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Abstract
Electric Autonomous Mobility-on-Demand (E-AMoD) systems o!er a path
toward sustainable urban transportation through the coordinated operation
of shared, zero-emission autonomous vehicles. Yet their deployment poses dif-
ficult operational challenges: fleet rebalancing, vehicle routing, and charging
must be managed jointly, under uncertainty, and within tight computational
budgets. A central argument of this thesis is that no single decision-making
paradigm su"ces. Optimization-based methods are well suited for strategic
fleet control where uncertainty guarantees and feedback are essential, while
learning-based methods become necessary at finer operational scales where
real-time optimization is computationally prohibitive.

Three contributions are presented, each targeting a di!erent operational
level. The first introduces a chance-constrained model predictive control
(MPC) framework for station-level fleet rebalancing, combining Gaussian Pro-
cess Regression for probabilistic demand forecasting with a hierarchical ar-
chitecture that separates strategic rebalancing from tactical matching. The
second extends this framework to electric fleets operating under multiple inter-
acting uncertainties, employing a tailored Nested Benders Decomposition to
maintain metropolitan-scale tractability without sacrificing MPC’s receding-
horizon feedback. The third contribution shifts to node-level electric dial-a-
ride routing, including pickup-delivery sequencing, time windows, and ride-
time constraints, and proposes a deep reinforcement learning approach built
on a Graph Edge Attention Network capable of handling hundreds of requests
with seconds inference times. Taken together, the three contributions show
that optimization and learning serve complementary roles in E-AMoD op-
erations, with the appropriate paradigm determined by the granularity and
real-time demands of the problem at hand.

Keywords: Electric Autonomous Vehicles, Mobility-on-Demand, Opti-
mization Under Uncertainty, Stochastic Programming, Robust Optimization,
Benders Decomposition, Deep Reinforcement Learning, Graph Neural Net-
works.
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CHAPTER 1

Background and Outline

1.1 Introduction

Transportation enables economic activity, social connection, and access to
essential services in modern society. Over the past century, advances in trans-
portation have dramatically improved connectivity between communities and
facilitated urban growth. Reliable transportation access is now essential for
individuals to participate fully in economic and social life. Yet the transporta-
tion sector faces challenges that threaten both sustainability and quality of
life. Road transport accounts for nearly one quarter of global energy-related
CO2 emissions [1], [2]. Urban congestion costs billions in lost productivity
and degrades air quality [3], [4]. As cities continue to grow, with urban popu-
lations projected to reach 68% globally by 2050 [5], these challenges intensify
and demand solutions that reconcile environmental sustainability, operational
e"ciency, and equitable access to mobility.

Current transportation paradigms exhibit important limitations at the sys-
tem level. Private car ownership, while providing flexibility, leads to low
average vehicle utilization in urban contexts and requires extensive parking
infrastructure. Conventional ride-hailing services reduce ownership burdens

3



Chapter 1 Background and Outline

but have also introduced new ine"ciencies. Studies of ride-hailing operations
in San Francisco reveal a 62% increase in Vehicle Hours of Delay (VHD), a
measure of aggregate time lost to congestion, between 2010 and 2016, com-
pared to a 22% increase in the absence of ride-hailing [6]. This evidence sug-
gests that, without e!ective coordination, ride-hailing services can exacerbate
system-level ine"ciencies. A key contributing factor is widely understood to
be spatial imbalances between vehicle supply and passenger demand, which
lead to long pickup times, excessive empty travel, and increased congestion.

Electric Autonomous Mobility-on-Demand (E-AMoD) systems represent a
promising response to these converging challenges. E-AMoD integrates three
transformative technologies: electric propulsion, autonomous operation, and
shared mobility. This integration enables transportation systems that are
more sustainable, more e"cient, and more accessible than current alterna-
tives [7], [8]. Electric vehicles eliminate tailpipe emissions and, when pow-
ered by renewable energy, substantially reduce lifecycle carbon emissions [9].
Autonomous operation removes labor costs, the dominant expense in con-
ventional taxi services, while enabling continuous availability and reducing
variability in driving behavior [10]. Centralized fleet coordination enables
proactive vehicle positioning based on anticipated demand, reducing empty
travel and passenger wait times [11]. Shared mobility spreads infrastructure
costs across many users, potentially providing high-quality service at lower
cost than private ownership while reducing the total number of vehicles re-
quired to serve a given population [12].

The vision of E-AMoD systems is both compelling and increasingly achiev-
able. Commercial autonomous ride-hailing services are already operating in
several U.S. cities, with millions of autonomous miles logged under real-world
conditions [13]. Autonomous vehicle technology is expected to mature su"-
ciently for broader deployment within the next decade, while many cities have
committed to carbon neutrality goals that require large-scale transportation
electrification. Shared mobility platforms have already demonstrated con-
sumer acceptance, with the global shared mobility market accounting for ap-
proximately $150 billion in consumer spending and more than 40 million daily
users in 2019 [14]. The integration of electrification, automation, and on-
demand service creates synergies that could deliver transportation superior to
existing alternatives. Studies project that E-AMoD could reduce operational
costs by 70 to 84% compared to conventional taxi services [15], making shared

4



1.1 Introduction

autonomous mobility a viable complement to public transportation in urban,
suburban, and potentially rural contexts.

A central operational challenge is the spatial imbalance between vehicle sup-
ply and passenger demand. Passenger requests exhibit pronounced spatiotem-
poral variation: morning commutes concentrate demand from residential areas
to employment centers, evening patterns reverse, and weekends and special
events generate distinct demand profiles. Without intervention, vehicles nat-
urally accumulate in destination areas while origin areas experience shortages,
degrading service quality. Rebalancing addresses this imbalance by proactively
repositioning empty vehicles toward areas of anticipated demand, but it in-
curs operational costs from energy consumption and non-revenue-generating
vehicle time [11], [16]. The trade-o! is clear: conservative rebalancing leads
to vehicle shortages and poor service quality, while aggressive rebalancing in-
creases operational costs. Determining e!ective rebalancing strategies there-
fore requires predicting future demand, which is inherently uncertain due to
weather, events, and individual travel behavior.

For electric autonomous fleets, operational complexity extends beyond re-
balancing to the integrated management of three tightly coupled decision prob-
lems [17], [18]. Fleet rebalancing determines where vehicles should be posi-
tioned over space and time. Vehicle–customer assignment determines which
vehicle should serve which request while respecting service quality constraints
and anticipating future demand. Charging management determines when and
where vehicles should recharge to maintain fleet availability despite limited
battery capacity and charging infrastructure [19], [20]. These decisions are
interdependent. Rebalancing a!ects future vehicle availability, serving pas-
sengers depletes battery charge, and charging temporarily removes vehicles
from service. Unlike conventional fleets, electric vehicles introduce hard oper-
ational constraints, including limited driving range, charging durations, and
energy consumption that varies with load, speed, and road topology [21], [22].

Uncertainty further compounds the complexity of E-AMoD operations. Pas-
senger demand fluctuates unpredictably [23], [24], travel times vary with tra"c
conditions [25], charging station availability is uncertain due to congestion and
outages, and energy consumption depends on driving behavior, tra"c, and en-
vironmental factors. Traditional deterministic optimization approaches that
assume perfect knowledge of future conditions are therefore inadequate. They
often lead to infeasible operations or degraded service quality when realized
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Chapter 1 Background and Outline

conditions deviate from predictions [26].
These computational and operational challenges make evaluating E-AMoD

systems through real-world experimentation at scale both impractical and
risky. Cities cannot systematically test alternative fleet sizes, rebalancing
policies, or charging strategies through trial and error on operational systems
serving real passengers, where poor decisions directly a!ect users through long
wait times, service disruptions, or stranded vehicles. This necessitates high-
fidelity transportation simulators that can represent urban mobility systems
with su"cient realism while remaining independent of the decision-making
algorithms under evaluation. In this thesis, algorithmic decisions are evalu-
ated using the AMoDeus simulation framework [27], built on the agent-based
transportation simulator MATSim [28], which enables modeling of real ur-
ban networks with detailed road infrastructure and tra"c dynamics. The
simulation incorporates real-world transportation network data and historical
demand patterns from San Francisco and Chicago, while modeling passenger
behavior, vehicle dynamics, and infrastructure constraints to reflect realistic
operating conditions. By decoupling the control, optimization, and learning
algorithms from this more detailed and independent simulation environment,
this approach enables rigorous assessment of system-level performance under
heterogeneous travel demand, operational constraints such as time windows
and battery limitations, and the e!ectiveness of fleet coordination strategies.

The computational requirements of E-AMoD operations are substantial.
Passengers expect rapid responses to ride requests, while fleet-level decisions
must adapt continuously to evolving conditions [29]. Yet the underlying op-
timization problems are computationally challenging. Even routing a sin-
gle vehicle to serve multiple passengers, known as the dial-a-ride problem,
is NP-hard [30]. For fleet-wide operations involving many vehicles, complex
spatiotemporal constraints, battery limitations, and uncertainty, the result-
ing optimization problems become large-scale mixed-integer programs that
are often intractable for real-time solution [31]. Importantly, di!erent op-
erational problems require fundamentally di!erent computational structures.
Station-level rebalancing permits aggregation that preserves tractability, while
node-level routing involves combinatorial complexity that can render real-time
optimization impractical regardless of algorithmic sophistication.

This thesis is motivated by the need to develop decision-making frameworks
that address these challenges by explicitly accounting for uncertainty, compu-
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tational constraints, and the heterogeneous structure of E-AMoD operational
problems. In particular, it investigates how optimization-based and learning-
based methods can be employed in a complementary manner across di!erent
decision layers and timescales to enable reliable, e"cient, and scalable opera-
tion of electric autonomous mobility-on-demand systems.

1.2 Research Gaps
Despite substantial recent research on autonomous mobility-on-demand sys-
tems, several critical gaps remain in our ability to design and operate electric
autonomous fleets e!ectively under real-world conditions. This section iden-
tifies four fundamental research gaps and formulates corresponding research
questions that motivate the contributions of this thesis.

Systematic Modeling of Uncertainty
E-AMoD systems face multiple sources of uncertainty with di!erent character-
istics. Travel demand and charger availability exhibit strong spatiotemporal
correlation and can be estimated from historical data using parametric mod-
els [32], [33], neural networks [34], [35], or Gaussian Process Regression [36]. In
contrast, travel time and energy consumption variability depend on real-time
conditions and may lack reliable probabilistic characterizations.

Traditional fleet operations rely on deterministic optimization with histor-
ical averages or point forecasts [11], [16], systematically underestimating the
resources required to maintain service quality [37]. Uncertainty-aware ap-
proaches address this limitation but face trade-o!s: scenario-based stochastic
programming grows exponentially with scenarios and planning horizon [26],
[38], and robust optimization can be overly conservative [39], [40]. Chance-
constrained formulations o!er a principled middle ground for uncertainties
with known distributions [41], [42].

Existing research typically addresses di!erent uncertainty sources in isola-
tion. The gap lies in developing hybrid frameworks that combine stochastic or
chance-constrained methods for demand and charger availability with robust
methods for travel time and energy consumption, while remaining computa-
tionally tractable.

Research Question 1: How can uncertainties be systematically modeled
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Chapter 1 Background and Outline

and exploited to improve decision-making in mobility-on-demand systems?

Computational Tractability at Scale
E-AMoD optimization problems are computationally challenging due to their
combinatorial nature and the need to handle uncertainty. Even determinis-
tic formulations of vehicle routing, charging scheduling, and fleet rebalancing
result in large mixed-integer programs that are intractable at metropolitan
scale [30], [43]. Incorporating uncertainty through scenarios or robust con-
straints compounds this di"culty [44].

Di!erent operational decisions have fundamentally di!erent computational
requirements. Strategic decisions about fleet positioning may allow compu-
tation times of seconds to minutes, enabling optimization-based approaches
with appropriate decomposition techniques [45], [46]. Operational decisions
about individual vehicle routing must be made in milliseconds. The elec-
tric dial-a-ride problem exemplifies these challenges: it requires constructing
pickup and delivery sequences respecting precedence, time windows, and bat-
tery constraints, and exact methods handle only tens of requests [47], [48].

The gap is twofold. First, for station-level problems, decomposition algo-
rithms must exploit problem structure to enable tractability at scale while
preserving solution quality under uncertainty. Second, for node-level routing
where real-time optimization is infeasible, alternative paradigms must gener-
ate high-quality solutions within millisecond time budgets.

Research Question 2: How can large-scale combinatorial optimization
problems arising in E-AMoD operations be solved e!ciently under real-time
and uncertainty constraints?

Fleet Specification and Operational Interactions
The operational performance of E-AMoD systems depends critically on fleet
specifications, including battery capacity, charging infrastructure, and fleet
size, yet interactions between these parameters and operational decision-making
under uncertainty are poorly understood. Most research treats fleet specifi-
cations as fixed inputs or considers them in isolation from operational con-
straints [34], [49].

The parameters mentioned above do not act independently. Battery ca-
pacity a!ects charging frequency and operational flexibility; larger batteries
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1.2 Research Gaps

reduce interruptions but increase cost [50]. Fleet size interacts with service
quality and the ability to accommodate demand peaks [12], [16]. Charging
infrastructure creates spatial constraints that interact with both battery ca-
pacity and fleet operations [51]. A fleet with larger batteries may require fewer
vehicles, but this depends on charging infrastructure density; more vehicles
may compensate for smaller batteries if charging stations are strategically
located.

The gap is understanding how fleet specifications interact with operational
decision-making under uncertainty, enabling design choices that balance cap-
ital costs, operational performance, and energy e"ciency.

Research Question 3: How do fleet specifications, such as vehicle bat-
tery capacity, charging infrastructure, and fleet size, interact with operational
decision-making under uncertainty?

Optimization versus Learning Paradigms

A broader question concerns how optimization under uncertainty and learning-
based approaches should be deployed within E-AMoD operations. Optimization-
based methods o!er theoretical guarantees, explicit constraint handling, and
interpretable solutions but face computational scalability limits [26], [40].
Learning-based methods o!er computational e"ciency at deployment and can
handle high-dimensional state spaces, but lack formal guarantees [52], [53].

We hypothesize that these paradigms address di!erent operational problems
rather than providing alternatives to the same problem. Strategic decisions
about fleet positioning and charging benefit from the ability of optimization to
provide probabilistic guarantees and adapt through model predictive control.
Node-level vehicle routing may exceed real-time optimization capabilities, ne-
cessitating learned policies that generate solutions in milliseconds.

The gap is understanding when each paradigm is appropriate based on
problem granularity (station-level vs. node-level), temporal scale (strategic
vs. operational), and computational constraints, and how to combine both
paradigms e!ectively.

Research Question 4: Under what conditions should E-AMoD systems
employ optimization-based versus learning-based methods, and how can these
paradigms be combined e"ectively?
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Chapter 1 Background and Outline

1.3 Contributions
This thesis presents decision-making frameworks for the control and operation
of Electric Autonomous Mobility-on-Demand systems, addressing problems
that span from strategic fleet positioning to real-time vehicle routing. Each
problem is formulated within an optimization or learning framework that ex-
plicitly accounts for uncertainty and computational constraints. Depending
on the nature of each problem, the decision scale may be at the station level
or at the node level. Station-level formulations divide the transportation net-
work into zones and optimize flows of vehicles between these zones, rather than
tracking individual customers and vehicles. This aggregation reduces problem
size and enables tractable optimization. Node-level formulations, by contrast,
construct detailed pickup and delivery sequences for individual vehicles while
respecting constraints such as precedence requirements, time windows, and
capacity limits. What all these problems have in common is that uncertainty
is present throughout and must be handled carefully to ensure reliable op-
erations. For the station-level problems studied, it is possible to formulate
optimization problems that provide probabilistic service guarantees through
chance constraints or robust constraints. Decomposition techniques can then
be applied to solve problems at metropolitan scale. For the node-level routing
problem, the combinatorial complexity makes real-time optimization infeasi-
ble, and learning-based approaches are needed to generate high-quality solu-
tions in milliseconds. This thesis shows how optimization under uncertainty
and deep reinforcement learning serve complementary roles in E-AMoD oper-
ations, with the appropriate method determined by problem structure.

Since the scope of the problems, algorithms, and methodologies treated in
the thesis is rather wide, Table 1.1 presents an overview of the main features
of each of the appended papers.

The main contributions of this thesis are:

• A chance-constrained Model Predictive Control (MPC) framework com-
bining Gaussian Process Regression for demand prediction with Model
Predictive Control is developed for AMoD systems, demonstrating how
probabilistic demand models can be integrated into optimization to pro-
vide service level guarantees (RQ1).

• A hybrid stochastic-robust optimization framework is developed for E-
AMoD operations that systematically treats di!erent uncertainty sources
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Table 1.1: Overview of the three contributions and their key distinguishing fea-
tures.

Feature Paper I Paper II Paper III

System Mobility-on-
Demand

Electric
Mobility-on-
Demand

Electric
dial-a-ride
routing

Decision scale Station-level
flows

Station-level
flows

Node-level
sequences

Method Chance-
constrained
MPC

Stochastic-
robust MPC

Deep
Reinforcement
Learning

Uncertainty Demand Demand,
charger
availability,
energy
consumption,
travel time

Energy
consumption,
travel time

Combinatorial
optimization
problem

Mixed-Integer
Linear Program
(Totally
Unimodular)

Mixed-Integer
Linear Program

Mixed-Integer
Linear Program

Feedback Explicit (Model
Predictive
Control)

Explicit (Model
Predictive
Control)

No feedback

Solution method Gurobi LP
solver

Nested Benders
Decomposition

RL inference

Computation 0.09 s (10
stations)

355 s (10
stations, 1035
scenarios)

< 1 s (500
nodes)

Research
questions

RQ1, RQ3 (fleet
size)

RQ1, RQ2, RQ3 RQ2, RQ3, RQ4
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Chapter 1 Background and Outline

according to their characteristics: demand and charger availability through
scenario-based stochastic optimization, and travel time and energy con-
sumption through chance constraints derived from robust bounds (RQ1).

• A Nested Benders Decomposition algorithm is developed that exploits
the temporal structure of E-AMoD operations to decompose large-scale
stochastic-robust programs, enabling metropolitan-scale tractability within
practical time limits (RQ2).

• An edge-based deep reinforcement learning approach using the Graph
Edge Attention Network architecture is developed for the electric dial-a-
ride problem, enabling real-time solutions for large-scale instances where
optimization-based methods are computationally infeasible (RQ2).

• Extensive sensitivity analyses are conducted across fleet sizes, battery
capacities, demand levels, and ride-sharing configurations to charac-
terize how these service specifications interact with operational perfor-
mance under uncertainty (RQ3).

• The complementary roles of optimization and learning in E-AMoD op-
erations are established through systematic comparison, demonstrating
that station-level decisions benefit from optimization-based MPC while
node-level routing requires learning-based policies, with problem struc-
ture determining the appropriate paradigm (RQ4).

1.4 Thesis Outline and Scope
This is a compilation thesis of the appended papers, discussing aspects ranging
from stochastic and robust optimization to deep reinforcement learning. We
present several optimization and learning-based methods that tackle di!erent
operational challenges in electric autonomous mobility-on-demand systems.
The thesis is organized as follows.

Chapter 2: Electric Autonomous Mobility-on-Demand Operations
provides the technical foundation for E-AMoD systems. It introduces network
flow formulations for AMoD operations, presents the mathematical model of
E-AMoD that serves as the basis for subsequent chapters, discusses the sources
and characteristics of uncertainty in E-AMoD operations, and describes the
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electric dial-a-ride problem in detail. This chapter establishes notation, model
assumptions, and problem formulations referenced throughout the thesis.

Chapter 3: Robust and Stochastic Optimization reviews the opti-
mization under uncertainty techniques employed in this thesis. It covers the
fundamentals of robust optimization, including uncertainty sets and the ro-
bust counterpart formulation, and the principles of stochastic programming,
including scenario-based formulations and chance constraints. It also discusses
decomposition methods, particularly Benders decomposition and its variants,
which are essential for computational tractability. This chapter provides the
theoretical background necessary to understand the optimization contribu-
tions in Papers I and II.

Chapter 4: Machine Learning for Spatio-Temporal Prediction de-
velops probabilistic forecasting methods that provide the input distributions
required for uncertainty-aware decision-making in E-AMoD systems. It moti-
vates the need to capture complex urban demand patterns across space and
time and emphasizes that reliable operations require distributional forecasts
rather than point estimates. The chapter presents three complementary ap-
proaches: Gaussian Process Regression for Bayesian spatio-temporal modeling
with principled uncertainty quantification and strong performance in data-
sparse regimes; Bayesian Neural Networks for scalable forecasting of complex
non-linear patterns with uncertainty estimates in data-rich operational set-
tings; and scenario trees for discretizing uncertainty evolution over time into
tractable representations for multi-stage stochastic optimization. The chap-
ter concludes by connecting these predictive models to the chance-constrained
and stochastic optimization frameworks used in later chapters.

Chapter 5: Deep Reinforcement Learning introduces the machine
learning concepts underlying the third contribution. It covers the basics of
reinforcement learning, including Markov Decision Processes, and graph neu-
ral networks, with emphasis on attention mechanisms and the Graph Edge
Attention Network architecture. It discusses applications of these techniques
to combinatorial optimization and vehicle routing problems, positioning the
Electric Dial-a-ride (E-DARP) contribution within the broader literature.

Chapter 6: Summary of Appended Papers This chapter provides a
concise overview of the papers appended to this thesis and summarizes their
individual contributions.

Chapter 7: Conclusions and Future Directions synthesizes the con-
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tributions, discusses their implications for E-AMoD operations, reflects on
the relative merits of optimization and learning-based approaches, identifies
limitations of the current work, and outlines promising directions for future
research.

Scope and Delimitations
This thesis focuses on algorithmic decision-making for Electric Autonomous
Mobility-on-Demand systems, with contributions spanning fleet rebalancing,
charging and V2G scheduling, and vehicle routing under uncertainty. Pa-
pers I and II are evaluated on urban networks derived from San Francisco
and Chicago using the AMoDeus simulation framework, while Paper III uses
a custom simulation environment on the same network data.

The optimization frameworks in Papers I and II operate at the station level,
aggregating individual vehicles into network flows over discretized zones. This
enables tractable large-scale optimization but abstracts away individual ve-
hicle identities and fine-grained road e!ects. Paper III addresses individual
vehicle scheduling at the node level, though its integration with the full fleet
coordination and charging framework remains an open problem. Prediction
models, namely Gaussian Process Regression and Bayesian Neural Networks,
are employed as inputs rather than primary contributions, and the reinforce-
ment learning framework in Paper III is evaluated in simulation without ad-
dressing sim-to-real transfer or integration with live tra"c systems. Travel
times between nodes are treated as fixed or stochastically modeled inputs
rather than quantities that respond endogenously to fleet behavior; the e!ect
of the fleet on tra"c congestion is not considered. Questions of pricing, mar-
ket competition, and infrastructure investment planning are also outside the
scope.

Ethical and Sustainability Aspects
The research in this thesis is directly motivated by one of the most pressing
sustainability challenges of our time: decarbonizing urban transportation, a
sector responsible for nearly one quarter of global energy-related CO2 emis-
sions [2]. By combining electric propulsion, shared mobility, and intelligent
fleet management, E-AMoD systems have the potential to deliver high-quality
transportation at a fraction of the energy and emissions cost of private vehicle
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ownership. The optimization and learning methods developed here amplify
these benefits, as reducing empty vehicle travel, improving charging coordi-
nation, and anticipating demand all translate into lower energy consumption
per trip and less strain on charging infrastructure. As renewable energy pene-
tration grows, the V2G capabilities modeled in Paper II position autonomous
fleets as active participants in grid balancing, turning a fleet of vehicles into a
distributed energy resource that supports the broader clean energy transition.

Beyond emissions, E-AMoD holds the promise of broadening access to mo-
bility. Autonomous operation removes the labor cost that makes conventional
on-demand services expensive, opening the possibility of high-quality shared
transportation in areas currently underserved by both private car ownership
and public transit. The sensitivity analyses conducted in this thesis across
fleet sizes, battery capacities, and demand levels provide a foundation for
understanding how system design choices a!ect service quality, which is a
prerequisite for deploying systems that serve diverse communities equitably.
Future extensions of this work that incorporate spatial equity constraints di-
rectly into the rebalancing optimization represent a natural and important
direction, ensuring that e"ciency gains benefit all users rather than concen-
trating service in the most profitable corridors.

Looking forward, the computational frameworks developed here are well po-
sitioned to support the transition from simulation to real-world deployment.
The methods are designed with operational constraints in mind: solution
times of under one second for node-level routing and under ten minutes for
full stochastic fleet optimization make them compatible with the decision fre-
quencies required in live systems. As autonomous vehicle technology matures
and cities develop regulatory frameworks for shared autonomous mobility,
tools like those developed in this thesis will be essential for demonstrating
that safe, e"cient, and equitable operations are achievable at metropolitan
scale.
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CHAPTER 2

Electric Autonomous Mobility-on-Demand Operations

An Electric Autonomous Mobility-on-Demand (E-AMoD) system consists of a
centrally coordinated fleet of electric autonomous vehicles serving on-demand
passenger requests on a road network. Unlike conventional ride-hailing, where
drivers exercise independent judgment, all routing, rebalancing, and charging
decisions are made explicitly by a central controller. This transforms what
was once implicit human behavior into a large-scale optimization problem.

E-AMoD services can take di!erent forms depending on the degree of shar-
ing permitted. In ride-hailing, each vehicle serves one travel group at a time,
prioritising short wait times at the cost of lower vehicle utilisation. In ride-
pooling, multiple independent passengers share the same vehicle simultane-
ously, reducing total distance travelled but increasing individual ride times
due to detours. This thesis addresses both modes: Papers I and II consider
ride-hailing at the fleet level, while Paper III addresses ride-pooling at the
level of individual vehicle routes.

This chapter introduces the operational and mathematical framework that
underlies all three papers. It covers the graph representations used to model
the network, the vehicle and energy models, the fleet-level optimization formu-
lation, and the three distinct optimization problems addressed in the thesis.
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Chapter 2 Electric Autonomous Mobility-on-Demand Operations

The demand forecasting methods and the treatment of uncertainty are in-
troduced here at a high level and developed in detail in Chapters 4 and 3
respectively. The simulation environment used to evaluate all three papers is
described at the end of the chapter.

2.1 Graph Network Models
The movement of passengers and vehicles in all three papers is modelled as a
directed graph, but at di!erent levels of detail. A directed graph G = (V, E)
consists of a set of nodes V and a set of directed edges E → V ↑V , where each
edge (i, j) represents a feasible movement from node i to node j. The choice of
what a node represents, what an edge represents, and which aspects of vehicle
state are tracked has important consequences for both the expressiveness and
the computational tractability of the resulting model.

The most detailed representation of an urban road network is one in which
each node v ↓ V corresponds to a road junction and each directed edge
(i, j) ↓ E corresponds to a road segment from junction i to junction j. Each
edge carries attributes such as travel time, distance, and energy consumption.
For real urban networks, the number of nodes is typically on the order of
tens of thousands, with a comparable number of edges. Because the cost of
traversing edge (i, j) is in general di!erent from the cost of the reverse edge
(j, i), the graph is asymmetric. One-way streets, turn restrictions, and road
gradient all contribute to this asymmetry. For electric vehicles it is particu-
larly pronounced: the energy consumed driving from junction i to junction j
di!ers from the energy on the return trip because regenerative braking and
gravitational forces depend on direction. Paper III operates on this asymmet-
ric road network graph. Each passenger request specifies a precise pickup and
delivery location, and each vehicle route is a sequence of junctions. Because
the vehicles are electric, the state of a vehicle at any point in its route is de-
scribed by three quantities: its location, the time at which it is there, and its
remaining battery charge. The road network graph thus provides the spatial
backbone of a space-time-energy representation, where a feasible route must
simultaneously satisfy geographic, scheduling, and battery constraints.

Despite its detail, the road network graph is computationally intractable
as the basis for fleet-level Model Predictive Control. Consider a fleet of K
vehicles facing R outstanding passenger requests at a given decision point.
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Even in the simplified case where each vehicle serves at most one request, the
number of possible assignments is O(RK), and finding the best assignment
requires evaluating routes across the full network. Zhang et al. [54] showed
that MPC formulated directly on the road network becomes intractable as
the number of vehicles and customers grows, because the problem size scales
with both simultaneously. Tracking the state of every individual vehicle and
customer at every junction at every time step is simply not feasible for fleets
of the size needed in urban operations.

Papers I and II therefore use a coarser representation: a discretised station
graph. The city is divided into N regions, called stations, obtained by ap-
plying k-means clustering to historical trip origins and destinations so that
each station forms a coherent travel zone. The resulting station graph is a
complete directed graph G = (N , E) with N = {1, . . . , N} and E = N ↑ N .
Completeness means that every ordered pair of stations (i, j) is connected by
a direct edge, so a vehicle can travel directly from any station to any other
without an intermediate stop. This is in contrast to the road network graph,
where a journey between two distant junctions follows a path through many
intermediate nodes. In the station graph, the complexity of the underlying
road topology is absorbed into the edge attributes: the average travel time ωij

and energy consumption eij assigned to each edge are computed by routing
over the full road network o#ine.

The key modelling shift is from tracking individual vehicles and passengers
to optimising aggregate flows: the controller decides how many vehicles should
move from station i to station j during time period t, rather than routing
each vehicle individually. The dimensions of the graph di!er between the
two papers. In Paper I, which does not model electric vehicles, the vehicle
state is fully described by its station and the current time step, giving a
space-time network where each edge carries only the average travel time ωij ,
discretised into intervals of length !t. Paper II introduces electric vehicles,
so the graph becomes a space-time-energy network: each edge additionally
carries an average energy consumption eij , and the vehicle state must also
track the battery state of charge.

The station graph o!ers several practical advantages over the road network
for fleet-level control. The number of decision variables in the flow formulation
is O(N2T ), where T is the prediction horizon length, regardless of fleet size or
the number of outstanding requests. The aggregation also simplifies demand
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forecasting: predicting how many passengers will travel between two stations
is a much easier machine learning task than predicting demand for individual
junction pairs. A single station typically encompasses many road junctions,
so aggregation smooths out the sparse, noisy demand at junction level into a
cleaner signal with clearer daily and weekly patterns that forecasting models
can learn reliably.

The station graph does, however, come with limitations. Because individ-
ual vehicle routes are not modelled explicitly, it is not possible to enforce
passenger-specific constraints such as time windows, maximum ride times,
and vehicle capacity as hard constraints. In Papers I and II this is addressed
through a hierarchical decomposition: once the high-level optimiser has de-
termined how many vehicles should serve requests between a given pair of
stations, a lower-level controller matches specific vehicles to specific requests
using a nearest-vehicle dispatching rule. Passenger-level service quality is
therefore managed implicitly through service-level targets in the objective
rather than as hard constraints. Furthermore, since stations can cover large
geographic areas, the exact origin and destination within a station are un-
known, meaning that travel times and energy consumption cannot be deter-
mined precisely and must be treated as uncertain quantities in the opera-
tional framework. This limitation motivates the vehicle-level formulation of
Paper III, which retains the asymmetric road network graph and constructs
detailed individual routes with explicit passenger constraints. The two rep-
resentations are complementary: the station graph enables scalable strategic
control, while the road network graph enables operationally precise routing.

2.2 Network Flow Formulation

Papers I and II share a common fleet-level optimization model based on net-
work flows over the station graph. Table 2.1 summarises the notation used in
the network flow formulation. The service area is partitioned into N stations
indexed by i ↓ N , and time is discretised into periods t ↓ T of duration !t.
The system is represented as a time-space network where nodes correspond
to station-time pairs (i, t) and edges represent feasible vehicle movements be-
tween them.
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(a) Station graph used in Papers I and II. The city is partitioned into N = 6 stations. Ar-
rows indicate inter-station flows; bar charts show vehicle (blue) and passenger (orange)
counts per zone.
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(b) Road network graph used in Paper III. Nodes represent junctions and edges are directed
road segments, with pickup, delivery, charging, and depot locations marked.

Figure 2.1: Two representations of the San Francisco network: a station graph
(top) for fleet-level optimization and a road network (bottom) for in-
dividual vehicle routing.
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Table 2.1: Notation used in the network flow formulation (Section 2.2).

Symbol Description

N Set of stations, indexed by i, j
T Set of discrete time periods, indexed by t
B Set of discrete SoC levels, indexed by b
!t Duration of one time period

xr

ijbt
Rebalancing vehicle flow from station i to j
departing at time t with vehicle type b

xc

ijbt
Customer service vehicle flow from station i to j
departing at time t with vehicle type b

ε r

ij
Travel time (in periods) for rebalancing from i to j

ε c

ij
Travel time (in periods) for customer service from i to j

ϑijt Passenger demand from station i to j
arriving during period t

sijt Accumulated unserved demand (imbalance) from i to j
at the end of period t

t0 Initial time period of the optimisation horizon
T Length of the prediction horizon (number of periods)

Vehicle Conservation
Two types of vehicle flow are modelled: rebalancing flows xr

ijbt
carry empty

vehicles from station i to station j at time t for vehicle type b, and customer
service flows xc

ijbt
carry vehicles serving passengers on the same edge. Ve-

hicles that remain at a station between consecutive periods are modelled as
self-rebalancing flows xr

iibt
, i.e. rebalancing edges with identical origin and

destination. Vehicle flow must be conserved at each node:
∑

j→N

(
xr

jibt↑ω
r

ji

+ xc

jibt↑ω
c

ji

)
=

∑

j→N

(
xr

ijbt
+ xc

ijbt

)
, ↔i ↓ N , b ↓ B, t ↓ T , (2.1)

where ε r

ji
and ε c

ji
are the travel times from station j to station i for rebalancing

and customer service trips respectively. The self-rebalancing term xr

iibt
with

ε r

ii
= 1 naturally handles vehicles that wait one period before their next
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dispatch, so no separate waiting variable is required.
Let ϑijt denote the number of passenger requests from station i to station

j at time t. Customer service flows must not exceed available demand:
∑

b→B
xc

ijbt
↗ ϑijt, ↔i, j ↓ N , t ↓ T . (2.2)

Demand Imbalance Dynamics
In practice, unserved passengers are not simply discarded. If more requests
arrive than vehicles are available to serve them, the excess accumulates and
must be served in a later time period. This behavior is not captured by the
flow constraints alone and requires a separate state variable. The imbalance
sijt ↘ 0 tracks the number of outstanding unserved requests from station i to
station j at the end of period t. At the initial time t0 the imbalance is

sijt0 = ϑijt0 ≃

∑

b→B
xc

ijbt0 , ↔i, j ↓ N , (2.3)

and for subsequent periods it evolves as

sijt+1 = sijt + ϑijt+1 ≃

∑

b→B
xc

ijbt+1, ↔i, j ↓ N , t ↓ [t0, T + t0]. (2.4)

The non-negativity constraint sijt ↘ 0 ensures that customer service flows
never exceed the total cumulative demand. Penalising accumulated imbalance
in the objective rather than one-o! rejections means that a passenger who
waits k periods contributes k times to the cost, directly incentivising the
controller to minimise waiting time rather than merely limit the number of
rejections.

2.3 The Three optimization Problems
The three papers address three distinct optimization problems that di!er in
their network representation, decision granularity, and the nature of the un-
certainty they face. Each problem is a natural extension of the previous one,
motivated by limitations in the scope of what came before. This section de-
scribes the structure of each problem. The methods used to solve them are
developed in Chapters 3 and 5.
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Paper I: Fleet rebalancing under demand uncertainty. Paper I considers a
non-electric MoD fleet operating on a space-time station graph. The central
decisions are how many vehicles to rebalance between stations and how many
passenger requests to serve or reject at each time step. The objective is to min-
imise a combination of rebalancing cost and the penalty for rejected requests
over a finite planning horizon. The key challenge is that passenger demand is
uncertain: the number of requests arriving at each station in each time period
is not known in advance. Rather than requiring service-level constraints to
hold under all possible demand realisations, Paper I requires them to hold
with a specified probability. This makes the problem a chance-constrained
programme, which must be solved repeatedly at each decision instance as new
demand observations become available. The optimization problem is formu-
lated over the network flow model of Section 2.2, and the fleet does not carry
battery state as part of its state.

Paper II: Joint rebalancing and charging under multiple uncertainties. Pa-
per II extends the scope to an electric fleet on a space-time-energy station
graph. The decisions now include not only rebalancing flows but also charg-
ing schedules and vehicle-to-grid (V2G) energy sales at each station. The
battery state of charge of each vehicle type enters the vehicle state, and the
hard constraint that no vehicle may run out of charge must be satisfied at
all times. The planning problem is therefore substantially more constrained
than in Paper I. The uncertainty is also richer: travel demand and charger
availability are stochastic and correlated across space and time, while energy
consumption and travel time are subject to adversarial variation that is harder
to characterise probabilistically. Paper II must handle all four uncertainty
sources simultaneously while producing decisions that are both feasible and
cost-e!ective. The resulting problem is a multi-stage stochastic mixed-integer
programme, significantly larger than the chance-constrained LP in Paper I,
and its tractability requires a decomposition strategy developed in Chapter 3.

Paper III: Individual vehicle routing under operational constraints. Pa-
pers I and II determine aggregate flows between stations but delegate the
matching of specific vehicles to specific passengers to a lower-level dispatcher.
This is adequate for fleet-level performance but cannot enforce passenger-level
constraints such as time windows, maximum ride times, and vehicle capacity.
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Paper III addresses this gap by formulating the Electric Dial-a-Ride Problem
(E-DARP): constructing detailed pickup and delivery routes for individual
electric vehicles over the asymmetric road network graph. Each request spec-
ifies a pickup location, a delivery location, a time window within which the
pickup must occur, and a maximum allowable ride time. Each vehicle has a
capacity constraint limiting the number of simultaneous passengers and a bat-
tery constraint requiring the vehicle to visit a charging station before its charge
is depleted. The E-DARP is NP-hard and the search space grows combinatori-
ally with the number of requests, making exact optimization intractable at the
scales required for real-time deployment. The solution approach is therefore
fundamentally di!erent from Papers I and II, as described in Chapter 5.

2.4 Performance Metrics
Evaluating E-AMoD system performance requires metrics that capture the
perspectives of passengers, operators, and society. These objectives often con-
flict, and operators must choose how to weight them in the objective function.

From the passenger perspective, the most important metrics are waiting
time (from request submission to vehicle arrival), ride time (from pickup to
delivery), and completion rate (the fraction of requests that are served rather
than rejected). Short waiting times and high completion rates are the primary
measures of service quality used across all three papers.

From the operator perspective, the key metrics are total vehicle distance
travelled (including empty rebalancing), energy cost, and charging cost. Proac-
tive rebalancing can reduce empty vehicle distance significantly by anticipating
demand rather than reacting to it [11]. Paper II additionally tracks electricity
costs under di!erent time-of-use pricing schemes and V2G revenues.

From a societal perspective, the metrics of interest include emissions (which
depend on the carbon intensity of the electricity grid), congestion e!ects, and
accessibility. These are not directly optimised in the papers but inform the
broader motivation for E-AMoD research.

2.5 Simulation Framework
Evaluating the performance of Electric Autonomous Mobility-on-Demand sys-
tems through real world experimentation at scale is both impractical and risky.
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Fleet
Simulation &

Control

Fleet Control
Strategies

Infrastructure

Fleet
Specifications

Network &
Tra!c Model

Demand
Models

Service
Attributes

Figure 2.2: Key modelling components that define an E AMoD simulation envi-
ronment.

Cities cannot systematically test alternative rebalancing policies, charging
strategies, fleet sizes, or battery capacities through trial and error on opera-
tional systems serving real passengers. Large scale field experiments are costly
and logistically complex, and poor decisions directly a!ect users through long
waiting times or service disruptions. For these reasons, E-AMoD systems
are evaluated in simulation, where assumptions can be controlled and varied
systematically.

A simulation environment for E-AMoD evaluation is defined by six mod-
elling components: fleet control strategies, infrastructure, fleet specifications,
network and tra"c model, demand models, and service attributes, as illus-
trated in Figure 2.2. Together, these components determine both the physical
feasibility of operations and the interpretation of performance outcomes.

The network and tra"c model specifies how vehicles move through the city.
It defines the road topology, travel distances, and travel times that govern
vehicle motion. Modelling choices include whether travel times are static or
time dependent, whether congestion is endogenous or treated as fixed, and

26



2.5 Simulation Framework

the level of aggregation used to represent the network. In this thesis, real
urban road networks are used, with travel times derived from a mesoscopic
agent-based tra"c simulation [28].The representation di!ers across decision
scales. Station level graphs are used for fleet level optimization in Papers I
and II,while Paper III operates on the full asymmetric road network.

Demand models describe when, where, and how many passengers request
service. Because spatial imbalances between vehicle supply and demand drive
rebalancing and charging decisions, the assumed demand process plays a cen-
tral role in evaluation. In this thesis, demand is derived from real taxi trip
data from San Francisco [55] and Chicago [56], preserving realistic spatiotem-
poral patterns of urban travel behavior. Demand is treated as stochastic and
time varying, and its uncertainty directly influences operational decisions.

Fleet specifications define the physical characteristics of the vehicles, in-
cluding fleet size, battery capacity, passenger capacity, and charging power.
These parameters determine operational flexibility and resilience to demand
fluctuations. Fleet size and battery capacity are varied systematically to study
their interaction with operational decision making under uncertainty.

Infrastructure determines where vehicles may park and charge, and limits
how many vehicles can charge simultaneously at a given location. Charging
station placement and capacity introduce spatial and temporal constraints
that interact strongly with fleet specifications and control strategies. Infras-
tructure is treated as fixed within each experiment, enabling controlled com-
parison of operational policies.

Service attributes define customer-facing constraints such as maximum wait-
ing times, ride time limits, pricing assumptions, and whether ride pooling is
permitted. These attributes influence both service quality and operational fea-
sibility. In Papers I and II, service levels are incorporated through penalties
or probabilistic constraints at the station level. In Paper III, time windows
and ride time limits are enforced explicitly within the routing formulation.

Fleet control strategies constitute the decision layer of the system. They
determine how vehicles are assigned, rebalanced, routed, and charged over
time. This component is the primary object of algorithmic development in the
thesis. Papers I and II employ optimization based Model Predictive Control
to determine aggregate station-level flows under uncertainty, while Paper III
uses deep reinforcement learning to construct vehicle-level pickup and delivery
routes.
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Chapter 2 Electric Autonomous Mobility-on-Demand Operations

Transport simulation models are commonly classified into three levels. Macro-
scopic models treat tra"c as a continuous flow and represent aggregate quan-
tities such as density and average speed without tracking individual vehicles.
Microscopic models simulate each vehicle individually with explicit car fol-
lowing and lane changing dynamics, but at significant computational cost.
Mesoscopic models occupy the middle ground, representing vehicles as discrete
agents while using simplified interaction rules. This balance between individ-
ual resolution and computational tractability makes mesoscopic simulation
well suited to fleet-level E-AMoD studies across realistic urban networks.

Papers I and II are evaluated using AMoDeus [27], an open source simu-
lation platform for autonomous mobility on demand systems built on top of
the Multi Agent Transport Simulation MATSim [28]. MATSim is an activity
based transport simulator operating at the mesoscopic level. It simulates the
daily activity patterns of a synthetic population whose agents execute plans
on a queue based road network. Road capacity constraints emerge from the
interaction of competing agents rather than from explicit flow equations. Over
successive iterations, the population converges toward a relaxed state approx-
imating a stochastic user equilibrium, producing realistic demand patterns
that reflect the spatial and temporal structure of urban travel.

AMoDeus integrates the on demand fleet service into the MATSim loop
through a dispatcher interface. At each decision instance, the controller re-
ceives the current fleet state and outstanding requests, computes rebalancing
and charging actions, and dispatches commands that are executed within the
simulation. The simulator provides realized travel times, trip requests, and
network information, and records waiting times, ride times, and energy con-
sumption for performance evaluation. The San Francisco road network is used
in Papers I and II, with synthetic demand derived from a MATSim population
calibrated to match observed travel patterns.

Paper III is evaluated separately using benchmark instances from the elec-
tric dial-a-ride problem (E-DARP) literature as well as larger synthetic in-
stances generated from the same San Francisco road network. This allows
direct comparison with exact solvers and state of the art heuristics at scales
where detailed tra"c simulation is not the primary concern.
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CHAPTER 3

Robust and Stochastic Optimization

Optimization under uncertainty is fundamental to E-AMoD operations, where
decisions must be made with incomplete knowledge of future demand, travel
times, energy consumption and resource availability. Two primary paradigms
address this challenge. Robust optimization adopts a worst-case perspective,
seeking solutions that remain feasible and near-optimal under all realizations
of uncertainty within specified bounds [40], [57], and is particularly suitable
when probability distributions are unknown or unreliable. Stochastic pro-
gramming instead assumes knowledge of probability distributions and opti-
mizes expected performance or probabilistic guarantees [26], [58], making it
appropriate when historical data enables reliable distribution estimation. This
chapter introduces both paradigms alongside the computational tools needed
to apply them in E-AMoD contexts: chance constraints, Mixed Integer Linear
Programming and the total unimodularity property that enables tractable net-
work flow solutions, Model Predictive Control as the receding-horizon strategy
that operationalizes these methods in real time, and Benders decomposition
for large-scale multi-stage problems. Throughout, we emphasize techniques
relevant to Papers I and II.
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Chapter 3 Robust and Stochastic Optimization

3.1 Robust Optimization
Robust optimization emerged from the recognition that optimal solutions to
deterministic problems can be highly sensitive to parameter values, performing
poorly when parameters deviate even slightly from their nominal values [40].
Rather than optimizing for a single scenario, robust optimization seeks solu-
tions that hedge against uncertainty by remaining feasible and near-optimal
across all scenarios in an uncertainty set.

Motivation and Fundamental Concepts
Consider a generic optimization problem with uncertain parameters ϖ ↓ Rp:
minimize f(x, ϖ) subject to gi(x, ϖ) ↗ 0 and x ↓ X . The deterministic ap-
proach replaces ϖ with a nominal value ϖ̄ and optimizes for this single scenario.
However, the resulting solution may violate constraints or perform poorly in
the true realization ϖ̃ ⇐= ϖ̄. For E-AMoD systems, this manifests as fleet posi-
tioning that appears optimal under expected demand but fails catastrophically
when demand spikes unexpectedly [11].

A simple example illustrates this failure mode. Consider a rebalancing
problem where xi represents vehicles positioned at location i and ϖi repre-
sents uncertain demand. The constraint xi ↘ ϖi ensures su"cient vehicles to
meet demand. Using nominal demand ϖ̄i, we position xi = ϖ̄i vehicles. How-
ever, if actual demand ϖ̃i > ϖ̄i, the constraint is violated and customers are
rejected. Robust optimization prevents such failures by requiring feasibility
for all plausible demand realizations [59].

Uncertainty Sets and Conservatism Control
Robust optimization requires specifying an uncertainty set U → Rp contain-
ing all plausible realizations of uncertain parameters [39], [40]. The choice of
uncertainty set involves a fundamental trade-o!: larger sets provide greater
protection against uncertainty but lead to more conservative solutions with
higher costs, while smaller sets reduce conservatism but risk constraint viola-
tions. Figure 3.1 illustrates common uncertainty set geometries.

The simplest form is the box uncertainty set Ubox = {ϖ : ϖ
i

↗ ϖi ↗ ϖ̄i}, which
bounds each uncertain parameter independently. For E-AMoD demand un-
certainty, this corresponds to assuming demand at each location-time pair lies
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3.1 Robust Optimization

within bounds derived from historical data [16]. Box sets are computationally
attractive but often overly conservative, as they assume all parameters si-
multaneously reach their worst-case values, a scenario that may be extremely
unlikely [39].

Ellipsoidal uncertainty sets Uellipsoid = {ϖ : (ϖ≃ϖ̄)↓”↑1(ϖ≃ϖ̄) ↗ #2
} capture

correlations between uncertain parameters through the covariance matrix ”.
For E-AMoD applications, ” can be estimated from historical demand data,
capturing spatiotemporal correlations between locations [24]. Ellipsoidal sets
better reflect the joint distribution of uncertainties but lead to more complex
robust counterparts.

Budget-constrained uncertainty sets, introduced by Bertsimas and Sim [39],
provide an elegant mechanism for controlling conservatism. These sets limit
the number of parameters that deviate significantly from nominal values:

U! =
{

ϖ : ϖi = ϖ̄i + ϖ̂izi, |zi| ↗ 1,
p∑

i=1
|zi| ↗ $

}
(3.1)

where ϖ̄i is the nominal value, ϖ̂i is the maximum deviation, and the uncer-
tainty budget $ ↓ [0, p] controls conservatism. When $ = 0, the set reduces
to the nominal scenario; when $ = p, all parameters can deviate maximally.
Intermediate values reflect the realistic observation that while individual pa-
rameters frequently deviate from expectations, simultaneous worst-case devi-
ations across all parameters are rare [39].

For E-AMoD demand uncertainty, this formulation is particularly appeal-
ing. Demand at individual locations often exceeds forecasts, but system-wide
demand is more predictable due to averaging e!ects [23]. The parameter $
can be calibrated using historical data to achieve desired service levels, such as
ensuring ninety-five percent of demand is met [60]. This calibration procedure
converts robust optimization into a data-driven approach with probabilistic
performance guarantees.

Robust Counterpart Formulation

Given an uncertainty set U , the robust counterpart requires feasibility and
optimality for all realizations in U [40]. The objective minimizes the worst-
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Chapter 3 Robust and Stochastic Optimization

Figure 3.1: Comparison of uncertainty set geometries in two dimensions. The nom-
inal parameter value (center point) is surrounded by three uncertainty
sets: box sets (rectangles) bound each parameter independently, ellip-
soidal sets (ellipses) capture correlations through quadratic constraints,
and budget-constrained sets (diamonds) limit the total deviation across
parameters. Larger sets provide greater protection but increase solu-
tion conservatism.
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case cost, and constraints must hold for all possible parameter realizations:

minimize
x

max
ε→U

f(x, ϖ)

subject to gi(x, ϖ) ↗ 0, ↔ϖ ↓ U

(3.2)

The constraints gi(x, ϖ) ↗ 0, ↔ϖ ↓ U are infinite-dimensional, as they must
hold for infinitely many values of ϖ. Remarkably, for many problem structures
and uncertainty sets, these infinite constraints can be reformulated as finite
sets of tractable constraints through duality theory [57].

3.2 Stochastic Optimization
While robust optimization hedges against worst-case scenarios, stochastic op-
timization explicitly models probability distributions of uncertain parame-
ters and optimizes expected performance or probabilistic guarantees [26], [58].
This approach is suitable when historical data enables reliable estimation of
uncertainty distributions, as is often the case for E-AMoD demand [23], [24].

Two-Stage Stochastic Programming
The canonical form of stochastic optimization is the two-stage stochastic pro-
gram. In the first stage, decisions x are made before observing the random
parameter ϖ̃. In the second stage, after observing the realization ϖ, recourse
decisions y(ϖ) are made to adapt to the scenario. The objective minimizes the
sum of first-stage costs and expected second-stage costs:

minimize
x

c↓x + E
ε̃
[Q(x, ϖ̃)]

subject to Ax ↗ b, x ↓ X

(3.3)

where Q(x, ϖ) is the optimal value of the second-stage problem given first-stage
decision x and realization ϖ. This second-stage value function represents the
best response to each scenario: Q(x, ϖ) = miny{d(ϖ)↓y : W (ϖ)y ↗ h(ϖ) ≃

T (ϖ)x, y ↓ Y}. For E-AMoD applications, first-stage decisions represent fleet
positioning based on demand forecasts, while second-stage decisions represent
vehicle-to-request assignments after observing actual demand [11].

The expectation E
ε̃
[Q(x, ϖ̃)] is typically intractable to compute exactly be-

cause it requires integrating over the continuous distribution of ϖ̃. Instead,
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Chapter 3 Robust and Stochastic Optimization

we approximate it using a finite set of scenarios {ϖ1, . . . , ϖS
} with probabili-

ties {p1, . . . , pS
} where

∑
S

s=1 ps = 1. These scenarios can be generated from
predictive distributions provided by Gaussian processes or Bayesian neural
networks as discussed in Chapter 4. The expectation is approximated by
E

ε̃
[Q(x, ϖ̃)] ⇒

∑
S

s=1 psQ(x, ϖs).
This scenario approximation leads to the extensive form formulation:

minimize
x,{ys}

c↓x +
S∑

s=1
psd(ϖs)↓ys

subject to Ax ↗ b

W (ϖs)ys
↗ h(ϖs) ≃ T (ϖs)x, s = 1, . . . , S

x ↓ X , ys
↓ Y

(3.4)

This formulation explicitly represents all scenarios with separate decision vari-
ables ys for each scenario’s recourse. The extensive form grows rapidly with
the number of scenarios, but it can be solved by commercial solvers for prob-
lems with tens to hundreds of scenarios. For larger problems, decomposition
methods discussed in Section 3.6 become essential.

Multi-Stage Stochastic Programming

Two-stage stochastic programming assumes that all uncertainty is revealed
after the first-stage decision. In many operational settings, however, uncer-
tainty unfolds gradually over time: demand at hour t+1 is revealed only after
decisions at hour t have been implemented. Multi-stage stochastic program-
ming extends the two-stage framework to capture this sequential structure,
enabling decisions at each stage to exploit information revealed up to that
point [26], [58].

Consider a planning horizon divided into T stages. At each stage t =
1, . . . , T , a portion of uncertainty ϖ̃t is revealed, and decisions xt are made
based on the history Ft = (ϖ1, . . . , ϖt). The non-anticipativity constraint for-
malizes this requirement: decisions at stage t may only depend on information
available at that stage, not on future realizations. The multi-stage stochastic
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program minimizes total expected costs across all stages:

minimize
x1,x2(ε1),...,xT (ε1:T →1)

c↓
1 x1 + E

[
T∑

t=2
c↓

t
xt(ϖ1:t↑1)

]
(3.5)

subject to Atxt + Btxt↑1 ↗ bt(ϖt), t = 1, . . . , T

xt = xt(Ft), t = 1, . . . , T

xt ↓ Xt, t = 1, . . . , T

where the first constraint enforces stage-wise feasibility linking decisions across
consecutive stages, the second is the non-anticipativity constraint requiring
that xt depends only on the information Ft available at stage t, and Xt defines
the feasible set at each stage. This structure is fundamentally more complex
than two-stage programming because each decision function xt(·) must be
chosen from a space of mappings from observable histories to actions.

Scenario trees provide a tractable finite approximation of the continuous
uncertainty process [61], [62]. A scenario tree is a directed tree where each
node n at stage t represents a distinct history of uncertainty realizations,
and each arc from a node to its children represents a possible transition in
uncertainty. Each path from the root to a leaf corresponds to one complete
scenario. The tree structure directly encodes non-anticipativity: all scenarios
sharing the same ancestor node at stage t must make the same decisions at
that stage.

A practical challenge is that the number of nodes grows exponentially with
the number of stages, limiting the depth of the tree. Paper II addresses
this through a robust horizon: the first stages of the planning horizon are
modeled with stochastic branching, capturing distributional information from
probabilistic forecasts, while the remaining stages replace scenario branching
with one scenario per stage. This hybrid structure concentrates computational
e!ort on the near-term stages where forecast quality is highest and decisions
have the greatest impact, while the robust horizon maintains planning depth
without requiring additional branching. Figure 3.2 illustrates this structure.

Formally, let N be the set of all nodes, L ⇑ N the leaf nodes, and a(n)
the ancestor of node n. Each node n is associated with a probability pn (the
probability of reaching that node), a stage t(n), and an uncertainty realiza-
tion ϖn. The extensive form of the multi-stage stochastic program across the
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Figure 3.2: Combined stochastic-robust scenario tree. Solid arrows and black
nodes denote the stochastic horizon (t = 1 to t = 3), where branch-
ing captures distributional information from probabilistic forecasts.
Dashed arrows and gray nodes denote the robust horizon (t = 4),
where each node continues with a single scenario, extending the plan-
ning depth without additional branching.

scenario tree is:

minimize
{xn}n↑N

∑

n→N
pn c↓

t(n)xn

subject to At(n)xn + Bt(n)xa(n) ↗ bn, ↔n ↓ N

xn ↓ Xt(n), ↔n ↓ N

(3.6)

The coupling constraint Bt(n)xa(n) links decisions at node n to those made at
its parent, capturing how resources (vehicles, battery charge, etc.) carry over
across time periods. The tree structure makes the constraint matrix block-
angular, a property exploited by Nested Benders Decomposition in Section 3.6.

A practical challenge is scenario tree construction: the tree must faithfully
represent the underlying uncertainty process while remaining computation-
ally tractable. Tree branching increases exponentially with depth, so trees
are typically limited to a modest branching factor per stage. Scenario reduc-
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tion techniques [63] prune or aggregate scenarios to produce compact trees
that preserve key statistical properties such as moments and distributional
distances. Paper II employs scenario trees generated from Bayesian neural
network forecasts, where scenario fans are sampled from the predictive dis-
tribution at each stage and then clustered using k-means to determine the
branching structure and assign scenario probabilities.

3.3 Chance Constraints
Chance constraints, also called probabilistic constraints, require probabilistic
satisfaction rather than deterministic feasibility [41], [42]. Rather than requir-
ing a constraint to hold for all scenarios, chance constraints require it to hold
with specified probability:

P
[
gi(x, ϖ̃) ↗ 0

]
↘ 1 ≃ ϱi (3.7)

For E-AMoD rebalancing, a natural chance constraint is P[available vehicles ↘

demand] ↘ 0.95, requiring that vehicle availability is su"cient to meet demand
with at least 0.95 probability. This provides a probabilistic service level guar-
antee while accepting that the constraint may be violated with probability up
to ϱ, avoiding the excessive conservatism of robust optimization that requires
feasibility under all scenarios in the uncertainty set [16].

Chance constraints are generally non-convex and di"cult to handle com-
putationally. However, under certain distributional assumptions, they admit
tractable reformulations. When gi(x, ϖ̃) is a"ne in ϖ̃ and ϖ̃ follows a Gaus-
sian distribution, the chance constraint can be reformulated as a deterministic
second-order cone constraint [40]. Paper I exploits this property, using Gaus-
sian process demand predictions to reformulate chance-constrained rebalanc-
ing problems as tractable convex programs.

An alternative approach is Sample Average Approximation, where the con-
tinuous distribution is approximated by the empirical distribution of a sample
{ϖ1, . . . , ϖN

}. Requiring feasibility for all sampled scenarios provides proba-
bilistic guarantees. Calafiore and Campi [64] show that if gi(x, ϖj) ↗ 0 for
all j = 1, . . . , N sampled scenarios, then with probability at least 1 ≃ ς, the
constraint P[gi(x, ϖ̃) ↗ 0] ↘ 1 ≃ ϱ holds, provided the sample size satisfies:

N ↘
2
ϱ

ln 1
ς

+ 2d

ϱ
(3.8)
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Figure 3.3: Comparison of optimization paradigms under uncertainty. Robust op-
timization (a) hedges against worst-case scenarios within an uncer-
tainty set, providing feasibility guarantees but potentially high costs.
Stochastic optimization (b) leverages probability distributions to min-
imize expected cost, providing better expected performance but only
probabilistic guarantees. Chance-constrained optimization (c) bridges
both approaches by enforcing that constraints are satisfied with a pre-
scribed probability 1 → ω, allowing controlled constraint violation while
avoiding excessive conservatism. The choice depends on data availabil-
ity, risk tolerance, and operational requirements.
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where d is the number of decision variables. This provides a data-driven
approach to chance constraints without requiring specific distributional as-
sumptions, though the required sample size grows linearly with problem di-
mension [65].

When only moments of the distribution are known, distributional robustness
o!ers a complementary approach. Chebyshev’s inequality guarantees that for
any distribution with mean µ and variance φ2, no more than 1/k2 of values lie
beyond k standard deviations from the mean. This enables reformulation of
chance constraints using only mean and variance information, though the re-
sulting constraints are typically conservative. When the distribution is known
to be Gaussian, tighter reformulations use the inverse cumulative distribution
function directly, as exploited in Paper I where Gaussian process predictions
provide Gaussian demand distributions.

3.4 Mixed Integer Linear Programming and
Network Flow Tractability

Many E-AMoD decision problems involve discrete choices: the number of ve-
hicles routed along a network arc, whether to activate a charger at a given
station, or how many passengers to serve in a given period. Mixed Inte-
ger Linear Programs (MILPs) extend linear programming by restricting some
variables to integer values. A general MILP takes the form:

minimize
x,z

c↓x + d↓z

subject to Ax + Bz ↗ b

x ↘ 0, z ↓ Zm

↔0

(3.9)

where x ↓ Rn are continuous variables and z ↓ Zm are integer variables.
Integer constraints make the feasible region non-convex and combinatorial,
rendering MILPs NP-hard in general [66]. The standard solution framework
is Branch and Bound (BnB): the algorithm maintains an upper bound by
tracking the best feasible integer solution found so far, and a lower bound
by solving LP relaxations at each node of a search tree in which integrality
constraints are temporarily dropped. Branches whose lower bound exceeds
the best known upper bound are pruned, progressively narrowing the search.
Modern solvers such as Gurobi and CPLEX augment this with cutting planes,
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presolve routines, and primal heuristics to handle large-scale problems in prac-
tice [67], [68].

Total Unimodularity and E-AMoD Tractability
For the network flow problems in Papers I and II, an important structural
property means that the full BnB machinery is never required. A matrix A ↓

Zm↗n is totally unimodular (TU) if every square submatrix has determinant
0, +1, or ≃1 [69]. The key consequence is that if A is TU and b ↓ Zm,
every vertex of the polyhedron {x ↘ 0 : Ax ↗ b} is integer-valued. The
LP relaxation of the corresponding integer program therefore always yields an
integer optimal solution, and expensive branch-and-bound is not required [70].

The node-arc incidence matrix of any directed graph is always TU [69],
which means any minimum-cost flow problem on a directed network with in-
teger capacities and demands has an integer optimal solution obtainable by
solving the LP relaxation. The E-AMoD rebalancing problems in Papers I
and II have precisely this structure: vehicles move between stations over a
time-expanded network, flow conservation constraints define the node-arc in-
cidence matrix, and all capacities and demands are integer-valued. Rather
than solving integer programs, Paper I therefore solves the LP relaxation of
the rebalancing subproblem directly, recovering integer solutions guaranteed
by TU.

In Paper II, however, tracking battery state of charge as a continuous control
variable introduces constraints that couple energy flows across arcs in a way
that is not representable as a pure node-arc incidence structure. This destroys
total unimodularity, and the problem must therefore be solved as a mixed-
integer program using for example the BnB framework described above.

3.5 Model Predictive Control
The optimization and prediction methods developed in the preceding sections
and Chapter 4 must be combined into an operational control framework.
Model Predictive Control (MPC), also known as receding horizon control,
provides this framework by repeatedly solving a finite-horizon optimization
problem using the best available forecast and implementing only the first por-
tion of the resulting plan [71], [72]. When new observations arrive, the horizon
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shifts forward, a new problem is solved, and the cycle repeats.

Receding Horizon Principle
At each control step t, MPC solves an open-loop optimal control problem over
a prediction horizon of H steps:

minimize
ut,...,ut+H→1

t+H↑1∑

ω=t

↼(xω , uω ) + Vf (xt+H)

subject to xω+1 = f(xω , uω , ϖω ), ε = t, . . . , t + H ≃ 1
xω ↓ X , uω ↓ U

(3.10)

where xω is the system state (e.g., vehicle distribution across stations), uω is
the control input (rebalancing decisions), ↼(·, ·) is a stage cost, Vf (·) is a ter-
minal cost penalizing the end-of-horizon state, and ϖω represents uncertainty.
Only the first control input u↘

t
from the optimal sequence is implemented. At

time t + 1, the state is updated based on the observed transition, the horizon
shifts forward to {t + 1, . . . , t + H}, and the problem is resolved with updated
forecasts.

The closed-loop feedback mechanism is a defining strength of MPC. Even
though the forecast ϖ̂t:t+H will di!er from the true uncertainty realization,
the system self-corrects at each step by re-optimizing with the observed state
as the new initial condition. This feedback is particularly valuable in E-
AMoD operations, where demand deviates from forecasts and vehicle avail-
ability evolves unpredictably [16], [29].

It is worth distinguishing this from the multi-stage stochastic programs
introduced in Section 3.2. A multi-stage program is solved once over the full
planning horizon, producing a contingency plan that maps every anticipated
uncertainty path to a sequence of decisions. MPC instead re-solves a finite-
horizon problem at every control step, implements only the first-stage decision,
and discards the rest. Errors in later stages are never executed because the
problem is re-solved before they are reached. In Papers I and II, the two
ideas are combined: at each MPC step, a multi-stage stochastic program is
solved over the prediction horizon, but only the root-node decisions are applied
before the horizon shifts forward and a new scenario tree is constructed from
updated forecasts. This repeated re-solving imposes a hard computational
requirement, each optimization must complete within the control interval.
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The decomposition methods discussed in Section 3.6 are therefore not merely
convenient but necessary, as they enable the stochastic program to be solved
within the minutes available between successive MPC steps.

Handling Uncertainty in MPC
The open-loop formulation in (3.10) uses a single forecast trajectory ϖ̂t:t+H

and ignores uncertainty beyond feedback. Several extensions incorporate un-
certainty more explicitly. Stochastic MPC replaces the deterministic objective
with an expected cost over predicted scenarios:

minimize
ut,...,ut+H→1

E
ε̃

[
t+H↑1∑

ω=t

↼(xω , uω , ϖ̃ω )
]

(3.11)

using scenario trees or sample-based approximations of the predictive distribu-
tion. This connects directly to the multi-stage stochastic programs described
in Section 3.2, where the MPC horizon defines the tree depth.

Robust MPC instead minimizes worst-case cost over an uncertainty set U ,
connecting to the robust counterpart formulations of Section 3.1. Chance-
constrained MPC enforces probabilistic feasibility at each predicted step, as
in (3.7), exploiting Gaussian predictive distributions from GP models to ob-
tain closed-form constraint reformulations [73].

Two-Level Control Architecture
In Papers I and II, MPC operates as a higher-level controller within a two-
level control architecture. The MPC rebalancing controller solves a network-
level optimization problem over a horizon of several hours, computing desired
vehicle distributions across stations at each time step. This high-level plan
is then executed by a lower-level bipartite matching algorithm that assigns
individual vehicles to specific passenger requests in real time, operating on a
much shorter timescale of seconds to minutes [16], [29].

This separation of timescales is computationally motivated. Solving the
joint problem of rebalancing and individual vehicle-to-request assignment si-
multaneously would require a large-scale combinatorial program that is in-
tractable at operational frequencies. By decomposing into a high-level flow
optimization (tractable as a network flow via total unimodularity) and a low-
level assignment (tractable as a bipartite matching), both problems remain
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solvable within their respective time budgets. Paper III revisits this decompo-
sition, demonstrating that deep reinforcement learning can directly learn joint
policies that implicitly solve both levels simultaneously, potentially capturing
interactions that the two-level architecture misses.

The MPC framework also naturally accommodates the prediction models
discussed in Chapter 4. Gaussian process predictions in Paper I provide both
mean forecasts and uncertainty quantification for chance-constrained MPC.
Bayesian neural networks in Paper II generate predictive distributions over
demand and travel times that seed the scenario trees used in the multi-stage
stochastic MPC formulation. In both cases, MPC serves as the operational
layer that translates probabilistic forecasts into executable fleet management
decisions.

3.6 Decomposition Methods
Two-stage stochastic programs in extensive form grow rapidly with the num-
ber of scenarios, quickly becoming intractable for direct solution. Benders
decomposition [45] exploits problem structure by partitioning it into a master
problem optimizing first-stage decisions and subproblems evaluating second-
stage costs for each scenario. This decomposition enables parallel solution and
dramatically reduces memory requirements.

Benders Decomposition for Stochastic Programs
The application of Benders decomposition to two-stage stochastic programs is
known as the L-shaped method, introduced by Van Slyke and Wets [74]. The
algorithm iteratively refines an approximation of the recourse function Q(x, ϖ)
through optimality cuts. The master problem optimizes first-stage decisions x
and an auxiliary variable ↽ representing the approximated expected recourse
cost:

minimize
x,ϑ

c↓x + ↽

subject to Ax ↗ b

↽ ↘ lower bound approximations
x ↓ X

(3.12)
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Figure 3.4: Benders decomposition convergence illustration. The algorithm iter-
atively refines upper bounds from subproblem evaluation and lower
bounds from the master problem with accumulated cuts. Convergence
occurs when the bounds meet, guaranteeing optimality.

Initially, the lower bound approximations are crude or absent. Given a can-
didate first-stage solution xk from the master problem, we solve scenario sub-
problems in parallel to compute Q(xk, ϖs) for each scenario s = 1, . . . , S.
These subproblems are independent and can be solved simultaneously, provid-
ing excellent parallel scalability. Solving the subproblems yields dual variables
ϑs,k that characterize how first-stage decisions a!ect second-stage costs.

Using these dual variables, we generate an optimality cut, a linear lower
bound on the recourse function:

↽ ↘

S∑

s=1
ps(ϑs,k)↓(hs

≃ T sx) (3.13)

Convergence is guaranteed when fixing the first-stage decisions yields a con-
tinuous linear subproblem for which strong duality holds [46]. Figure 3.4
illustrates the convergence behavior.

Several acceleration techniques improve practical performance. Cut man-
agement strategies remove inactive cuts that no longer a!ect the master prob-
lem solution, reducing problem size [75]. Multi-cut formulations generate sep-
arate cuts for each scenario rather than aggregating them, providing tighter
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bounds at the cost of more master problem constraints.

Nested Benders Decomposition
For multi-stage stochastic programs where decisions and uncertainty revela-
tions alternate over multiple time periods, Benders decomposition can be ap-
plied recursively at each stage. This Nested Benders Decomposition exploits
the temporal decomposability of the problem, breaking it into a sequence
of linked two-stage problems [26], [46]. At each stage, a cost-to-go function
approximates the expected future cost from that point onward, and the algo-
rithm iteratively refines this approximation through alternating forward and
backward passes over the scenario tree. Paper II employs Nested Benders
Decomposition to solve multi-stage E-AMoD rebalancing, charging and V2G
problems over planning horizons of hours.

Forward pass. The forward pass traverses the scenario tree from the root to
the leaves, simulating a candidate policy. Starting from the root node with
a known initial state x0, the algorithm solves each stage-t subproblem using
V̂t+1(·), a piecewise-linear lower approximation of the true cost-to-go function
built from Benders cuts accumulated in previous iterations, as a surrogate for
future costs. At each node n at stage t, the subproblem is:

minimize
xn

c↓
t

xn + V̂t+1(xn) subject to Atxn + Btxa(n) ↗ bn, xn ↓ Xt

(3.14)
The optimal solution x↘

n
is passed forward to all children of n, propagating

the state through the tree until leaf nodes are reached. The forward pass thus
produces a complete scenario-feasible policy and an upper bound on the true
optimal cost.

Backward pass. The backward pass traverses the tree in reverse, from the
leaves back to the root, generating Benders cuts that tighten the cost-to-go
approximations. At each node n at stage t, the subproblem is solved with
the state x↘

a(n) fixed from the forward pass. This yields dual variables ϑ↘
n

associated with the linking constraint Btxa(n) ↗ bn ≃ Atxn. These duals
characterize how the optimal cost at node n changes as a function of the
incoming state, enabling construction of a supporting hyperplane:

Vt(x) ↘ ⇀n + (ϑ↘
n
)↓x (3.15)
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This cut is an optimality cut for the cost-to-go function Vt at the parent of
n. All cuts generated across the children of a node are aggregated (weighted
by their conditional probabilities) to produce a cut for the parent’s cost-to-go
approximation, and the process continues backward to the root. After the
backward pass, every stage has a tighter piecewise-linear lower approximation
of its cost-to-go function.

The algorithm iterates forward and backward passes until the gap between
the upper bound (from the forward pass) and the lower bound (from the
root node’s cost-to-go approximation) falls below a tolerance ⇁. Algorithm 1
summarizes the procedure.

The optimization frameworks developed in this chapter, robust counter-
parts, chance constraints, stochastic programs, and Benders decomposition,
share a common prerequisite: they require either uncertainty sets, probability
distributions, or scenario trees as inputs. The quality of these inputs directly
determines the quality of the resulting decisions. A robust counterpart is only
as good as its uncertainty set, and a stochastic program is only as good as its
scenario tree. Chapter 4 addresses this prerequisite directly, presenting the
machine learning methods used in Papers I and II to construct these uncer-
tainty representations from data. Gaussian process regression provides predic-
tive distributions that seed the chance constraints in Paper I, while Bayesian
neural networks generate the scenario fans that, after k-means clustering, form
the scenario trees used in the Nested Benders formulation of Paper II.
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Input: Scenario tree with nodes N , root n0, leaves L, stages T ,
tolerance ⇁

Output: Optimal first-stage decision x↘
n0

UB ⇓ +⇔,
LB ⇓ ≃⇔

V̂t+1(·) ⇓ ≃⇔ for all stages t
while UB ≃ LB > ⇁ do

/* Forward pass */
for t = 1, . . . , T do

foreach node n at stage t do
x↘

n
⇓ arg min

xn→Xt

c↓
t

xn + V̂t+1(xn) s.t. Atxn + Btx
↘
a(n) ↗ bn

Record cost z↘
n

Pass x↘
n

to children of n

end
end
UB ⇓

∑

n→L
pn

∑

ϖ→path(n0,n)
z↘

ϖ

/* Backward pass */
for t = T, . . . , 2 do

foreach node n at stage t do
Re-solve subproblem at n with x↘

a(n) fixed
Obtain dual multipliers ϑ↘

n
for linking constraint

⇀n ⇓ z↘
n

≃ (ϑ↘
n
)↓Btx↘

a(n)
end
foreach node m at stage t ≃ 1 do

Add cut: V̂t(xm) ↘

∑

n→C(m)
pn|m

(
⇀n + (ϑ↘

n
)↓Btxm

)

end
end
LB ⇓ optimal value of root subproblem

end
return x↘

n0
Algorithm 1: Nested Benders Decomposition
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CHAPTER 4

Machine Learning for Spatio-Temporal Prediction

Accurate prediction of future demand is fundamental to e!ective E-AMoD op-
erations. Fleet positioning, rebalancing strategies, and charging decisions all
rely on forecasts of where and when customers will request rides. However, de-
mand in urban mobility systems exhibits complex spatio-temporal patterns:
morning commutes flow from residential to business districts, evening pat-
terns reverse this flow, weekends show di!erent behaviors than weekdays, and
special events create sudden demand surges [23], [24]. Capturing these intri-
cate patterns while quantifying prediction uncertainty is essential for robust
operational planning.

This chapter presents three complementary approaches to spatio-temporal
prediction that support the optimization and learning frameworks developed
in previous chapters. Gaussian Process Regression provide a principled Bayesian
framework for learning smooth spatial and temporal patterns while naturally
quantifying uncertainty through predictive distributions. Bayesian Neural
Networks extend neural networks to capture uncertainty in learned repre-
sentations, enabling more flexible function approximation while maintaining
probabilistic predictions. Scenario Trees provide discrete representations of
uncertainty evolution over time, essential for multi-stage stochastic optimiza-
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tion. These prediction methods serve distinct but complementary roles in
E-AMoD decision-making, and we emphasize throughout the connection be-
tween prediction and optimization under uncertainty.

4.1 Gaussian Process Regression
Gaussian Process Regression is a non-parametric Bayesian approach to func-
tion approximation that has proven highly e!ective for spatio-temporal pre-
diction tasks [76]. Rather than assuming a specific parametric form, GPR
defines a distribution over functions, allowing data to inform the shape of the
learned function while naturally quantifying uncertainty through posterior
distributions.

Fundamentals and Kernel Design
A Gaussian process is a collection of random variables, any finite subset of
which follows a joint Gaussian distribution [76]. A function f : X ↖ R
follows a Gaussian process, written f ↙ GP(m(x), k(x, x≃)), when it is com-
pletely specified by its mean function m(x) = E[f(x)] and covariance function
k(x, x≃) = E[(f(x) ≃ m(x))(f(x≃) ≃ m(x≃))]. The kernel k(x, x≃) measures
similarity between inputs, determining how function values at nearby points
influence each other. This is the key design choice in Gaussian process mod-
eling.

For spatio-temporal demand prediction in E-AMoD systems, the kernel
must capture both spatial smoothness, where nearby locations have similar
demand, and temporal patterns reflecting time-of-day and day-of-week ef-
fects [23]. The squared exponential kernel kSE(x, x≃) = φ2 exp(≃∝x≃x≃

∝
2/2↼2)

assumes smooth, infinitely di!erentiable functions controlled by variance φ2

and length-scale ↼. Small length-scales allow rapid variation while large length-
scales enforce smooth functions. The Matérn kernel provides more flexibility
through smoothness parameter ν, with ν = 3/2 or 5/2 often working well for
mobility demand that exhibits local smoothness but not extreme smoothness.

Temporal patterns exhibit periodic structure superimposed on longer-term
trends [77]. The periodic kernel kPer(t, t≃) = φ2 exp(≃2 sin2(π|t ≃ t≃

|/p)/↼2)
captures repeating patterns with period p, such as daily cycles with p = 24
hours. However, exact periodicity is unrealistic, motivating locally periodic
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4.1 Gaussian Process Regression

kernels kQuasi-Per = kSE ↑ kPer that allow periodic patterns whose amplitude
and shape vary over time.

For joint spatio-temporal prediction, separable kernels k((x, t), (x≃, t≃)) =
kspace(x, x≃) ↑ ktime(t, t≃) assume independence between spatial and temporal
patterns. While computationally convenient, this assumption is often violated
since morning demand concentrates in business districts while evening demand
shifts to residential areas. Nevertheless, separable kernels combining spatial
Matérn and temporal quasi-periodic components provide a practical compro-
mise, balancing expressiveness with computational tractability for datasets
with thousands of observations.

Figure 4.1: Gaussian Process predictive distribution illustration. Training observa-
tions (blue dots) inform the posterior mean (red line) and uncertainty
bands (shaded regions). Uncertainty increases in regions far from train-
ing data and decreases near observations. The true underlying function
(dashed black) lies within confidence intervals.

Inference and Prediction
Given training data D = {(xi, yi)}n

i=1 where yi = f(xi) + ϱi with Gaussian
noise ϱi ↙ N (0, φ2

n
), we seek to predict f(x↘) at test point x↘. Under the

GP prior f ↙ GP(m, k), the joint distribution of training outputs y and test
output f↘ is jointly Gaussian. Applying standard Gaussian conditioning yields
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the posterior distribution:

f↘|D, x↘ ↙ N (µ↘, φ2
↘) (4.1)

µ↘ = m(x↘) + k↓
↘ (K + φ2

n
I)↑1(y ≃ m) (4.2)

φ2
↘ = k(x↘, x↘) ≃ k↓

↘ (K + φ2
n
I)↑1k↘ (4.3)

where K is the kernel matrix with Kij = k(xi, xj) and k↘ is the vector of co-
variances between test and training points. The posterior mean provides the
predictive estimate, and the posterior variance quantifies prediction uncer-
tainty. Uncertainty is high far from training data and low near observations,
providing automatic uncertainty quantification without manual tuning. Fig-
ure 4.1 illustrates this behavior.

Computing the posterior requires inverting the n ↑ n matrix (K + φ2
n
I),

costing O(n3) time and O(n2) memory. For large datasets with n > 10, 000,
this becomes prohibitive. Sparse approximations reduce complexity by ap-
proximating the full GP with a smaller set of m ′ n inducing points, reduc-
ing complexity to O(nm2). Sparse Variational Gaussian Processes use varia-
tional inference to optimize inducing point locations and variational parame-
ters jointly, enabling scalability to millions of data points through stochastic
optimization [78].

Kernel hyperparameters critically a!ect prediction quality but are typically
unknown. These are learned by maximizing the marginal likelihood p(y|X, ↽)
where ↽ denotes all hyperparameters. The log marginal likelihood balances
data fit against model complexity, automatically implementing Occam’s ra-
zor [76]. Hyperparameters are optimized using gradient-based methods with
gradients computed via automatic di!erentiation. The learned hyperparame-
ters provide interpretable insights: spatial length-scales reveal demand corre-
lation ranges, temporal periods identify dominant cycles, and noise variance
indicates data quality. Figure 4.2 illustrates how length-scale selection a!ects
predictions.

Application to E-AMoD
Gaussian processes have been successfully applied to mobility demand predic-
tion [23], [79]. A typical workflow begins with data preparation, aggregating
trip data into spatio-temporal grids such as one-kilometer cells at fifteen-
minute intervals. Temporal features including hour, day-of-week, and holiday
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Figure 4.2: E!ect of kernel length-scale on GP predictions. Small length-scales
(left) allow rapid variation, potentially overfitting noise. Large length-
scales (right) enforce excessive smoothness, potentially underfitting
patterns. Intermediate length-scales (center) balance flexibility and
smoothness, learned through marginal likelihood optimization.
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indicators are extracted alongside spatial features like coordinates and point-
of-interest density. A spatio-temporal kernel combining Matérn-QuasiPeriodic
components is selected and hyperparameters are optimized via marginal likeli-
hood maximization on training data. The trained GP then computes posterior
mean and variance at test locations and times, with the predictive distribution
used to generate demand scenarios for stochastic optimization as discussed in
Section 4.3.

The advantages for E-AMoD are substantial. Predictive variance enables
risk-aware rebalancing as developed in Paper I. Spatial interpolation allows
prediction at locations without historical data. Few-shot learning enables
good performance with limited training data, useful for new service areas.
Learned length-scales and periods provide operational insights. However,
computational cost limits scalability without sparse approximations, Gaus-
sian likelihood assumptions may not capture heavy-tailed demand spikes, and
stationarity assumptions with fixed hyperparameters may not hold across long
time periods. These limitations motivate complementary approaches.

Neural Network Fundamentals
Neural networks (NNs) are parameterized functions composed of layers of
simple computational units, loosely inspired by biological neural networks [80].
Each layer contains multiple nodes, called artificial neurons, and processes
information sequentially from input to output, as illustrated in Figure 4.3.

Each neuron i in layer ↼ receives the activations a(ϖ↑1) of the previous layer
and produces a scalar activation:

a(ϖ)
i

= φ




∑

j

w(ϖ)
ij

a(ϖ↑1)
j

+ b(ϖ)
i



 , (4.4)

where w(ϖ)
ij

and b(ϖ)
i

are the weight and bias of neuron i, collectively denoted
as parameters ↽, and φ is a nonlinear activation function such as the rectified
linear unit φ(z) = max(0, z). The full network with L layers implements a
function:

f(x; ↽) = a(L)
(

· · · a(1)(x) · · ·


, (4.5)

where a(0)(x) = x is the input. This hierarchical composition allows deep
networks to learn increasingly abstract representations of the input. Param-
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eters ↽ are optimized by minimizing a loss function via gradient descent with
backpropagation [80].

Neural networks are universal function approximators: with su"cient ca-
pacity, they can represent any continuous function [81]. In practice, they
excel at capturing complex nonlinear patterns in high-dimensional data such
as urban demand fields. However, standard training produces a single point
estimate ↽̂, yielding only point predictions f(x; ↽̂) with no measure of uncer-
tainty. For E-AMoD demand forecasting, where decisions under uncertainty
require full predictive distributions, this is insu"cient. Bayesian Neural Net-
works address this limitation by treating the weights ↽ as random variables
rather than fixed parameters.

Standard Neural Network
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Figure 4.3: Comparison of a standard neural network (left) and a Bayesian Neural
Network (right), both with two hidden layers. In a standard network,
each connection carries a fixed scalar weight wij learned during train-
ing, yielding a single point prediction ŷ. In a BNN, weights are replaced
by probability distributions p(wij) (orange curves), and the output is
a full predictive distribution p(y | x, D) that captures both model un-
certainty about the weights and observation uncertainty in the data.
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4.2 Bayesian Neural Networks
While Gaussian processes provide principled uncertainty quantification, they
scale poorly to high-dimensional inputs and large datasets. Neural networks
excel at learning complex patterns from massive data but typically provide
only point predictions without uncertainty estimates. Bayesian Neural Net-
works (BNN) combine the flexibility of neural networks with probabilistic rea-
soning, learning distributions over network weights rather than single point
estimates [82], [83].

Bayesian Framework and Approximate Inference
Consider a neural network f(x; w) with weights w ↓ Rd. Bayesian learning
treats weights as random variables with a prior distribution p(w) and computes
the posterior distribution given data D via Bayes’ rule: p(w|D) ∞ p(D|w)p(w).
Predictions integrate over the posterior: p(y↘|x↘, D) =


p(y↘|x↘, w)p(w|D)dw.

This predictive distribution captures two sources of uncertainty [83]. The first
is model uncertainty, which reflects how confident the network is in its own
weights. This type of uncertainty decreases as more training data becomes
available. The second is observation noise, which reflects the inherent ran-
domness in the data that cannot be reduced regardless of how much data
is collected. For E-AMoD demand forecasting, model uncertainty is high in
areas with sparse historical trip data, while observation noise captures the
fundamental unpredictability of urban demand.

The posterior is intractable for neural networks due to non-conjugate, high-
dimensional, non-linear relationships between weights and outputs. Varia-
tional inference approximates the intractable posterior with a simpler distri-
bution qϑ(w) parameterized by ↽, chosen to minimize KL divergence from the
true posterior. This is equivalent to maximizing the evidence lower bound:
L(↽) = Ew⇐qω

[log p(D|w)] ≃ KL(qϑ(w)∝p(w)). Using a factorized Gaussian
variational distribution qϑ(w) =


d

j=1 N (wj ; µj , φ2
j
), we optimize variational

parameters via stochastic gradient ascent using the reparameterization trick.
This approach, called Bayes by Backprop [84], enables training BNNs with
standard deep learning infrastructure.

A simpler approximation uses Monte Carlo (MC) Dropout, where dropout
regularization during training approximates variational inference [82]. At test
time, instead of disabling dropout, we keep it active and perform multiple
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forward passes with di!erent dropout masks, obtaining samples from the ap-
proximate posterior. The mean across samples provides the point prediction
while the variance estimates uncertainty. MC Dropout requires no architec-
tural changes, works with pre-trained networks, and adds minimal compu-
tational overhead. For E-AMoD demand forecasting, MC Dropout provides
practical uncertainty estimates with standard deep learning architectures.

Ensemble methods provide an alternative, training multiple networks in-
dependently with di!erent random initializations [85]. Predictions average
across ensemble members and variance across predictions estimates uncer-
tainty. While not strictly Bayesian, ensembles provide reliable uncertainty
estimates in practice and are widely used.

Application to E-AMoD via Bayesian Neural Fields
While the methods described above apply Bayesian inference to general-purpose
neural networks, they do not exploit the continuous spatiotemporal structure
of E-AMoD demand data. A standard BNN takes arbitrary inputs and pro-
duces point or distributional outputs, but has no built-in notion of spatial
location or temporal continuity, meaning it cannot interpolate predictions to
unobserved locations or extrapolate smoothly in time. Paper II employs a
specific instantiation called the Bayesian Neural Field (BayesNF), introduced
by Saad et al. [86], which addresses these limitations by defining a probabilis-
tic field over continuous space-time coordinates directly. Rather than taking
demand observations as a fixed-dimensional vector, BayesNF takes the coor-
dinates (s, t) themselves as input, enabling prediction at any novel location
or time. Sinusoidal Fourier features appended to the inputs further allow the
model to capture both slow demand trends and high-frequency periodic pat-
terns such as daily commuting cycles, without manual kernel design. These
properties make BayesNF particularly well-suited to E-AMoD demand fore-
casting, where demand must be predicted across a continuous urban area at
irregular query locations and future time horizons.

BayesNF defines a probabilistic field Y (s, t) over continuous space-time co-
ordinates (s, t) ↓ Rd

↑ R, combining a deep neural network for high-capacity
function approximation with hierarchical Bayesian inference for uncertainty
quantification [86]. The network maps spatiotemporal coordinates directly to
a latent field F (s, t), which parameterises an observation distribution Y (s, t) ↙

Dist(F (s, t), %y). All network weights are assigned prior distributions and
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Figure 4.4: Bayesian Neural Network uncertainty quantification. A standard neu-
ral network (left) provides only point predictions. MC Dropout (cen-
ter) generates multiple predictions from di!erent dropout masks, with
variance capturing model uncertainty. The predictive distribution
(right) combines model uncertainty with observation noise, providing
calibrated confidence intervals.
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inferred via either maximum a-posteriori ensembles or variational inference,
producing a posterior predictive distribution at any query location and time.
The computational cost scales linearly with the number of observations rather
than cubically, enabling application to the large urban datasets encountered
in metropolitan E-AMoD systems.

In Paper II, BayesNF is trained on historical trip demand data across the
service area. At each planning stage, the posterior predictive distribution
p(d̃ | D) over future demand d̃ is queried at each zone and time horizon.
Scenario fans are generated by sampling from this distribution, and the sam-
ples are subsequently clustered using k-means to determine the branching
structure and assign scenario probabilities, as described in Section 4.3. The
resulting scenario tree is passed directly to the Nested Benders formulation of
Chapter 3, closing the loop between probabilistic prediction and optimization
under uncertainty.

4.3 Scenario Trees
Stochastic optimization problems involve uncertainty that evolves over time,
represented by continuous stochastic processes. Scenario trees o!er a tractable
discrete approximation of this uncertainty, discretizing continuous probability
distributions into finite sets of scenarios that branch over time stages [61], [62].
Properly constructed scenario trees preserve key statistical properties of the
underlying stochastic process while remaining computationally tractable for
optimization. It has been demonstrated that increasing the number of scenar-
ios improves the accuracy of the uncertainty representation, but also increases
the computational complexity of the optimization problem [38]. Scenario re-
duction techniques address this tension by constructing a reduced tree that
closely approximates the original one.

Structure and Properties
A scenario tree is a rooted tree where nodes represent possible states at di!er-
ent time stages and edges represent transitions between states. The root node
represents the deterministic initial state known with certainty. At each node,
multiple child nodes represent possible future realizations through branching.
Leaf nodes represent terminal states at the planning horizon. Each node has
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Figure 4.5: Scenario tree structure for E-AMoD demand forecasting. The root
node represents current known demand. Stage 1 branches into three
possibilities (low, medium, high demand) with associated probabilities.
Each Stage 1 node further branches into three Stage 2 outcomes, creat-
ing nine leaf nodes and nine complete scenarios. One example scenario
path is highlighted, showing the evolution from current state through
intermediate demand realization to final outcome.

a stage indicating its time period, a state representing realized uncertain pa-
rameters such as demand vectors, a probability of reaching this node, and a
conditional transition probability from its parent. A scenario is a path from
root to leaf, representing one possible evolution of uncertainty over time, with
scenario probability equal to the product of transition probabilities along its
path.

An e!ective scenario tree for optimization should preserve low-order mo-
ments of the original distribution at each stage, minimize a suitable measure
of distance between tree and true distribution, respect time-series correlations
including auto-correlation and spatial cross-correlation, and remain compu-
tationally tractable by limiting tree size to enable optimization within time
constraints. Figure 4.5 illustrates a typical tree structure.
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Generation and Reduction Methods
A prevalent methodology for scenario tree construction is moment matching,
whereby the reduced tree is constructed to preserve the first few statistical
moments of the original stochastic process, such as mean, variance, skewness,
and kurtosis [87]. This technique has been employed in several studies to
generate scenario trees by matching the first four moments [88], [89]. However,
it has been shown that two probability distributions with matching moments
can still be significantly di!erent [90].

An alternative metric is the Wasserstein distance, which quantifies the sim-
ilarity between two probability distributions and has been used for scenario
reduction [91]. However, the Wasserstein distance does not consider the filtra-
tion structure of the scenario tree, meaning it does not account for the tempo-
ral correlations between di!erent stages. To address this, the Nested distance,
also referred to as process distance, was introduced by Pflug and Pichler [92],
explicitly accounting for tree structure and temporal dependencies. However,
finding an optimally reduced scenario tree that minimizes the Nested distance
is computationally challenging [93]. Paper II therefore employs multistage
k-means clustering, which groups similar scenarios at each stage and replaces
each cluster with its centroid, assigning branch probabilities proportional to
cluster size [94]. This approach provides a practical balance between distribu-
tional accuracy and computational tractability, making it well-suited to the
real-time requirements of E-AMoD rebalancing.

Application to E-AMoD
For E-AMoD rebalancing with uncertainty, the workflow in Paper II be-
gins with forecasting demand distributions at each location and time using
BayesNF, as described in Section 4.2. Scenario fans are sampled from the
posterior predictive distribution at each stage and then clustered using multi-
stage k-means to determine the branching structure and assign scenario prob-
abilities. The resulting tree is used in the stochastic rebalancing optimization:

min
x

c↓x + Etree[Q(x, d̃)] (4.6)

where x is the first-stage rebalancing decision and Q(x, d̃) is the recourse
cost under demand realization d̃. The first-stage decision is executed, actual
demand is observed, and the problem is re-solved in a rolling horizon fashion.
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The prediction methods developed in this chapter, namely Gaussian pro-
cesses, Bayesian Neural Fields, and scenario trees, share a common paradigm:
uncertainty is first quantified through probabilistic forecasting, then propa-
gated into optimization via scenario trees or chance constraints. This predict-
then-optimize pipeline is well-suited to fleet rebalancing and charging deci-
sions, where the planning horizon is long enough to warrant explicit uncer-
tainty modeling. However, not all E-AMoD subproblems fit this paradigm.
The electric dial-a-ride routing problem addressed in Paper III requires making
thousands of sequential assignment decisions in real time as customer requests
arrive continuously, a setting where the computational overhead of solving a
stochastic program at each step is prohibitive. Chapter 5 introduces a fun-
damentally di!erent approach to this challenge: rather than solving an opti-
mization problem at deployment time, a reinforcement learning agent learns a
routing policy o#ine through interaction with a simulated environment, and
then executes that policy in milliseconds at runtime.
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CHAPTER 5

Deep Reinforcement Learning

Deep reinforcement learning has emerged as a transformative approach to se-
quential decision-making, demonstrating remarkable success in domains rang-
ing from game playing to robotics [95], [96]. Unlike the optimization-based
methods discussed in Chapter 3, which require explicit mathematical formu-
lations and solve for optimal decisions, reinforcement learning agents learn
decision-making policies through interaction with their environment. This
learning-based paradigm o!ers several advantages for complex problems like
E-AMoD operations: the ability to handle high-dimensional state spaces, com-
putational e"ciency at deployment time, and adaptability to changing condi-
tions through continued learning.

The appeal of reinforcement learning for E-AMoD stems from the struc-
ture of the decision problem. Electric dial-a-ride routing requires making
thousands of sequential decisions about which customers to serve, in what
order, and when to visit charging stations. Traditional optimization methods
struggle with this combinatorial complexity, requiring hours of computation
for problems with hundreds of requests. Reinforcement learning agents, once
trained, generate high-quality solutions in milliseconds by learning from expe-
rience rather than solving mathematical programs. This speed enables real-
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time operational deployment in dynamic environments where requests arrive
continuously and decisions must be made immediately.

This chapter establishes the foundations of deep reinforcement learning nec-
essary for understanding the electric dial-a-ride contribution presented in Pa-
per III. We begin with the fundamentals of reinforcement learning, including
Markov Decision Processes and key solution concepts. We then discuss policy
gradient methods, which provide the training framework for learning routing
policies. Next, we introduce graph neural networks and attention mecha-
nisms, which enable learning on structured data like transportation networks.
Finally, we examine applications of deep reinforcement learning to combina-
torial optimization and vehicle routing problems, positioning our E-DARP
contribution within the broader literature.

5.1 Reinforcement Learning Fundamentals
Reinforcement learning addresses the problem of learning optimal behavior
through trial and error [52]. An agent interacts with an environment over
time, taking actions that a!ect the environment’s state and receiving rewards
that evaluate action quality. The agent’s goal is to learn a policy, a mapping
from states to actions, that maximizes cumulative reward over time. This
framework di!ers fundamentally from supervised learning, where the correct
action is provided for each situation. In reinforcement learning, the agent
must discover which actions lead to good outcomes through experimentation,
balancing exploration of new actions against exploitation of known good ac-
tions.

Markov Decision Processes
The mathematical framework for reinforcement learning is the Markov Deci-
sion Process (MDP) [52], [97]. An MDP is defined by five components: a state
space S containing all possible situations the agent might encounter, an ac-
tion space A containing all possible decisions, a transition function P (s≃

|s, a)
specifying the probability of reaching state s≃ after taking action a in state s,
a reward function R(s, a) quantifying the immediate value of taking action a
in state s, and a discount factor ▷ ↓ [0, 1) that weights future rewards rela-
tive to immediate rewards. The Markov property assumes that the next state
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depends only on the current state and action, not on the history of previous
states. While this assumption may seem restrictive, it can be satisfied by
including relevant historical information in the state representation.

For E-DARP applications, the state s encodes the current vehicle locations,
battery states, customer requests with their pickup and delivery locations and
time windows, and charging station availability. The action a specifies which
request to serve next or whether to visit a charging station. The transition
function captures the deterministic evolution of vehicle positions and battery
levels, though it may include stochastic elements representing tra"c uncer-
tainty or customer behavior. The reward function penalizes travel distance
and time while rewarding served customers, encoding the operational objec-
tives discussed in Chapter 2.

A policy π : S ↖ A specifies the agent’s behavior by mapping each state to
an action. Policies can be deterministic, always selecting the same action in
a given state, or stochastic, sampling actions from a probability distribution
π(a|s). Value functions quantify how good it is to be in a particular state
under a given policy. The state value function V ϱ(s) represents the expected
cumulative discounted reward starting from state s and following policy π:

V ϱ(s) = Eϱ

[ ⇒∑

t=0
▷tR(st, at)

 s0 = s

]
(5.1)

The state-action value function, also called the Q-function, represents the
expected return from taking action a in state s and thereafter following policy
π:

Qϱ(s, a) = Eϱ

[ ⇒∑

t=0
▷tR(st, at)

 s0 = s, a0 = a

]
(5.2)

These value functions satisfy recursive relationships known as Bellman equa-
tions, which express the value of a state in terms of the values of successor
states. The optimal value functions V ↘(s) and Q↘(s, a) correspond to the best
possible policy, and they satisfy the Bellman optimality equations. Dynamic
programming algorithms like value iteration and policy iteration exploit these
equations to compute optimal policies for small to moderate-sized MDPs [52].
However, these classical algorithms require complete knowledge of the transi-
tion and reward functions and become computationally intractable for large
state spaces, motivating the function approximation approaches in deep rein-
forcement learning. Figure 5.1 illustrates the agent-environment interaction
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Figure 5.1: The reinforcement learning cycle. The agent observes the current state,
selects an action according to its policy, receives a reward from the en-
vironment, and observes the resulting next state. This cycle repeats,
with the agent learning to improve its policy based on accumulated
experience. For E-DARP, states encode vehicle and customer informa-
tion, actions specify routing decisions, and rewards reflect operational
costs and service quality.
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loop.

Function Approximation and Deep Learning
For problems with large or continuous state spaces like E-DARP, representing
value functions or policies with lookup tables is infeasible. Function approx-
imation uses parameterized functions to represent policies or values. Deep
neural networks serve as powerful function approximators, capable of learning
complex non-linear relationships from high-dimensional inputs [80]. A policy
network πϑ(a|s) parameterized by weights ↽ maps states to action probabil-
ities. Similarly, a value network Vς(s) or Q-network Qφ(s, a) approximates
value functions.

Deep Q-Networks (DQN) introduced the combination of Q-learning with
deep neural networks, achieving human-level performance on Atari games [95].
The key innovations included experience replay, which breaks temporal cor-
relations in training data by sampling randomly from a bu!er of past experi-
ences, and target networks, which stabilize learning by using a slowly updated
copy of the Q-network for computing target values. While DQN demonstrated
the power of deep learning for reinforcement learning, Q-learning approaches
face challenges in problems with large discrete action spaces or continuous
action spaces, motivating policy gradient methods that directly learn policies.

5.2 Policy Gradient Methods
Policy gradient methods directly optimize the policy parameters by gradient
ascent on expected return [52], [98]. Rather than learning value functions and
deriving policies from them, these methods parameterize the policy explicitly
and adjust parameters to increase expected cumulative reward. This direct
optimization o!ers several advantages: it naturally handles continuous action
spaces, it can learn stochastic policies that may be optimal in partially ob-
servable environments, and it often exhibits smoother convergence behavior
than value-based methods.

The objective is to maximize the expected return J(↽) = Eω⇐ϱω
[R(ε)] where

ε denotes a trajectory, a sequence of states and actions generated by following
policy πϑ. The policy gradient theorem [99] provides a fundamental result
enabling gradient estimation. It shows that the gradient of expected return
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with respect to policy parameters can be expressed as an expectation over
trajectories:

∈ϑJ(↽) = Eω⇐ϱω

[
T∑

t=0
∈ϑ log πϑ(at|st) · Gt

]
(5.3)

where Gt =
∑

T

t↓=t
▷t

↓↑trt↓ is the return following time t. This expectation
can be approximated by sampling trajectories from the current policy and
computing sample averages. The term ∈ϑ log πϑ(at|st) indicates the direction
in parameter space that increases the probability of selecting action at in
state st. The return Gt weights this direction: positive returns encourage
the action, negative returns discourage it. This simple algorithm, known as
REINFORCE [99], forms the foundation for modern policy gradient methods.

However, basic policy gradient methods su!er from high variance in gradient
estimates, leading to slow and unstable learning. Several techniques reduce
variance. Baselines subtract a state-dependent value estimate from returns
without introducing bias: ∈ϑJ(↽) = E[∈ϑ log πϑ(at|st) · (Gt ≃ b(st))]. The
advantage function Aϱ(s, a) = Qϱ(s, a) ≃ V ϱ(s) represents how much better
action a is compared to the average action in state s, providing a natural
baseline. Generalized Advantage Estimation [100] provides a practical method
for computing advantage estimates that trades o! bias and variance through
an exponentially-weighted average of temporal di!erence residuals.

REINFORCE and POMO Augmentation
Building on the REINFORCE algorithm introduced above, Policy Optimiza-
tion with Multiple Optima (POMO) [101] augments the basic algorithm by
exploiting the fact that combinatorial optimization problems such as vehicle
routing have multiple optimal or near-optimal solutions that are equivalent
by symmetry. Rather than sampling a single trajectory per problem instance,
POMO samples N trajectories simultaneously from N di!erent starting points,
using the mean return across all trajectories as a shared baseline. This multi-
start strategy simultaneously reduces gradient variance and encourages the
policy to discover diverse high-quality solutions. The shared baseline is par-
ticularly e!ective because trajectories starting from di!erent points on the
same instance provide natural variance reduction without requiring a sepa-
rate value network. Empirically, the low-variance baseline of POMO leads to
fast and stable training, and greater resistance to local minima compared to
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single-trajectory REINFORCE [101].
Paper III employs REINFORCE with POMO augmentation to train rout-

ing policies for E-DARP, leveraging the multi-start strategy to handle the
combinatorial complexity of joint routing and charging decisions across large
problem instances.

5.3 Graph Neural Networks
Transportation networks, including the road networks and customer-vehicle
relationships in E-DARP, exhibit natural graph structure. Locations corre-
spond to nodes, roads or potential routes correspond to edges, and routing
decisions involve selecting paths through this graph. Standard neural network
architectures like fully connected networks or convolutional networks cannot
e!ectively exploit this structure. Graph neural networks extend deep learning
to graph-structured data, enabling learning that respects and leverages graph
topology [102], [103].

Graph Neural Networks (GNNs) operate through message passing, a com-
putational paradigm where nodes iteratively exchange information with their
neighbors to refine their representations [104]. A graph is defined as G =
(V, E), where V is the set of nodes and E is the set of edges. Each node v
carries an initial feature vector, and the collection of these vectors forms the
initial node representation H0 = X. Each message passing layer executes two
operations: an aggregation function, which consolidates information from a
node’s local neighborhood, and a combine function, which updates the node’s
representation by merging the aggregated neighbourhood data with its exist-
ing representation. This process is summarised in Algorithm 2.

Here, N (v) denotes the neighbours of node v, and the node representations
from the final layer, HK , serve as the definitive node embeddings. After K
iterations, each node’s representation incorporates information from its K-hop
neighbourhood, capturing both local structure and global patterns. Di!erent
GNN architectures instantiate the AGGREGATE and COMBINE functions
di!erently. Graph Convolutional Networks use mean aggregation with neural
network updates [102]. GraphSAGE samples neighbours and supports mean,
max, and LSTM aggregation [105]. Message Passing Neural Networks provide
a general framework encompassing many GNN variants [104].

For E-DARP applications, graph structure naturally represents the routing
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Input: Node features X, graph G = (V, E), depth K
Output: Node representations HK

H0
⇓ X;

for k ⇓ 1 to K do
for v ↓ V do

ak

v
⇓ AGGREGATEk

(
{Hk↑1

u
: u ↓ N (v)}

)
;

Hk

v
⇓ COMBINEk

(
Hk↑1

v
, ak

v

)
;

end
end
return HK ;

Algorithm 2: Framework graph neural network

problem. Nodes correspond to customer pickup and delivery locations, vehi-
cle depots, and charging stations. Node features encode location coordinates,
customer time windows, vehicle battery states, and other relevant attributes.
Edges represent feasible routing connections between locations, with edge fea-
tures encoding travel times, distances, and energy consumption. The GNN
processes this graph to produce node embeddings that capture both local
constraints, such as time window compatibility and battery feasibility, and
global patterns, such as spatial clustering of customers and vehicle-customer
proximity.

Graph Attention Networks

The GNN framework in Algorithm 2 leaves the AGGREGATE function un-
specified. Graph Convolutional Networks treat all neighbours equally through
mean aggregation, which implicitly assumes that every neighbour contributes
equally to a node’s representation. In many applications, however, some
neighbours are more informative than others. Graph Attention Networks
(GATs) [106] address this limitation by learning to assign di!erent impor-
tance weights to di!erent neighbours through an attention mechanism. At
each layer k, GAT computes attention coe"cients between node v and each
neighbour u ↓ N (v):

ek

vu
= LeakyReLU

(
a↓[

W kHk↑1
v

∝ W kHk↑1
u

])
(5.4)
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where W k is a learnable weight matrix, a is a learnable attention vector, and
∝ denotes concatenation. These coe"cients are normalized across neighbours
using softmax to obtain attention weights:

⇀k

vu
= exp(ek

vu
)∑

u↓→N (v) exp(ek

vu↓)
(5.5)

The aggregation then becomes a weighted combination:

Hk

v
= φ




∑

u→N (v)
⇀k

vu
W kHk↑1

u



 (5.6)

To stabilize learning and increase representational capacity, GATs employ
multi-head attention, running M independent attention heads in parallel and
concatenating (or averaging) their outputs [106], [107]. This allows di!erent
heads to attend to di!erent structural patterns in the graph.

A limitation of standard GATs is that attention coe"cients depend only
on node features, ignoring edge attributes. For routing problems, where edge
features such as travel time, distance, and energy consumption carry criti-
cal information, this is a significant restriction. Edge-aware graph attention
networks address this by incorporating edge features into the attention com-
putation, enabling the model to weight neighbours based on both node and
edge information [108]. The Graph Edge Attention Network (GREAT) archi-
tecture employed in Paper III adopts this approach, making it particularly
suited to E-DARP where the relationship between locations, encoded in edge
attributes, is as informative as the locations themselves.

5.4 Deep Reinforcement Learning for
Combinatorial Optimization

Applying deep reinforcement learning (DRL) to combinatorial optimization
has gained significant attention as an alternative to traditional exact methods
and metaheuristics [109], [110]. Learned policies can generate high-quality
solutions orders of magnitude faster than optimization-based methods once
training is complete, enabling real-time decision-making in dynamic environ-
ments. The key challenge is designing RL formulations that respect problem
constraints while e"ciently exploring the vast solution space.
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Pointer Networks [111] pioneered the use of attention mechanisms for learn-
ing to solve combinatorial problems, demonstrating success on the Traveling
Salesman Problem (TSP) and other sequencing tasks. The key insight is that
the output sequence should select from the input elements rather than from
a fixed vocabulary, which attention mechanisms naturally enable. For TSP,
the model reads city locations as input and outputs a sequence of pointers
indicating visit order, with attention weights determining which city to select
next based on already-visited cities and current location.

Subsequent work extended this framework to vehicle routing problems (VRP).
The attention model for VRP [112] uses Transformer architectures to learn
constructive heuristics that build solutions step by step, demonstrating per-
formance competitive with classical operational research (OR) methods on
standard benchmarks. This approach formulates routing as a sequential deci-
sion process where at each step the policy selects the next customer to visit,
with the state encoding partial routes, remaining customers, and vehicle ca-
pacities. Training uses policy gradient methods, with the negative tour length
serving as the reward signal.

Dynamic vehicle routing presents additional challenges because the problem
instance evolves over time as new requests arrive [53]. The policy must make
immediate assignment decisions for incoming requests without foreknowledge
of future demand, balancing immediate service against maintaining flexibility
for future requests. This dynamic setting more closely resembles real-world
E-AMoD operations where demand arrives continuously and routing decisions
must be made in real time. Reinforcement learning naturally accommodates
this dynamic structure through its sequential decision framework, learning
policies that perform well under the distribution of problem instances en-
countered during training. Figure 5.2 illustrates constructive routing with
RL.

Paper III develops a deep reinforcement learning approach for E-DARP that
combines graph attention networks with policy gradient training. The state
representation uses a graph where nodes encode customer requests, vehicle
states, and charging stations, with edges representing feasible routing connec-
tions. GREAT [108] processes this graph to produce embeddings capturing
problem structure and constraints by explicitly incorporating edge features
into the attention mechanism, which is particularly suited to routing problems
where edge attributes such as travel time, distance, and energy consumption
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Figure 5.2: Reinforcement learning for the Electric Dial-a-Ride Problem. The
agent constructs routes sequentially, selecting one node at a time. Pick-
ups (triangles pointing up) must be visited before their corresponding
dropo!s (triangles pointing down), enforced through masking. At each
step, attention mechanisms compute scores over feasible nodes (indi-
cated by color intensity), while infeasible options are grayed out. As
pickups are completed, their dropo!s become available. The policy
learns to select nodes that minimize total cost while respecting prece-
dence, capacity, and time window constraints.
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are as informative as node attributes. The policy network uses these embed-
dings to compute action probabilities over feasible next moves, with actions
representing decisions about which customer to serve or whether to visit a
charging station.

Constraint Handling

Handling hard constraints in reinforcement learning for combinatorial opti-
mization is crucial, as violating constraints like time windows or vehicle ca-
pacity renders solutions infeasible. Three primary approaches address this
challenge. Action masking prevents the policy from selecting infeasible ac-
tions by masking their probabilities to zero during action selection [53]. At
each decision point, the environment determines which actions would violate
constraints and masks them out, ensuring the policy only selects among fea-
sible options. This approach guarantees constraint satisfaction but requires
the environment to track feasibility, which can be computationally expensive
for complex constraints.

Penalty shaping incorporates constraint violations into the reward signal as
negative penalties [52]. The reward function includes large penalties for in-
feasible actions, encouraging the policy to learn to avoid them. However, this
approach does not guarantee constraint satisfaction during deployment, as the
policy may still select infeasible actions if the penalties are insu"cient or if
rare constraint violations are not adequately represented in training data. Fea-
sibility repair uses learning to generate potentially infeasible solutions which
are then repaired through post-processing heuristics [48]. This approach can
explore a broader solution space during learning but requires e!ective repair
procedures and may lead to ine"cient solutions if the learning phase produces
solutions that require extensive repair.

Paper III employs action masking to ensure hard constraints are never vio-
lated, combined with reward shaping that provides gradient information about
constraint tightness. Time window violations are prevented through masking,
while battery constraints are handled by including charging station visits as
actions and masking infeasible assignments that would deplete battery be-
fore reaching a charger. This combination ensures feasibility while enabling
e!ective learning.
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Curriculum Learning
Training policies for complex combinatorial problems from scratch is challeng-
ing because the agent must simultaneously learn problem structure, constraint
satisfaction, and optimization objectives. Curriculum learning addresses this
by gradually increasing problem di"culty throughout training [113]. The core
idea is that starting with simple problem instances where good solutions are
easy to discover allows the agent to build foundational skills before encoun-
tering harder instances. As the policy improves, problem size and complexity
increase progressively, introducing more customers, tighter constraints, and
more challenging spatial distributions. This staged approach significantly ac-
celerates training and improves final performance compared to training di-
rectly on complex instances, since the agent can build on previously learned
behaviors rather than exploring randomly in a vast action space.
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CHAPTER 6

Summary of included papers

This chapter provides a summary of the included papers.

6.1 Paper A
Sten Elling Tingstad Jacobsen, Anders Lindman, Balázs Kulcsár
A Predictive Chance-Constrained Rebalancing Approach to Mobility-
on-Demand Services
Published in Communications in Transportation Research,
vol. 4, 100109, 2023.
Available under CC BY license.

This paper develops a predictive chance-constrained model predictive con-
trol framework for fleet rebalancing in mobility-on-demand systems under de-
mand uncertainty. The core innovation lies in reformulating the rebalancing
problem to explicitly account for the stochastic nature of passenger demand
through chance constraints that ensure fleet positioning satisfies demand with
a specified probability. Using Gaussian Process Regression with a locally pe-
riodic kernel, the approach captures non-strict periodicity in travel demand
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patterns while providing uncertainty bounds that are integrated into the
optimization through careful constraint reformulation. The framework em-
ploys a hierarchical architecture that separates strategic rebalancing decisions,
solved at the station level via mixed-integer linear programming, from tactical
vehicle-customer matching handled by the Hungarian algorithm. This decom-
position exploits the di!erent computational requirements and timescales of
these decisions. The chance constraints are reformulated using a separable
structure that enables the mixed-integer program to be relaxed to a totally
unimodular linear program, ensuring computational tractability for real-time
deployment. Validated in the AMoDeus simulator using San Francisco taxi
data with 11,453 requests, the approach achieves a 4% reduction in median
wait times compared to deterministic optimization using only mean demand
predictions. Sensitivity analysis reveals that optimal confidence bounds occur
at 0.65, balancing conservatism and service quality. The framework provides
explicit control over the service-cost trade-o! through tunable probabilistic
guarantees, enabling operators to make informed decisions about operational
parameters while maintaining sub-second computational performance.

• Sten Elling Tingstad Jacobsen: Conceptualization, methodology,
algorithm development, software implementation, computational exper-
iments, and manuscript writing.

• Anders Lindman and Balázs Kulcsár: Supervision, writing—review
and editing.

6.2 Paper B
Sten Elling Tingstad Jacobsen, Balázs Kulcsár, Anders Lindman
Combined Stochastic and Robust Optimization for Electric Autonomous
Mobility-on-Demand with Nested Benders Decomposition
Revised manuscript under review in Special Issue on Innovations for Op-
eration and Pricing of Public Mobility Services, Elsevier Transportation
Research Part C: Emerging Technologies,
arXiv preprint arXiv:2508.19933v2.

This paper presents an integrated optimization framework that combines
stochastic programming with robust optimization to handle multiple inter-
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acting uncertainties in electric autonomous mobility-on-demand operations.
The methodological innovation lies in naturally separating stochastic and ro-
bust elements based on the character of di!erent uncertainties. Passenger de-
mand and charging station availability, which exhibit learnable patterns from
historical data, are modeled stochastically through scenario trees generated
from Bayesian Neural Network predictions. Operational uncertainties such as
energy consumption and travel times, better characterized by bounds than
precise distributions, are handled robustly through chance constraints with
specified violation probabilities. This hybrid approach captures the hetero-
geneous nature of uncertainties while avoiding the excessive conservatism of
pure robust optimization or the incomplete characterization of pure stochas-
tic methods. To address computational intractability, the paper develops a
tailored Nested Benders Decomposition algorithm that exploits the tempo-
ral and scenario tree structure of the problem. The algorithm decomposes the
large-scale mixed-integer stochastic-robust program into a master problem for
strategic fleet positioning and charging decisions, and parallelizable subprob-
lems that handle tactical operations under specific uncertainty realizations.
Novel valid inequalities and cut strengthening techniques accelerate conver-
gence. Validated on realistic case studies from San Francisco and Chicago with
up to 250 requests and 1035 scenarios, the approach solves problems in 355
seconds, achieving metropolitan-scale tractability where direct solution meth-
ods fail within hours. Compared to deterministic baselines, the framework
reduces median wait times by 36%, rebalancing distance by 27%, and electric-
ity costs by 35%. The model predictive control structure preserves adaptive
feedback, enabling real-time correction of prediction errors at each receding
horizon step. Comparative analysis demonstrates that pure stochastic opti-
mization leads to frequent constraint violations when operational uncertainties
exceed expectations, while pure robust optimization incurs 15 to 25% higher
costs due to excessive bu!ering. The hybrid approach achieves service re-
liability comparable to robust optimization at costs approaching stochastic
optimization.

• Sten Elling Tingstad Jacobsen: Conceptualization, methodology,
algorithm development, software implementation, computational exper-
iments, and manuscript writing.

• Anders Lindman and Balázs Kulcsár: Supervision, writing—review

79



Chapter 6 Summary of included papers

and editing.

6.3 Paper C
Sten Elling Tingstad Jacobsen, Attila Lischka, Balázs Kulcsár, An-
ders Lindman
Learning to Dial-a-Ride: A Deep Graph Reinforcement Learning Ap-
proach to the Electric Dial-a-Ride Problem
Manuscript under review in Elsevier Transportation Research Part C:
Emerging Technologies,
arXiv preprint arXiv:2601.22052 .

This paper studies the Electric Dial-a-Ride Problem (E-DARP), which ex-
tends classical dial-a-ride with battery capacity constraints and nonlinear
charging dynamics, producing a combinatorial structure that renders real-time
exact optimization intractable. To address this, a deep reinforcement learning
approach is proposed, based on the Graph Edge Attention Network (GREAT)
and an attention-driven route construction policy. By operating directly on
edge representations, the method captures non-Euclidean, asymmetric, and
energy-dependent routing costs in real road networks, while action masking
enforces hard constraints throughout solution construction. The approach is
evaluated on two case studies using ride-sharing data from San Francisco.
On standard benchmark instances with up to 50 request pairs, the policy
achieves a 0.4% optimality gap while reducing computation times by factors
of up to 7,200 compared to branch-and-price and branch-and-cut methods.
A second case study considers large-scale instances with up to 250 request
pairs, physics-based energy models, and nonlinear charging dynamics; here,
the learned policy outperforms Adaptive Large Neighborhood Search by 9.5%
in solution quality, achieves 100% service completion, and infers solutions in
under 10 seconds compared to hours for the metaheuristic. Sensitivity anal-
yses examine the impact of battery capacity, fleet size, ride-sharing capacity,
and reward weights, and robustness experiments confirm that deterministi-
cally trained policies generalize e!ectively under stochastic conditions.

• Sten Elling Tingstad Jacobsen: Problem formulation, overall method-
ology, software implementation, model training and evaluation, compu-
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tational experiments, and manuscript writing.

• Attila Lischka: Neural architecture design, methodological input, and
writing—review and editing.

• Anders Lindman and Balázs Kulcsár: Supervision and writing—review
and editing.
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CHAPTER 7

Conclusions and Future Work

This thesis investigates operational decision-making for Electric Autonomous
Mobility-on-Demand systems under uncertainty. The central challenge ad-
dressed throughout the work is the need to make reliable large-scale decisions
in environments characterized by stochastic demand, uncertain energy con-
sumption, limited charging infrastructure, and strict operational constraints,
all under severe computational time limits. By combining optimization-based
and learning-based methodologies, the thesis demonstrates how uncertainty
can be modeled, propagated, and acted upon in a principled manner, en-
abling Electric Autonomous Mobility-on-Demand systems that are both op-
erationally e"cient and practically deployable.

Rather than advocating a single modeling paradigm, the thesis adopts a
layered perspective in which di!erent decision levels are addressed using tools
that are well matched to their structure, time horizon, and uncertainty charac-
teristics. Optimization-based frameworks are shown to provide explicit guar-
antees, interpretability, and robustness when uncertainty must be handled for-
mally, while learning-based approaches o!er computational speed and adapt-
ability when fine-grained operational decisions must be made in real-time.
This chapter synthesizes the main insights that emerge from this perspective,
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reflects on their implications for deployment, and outlines directions for future
research.

7.1 Concluding Remarks
A unifying insight of this thesis is that uncertainty is not a peripheral compli-
cation in Electric Autonomous Mobility-on-Demand operations but a defining
feature that fundamentally shapes model design, algorithmic choice, and sys-
tem architecture. Travel demand, energy consumption, charger availability,
and tra"c conditions are all uncertain and often correlated, evolving over time
in ways that cannot be captured adequately by deterministic planning. E!ec-
tive operation therefore requires decision frameworks that do not merely react
to realized outcomes but explicitly anticipate uncertainty and hedge against
adverse realizations.

The thesis addressed this challenge through modeling abstractions at two
complementary levels of granularity. At an aggregate, station-based level, ve-
hicle flows and charging decisions are represented in a spatially and temporally
aggregated manner. This abstraction enables optimization over extended hori-
zons while retaining su"cient structure to incorporate probabilistic demand
forecasts and electric vehicle constraints. At a finer, node-based level, individ-
ual vehicles and customer requests are modeled explicitly, capturing detailed
routing constraints such as time windows, ride-time limits, precedence rela-
tions, and battery feasibility. This distinction reflects a fundamental trade-o!
between tractability and fidelity that recurs throughout the thesis.

At the aggregate level, the results demonstrate that uncertainty can be han-
dled in a mathematically rigorous way without sacrificing computational e"-
ciency. By combining probabilistic demand forecasts with chance-constrained
optimization, service reliability can be enforced directly at the decision-making
stage rather than evaluated only after execution. Crucially, the exploita-
tion of network flow structure ensures that uncertainty-aware formulations
remain solvable as linear programs, preserving polynomial-time complexity
even for large metropolitan networks. This shows that explicit probabilistic
guarantees, such as meeting demand with a specified confidence level, are not
inherently incompatible with operational deployment, provided that model
structure is carefully leveraged.

When multiple sources of uncertainty are considered simultaneously, scenario-
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based stochastic programming emerges as a flexible and expressive framework.
Representing uncertainty through scenario trees allows temporal evolution and
correlation between demand, energy consumption, and charging infrastructure
availability to be captured explicitly. Decomposition techniques exploit sepa-
rability across time and scenarios, enabling large multi-stage problems to be
solved that would otherwise be computationally infeasible. The results show
that coordinated decision-making under uncertainty, particularly for charging
and rebalancing, can substantially reduce operational cost while maintaining
service quality, provided that uncertainty is modeled explicitly rather than
absorbed into conservative safety margins.

A key strength of these optimization-based frameworks is their ability to
provide formal guarantees. Chance constraints yield probabilistic assurances
on service levels, while robust components ensure feasibility under adverse
but plausible conditions. These guarantees are transparent, interpretable, and
directly tied to model assumptions, allowing system designers and operators
to reason explicitly about risk. In the context of safety-critical and publicly
visible transportation systems, this capability is particularly important.

At the level of detailed operational routing, however, the thesis demon-
strates that optimization-based methods face intrinsic scalability limits. As
the number of vehicles and requests increases, the combinatorial structure
of the dial-a-ride problem renders exact or near-exact optimization too slow
for real-time use. In this regime, learning-based approaches provide a comple-
mentary solution by shifting computational e!ort from online decision-making
to o#ine training. By embedding routing problems in graph-based repre-
sentations and leveraging attention mechanisms, learned policies can exploit
problem structure directly and generalize across diverse operational scenarios.

The principal advantage of learning-based routing lies in its responsiveness.
Once trained, a policy can generate high-quality routing decisions in millisec-
onds, enabling dynamic ride-pooling in environments where requests arrive
continuously and system state changes rapidly. However, unlike optimization-
based methods, learning-based policies do not naturally provide explicit prob-
abilistic or worst-case guarantees. Their reliability is established empirically
rather than through formal constraints. This contrast highlights a central
conclusion of the thesis: optimization-based frameworks are inherently bet-
ter suited for handling uncertainty when guarantees are required, while rein-
forcement learning is most e!ective when speed and flexibility dominate and
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empirical validation is su"cient.
Taken together, the findings support a layered architecture for Electric Au-

tonomous Mobility-on-Demand operations. Strategic and tactical decisions,
such as fleet positioning, charging scheduling, and capacity allocation, ben-
efit from optimization-based formulations that explicitly model uncertainty
and provide guarantees. Operational execution, such as real-time routing
and request assignment, benefits from learning-based policies that can re-
act instantly to changing conditions. Prediction and uncertainty quantifica-
tion form the backbone of this architecture, linking data to decisions across
all levels. Improvements in forecasting accuracy and uncertainty represen-
tation consistently translate into better operational outcomes, regardless of
the downstream decision methodology. The proposed frameworks have been
evaluated using simulation environments calibrated with real-world demand
data and network characteristics, bridging the gap between algorithmic de-
velopment and practical deployment. As these systems transition from re-
search prototypes to operational infrastructure, architectures that integrate
uncertainty-aware optimization with real-time learning will be essential for
delivering reliable, e"cient, and socially beneficial urban mobility.

7.2 Future Research Directions
Several research directions naturally follow from the contributions and limi-
tations of this thesis.

Tra!c congestion e"ects. All three papers assume that E-AMoD fleet
operations do not a!ect background tra"c conditions. In practice, rebalanc-
ing trips add vehicles to the road network, potentially increasing congestion
and altering travel times in ways that feed back into operational decisions.
Extending the optimization frameworks of Papers I and II to account for con-
gestion e!ects, along the lines of Rossi et al. [114], would improve operational
realism, particularly in dense urban environments where rebalancing intensity
is high.

Mixed fleet configurations. The models developed in this thesis assume
a homogeneous fleet of identical electric vehicles. Real-world deployments are
likely to involve vehicles with di!erent battery capacities, charging require-
ments, and passenger capacities. Extending the chance-constrained formu-
lation of Paper I, SMPC in Paper II and the routing policy of Paper III to
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heterogeneous fleets would significantly broaden their practical applicability.
Electricity grid interactions. Paper II coordinates charging decisions to

minimize operational cost but does not model how large-scale EV charging
a!ects electricity prices or grid stability. Jointly optimizing fleet operations
and grid interactions, building on work by Rossi et al. [115], would enable
more realistic cost modeling and could reduce both operational expenditure
and grid stress during peak demand periods.

Competing operators. This thesis assumes a single E-AMoD opera-
tor with centralized control over the entire fleet. In markets with multiple
competing operators, individual decisions a!ect shared infrastructure such as
charging stations and road capacity. Game-theoretic extensions that model
strategic interactions between operators would provide more realistic opera-
tional insights for deregulated mobility markets [116], [117].

Battery degradation. The energy models in all three papers treat battery
capacity as fixed over time. In practice, repeated charging and discharging
cycles degrade battery capacity, increasing long-term operational costs. As
shown by Paparella et al. [118], battery degradation costs can substantially af-
fect fleet economics and must be accounted for in joint design and operational
optimization. Incorporating battery degradation models into the stochastic
optimization framework of Paper II would improve long-term economic real-
ism and enable smarter charging strategies that balance operational e"ciency
against battery longevity.

Dynamic demand and online learning. Paper III assumes determinis-
tic demand arrival patterns, whereas real-world operations face uncertain re-
quest arrivals, customer no-shows, and cancellations. Extending the reinforce-
ment learning framework to handle dynamic demand through online learning
or anticipatory policies would enhance operational reliability and bring the
methodology closer to real-time deployment.

Hybrid routing and charging optimization. The current framework
in Paper III discretizes charging decisions by fixing charging duration at each
station visit, which may contribute to the small optimality gaps observed on
benchmark instances and could limit performance in scenarios requiring pre-
cise energy management. Future work could explore hybrid approaches that
combine learned routing policies with optimization-based charging decisions,
or action spaces that include multiple discrete charging duration options,
bridging the optimization-based and learning-based paradigms developed in
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this thesis.
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