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Communication system designs strive to constantly

push the limits for higher data rates, energy efficiency,

greater coverage and better quality of service, to enable

new applications. Radio communication and localization

in new ways, and between an ever growing number

of devices, places new demands on the radio infrastructure.

For radio transmitters to meet these growing demands,

careful consideration of radio architectures, hardware energy

consumption and imperfections, spectrum management,

and much more must be done. For 5G and 6G, a key

technology enabler is multi-input, multi-output (MIMO) radio

designs. As for the hardware and spectrum management

in the transmitters, the power amplifiers (PAs) are traditionally

known as the most power consuming components. These

PAs are always designed with a trade-off between power

consumption and nonlinearity, from which nonlinear distortion

can arise that contaminate the spectrum and deteriorates

performance if not addressed. To alleviate this trade-off,

digital predistortion (DPD) is a common approach to improving linearity whilst allowing the PAs to

operate more efficiently.

In this thesis, DPD adaptions in various MIMO multi-user linearization scenarios are explored. With

MIMO and multi-user transmitters, state-of-the-art research and this thesis argues for that traditional

single-input, single-output (SISO) techniques for linearization are often superfluous and inflexible in

their computational complexity, and thereby excessive in their energy consumption. With the

additional degrees of freedom, and oftentimes sparsity, available in multi-user and MIMO

transmitters, this thesis details existing and new techniques on how sufficient linearization can be

achieved at a much lower computational cost.
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Abstract
To meet demands on higher data rates, ubiquitous coverage and a good qual-
ity of service in wireless communications, the trend in construction of wireless
transmitters is towards multiple-input, multiple-output (MIMO) designs. In
the transmitter, the power amplifier (PA) is traditionally the most power con-
suming component. These PAs are always designed with a trade-off between
power consumption and nonlinearity, from which nonlinear distortion can arise
that deteriorates performance if not addressed.

In this thesis, digital predistortion (DPD) adaptions in various multi-user
linearization scenarios are explored. With MIMO and multi-user transmit-
ters, traditional single-input, single-output (SISO) techniques for lineariza-
tion are often superfluous and inflexible in their computational complexity,
and thereby excessive in their energy consumption. With the additional de-
grees of freedom, and oftentimes sparsity, available in multi-user and MIMO
transmitters, new techniques can achieve sufficient linearization at a much
lower computational cost.

In Paper A, sparse concurrent multi-band transmission using a technique
known as frequency relocation is studied, expanding upon previous research
by considering PA gain and phase variations through linear pre-equalization
filters. The combination of techniques allows for sample rate reductions in the
digital-to-analog converters, resulting in reduced power consumption, whilst
achieving comparable results to conventional SISO linearization.

In Paper B, concurrent multi-beam transmission in MIMO systems is ex-
plored. It is then shown that for a sparse beam space, i.e. when there are
few beams to be transmitted compared to the number of transmit branches,
a dimensionality reduction can be performed in a in a so-called virtual array,
allowing few DPDs to linearize many transmit branches.

In Paper C, spatial sparsity is utilized for so-called spatial and frequency
distortion shaping. This paper presents a technique, and a new metric, that
for a fixed DPD complexity allows for improving linearization performance
in selected spatial regions and for particular frequencies, at the expense of
shaping nonlinear distortion to end up in directions deemed less important.

Using the techniques proposed in these papers, good communication quality
can be maintained whilst operating PAs more efficiently and whilst scaling to
more difficult multi-user cases.

Keywords: Digital predistortion, DPD, linearization, MIMO, sparse.

ii



List of Publications
This thesis is based on the following publications:

[A] Björn Langborn, Christian Fager, Rui Hou, Thomas Eriksson, “Im-
proved Digital Predistortion for Concurrent Multiband Transmission Using
Frequency Relocation”. Published in IEEE Microwave and Wireless Technol-
ogy Letters, March 2023.

[B] Björn Langborn, Christian Fager, Rui Hou, and Thomas Eriksson, “Con-
current multi-beam digital pre-distortion using FFT beamforming and virtual
arrays”. Submitted to Sensors, special issue on "Advancements in Power Am-
plifier Design and Linearization Techniques for Wireless Communication Sys-
tems". Available as preprint, doi: 10.20944/preprints202602.0713.v1.

[C] Björn Langborn, Siqi Wang, Thomas Eriksson, “Distortion shaping in
space and frequency using digital predistortion in MIMO transmitters”. Sub-
mitted to IEEE Communications Letters.

iii





Contents

Abstract ii

List of Papers iii

Acknowledgements ix

Acronyms x

I Overview 1

1 Overview 3
1.1 Background and motivation . . . . . . . . . . . . . . . . . . . . 3
1.2 Thesis outline . . . . . . . . . . . . . . . . . . . . . . . . . . . . 6
1.3 Notation . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 7

2 Wireless communication system modeling 9
2.1 The transmitter . . . . . . . . . . . . . . . . . . . . . . . . . . . 9

Modulation . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 10
Radio front-end architectures . . . . . . . . . . . . . . . . . . . 13

2.2 The channel . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 15
Line-of-sight channel . . . . . . . . . . . . . . . . . . . . . . . . 15

v



Attenuation . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 16
Doppler effect . . . . . . . . . . . . . . . . . . . . . . . . . . . . 16
Multi-path channel . . . . . . . . . . . . . . . . . . . . . . . . . 16
Channel modeling and precoding . . . . . . . . . . . . . . . . . 17
Antennae . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 18

2.3 The receiver . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 19

3 Power amplifier modeling 23
3.1 Physical impairments in power amplifiers . . . . . . . . . . . . 23
3.2 Approaches to power amplifier modeling . . . . . . . . . . . . . 24
3.3 Analog power amplifier models . . . . . . . . . . . . . . . . . . 24

The Saleh power amplifier model . . . . . . . . . . . . . . . . . 25
The Volterra series . . . . . . . . . . . . . . . . . . . . . . . . . 25

3.4 The baseband equivalent Volterra series . . . . . . . . . . . . . 26
3.5 Power amplifier related metrics . . . . . . . . . . . . . . . . . . 27

Signal-to-noise and distortion ratio . . . . . . . . . . . . . . . . 27
Peak-to-average ratio . . . . . . . . . . . . . . . . . . . . . . . . 28
Adjacent channel leakage ratio . . . . . . . . . . . . . . . . . . 28
Normalized mean square error . . . . . . . . . . . . . . . . . . . 30

4 Linearization using single-input, single-output digital predistortion 31
4.1 Role of digital predistortion . . . . . . . . . . . . . . . . . . . . 31
4.2 Invertability of nonlinear PAs . . . . . . . . . . . . . . . . . . . 32
4.3 Digital predistortion models . . . . . . . . . . . . . . . . . . . . 33

Wiener and Hammerstein models . . . . . . . . . . . . . . . . . 33
Look-up tables . . . . . . . . . . . . . . . . . . . . . . . . . . . 34
Decomposed vector rotation-based DPD . . . . . . . . . . . . . 34
Volterra-based DPD models . . . . . . . . . . . . . . . . . . . . 35
Frequency-domain digital predistortion . . . . . . . . . . . . . . 35

4.4 Digital predistortion identification . . . . . . . . . . . . . . . . 36

5 Digital predistortion in multiple-input, multiple-output settings 39
5.1 Multi-band digital predistortion . . . . . . . . . . . . . . . . . . 39

Multi-band transmission through nonlinear system . . . . . . . 40
Multi-dimensional digital-predistortion methods . . . . . . . . . 41
Frequency relocation . . . . . . . . . . . . . . . . . . . . . . . . 42

vi



5.2 Multi-beam digital predistortion . . . . . . . . . . . . . . . . . 43
Multinomial theory to determine beam domain sparsity . . . . 45
Beam-domain digital predistortion . . . . . . . . . . . . . . . . 46
Virtual array digital predistortion . . . . . . . . . . . . . . . . . 47

5.3 Digital predistortion using over-the-air observations . . . . . . . 50
Distortion shaping in space . . . . . . . . . . . . . . . . . . . . 50
Distortion shaping in frequency . . . . . . . . . . . . . . . . . . 53
Distortion shaping in both frequency and space . . . . . . . . . 53

6 Summary of included papers 55
6.1 Paper A . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 55
6.2 Paper B . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 56
6.3 Paper C . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 56

7 Concluding Remarks and Future Work 59

References 61

II Papers 69

A Improved Digital Predistortion for Concurrent Multiband Trans-
mission Using Frequency Relocation A1
1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . A3
2 Frequency relocation system description . . . . . . . . . . . . . A4
3 Proposed DPD schematic . . . . . . . . . . . . . . . . . . . . . A5
4 Experimental setup and results . . . . . . . . . . . . . . . . . . A7
5 Conclusion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . A10
References . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . A11

B Concurrent multi-beam digital pre-distortion using FFT beam-
forming and virtual arrays. B1
1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . B3

1.1 Previous work . . . . . . . . . . . . . . . . . . . . . . . . B4
1.2 Key contributions and paper organization . . . . . . . . B6

2 System modeling . . . . . . . . . . . . . . . . . . . . . . . . . . B7
2.1 Concurrent transmission of multiple beams . . . . . . . B8
2.2 Fast-fourier transform beamforming . . . . . . . . . . . B10

vii



3 Per-PA DPD . . . . . . . . . . . . . . . . . . . . . . . . . . . . B11
3.1 Per-PA DPD example for three concurrent users . . . . B11
3.2 Array aliasing . . . . . . . . . . . . . . . . . . . . . . . . B13

4 Virtual array DPD . . . . . . . . . . . . . . . . . . . . . . . . . B13
4.1 Virtual array DPD example for three concurrent users . B14
4.2 Special beam configuration cases . . . . . . . . . . . . . B15
4.3 Non-DFT beamforming . . . . . . . . . . . . . . . . . . B16
4.4 Generalization to higher order terms . . . . . . . . . . . B17
4.5 Analogy with frequency relocation . . . . . . . . . . . . B18

5 Numerical setup and results . . . . . . . . . . . . . . . . . . . . B18
5.1 DPD identification . . . . . . . . . . . . . . . . . . . . . B19
5.2 Tri-beam scenario . . . . . . . . . . . . . . . . . . . . . B20
5.3 Virtual array dimensioning . . . . . . . . . . . . . . . . B22
5.4 Power amplifier variations . . . . . . . . . . . . . . . . . B24
5.5 Non-FFT precoder . . . . . . . . . . . . . . . . . . . . . B25

6 Conclusion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . B26
A Finding a virtual DPD space . . . . . . . . . . . . . . . . . . . B27
References . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . B30

C Distortion shaping in space and frequency using digital predistor-
tion in MIMO transmitters C1
1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . C3
2 Motivation and contribution . . . . . . . . . . . . . . . . . . . . C4
3 System modeling . . . . . . . . . . . . . . . . . . . . . . . . . . C5
4 Spatial and frequency weighted DPD . . . . . . . . . . . . . . . C7

4.1 Conventional SISO DPD . . . . . . . . . . . . . . . . . . C7
4.2 Criteria for DPD optimization . . . . . . . . . . . . . . C7

5 Identification of the spatially and frequency weighted DPD . . C9
5.1 Single beam . . . . . . . . . . . . . . . . . . . . . . . . . C10
5.2 Multiple beams . . . . . . . . . . . . . . . . . . . . . . . C10

6 Simulation setup and results . . . . . . . . . . . . . . . . . . . . C11
7 Discussion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . C14
8 Conclusion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . C14
References . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . C15

viii



Acknowledgments

This thesis being the product of five years of work at Chalmers, a number of
people have come and gone, and been part of my existence during the process.
Some helpful to the work, some helpful for not thinking of work, and some
perhaps not helpful at all. In this section, I thank those from the first two
aforementioned categories.

Thomas Eriksson, being my main supervisor, clearly merits first credit.
Through his enthusiasm and commitment to exploring new ideas, backed by
all his years of experience, he has helped me greatly in developing as a re-
searcher. Christian Fager, my co-supervisor and previous Master thesis su-
perisor, deserves many thanks as well, for his help in many aspects. From
providing different and interesting perspectives in research meetings, to pa-
per organization and feedback, to help with experimental matters. As for my
collaborators, a first thanks goes to Rui Hou at Ericsson. Since first meeting
at a digital presentation of my Master thesis work, and at all the meetings
thereafter, he has always been able to provide thoughtful and intelligent re-
search perspectives making good work great. Siqi Wang merits many thanks
as well. He has helped me from first when I started as a PhD with experi-
mental work, and has later been an appreciated co-conference attender and
valuable co-author for more theoretical work. Lastly, thanks to Han Zhou, for
the joint publications and time in the lab together!

As for colleagues, a first note of gratitude goes towards my office mates, Carl,
José and Yu. Carl for many good work and non-work discussions in the office,
and outside. José and Yu for tolerating said work discussions between me and
Carl, and for many nice fika breaks! A second note goes generally towards all
the colleagues at ComSys, for having provided a nice office environment, and
for many good social days and alike.

As for colleagues in teaching, Erik Ström and Erik Agrell both merit special
notes of thanks. Erik Ström for having been great in the role of examiner
in our course on probability theory, and Erik Agrell for many patient and
helpful replies when it came to my administrative duties, alongside the course
on electronic systems. Also thanks to Morteza Barzegar Astanjin, for our TA
work together, and pulling through when course circumstances were tough!

My thanks for the second category of people, those not from work, will
have to be brief. Many thanks to family and friends, who have listened to
complaints and excitement alike, during these past years!

ix



Acronyms

ACLR: Adjacent channel leakage ratio

ADC: Analog-to-digital converter

ASK: Amplitude shift keying

AWGN: Additive white Gaussian noise

BD: Beam-domain

CFR: Crest factor reduction

DAC: Digital-to-analog converter

DFT: Discrete Fourier transform

DPD: Digital predistortion

DVR: Decomposed vector rotation

FD: Frequency-domain

FFT: Fast Fourier transform

FIR: Finite impulse response

FSK: Frequency shift keying

GMP: Generalized memory polynomial

IB: In-band

ILC: Iterative learning control

IM: Intermodulation

IQ: In-phase, quadrature-phase

LO: Local oscillator

LOS: Line-of-sight

x



LUT: Look-up table

MIMO: Multiple-input, multiple-output

MP: Memory polynomial

NMSE: Normalized mean square error

OOB: Out-of-band

OTA: Over-the-air

PA: Power amplifier

PAPR: Peak-to-average power reduction

PP: Per power amplifier

PSK: Phase shift keying

QAM: Quadrature amplitude modulation

RF: Radio frequency

RIMP: Rich isotropic multipath

Rx: Receiver

SFW: Spatial and frequency weighted

SISO: Single-input, single-output

SNDR: Signal-to-noise and distortion ratio

SNR: Signa-to-noise ratio

Tx: Transmitter

VA: Virtual array

xi





Part I

Overview

1





CHAPTER 1

Overview

1.1 Background and motivation

In the construction of communication systems, theoretical limits on achievable
information transference between two nodes are always limited by practical
impairments, physical reality and implementation costs. The impairments can
range from fiber imperfections in optical networks, attenuation and multipath
effects in acoustic underwater communication, Doppler shifts in satellite com-
munication, to clock synchronization in distributed wireless systems. The
examples showcase two main components limiting information transfer: The
medium of propagation, as well as the implementation and equipment for
transmission and reception. The effects and impairments typically affect the
amplitude, phase or frequency of a signal during transmission, propagation or
reception in a way that is not trivial to predict once the transmitted informa-
tion is to be decoded at the receiver. Thus, various compensation methods
need to be adapted. These will depend on the mode and means available
for communication, in order to reach as close as possible to the theoretical
limits on communication, to a reasonable cost. In this thesis, wireless radio
frequency (RF) networks are of particular interest.
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Chapter 1 Overview

Several real-world examples tell the story of whether or not there truly is a
need to push our practical communication systems towards their theoretical
limits. The number of people staying connected with mobile devices grows
linearly, and with an exponential data traffic growth [1]. Wireless applications
previously unfeasible due to low data rates, physical size limitations or long
communication delays, emerge as possible with the deployment of 5G and
future networks. Examples include:

• Smart ambulances, where patients can receive enhanced treatment by
connecting to remote medical experts and diagnostics tools, whilst in
transit.

• Disaster and rescue operations using unmanned aerial vehicles, stream-
ing video footage to site responders for quicker situation assessment.

• Inter-vehicular communication between cars on the road, or trucks in
industrial environments, to decrease risk of human harm in such settings.

These applications and their wireless systems needs to be operable over a
range of variable distances, with users static or moving, with potentially com-
plex environmental conditions, and often for long durations of time. As such,
demands on system design are multifaceted and stringent, resulting in that
system imperfections must be treated with care. However, whilst the perfor-
mance requirements are high to support these applications, they are not in
effect everywhere, or at all times. For example, a radio basestation with the
capacity to serve many ambulances, might at most times only have a few in
its vicinity. In other words, practical applications may often operate under
sparse conditions.

In wireless RF system design, the limiting imperfections for high capacity
communication vary with frequency. At low frequencies, decades of research
have improved equipment and electronics design to enable high power and
highly efficient transmitters, as well as low-noise receivers. On the other hand,
the available bandwidth is limited both physically by the carrier frequency,
but also by spectrum congestion. Simultaneously, the physical channel is char-
acterized by relatively low atmospheric attenuation and thus higher degrees
of multipath components. At higher radio frequencies, hardware impairments
are typically more severe, limited by available semiconductor materials and
processing technologies. On the other hand, available bandwidth is more

4



1.1 Background and motivation

abundant, and the wireless channel affected more by atmospheric attenua-
tion. Notably, the dominant impairment effects, the necessary compensation
techniques and available strategies for maximizing information transfer can
vary with frequency.

One set of hardware impairment effects, present in all of the aforementioned
examples so far to a lesser or greater extent, is power amplifier nonlineari-
ties and memory effects. Compensation techniques for these include various
schemes of feedforward, feedback or predistortion networks. The general goal
of such implementations are to reduce distortion, introduced by the nonlinear
and memory effects of the amplifier, below a certain threshold without e.g.
excessive power consumption, or physical footprint, in relation to the appli-
cation. In short, whilst feedforward networks are intuitive in theory, they
typically suffer from introducing other analog imperfections in implementa-
tion, as well as introducing a large power and complexity overhead. Feedback
networks on the other hand, are typically limited by stability concerns and
inability to process wide bandwidths [2]. This leaves predistortion methods,
implemented either in the analog or the digital domain. Such methods search
for an optimal way to distort a signal prior to a nonlinear device, such that
the resulting output is more linear.

Modern RF communication systems are more and more moving towards
higher frequencies. This partly in order to utilize the larger bandwidths avail-
able, but the trend also comes with the benefit of making large multiple-input,
multiple-output (MIMO) transceivers more practically viable from a physical
dimensioning standpoint. Higher frequencies, corresponding to smaller wave-
lengths, lead to smaller electromagnetic components and devices. What this
allows for is an added dimension to the wireless system design, namely phys-
ical space, aside from the aforementioned frequency, amplitude and phase.
This because with multiple-output transceivers, the phenomena of construc-
tive and destructive interference of waves can be utilized to spatially direct
electromagnetic energy to certain directions. This is referred to as beamform-
ing. Correspondingly, a receiver might direct its receptivity to a certain spatial
region. The added dimension and ability to beamform gives flexibility, and
naturally increases system sparsity in most applications. Exemplified in the
earlier example with ambulances, a wireless transmitter serving few users will
rarely need to utilize all its capabilities - multiplexing amplitude, frequency,
phase and space to their limits - to transmit the necessary information at a rea-

5



Chapter 1 Overview

sonable cost. As such, many available dimensions will oftentimes be utilized
sparsely. Furthermore, for MIMO transmitters, reducing the linearization cost
is not only desirable, but a necessity. With radio front-end scaling from having
a few, high-power PAs to a great many medium-power PAs [3], [4], increasing
linearization costs in proportion to the number of PAs becomes unfeasible.
This all yields new settings for DPD research, which historically mostly has
been focused on SISO systems with less inherent sparseness, namely how to
utilize sparseness to lower the cost of linearization.

Contributions: This thesis contributes in the research area of digital predis-
tortion for PAs in sparse multi-user systems. The contributions lie firstly, with
Paper A, of frequency sparse, concurrent multi-band transmission to multiple
users. Secondly, spatial sparsity is utilized in Paper B and Paper C, in two
different ways. In Paper B, it is shown how the sparsity in the spatial domain,
also referred to as the beam domain, can be used to reduce DPD complexity
in larger transmit arrays. In Paper C, on the other hand, spatial sparsity is
shown possible to use by shaping residual distortion to spatial and frequency
regions less utilized, to lower linearization costs.

1.2 Thesis outline
This thesis is outlined as follows:

• In Chapter 2, a simplified overview of wireless communication system
modeling is presented. It consists of describing the transmitter unit, the
channel present in wireless radio, and the receiver. Hardware impair-
ments are commented upon, as they are of particular interest in this
thesis.

• In Chapter 3, power amplifier modeling is detailed. Specifically, how
impairments can be modeled in both an analog continuous time, and a
baseband digital, description is elaborated upon. Metrics of relevance
for stating the degree of impairments presents are provided.

• In Chapter 4, digital predistortion in the context of single-input, single-
output systems is addressed. The purpose, theory and common models
for digital predistortion are provided, alongside common methods of
identification.

6



1.3 Notation

• In Chapter 5, digital predistortion is instead considered in the context of
multi-input, multi-output systems. Specifically, multi-band and multi-
beam signals are considered. State-of-the-art techniques and researched
is given in context for the novel ideas presented in this thesis.

• Finally, Chapter 6 summarizes the papers that make up the foundation
of this thesis, and Chapter 7 provides some concluding remarks and
comments on future work.

1.3 Notation
The mathematical notation in this work is as follows. Bold lower case sym-
bols, e.g. h, x, denote vectors, whilst bold upper case symbols such as H

denote matrices. Subscripts, e.g. xl, serve as indices for e.g. multiple signals
x1, ..., xL on different branches of an array. Superscripts either denote index-
ing in space, if contained in parenthesis such as y(k), or iteration indices if
contained within square brackets such as x[i].

7





CHAPTER 2

Wireless communication system modeling

Wireless communication systems are typically modeled in blocks. At a high
level, they are often decomposed into the transmitter unit, the receiver and the
channel between. However, within these blocks, several different architectures
or models can be assumed or implemented, with a variety of components or
underlying theory. In this section, a brief overview is presented, followed
by an example of how the transmitter and receiver operates schematically.
Particular emphasis on transmitter impairments will be placed.

2.1 The transmitter
A wireless transmitter can be implemented in various ways, but most imple-
mentations share the following fundamental building blocks in order:

1. An information source, digital or analog data producing baseband data
that an application wishes to transmit.

2. Source and channel coding, for compressing the baseband data and mak-
ing it robust towards errors induced by the channel.

9



Chapter 2 Wireless communication system modeling

Data in
D(t)

Modulation
x(t)

Radio
frontend

To
channel

u(t)

Figure 2.1: Block schematic of transmitter, from input data bits, through modu-
lation and radio frontend.

3. Modulation, where more efficient use of the radio spectrum can be
achieved by modulating a baseband signal onto a carrier frequency or
to a different format.

4. A radio frontend, where mixing, filtering, frequency conversion and am-
plification of an analog signal is performed.

For the purposes of this work, little needs to be known of the exact details
of how the source information is coded into digital bits. Thus, a relevant
truncation of scope is to assume a series of digital bits is given to a modulation,
as in Fig. 2.1. However, the remaining building blocks need further detailing.

Modulation
Signal modulation can be done either mostly in the analog domain, or mostly
in the digital domain. However, whilst analog modulation schemes have been
applied widely historically, and still sees use in some applications today, digital
modulation schemes are now far more common. This due to better spectral
efficiency, better channel performance and compatibility with coding schemes
[5]. In essence though, regardless of analog or digital implementation, the
modulation principles are similar. Consider Fig. 2.1, and let the signal as a
result of modulation be represented as time-continuous signal that at time t

is
x(t) = fMOD(D(t)) . (2.1)

If the input data is an analog baseband waveform, fMOD(·) can incorporate
different functions, e.g. frequency modulation, as

fMOD(D(t)) = A cos
(

2πfIt + k

∫ t

τ=0
D(τ)dτ

)
, (2.2)

where fI denotes an intermediate frequency, A an amplitude scaling and k

a factor determining the rate of change in frequency. If instead D(t) is a

10



2.1 The transmitter

1 0 1 1

(a) Digital bitstream. (b) Amplitude modulation.

(c) Frequency modulation. (d) Phase modulation.

Figure 2.2: Digital bitstream, and corresponding amplitude shift keying (ASK),
frequency shift keying (FSK) and phase shift keying (PSK) modulation
schemes.

digital waveform, Fig. 2.2 visualizes three fundamental ways to modulate the
signal through other functions fMOD(·) to obtain x(t), with D(t) encoded into
the amplitude, frequency or phase. These are simple, but inefficient in using
the radio spectrum. Thus, there is a vast amount of literature on how to
modulate the digital bitstreams in a more efficient manner. A first, common,
method is to use the quadrature components of a signal at a given frequency.
Mathematically, in baseband the modulation is

x(t) = xI(t) + jxQ(t) , (2.3)

where data is encoded into the in-phase component xI, and into the quadrature
component xQ. From this notation, the modulation is often denoted as IQ
modulation.

In addition to letting data be encoded on different components, grouping
bits in the digital bit stream to symbols can also be done. This leads to that
each modulation format is no longer binary but rather has multiple levels.
Exemplification of a scheme utilizing both these approaches is 16-QAM, vi-
sualized in the form of a constellation diagram in Fig. 2.4a. Here, groups of
four bits are mapped to complex numbers, where e.g. in Fig. 2.4a the bit
sequence 0000 corresponds to the complex number −3 + j3. Using two com-
ponents, and grouping bits into symbols, will evidently increase the number
of bits possible to transmit in a limited time, though at the cost of increased
sensitivity to noise, distortion and other impairments when decoded at the

11
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Figure 2.3: Simple front-end transmitter architecture for IQ modulated baseband
data.
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(e) With nonlinearity.

Figure 2.4: Single carrier QAM constellations with various hardware impairments.

receiver. Thus, higher order modulation schemes are limited by the amount
of noise, distortion and impairments present in the system. The impact of
various hardware impairments will be detailed in the following subsection.
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2.1 The transmitter

Radio front-end architectures
As indicated in the previous section, using quadrature components in mod-
ulation is one effective way to increase the data rate. In Fig. 2.3, a simple
schematic is presented for how a radio frontend using IQ modulated data,
i.e. with x(t) as in (2.3), can be implemented. Here, x is assumed be a time
discrete, sampled signal, thus denoted

x[n] = xI[n] + jxQ[n] , (2.4)

with real and complex parts xI and xQ, respectively, and where n denotes
a sample. The schematic otherwise consists of digital-to-analog converters
(DACs), a local oscillator, 90◦ delay, two mixers, an adder, a power amplifier,
an antenna and a bandpass filter. The sinc-like box represents upsampling and
pulse shaping, whilst Re{} and Im{} represents taking the real and imaginary
value of the complex signal, respectively. In what follows, the mathematical
steps that detail this transmitter architecture will be explained, along with
short comments on the involved components.

In the first step, the IQ modulated signal is split into its real part and
imaginary part. Assuming this is a QAM modulated signal, the constellation
diagram will ideally look as in Fig. 2.4a. Afterwards, these are upsampled,
pulse shaped and converted from digital signals to analog, using the DACs.
The signal after the DAC are then two analog signals

uI(t) =
N∑

n=0
xI[n]r(t− n)

uQ(t) =
N∑

n=0
xQ[n]r(t− n) .

(2.5)

Here, r(t) represents pulse shaping, to shape the spectral properties of the
signal. No limitation on the number of amplitude levels of xI[n] or xQ[n] has
been presumed here, whilst in practice DACs often limit these to 2B discrete
levels, where B typically range from the cheapest B = 1 implementations to
about B = 16 for more complicated architectures. In addition, hardware im-
perfections can cause effects such as amplitude and phase imbalance between
the generated uI(t) and uQ(t) components. For the purposes of this work,
(2.5) suffices as a description, though Fig. 2.4c illustrates how IQ imbalance
can affect the reception of the IQ data.

13
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Mixing the analog signal components uI(t) and uQ(t) to a carrier frequency
through the mixer produces

uRF(t) = uI(t) cos (2πfct) + uQ(t) sin (2πfct) . (2.6)

Again, this is a simplified description, as the mixers are nonlinear and non-
trivial components to design and characterize. One common hardware imper-
fection, referred to as phase noise, is in this step to varying degrees induced
from the local oscillator via the mixer into the signal. With this effect present,
(2.6) would be modified to

uRF(t) = uI(t) cos (2πfct + ϕ(t)) + uQ(t) sin (2πfct + ϕ(t)) , (2.7)

where ϕ(t) is the phase noise, varying in time. With present and unknown
phase noise, the signal might be erroneously decoded at the receiver, indicated
in Fig. 2.4d.

Passing the signal of (2.6) through a nonlinear amplifier with memory ef-
fects, a nonlinearly filtered output is produced. As the PA modeling is closely
linked to DPD and linearization, this will be given more careful details in
Chapter 3. For the purposes of this brief overview, the function fPA will sim-
ply denote the PA model, to occur later when analyzing the received signal.
Depending on type of nonlinearity, signal samples can either be compressed or
expanded. The effect of compressive PA behaviour on a QAM constellation
is seen in Fig. 2.4e. To remove harmonic components, induced by the PA
nonlinearity, from radiating, a bandpass filter is placed after the PA.

Finally, an antenna radiates the signal out from the PA over-the-air (OTA).
Depending on the where the receiver is located, the signal transfer will vary.
In particular, dependent on the distance, the receiver might be in the reactive
or radiative near-field, or in the far-field. For the purposes of this thesis, the
far-field is of foremost interest, defined when the receiver is more than the
so-called Fraunhofer distance away, often computed by 2D2/λ [6]. Here, D

is the diameter of the antenna and λ the wavelength. Depending on antenna
design, the characteristics of the radiated signal in the far-field, in terms of
gain and phase, will vary in different directions. Thus, the antenna can be
considered a linear, spatial filter prior to the channel.
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Tx
Rx1

Rx2

(a) Environment overview.

Tx
Rx1

d + ∆d

d

(b) LOS path from
Tx to Rx1, top
view.

Figure 2.5: Channel environment with one transmit unit, Tx, and two receiving
users, Rx1 and Rx2. Rx1 receives one LOS path attenuated by a hill,
and one reflection path from a nearby car. Meanwhile, the transmitted
signal towards Rx2 is expected to scatter multiple times within the
dense housing environment before reaching the user.

2.2 The channel
Between the transmitter and receiver in a wireless communication link, there
will be a channel, illustrated in Fig. 2.5. Whilst the medium, obstacles and
dynamics of the environment can vary in complex ways, several relatively
simple models are typically adapted to account for such variations. Which
model to adapt depends on the channel and present propagation phenomena
that might occur. Here, some common channel phenomena and their effect
on the channel will be presented.

Line-of-sight channel
The line-of-sight (LOS) channel is the simplest one, where there is a direct
path between the transmitter and receiver. Here, the attenuation and delay
in signal power can computed from Friis transmission equation

Prx = PtxGrxGtx

(
λ

4πR

)2
, (2.8)

where Prx, Ptx are the transmitted and received power respectively, Grx, Gtx
the antenna gains, R the distance and λ carrier wavelength. It is from this
evidently quite easy to compute the necessary power from the transmit side
to reach a particular power level at the receiver. Additionally, seen from Fig.

15



Chapter 2 Wireless communication system modeling

2.5b, the relative delay from different transmit branches to a receiver location
is geometrically computable. This is a key observation enabling beamforming,
i.e. that the phase on the different transmit branches can be changed to
steer where the signal power ends up adding constructively in space. This is
revisited in a later subsection.

Attenuation
Signal attenuation occurs when the signal propagates from the transmitter
through any medium, to the receiver simply due to that the power is spread
across space. Higher attenuation will be incurred if the propagation goes
through a medium with a higher propagation loss than air, before reaching
the receiver. Such a medium can e.g. be a hill, or the constituents of a house
in which a receiver is located. In addition, if the receiver or environment is
changing, this attenuation can vary over time. This is then referred to as
either slow, or fast, fading, dependent on the rate of change.

Doppler effect
If either the receiver, or transmitter, moves quickly, the so-called Doppler
effect can occur. This effect is commonly understood from the everyday oc-
currence of how the sound, the frequency, from a passing ambulance changes
as it drives by. Similarly at RF, the perceived effect at the receive side is that
the carrier frequency varies. This change can by approximated by the formula

frx = vm + vrx

vm − vtx
ftx , (2.9)

where frx is the received frequency, ftx the transmitted frequency, vm is the
speed of the electromagnetic wave in the medium, and vrx, vtx the velocity
component with which the receiver and transmitter moves relatively towards
one another, respectively.

Multi-path channel
In practical environments a signal will typically have multiple propagation
paths that can lead from the transmitter to the receiver. This is then referred
to as a multi-path channel. However, the exact conditions under which this
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occurs can vary drastically. For example, in a rural setting with few infrastruc-
tural elements, fewer paths are typically present. In contrast, a dense urban
environment might deprive LOS conditions, but instead present many paths.
One type of rich scattering channels is the so-called rich isotropic multi-path
channel (RIMP), in which signals impinge upon the receiver from different
directions in space isotropically.

Three main components and effects in a multi-path channel are diffractive,
reflective and scattering multi-path components. These have different physical
explanations for their occurrences, but for the purposes of this work, it suffices
to state two things. Firstly, that these phenomena give different multi-path
components with different kind of attenuative and phase properties. Secondly,
that their presence in a channel will vary with frequency and with the sizes
of objects in the environment.

Channel modeling and precoding
There are many channels models to account for the various channel phenom-
ena. Oftentimes, the mathematical model is phrased as a linear filter. In a
digital representation, for a single transmitter and receiver, the received signal
y is then related to the transmitted signal x as

y[n] =
M∑

m=0
hmx[n−m] . (2.10)

If the channel has only a LOS path, no memory delays need to accounted
for, yielding M = 0, and |h0| will follow from Friis transmission equation. A
RIMP channel, in contrast, is characterized by that each hm follows a complex
Gaussian distribution, hm ∼ CN (a, σ). The parameters a and σ determine
the channel gain.

The channel models are useful to obtain channel estimates. Given a chan-
nel estimate, the role of a precoder in the communication system is to utilize
channel knowledge to shape how the signal is received in certain spatial po-
sitions. Considering a LOS channel with multiple transmitters, beamforming
is a special kind of precoding. Let y(k) denote the received signal in direction
(k), and let transmit branch l transmit ul, such that

y(k) = h
(k)
1 u1 + ... + h

(k)
L uL . (2.11)
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The complex constants h
(k)
l are determined by the geometry of the environ-

ment, where the magnitude corresponds to signal attenuation from propa-
gation and phase corresponds to relative propagation delay. Assuming each
branch transmit the same user stream x, such that u1 = ... = uL = x, then
maximal constructive interference occurs when h

(k)
1 = ... = h

(k)
L , and similarly

maximal destructive interference when h
(k)
1 + ... + h

(k)
L = 0. However, in order

to shape in which directions this occurs, let ul = wlx, where wl are beam-
forming weights. The choice of wl then determines where interference occurs.
Beamforming can naturally be generalized to include multiple user streams
x1, ..., xU , as

y(k) = h
(k)
1 (w1,1x1 + ... + w1,U xU ) + ... + h

(k)
L (wL,1x1 + ... + wL,U xU ) , (2.12)

where
ul = wl,1x1 + ... + wl,U xU . (2.13)

One computationally efficient implementation of beamforming uses the dis-
crete Fourier transform (DFT) beamforming matrix, where given

ω = e−j2π/L . (2.14)

the beamformer is formed as

WDFT = 1√
L

 1 1 1 ...
1 ω ω2 ...
1 ω2 ω4 ...
...

...
...

...

 = 1√
L

[ ω(b1) ω(b2) ω(b3) ... ] . (2.15)

Here, bi ∈ [1, L] are beam indices, indexing the beams on the DFT-beamgrid.
In implementation, the computations can be done efficiently using Fast Fourier
transforms (FFTs).

Antennae
Antennae are passive RF components, meant to radiate power, converting
from electrical currents to electromagnetic waves. This will typically involve
designing a metallic structure dimensioned after the wavelength it is intended
to radiate. It will as such be operable, have a pass-band, over a limited range
of frequencies whilst acting as a stop-band filter for other frequencies. In
addition, it is often designed to radiate particularly well in certain spatial

18



2.3 The receiver

90◦

⊗

⊗

ADC

ADC
j

⊕y(t)

urec,I(t)

urec,Q(t)

uLP,I(t)

uLP,Q(t)

yLP,I[n]

yLP,Q[n]

yIQ[n]

Figure 2.6: Simple front-end receiver architecture for IQ modulated baseband data.

directions, to concentrate the electromagnetic energy. As such, it acts as a
filter both in frequency and space. For the purposes of this work, a model

a(ϕ, f) = aϕ,f , (2.16)

suffices to describe this behavior, where ϕ is an angular direction in which an
antenna radiates, f is the frequency, and aϕ,f a complex coefficient.

2.3 The receiver
A simple example of a receiver architecture is depicted in Fig. 2.6, consist-
ing of a receive antenna, a bandpass filter, a local oscillator, mixers, a 90◦

phase shifter, lowpass filters, analog to digital converters (ADCs), and digital
conversion from real to complex numbers. As part of the digital processing,
another common block is equalization, to account for the different phenomena
described under Section 2.2. In this section, the blocks will be detailed math-
ematically as done for the transmitter in Section 2.1, though fewer comments
on hardware impairments.

Starting at the receive antenna, let the received signal be denoted as

y(t) =
∫

τ

h(τ)hant,rxhant,txfPA(uRF(t− τ))dτ , (2.17)

where h is filter describing the channel response, hant,rx, hant,tx are single
scalar coefficients describing the antenna gain of the receiver and transmitter,
respectively, whilst fPA is the transmitter-side PA model, and uRF is as in
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(2.6). Typically, one also needs to include thermal noise here, as it can affect
the received signal considerably. In a QAM constellation, the noise will spread
the received symbols in the constellation diagram, as seen in Fig. 2.4b. For the
mathematical analysis here though, thermal noise is omitted. Furthermore,
let for simplicity h(τ) = δ(τ), which corresponds to that the channel has no
memory behavior and unity gain, and let hant,rx = hant,tx = 1. Then (2.17)
becomes

y = fPA(uRF(t)) , (2.18)

i.e. the received signal is exactly what we transmitted. Applying a bandpass
filter fBP followed by mixing with cos (2πfct) and sin (2πfct) yields

urec, I(t) = fBP(fPA(uRF(t))) cos (2πfct) ,

urec, Q(t) = fBP(fPA(uRF(t))) sin (2πfct) .
(2.19)

It is realised from (2.6) that both factors uRF(t) and cos (2πfct), or sin (2πfct),
in (2.19) will have a main component around the carrier frequency fc. The
role of the bandpass filter is then to ensure no other signals that reach this
receiver are propagated in the receiver chain. From this architecture, it can be
assumed that far-away carriers are filtered away, whilst all signal components
sufficiently close to fc are propagated. Let, for simplicity, the PAs operate as
ideal linear amplifiers with gain g. If no other signals are received close to the
carrier fc, then (2.19) can be simplified to

urec, I(t) = guRF(t) cos (2πfct) ,

urec, Q(t) = guRF(t) sin (2πfct) .
(2.20)

This is an ideal description, assuming that the receiver LO frequency perfectly
matches that of the transmitter. If this is not the case, i.e. if the LO instead
generates fc + ∆f at the receiver, so-called carrier frequency offset will occur.

Following the mixing, lowpass filters remove images of the signal that are
induced at higher frequencies. This can readily be seen by expanding (2.20)
with (2.6), such that

urec, I(t) = g(uI(t) cos (2πfct + ϕ(t)) + uQ(t) sin (2πfct + ϕ(t))) cos (2πfct) ,

urec, Q(t) = g(uI(t) cos (2πfct + ϕ(t)) + uQ(t) sin (2πfct + ϕ(t))) sin (2πfct) .

(2.21)
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and applying the identities cos2 a = 1/2 + 1/2 cos 2a, sin2 a = 1/2− 1/2 cos 2a

and cos a sin a = 1/2 sin 2a. Remaining will just be the streams

uLP,I(t) = 1
2guI(t)

uLP,Q(t) = 1
2guQ(t) .

(2.22)

In this, a narrowband assumption has been made, namely that the bandwidths
of uI and uQ are much less than the carrier frequency fc.

Converting from analog to digital, matched filters to the filters r(t − n) in
(2.5) and scaling are applied, yielding

yLP,I[n] = 2g

2xI[n] ,

yLP,Q[n] = 2g

2xQ[n] ,
(2.23)

followed by combining into a single complex number

yIQ[n] = g(xI[n] + jxQ[n]) . (2.24)

With this showcase of a simple transmit, channel and receive chain, the
following section will delve deeper into the effect that imperfect, nonlinear
power amplifiers have on the system.
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CHAPTER 3

Power amplifier modeling

Power amplifier knowledge and accurate modeling is vital for digital predis-
tortion. If an ampifier can be modeled accurately with an invertible function,
the digital predistortion will seek to identify that inverse, discussed further
in Chapter 4. However, for the problem to be computationally feasible in
real-time application, a compromise between accuracy and complexity must
be made.

In this chapter, a cursory overview of physical effects present in power
amplifiers will be detailed. Following this, models capturing these effects will
be explored, ending up in deriving a common model for both PA modeling
and digital predistortion, the baseband equivalent Volterra series. Lastly, a
few common metrics used for communication with nonlinear amplifiers are
listed.

3.1 Physical impairments in power amplifiers
Most power amplifier circuits used for RF wireless communication use semi-
conductor devices and transistors, and as such any nonideality of the used
semiconductor materials will be present in the electronic circuit. Material
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properties, such as electron mobility, breakdown electric field and thermal
conductivity will determine how large currents and high voltages a device can
handle, and how well it can dissipate heat. Dielectric properties will affect
parasitic effects [7]. Furthermore, impairments from other connected circuitry,
e.g. the bias network, alongside the device structure itself and class of am-
plifier will also affect the output power, linearity, and the memory effects of
a power amplifier circuit, and the frequency range over which the circuit can
operate [8]. Lastly, varying the input and output impedances of a PA will
change its behavior, an effect that is especially prominent in multi-antenna
transmitter systems [9], [10].

3.2 Approaches to power amplifier modeling

A complex device such as a power amplifier can be modeled in many different
ways. A first approach could be to include all known physical phenomena
present in the device, to go from a given input to predict the output. These
kinds of models are referred to as physically based models. A second alter-
native, a purely data driven approach, could be to measure the input and
output in various settings, and save the result in a table as reference for
future predictions. A third option, which is typically adopted for power am-
plifier modeling in the context of digital predistortion, is so-called behavioral
modeling. Here, the general behavior going from an input the output is mod-
eled by some governing equation. This type of model is typically based on
the governing physics, but greatly simplified compared to a full description.
At the same time, it incorporates data from input-output measurements to
determine parameters of the model.

3.3 Analog power amplifier models

Whilst many behavioural models, such as Bessel-Fourier, neural networks or
Wiener models have been used to describe PA behaviour [11]–[14], only two
models used in this thesis will be detailed here. First, the Saleh model [15],
and secondly the Volterra series.
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The Saleh power amplifier model
The Saleh model for PA modeling is a relatively simple formula relating an
RF input

x(t) = r(t) cos (2πft + Ψ(t)) , (3.1)

to the RF output y(t) of the PA

y(t) = A(r(t)) cos (2πft + Ψ(t) + Φ(r(t))) . (3.2)

Here, two functions A(·), Φ(·) characterize the transfer function at any given
time t, in [15] proposed to be modelled as

A(r(t)) = αar(t)
1 + βar(t)2 ,

Φ(r(t)) = αϕr(t)2

1 + βϕr(t)2 .

(3.3)

Here, αa controls the linear PA gain, βa the static nonlinearity, whilst αϕ

and βϕ will change the phase response. This model typically sees use for
PA modeling with static or narrowband nonlinearities. However, it is limited
in its ability to model a general PA, even in a limited operational range.
In contrast, the next subsection will detail the Volterra series, that is more
generally applicable.

The Volterra series
The Volterra series is a power series with memory terms, general enough in
its mathematical formulation to be used in many fields of science. Generally
stated, a full Volterra series, for a continuous input signal x(t) to an output
y(t), considering memory effects within a time span T from the current time
t, can be phrased as

y(t) = a0 +
P∑

p=1

∫ T

τp=−T

· · ·
∫ T

τ1=−T

ap(τ1, . . . , τp)
p∏

i=1
x(t− τi) dτi , (3.4)

where P is the maximal nonlinearity order considered. Given this statement,
a few simplifications and notes can be made with the physical knowledge of
the system that is modeled. Firstly, given causality, then the integration range
changes from (−T, T ) to (0, T ). Secondly, when characterizing the kernel, T
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can be truncated to a finite value based on physical knowledge or measure-
ments of short term and long term memory effects. Thirdly, it is known that
the power amplifier behavior will vary, for example, with frequency, biasing
and temperature. As such, each model instance, with a set kernel, as in (3.4)
is only expected to be valid in the proximity of the circumstances under which
they were identified. That is, the kernel ap might need to be re-identified if
the frequency, biasing or temperature changes.

Assume that a much reduced version of (3.4) suffices for modeling of a
certain PA, as

y(t) = fPA(x) =
∫

τ

a1(τ)x(t− τ)dτ +
∫

τ

a3(τ)x3(t− τ)dτ . (3.5)

The first term is a linear filtering of the input, whilst the second term adds a
third order nonlinearity. If a1(τ), a3(τ) are not constant, then the PA response
varies with time, and memory effects occur. Here, a1(τ), a3(τ) are real-valued.
If a3(τ) > 0 at any given time τ then the distortion will be expansive at that
time, i.e. stretch out the signal compared to if a3(τ) = 0. In contrast, and
most often present in practice, a3(τ) < 0 leading to compressive behavior.

In order to characterize the model in (3.4), a corresponding digital represen-
tation will need to be stated. Furthermore, converting from analog to digital
at RF is inconvenient, as it often requires a prohibitively high sampling rate.
Instead, the following subsection details how the model can be formulated at
baseband.

3.4 The baseband equivalent Volterra series

Different formulations of a Volterra series, pruned and truncated for practical
use with baseband signals has been proposed [16]–[18]. The general approach
of formulating the discrete baseband model from the continuous RF model is
similar to how, in Chapter 2, equation (2.4) relates to (2.24). That is, the PA
output of (3.4) is typically assumed filtered, before it is downconverted and
digitized. The continous time kernel ap(τ1, . . . , τp) for each nonlinearity order
p is approximated with a digital kernel cp[m1, ..., mp]. One formulation then
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is to go from (3.4) to

y[n] =a0+
P∑

p=1,3,...

M∑
m1=0

· · ·
M∑

mp=0
cp[m1, ..., mp]x[n−m1]·

(p−1)/2∏
i1=0

x[n−m1+i1 ]
(p−1)/2∏

i2=0
x∗[n−m(p−1)/2+1+i2 ] .

(3.6)

Notable in (3.6) is the inclusion of complex conjugate terms x∗. These arise
from the derivations since in (3.6), x is a complex-valued baseband signal,
whereas in (3.4), x is a real-valued RF signal.

3.5 Power amplifier related metrics
In this subsection, a few common metrics for evaluating the communication
system link quality, when power amplifiers are present, are listed. These relate
the desired signal and system behavior to, in particular, nonlinear hardware
impairments. Furthermore, with (3.6) at hand, the thesis will from this point
on focus on digital baseband signal representations. Thus, the metrics will be
listed accordingly.

Signal-to-noise and distortion ratio
Let x = [ x[1] ... x[N ] ]T be the signal of interest for a transmitter. Assume
then that x is passed through a nonlinear amplifier fPA(·), and is subject to
thermal noise σ, as

y = fPA(x) + σ . (3.7)

By a Bussgang decomposition of y, as in [19], (3.7) can be represented as

y = gx + d + σ , (3.8)

where g is the useful gain of the amplifier, and d is distortion uncorrelated to
x. From (3.8), the signal-to-noise and distortion ratio at the PA output can
be stated as

SNDR = g2xHx

σHσ + dHd
. (3.9)
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Setting d = 0, (3.9) yields the signal-to-noise ratio (SNR). Furthermore, con-
sidering the residual distortion power as noise, this metric can be related, via
the Shannon-Hartley theorem, to the maximum capacity of the system.

Peak-to-average ratio
The variability of a signal x, how high the peak amplitudes are in relation to
the typical signal magnitudes, can be quantified and expressed in terms of the
peak-to-average power ratio

PAPR =
max

1≤n≤N
|x[n]|2∑N

n=1 |x[n]|2
. (3.10)

This metric is important in determining how nonlinearities will appear in the
system. Typically, if the PAPR is high, the power amplifier can not be driven
with too high mean input power. The practice then of lowering the mean
input power, to account for high PAPR, is referred to as going into back-off,
in order to avoid strong nonlinear effects.

A practical concern with (3.10) lies in the potential extreme values of |x|2.
Consider that x[n] ∼ CN (0, 1). For an infinite number of samples, |x[n]|2 can
be arbitrarily large, thus making the metric useless. For a finite number of
samples, on the other hand, it is possible that a single sample is drawn with
extremely high magnitude, whilst the remainder are closer to the signal mean.
To account for these concerns, a practical approach can be to not choose
the single largest sample magnitude, but instead sort samples with respect
to magnitude and choose the one representing e.g. the 99.9:th% quantile.
Mathematically,

PAPR = |x[ñ]|2∑N
n=1 |x[n]|2

,

ñ = arg min
1≤n≤N

|F|x|(x[ñ])− 0.999| ,
(3.11)

where F|x|(x[n]) is the empirical distribution function of |x|.

Adjacent channel leakage ratio
Studying the power spectral density of a signal as in (2.24), but one that has
been subjected to nonlinear processing at the transmitter, done in Fig. 3.1, it
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Frequency

Power spectral density

Right adjacent
channel distortion

SNDR

SNR

Signal of interest

Noise floor

Figure 3.1: Illustration of signal-to-noise ratio (SNR), signal-to-noise and distor-
tion ratio (SNDR) and how spectral broadening yields distortion power
in the adjacent channels.

is seen that nonlinearities lead to so-called spectral broadening. That means
the distortion spreads from the transmit band, to adjacent bands. To quantify
how large this spread is, the adjacent channel leakage ratio (ACLR) can be
computed. For a continuous signal the power in-band, versus the power of an
adjacent band, is computed with an integral over the power spectral density in
different frequency regions. In a discrete approximation, this is instead done
with summations. Let x̂ be the frequency domain representation of x. Then,
the ACLR can be computed as

ACLR =
∑

k∈κib
|x̂[k]|2∑

k∈κadj
|x̂[k]|2 , (3.12)

where k is a frequency index, κib denotes in-band indices and κadj denotes
indices in an adjacent band. This metric is most relevant to quantify in a
single-PA transmitter, at the PA output, as it will then also directly reflect
the radiated out-of-band distortion power.

A practical concern computing (3.12) can be exactly which indices k to in-
clude in κib and κadj. This since for a finite signal, the power of the input signal
x might not be perfectly contained within the bandwidth [−BW/2, BW/2],
which can make the ACLR seem unreasonably high if computed exactly as
indicated in Fig. 3.1. Including a guard band, i.e. computing the adjacent
bands at [BW/2 + ∆, 3BW/2 + ∆] and [−3BW/2−∆,−BW/2−∆] is a way
to make the metric more true to the actual emitted adjacent band distor-
tion. Additionally, as per the assumptions in previous chapters, filtering is
performed after the PA and thus included in the digital signal representation.
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Chapter 3 Power amplifier modeling

To fulfill emission regulations for commercial applications, 3GPP specifies the
type of filter, ∆, and procedure for ACLR computations as in (3.12).

Normalized mean square error
The normalized mean square error (NMSE) quantifies the residual error com-
paring two discrete signal vectors x and y as

NMSE =
∑N

n=1(y[n]− x[n])2∑N
n=1 y[n]2

. (3.13)

Unlike ACLR, it makes no distinction if the error is in-band or out-of-band.
Unlike SNDR, it states no explicit distinction between what effect causes the
residual error, be it noise, distortion or some other impairment. Finally, to
compute the NMSE correctly, careful time-alignment must be performed to
adjust for the case when y is delayed relative to x.
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CHAPTER 4

Linearization using single-input, single-output digital
predistortion

In Chapter 2, a simplified overview of how a digital signal x can be propagated
from a transmitter, through a channel, and to a receiver was shown. In this
chapter, with the extended knowledge of the impairments induced by the
PA from Chapter 3, linearization using DPD will be detailed. The general
goal throughout this chapter is to study how one can obtain a desired, linear
output, from an input signal passed through a DPD and a PA.

4.1 Role of digital predistortion
Building upon knowledge of PA nonlinearity, the DPD serves the purpose of
processing the signal to invert the PA’s nonlinear effect upon it. That is, if
the PA exhibits compressive nonlinear behaviour, the DPD will be expansive,
in addition to compensating for induced memory effects. For this section, the
governing equation for the generated output y will be on the generic form

y = fPA(fDPD(x)) , (4.1)
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Chapter 4 Linearization using single-input, single-output digital predistortion

for some input x, and the purpose of the DPD will be to minimize the deviation
from a desired output yd, commonly measured as

min ||y − yd||2 . (4.2)

This is equivalent to minimizing the NMSE as in (3.13). In implementation,
this has historically been done mostly using time-domain modeling, which will
also be the initial focus, with a comment on frequency-domain implementation
in a later subsection.

It should be noted that in (4.1), fDPD should naturally be a function applied
in the digital domain. On the other hand, fPA(·) represents a function applied
in the analog domain at RF. However, as was be detailed in Section 3.4, an
equivalent baseband model of the PA can be made. As such, both these
functions will for the remainder of this chapter be considered in discrete time,
at baseband.

4.2 Invertability of nonlinear PAs
A fundamental concept for time-domain DPD modeling is the so-called theory
of p:th order inverses of nonlinear systems. Define the joint nonlinear system
Q = fPA(fDPD), and let Qp be defined as the Volterra-series terms modeling
that system, for the nonlinear terms of order p. Then it was shown in [20] that
a nonlinear function fDPD of order P can be found such that (4.1) becomes

y[n] = x[n] +
∞∑

p=P +1
Qp(x[n]) . (4.3)

That is, all lower order nonlinearities p = 2, .., P can be cancelled with an ap-
propriate choice of fDPD, though higher order terms are injected. This result
holds both if fDPD is applied prior to, or after, fPA, referred to respectively as
a pre-inverse or post-inverse. In fact, [20] shows that if characterizing fDPD
as a post-inverse, it can then also be used as an approximate pre-inverse.

Letting P → ∞, the system can in theory be made completely linear. In
practice, it is neither feasible to let P → ∞, nor is it necessarily the best
strategy for a finite P to adopt fDPD such that (4.3) holds. This since the
residual distortion remaining in the high order terms p > P might be reduced
if some residual distortion is allowed in lower order terms p ≤ P . The theory
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FIR f(·)

(a) Wiener.

f(·) FIR

(b) Hammerstein.

Figure 4.1: Schematic for Wiener and Hammerstein architectures.

and observations leave two topics to discuss. Firstly, what DPD model to
adopt for fDPD to yield minimal residual distortion. Secondly, how to find the
parameters of that DPD model, which is referred to as DPD identification.
These topics will be discussed in the coming sections.

4.3 Digital predistortion models
Digital predistortion modeling is a wide topic, with many architectures and
adaptations proposed throughout the years. Some common ones include
Wiener, Hammerstein, look-up tables, piecewise models such as the decom-
posed vector rotation-DPD, and various types of pruned and truncated Volterra-
series. In the following subsections, these will briefly be detailed.

Wiener and Hammerstein models
Wiener models for DPD, seen in Fig. 4.1a, are characterized by a linear filter
of the input vector x as

z[n] = α0x[n] + ... + αM x[n−M ] , (4.4)

to consider the memory effects of the PA, followed by a memoryless nonlinear
function to compensate for the PA’s static nonlinearity

u[n] = f(z[n]) . (4.5)

Augmented architectures include, for example, variations on the filtering pro-
cess prior to the nonlinearity [21].

Hammerstein models, in contrast, place the nonlinearity prior to the linear
filtering, seen in Fig. 4.1b.
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Chapter 4 Linearization using single-input, single-output digital predistortion

Look-up tables
The use of look-up tables is a data-driven approach to DPD, where the cor-
responding predistorted data value y[n] for a given input data value x[n] is
found via tabular look-up. Exemplified, a tabular look-up with memory can
be formulated as

y[n] =
M∑

m=0
x[n−m]fLUT,m(|x[n−m]|) . (4.6)

In the simplest form, fLUT,m(|x|) is a pre-learned look-up table of scalar mul-
tiplicative factors based on the input magnitude of |x|. However, fLUT,m(|x|)
can for example also incorporate interpolation and extrapolation [22], and re-
cursive architectures [23] instead of (4.6) have been proposed, to reduce the
tabular size needed for look-up.

Decomposed vector rotation-based DPD
The decomposed vector rotation (DVR) DPD model nonlinearities and mem-
ory effects through piecewise vector decomposition. The model is in [24] for-
mulated1 to include terms such as

y[n] =
M∑

m=0
amx[n−m]

+
I∑

i=1

M∑
m=0

cim,1||x[n−m]| − βi|ejϕ[n−m]

+
I∑

i=1

M∑
m=0

cim,21||x[n−m]| − βi|ejϕ[n−m]|x[n]|

+ ...

(4.7)

Here, nonlinear terms are generated through absolute value operators, capable
of generating high order terms with respect to x. This has been shown effective
in being able to linearize highly nonlinear PAs with few terms [24], and possible
to be implemented efficiently in hardware [25].

1rewritten to be consistent with this thesis’ notation
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4.3 Digital predistortion models

Volterra-based DPD models

Volterra-series based time-domain DPD have been thoroughly researched, in
particular on the topic of model reduction, especially in accounting for memory
terms. This has yielded a few common pruned models of particular interest.
The memory polynomial [26] is one simple adaptation, but one with many
extensions and variations on e.g. pruning, frequency selectivity and envelope
adaptation [27]–[30]. In a general form it is stated as

u[n] =
M∑

m=0

P∑
p=1

cp,mx[n−m]|x[n−m]|p−1 , (4.8)

accounting for nonlinearities and memory effects without any cross terms. The
generalized memory polynomial [31] can be stated as

u[n] =
M∑

m=0

P∑
p=1

cp,mx[n−m]|x[n−m]|p−1

+
M∑

m=0

G∑
g=−G

P∑
p=1

cp,m,gx[n−m]|x[n−m− g]|p−1 ,

(4.9)

and accounts for some of the memory cross-terms of the full Volterra-series
that are often dominant.

Extensive research has been performed on the topic of optimally choosing
which bases to include from the GMP or full Volterra-based DPD models
[32]–[35].

Frequency-domain digital predistortion

In contrast to time-domain DPD, and as the name would indicate, frequency-
domain (FD) DPD is applied on frequency-domain data. FD-DPD can be
motivated, as in e.g. [36] when DPD is only necessary to apply over a subset
of frequencies. However, time-domain, bandlimited DPDs as in [37] can also
address the issue of only linearizing a subset of frequencies. The complexity
of implementation will vary though, and is as such a determining factor.
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4.4 Digital predistortion identification
With a given DPD model chosen, one practical challenge is identification,
i.e. finding model coefficients. For example, which coefficients cp,m should be
chosen in (4.8). Identification procedures can generally be categorized into
direct learning architectures, and indirect learning architectures. These will
be detailed below.

In direct learning architectures, the optimization procedure directly changes
the DPD model coefficients in the search for an optimal set. One example of
such a method is the Gauss-Newton algorithm. Given input data x, output
data y, and a model f(x, θ) where θ are the model parameters, Gauss-Newton
iterations require the computation of the residuals

r(θ) = y − f(x, θ) . (4.10)

Denoting ri as the i:th sample of r, the Jacobian matrix can be formed as

(J)i,j = ∂ri(θ[q])
∂θj

, (4.11)

where [q] denotes an iteration index. With these, the iterations are computed
as

θ[q+1] = θ[q] − (J)−1
i,j r . (4.12)

Practically, computing (4.10) to (4.12) is nontrivial, since f(x, θ) is a nonlinear
function composed of the tandem operation of a nonlinear DPD followed by
a nonlinear PA. As such, approximate and modified forms of (4.12) are found
in many works, e.g. in [38]–[40].

Indirect learning architectures, in contrast, do not directly adjust the DPD
modeling coefficients each iteration. One kind of indirect learning utilizes the
p:th order inverse theory to identify a post-inverse, which is then applied as
a pre-inverse. In this, a specific DPD model is assumed. Exemplified, assume
yd is an input to some PA, resulting in a PA output y. Let the post-inverse
model basis be based on (4.8), yielding

F (y) =
[

y[1], ... y[1]|y[1]|P −1, 0 ... 0 ...

y[2], ... y[2]|y[2]|P −1, y[1] ... y[1]|y[1]|P −1 ...

]
(4.13)

If the desired output of the PA is yd, the model coefficients cp,m are then
identified as

c =

 c1,0
c1,1

...
cP,M

 = F (y)†yd . (4.14)
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4.4 Digital predistortion identification

Here, F (y)† denotes the pseudo-inverse of F (y). Using this model as a pre-
inverse, for predistortion, one simply adapts the input to (4.13) to be yd
instead of y but then keep the modeling coefficients of (4.14). This approach
was used in [41].

In contrast to this approach of indirect learning, a different kind of indirect
learning architecture is the so-called iterative learning control (ILC) [42] which
makes no assumption on the DPD model. Instead, the input signal is directly
modified to linearize the output, by a scheme

x[i+1] = x[i+1] − η(yd − y) , (4.15)

where η is a scalar step length, y is the measured PA output and yd the desired
PA output. This can be used as a reference for how well a PA is linearizable
without DPD model assumptions. Alternatively, upon ILC convergence, x[i+1]

can be used as a target signal for mapping from the original input signal via
some DPD model.

37





CHAPTER 5

Digital predistortion in multiple-input, multiple-output
settings

With multiple input signals, and multiple output signals, passed through a
transmitter the system architecture typically grows in size and complexity.
Balancing the positive benefits of such a system, e.g. beamforming capabili-
ties in a MIMO transmitter or capability to transmit at multiple frequencies
to different users concurrently with the same PA, to the added system com-
plexity is a non-trivial challenge with trade-offs. In this chapter, the role
of DPD in such systems is considered. In particular, the first section treats
considerations for the multi-band setting. The second section follows up by
describing different architectures for concurrent multi-beam transmission in
MIMO transmitters. Lastly, the challenges and opportunities for characteri-
zation of DPDs using over-the-air observations are considered.

5.1 Multi-band digital predistortion
Transmitting data concurrently to users across different bands, through the
same PA, allows a radio basestation to increase its capacity significantly. If
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Chapter 5 Digital predistortion in multiple-input, multiple-output settings

these bands are adjacent, the total bandwidth can be considered a single
wideband input signal to be linearized. However, if they are far spaced in
frequency, the problem is sparse and wideband linearization perhaps unnec-
essarily computationally expensive. Sparsity can be necessary, as previously
mentioned, due to spectrum congestion around certain frequencies, but also
due to that some users might require different carriers for favorable propaga-
tion conditions and acceptable SNR.

To understand the operation of a multi-band DPD, the nonlinear terms in-
duced by multi-band transmission must be understood. This will be presented
in the first subsection, followed by listing a few multi-band DPD approaches.

Multi-band transmission through nonlinear system
Consider first the case of transmitting a dual-band signal through a wideband
transmitter. Let x1 denote data to a user to be transmitted at frequency f1,
and x2 data to a user at f2. Let their respective bandwidths be BW1 and
BW2. Transmitting these concurrently yields

x[n] = x1[n]ej2πf1n/fs + x2[n]ej2πf2n/fs . (5.1)

Assume this digital signal goes through the transmitter processing, a chan-
nel and then a receiver as in Chapter 2. Let the PA be represented with a
baseband equivalent model, as detailed in Section 3.4, though for analytical
brevity simplified such that

fPA(x[n]) = c1x[n] + c3x[n]|x[n]|2 . (5.2)

Passing the signal of (5.1) through the nonlinearity of (5.2), the output can
be expanded as

y[n] = c1(x1[n]ej2πf1n/fs + x2[n]ej2πf2n/fs)

+c3(x1[n]ej2πf1n/fs + x2[n]ej2πf2n/fs) · |x1[n]ej2πf1n/fs + x2[n]ej2πf2n/fs |2

= c1(x1[n]ej2πf1n/fs + x2[n]ej2πf2n/fs)

+c3(x1[n](|x1[n]|2 + |x2[n]|2)ej2πf1n/fs

+x2[n](|x1[n]|2 + |x2[n]|2)ej2πf2n/fs

+x1[n]2x2[n]∗ej2π(2f1−f2)n/fs

+x2[n]2x1[n]∗ej2π(2f2−f1)n/fs) .

(5.3)
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5.1 Multi-band digital predistortion

Studying (5.3), two types of intermodulation (IM) products are noted. Firstly,
the type xi|xj |2 that always ends up at frequency fi, i, j = 1, 2. Secondly, the
type xi[n]2xj [n]∗ that end up at frequency 2fi−fj , i, j = 1, 2, i ̸= j, i.e. always
away from the carrier frequency unless fs is small enough to yield aliasing.
Adding a third term x3[n]ej2πf3n/fs in (5.1), and expanding via (5.2), a third
type of IM products of the form xi1 [n]xi2 [n]x∗

i3
[n] that end up at frequency

fi1 + fi2 − fi3 will be induced. This type of IM categorization was done in
previous work such as [43], [44], with respective notation as Type I, Type
II and Type III. These nonlinear products must be accounted for, and often
compensated. In the following subsection, multi-dimensional DPD methods
will be discussed.

Multi-dimensional digital-predistortion methods
In [45], a dual-input, dual-output DPD was proposed for addressing concurrent
dual-band linearization. A more general DPD was then proposed in [46], based
on a full Volterra series, which was shown possible to reduce to the model of
[45]. In essence, [46] details inputting (5.1) into (3.6) and expanding, followed
by proposing various ways of complexity reduction. In addition to (5.3), a full
expansion yields higher order terms, more cross terms and includes memory
effects for the concurrent dual-band case.

In [47], concurrent tri-beam linearization is addressed. It then proposes
generating the streams

y1 =
∑
m

∑
p

∑
s

∑
i

x1[n−m]|x1[n−m]|p−s|x2[n−m]|s−i|x3[n−m]|i ,

y2 =
∑
m

∑
p

∑
s

∑
i

x2[n−m]|x1[n−m]|p−s|x2[n−m]|s−i|x3[n−m]|i ,

y3 =
∑
m

∑
p

∑
s

∑
i

x3[n−m]|x1[n−m]|p−s|x2[n−m]|s−i|x3[n−m]|i ,

(5.4)

to be placed at the corresponding three center frequencies f1, f2, f3. Even
without adding all cross-terms, as a full expansion in the style of [46] would,
it becomes evident that the number of terms necessary to generate increases
sharply with the increased number of bands. The formulation (5.4) considers
only intermodulation products occuring at the fundamental frequencies trans-
mitted. However, as illustrated in (5.3), concurrent multi-band transmission
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2

(b) Relocated dual-band signal.

Figure 5.1: Power spectral density of dual-band signals passed through nonlinear-
ity.

yields cross-terms at other frequencies as well. These might, or might not be,
filtered by analog bandpass filters depending on the band spacing. In [44], a
prefrequency shift technique was introduced to account for Type I and Type
II IM products, whilst all types are addressed for closely spaced multi-band
signals in [48].

Many of the listed approaches so far can be extended to include more bands.
However, with all of these works being multi-input, multi-output DPDs, the
dimensionality and complexity will increase rapidly. This has motivated works
looking into if single-input, single-output DPDs could address the multi-band
setting.

Frequency relocation
An alternative approach to multi-band linearization involves so-called fre-
quency relocation [49]. Revisiting (5.3) it is realized that in order to sam-
ple this signal accounting for the main signal components and their carrier-
centered spectral regrowth, then

fs ≥ 2∆f + P · BW , (5.5)

where ∆f = |f2 − f1|/2, visualized in Fig. 5.1a. If IM terms are induced
beyond this frequency range, they are aliased back into the range during
sampling. However, it appears from Fig. 5.1a that the spectrum resulting
from having bands placed at f1, f2 could be densified. Keeping the relative
frequency spacing between the bands, but relocating bands to lie closer to one
another before a nonlinear function, all induced nonlinear products will occur
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Figure 5.2: Per-PA DPD in MIMO transmitter.

at the same relative positions. However, the sampling can then instead be
performed at

f ′
s = 2∆f ′ + P · BW , (5.6)

where ∆f ′ = |f ′
2 − f ′

1|/2 is the band spacing after relocation. This is seen in
Fig. 5.1b. Afterwards, bandpass filtering and inverse relocation of bands can
be performed to obtain the original signal of Fig. 5.1a.

One practical consideration using frequency relocation is the variations in
PA memory effects at different RF frequencies, as mentioned in Chapter 3.
Left unaccounted for, one might concatenate two signals with very different
memory responses when performing frequency relocation. This in turn would
lead to a DPD requiring many memory terms to compensate for the PA varia-
tions. This was addressed in Paper A, where bandwise filters are implemented
prior to the DPD to equalize the PA response.

5.2 Multi-beam digital predistortion
With multiple transmit chains and antennae, the ability to beamform has
yielded a new setting for DPD. Conventional linearization is to apply one DPD
per PA, visualized in Fig. 5.2. U user data streams x1, ..., xU are precoded
to L transmit branches as signals vl for l = 1, ..., L, where DPD is applied on
each branch before the signal passes through PAs, antennae and a channel,
to be observed in Q directions. Performing computations along the antenna
branches will be referred to in the following text as doing DPD in the antenna
space. With per-PA DPD in the antenna space, complexity scales linearly
with L.
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Challenging per-PA DPD, a highly relevant setting is when the transmitter
has many branches L in relation to the number of users U . The mathematics
of the problem is in many ways similar to that of the multi-band problem,
and in some ways different. Revisiting (2.13), observe two data streams x1, x2
on branch l that are beamformed with weights wl,1, wl,2 as

zl = wl,1x1 + wl,2x2 , (5.7)

and passed through a third order nonlinearity f(x) = c1c3x + x|x|2 such that

f(zl) =c1zl + c3zl|zl|2 =
=c1wl,1x1 + c1wl,2x2

+c3(wl,1x1 + wl,2x2) · |wl,1x1 + wl,2x2|2

=c1wl,1x1 + c3wl,1x1(|x1|2 + |x2|2)
c1wl,2x2 + c3wl,2x2(|x1|2 + |x2|2)

+c3w2
l,1w∗

l,2x2
1x∗

2

+c3w2
l,2w∗

l,1x2
2x∗

1 .

(5.8)

The similarities to (5.3) are clear in how some intermodulation terms will
be induced in the same directions as the linear user data streams, whilst
other occur elsewhere. This follows from beamforming theory, briefly detailed
in subsection 2.2. The PA outputs will either add up more constructively,
or destructively, in different spatial direction when propagated through the
channel depending on the beamforming weights wl,1, wl,2. The last two rows
of (5.8) correspond to terms in the so-called off-beams. In analogy to (5.3),
the channel or antennae spatial gain pattern might functionally operate to
attenuate off-beams, as the bandpass filter can do for IM terms in the multi-
band setting. However, this will not always be the case.

In the example above, regardless of L, there are only B = 4 unique streams
of data going in different spatial directions. These streams are the original
data streams plus distortion, x1 + x1(|x1|2 + |x2|2) and x2 + x2(|x1|2 + |x2|2),
and the generated IM streams in new off-beam directions x2

1x∗
2 and x2

2x∗
1.

Thus, for L≫ B, the system is sparse. This has motivated DPD approaches
that operate on the streams x1, ..., xU and their nonlinear products, instead
of operating on the precoded streams vl. These approaches will be referred to
as operating in the beam domain. It is important to note that whilst per-PA
DPD, as seen in Fig. 5.2, scales in complexity linearly with L, any approach
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5.2 Multi-beam digital predistortion

Table 5.1: Off-beam terms for static non-linearity of order P = 3, and with
U = 2, 3, 4 concurrent users.

Number
of users

Off-beam
terms

Number of
off-beam terms

U = 2 x1x1x∗
2, x2x2x∗

1 2

U = 3 x1x1x∗
2, x2x2x∗

1, x1x1x∗
3, x3x3x∗

1
x2x2x∗

3, x3x3x∗
2, x1x2x∗

3, x1x3x∗
2, x2x3x∗

1
9

U = 4

x1x1x∗
2, x2x2x∗

1, x1x1x∗
3, x3x3x∗

1
x2x2x∗

3, x3x3x∗
2, x1x2x∗

3, x1x3x∗
2,

x2x3x∗
1, x2

1x∗
4, x2

4x∗
1, x2

2x∗
4, x2

4x∗
2, x2

3x∗
4,

x2
4x∗

3, x1x2x∗
4, x1x4x∗

2, x2x4x∗
1, x1x3x∗
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2
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operating in the beam domain will scale in relation to the number of users
and the induced number of intermodulation terms. This will be understood
in greater detail in the next subsection.

Multinomial theory to determine beam domain sparsity
The number of intermodulation terms in beam domain approaches follows
from multinomial theory. For a P :th order nonlinearity with U users, stated
as

f(u) = (x1 + ...xU )|x1 + ...xU |P −1 , (5.9)

the number of terms in |x1 + ...xU |P −1 are(
P − 1 + U − 1

U − 1

)
, (5.10)

whilst (x1 + ...xU ) contains U terms. As such, (5.9) generates

NIM,U,P = U

(
P − 1 + U − 1

U − 1

)
, (5.11)

P :th order terms. Compared to (5.8), P = 3, U = 2 in (5.11) indeed generates
2·3 = 6 third order terms, namely x1|x1|2, x1|x2|2, x2|x1|2, x2|x2|2, x2

1x∗
2, x2

2x∗
1.

However, considering P = 3, U = 3, 4, 5 then the number of IM terms are 18,
40 and 75, respectively. An important note to this is that not all of these
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Figure 5.3: Beam-domain DPD for U users, precoded to generate B streams unique
in space, transmitted over L transmit branches.

terms will be emitted in unique spatial directions, as is clear from (5.8). In
fact, many of these will be emitted in user directions. Table 5.1 details the off-
beam terms for a third order nonlinearity, and U = 2, 3, 4 users, to showcase
this.

To linearize a system as in (5.8), two approaches will be detailed in the
following subsections. Firstly, so-called beam-domain DPD, and secondly a
novel contribution from referred to as virtual-array DPD.

Beam-domain digital predistortion
The works of [50] and [51] provide two examples of beam-domain DPD. These
approaches operate similarly to how 2D-DPD and 3D-DPD did in the multi-
band setting, namely by a multi-dimensional DPD operating on the input
data stream to generate appropriate multidimensional predistorted streams.
Beam-domain DPD is schematically visualized in Fig. 5.3, where B denotes
the number of unique main beams and off-beams. To compensate for the PA
example of (5.8), U = 2 and B = 4, with this scheme, time-domain streams

u1 = θ1x1 + θ3x1(|x1|2 + |x2|2)
u2 = θ1x2 + θ3x2(|x1|2 + |x2|2)
u3 = θ3x1

1x∗
2

u4 = θ3x1
2x∗

1 ,

(5.12)

can be generated by the multi-input, multi-output DPD, where θ1, θ3 are
DPD model coefficients. Implicit in generating these predistorted signals is
that they are to linearize PAs that are, at least approximately, the same
across different branches. Seen in Fig. 5.3, the DPD is applied prior to
beamforming, and the DPD coefficients can not at a stream-level account
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5.2 Multi-beam digital predistortion

for PA variations on each branch. The DPD stream generation is followed
by applying beamforming weights in W for these streams to go in the right
spatial directions.

The downsides of beam-domain DPD are twofold. As a first downside,
beam-domain DPD scales poorly with U , unless off-beams are neglected. Ne-
glecting off-beams might be motivated under certain circumstances, and for
relatively large U it was shown in [52] that the distortion tends to a uniform
spread across space with increasing U . However, this does not necessarily hold
that well for smaller U values. A second downside is the multidimensionality
of bases in BD-DPD. For polynomial base implementation, the multiplications
x1|x1|2 and x2|x1|2 might be equivalent to compute. However, for other DPD
methods such as look-up-tables, multidimensional bases are more computa-
tionally expensive [53]. This motivates looking into alternative DPD methods
for this setting.

Virtual array digital predistortion
From this chapter so far, two observations should be stated clearly. Firstly, if
the number of antennae L is approximately the same as the number of beams
B, then neither the antenna domain, nor the beam-domain, will be sparse.
Per-PA DPD is then a computationally effective single-input, single-output
linearization solution. Secondly, when U increases, the dimensionality of the
multi-input, multi-output DPD of Fig. 5.3 increases undesirably. Putting
these observations into the context where the number of antennae is far greater
than the number of unique data streams, L ≫ B, this section will show a
novel contribution on how linearization can be done in a virtual array of size
Lv ≈ B which utilizes the upside of the first observation, whilst avoiding the
short coming the second observation. This work is later found in greater detail
in Paper B.

In Fig. 5.4, the proposed virtual array (VA) DPD is shown. The VA-DPD
aims to produce predistorted user streams and off-beam IM terms in a low-
dimensional virtual array, and use these to linearize the larger, real transmit
array. This relies on carefully considering where all predistorted terms end up
in the virtual domain, such that they after the virtual array processing can
be used to linearize the real array. In detail, U user data streams x1, ..., xU

are beamformed in a virtual domain of size Lv. In particular, discrete Fourier
transform (DFT) based beamforming is performed, implemented with Fast
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Figure 5.4: Schematic of DPD using virtual array processing. The bar plots exem-
plify the beam space representation of beamforming the data streams
to beams and induced IM beams. Red and orange correspond to de-
sired user signals, purple to the injected distortion by the DPDs to
cancel out the unwanted distortion, shown in striped dark gray.

Fourier transforms (FFTs), placing user streams at indices b′
1, ..., b′

U on a grid
of beams. After the DPD nonlinearities, a set of {b′

1, ..., b′
U , ..., b′

B} beam di-
rections will exist with corresponding data streams. These data streams are
separable, leading to that the streams can be arranged correctly for precod-
ing onto the real array. This is exemplified in Fig. 5.5. Here, an example
is provided where after the DPD, FFT-beamforming is performed to precode
the user streams to beam indices {b1, ..., b3} = {2, 4, 6} on a beamgrid corre-
sponding to a uniform linear array of size L = 16. In Fig. 5.5a, the occurrence
of main beams, and the off-beam corresponding to the IM term x2

2x∗
1, is seen.

Here, it is noted that the stream x2
2x∗

1 will be emitted in the same spatial
direction as x3. Other IM terms, omitted from the illustration for clarity, will
either end up on unique beam grid indices or overlapping with {b1, b2, b3}.
The full set of beam indices in the real array will be {b1, b2, ..., bB}.

Fig. 5.5b and Fig. 5.5c illustrates two different virtual domains, of size
Lv = 7 and 13, respectively, with different virtual beam placements on the
grid. In Fig. 5.5b, {b′

1, b′
2, b′

3} = {1, 2, 3} is used, and it is observed that in this
virtual domain x2

2x∗
1 still ends up in the same direction as x3. Thus, as far as

the main beams and the IM term x2
2x∗

1 is concerned, the data representation
in Fig. 5.5b can be transferred to that of 5.5a by simply padding the beam
grid with zero entries and relocating data corresponding to beam indices.
Should this hold for all other generated IM terms as well, it follows that the
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(b) Lv = 7, {b′
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Figure 5.5: Beam occurrences for {b1, b2, b3} = {2, 4, 6} in real and virtual arrays,
with placement of x2

2x∗
1 highlighted.

virtual domain Lv = 7 with {b′
1, b′

2, b′
3} = {1, 2, 3} can represent the real

array without loss. Finer mathematical detail to exactly how this can be
performed is provided in Paper B. In addition, to complement Fig. 5.5b, Fig.
5.5c illustrates another virtual domain representation where all IM terms are
explicitly shown. Here, the IM term x2

2x∗
1 does not immediately overlap with

x3, as it would in the real array. However, it ends up on the virtual beam grid
at a unique location, i.e. a location with no other IM terms. Thus, it can be
moved to the beam grid index corresponding to x3, achieving the same result.

Fundamental differences from the domain reduction techniques used in pre-
vious multi-band works [49], [54] are twofold. Firstly, the dimensionality re-
duction is not done in the time or frequency domain. Spectral regrowth around
carriers does, as such, not need to be considered and the possibility of partial
spectral overlap is removed. Furthermore, the ability to model memory effects
is not diminished. Secondly, the orthogonality of the DFT-beamgrid allows
for easily discarding samples and zero-padding, as part of the filtering.

Through derivations and simulations in Paper B, it is shown that the virtual
domain can be made such that Lv ≈ B, thus leading to large savings in
computational complexity when B ≪ L. Furthermore, in contrast to BD-
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Chapter 5 Digital predistortion in multiple-input, multiple-output settings

DPD, the DPDs of Fig. 5.4 are single-input, single-output. Thus, the virtual
domain DPD will scale with B in terms of the number of DPDs needed, but
will never increase the dimensionality of the DPD units. Furthermore, Paper
B shows that this DPD scheme can be implemented with other precoding
techniques as well, and that it is more robust towards PA variations than the
beam-domain approach.

5.3 Digital predistortion using over-the-air
observations

Traditionally, DPD characterization and evaluation of residual distortion has
been done by observing the PA output signals directly. However, in MIMO
transmitters with many branches L, this approach can be challenged by the
proposition of using over-the-air measurements instead [55]–[57]. Firstly, from
a practical standpoint, it can be infeasible to measure each PA output in a
dense, large array. Secondly, measurements at the PA output may not op-
timally reflect the desired system performance. This first point is straight-
forward in that implementing output couplers at each PA output is not only
costly, but can be difficult from a signal routing perspective. The second point
will receive more detailed descriptions over the coming subsections.

Distortion shaping in space
Revisiting Fig. 5.2, it can be noted that measuring distortion at the output
of each PA will disregard any effect that the antennae or the channel have on
the emitted power. This and remaining subsections of this chapter, following
Paper C, will argue that minimizing the distortion at each PA’s output is not
necessarily equivalent to obtaining the best linearization performance over-
the-air.

Consider an array consisting of L branches, as in Fig. 5.6. As defined
in Chapter 4, for SISO DPD, the goal for linearization when measuring at
the PA output typically follows from (4.2). That is, the deviation of the PA
output yPA,l = fPA,l(zl), on branch l, from a desired output yPA,d,l should be
minimized as

min ||yPA,l − yPA,d,l||2 . (5.13)

This is equivalent to minimizing the NMSE, as in (3.13). Let, as in Fig. 5.6,
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Figure 5.6: MIMO transmitter with spatial filtering due to narrow field-of-vision
antennae. In red is the emitted power if all antennae radiated equally
well in the angular range (0, 180)◦, whilst blue is the emitted power
given the antenna spatial filter indicated with the dashed black line.

each branch l be equipped with a DPD with correponding coefficients θl, that
will affect the PA output yPA,l on that branch. Then (5.13) can be rephrased
in order to find the optimal DPD as

arg min
θl

||yPA,l(θl)− yPA,d,l||2 , (5.14)

for each branch l = 1, ..., L. Given this optimization critera, then if each PA
and desired output is the same, θ1 = ... = θL will follow. The following
paragraph will showcase an example where this is argued to be suboptimal
from a full system perspective.

Let a transmitter be equipped with multiple antennae that each have a
limited field-of-vision, radiating well to broadside but poorly in the endfire
direction. The combined array antenna radiation pattern is graphically visu-
alized by the dashed line in Fig. 5.6, and in relation to (2.16) represents an
antenna array pattern with the radiative properties

aϕ,f = sin3(ϕ) . (5.15)

For a considered narrow bandwidth, the frequency f can be omitted from
consideration. The model (5.15) is a bit arbitrarily chosen, but loosely based
on conducted over-the-air measurements.

Worth comment in regards to (5.15) is that power intended to radiate out-
side the field-of-vision is instead reflected back towards the transmitter, which
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Chapter 5 Digital predistortion in multiple-input, multiple-output settings

in practice often can be handled with a circulator, after which the power even-
tually dissipates into heat. Noting that much of the power and distortion
generated at the PA output is actually reflected if they are emitted in the
endfire directions, the question is if that distortion is equally important to
compensate for in the DPDs as the distortion emitted towards the broadside
direction. Dissipating power into heat in the transmitter due to antenna re-
flections is undesired, but unavoidable. Furthermore, the distortion power is
typically tens of dBs less than the linear power, and as such has close to neg-
ligible impact on heat dissipation. In contrast, it can have a notable impact if
radiated towards users or interfering with other operators over-the-air. This
argues for that shaping the distortion spatially could actually be beneficial for
overall system performance. Thus, consider the optimization problem

arg min
θ
||HyPA(θ)− yd|| , (5.16)

in contrast to (5.14), where

yPA(θ) =
[

yPA,1(θ1)
...

yPA,L(θL)

]
, H = [ h1 ... hL ] , (5.17)

and yd is the desired signal transmitted in directions q = 1, ..., Q, compared
to Figure 5.6. Here, each vector hl denotes the channel from branch l to the
Q observation locations over-the-air. With the antenna pattern (5.15) as part
of the channel, some of the elements in hl will have lower magnitude, i.e. less
channel gain. Thus, those directions are less impactful in (5.16). Increasing
distortion in such directions, to the benefit of lower distortion in high antenna
gain regions, can then decrease the summed error ||HyPA(θ) − yd||. This
argues for the potential benefit of spatial distortion shaping.

A conceptually similar idea to (5.16) was proposed in previous work [58].
There, a common DPD alongside LUTs to control PA biasing in a hybrid
MIMO array, were used to supress sidelobes as well as reduce distortion in
the main beam direction. However, no explicit optimization criterion such as
(5.16) is stated to consider distortion across different spatial directions.

Before reaching the metric proposed in Paper C, considerations in frequency
will be discussed as well.
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5.3 Digital predistortion using over-the-air observations

Distortion shaping in frequency
In-band distortion and out-of-band distortion are important to consider for
different reasons during wireless transmission. In-band distortion will deterio-
rate system performance for the intended user, and any other adjacent system
using the same frequencies. Out-of-band distortion needs to be regulated to
not interfere with neighboring operators or systems, and is in SISO systems
typically quantified with ACLR as defined in (3.12). In MIMO systems, it is
also important to consider the spatial distribution of out-of-band radiation.

Lowering in-band distortion allows for a higher modulation order to be
utilized for communication, at an acceptably low error rate. On the other
hand, for lower modulation orders, the in-band distortion does not necessarily
need to be very low for reliable communication. Instead, in-band distor-
tion can be allowed to increase, in order to improve out-of-band distortion.
One conventional way of performing this in practical communication systems
is via various crest-factor reduction (CFR) methods. One common, itera-
tive method is clipping-and-filtering [59]. Conceptually, the CFR reduces the
PAPR, as defined in (3.10), whilst the DPD that typically follows afterwards
increases PAPR. This, seemingly contradictory, process has not always been
co-optimized to yield optimal linearization. Some works have however ad-
dressed joint CFR with DPD [60], [61], and others have addressed frequency-
selective DPD approaches using time-domain filtering techniques [37], [62].
One recent paper also addresses the need for a frequency weighted approach
to distortion compensation in DPDs, with a Pareto-optimal approach [63].
Lastly, in [36], a frequency-domain approach that allows for frequency selec-
tive linearization was proposed, allowing for flexible DPD linearization in the
frequency domain.

Distortion shaping in both frequency and space
To the author’s best knowledge, no previous work have addressed how the
spatial dimension can be utilized in a MIMO setting to not only determine
a good trade-off between in-band and out-of-band distortion, but also where
to in space each type is to be emitted. As such, let each DPD, on branches
l = 1, ..., L be defined in a frequency domain formulation as

ẑl[k] = F̂l[k]θ̂l[k] , (5.18)
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where k is a frequency index, ẑl is the frequency domain representation of the
DPD output zl, F̂l are DPD bases and θ̂l DPD coefficients. For generating
the vector of DPD inputs across all branches at frequency k, ẑ[k], then

ẑ[k] = F̂ [k]Θ[k] =


F̂1[k]θ̂1[k]
F̂2[k]θ̂2[k]

...
F̂L[k]θ̂L[k]

 . (5.19)

Similarly, let ŷ
(q)
d [k] be the frequency domain representation of the desired

signal at spatial index q. Modifying (5.16), Paper C proposes the optimization
criterion

arg min
Θ

Q∑
q=1

K∑
k=1

wq,k

∣∣∣ŷ(q)
d [k]− h(q)fPA(F̂ [k]Θ[k])

∣∣∣ . (5.20)

for the set of DPD coefficients Θ = [ Θ[1] ... Θ[K] ], to incorporate error weight-
ing in both frequency and space. Here, h(q) is the channel vector from branches
l to direction q and wq,k are weights for the frequency sample k and spatial
sample q. A higher wq,k penalizes distortion at a particular frequency k, and
in a particular point in space q, more. Using (5.20), and a frequency-domain
DPD implementation as in [36], Paper C shows that in-band and out-of-band
distortion can be shaped separately to better yield a desired distribution of
in-band and out-of-band distortion in space.
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CHAPTER 6

Summary of included papers

This chapter provides a summary of the included papers.

6.1 Paper A
Björn Langborn, Christian Fager, Rui Hou, Thomas Eriksson
Improved Digital Predistortion for Concurrent Multiband Transmission
Using Frequency Relocation
Published in IEEE Microwave and Wireless Technology Letters,
vol. 33, no. 7, pp. 1071–1074, March 2023.

In Paper A, a DPD schematic adapting bandwise finite impulse response
filters to compensate for wideband PA variations in a concurrent multi-band
DPD is proposed, and experimentally validated.

Björn contributed with the main parts of the research, implementation,
experimental validation and writing. All coauthors contributed significantly
with internal paper review. As for technical contributions, Rui contributed
with input on the DPD schematic and practical DPD considerations. Chris-
tian contributed with help in experimental work, and early-stage idea refine-
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ment. Thomas contributed with implementation ideas and practical DPD
considerations.

6.2 Paper B
Björn Langborn, Christian Fager, Rui Hou, and Thomas Eriksson
Concurrent multi-beam digital pre-distortion using FFT beamforming
and virtual arrays
Submitted to Sensors, special issue on "Advancements in Power Ampli-
fier Design and Linearization Techniques for Wireless Communication
Systems". Available as preprint, doi: 10.20944/preprints202602.0713.v1.

In Paper B, a novel DPD scheme for concurrent multi-beam transmission
in MIMO arrays is proposed. It is especially useful for large transmit arrays,
and utilizes a so-called virtual array to perform DPD in a lower-dimensional
space than the physical array, thus lowering DPD computational complexity.
Mathematical motivation and simulation results showcase the validity and
benefit of the proposed approach, showcasing manyfold reductions in DPD
complexity.

Björn contributed with the main parts of the research, implementation and
writing. All coauthors contributed significantly with internal paper review.
As for technical contributions, Christian contributed with early stage idea
refinement. Rui contributed with the initial research idea, and along the
way with discussions on the mathematical foundation. Thomas contributed
with help in generalization, and broadening the applicability of the method,
alongside refining mathematical clarity.

6.3 Paper C
Björn Langborn, Siqi Wang, Thomas Eriksson
Distortion shaping in space and frequency using digital predistortion in
MIMO transmitters
Submitted to IEEE Communications Letters.

In Paper C, a novel approach to frequency and spatial distortion shaping
for nonlinear MIMO transmitters is proposed. By defining a new metric,
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6.3 Paper C

and adaptation of a frequency-selective DPD scheme jointly optimized across
branches, it is shown that in-band and out-of-band distortion can be shaped
in how they radiate spatially.

Björn contributed with the main parts of the research, implementation and
writing. All coauthors contributed significantly with internal paper review.
As for technical contributions, Siqi contributed with advice on system mod-
eling and the simulation setup. Thomas contributed with early stage idea
refinement and implementation.
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CHAPTER 7

Concluding Remarks and Future Work

This thesis concludes that there is great potential of complexity reduction,
often with little to no performance loss, in sparse multi-user settings. In the
frequency-sparse, concurrent multi-user setting, state-of-the-art DPD research
has focused on trading a single high sampling rate SISO-DPD to either a
medium-rate SISO-DPD with pre-processing, or to a low-rate MIMO-DPD.
The largest reduction in complexity, and best performance, can be obtained
when carrier frequencies are equally spaced. Considering instead the spatially
sparse, concurrent multi-beam setting, some conclusions from the frequency-
sparse setting are transferable, whilst some are not. Linearization sparseness
in the concurrent multi-beam setting can be achieved by exchanging many
SISO-DPDs, to either a medium amount of SISO-DPDs, or to a single MIMO-
DPD. Maximal complexity reduction is obtained when users are evenly spaced
on the spatial FFT-beamgrid, seen in Paper B.

In contrast between the settings, downsampling in the time-domain, as done
in the frequency relocation approach of Paper A, results in decreased ability to
model short time-scale memory effects. In the spatial downsampling approach
of Paper B, no time-frequency information is lost, and as such no ability to
model memory effects. Additionally, the computational sparsity of the system
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Chapter 7 Concluding Remarks and Future Work

is increased by neglecting higher order IM terms. In practice this can most
often be justified by observing that high order IM terms can be comparable
in terms of power to the noise floor, although for highly nonlinear PAs this
might hold less true.

There are likely many avenues for future work on these topics, in particular
for utilizing spatial sparseness which so far has seen less research. A few
research questions that could be of interest for future work include:

• How can practical PA variations in a MIMO array best be handled when
not doing per-PA DPD? Can PA design and knowledge be utilized to
not deteriorate performance in such systems, or perhaps even improve
it?

• Can the formulation for finding a virtual DPD domain be rephrased,
such that an analytically closed expression can be found - relating the
beam indices and domain size in the virtual domain to those in the
original domain?

• Can the dimensionality reduction of the virtual domain, of Paper B, be
better performed using e.g. non-uniform downsampling in the antenna
space?

• What avenues for complexity reduction are available whilst performing
spatial and frequency distortion shaping, by the metric or approach of
Paper C?
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1 Introduction

Abstract

In concurrent multi-band settings with large carrier spacings
between bands, digital pre-distorter (DPD) implementations
face the issue of how to linearize a sparse signal spectrum
spanned over large bandwidths at low computational complex-
ity. Frequency relocation is one possible approach, which in-
volves relocating baseband carriers to have reduced frequency
spacing with the help of band-limiting functions, to yield a
denser and smaller signal bandwidth for the DPD to linearize.
In this paper, frequency relocation for transmitters with fre-
quency varying gain and phase is explicitly considered. It is
shown that band-wise pre-equalization during frequency relo-
cation can reduce the computational complexity for a certain
allowed in-band error.

1 Introduction
Modern cellular networks employ multiple frequency bands simultaneously.
The low-frequency bands have favorable propagation and penetration proper-
ties for network coverage, whereas the high-frequency bands have more abun-
dant spectrum for network capacity. Although concurrent multi-band capa-
bility is highly desirable for wireless base-station transmitters, this capability
is rarely seen in practical systems due to significant technical challenge in
transmitter linearization.

Digital pre-distortion (DPD) techniques are ubiquitous, and well-performing,
for linearization and compensation of non-linear distortion in radio frequency
power amplifiers (PAs). DPDs enable PAs to operate with high output power
and efficiency, whilst still meeting stringent linearity requirements. In con-
trast to wideband DPDs, which focus on linearizing a wide and contiguous
spectrum, a key challenge for multi-band DPD is how to handle sparse, yet
wide, bandwidths without drastically increasing DPD complexity. Another
challenge is how to address intra-band, and unfilterable inter-band, inter-
modulation (IM) that do not arise in single-band transmitters.

DPD for single-band transmitters is a well researched topic, and it serves as
a foundation for multi-band DPD. However, single-band DPD solutions are
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neither computationally efficient for sparse multi-band signals, nor do they
explicitly consider the aforementioned types of IM products. When it comes
to DPDs specifically for the multi-band setting, solutions like the 2D-DPD
and 3D-DPD have been proposed [1]–[4]. The 2D-DPD solutions consider a
dual-band input and solve the issue of having sparse, yet wide, bandwidth
to linearize by using a DPD per band, so that each DPD can operate at a
low complexity. Intermodulation is considered by having the baseband data
of each band as input to each DPD. Whilst this works well for the dual-
band and tri-band cases, multi-band linearization using such an approach
becomes increasingly complex in terms of e.g. the number of basis functions
and number of DPDs as the number of bands increase.

A more recent paper presented the concept of frequency relocation for con-
current multi-band linearization [5]. The main idea of frequency relocation is
to relocate bands that are widely spread apart to lie closer to one another,
since this allows the DPD to operate on data sampled at a lower rate, which
reduces computational complexity. However, considering that the gain and
phase response of a transmitter can vary significantly over large frequency
ranges, the frequency relocated system response will exhibit the same varia-
tions but over a smaller bandwidth. This poses a challenging compensation
problem for the DPD. This paper seeks to address how transmitter gain and
phase variations can be taken into consideration, by introducing band-wise
pre-equalization blocks in the schematic.

In the paper that follows, Section 2 describes frequency relocation in more
detail. In Section 3, the proposed frequency relocation scheme using pre-
equalization coefficients is presented. Lastly, Section 4 elaborates on the ex-
perimental setup and results to verify the proposed approach.

2 Frequency relocation system description
A schematic outlining the steps involved in frequency relocation can be seen
in Fig. 1. Starting from the right side, the goal is to produce an output y

as similar as possible to yd, the desired output. Given that the PA has some
gain variation over frequency, indicated in solid lines in the graph above the
PA, and some non-linearity, then a specific u must be input to achieve y at
the output. It is seen from the schematic that this u is produced by relocating
the bands in u′. Furthermore, u′ is obtained by a non-linear mapping from y′

d
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3 Proposed DPD schematic

yd Frequency
relocation

y′
d

DPD
u′ Inverse

frequency
relocation

u
PA

y

yd

ỹd,1

ỹd,K

a1

aK

y′
d

Figure 1: Simplified schematic of the frequency relocation concept, with the pro-
posed modification elaborated below. The lines in the u spectrum indi-
cate the gain profile of the PA. The colored regions refer to the sample
rates of signals in that region. Here, red, blue and green corresponds to
low, medium and high sample rates respectively. The symbols a1, ...aK

are vectors, and refer to FIR filter coefficients for pre-equalization.

using the DPD, and y′
d obtained by relocating the input signal yd.

The issue with wide, yet sparse, bandwidth is here solved by relocating
all bands to a lower frequency range during linearization. Additionally, IM
products are accounted for by the choice of frequency spacing, as detailed in
[5]. Briefly stated, if the original frequency spacing is even then the relocated
frequencies are chosen to be evenly spaced as well, so that all IM end up band-
centered. A bandwidth large enough for characterizing the PA’s response
around each band is chosen, which has been done in previous works as well
as only frequency components around each carrier are typically significant for
the PA output formulation [6], [7]. The separation of relocated bands is kept
to have non-overlapping spectral regrowth. If the original frequency spacing
is uneven, IM will end up out-of-band and one typically places bands as close
as possible without getting IM partially in-band.

3 Proposed DPD schematic
A key observation to note from Fig. 1 is the fact that the PA’s complex gain
can vary across different frequencies. These variations typically vary smoothly
over a continuous range of frequencies, and within each band the variations are
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likely not very large. However, for large carrier spacings these variations can
yield significantly different gain and phase responses for the different bands
in a multi-band signal. These observations are exemplified in Figure 2b, and
it can be understood that the optimal input u to the PA will reflect these
gain variations. Furthermore, when inversely relocating the signal u to u′ it is
clear that the gain transition between bands in u′ becomes more abrupt. So
if the bands in y′

d are unaltered from their magnitudes and phases in yd, the
DPD has to compensate for the gain transition, in addition to the effects that
occur with a more frequency flat response of the PA. From the time-frequency
duality it can be realised that if the DPD has to compensate a sharp transition
in the frequency domain, this corresponds to that the DPD requires a longer
memory in time. Thus, the DPD complexity increases. In [5], no explicit
consideration to this observation is made.

However, it was noted that the variations within each band are not expected
to be very large. So if the abrupt changes in gain and phase between bands
are handled band-wise, i.e. in a small frequency region around each carrier
instead of over the whole frequency span, we expect that it can be done at a
very low complexity per band. Thus, the novelty of this work is to address
the sharp transitions by using band-wise pre-equalization filters to get y′

d, to
make the DPD mapping from y′

d to u′ easier. As detailed in the experimental
results, this can both improve performance and reduce complexity compared
to the original frequency relocation technique.

The proposed schematic is presented in Fig. 1. Compared to [5], FIR
filters a1, ...aK for each band are introduced here, that can adjust adjust the
signal magnitudes and phases in y′

d. Worth noting is that if the PA gain
and phase is equal in each band then the optimal choice of coefficients are
ai = 1, i = 1, .., K and the proposed method becomes equivalent to [5].

Determining the coefficients in a1, ..., aK requires joint optimization with
the DPD coefficients. The normalized mean square error (NMSE) ϵyd

=
Σi(yd[i]− y[i])2/Σiy

2
d[i] is chosen as the performance metric to be minimized,

and the minimization is done iteratively. First, an initial choice of a1, ..., aK

can be made e.g. based on the linear gain characteristics of the PA. Sec-
ondly, linear least squares optimization is performed for the DPD to minimize
Σi(y′

d[i]−u′[i])2/Σiy
′2
d [i]. Then, ϵyd

can be computed after measuring y. After
this, a1, ..., aK are updated using numerical optimization [8], and the itera-
tion starts over. The goal is to find the best a1, ..., aK to simplify the DPD
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4 Experimental setup and results

Table 1: ACLR and NMSE from quad-band measurement with no DPD,
frequency relocation without or with a pre-equalization coeffi-
cient per band, or without frequency relocation, for different
GMP orders. Scalar, band-wise, post-equalization is used for
each measurement. For compactness, each ACLR value corre-
sponds to the side of the band with most power leakage.

ACLR [dBc]
NMSE [dB]

No DPD
DPD w/o
frequency
relocation

Yu et al.[5] This work

2.98
GHz

3.23
GHz

3.48
GHz

3.73
GHz

2.98
GHz

3.23
GHz

3.48
GHz

3.73
GHz

2.98
GHz

3.23
GHz

3.48
GHz

3.73
GHz

2.98
GHz

3.23
GHz

3.48
GHz

3.73
GHz

P =7,M=3,
G=0 -39.1

-31.2
-38.7
-30.7

-36.9
-29.1

-37.6
-29.8

-49.1
-41.9

-48.9
-41.6

-49.0
-42.3

-48.5
-41.5

-47.8
-38.2

-48.1
-40.1

-46.4
-37.4

-48.7
-36.6

-48.6
-39.5

-47.2
-39.0

-47.3
-39.2

-48.4
-39.2

P =7,M=3,
G=1

-50.5
-43.7

-49.3
-42.0

-49.6
-43.0

-49.9
-43.1

-48.9
-36.1

-49.0
-39.3

-49.6
-37.9

-49.3
-41.1

-49.1
-41.6

-49.4
-40.7

-48.6
-40.6

-49.4
-41.9

P =7,M=5,
G=1

-50.6
-43.7

-49.3
-42.1

-49.7
-42.9

-49.9
-43.2

-50.4
-42.6

-49.5
-39.9

-50.2
-37.9

-49.9
-42.6

-49.9
-42.1

-49.3
-41.5

-48.8
40.8

-49.9
-42.2

mapping from y′
d to u′, resulting in a lower ϵyd

for a given DPD complexity.
Whilst the proposed scheme is a special case of a general cascade DPD

structure, previous work such as [9]–[12] are not ideally suited to, with low
complexity, address the aggravation of memory effects and gain transitions
caused by frequency relocation. Thereby, this work is of use to reduce com-
plexity for frequency relocation DPDs with sparse multi-band signals.

4 Experimental setup and results
To demonstrate the proposed schematic, a Keysight M9410A VXT PXI Vector
Transceiver has been used to transmit signals through a MiniCircuits ZHL-
16W-43-S+ power amplifier, as seen in Figure 2a. The Peak-to-Average Power
Ratio of yd was reduced to 9 dB using iterative clipping-and-filtering. Itera-
tive Learning Control [13] was adopted for finding an optimal input signal u

to linearize the PA, after which Generalized Memory Polynomial (GMP) [6]
models of varying orders were adapted to map y′

d to u′. The GMP models
are characterized by their non-linearity order P , memory depth M and cross-
memory depth G. Using all non-linearity terms, the coefficient complexity of
the DPD can be calculated as

CDPD = P (M + 1)(2G + 1) , (A.1)
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MATLAB control
ZHL-16W-43-S+

Attenuator

M9410A

(a)
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39
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-10
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Figure 2: Experimental setup for the DPD measurements in 2a, and PA gain char-
acterization in 2b. For 2b, the linear gain and phase (magnitude and
phase of S21) of the PA at center carrier 3.35 GHz, is viewed in the base-
band domain. The dots highlight the band placement for the results in
Table 1.

whilst the total coefficient complexity becomes

Ctot = P (M + 1)(2G + 1) + KMp , (A.2)

where Mp is the pre-equalization filter length in each of the K bands. For the
following results, Mp = 1 was used.

A complex baseband signal yd, containing four frequency spaced 10 MHz-
bands centered around -375, -125, 125 and 375 MHz was sent from Matlab to
the M9410A, upconverted with a carrier of 3.35 GHz and transmitted. Relo-

-390 -375 -360

-125

-115

-105

-95 

-85 

-75 

-140 -125 -110 110 125 140 360 375 390

yd
No DPDYu

This
work

Figure 3: Power spectral density (PSD) of the desired quad-band signal yd (in
blue), and the errors eYu = yYu − yd, eL = yL − yd, en = yn − yd in each
band, seen in yellow (Yu et. al method [5]), purple (this work) and red
(no DPD) respectively. The GMP order is P = 7, M = 3, G = 1.
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4 Experimental setup and results

cated frequencies were chosen as -75, -25, 25 and 75 MHz. The low, medium
and high sampling rates (corresponding to red, blue and green regions in Fig-
ure 1) were chosen as 50 MHz, 200 MHz and 1200 MHz.

In Figure 3, a desired quad-band output signal (in blue) and the errors
e = y− yd for the cases of no DPD (in red), Yu et. al.’s method [5] (in yellow)
and the proposed method (in purple) are shown. The corresponding NMSE,
and largest adjacent channel leakage ratio (ACLR) for each band, are found in
Table 1. Firstly, it is seen that the addition of a pre-equalization coefficient per
band improves linearization performance when the GMP complexity remains
the same, comparing this work to [5]. Secondly, it can be seen that not even
for a GMP of order P=7, M=5, G=1 can the method of [5] reach an NMSE
below -39 dB for all bands, whilst this is achieved already at P=7, M=3,
G=0 for this work. Using (A.1), the case P=7, M=5, G=1 results in 126
DPD coefficients. For the proposed method, using (A.2) the case P=7, M=3,
G=0 results in a total of 32 coefficients. Thirdly, it is seen that linearization
without frequency relocation performs best, though it requires 6 times higher
sample rate for the DPD data, which may be practically unfeasible.

Finally, the results of a dual-band measurement varying Mp can be seen
in Table 2. Here, the bandwidth of each signal is 50 MHz and the bands are
centered around −220 and 220 MHz respectively, with a carrier frequency of
3.35 GHz. Relocated frequencies were -125 and 125 MHz, and the sample rates
chosen as 250, 520 and 720 MHz respectively. Relocated frequencies were -125
and 125 MHz, and the low, medium and high sample rates chosen as 250, 520
and 720 MHz respectively.

Firstly, it can be seen from Table 2 that in terms of NMSE, increasing Mp

can move some of complexity from the DPD to the FIR-filters, comparing
especially the case Yu et al. M = 3 against the case M = 2, Mp = 3 for the
proposed approach. That can be advantageous, since the FIR-filter compu-
tations are performed at a lower sample rate and requires no additional cost
for generating basis functions [14]. Secondly, it can be seen that cases occur
where it is more computationally efficient to increase the FIR-depth than to
increase the DPD memory. Looking at the case M = 3 , Mp = 3, it corre-
sponds to a coefficient complexity of 34 according to (A.2). In comparison,
M = 6 corresponds to a complexity of 49 according to (A.1).
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Table 2: ACLR and NMSE from dual-band measurement using
no DPD, and frequency relocation without or with pre-
equalization with Mp coefficients per band. The GMP mem-
ory M varies, but with fixed P = 7, G = 0. Scalar, band-wise,
post-equalization is used for each measurement. For compact-
ness, each ACLR value corresponds to the side of the band
with most power leakage.

ACLR [dBc]
NMSE [dB] No DPD Yu et al. [5] This work

M=2 M=3 M=6 M=2,
Mp=1

M=2,
Mp=3

M=3,
Mp=3

3.13
GHz

-36.2
-27.9

-45.8
-30.4

-46.3
-38.0

-46.4
-39.4

-46.8
-37.2

-46.8
-41.1

-47.7
-42.2

3.57
GHz

-34.8
-27.3

-45.7
-34.4

-46.4
-40.5

-46.5
-40.6

-44.7
-37.7

-44.8
-38.0

-45.9
-39.3

5 Conclusion
Using band-wise pre-equalization in a frequency relocating DPD linearization
scheme, the concurrent multi-band linearization performance can be improved
at a lower coefficient complexity. The method improves upon previous work
[5] when the PA gain and phase vary for different carriers.
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1 Introduction

Abstract

A digital predistortion (DPD) scheme for concurrent multi-
beam transmission in fully digital multiple-input, multiple-
output (MIMO) systems, using fast Fourier transform (FFT)
beamforming and so-called virtual array processing, is pro-
posed. In a MIMO array with nonlinear power amplifiers
(PAs), transmitting multiple beams concurrently yields inter-
modulation products that end up in both user and non-user
directions. In the setting with few users in a large array, the
array dimension will typically be much larger than the num-
ber of generated intermodulation products. At the same time,
linearization per-PA is excessively costly for large arrays. This
work shows that is instead possible to linearize the system by
producing predistorted user beams, and non-user intermodu-
lation products, through DPD processing in a virtual array, of
a much smaller dimension than the physical array. Theoretical
derivations and simulation examples show how this approach
can lead to manyfold reductions in DPD complexity.

1 Introduction
Multi-antenna transmitters offer the possibility to spatially direct multiple
beams1 concurrently, which is of interest for many applications. For commu-
nication, it allows base stations to serve multiple users in different locations
concurrently. For localization and sensing, utilizing multi-beam schemes can
improve localization accuracy[1]. To utilize these possibilities fully in future
radio systems, the number of transmit branches is expected to increase dra-
matically. Simultaneously, operating PAs with as high efficiency as possible
always comes with a compromise in their linearity. However, generating dis-
tortion due to non-linear operation is problematic for multiple reasons. Firstly,
distortion will be emitted in-band in the directions of the users, deteriorat-
ing communication link quality. Secondly, distortion will be generated both

1The concept of a beam in this paper will sometimes be used interchangeably with a
precoded data stream, generalizing statements from line-of-sight to other channel con-
ditions.
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in-band and out-of-band into non-user directions and can interfere with other
systems. As such, non-linear distortion must be considered to fulfill transmis-
sion requirements. To this end, DPD is widely adopted.

To linearize multi-antenna transmitters, numerous schemes have been pro-
posed, as detailed in Section 1.1, in which this paper will focus on fully digital
beamforming. Some works have been either concerned with cancelling dis-
tortion specifically in user directions [2], [3], or cancelling distortion going
in all directions from the transmitter when one main beam is considered [4].
Recent, state-of-the-art research has also considered distortion cancellation
in different beam directions whilst concurrently transmitting multiple beams,
so-called beam domain DPD (BD-DPD) [5], [6].

BD-DPD for multi-beam linearization is similar to multidimensional DPDs
from the concurrent multi-band setting, such as 2D and 3D-DPD [7]–[10].
These linearization approaches take multiple user data streams as input to a
DPD, and combines the streams to generate a set of multi-dimensional basis
functions. As such they suffer the drawback of a drastically increasing number
of multi-dimensional basis functions as the number of user streams increase.
One alternative approach to this in the multi-band setting is frequency re-
location [11], which involves relocating bands to lie closer in frequency, and
generating all the necessary basis functions for linearization through a single
nonlinearity before inverse frequency relocation. No similar technique to this
exists in the multi-beam setting, to the authors’ best knowledge.

1.1 Previous work
Handling distortion emitted from multi-input, multi-output (MIMO) trans-
mitters can be done differently depending on system requirements, available
resources and number of users to be served simultaneously. Previous work
within two approaches for considering the emitted distortion will be briefly
outlined here.

A first approach to handling nonlinear distortion in MIMO transmitter sys-
tems, done in e.g. [12], is to make distortion nulls in the beamforming pattern
in specific directions. However, in [12] a single-user scenario is studied, re-
ferring to [13] for the observation that in a setting with either many beams
and/or multiple channel taps, the distortion tends to be quite isotropically
transmitted. This glosses over the case when e.g. there are multiple, but few,
beams in relation to the array size. Additionally, a nullforming approach can
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prevent distortion from being transmitted in specific directions, but it will not
be able to prevent distortion from being generated at the PA outputs and sub-
sequently transmitted in many directions. For that, distortion compensation
is needed.

A second approach to handling nonlinear distortion is thereby through lin-
earization. In a fully digital beamforming MIMO system, the most straight-
forward approach to linearization is adopting one DPD per PA in the trans-
mitter chain. However, whilst likely to work well for linearization it is quite
costly, both economically and in terms of energy consumption as well as in
complexity, as the number of transmit branches increases. To address this,
researchers have suggested alternative solutions.

For a MIMO transmitter with a single beam, so-called full-angle DPD [4]
has been proposed. Here, instead of linearizing L PAs with L equal-size DPDs,
it is proposed to use a common DPD for all branches and to perform only mi-
nor tuning in the branches to consider branch-wise variations. It is shown to
perform well, and to be able to effectively cancel distortion from the trans-
mitter. Worth noting in this approach is that it still requires tuning for all
the branches but one, that is used as reference. From their results it can be
seen that the tuning boxes are not insignificant in size, as their common DPD
had 21 coefficients whilst the tuning boxes each had 3-10 coefficients. Lastly,
the DPD scheme considers only a single beam, whilst it in practice is of great
interest to transmit multiple beams concurrently.

Several works addressing the topic of multi-beam linearization are avail-
able. In [3], the objective is set to cancel inter-user distortion arising due
to concurrent multi-beam operation, which is verified to work well for two
users. Similarly, a technique for cancelling inter-user distortion is proposed
and verified for three users in [14]. However, none of these works consider the
distortion in non-user directions.

In [5] BD-DPD was adopted to perform linearization prior to the beam-
former, using the user data streams rather than the precoded data streams
going to each PA. With this approach, the DPD complexity scales in relation
to the number of users K and user stream intermodulation products, rather
than the number of antennas L. For K ≪ L, this can yield large complex-
ity savings. As aforementioned though, in similarity to 2D- and 3D-DPD
for multiband signals, the number of intermodulation products scales drasti-
cally with larger K. Furthermore, it results in multi-dimensional bases, e.g.
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basis functions of the form x1x2x∗
3. This is important to note, as for how

the DPD scheme can be adapted to a look-up table (LUT) implementation,
which is often made in practice to reduce arithmetic computations at the ex-
pense of memory. Adaptation of multi-dimensional basis functions to LUTs
requires multi-dimensional tables, which both increases memory use but also
computational cost for interpolation and extrapolation operations. This is
exemplified in [15] for concurrent dual-band transmission. Lastly, BD-DPD
assumes equal PAs across branches. In the presence of PA variations, the
performance of BD-DPD is expected to deteriorate.

1.2 Key contributions and paper organization
In this paper, a novel approach to DPD processing using a so-called virtual
array is proposed, for concurrent multi-beam linearization. In essence, the vir-
tual array processing involves passing user streams through a low-dimensional
virtual transmit array structure, and a virtual channel, whose operation is
dependent on that of the actual transmit array. In the actual transmit array,
L branches with nonlinear PAs will generate intermodulation (IM) distortion
that will be emitted over-the-air (OTA) in both user and non-user directions
when the signals are passed through antennae. In the virtual array instead, Lv
branches with nonlinear DPDs aim to produce IM terms to cancel out those
generated in the real array, though with much fewer branches, Lv ≪ L. It has
similarities to how previous work performed dimensionality reduction for the
multi-band setting, utilizing frequency domain sparseness, via frequency relo-
cation [11] or non-uniform downsampling [16]. However, this work performs
dimensionality reduction for the multi-beam setting, utilizing so-called beam
domain sparseness.

The specific contributions of this paper are as follows:

• A novel approach to multi-beam DPD for MIMO transmitters, perform-
ing DPD in a small virtual antenna space, is proposed and exemplified.
It is shown how such an approach can lead to manyfold reductions in
complexity.

• Practical considerations in implementing the proposed scheme are ac-
counted for, through simulation and discussion, considering multi-user
cases, different channels and LUT implementation.
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• Simulation results verify the theoretical findings, and show the applica-
bility of the proposed scheme, and how the DPD scales in computational
complexity in relation to the number of users.

To lead up to those contributions, the paper is organized as follows. The
assumed system model description is expanded upon in Section 2. Firstly,
in Subsection 2.1, the model description is expanded upon in order to com-
prehend how distortion is spatially distributed in the beam domain during
concurrent multi-beam operation. After that, in Subsection 2.2, Fast-Fourier
Transform (FFT) beamforming is described. This is followed in Section 3
by an example, where the orthogonality of FFT beamforming highlights the
sparsity of the beam domain after over-the-air (OTA) transmission. Section 4
goes on to describe how processing in a virtual array, smaller than the actual
physical one, can produce the same linearization signals as per-PA (PP) DPD
but at a lower computational cost. Lastly, numerical simulation results are
presented in Section 5 to verify the proposed approach, alongside a conclusion
in Section 6.

2 System modeling
The system modeling of this work focuses on a discrete time-domain, baseband
description of concurrent multi-beam transmission in a fully digital multi-
branch transmitter setting. Firstly by detailing how intermodulation prod-
ucts, arising from nonlinear PAs, can be understood in such a description,
and then related to FFT-beamforming as to motivate the suitability of the
proposed approach.

Concepts referred to in this work is the beam domain, and the antenna
space. The beam domain is a domain encompassing signals that have propa-
gated through a channel and, as a result of beamforming, have formed beams.
In Fig. 1, this domain is indicated with the red and orange beams, that
are observed over-the-air in different directions as signals y(1), ..., y(Q). The
user streams x1, ..., xK are contained in some of these beams, whilst others
contain only IM terms. In contrast, the antenna space refers to the signals
on the different transmit branches, prior to channel propagation. In Fig.
1, the antenna space encompasses the signals u1, ..., uL, z1, ..., zL but also
fPA,1(z1), ..., fPA,L(zL). The spaces are as such related through multiplica-
tion with a channel or beamforming matrix. For a channel H ∈ CQ×L, a
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z1
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DPD1
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uL
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x1

xK

y(1)

y(2)
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fPA,1(·)

fPA,L(·)

H

Figure 1: Concurrent multi-beam transmitter schematic of K data streams, beam-
formed by W , passed through DPDs, transmitted through PAs on L

antenna branches and observed at Q receiver positions.

signal z ∈ CL×N in the antenna space, where N is the number of baseband
data samples, the corresponding beam-domain signal is Y = Hz ∈ CQ×N .
This relation is of particular interest when Q = L, and H is an orthogonal
matrix, as will be later seen in the subsection on Fast-fourier transform beam-
forming. Additionally, whilst this paper initially expands upon the relation
between the antenna space and beam domain in the context of line-of-sight
(LOS) channels, it is later addressed for non-LOS conditions as well.

2.1 Concurrent transmission of multiple beams
Consider the schematic setup of Fig. 1, but start by letting the DPDs be
bypassed such that zl = ul, l = 1, ..., L. In this setup, the beamformer W is
formed to direct user streams x1, ..., xK to directions 1, ..., Q in matrix form
as

W = [ w(1) ... w(K) ] , (B.1)

with ||w(k)||2 = 1, yielding PA input signals z1
z2
...

zL

 = [w(1), ..., w(K)]

 x1
x2
...

xK

 . (B.2)

Alternatively, the signal zl passed to PA l can be written as

zl = w
(1)
l x1 + ... + w

(K)
l xK . (B.3)

Now, it is well-known that an infinite Volterra series can model any non-linear
function, such as PAs. For practical application however, finite truncations of
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the Volterra series are instead used frequently. For qualitative analysis here,
consider simply a third order polynomial baseband PA model as

fPA,l(zl) = c1,lzl + c3,lzl|zl|2 . (B.4)

where fPA,l refers to the non-linear function of the PA in branch l, and c1,l, c3,l

are modeling coefficients. Then, inserting (B.3) into (B.4), this yields

fPA,l(zl) = c1,l(w(1)
l x1 + ... + w

(K)
l xK)+

c3,l(w(1)
l x1 + ... + w

(K)
l xK)|w(1)

l x1 + ... + w
(K)
l xK |2

= c1,l(w(1)
l x1 + ... + w

(K)
l xK)+

c3,l(w(1)
l w

(1)
l w

(1)∗
l x1|x1|2+

w
(1)
l w

(2)
l w

(2)∗
l x1|x2|2+

w
(1)
l w

(1)
l w

(2)∗
l x2

1x∗
2 + ...) .

(B.5)

First, assume that all PAs are equal, such that c1,l and c3,l are the same for
each branch l. Then, let each PA output propagate through a channel vector
hl = [ h

(1)
l

... h
(Q)
l

] from branch l to OTA location q, as

y(q) = [ h
(q)
1 ... h

(q)
L

] [ fPA,1(z1) ... fPA,L(zL) ]T . (B.6)

Considering the first-order, linear terms

y
(q)
1st = h

(q)
1 c1(w(1)

1 x1 + ... + w
(K)
1 xK) + ...

+ h
(q)
L c1(w(1)

L x1 + ... + w
(K)
L xK) .

(B.7)

Then it is known from beamforming theory that if x1 is to go in direction (q),
then beamforming weights can be chosen such that w

(1)
l = (h(q)

l )∗. This yields
constructive interference c1

∑
h

(q)
l w

(1)
l = c1L. Then, studying the third order

terms in (B.5), it can be seen since w
(1)
l w

(1)∗
l , w

(2)
l w

(2)∗
l will be real constants

that x1|x1|2 and x1|x2|2 will also go in direction (q). However, the summation
of the IM products last listed in (B.5), c3

∑
l h

(q)
l w

(1)
l w

(1)
l w

(2)∗
l typically has

constructive interference in a direction other than (q). Generally, it can be
seen that the terms of the form w(i)w(j)w(k)∗, where k ̸= i, j, will give rise
to new beam directions of constructive interference, that are referred to as
off-beams.
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Table 1: Off-beam terms for static
non-linearity of order P =
3, and with K = 2, 3, 4 con-
current users.

Number
of users

Off-beam
terms

Number of
off-beam terms

K = 2 x1x1x∗
2, x2x2x∗

1 2

K = 3 x1x1x∗
2, x2x2x∗

1, x1x1x∗
3, x3x3x∗

1
x2x2x∗

3, x3x3x∗
2, x1x2x∗

3, x1x3x∗
2, x2x3x∗

1
9

K = 4

x1x1x∗
2, x2x2x∗

1, x1x1x∗
3, x3x3x∗

1
x2x2x∗

3, x3x3x∗
2, x1x2x∗

3, x1x3x∗
2,

x2x3x∗
1, x2

1x∗
4, x2

4x∗
1, x2

2x∗
4, x2

4x∗
2, x2

3x∗
4,

x2
4x∗

3, x1x2x∗
4, x1x4x∗

2, x2x4x∗
1, x1x3x∗

4,
x1x4x∗

3, x3x4x∗
1, x2x3x∗

4, x2x4x∗
3, x3x4x∗

2

24

Two interesting observations can be made from (B.5), still assuming c3,l =
c3 ∀l. Firstly, the generated off-beam terms and directions can be determin-
istically computed from the intended transmit directions. Off-beam terms for
a static non-linearity of order P = 3, and with K = 2, 3, 4 concurrent users
are listed in Table 1 to exemplify. Secondly, the non-linear products of the
input streams are of a different form in the off-beams than for the in-beam.
Thus, one needs to be aware of all beam directions and manage to generate the
correct IM terms in the respective directions in order to linearize the system.
This can readily be understood to grow more complex with more beams.

2.2 Fast-fourier transform beamforming
FFT-beamforming is one common way to computationally efficiently limit the
beamforming matrix to an orthogonal set of beam directions, by first defining

ω = e−j2π/L . (B.8)

Then a one-dimensional discrete Fourier transform (DFT) beamformer matrix
can be formulated as

WDFT = 1√
L

 1 1 1 ...
1 ω ω2 ...
1 ω2 ω4 ...
...

...
...

...

 = 1√
L

[ ω(b1) ω(b2) ω(b3) ... ] , (B.9)
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where bi ∈ [1, L] are beam indices, indexing the beams on the DFT-beamgrid.
In implementation though, no matrix multiplication of WDFT with data is
needed, as would otherwise be indicated by (B.2). Instead, FFT algorithms
can perform this computation at lower complexity.

It is worth to note that when the main beams are limited to a DFT-
beamgrid, bi ∈ [1, L], the off-beam directions will be restricted to the same
beamgrid as well, given equal PAs. Furthermore, extension to two-dimensional
beamforming is straightforward, by implementing FFT along both a horizon-
tal and vertical direction, but omitted from the derivations for brevity. All
the analysis following in this paper can then be applied to each dimension,
horizontal or vertical, separately.

With the system modeling etablished, the following section details how
per-PA (PP) DPD produces predistorted streams, and how intermodulation
beam placement is affected by aliasing due to the antenna array being finite
and discrete.

3 Per-PA DPD

In this section, the processing steps of transmitting K user streams with PP-
DPD, as in Fig. 1, is detailed with a three-user example. With this example,
the sparsity of the problem for larger L is highlighted, in addition to noting
an effect that will be referred to as array aliasing.

3.1 Per-PA DPD example for three concurrent users

Let the antenna array be a linear, one-dimensional array in space, and restrict
the beamformer to a DFT-beamgrid. Consider that there are L = 16 trans-
mit branches2, transmitting data x1, x2, x3 to K = 3 users in different LOS
directions. Being restricted to a DFT-beamgrid, the users can be located at
beam indices {b1, b2, b3} ∈ [1, L]. To exemplify, let b1 = 1, b2 = 2, b3 = 5 and

2Whilst L = 16 is chosen for these derivations, for simpler equations, the value of L would
typically be much larger in practice.
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let WDFT be the DFT beamforming matrix to the user directions, such that

z = W x = 1√
L

 1 1 1 ...
1 ω ω2 ...
1 ω2 ω4 ...
...

...
...

...




x1
x2
0
0

x3
0
...


= 1√

L

 x1+x2+x3
x1+ωx2+ω4x3
x1+ω2x2+ω8x3

...


= ω(b1)x1 + ω(b2)x2 + ω(b3)x3 .

(B.10)

Applying the nonlinear DPDs to each of these beamformed data streams, with
a third order nonlinearity f(x) = θ1x + θ3x|x|2 as the DPD function, then

f(W x) =
θ1(x1+x2+x3)+θ3(x1+x2+x3)|x1+x2+x3|2

θ1(x1+ωx2+ω4x3)+θ3(x1+ωx2+ω4x3)|x1+ωx2+ω4x3|2

θ1(x1+ω2x2+ω8x3)+θ3(x1+ω2x2+ω8x3)|x1+ω2x2+ω8x3|2

...


︸ ︷︷ ︸

L×1

, (B.11)

is obtained. How these signals will be spatially distributed OTA can be seen by
transformation to the beam domain, i.e. by simulating a channel H through
an inverse Fourier transform. The user streams will then be clearly separated
in the beam-domain, like the beams in Fig. 1. With the matrix WIDFT =
LW ∗

DFT, the data streams are

LW ∗
DFTf(W x) =



θ1x1+θ3x1(|x1|2+|x2|2+|x3|2)
θ1x2+θ3x2(|x1|2+|x2|2+|x3|2)

θ3x2
2x∗

1
θ3x1x3x∗

2
θ1x3+θ3x3(|x1|2+|x2|2+|x3|2)

θ3x2x3x∗
1

0
θ3x2

3x∗
2

θ3x2
3x∗

1
0
0
0

θ3x2
1x∗

3
θ3x1x2x∗

3
θ3x2

2x∗
3

θ3x2
1x∗

2


. (B.12)
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4 Virtual array DPD

Each entry at a separate index here represents a signal going in a unique beam
direction. Two observations are worth note. The first observations is that only
12 out of the 16 entries are non-zero. This is unsurprising, but important, as
Table 1 shows that there can only be up to nine off-beam terms going in
potentially different directions, in addition to the K = 3 user directions, for
a third order nonlinearity. This is also true when L is a much larger value.
Thus, for large L, there are very few low-order signal components in relation
to the array size. As for the second observation, concerning where each signal
component ends up on the beam grid, it is detailed in the following subsection.

3.2 Array aliasing
In (B.12), the intermodulation terms end up deterministically at a beam index
by summing or subtracting the corresponding term’s precoder beam indices.
Exemplified, the intermodulation term (ω(b2)x2)2(ω(b1)x1)∗ = (ω(b2)ω(b2)ω(b1)∗)x2

2x∗
1

indeed produces the intermodulation term x2
2x∗

1 up on beam index b2+b2−b1 =
2 + 2− 1 = 3. However, this can not hold for the term (ω(b1)x1)2(ω(b2)x2)∗ as
2b1 − b2 = 0 ̸∈ [1, L]. Instead, this term is aliased back in to the beam grid
range [1, L] according to

bi1 + bi2 − bi3 = bi1+bi2 − bi3−

L

⌊
bi1 + bi2 − bi3 − 1/2

L

⌋
,

(B.13)

for {bi1 , bi2 , bi3} ∈ [1, L], {i1, i2, i3} ∈ [1, ..., K]. With this in mind, it can be
noted that whilst the example of Subsection 3.1 produced 12 uniquely placed
data streams of main beam and intermodulation beam data, aliasing can for
a different beam configuration {b1, b2, b3} end up overlapping intermodulation
terms to go in the same beam directions. This will lead to distortion being
concentrated in fewer beam directions.

4 Virtual array DPD
In this section, virtual array DPD (VA-DPD) processing as in Fig. 2 is pro-
posed to reduce the complexity compared to applying a DPD per PA. As
previously described in Subsection 1.2, the VA-DPD aims to produce predis-
torted user streams and off-beam IM terms in a low-dimensional virtual array,
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Figure 2: Schematic of DPD using virtual array processing. The bar plots exem-
plify the beam space representation of beamforming the data streams to
beams and induced IM beams. Red and orange correspond to desired
user signals, purple to the injected distortion by the DPDs to cancel out
the unwanted distortion, shown in striped dark gray. Here, the number
of virtual branches Lv can always be made less or equal to the number
of antenna branches L.

and use these to linearize the larger, real transmit array. This is done in steps.
First, user streams are precoded to the antenna space of a virtual array, by
placement on a beamgrid and through an FFT. The beam placement in the
virtual array depends on the precoding to be done in the real array, which
will be detailed later. Second, nonlinear DPDs are applied to the data in
each of the Lv virtual antenna space branches. Third, an IFFT is performed,
acting as a channel and to separate user streams and off-beam IM terms in
the virtual beam space. Fourth, and last, the predistorted streams that have
been generated are precoded to the real array. In the following subsections,
the derivations of Section 3.1 will be used as a starting point to give mathe-
matical motivation as to how a smaller, virtual array, in place of the original
array, can be used for performing DPD. This is presented first with an ex-
ample comparison to the per-PA case, followed by presenting special beam
configuration cases in which the complexity can be reduced even further, and
finally generalizations to more general channels and higher order modeling.

4.1 Virtual array DPD example for three concurrent users
Revisiting the example of Subsection 3.1, with {b1, b2, b3} = {1, 2, 5} but
replacing L = 16 with Lv = 13 for the derivation, the computation steps are

B14



4 Virtual array DPD

straightforward to compute, ending with

LvW ∗
DFT =



θ1x1+θ3x1(|x1|2+|x2|2+|x3|2)
θ1x2+θ3x2(|x1|2+|x2|2+|x3|2)

θ3x2
2x∗

1
θ3x1x3x∗

2
θ1x3+θ3x3(|x1|2+|x2|2+|x3|2)

θ3x2x3x∗
1

0
θ3x2

3x∗
2

θ3x2
3x∗

1
θ3x2

1x∗
3

θ3x1x2x∗
3

θ3x2
2x∗

3
θ3x2

1x∗
2


. (B.14)

instead of (B.12). Comparing to Fig. 2, these computation steps have pro-
cessed the data x1, ..., xK through precoding in the virtual array domain,
through DPDs and through an inverse Fourier transform. Since Lv < L,
fewer DPD computations have been performed whilst generating the same
predistorted data streams as in (B.12). And since these data streams are sep-
arated, they can then easily be combined or precoded to an arbitrarily large
physical array of size L ≥ Lv by merely adding zeros and rearranging the
terms.

By combinatorial trials, i.e. computing (B.13) for all possible combinations
of {b1, b2, b3}, Lv = 13 is found to be the smallest virtual domain that for
any L produces all main and intermodulation streams separated as in (B.14)
for K = 3, P = 3. Similarly, Lv = 4 is the smallest such virtual domain
for K = 2 users, and Lv = 30 for K = 4. However, there are cases when
the virtual domain can be made with an even smaller Lv, without loss of
information. This will be explained further in the following subsection.

4.2 Special beam configuration cases
Denote {b′

1, b′
2, b′

3} as the set of main beam indices in the virtual domain,
with {b1, b2, b3} corresponding to the actual user directions. Depending on
{b1, b2, b3} and L, different choices of {b′

1, b′
2, b′

3} and Lv can be made to yield
an optimal virtual array. More exact details on the problem of finding a
virtual subspace is found in Appendix A, and is detailed statistically in the
results of Section 5.3. The key phenomena explaining why this can occur
is the array aliasing, as observed in Subsection 3.2, which can cause inter-
modulation terms to overlap. For example, evenly spaced beams in an even
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(b) Beam occurrences when Lv = 7,
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2, b′

3} = {1, 2, 3}.

Beam grid index Lv = 13
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∗
1x2
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∗
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∗
2
x2x3x

∗
1

x2
3x

∗
2 x2

1x
∗
3

x1x2x
∗
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3

(c) Beam occurrences when Lv = 13,
{b′

1, b′
2, b′

3} = {1, 2, 5}.

Figure 3: Beam occurrences for {b1, b2, b3} = {2, 4, 6} in real and virtual arrays,
with placement of x2

2x∗
1 highlighted.

length array produces IM terms only at even beam indices. Concretely, say
L = 16 and {b1, b2, b3} = {2, 4, 6}. Then, by (B.13), the beam indices for a
third order nonlinearity are [2, 4, 6, 8, 10, 14, 16], a total of seven unique beam
directions. However, computing (B.13) with Lv = 7 it can be noted that with
{b′

1, b′
2, b′

3} = {1, 2, 3} the same IM terms will overlap with one another, but
at indices [1, 2, 3, 4, 5, 6, 7]. This is illustrated for the main beams and one IM
beam in Fig. 3a and Fig. 3b. Fig. 3c showcases how it can alternatively be
obtained for Lv = 13 by first generating all IM terms at unique indices, before
moving them to the appropriate overlap index. Thus, the virtual domain size
can be made smaller in special cases. The resulting virtual domain sizes in
the proposed approach are as such at worst of similar size as the cardinality
of unique main beam and IM beam directions.

4.3 Non-DFT beamforming
For analytical purposes, this work has focused on LOS channels, wherein the
columns of the DFT precoder matrix of (B.9) describes the inverse channel for
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Table 2: Fifth order IM terms for static non-linearity of order
P = 5, and with K = 2 concurrent users.

Number
of users

Fifth order
terms

Total number of
fifth order terms

K = 2

x1|x1|4, x1|x2|4, x1|x1|2|x2|2
x2|x2|4, x2|x1|4, x2|x1|2|x2|2
x3

1(x∗
2)2, x3

2(x∗
1)2

x1|x1|2x2
2, x2|x2|2x2

1
x2

1|x1|2x∗
2, x2

2|x2|2x∗
1

12

K = 3 x1|x1|4, ... , x1|x2|2|x3|2 60

transmission in those orthogonal LOS directions. However, more generally, if
the wireless channel model can be accurately described with

Y = HfPA(z) , (B.15)

then the method is still applicable with some modification. Looking at the bar
plots in Fig. 2, and exemplified in (B.14), it is seen that the main and IMD
beam components are separated after the IFFT. Thus, the final block can
be replaced with a different precoding matrix W . Presume for example that
some general beamforming vector w(1) should be applied to spatially direct x1,
and w(2) to spatially direct x2. Seen exemplified in (B.5), the third order off-
beam beamforming vectors will then be

(
w(1))2 (

w(2))∗ and
(
w(2))2 (

w(1))∗,
for x2

1x∗
2 and x2

2x∗
1, respectively. Thus, the precoder in the final block could be

computed with W = [ w(1) w(2) (w(1))2(w(2))∗ (w(2))2(w(1))∗ ] instead of through
an FFT. A simple simulation case is shown in Section 5.5, with more complex
cases left for future work.

4.4 Generalization to higher order terms
The analysis so far has considered third order IM beams. Extension to higher
orders is very possible, by letting (B.4) include higher order terms and redoing
the computations from there. This will give rise to e.g. 5th order IM terms
such as x3

3x∗
1x∗

2, with corresponding beam index 3b3 − b1 − b2. As previously,
some of the IM terms are always directed towards the users, and some are
off-beams. Considering all these possible IM beams, the beam domain is only
sparse for large L, and for VA-DPD to guarantee complete equivalence to PP-
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DPD for any beam configuration, Lv must be increased accordingly. However,
the fifth order IM terms will typically have significantly lower power than the
first and third order terms. Thus, they can often be neglected in off-beam
directions.

4.5 Analogy with frequency relocation
Whilst not a direct counterpart, the proposed VA-DPD approach has, as pre-
viously mentioned, similarities to e.g. frequency relocation [11]. Namely, a
signal that is sparse in one of its domains is densified in that domain, prior
to DPD processing. Fig. 4a shows how a multi-band signal, sparse in the
frequency domain, is relocated to have frequency components closer to one
another, where one when then performs DPD computations. Fig. 4b in con-
trast shows an original, sparse beam domain compared to its densified virtual
beam space, where DPD processing is performed. However, a challenge in
multi-band frequency relocation is when bands are unevenly spaced, giving
rise to IM products that end up at new frequency locations. In such cases, in
[11], uniform downsampling whilst maintaining the relative spacing of bands
is performed. This, however, will often not densify the frequency spectrum to
only contain the relevant bands and IM products. In contrast, VA-DPD can
in the multi-beam setting achieve a greater degree of dimensionality reduction
by careful choice of the relocated beam indices in the virtual domain.

5 Numerical setup and results
For the numerical simulations, a setup with L = 28 or 64, depending on the
subsection, antennas in a uniform, linear array serving K = 2 or 3 users is
considered. Each PA is modelled with a baseband Saleh model [17], equal on
each PA branch, with added Gaussian noise nl at the output as

fPA,l(zl) = azl

1 + b|zl|2
+ nl , (B.16)

with a = 1, b = 0.47. The desired signal is set to

Yd = adHz , (B.17)

with ad = 0.95. The noise power of nl is chosen to give signal-to-noise ratios
between 50-60 dB. H is chosen as a LOS channel, from L branches to Q = 181
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Figure 4: Comparison of a multi-band frequency relocation approach for densifying
the frequency spectrum, to the virtual array approach for densifying the
beam domain.

evenly spaced observation directions in the azimuth plane. The baseband
user data streams are generated through bandlimiting complex Gaussian noise
to a bandwidth of 30 MHz, and normalized to a root-mean square value of
0.13, with peak-to-average power ratio about 8.3 dB. For each user stream,
N = 65536 baseband samples are generated.

Four linearization cases are simulated per transmit configuration. Not using
DPD (No DPD), using per-PA (PP) DPD, using beam-domain (BD) DPD
based on [5], [6], and using virtual-array (VA) DPD.

5.1 DPD identification

With this setup, conventional iterative learning control (ILC) [18] is modified
with a simple extension and used to find the optimal input signals zl to each
PA in the array. Denote

z[i] =

 z
[i]
1
...

z
[i]
L

 , (B.18)
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as the DPD input at iteration [i]. Then the DPD input at iteration [i + 1],
z[i+1], based on the OTA measured Y [i] and desired signal Yd, is found as

z[i+1] ← z[i] + ηH†(Yd − Y [i]) , (B.19)

Here, η is a step parameter for the iterations, and H† = (H∗H)−1H∗ is
the pseudoinverse of the channel matrix H. This procedure is suitable to
perform offline as an initial identification, whilst online adaptation of DPD
coefficients can be done with other known methods. The signals zl are after
ILC convergence shifted to the virtual domain, yielding target signals z

′

l , as
in Fig. 2. The shifting is performed by doing the VA processing steps in
reverse. That is, an IFFT is performed on z along the branches, followed by
that the streams of different considered beams from z are relocated to their
VA-placement {b′

1, ..., b′
B}, whilst removing streams that were zero-padded in

the forward path. Lastly, an FFT is done in the virtual domain to go from the
virtual beam domain to the virtual antenna domain, and obtain z

′

l . Forming
a nonlinear model from u′

l to z′
l in the virtual domain through polynomial

DPD models yields a predistorted virtual domain signal and basis

z′
l = Fu′

l
θl , Fu′

l
= [ u′

l, u′
l|u′

l|2, ...u′
l|u′

l|P −1 ] (B.20)

where DPD coefficients are obtained as

θl = F †
u′

l
z′

l . (B.21)

For conventional PP-DPD, equations (B.20), (B.21) are used but for the setup
as in Fig. 1, with target signals zl and inputs ul, l = 1, ..., L. For BD-
DPD, each unique bases expressed in terms of x1, ..., xK , obtainable from the
expansion of

∑P −1
p=0,2,... zl|zl|p, is used. This includes offbeams as in Table 1,

fifth order terms as in Table 2, and main beam terms such as x1|x1|2, x2|x3|2.

5.2 Tri-beam scenario
In Fig. 5, a concurrent tri-beam scenario is shown. For this scenario there
are L = 64 transmit branches, with beams in beam directions {b1, b2, b3} =
{7, 23, 49}. In Fig. 5a and Fig. 5b, the power of the desired signal Yd, over
different angles, is visualized in contrast to the distortion power remaining
after applying no DPD, PP-DPD, BD-DPD and the proposed VA-DPD ap-
proach with either odd order P = 3 or P = 5 DPDs. For VA-DPD, the

B20



5 Numerical setup and results

Azimuth angle (Deg)
20 40 60 80 100 120 140 160

N
or
m
al
iz
ed

m
ea
n
p
ow

er
(d
B
)

-50

-40

-30

-20

-10

0

Yd

Dist. no DPD

Dist. PP-DPD

Dist. BD-DPD

Dist. VA-DPD

{b1, b2, b3} = {7, 23, 49}

(a) Normalized mean power in varying spatial directions. DPDs
include odd order terms up to, and including, order 3.

Azimuth angle (Deg)
20 40 60 80 100 120 140 160

N
or
m
al
iz
ed

m
ea
n
p
ow

er
(d
B
)

-50

-40

-30

-20

-10

0

Yd

Dist. no DPD

Dist. PP-DPD

Dist. BD-DPD

Dist. VA-DPD

(b) Normalized mean power in varying spatial directions. DPDs
include odd order terms up to, and including, order 5.

Frequency (MHz)
-100 -50 0 50 100

N
or
m
al
iz
ed

p
ow

er
sp
ec
tr
al

d
en

si
ty

(d
B
)

-60

-50

-40

-30

-20

-10

0

Yd

Dist. no DPD

Dist. per-PA DPD

Dist. BD-DPD

Dist. VA-DPD

Frequency (MHz)
-100 -50 0 50 100

N
or
m
al
iz
ed

p
ow

er
sp
ec
tr
al

d
en

si
ty

(d
B
)

-60

-50

-40

-30

-20

-10

0

Frequency (MHz)
-100 -50 0 50 100

N
or
m
al
iz
ed

p
ow

er
sp
ec
tr
al

d
en

si
ty

(d
B
)

-60

-50

-40

-30

-20

-10

0

(c) Power spectral density in user directions. DPDs include odd order terms up to, and
including, order 5.

Figure 5: Normalized power of the desired signal Yd shown in comparison to the
distortion power remaining after no DPD, PP-DPD, VA-DPD and BD-
DPD, for concurrent tri-beam transmission.
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virtual array uses Lv = 13 branches, meaning it can capture third order beam
direction information without loss. Consequently, Fig. 5a, highlights how
VA-DPD is equivalent in performance to PP-DPD and BD-DPD for a DPD
of order P = 3. This is seen from that the yellow line, corresponding to PP-
DPD distortion, is precisely covered by the purple and green, of VA-DPD and
BD-DPD, respectively. On the other hand, compared to Fig. 5b, Fig. 5b
shows that if applying fifth order DPDs whilst only considering up to third
order terms in the virtual array dimensioning, the distortion power in the user
directions is reduced equivalently to PP-DPD and BD-DPD, by an additional
5 dB compared to P = 3. However, the off-beam linearization performance is
not improved correspondingly, as seen by the residual distortion e.g. around
angles 28-35◦.

With only Lv = 13 branches and a first, third plus fifth order term per
branch for linearization, only 13·3 = 39 one-dimensional DPD multiplications
are needed. Alternatively, Lv = 13 1D-LUT look-ups are done to find the
appropriate predistorted values per sample. In contrast, PP-DPD requires
64 · 3 DPD multiplications, or 64 1D-LUT look-ups. Thus, complexity is
reduced by 100 · |13 − 64|/64 ≈ 80% in VA-DPD compared to PP-DPD.
Lastly, seen from Table 1 and Table 2, BD-DPD needs to account for 3 linear,
12 third order and 60 fifth order terms. For a LUT implementation, each of
the twelve unique data streams, going in different spatial directions, needs a
three-dimensional table look-up.

5.3 Virtual array dimensioning

The results of this section describe how small the virtual array can be dimen-
sioned in terms of Lv, to account for all IM beams, with respect to special
cases as described in Subsection 4.2. In Fig. 6 the proportion of beam con-
figuration {b1, b2, b3} that can be represented with a virtual array of length
Lv is shown for varying arrays sizes L = 16, 32, 64, and in Table 3 and Table
4, it is shown for various L, and P = 3, 5. Most noticeably, the proportion
of cases requiring a larger Lv increases with L. This correlates to that in a
larger beam space, the IM products end up in unique beam directions more
often. The results highlight that there are cases when the beam domain is
especially sparse, such that the VA-DPD can be performed at an even lower
computational complexity.
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Figure 6: Proportion of main beam configuration cases in the original domain of
size L that can be represented by a virtual domain of size Lv, considering
IM terms of order P = 3.

Table 3: Percentage (%) of main beam configurations in the original domain of size
L that can be represented by a virtual domain of size Lv, for IM terms of
order P = 3.

20 0 2 4 0 11 14 0 21 0 49
24 < 1 1 0 4 10 12 0 14 21 38
30 < 1 0 2 2 7 9 0 15 18 47
36 < 1 1 0 2 7 7 3 11 12 58
130 0 0 ≪ 1 0 2 2 0 5 0 91
256 0 ≪ 1 0 0 1 1 0 2 0 95

3 4 5 6 7 8 9 10 12 13
L

Lv

Table 4: Percentage (%) of main beam configurations in the original domain of size
L that can be represented by a virtual domain of size Lv, for IM terms of
order P = 5.

32 1 4 8 8 23 10 5 21 10 10
64 < 1 1 4 4 10 7 4 15 7 47
128 ≪ 1 < 1 2 2 5 4 2 8 4 71

4 8 11 12 16 21 22 24 26 30
L

Lv
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(c) Power spectral density in user directions. No PA variations.
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(d) Power spectral density in user directions. PA variations.

Figure 7: Normalized power of the desired signal Yd shown in comparison to the
distortion power remaining after no DPD, PP-DPD, VA-DPD and BD-
DPD, for concurrent tri-beam transmission, with or without PA varia-
tions. DPDs include first and third order terms.

5.4 Power amplifier variations

It was noted earlier that BD-DPD assumes equal PAs across branches. It is
this assumption that mathematically allows for a common DPD to be used
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5 Numerical setup and results

prior to the precoder in BD-DPD, without losing any ability to linearize the
system [6]. This assumption is not quite as rigidly held in the proposed VA-
DPD, as DPD variations across the virtual array branches can be adapted.
As such, to investigate whether or not VA-DPD might handle PA variations
better in comparison to BD-DPD, the PA model is changed to

fPA,l(x) = c1,lx + c3,lx|x|2 , (B.22)

to easier represent gain and phase variations in the nonlinear PA response
relative to the linear response, variations which can not be compensated by
calibration. The first order coefficients are set to c1,l = 1 for all branches,
whilst c3,l are varied from a nominal value of −0.55 with magnitude stan-
dard deviation 0.028 and random phases from a uniform distribution between
[−20, 20]◦. Fig. 7 showcases a tri-beam case with {b1, b2, b3} = {1, 3, 10},
L = 16, Lv = 7. In Fig. 7a and Fig. 7c, the PAs exhibit no variations,
whilst in Fig. 7b and Fig. 7d they do. Notably, both VA-DPD and BD-DPD
deteriorate in performance relative to PP-DPD with PA variations. However,
VA-DPD reduces distortion more than BD-DPD in all user directions. This
because whilst BD-DPD adapts one set of coefficients, prior to the precoder,
to hold for linearization across all branches, VA-DPD can have some DPD
coefficient variations with l = 1, ..., Lv.

5.5 Non-FFT precoder

In Fig. 8, a two-user scenario for a random channel H of dimension L × Q

consisting of complex Gaussian number distributed as CN (0, 1) is shown, with
users in directions [71, 106]◦. The array is of size L = 28, and virtual array
of size Lv = 4. Pre-coding vectors are chosen as the pseudo-inverse of the
respective channel vectors, i.e. w1 = H†

71, w2 = H†
106. First to note, all lin-

earization methods achieve about 20 dB improvement in distortion reduction.
Secondly, neither the linear power nor the residual distortion form clear beam
directions, but are instead spread across the spatial range, due to the random-
ness of the channel. A 100 · |4− 28|/28 ≈ 86% reduction in DPD complexity
is achieved for VA-DPD compared to PP-DPD.
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Figure 8: Normalized power of the desired signal Yd shown in comparison to the
distortion power remaining after no DPD, PP-DPD, VA-DPD and BD-
DPD, for concurrent dual-beam transmission in random channel. P = 7
is used for the DPDs.

6 Conclusion
The proposed DPD schematic, using FFT beamforming and virtual array
DPD processing, is shown capable of reducing DPD complexity manyfold in
contrast to conventional per-PA DPD, when many transmit branches serve
few users. The virtual array DPD scheme is shown operable for varying de-
grees of PA nonlinearities, and for different channel conditions and multi-user
scenarios. In contrast to previous approaches utilizing a beam-domain frame-
work, the proposed approach utilizes single-input, single-output DPD units
that are computationally cheap to implement. Overall, the approach offers a
flexible and powerful alternative to multi-user linearization for large MIMO
arrays with digital beamforming.
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A Finding a virtual DPD space

Appendix

A Finding a virtual DPD space

Finding a virtual array representation for a given array of size L transmit-
ting beams b1, ..., bK involves finding an appropriate virtual array size Lv and
virtual beam placement b′

1, ..., b′
K . In the original antenna domain, for a tri-

beam case, main and intermodulation beams will end up on integer indices
c1, ..., c12, as in

b1 = c1

b2 = c2

b3 = c3

(2b1 − b2)−L

⌊
2b1 − b2 − 1/2

L

⌋
= c4

...

(b2 + b3 − b1)−L

⌊
b2 + b3 − b1 − 1/2

L

⌋
= c12 ,

(B.23)

where {c1, ..., c12} ∈ [1, L]. The set {c1, ..., c12} might not be a unique set of
12 integers. This can be exemplified with beams {b1, b2, b3} = {1, 2, 4}, L =
16 where the off-beam indices are {16, 3, 14, 7, 16, 6, 15, 3, 5} such that (B.23)
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becomes
b1 = c1 = 1
b2 = c2 = 2
b3 = c3 = 4

(2b1 − b2)−L

⌊
2b1 − b2 − 1/2

L

⌋
= c4 = c8 = 16

(2b2 − b1)−L

⌊
2b2 − b1 − 1/2

L

⌋
= c5 = c11 = 3

...

(b1 + b3 − b2)−L

⌊
b1 + b3 − b2 − 1/2

L

⌋
= c11 = c5 = 3

(b2 + b3 − b1)−L

⌊
b2 + b3 − b1 − 1/2

L

⌋
= c12 = 5 ,

(B.24)

The objective is then to find a virtual subspace with Lv, b′
1, b′

2, b′
3 such that

b′
1 = c′

1

b′
2 = c′

2

b′
3 = c′

3

(2b′
1 − b′

2)−Lv

⌊
2b′

1 − b′
2

Lv

⌋
= c′

4 = c′
8

(2b′
2 − b′

1)−Lv

⌊
2b′

2 − b′
1

Lv

⌋
= c′

5 = c′
11

...

(b′
1 + b′

3 − b′
2)−Lv

⌊
b′

1 + b′
3 − b′

2
Lv

⌋
= c′

11 = c′
5

(b′
2 + b′

3 − b′
1)−Lv

⌊
b′

2 + b′
3 − b′

1
Lv

⌋
= c′

12 ,

(B.25)

for any {c′
1, ..., c′

12} ∈ [1, Lv]. This is a Diophantine system of equations,
and generally not trivial to solve. However, in practice, it can be solved for
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A Finding a virtual DPD space

offline, and the indices obtained during runtime using a lookup table. In
this work, the pseudo-algorithm of Algorithm 1 describes one approach to
solving the systems of equations, for a general case with arbitrary number of
beams K and branches L. Depending on K, heuristic knowledge can limit
the search space Lvs and mbs in Algorithm 1. One general constraint is
Lv ≥ |{b′

1, b′
2, ..., b′

2 + b′
3 − b′

1}|, i.e. the virtual domain size can never be
reduced below the cardinality of the set it is supposed to represent.

Algorithm 1 Algorithm to find virtual space representation.
Require: mb, L // Main beam indices mb and array size L

// Get off-beams, and cardinality of full index set
ob = get_offbeams(mb,L)
ab = [mb ob]
c = length(unique(ab))
// Try virtual subspace size Lv out of candidates Lvs
for Lv=Lvs do

// Try virtual main beams mbv out of candidates mbvs
for mbv=mbvs do

// Get off-beam indices for mbv
obv = get_offbeams(mbv,Lv)
abv = [mb obv]
// Relabel ab and abv such that the first element, and
all other elements in the vector with same value,
is labelled 1, second element is labelled 2, etc.
Obtain ab_relabel, abv_relabel
if ab_relabel==abv_relabel then

// Virtual array representation {mbv,Lv} found.
end if

end for
end for
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1 Introduction

Abstract

A novel approach to multiple-input, multiple-output transmit-
ter distortion shaping that shapes emitted distortion at differ-
ent frequencies, and in different spatial directions, differently
is proposed. In this approach, a new criterion of optimality
using weighted over-the-air observations, and a digital predis-
tortion (DPD) scheme particularly adapted to this criterion,
are formulated. Through simulation, it is shown that emitted
in-band and out-of-band distortion can be shaped spatially in
the proposed approach, with up to 8 dB in-band distortion re-
duction in a user direction, compared to conventional per-PA
DPD.

1 Introduction
To increase energy efficiency, capacity and coverage in wireless transmitters,
power amplifiers (PAs) can be designed or driven to operate nonlinearly, caus-
ing distortion to be transmitted. As to not deteriorate signal quality for re-
ceiving users, and for an operator to not contaminate other operators’ part of
the frequency spectrum, this distortion must be considered. One approach to
reduce distortion in user or potential victim directions is so-called nullforming
of distortion in those directions, as done in e.g. [1][2]. This addresses the
concern for deteriorating signal quality in those directions. However, emis-
sions in other directions are not compensated. Another approach is distortion
compensation via linearization, commonly performed with digital predistor-
tion (DPD), which involves injecting compensatory distortion to reduce the
overall undesired emissions and obtain a closer approximation to the desired
output.

In a conventional single-input, single-output (SISO) setting, the problem of
identifying a DPD is well-studied and often relatively straight-forward. The
input signal is adjusted until it yields a desired, linear output signal. In a
multiple-input, multiple-output (MIMO) transmitter setting, the problem is
increased in dimensionality. The simplest approach to tackle this would be to
treat each PA individually when linearizing, thus reducing the MIMO problem
to a set of SISO optimization problems. However, this does not consider the
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filtering and recombination of signals when passing through antennae and a
wireless channel.

In [3], a criterion to minimize distortion going to a specific user direction
is formulated in a MIMO DPD setting. However, no explicit regard to other
spatial directions is taken. In [4], side-lobe reduction and omni-directional
linearization is performed via a combination of PA biasing and DPD. It shows
great results in shaping both side lobes, and emitted distortion. However,
whilst the objective is stated to lower distortion in the main lobe, no explicit
optimization criterion is stated.

In [5], [6], weights are added after performing beam-oriented DPD [7], to
widen the angular region that is linearized around a user. Specifically, the
nonlinear power emitted in a set of angular directions is minimized, with a
constraint to keep user-oriented power constant. These works show great
possibility in shaping distortion in space by utilizing the additional degrees of
freedom offered in MIMO transmission compared to SISO systems. However,
these works provide no precise control in forming where residual distortion is
emitted, nor a way to separately control in-band (IB) and out-of-band (OOB)
distortion.

Frequency-domain (FD) DPD, as in [8], has been proposed to achieve fre-
quency selective linearization. Other works, e.g. with a time-domain approach
and bandpass filtering [9], or a Pareto-optimal multimetric DPD approach [10],
have also studied this problem. However, the approach of [8] lends itself very
flexibly to allowing different sets of DPD coefficients to be applied on different
parts of the frequency spectrum. This, in conjunction with the idea of spatial
distortion shaping, lays the groundwork of this work.

2 Motivation and contribution
The motivation for performing spatial and frequency distortion shaping is
manyfold. Most generally stated, it allows for antennae, channel and scenario
specific information to be utilized when considering how distortion is emitted,
allowing flexibility in fulfilling emission requirements. Particularly, spatial dis-
tortion shaping allows for improved performance in a set of spatial directions,
at the cost of increased distortion in other directions. Combining this with
a frequency selective DPD, the distortion can further be directed such that
IB and OOB emissions can be allowed to different extents, in different spatial
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3 System modeling

directions. This is especially interesting in a MIMO setting. Improving the
signal to noise and distortion ratio (SNDR) in a user direction can allow for
higher order modulation formats to be used, enabling an increase in data rate.
Simultaneously, any IB power emitted in non-user directions is undesired. As
such, increasing the IB distortion, but not the total IB power, in non-user
directions does not deteriorate system performance. On the other hand, it
can allow for DPD complexity reductions or improvements in user directions.
Lastly, if a user is known to be served with a lower order modulation format,
the corresponding SNDR requirements are lower. In such a case, it can instead
be beneficial to increase IB distortion for the benefit of lower OOB distortion.

Following this motivation, this work contributes as follows:

• An optimization criterion that considers the spatial importance of ra-
diated distortion in different directions, as well providing flexibility in
spatially directing IB and OOB distortion separately, is formulated.

• Details on how FD-DPD identification, particularly suited for the pro-
posed criterion, can be performed.

• Simulation results to show the feasibility of the proposed approach.

To understand this work, the paper first details the general system modeling
in section 3. Following that, section 4 discusses the criteria for DPD optimiza-
tion, followed by DPD identification in section 5. Thereafter, the simulation
setup and results are presented, discussed and the findings concluded.

3 System modeling
Consider a transmitter with U users with separate data streams x1, ..., xU ,
pre-coded through W to L transmit branches with DPDs, PAs, and then
propagated through antennae and observed over-the-air (OTA) in Q direc-
tions, as in Fig. 1. Denote the precoded input signals by v1, ..., vL and the
DPD output signals by z1, ..., zL. A sample of the received baseband signal in
the q:th direction OTA can be modelled as

y(q) = h(q)fPA(z) , (C.1)

C5



Paper C

z1

zL

fPA,1(·)

fPA,L(·)

DPD1

DPDL

v1

vL

W

x1
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y(1)

y(2)

y(Q)

Figure 1: Transmitter with U user data streams precoded through W to L transmit
branches with DPDs, PAs and propagated through antennae OTA to Q

observation locations.

where it has propagated through the channel h(q) and PAs fPA(·) as

h(q) =
[
h

(q)
1 ... h

(q)
L

]
, (C.2a)

fPA(z) =
[
fPA,1(z1) ... fPA,L(zL)

]T
. (C.2b)

The PA output yPA,l = fPA,l(zl) is given by passing a predistorted signal zl

through some nonlinear PA function fPA,l(·), which e.g. could be a Volterra-
series, commonly known able to model nonlinear PAs. Further, to consider
multiple directions simultaneously, OTA observations can be stacked into a
vector

y = HfPA(z) , (C.3)

where

y =
[
y(1) ... y(Q)]T

, H =

h(1)

...
h(Q)

 . (C.4)

Additionally, let each predistorted signal be generated by a DPD modelled as

zl = fDPD,l(vl) = Flθl , (C.5)

where Fl are DPD bases and θl modeling coefficients. Exemplified, these can
be

Fl =
[
vl vl|vl| ... vl|vl|P −1]

, θl =
[
θ1 ... θP

]T
, (C.6)

for a P :th order static polynomial model.
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4 Spatial and frequency weighted DPD

4 Spatial and frequency weighted DPD
In identifying the optimal parameters of a set of DPDs, some criterion of
optimality must be stated. In this section, the first subsection details the
conventional criteria of minimizing the error at each PA output in relation
to a desired output. In the second subsection, the proposed criterion of this
paper is detailed, comparing OTA observation errors weighed differently across
different regions in space and frequency.

4.1 Conventional SISO DPD
Conventionally, the transmitter of Fig. 1 is linearized through finding the
DPD coefficients θl for each branch l = 1, ..., L that fulfill

arg min
θl

||yPA,d,l − fPA,l(Flθl)||2 . (C.7)

That is, the DPD coefficients are chosen to minimize the error from a desired
yPA,d,l at each PA output. For this work, this approach will be denoted as
per-PA DPD (PP-DPD). Typically, the desired PA output is a linear scaling
of the precoded input vl, as yPA,d,l = gvl. Two statements are worth to
note in relation to this criterion. Firstly, for each amplifier, there is only one
optimal solution to (C.7). Secondly, the criterion (C.7) does not account for
the antennae, or channel effects.

4.2 Criteria for DPD optimization
If observing the signal OTA, instead of at the PA output, with the intent of
finding a set of optimal DPD coefficients jointly across the branches, then a
natural formulation would be

arg min
θ
||yd −HfPA(F θ)|| , (C.8)

where yd is the set of desired signals in directions q = 1, ..., Q, of the same
form as (C.3), and

F =

F1 0 ... 0
...

. . .
...

0 0 ... FL

 , θ =

θ1
...

θL

 . (C.9)
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Here, each Fl denotes the DPD basis for branch l. A key difference between
(C.7) and (C.8) is that in (C.8) the linear combination of signals OTA is opti-
mized as the output. In (C.7), in contrast, the DPDs are optimized separately.
The formulation in (C.9), with the use of a block matrix, can thereby be un-
derstood as necessary, since the DPDs across branches should be optimized
jointly. Note that in (C.8) the linear combination over-the-air contains spa-
tial weighting, dependent on the channel gain of H. From this, distortion can
be tolerated in directions with low channel gain without significantly affect-
ing the optimality of θ. This can be further exploited by applying different
weights in different spatial directions, corresponding to where an operator can
tolerate distortion. To be described next is how IB and OOB distortion can
be considered separately to obtain joint spatial and frequency weighting.

To obtain a frequency weighted formulation, consider that K baseband sam-
ples are processed. Let F̂ be the frequency-domain version of F from (C.9),
obtained by Fourier-transforming each block Fl. Similarly, let ŷd denote the
frequency domain representation of yd. Introducing spatial-frequency weights
wk,q for the frequency indices k and spatial indices q = 1, ..., Q, then (C.8)
can be extended to

arg min
Θ

Q∑
q=1

K∑
k=1

wq,k

∣∣∣ŷ(q)
d [k]− h(q)fPA(F̂ [k]Θ[k])

∣∣∣ . (C.10)

Here, Θ =
[
Θ[1] ... Θ[K]] is a set of DPD coefficients to be applied at

different frequencies k, where each Θ[k] is a vector as in (C.9). In contrast to
(C.7), (C.10) can be underdetermined and yield nonunique solutions, unless
|wq,k| > 0 holds in at least L spatial directions. With wq,k = 1 everywhere,
and Θ[k] = θ ,∀k, (C.10) is equivalent to (C.8).

Notably, (C.10) allows distortion to be shaped in both frequency and space
by giving relative weight to where the distortion is most harmful to the sys-
tem. Whilst (C.7) minimizes the distortion at each PA output, (C.10) allows
for altering the DPDs to a solution better in some spatial and frequency re-
gions, at the cost of degradation in other regions. This allows for flexibility in
adhering to emission requirements, whilst obtaining improved performance in
user directions.

Conventional DPD identification, i.e. solving (C.7), is a well-studied and
understood problem, requiring no further details here. However, (C.10) being
a novel criterion, the following section will detail approaches to identification.
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5 Identification of the spatially and frequency
weighted DPD

As a first note on solving (C.10), then doing so for K unique sets of DPD
coefficients is most likely excessive. In practice, considering a few selected
frequency regions κ1, ..., κS instead of the form

Θ[k] = θi if k ∈ κi , i = 1, ..., S , (C.11)

is likely a more feasible approach. The case S = 2 can correspond to IB and
OOB separation, if the sets κ1, κ2 are chosen correspondingly.

As a second note, solving (C.10) can, as in the conventional case, be done
by direct or indirect learning methods. Typically, either method is done in an
iterative manner. So, regardless of approach, a suitable first step is forming
the weighted OTA error, in the frequency domain, at iteration [i], for each
frequency component k and spatial direction q as

ê
[i]
q,k = wq,k

∣∣∣ŷ(q)
d [k]− h(q)fPA(F̂ [k]Θ[k])

∣∣∣ . (C.12)

Then, the errors are combined into a matrix Ê[i] of size Q×K with elements
ê

[i]
q,k.
An indirect approach, such as iterative learning control (ILC) [11] can then

solve for an optimal set of predistorted input signals as

ẑ[i+1] = ẑ[i] + ηH†Ê[i] , (C.13)

where η is a step size, and H† = (H∗H)−1H∗ denotes the pseudo-inverse
of the channel matrix, after which DPD identification is performed. Alterna-
tively, for direct learning methods, forming a DPD basis

F̂ =

F̂1[κ1] 0 ... 0
...

. . .
...

0 0 ... F̂L[κS ]

 , (C.14)

then allows for direct schemes, for example similar to the approach in [8], such
that at iteration [i + 1]θκ1

...
θκS


[i+1]

=

θκ1
...

θκS


[i]

+ ηF̂ †H†Ê[i] . (C.15)
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Figure 2: Spatially and frequency weighted DPD with two frequency regions, in-
band (ib) and out-of-band (oob).

In (C.14), the bases can depend on the number of users, as will be detailed
in the following subsections. The DPD using a basis as in (C.14), optimized
for (C.10), constitutes a spatially and frequency weighted (SFW) DPD. This
scheme is visualized in Fig. 2, and visualizes a case with S = 2 in relation to
(C.11).

5.1 Single beam
Considering a single user beam, the distortion prior to linearization will be
emitted in the same direction as the user. Then, the DPD objective would
most often be to reduce and shape distortion away from that direction. This
can be achieved through joint optimization of the DPD coefficients for a basis
(C.14) formed from precoded inputs vl, e.g. based on (C.6). This will result
in that DPD coefficients are tapered along the branches, in relation to the
conventional PP-DPD, which is later seen in Fig. 3.

5.2 Multiple beams
With beams to U > 1 users, there will be distortion going in off-beam direc-
tions, in addition to the user beam directions. An alternative is then to work
with a beam-domain basis as in [12] for (C.14), i.e. based on input streams
x1, ..., xU , exemplified with

Fl =
[
x1 ... xU ... x1(|x1|2 + ... + |xU |2) ...

]
, (C.16)
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Table 1: Distortion weights for different parts of the frequency spectrum and angu-
lar space. Larger weight magnitudes corresponds to that distortion there
should be penalized more.

Distortion weights wq,k (Lin) In-band Out-of-band
Towards users {90± 10}◦ 5 4.25
Towards nonusers 0.01 0.5

(a) Weights corresponding to Fig. 3, a single-beam case focused on
user-oriented distortion reduction.

Distortion weights wq,k (Lin) In-band Out-of-band
Towards users {76± 5, 97± 5}◦ 1 5
Towards nonusers 0.01 5

(b) Weights corresponding to Fig. 4, a dual-beam case focused on out-of-
band distortion reduction everywhere.

instead of Fl based on precoded inputs vl. This gives greater flexibility in
shaping the distortion based on each stream. The additional cost is that of
multi-dimensional, rather than SISO, DPDs for such an implementation. The
schematic of Fig. 1 is then altered such that x1, ..., xU are input to the DPDs,
as in Fig. 2, resulting in multi-input, single-output DPDs.

6 Simulation setup and results
For simulation, the channel H is chosen as a line-of-sight (LOS) channel
with antenna array pattern gain varying with angle ϕ as sin3 (ϕ)1, and with
L = 16 branches and Q = 179 observation directions. The PA function is
implemented as a baseband Saleh model [13], equal on each PA branch, with
added gaussian noise nl at the output as

fPA,l(zl) = azl

1 + b|zl|2
+ nl , (C.17)

with a = 1, b = 1 and a standard deviation σvl
≈ 0.2 of the precoded inputs

vl. The desired signal is
Yd = adHv , (C.18)

1The sin3 (ϕ) function is a modeling choice, loosely based on experimental observations, to
exemplify an array radiating worse towards the end-fire direction than towards broadside.
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(d) Power spectral density in non-user
direction, 62◦.

Figure 3: Normalized power in contrast to desired signal, for no DPD, conventional
per-PA (PP) DPD or with spatially and frequency weighted (SFW) DPD,
for a single beam scenario.

with ad = 0.88 chosen as a desired linear gain of the PAs. Baseband data of
N = 65536 samples is generated as bandlimited Gaussian noise with normal-
ized bandwidth 0.16, allowing spectral regrowth.

In Fig. 3, a single-beam case with U = 1 user is shown. The proposed
criterion (C.10) is optimized using direct DPD learning as in (C.15), with
weights wq,k as listed in Table 1a. In Fig. 3a and Fig. 3c it can be seen that
the error towards the user is decreased up to 8 dB by shaping IB distortion in
other spatial directions, for SFW-DPD compared to conventional PP-DPD.
Fig. 3b illustrates how this SFW-DPD solution involves tapering of the DPD
coefficients to achieve the distortion shaping. The weights of Table 1a are
chosen, somewhat arbitrarily, to reflect higher importance of especially in-
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band (oob), in varying spatial directions.
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Figure 4: Normalized power in contrast to desired signal, for no DPD, conventional
per-PA (PP) DPD or with spatially and frequency weighted (SFW) DPD,
for a dual-beam scenario.

band user-oriented distortion. Larger weight magnitudes corresponds to that
distortion there should be penalized more. The DPDs, modelled based on
(C.6), include odd and even order static polynomial terms up to nonlinearity
order P = 7.

In Fig. 4, a multi-beam case with U = 2 users is explored, with wq,k as
in Table 1b. From Fig. 4a and Fig. 4b it is seen that OOB distortion is
reduced everywhere in space for the proposed SFW-DPD compared to PP-
DPD, at the expense of increased IB distortion in non-user directions. The
total emitted OOB power is reduced by approximately 2.5 dB, whilst user-
directed IB distortion is simultaneously lowered. The weights of Table 1b are,
in contrast to Table 1a, chosen to reflect higher importance of out-of-band
distortion emitted overall. The DPDs, based on (C.16), include odd and even
order static polynomial terms up to nonlinearity order P = 5.
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7 Discussion
Implementing DPDs per branch is costly in large MIMO transmitters, which
has motivated other work in e.g. beam-domain DPD [12]. And whilst the
proposed work is not mainly focused on complexity reduction, complexity
concerns are worth further comment. Firstly, one way to regulate complexity
in the proposed DPD is to only linearize a subset of the frequency indices.
Secondly, DPDs linearizing different frequency regions can include different
number of coefficients, as the strictness of linearization requirements can vary.
Lastly, an alternative approach to complexity reduction is to combine the
proposed SFW-DPD with other complexity reduction methods such as [14],
where the number of DPDs L is reduced through a so-called virtual array
DPD.

These combined strategies suggests that the SFW-DPD can be adapted to
meet various implementation constraints.

8 Conclusion
Distortion shaping in both frequency and space is shown capable of improving
linearization performance in specified frequency and spatial regions at the cost
of shaping distortion elsewhere. The proposed error metric allows flexibility
in how residual distortion is to be shaped, and shown implementable by the
proposed spatial and frequency weighted (SFW) DPD approach. Specifically,
simulation results for single-beam and dual-beam scenarios illustrate the abil-
ity of the SFW-DPD to reduce user-oriented distortion, selectively suppress
out-of-band emissions, and exploit spatial and spectral degrees of freedom to
meet diverse emission requirements. Overall, the approach offers a flexible
framework for distortion management in digital MIMO transmitters.
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