with the overlap integral S,, = [ ®:(r)®,(r)dr.
Then the induced density matrix in the basis of ground state KS orbitals
is

3w ()= D P [ @) = 9,1, (O)] Py as)

Hv

3.1.5. Fourier transform of induced KS density matrix.

GPAW also supports building the Fourier transform &p,,(®) =
f0°°[pﬂv(t) — p(0)]e”'dr on the fly during time propagation on a grid
of predefined frequencies [37]. Having saved this quantity to file, RHO-
DENT can read it and transform the density matrix to the basis of ground
state KS orbitals as

P (@) =
v

P:,vpuv(w)l’,m. (19)

3.1.6. Reading and writing numpy binary files

The construction of the density matrix from different sources, and
transformations between time and frequency domain, are time and
memory intensive (see Section 4.4). In particular, memory usage can be
limiting in parallel execution as, for example, the transformation matrix
P, is duplicated on every process. Therefore, RHODENT allows writing
the density matrix in the KS basis to a NumPy binary file on disk after
every transformation. The files can be read in order to continue with
another transformation (for example, the pulse convolution outlined in
the next section), or simply to compute observables.

3.2. Calculating observables

In RHODENT Calculators are used to evaluate observables (yellow
boxes in Fig. 1), which can be computed using the full response ép,,,
including:

e The density in the time domain, or the Fourier transform thereof.

e The dipole moment in the time domain, or its Fourier transform (the
polarizability in the frequency domain).

¢ Stored energy in the system in the time domain.

e Electron and hole occupations, i.e., hot carrier (HC) distributions, in
the time domain.

Additionally, a density of states calculator, which only relies on ground
state information, and a spectrum calculator, which only needs a time-
dependent dipole moment file, are implemented. For analysis purposes,
the observables can be decomposed either by the energies or spatial
confinement of occupied and unoccupied states i and a. For the latter,
we use the Voronoi cell of an atom, which is the set of all points in space
closer to that atom than to any other, to define the Voronoi weights

Wi = / v (7. Oy, (r, O)dr. 20)
Voronoi cell

In the following, we use Hartree atomic units.
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Density
The induced charge density is obtained from ép,, as
an(r) == Y w(r. 00w, (r.006p;,. (21)

ia
Because the electron-electron and hole-hole parts of the KS density ma-
trix (6p,,y where f, = f,/) are quadratic in perturbation, the electron-
hole part dominates. Using that p;, = p¥, and that the KS orbitals are
real, we can then write

fl >fﬂ
n(r)= =23 y,(r,0;(r,0Re 6p,,. (22)
ia
An energy filter can be supplied to RHODENT to include only a subset
of transitions in the sum. For example, one could want to include only
transitions to electrons above ¢, in energy
Ji>fa

£a>Elow

Ongilger (r) = =2 Z Wo(r, 0)y;(r, 0)Re 5y, (23)

ia

Dipole moment
The induced dipole moment (dipole moment minus the static part)
is

ff>fa
Su=-2 ) pRedp,, 24)
ia
where
Hig = / v, (r, 0)ry;(r, 0)dr. 25)

We can use RHODENT to calculate the induced dipole Eq. (24), the in-
duced dipole projected on Voronoi weights of occupied and unoccupied
states for a projection on one or several atoms

) Jfi>fa . .
6ﬂ0cc—»unocc,1a =2 Z ”iaRe 6pia w})[rOJ,OCC wl;:’loj,unocc’ (26)
ia
or the dipole or projected dipole as a transition contribution map (TCM)
[40]

Ji>fa
-2 Z HigRe 6p;i, G(€gee — €1)G(Eynoce — €a) 27)
ia
Ji>fa . )
-2 Z HiRe 5Piawgroj’occwprOJ’unDCCG(Socc — €)G(Eynoce ~ €a)- (28)

ia
The TCM enables illustrative analyses of matrices in the basis of ground
state KS orbitals, by broadening them onto energy axes using Gaussians

G _ 1 (5_€n)2 29
(e—en)—mexp e . (29)

For a perturbation corresponding to a spatially constant electric field
polarized in the x direction

o(t) = v(t)x, (30)

the normalized Fourier transform of the induced dipole moment gives
one column of the polarizability

o )

/ Su(t)e'® dt
0
== " 31

a,(w) @) (€20)]
In order to construct the full polarizability tensor, three rt-TDDFT cal-
culations with orthogonal polarization directions along x, y, and z are
needed

a,(»)]. (32)

The optical absorption spectrum, expressed as the oscillator strength
function, is related to the polarizability as

a(w) = [ax(a}) a,(w)

S, (w) = 201 oy (). 33)

T
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This quantity obeys the sum rule that its integral /0°° S(w)dw equals the
number of electrons in the system. The same kind of decomposition is
available in the frequency domain as in the time domain. For example,
we can construct the TCM [40] for the photoabsorption cross section

4o e Im [Re 8p,] (@)

a
T v(w)

G(eoce — €))G(Eunoce ~ €a) 34

Stored energy

In KS DFT, the total energy E,, can be partitioned into the kinetic en-
ergy T, the potential energy due to the Hartree and exchange-correlation
(XC) potential Ey,., and the external energy. Using perturbation expan-
sions up to second order [38] we can write the decomposition of the
energy stored in the system

Ei (1) = Er(0) + 8T (t) + 6 Eqgyc (1) + Efe1q (D), (35)

where the first term is the total energy of the ground state and the last
term is the external energy due to the electric field of the perturbation

Efie1q(t) = —6u(r) - ev(?). (36)

Here, we assume that the electric field of the perturbation is spatially
constant and polarized in é direction. The change in kinetic and Hartree-
exchange-correlation (Hxc) energies can be decomposed into contribu-
tions from all electron-hole transitions

Ji>fa
ST(1) + 6Emee() = ) E, (37)
ia
Ji>fa
§ By ()= Y E, (38)
ia
where
1 . .
E, = 5 [piaqia = GigPia — Uiaqiu] (39)
1 .
ngc = _E [wiaqiza ~ biaPia — viaqia] (40)
are calculated from the following quantities and their time derivatives
21m 6p,
Pig = —— (41)
V 2fia
2Re bp;
Q= ——" (42)
V 2fia
fiazfa_fi (43)
Vig = 2fia”ia - eu(n). (44)

We can also calculate the rate of energy change using higher deriva-
tives

Eia = 5 [piaqia ~ YbiaPia ~ Viabia — Uiaqia]' (45)

For energies, we can compute Voronoi projections analogously to
Eq. (26), and perform energy filtering based on the energy of pairs ia. For
example, we can compute the total and Hxc energy above a threshold

Elow
fi>fa
Eq—Ei>Elow
S E (1) = Z E;, (46)
ia
fi>fa
Ea—Ei>Elow
8By (= ) EPe 47)

ia

Similarly, we can compute TCMs analogously to Egs. (27) and (28).

Hot carriers

The equal-occupation-numbers part (f,, = f,/) of the induced density
matrix is quadratic in the perturbation [38], and can be obtained from
the electron-hole part

B (1) = 8ps™O™(1) = 8ot (1), (48)

nn'
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where
1 Ji>fa
hol
6p“-‘/) ¢ = E Z PitaPia + diabi’a (49)
a
1
5pzagctrons = E Z PiaPia’ t+ diaia - (50)

i

The purely electron-electron (6p,,, f, = fo =2) and hole-hole parts
(6p;ir» fi = fr = 0) of the KS density matrix are equal to 5p§1§“r°“s and
1) p:;’,les, respectively, but for the partially occupied states0 < f, = f,, <2
both terms in Eq. (48) are non-zero.

Hot-carrier distributions are calculated by convolution of &p;;
(holes) and 6p,, (electrons) with Gaussian broadening functions on the

energy grid.
pholes(gy — Z 50, G(e — €;) (51)

Pelectrons(g) - Z 8p,,Gle — £,). (52)
a

We can also project hot-carrier distributions according to the Voronoi
weights

Pproj,holes(g) - 2 5p”/w$0J G(e —¢;) (53)
i’
Pproj,electronS(g) — Z 8Put wPrOjG(5 —£,). 54)

ad'
ad

Optical spectrum and densities of state

Optical response calculations are a routine task in rt-TDDFT since the
calculations by Yabana and Bertsch [3]. For spectroscopic applications,
the dipolar response of the matter system due to a dipolar external field
is of interest, as it is the only non-vanishing contribution in the far field.

d(w) = a(®) Eey (), (55)
or, equivalently, in the time domain
t
d(t) = / a(t — ") E e (t)dr'. (56)
0
Finally, we can compute the total density of states (DOS)
Y Gle—ep) (57)
3
and the projected density of states (PDOS) as
z G(e — Ek)wizoj, (58)
k
Pproj . . .
where w,, ~ are the Voronoi weights given by Eq. (20).

4. Examples

In this section, we study three plasmonic systems to demonstrate the
capabilities of RHODENT. The calculation workflow is as follows: For
each system, we first compute the electronic ground state within DFT
using LCAO basis sets in GPAW. Then we perform an rt-TDDFT calcula-
tion using GPAW, propagating the ground state in time under an external
perturbation. We simulate the dynamics for 30 fs, which is enough to re-
solve the formation and subsequent dephasing of the localized surface
plasmon resonance (LSPR). A propagation time step of 10 as yields con-
verged results. We apply a sufficiently weak perturbation to only probe
the linear-response domain. By choosing a sinc-shaped (Eq. (14)) per-
turbation in the time domain, we avoid exciting high frequency compo-
nents of the response, which allows us to write a wave function trajec-
tory to file at a relatively sparse interval, without risking aliasing. This
file is read by RHODENT to calculate the response. Further information
concerning the DFT and rt-TDDFT calculations can be found in Section 6.
It should be emphasized here, that, while some of the calculations here
(e.g., TCMs of induced dipoles) are already implemented as standard
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Fig. 3. (a) Absorption spectrum of the Al NP. (b) Transition contribution map
(TCM) for the absorption of the Al NP at the frequency 7w = 7.6¢V (indicated
in panel (a)). The color scale goes from white (no contribution) to red (positive
contribution), and the DOS (Eq. (57)) is drawn on the outside of both energy
axes. Energies are given with respect to the Fermi level. The diagonal line is
drawn over resonant electron-hole transitions, i.e., those with an energy dif-
ference equal to hw. There are no significant contributions to photoabsorption
from resonant transitions. Instead, the main contributions are from transitions
near the Fermi level. (For interpretation of the references to colour in this figure
legend, the reader is referred to the web version of this article.)

features in GPAW, others are not (e.g., energies and HCs)). Even for the
former case, RHODENT provides an advantage over the built-in GPAW
implementation in its ease of use. At the same time, RHODENT gives the
user the flexibility to perform pulse convolution in memory, and read
from different types of output files.

4.1. Aluminum nanoparticle

As an initial example, we consider a plasmonic 201-atom Al nanopar-
ticle (NP), with a diameter of 1.6 nm. An in-depth analysis of this system
can be found in Ref. [10]. We perform one rt-TDDFT calculation, using a
sinc-pulse with a cutoff of 16eV, and write the wave function trajectory
to disk at an interval of 100as (Nyquist frequency of 20.7¢eV). Due to
the symmetry of the NP, its response is isotropic, and one polarization
direction is enough to probe the entire response.

Analysis in the frequency domain

Using the dipole moment file from the rt-TDDFT calculation, and
Eq. (33), we construct a photoabsorption spectrum (Fig. 3a) for the sys-
tem. The main feature in the spectrum is a peak at 7.6eV. We attribute
the peak to the LSPR, which is a collective electronic excitation [41,42].
We can gain insight about the microscopic origin of this feature by con-
structing the TCM to the absorption, according to Eq. (34). This calcu-
lation requires the full response of the system, i.e., the wave function
trajectory. Visualizing the contributions as a TCM (Fig. 3b), we see that
many individual electron-hole pairs near the Fermi level collectively
contribute to the absorption. We also compute the DOS, using Eq. (57),
and plot it together with the TCM. Despite the energy difference between
most involved electron and hole states being less than 3 to 4eV or so,
they are excited at 7.6eV, thanks to their collective coupling through
Coulomb interactions.

Analysis in the time domain
Now we consider the response of the Al NP to a Gaussian laser pulse.
We consider a spatially constant electric field

Epuise(t) = Eq cos(wq(t — ty)) exp(=(t — 19)* /%), (59)

choosing the strength |E,| = 51 pV /A, an envelope centered at to = 10fs,
and 7 = 2.19fs, giving a full width at half-maximum (FWHM) of about
5.2fs in the time domain and 0.7¢V in the frequency domain. Thanks
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Fig. 4. Time-evolution of energy stored in the Al NP excited by a laser pulse
resonant to the LSPR. The total energy is decomposed into Hxc contributions and
kinetic contributions. An alternative decomposition is into energy of resonant
and non-resonant transitions. The potential energy due to the external electric
field (not included in the total), the pulse, and the induced dipole moment are
also plotted in the figure.

to the pulse convolution functionality in RHODENT (see Section 3.1.2),
we do not need to perform any new rt-TDDFT calculations, which is the
most expensive part of the simulation workflow. By appropriately set-
ting up the Response object, the pulse convolution is performed before
calculating observables.

We excite the system at the LSPR (hw, = 7.6¢V), and evaluate the
time-dependence of the energy stored in the system (Fig. 4). As the
pulse is turned on, the system responds with a dipole moment u that
lags roughly z/2 in phase after the electric field, corresponding to res-
onant response (absorption), and peaks in amplitude a few oscillations
after the maximum of the pulse. Therefore, the energy contribution as-
sociated with the pulse (Eq. (36)) oscillates around zero at twice the
pulse frequency.

The total energy increases during the entire duration of the pulse
until it reaches a steady value. Having access to the full response, we
can partition the total energy into kinetic and Hxc contributions, 67 (r)
and 6 Ey, (1), see Eqgs. (37) and (38). We can see how energy is period-
ically redistributed between the former and the latter, at a frequency
matching the pulse. Increasingly more energy is stored in kinetic con-
tributions, while the amount of Hxc energy periodically reaches zero.
The Hxc contributions persist for a few fs after the disappearance of
the pulse, so we interpret this as the lifetime of the LSPR. Alternatively,
we can partition the total energy into resonant and non-resonant con-
tributions, by the distinction that the eigenvalue difference of resonant
electron-hole pairs should be |Aaw,, — hwy| < 1.4eV. This tells us that the
number of non-resonant transitions rises and falls smoothly, with only
small oscillations, during the lifetime of the LSPR.

For even deeper insight into the data, we can construct TCMs for
the energy contributions at selected times (Fig. 5). At the time instance
marked (1) in Fig. 5a, when the Hxc contributions are at a maximum,
we see both resonant and non-resonant transitions in the total energy
(Fig. 5b), and only non-resonant transitions in the Hxc contribution
(Fig. 5¢). After one pulse cycle, at time instance (2), there are no Hxc
contributions, but the same non-resonant transitions persist in the total
energy (Fig. 5d). We should note here that these are the same tran-
sitions that are visible in the absorption TCM (Fig. 3b). It is now clear
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Fig. 5. (a) Time-evolution of energy stored in the Al NP excited by a laser pulse resonant to the LSPR, with time instances (1), (2) and (3) marked. (b) TCM of
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Fig. 6. (a) Absorption spectrum of the Al NP and benzene system. (b-e) TCMs
for the absorption, for subset of transitions: (b) to the NP, at the UP frequency
7.6eV, (c) to the molecule, at the UP frequency 7.6eV, (d) to the NP, at the LP
frequency 6.9¢V, (e) to the molecule, at the LP frequency 6.9eV. For each of
(b-e), the sum of the subset of transitions is written out as a fraction of the sum
of all transitions at the same frequency. The same color scale, going from blue
(negative) through white (0) to green (positive), is used in all TCM axes. The
DOS is drawn outside each energy unoccupied energies axis, and the PDOS (for
the NP or the molecule, as appropriate) is drawn outside each occupied energies
axis. (For interpretation of the references to colour in this figure legend, the
reader is referred to the web version of this article.)

that these transitions make up the LSPR, and that they oscillate between
kinetic and potential energy during its lifetime. After the decay of the
pulse, the plasmon dephases into resonant transitions, known as HCs.
At time instance (3) only such transitions remain (Fig. 5e).

4.2. Aluminum nanoparticle with benzene molecules

The next example system is another structure from Ref. [10], made
up of an Al NP identical to the previous structure, and two benzene
molecules. The molecules are placed on opposite sides at a distance of
3 A from the faces of the NP. The molecules are oriented such that the
line through the molecules and the NP is parallel with the transition
dipoles of the lowest bright excitations of the molecules. The system is
no longer isotropic, so we constrain our analysis to excitation polarized
along this axis. We perform a new rt-TDDFT calculation, with the same
parameters as for the bare Al NP.

Analysis in the frequency domain
We calculate the photoabsorption spectrum (Fig. 6a), and find two
peaks. One peak at 7.6¢eV is very similar to the LSPR peak of the bare

Al NP, but the other at 6.9¢V is both much larger in prominence and
redshifted by about 0.2eV compared to the peak of the bare molecules.
This is a characteristic of strong coupling, where the underlying exci-
tations (LSPR of the NP and the molecular excitation) exchange energy
with each other at a faster or comparable rate to the lifetime of the exci-
tations [43]. The two resonances are known as the lower polariton (LP)
and the upper polariton (UP).

We decompose the absorption TCMs into NP-like and molecular tran-
sitions, using the Voronoi decomposition Eq. (26). In particular, we at-
tribute transitions from occupied NP-states into any unoccupied state
as the former, and transitions from occupied molecular states to any
unoccupied state as the latter, because unoccupied states tend to be
more of mixed character compared to occupied states. In Fig. 6b—e, we
plot the projected TCMs together with the DOS (Eq. (57)) on the un-
occupied energy axes, and the PDOS (Eq. (58)) for the NP/molecule
on the occupied energy axes. At the UP frequency hw, = 7.6eV, we
find that the NP decomposition of the TCM (Fig. 6b) consists of the
same excitations near the Fermi level that we attributed to the LSPR in
the bare Al NP. Meanwhile, the molecular decomposition of the TCM
(Fig. 6¢) consists of a single excitation from the benzene highest oc-
cupied molecular orbital (HOMO) to the lowest unoccupied molecu-
lar orbital (LUMO). The molecular transition is contributing destruc-
tively to the absorption at the frequency of the UP, meaning that the
molecular dipole is directed opposite to the NP dipole. At the LP fre-
quency hw, = 6.9V, the TCM also consists of plasmonic transitions in
the NP decomposition (Fig. 6d) and the single molecular excitation in
the molecular decomposition (Fig. 6e). The difference is that for the
LP, the LSPR and molecular excitation couple constructively. A con-
figuration where the dipoles are parallel intuitively leads to a lower
energy. The LP has significant molecular character, as 14.3 % of the ab-
sorption comes from the molecular transition, while the UP is almost
entirely LSPR-like (the destructive contribution of the molecule is only
2.0%).

Analysis in the time domain

Now we consider the time evolution of the dipole moment and en-
ergies after excitation by a Gaussian laser pulse. We excite the sys-
tem with a pulse covering both peaks, with parameters hw, = 7.25¢V,
to = 5fs, and = = 1.10fs (giving a FWHM of about 2.6 fs in the time do-
main and 1.4eV in the frequency domain). We decompose the energies
and dipoles in the same way as for the earlier frequency domain analy-
sis, and find that a strong oscillating dipole first forms in the NP, then in
the molecules, and then in the NP again (Fig. 7). These are Rabi oscilla-
tions, with 2-3 fs in between the maxima. Oscillations in the Hxc energy
are visible in the NP and molecules during the same times as oscillations
in the dipole. After 20 fs of simulation time, only kinetic energy remains
(in the form of HCs), with a 92.3/7.7 % division between the NP and
molecules.
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Fig. 7. For the Al NP and benzene molecule excited between the polaritons at
frequency 7.25 eV, the time-evolution of (a) the induced dipole moment (decom-
posed into transitions to the NP and molecule) and (b) stored energy (decom-
posed into total/Hxc contributions and transitions to NP/molecule). The frac-
tion of the total energy stored in the NP and molecule respectively, at the end
of the simulation, are written out. The shaded areas in (a) show the envelopes
of three/two Gaussians Ae~(~'*/2"" that have been fitted to the dipole moment
of the NP/molecule.

4.3. Silver nanoparticle with CO molecule

As a final example, we consider a metal with valence d-electrons.
We set up a 201-atom Ag NP (nearly the same diameter and shape as
the Al NP), and place a CO molecule at a distance of 3 A from the (111)
on-top site. Detailed analysis of this system can be found in Ref. [23] We
perform yet another rt-TDDFT calculation, with a polarization direction
along the bond axis of the molecule. As for the Al systems, we use a time
step of 10as and a total simulation length of 30 fs. Because the relevant
resonances are lower for this system compared to the Al NP, we use a
sinc-pulse with a cutoff of 8 eV. This allows us to write the wave function
trajectory to disk at an interval of 200 as (Nyquist frequency of 10.3eV).

Analysis in the frequency domain

We calculate the photoabsorption spectrum (Fig. 8a) and identify
the LSPR peak at 3.8 eV. Unlike the Al-benzene system we studied pre-
viously, the first bright excitation of the CO molecule (14.5eV [23]) is
far from the LSPR and its presence has a negligible effect on the ab-
sorption spectrum. We construct a TCM for the absorption spectrum
(Fig. 8b) and see many excitations near the Fermi level constructively
coupling at the LSPR frequency. A new feature, not found in the Al sys-
tems, are the destructive contributions involving transitions from the
d-band edge (about 4eV below the Fermi level) to unoccupied levels.
These transitions are excited at the same time as the LSPR, with their
dipoles opposite. Thus they screen the plasmon, contributing to a much
lower resonance energy (3.8 eV) compared to the Al NP (7.6eV).

Analysis in the time domain

Once again, we calculate the response to a Gaussian laser pulse. We
choose the parameters iw, = 3.8¢V, t, = 10fs, and = =2.19fs (FWHM
7.3fs in the time domain and 0.7¢V in the frequency domain) in order
to cover the LSPR peak. For this system, we focus on the time after the
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Fig. 9. (a) Hot-carrier distribution for the Ag NP + CO molecule system after ex-
citation at resonance (3.8 eV). The DOS is drawn above the axes. (b) Hot-carrier
distribution projected on the molecule after excitation at resonance (3.8¢eV).
The PDOS of the molecule is drawn above the axis. (c) The total number of ex-
cited electrons, and number of excited electrons in the molecule, as a function
of excitation energy.

dephasing of the plasmon. We compute the average of the hot hole (HH)
and hot electron (HE) distributions (Fig. 9a) during the last 5 fs of the
simulation, using Egs. (51) and (52). We see that HCs are created in the
NP, with energies spanning from 0 to the pulse frequency (or negative
pulse frequency, for holes). As we saw in the energy TCM for the Al-
system (Fig. 5e), HCs present after the dephasing of the plasmon are
found on the diagonal ¢, — ¢; = hw,, where ¢, and ¢; are the energies
of the electron and hole respectively. We also see this in that the HE
distribution looks like the HH distribution, shifted upwards in energy
by the pulse energy, except for some minor shifts due to the finite width
of the pulse. At the Fermi level, there are both excited electrons and
holes, due to the presence of partially occupied states in the ground
state calculation.

For the Ag NP + CO molecule system, the molecular levels are hy-
bridized with the metal states. The LUMO is split into several levels,
around 1 to 2eV above the Fermi level (Fig. 9b; top axes), while the
HOMO is too far below the Fermi level to allow for excitations at the
present pulse energy. Therefore, we can expect some HEs to form in
the molecule but not any HHs. Indeed, computing the HC distribution
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projected on the molecule (Egs. (53) and (54)) confirms that electrons
are excited in the molecule in all branches of the hybridized LUMO
(Fig. 9b). Interestingly, there is a delicate interplay between the cou-
pling of each possible HC to the LSPR and the energetic alignment to
the pulse that determines in which hybridized level most electrons are
excited. This has been exploited in [23] to increase the amount of charge
transfer.

Using RHODENT, we can, without much additional effort, compute
the HC distributions for many different pulses at once. In Fig. 9c, we plot
the total number of excited electrons in the system, as well as the num-
ber of excited electrons in the molecule, by pulse frequency. The total
number of electrons is related to the amount of energy absorbed, which
can be deduced from the absorption spectrum pulse frequency roughly
like the absorption spectrum, as all the energy absorbed turns into HCs.
For the number of electrons in the molecule, there are, however, several
local maxima.

4.4. Performance analysis using synthetic data

Finally, we benchmark the performance of RHODENT. RHODENT is
parallelized using the MPI library to distribute calculations over mul-
tiple processes. The implementation of the Calculator classes is com-
paratively simple compared to the Response classes. In the Calculator
classes, calculations are trivially parallelized over time or frequency,
with each MPI process working with the KS density matrix at either one
time or frequency instance. While the user can decrease the wall-time
of the calculation by distributing it over more MPI processes, this comes
with an approximately linear increase in memory usage. The memory
usage is predominantly determined by the size of all density matrices
and output quantities that need to be concurrently held in memory.

In the Response classes, on the other hand, data is redistributed be-
tween the processes several times for more efficient calculations. The
intermediate quantities needed to construct the response, as well as the
overhead of MPI communication make it more difficult to know the
memory usage beforehand. The interested reader is referred to the on-
line documentation [36] and source code repository for details. For these
reasons, we focus on the wall-time and memory usage of the calculation
of the response from a time-dependent wave functions file, including
the pulse convolution step (Egs. (10)-(13)). A RHODENT workflow can

always be split into one calculation of the response, writing the density
matrices at desired times or frequencies to disk, and another calculation
of the observables. The former is likely to become the bottleneck.

In the benchmark tests, we construct a synthetic dataset by gener-
ating a time-dependent wave functions file with random data for the
LCAO coefficients C,,(t), and a corresponding file with basis transfor-
mation matrices P, u (see Egs. (18)—(17)). The LCAO coefficients are rep-
resented numerically as N, time instances #, Noccypieq OCCUpied KS
states indexed by n and Ny, basis functions indexed by u. We choose
Niime = 300 (as in the example systems with AD), Noccypied = Npasis/3 (@s
is approximately the case for the basis sets used in the Ag example), and
vary Np.s- With 16 bytes to store each complex coefficient, the size of
the time-dependent wave functions file is thus 15MB for Ny, = 100
and 84 GB for Ny, = 7500. We note that the Al example studied has
Npasis = 2829 and that the Ag + CO example studied has Ny, = 3635.

We performed the benchmarks on a system with dual AMD EPYC
Zen2 2.25 GHz processors with 128 cores and 850GB available memory
per node. In one type of benchmark, we computed the entire time evo-
lution of the induced KS density matrices and their first derivatives, as
would be needed for, e.g., the calculation resulting in Fig. 4. In the other
type of benchmark, we computed the induced KS density matrices and
their first derivatives at one time instance only, as would be needed
for, e.g., the calculation resulting in Fig. 9b—c. Performing the calcula-
tions on one node with 128 cores (Fig. 10a,c) and varying the system
size Np,ss, We see that the wall-time and peak memory use increases
with Noceupied X Npasis- In general, the wall-time of the calculations is a
few to tens of minutes, and the peak memory usage is several times the
size of the time-dependent wave functions file. In this test, RHODENT at-
tempts to limit memory usage when reading the time-dependent wave
functions file, which causes it to process the file in more chunks for the
calculation of the entire time evolution, than for the calculation of a
single time instance.

We also performed benchmarks (Fig. 10b,d) for a fixed system size of
Npasis = 4000, varying the number of cores from 1 to 128 (on one node)
and using 256, 384, or 512 cores on 2, 3, and 4 nodes. For this system,
one observes that the optimal number of cores is around 64. When using
fewer than 8 cores, the wall-time increases drastically (much more than
the factor by which the number of cores is decreased), while the peak
memory usage decreases only slightly. We have not investigated this
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further, but a reasonable assumption is that the poor performance is
related to poor utilization of the CPU cache. Using more than 64 cores,
there is no improvement in wall-time for this system, which suggests
that the overhead in distributing the data overshadows the speedup from
having more processors working in parallel.

5. Conclusions and outlook

RHODENT is a Python package for post-processing the response of
rt-TDDFT calculations. It can be used to obtain, e.g., induced dipole mo-
ments and densities, the stored energy, and HC distributions, as well as
spatial and energetic projections thereof. Induced dipole moments and
densities can also be computed in the frequency domain (the former
being related to optical spectra). Additionally, since rt-TDDFT probes
the linear response function when the external perturbation is suffi-
ciently weak, RHODENT can quickly compute the response to any time-
dependent perturbation in the linear response regime, from just one rt-
TDDEFT calculation. In the linear response regime, we can also exploit
the structure of the density matrix to compute energies and HC distri-
butions in the system.

Currently, RHODENT supports reading output files from GPAW cal-
culations. The intention, however, is for RHODENT to be extensible and
adaptable to a wider range of applications, including support for other
rt-TDDFT packages. To this end, RHODENT has been designed with a
modular structure and a clear separation between the construction of re-
sponse and the computation of observables. Future development areas,
ordered by presumed development cost, include, e.g., dense represen-
tations of wave functions, unpaired spins (e.g., to study spin-forbidden
excitations or magnetism), and periodic boundary conditions (e.g., to
study electron dynamics in surfaces or bulk materials).

RHODENT currently only allows parsing wave functions in the LCAO
basis, as opposed to dense representations such as on uniform grids or
using plane waves, since this representation is small and convenient to
work with. Typically, the number of basis functions Ny, is a few times
the number of occupied electrons in the system Nyccypieq- Then, the KS
density matrix in the basis of all states (occupied and unoccupied) is
of dimension Ny, X Npasis- I @ dense representation, Ny, Will typ-
ically be thousands of times larger than Nccupied> Tesulting in a much
larger density matrix Nyugs X Npasis- Allowing such representations is
thus a matter of finding a robust way to truncate them. A particular
appealing approach could be to transform from the initial basis to max-
imally localized Wannier functions [44]. Such a representation would
be sparse and thus retain the benefits of the LCAO basis already imple-
mented in RHODENT in terms of computational efficiency and physical
transparency.

In order to allow unpaired spins in RHODENT, the relations in Sec-
tion 3 need to be derived under this condition (for reference, the deriva-
tions of the equations above can be found in Ref.[38]), and the im-
plementation in RHODENT must be amended accordingly. A similar ap-
proach can be taken for extended systems. In this case, the polarizability
Eq. (31) would be replaced by a susceptibility or dielectric function. One
must work in the velocity instead of the length gauge in, e.g., Eq. (36)
and the momentum degree of freedom of the response needs to be con-
sidered. Such extensions would expand the application range of RHO-
DENT but also require substantial further development.

6. Computational details

The open-source GPAW [27] code package was used for the DFT and
rt-TDDFT calculations. The calculations were done in the projector aug-
mented wave (PAW) [45] formalism using LCAO basis sets [39]; the
pvalence [4] basis set, which is optimized to represent bound unoccu-
pied states, was used for the Ag species, and the double-zeta polarized
(dzp) basis set for all other species. The PBE [46,47] (for the Al and
Al + benzene calculations) and Gritsenko-van Leeuwen-van Lenthe-
Baerends-solid-correlation (GLLB-sc) [48,49] (for the Ag + CO calcu-
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lations) XC-functionals, utilizing the Libxc [50] library, were used in
GPAW. For the Al and Al + benzene calculations, a simulation cell of
28.8 A x 28.8 A x 43.2 A was used. For the Ag + CO calculations, a sim-
ulation cell of 32.0A x 32.0A x 35.2 A was used. In the simulation cell,
wave functions were represented with a grid spacing of 0.2 A, and XC
and Coulomb potentials with a grid spacing of 0.1 A. Additional analytic
moment corrections [51] centered at the NP were added to the Coulomb
potential. Fermi-Dirac occupation number smearing with width 0.05eV
was used. The self-consistent loop was stopped when the integral of the
difference between two subsequent densities was less than 1 x 10~'2. Pu-
lay [52]-mixing was used to accelerate the ground state convergence.
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Appendix A. The convolution trick in finite simulations

In the linear response regime, we have that (dropping indices ia from
the notation in the main text)
t
Sp(t) = / 2@ —1")dr', (A1)
0
where we assume that the perturbation v(¢) is zero before time zero,

and the response is causal y(¢) = 0 for r < 0. We can then work in the
frequency domain

op(w) = y(w)v(w), (A.2)
where the Fourier transform is defined
Sp(w) = / Sp(t)e'dt, (A.3)

and likewise for y(w) and v(w). As the Fourier transform is defined as
an integration with infinite limits, and our simulations are finite, we
need to reformulate the above relations in terms of finite integrations.
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Here, we derive a frequency domain formula for quantities sampled in
the time window 0 <7 < T.
First, we define the zero-padded quantity
o) ,0<t<T
Ot = ® , (A4
0 T <t<T
which we take to be periodic with the period 7’. Next, the crucial as-
sumption is that 7" is at least twice the length of T. Then, for0 <1 < T,
we can swap the perturbation by the zero-padded perturbation, and ex-
tend the limits of the convolution Appendix A.1

T
Sp(t) = / 2@ 0@ —"dr'. (A.5)
0
This holds because the added integral is zero
T
/ 2@ vO@—1Hdd =o0. (A.6)
t ——
=0

We can now expand the zero-padded perturbation in a Fourier series
of periodicity T’

0

Y oo, (A7)

k=—oc0

Oy = L
1% (t) = F
where w;, = 2zk/T’ and the Fourier coefficients

T’ T
o) = / vO(@)e@rdr = / V() dr (A.8)
0 0

only require integration over the true perturbation in the window 0 <
t < T. Inserting the expansion of v into Appendix A.5, we get

© T
1 3O —icwyt N it 3.
spi)=— Y e k/ 2(t")e " dt (A.9)
T k=—o00 0
— 2 5(0) A(O)e—iwkt (A.10)
k——oo

where we have defined the Fourier coefficients of the zero-padded re-
sponse function

T
2= / 2@t
0

We identify Appendix A.10 as a Fourier series for 6p(z), valid in the
simulation time window 0 < 7 < T, with the Fourier coefficients

5p =200 (A.12)

(A.11)

These coefficients are not, in general, equal to the coefficients of the
zero-padded induced density matrix

T
5 = / Sp()el ™ d,
0

but the Fourier series using 65, and 540) are equal inside the simula-
tion window. The Fourier series Appendlx A.10 is not, in general, zero
outside the simulation time window 0 <7 < T.

Now, we consider a different pulse v/(¢) leading to a different re-
sponse (new quantities denoted by primes)

(A.13)

t
5p’(t)=/ 7O (¢ =1)Hdl, (A.14)
0
with Fourier coefficients defined
T
o = / U (el dr, (A.15)
0

and, as before, the Fourier coefficients 6;3;c = ;?(0) p'©

the simulation time window 0 <t < T.

Now we require that the Fourier coefficients of the new pulse are
non-zero for every non-zero coefficient of the old pulse, so that we can
write

/(0) K(O) (0)

reproduce 6/’ (¢) in

(A.16)
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which is equivalent (according to the circular correlation theorem) to
the pulses being related by the convolution
!
YO = / KOO —dr', (A.17)
0
where K©(t) is some zero-padded function and K,EO) its Fourier coeffi-
cients. This means that the onset of the new pulse must be no later in
time than the onset of the old pulse and introduce no new frequencies.
Then the Fourier series of the new response can be written

5 — A(O)K(O) A(O)

= K55, (A.18)

which is also equivalent to a convolution with K9, Because we are only
interested in the response 5p'(f) during the simulation time 0 <t < T,
and K© is zero-padded, we can thus swap 65, for 540) and calculate
the new response as the Fourier series

§O
Ok iyt
Z 5pk A(O) ——e 'Ok,

k——oo

80/ (t) = (A.19)

We have used that K; = A;((O) / 135(0) for every non-zero value of ﬁ;((o)

In practice, we have sampled 6p(r) and v(f) on a grid of N times
t; = jAt with time step At = T/N’. Then the Fourier coefficients are ap-
proximated as

N-1
8y = t| Y, 8p(t;)e (A.20)
j=0
and
1 1 N'-1
5,0(0)(1,-) = 5|~ Z Sppe ot |, (A.21)
k=0

where the terms inside the brackets are the discrete Fourier transform
and inverse discrete Fourier transform respectively, and N’ > 2N. The
approximation is good if the perturbation does not have any response
above the Nyquist frequency w = 27/(2At); otherwise, aliasing effects
are seen.
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