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H I G H L I G H T S

• Thermodynamically consistent constitu­

tive model at the cross-sectional level.

• Fully coupled membrane–bending re­

sponse under cyclic and non-propor-

tional loading.

• Captures stiffness degradation in both 

tension and compression.

• Calibrated using synthetic data from rep­

resentative volume element simulations.

• Achieves up to two orders of magnitude 

speed-up over fully resolved models.

G R A P H I C A L A B S T R A C T

 

A R T I C L E  I N F O
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A B S T R A C T

Accurate modeling of structures exhibiting nonlinear response due to progressive damage, such as cracking, re­

mains a major challenge, as resolving the subscale leads to computationally intensive simulations. To address 

this, we propose an effective constitutive damage model formulated directly at the sectional level. By expressing 

the response in terms of generalized sectional quantities, the model eliminates the need for through-thickness 

integration and evaluation of local material behavior, improving computational efficiency. The formulation is 

thermodynamically consistent, employs global damage variables in the cross-section, and accounts for the cou­

pling between normal force and bending moment. Calibration and validation are performed against representative 

volume element-based simulations of textile-reinforced concrete that resolve yarn–matrix slip and matrix soft­

ening. Despite its simplicity, the model accurately reproduces axial force and bending moment responses under 

non-proportional strain and curvature histories. Compared with a fully resolved simulation of a one-way textile-

reinforced concrete slab, the model achieves a two-order-of-magnitude reduction in computational cost, with an 

error below 5 %. The framework captures nonlinear behavior arising from stiffness degradation, making it suit­

able for textile-reinforced concrete structures in which the structural response is governed by concrete cracking 

and crushing, as well as bond-degradation. It is, however, also applicable to other beam-like structures exhibiting 

damage-dominated behavior.
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$\bar {\varepsilon }$


$\bar {\kappa }$


\begin {equation}\varepsilon (z) = \bar {\varepsilon } - z\,\bar {\kappa }, \label {eq:strain_profile}\end {equation}


$z$


$\sigma (\varepsilon (z))$


\begin {equation}\delta W_{\text {int}} = \delta \bar {\varepsilon } \int _A \sigma (\varepsilon (z)) \, {\textrm {d}}A, - \delta \bar {\kappa } \int _A z \, \sigma (\varepsilon (z)) \, {\textrm {d}}A. \label {eq:virtual_work_section}\end {equation}
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$\bar {\Psi }^0$


\begin {equation}\Psi ^0(\varepsilon ;z)=\frac {1}{2}C(z)\varepsilon ^2 \label {eq:free_energy_density_undamaged}\end {equation}


\begin {equation}\bar {\Psi }^0(\bar {\varepsilon },\bar {\kappa }) = \frac {1}{2} \int _A \Psi ^0(\varepsilon ;z) \,{\textrm {d}}A =\frac {1}{2} \int _A C(z)\,{\big (\bar {\varepsilon }-z\bar {\kappa }\big )}^2 \,{\textrm {d}}A. \label {eq:generalized_free_energy_undamaged_integral}\end {equation}


$C(z)$


$z$


$y$


\begin {equation}\bar {\Psi }^0(\bar {\varepsilon },\bar {\kappa })=\frac {\bar {C}_{\textrm {A}}^0\bar {\varepsilon }^2}{2}-\bar {C}_{\textrm {S}}^0\bar {\varepsilon }\bar {\kappa }+\frac {\bar {C}_{\textrm {I}}^0\bar {\kappa }^2}{2}, \label {eq:generalized_free_energy_undamaged}\end {equation}


$\bar {\Psi }_{\textrm {m}}^0=\tfrac {1}{2}\bar {C}_{\textrm {A}}^0\bar {\varepsilon }^2$


$\bar {\Psi }_{\textrm {m,b}}^0=-\bar {C}_{\textrm {S}}^0\bar {\varepsilon }\bar {\kappa }$


$\bar {\Psi }_{\textrm {b}}^0=\tfrac {1}{2}\bar {C}_{\textrm {I}}^0\bar {\kappa }^2$


\begin {equation}\bar {C}_{\textrm {A}}^0 = \int _A C(z)\,{\textrm {d}}A,\qquad \bar {C}_{\textrm {S}}^0 = \int _A C(z)\,z\,{\textrm {d}}A,\qquad \bar {C}_{\textrm {I}}^0 = \int _A C(z)\,z^2\,{\textrm {d}}A. \label {eq:generalized_sectional_stiffness_undamaged}\end {equation}


\begin {align}&\bar {N}^0 =\frac {\partial \bar {\Psi }^0}{\partial \bar {\varepsilon }}=\frac {\partial \bar {\Psi }_{\textrm {m}}^0}{\partial \bar {\varepsilon }}+\frac {\partial \bar {\Psi }_{\textrm {m,b}}^0}{\partial \bar {\varepsilon }}=\bar {C}_{\textrm {A}}^0\bar {\varepsilon }-\bar {C}_{\textrm {S}}^0\bar {\kappa },\label {autoeq:1}\\ &\bar {M}^0 =\frac {\partial \bar {\Psi }^0}{\partial \bar {\kappa }}=\frac {\partial \bar {\Psi }_{\textrm {b}}^0}{\partial \bar {\kappa }}+\frac {\partial \bar {\Psi }_{\textrm {m,b}}^0}{\partial \bar {\kappa }}=\bar {C}_{\textrm {I}}^0\bar {\kappa }-\bar {C}_{\textrm {S}}^0\bar {\varepsilon },\label {autoeq:2}\end {align}


$\bar {C}_{\textrm {S}}^0$


$C(z)$


$\sigma _{yy}=0$


$\sigma _{zz}=0$


$C(z)$


$\varepsilon _{yy}=0$


$\sigma _{zz}=0$


$C(z)=E(z)/(1-\nu {(z)}^2)$


$E(z)$


$\nu (z)$


$z$


$C(z)$


$d_{\textrm {u}}^{\textrm {t}} \ge 0$


$d_{\textrm {l}}^{\textrm {t}} \ge 0$


$d_{\textrm {u}}^{\textrm {c}} \ge 0$


$d_{\textrm {l}}^{\textrm {c}} \ge 0$


$\bar {{\!}\boldsymbol {d}} = (d_{\textrm {u}}^{\textrm {t}},\, d_{\textrm {l}}^{\textrm {t}},\, d_{\textrm {u}}^{\textrm {c}},\, d_{\textrm {l}}^{\textrm {c}})$


$\bar {\Psi }$


$z \in [0, z_{\textrm {max}}]$


$z \in [z_{\textrm {min}}, 0)$


\begin {align}d^{\textrm {t}}(z) = \begin {cases} d^{\textrm {t}}_{\textrm {u}}, & z \in [0, z_{\textrm {max}}],\\ d^{\textrm {t}}_{\textrm {l}}, & z \in [z_{\textrm {min}}, 0), \end {cases} \label {eq:damage_activation_function_tension}\end {align}


\begin {align}d^{\textrm {c}}(z) = \begin {cases} d^{\textrm {c}}_{\textrm {u}}, & z \in [0, z_{\textrm {max}}],\\ d^{\textrm {c}}_{\textrm {l}}, & z \in [z_{\textrm {min}}, 0), \end {cases} \label {eq:damage_activation_function_compression}\end {align}


$\bar {\Psi }$


\begin {equation}\bar {\Psi }(\bar {\varepsilon },\bar {\kappa },{\,}\bar {{\!}\boldsymbol {d}}) = \int _A \Psi \!\big (\bar {\varepsilon }-z\,\bar {\kappa },\,\bar {{\!}\boldsymbol {d}};z\big )\,{\textrm {d}}A, \label {eq:free_energy_split_compact}\end {equation}


\begin {equation}\Psi (\varepsilon ,{\,}\bar {{\!}\boldsymbol {d}};z) = \frac {C(z)}{2}\left [ (1-d^{\textrm {t}}(z))\!\left \langle \varepsilon (z) \right \rangle _+^2 + (1-d^{\textrm {c}}(z))\!\left \langle \varepsilon (z) \right \rangle _-^2 \right ]. \label {eq:free_energy_density_degraded}\end {equation}


$H(\cdot )$


\begin {equation*}\zeta (\bar {\varepsilon },\bar {\kappa },{\,}\bar {{\!}\boldsymbol {d}};z) = \bigl (1-d^{\textrm {t}}(z)\bigr )\,H\!\big (\bar {\varepsilon }-z\bar {\kappa }\big ) + \bigl (1-d^{\textrm {c}}(z)\bigr )\,H\!\big (-(\bar {\varepsilon }-z\bar {\kappa })\big ).\end {equation*}


\begin {equation}\bar {\Psi }(\bar {\varepsilon },\bar {\kappa },{\,}\bar {{\!}\boldsymbol {d}})=\int _A\,\zeta (\bar {\varepsilon },\bar {\kappa },{\,}\bar {{\!}\boldsymbol {d}};z)\,\Psi ^0\,{\textrm {d}}A = \frac {1}{2}\int _A\,\zeta (\bar {\varepsilon },\bar {\kappa },{\,}\bar {{\!}\boldsymbol {d}};z)\,C(z)\,{\left [\bar \varepsilon -z\bar \kappa \right ]}^2\,{\textrm {d}}A. \label {eq:generalized_free_energy_degraded_integral}\end {equation}


\begin {equation}\bar {\Psi }(\bar {\varepsilon }, \bar {\kappa },{\,} \bar {{\!}\boldsymbol {d}})=\tfrac {1}{2}\bar {C}_{\textrm {A}}(\bar {\varepsilon }, \bar {\kappa },{\,}\bar {{\!}\boldsymbol {d}})\bar {\varepsilon }^2-\bar {C}_{\textrm {S}}(\bar {\varepsilon }, \bar {\kappa },{\,}\bar {{\!}\boldsymbol {d}})\bar {\varepsilon }\bar {\kappa }+\tfrac {1}{2}\bar {C}_{\textrm {I}}(\bar {\varepsilon }, \bar {\kappa },{\,}\bar {{\!}\boldsymbol {d}})\bar {\kappa }^2=\bar {\Psi }_\mathbf {m}+\bar {\Psi }_\mathbf {m,b}+\bar {\Psi }_\mathbf {b}, \label {eq:generalized_free_energy_degraded}\end {equation}


\begin {align}\bar {C}_{\textrm {A}}(\bar {\varepsilon }, \bar {\kappa },{\,} \bar {{\!}\boldsymbol {d}}) & := \int _A C(z)\,\zeta (\bar {\varepsilon },\bar {\kappa },{\,}\bar {{\!}\boldsymbol {d}};z)\,{\textrm {d}}A,\label {autoeq:3}\\ \bar {C}_{\textrm {S}}(\bar {\varepsilon }, \bar {\kappa },{\,} \bar {{\!}\boldsymbol {d}}) &:= \int _A C(z)\,z\,\zeta (\bar {\varepsilon },\bar {\kappa },{\,}\bar {{\!}\boldsymbol {d}};z)\,{\textrm {d}}A,\label {autoeq:4}\\ \bar {C}_{\textrm {I}}(\bar {\varepsilon }, \bar {\kappa },{\,} \bar {{\!}\boldsymbol {d}}) &:= \int _A C(z)\,z^2\,\zeta (\bar {\varepsilon },\bar {\kappa },{\,}\bar {{\!}\boldsymbol {d}};z)\,{\textrm {d}}A.\label {autoeq:5}\end {align}


\begin {align}\bar {C}_{\textrm {A}}(\bar {\varepsilon }, \bar {\kappa },{\,} \bar {{\!}\boldsymbol {d}}) & := \int _A C(z)\,\zeta (\bar {\varepsilon },\bar {\kappa },{\,}\bar {{\!}\boldsymbol {d}};z)\,{\textrm {d}}A,\label {autoeq:3}\\ \bar {C}_{\textrm {S}}(\bar {\varepsilon }, \bar {\kappa },{\,} \bar {{\!}\boldsymbol {d}}) &:= \int _A C(z)\,z\,\zeta (\bar {\varepsilon },\bar {\kappa },{\,}\bar {{\!}\boldsymbol {d}};z)\,{\textrm {d}}A,\label {autoeq:4}\\ \bar {C}_{\textrm {I}}(\bar {\varepsilon }, \bar {\kappa },{\,} \bar {{\!}\boldsymbol {d}}) &:= \int _A C(z)\,z^2\,\zeta (\bar {\varepsilon },\bar {\kappa },{\,}\bar {{\!}\boldsymbol {d}};z)\,{\textrm {d}}A.\label {autoeq:5}\end {align}


\begin {align}\bar {C}_{\textrm {A}}(\bar {\varepsilon }, \bar {\kappa },{\,} \bar {{\!}\boldsymbol {d}}) & := \int _A C(z)\,\zeta (\bar {\varepsilon },\bar {\kappa },{\,}\bar {{\!}\boldsymbol {d}};z)\,{\textrm {d}}A,\label {autoeq:3}\\ \bar {C}_{\textrm {S}}(\bar {\varepsilon }, \bar {\kappa },{\,} \bar {{\!}\boldsymbol {d}}) &:= \int _A C(z)\,z\,\zeta (\bar {\varepsilon },\bar {\kappa },{\,}\bar {{\!}\boldsymbol {d}};z)\,{\textrm {d}}A,\label {autoeq:4}\\ \bar {C}_{\textrm {I}}(\bar {\varepsilon }, \bar {\kappa },{\,} \bar {{\!}\boldsymbol {d}}) &:= \int _A C(z)\,z^2\,\zeta (\bar {\varepsilon },\bar {\kappa },{\,}\bar {{\!}\boldsymbol {d}};z)\,{\textrm {d}}A.\label {autoeq:5}\end {align}


\begin {align}&\bar {N} =\left .\frac {\partial \bar \Psi }{\partial \bar \varepsilon }\right |_{\bar {\kappa },{\,}\bar {{\!}\boldsymbol {d}}}=\bar {C}_{\textrm {A}}(\bar {\varepsilon }, \bar {\kappa },{\,} \bar {{\!}\boldsymbol {d}})\bar {\varepsilon }-\bar {C}_{\textrm {S}}(\bar {\varepsilon }, \bar {\kappa },{\,} \bar {{\!}\boldsymbol {d}})\bar {\kappa },\label {autoeq:6}\\ &\bar {M} =\left .\frac {\partial \bar \Psi }{\partial \bar \kappa }\right |_{\bar {\varepsilon },{\,}\bar {{\!}\boldsymbol {d}}}=\bar {C}_{\textrm {I}}(\bar {\varepsilon }, \bar {\kappa },{\,} \bar {{\!}\boldsymbol {d}})\bar {\kappa }-\bar {C}_{\textrm {S}}(\bar {\varepsilon }, \bar {\kappa },{\,} \bar {{\!}\boldsymbol {d}})\bar {\varepsilon }.\label {autoeq:7}\end {align}


\begin {align}&\bar {N} =\left .\frac {\partial \bar \Psi }{\partial \bar \varepsilon }\right |_{\bar {\kappa },{\,}\bar {{\!}\boldsymbol {d}}}=\bar {C}_{\textrm {A}}(\bar {\varepsilon }, \bar {\kappa },{\,} \bar {{\!}\boldsymbol {d}})\bar {\varepsilon }-\bar {C}_{\textrm {S}}(\bar {\varepsilon }, \bar {\kappa },{\,} \bar {{\!}\boldsymbol {d}})\bar {\kappa },\label {autoeq:6}\\ &\bar {M} =\left .\frac {\partial \bar \Psi }{\partial \bar \kappa }\right |_{\bar {\varepsilon },{\,}\bar {{\!}\boldsymbol {d}}}=\bar {C}_{\textrm {I}}(\bar {\varepsilon }, \bar {\kappa },{\,} \bar {{\!}\boldsymbol {d}})\bar {\kappa }-\bar {C}_{\textrm {S}}(\bar {\varepsilon }, \bar {\kappa },{\,} \bar {{\!}\boldsymbol {d}})\bar {\varepsilon }.\label {autoeq:7}\end {align}


\begin {align}\label {eq:Y} Y_{{\textrm {u}}}^{\mathrm {t/c}}(\bar {\varepsilon },\bar {\kappa }) &= -\left .\frac {\partial \bar {\Psi }}{\partial d_{{\textrm {u}}}^{\mathrm {t/c}}}\right |_{\bar {\varepsilon },\bar {\kappa }} = \,\frac {1}{2}\!\int _{A_{{\textrm {u}}}} C(z)\, \Big \langle \bar {\varepsilon }-z\bar {\kappa } \Big \rangle _\pm ^{2}\,{\textrm {d}}A,\\ Y_{{\textrm {l}}}^{\mathrm {t/c}}(\bar {\varepsilon },\bar {\kappa }) &= -\left .\frac {\partial \bar {\Psi }}{\partial d_{{\textrm {l}}}^{\mathrm {t/c}}}\right |_{\bar {\varepsilon },\bar {\kappa }} = \,\frac {1}{2}\!\int _{A_{{\textrm {l}}}} C(z)\, \Big \langle \bar {\varepsilon }-z\bar {\kappa } \Big \rangle _\pm ^{2}\,{\textrm {d}}A.\label {autoeq:8}\end {align}


\begin {align}\label {eq:Y} Y_{{\textrm {u}}}^{\mathrm {t/c}}(\bar {\varepsilon },\bar {\kappa }) &= -\left .\frac {\partial \bar {\Psi }}{\partial d_{{\textrm {u}}}^{\mathrm {t/c}}}\right |_{\bar {\varepsilon },\bar {\kappa }} = \,\frac {1}{2}\!\int _{A_{{\textrm {u}}}} C(z)\, \Big \langle \bar {\varepsilon }-z\bar {\kappa } \Big \rangle _\pm ^{2}\,{\textrm {d}}A,\\ Y_{{\textrm {l}}}^{\mathrm {t/c}}(\bar {\varepsilon },\bar {\kappa }) &= -\left .\frac {\partial \bar {\Psi }}{\partial d_{{\textrm {l}}}^{\mathrm {t/c}}}\right |_{\bar {\varepsilon },\bar {\kappa }} = \,\frac {1}{2}\!\int _{A_{{\textrm {l}}}} C(z)\, \Big \langle \bar {\varepsilon }-z\bar {\kappa } \Big \rangle _\pm ^{2}\,{\textrm {d}}A.\label {autoeq:8}\end {align}


$\phi _{\textrm {u}}^{\textrm {t}}$


$\phi _{\textrm {l}}^{\textrm {t}}$


$\phi _{\textrm {u}}^{\textrm {c}}$


$\phi _{\textrm {l}}^{\textrm {c}}$


\begin {align}\phi _{\textrm {u}}^\mathrm {t/c} &= Y_{\textrm {u}}^\mathrm {t/c}(\bar {\varepsilon }, \bar {\kappa }, d_{\textrm {u}}^\mathrm {t/c}) - k_{\textrm {u}}^\mathrm {t/c}, &\qquad \phi _{\textrm {l}}^\mathrm {t/c} &= Y_{\textrm {l}}^\mathrm {t/c}(\bar {\varepsilon }, \bar {\kappa }, d_{\textrm {l}}^\mathrm {t/c}) - k_{\textrm {l}}^\mathrm {t/c}.\label {autoeq:9}\end {align}


$k_{\textrm {u}}^{\textrm {t}}$


$k_{\textrm {u}}^{\textrm {c}}$


$k_{\textrm {l}}^{\textrm {t}}$


$k_{\textrm {l}}^{\textrm {c}}$


$\varepsilon (z)=\bar {\varepsilon }$


$\varepsilon (z)=-z\bar {\kappa }$


$\varepsilon _{\textrm {max}}$


$Y_1^{\textrm {m}}=3Y_1^{\textrm {b}}$


$\alpha _{\textrm {u}}^{\textrm {t}}, \alpha _{\textrm {u}}^{\textrm {c}}, \alpha _{\textrm {l}}^{\textrm {t}}$


$\alpha _{\textrm {l}}^{\textrm {c}}$


\begin {equation}d(\alpha ; k, \beta , D_{\max }) = \begin {cases} 0, & \alpha < k, \\[1.0ex] D_{\max }\!\left [1 - \exp \!\left (-\dfrac {\alpha - k}{\beta }\right )\right ], & \alpha \geq k , \end {cases} \label {eq:damage_evolution}\end {equation}


$D_{\max } \in [0,1]$


$k$


$D_{\max }$


\begin {equation}\mathcal {D} = \Big ( Y_{\textrm {u}}^{\textrm {t}}\,\dot {d}_{\textrm {u}}^{\textrm {t}} +Y_{\textrm {u}}^{\textrm {c}}\,\dot {d}_{\textrm {u}}^{\textrm {c}} \Big ) +\Big ( Y_{\textrm {l}}^{\textrm {t}}\,\dot {d}_{\textrm {l}}^{\textrm {t}} +Y_{\textrm {l}}^{\textrm {c}}\,\dot {d}_{\textrm {l}}^{\textrm {c}} \Big ) \;\;\geq \;0. \label {eq:Dissipation_inequality}\end {equation}


$\dot {d}\geq 0$


\begin {equation}\label {ieq2} \,Y_{\textrm {u}}^{\textrm {t}}\;\geq \;0, \qquad \,Y_{\textrm {u}}^{\textrm {c}}\;\geq \;0, \qquad \,Y_{\textrm {l}}^{\textrm {t}}\;\geq \;0, \qquad \,Y_{\textrm {l}}^{\textrm {c}}\;\geq \;0.\end {equation}


$\bar {\Psi }(\bar {\varepsilon }, \bar {\kappa })$


$(\bar {\varepsilon }, \bar {\kappa })$


\begin {equation}\label {eq:tangent_stiffness} \boldsymbol {H} = \begin {bmatrix} \dfrac {\partial ^2\bar {\Psi }}{\partial \bar {\varepsilon }^2} & \dfrac {\partial ^2 \bar {\Psi }}{\partial \bar {\varepsilon }\,\partial \bar {\kappa }} \\ \dfrac {\partial ^2 \bar {\Psi }}{\partial \bar {\kappa }\,\partial \bar {\varepsilon }} & \dfrac {\partial ^2 \bar {\Psi }}{\partial \bar {\kappa }^2} \end {bmatrix} = \begin {bmatrix} \dfrac {\partial \bar {N}}{\partial \bar {\varepsilon }} & \dfrac {\partial \bar {N}}{\partial \bar {\kappa }} \\ \dfrac {\partial \bar {M}}{\partial \bar {\varepsilon }} & \dfrac {\partial \bar {M}}{\partial \bar {\kappa }} \end {bmatrix} = \begin {bmatrix} \bar {C}_{\textrm {A}} & -\bar {C}_{\textrm {S}} \\ -\bar {C}_{\textrm {S}} & \bar {C}_{\textrm {I}} \end {bmatrix},\end {equation}


$\bar \varepsilon =\bar \kappa =0$


$\boldsymbol {H}$


$d_{\textrm {u}}^{\textrm {t}}\ne d_{\textrm {u}}^{\textrm {c}}$


$d_{\textrm {l}}^{\textrm {t}}\ne d_{\textrm {l}}^{\textrm {c}}$


$\partial \bar {N}/\partial \bar {\varepsilon } = \bar {C}_{\textrm {A}}$


$\boldsymbol {H}$


\begin {align}\label {eq:H11} &H_{11}=\bar {C}_{\textrm {A}}\geq 0,\\ \label {eq:det(H)} &{\textrm {det}}(\boldsymbol {H})=\bar {C}_{\textrm {A}}\bar {C}_{\textrm {I}}-\bar {C}_{\textrm {S}}^2\geq 0.\end {align}


\begin {align}\label {eq:H11} &H_{11}=\bar {C}_{\textrm {A}}\geq 0,\\ \label {eq:det(H)} &{\textrm {det}}(\boldsymbol {H})=\bar {C}_{\textrm {A}}\bar {C}_{\textrm {I}}-\bar {C}_{\textrm {S}}^2\geq 0.\end {align}


$\bar {C}_{\textrm {A}}$


$\bar {C}_{\textrm {S}}$


$\bar {C}_{\textrm {I}}$


\begin {equation}\label {eq:cauchy_schwarz_H} {\left (\int _{\textrm {A}}C(z)z\zeta (z) \,{\textrm {d}}A\right )}^2\leq \int _{\textrm {A}}C(z)\zeta (z) \,{\textrm {d}}A \int _{\textrm {A}}C(z)z^2\zeta (z) \,{\textrm {d}}A.\end {equation}


$C(z)\zeta (z)$


$\boldsymbol {H}$


$\boldsymbol {H}$


\begin {equation}\boldsymbol {H}_{\textrm {cons}} = \left .\frac {\partial \bar {\boldsymbol {\sigma }}}{\partial \bar {\boldsymbol {\varepsilon }}}\right |_{\bar {\boldsymbol d}} + \sum _{i=1}^4 \frac {\partial \bar {\boldsymbol {\sigma }}}{\partial d_i} \otimes \frac {\partial d_i}{\partial \bar {\boldsymbol {\varepsilon }}}, \label {eq:H_consistent_compact}\end {equation}


$\bar {\boldsymbol {\sigma }} = {[\bar {N}\;\;\bar {M}]}^{\mathsf {T}}$


$\bar {\boldsymbol {\varepsilon }} = {[\bar {\varepsilon }\;\;\bar {\kappa }]}^{\mathsf {T}}$


${\{d_i\}}_{i=1}^4$


$\bar {\boldsymbol {d}}$


$\boldsymbol {H}$


$\boldsymbol {H}_{\textrm {cons}}$


$C(z) = C$


$\tilde {b}$


$\tilde {h}$


$z_{\textrm {max}} = \tilde {h}/2$


$z_{\textrm {min}} = -\tilde {h}/2$


$\tilde {h}$


\begin {equation}z_{{\textrm {NA,u}}} = \begin {cases} \displaystyle \frac {\bar {\varepsilon }}{\bar {\kappa }}, & \text {if } \frac {\bar {\varepsilon }}{\bar {\kappa }} \geq 0 \;\text {and}\; \left | \frac {\bar {\varepsilon }}{\bar {\kappa }} \right | \leq \frac {\tilde {h}}{2}, \\ 0, & \text {otherwise}, \end {cases} \qquad z_{{\textrm {NA,l}}} = \begin {cases} \displaystyle \frac {\bar {\varepsilon }}{\bar {\kappa }}, & \text {if } \frac {\bar {\varepsilon }}{\bar {\kappa }} < 0 \;\text {and}\; \left | \frac {\bar {\varepsilon }}{\bar {\kappa }} \right | \leq \frac {\tilde {h}}{2}, \\ 0, & \text {otherwise}. \end {cases} \label {eq:Neutral_axes_clamped}\end {equation}


$z > z_{{\textrm {NA,u}}}$


$0 < z < z_{{\textrm {NA,u}}}$


$z_{{\textrm {NA,l}}} < z < 0$


$z < z_{{\textrm {NA,l}}}$


$z_i \in \{\,\tilde {h}/2,\,0,\,0,\,-\tilde {h}/2\,\}$


$A_i$


$S_i$


$I_i$


\begin {align}Y_{\textrm {u}}^{\textrm {t}} &= \frac {C\tilde {b}}{2}\sum _{i=1}^{2} H\!\bigl (\varepsilon (z_i)\bigr )\,Q_i(\bar {\varepsilon },\bar {\kappa }), & Y_{\textrm {u}}^{\textrm {c}} &= \frac {C\tilde {b}}{2}\sum _{i=1}^{2} H\!\bigl (-\varepsilon (z_i)\bigr )\,Q_i(\bar {\varepsilon },\bar {\kappa }),\label {autoeq:11}\\ Y_{\textrm {l}}^{\textrm {t}} &= \frac {C\tilde {b}}{2}\sum _{i=3}^{4} H\!\bigl (\varepsilon (z_i)\bigr )\,Q_i(\bar {\varepsilon },\bar {\kappa }), & Y_{\textrm {l}}^{\textrm {c}} &= \frac {C\tilde {b}}{2}\sum _{i=3}^{4} H\!\bigl (-\varepsilon (z_i)\bigr )\,Q_i(\bar {\varepsilon },\bar {\kappa }),\label {autoeq:12}\end {align}


\begin {align}Y_{\textrm {u}}^{\textrm {t}} &= \frac {C\tilde {b}}{2}\sum _{i=1}^{2} H\!\bigl (\varepsilon (z_i)\bigr )\,Q_i(\bar {\varepsilon },\bar {\kappa }), & Y_{\textrm {u}}^{\textrm {c}} &= \frac {C\tilde {b}}{2}\sum _{i=1}^{2} H\!\bigl (-\varepsilon (z_i)\bigr )\,Q_i(\bar {\varepsilon },\bar {\kappa }),\label {autoeq:11}\\ Y_{\textrm {l}}^{\textrm {t}} &= \frac {C\tilde {b}}{2}\sum _{i=3}^{4} H\!\bigl (\varepsilon (z_i)\bigr )\,Q_i(\bar {\varepsilon },\bar {\kappa }), & Y_{\textrm {l}}^{\textrm {c}} &= \frac {C\tilde {b}}{2}\sum _{i=3}^{4} H\!\bigl (-\varepsilon (z_i)\bigr )\,Q_i(\bar {\varepsilon },\bar {\kappa }),\label {autoeq:12}\end {align}


\begin {equation}\label {ieq3} Q_i(\bar {\varepsilon },\bar {\kappa }):=A_i \bar {\varepsilon }^2 + I_i \bar {\kappa }^2 - 2 S_i \bar {\varepsilon }\bar {\kappa }.\end {equation}


$\boldsymbol {\sigma }_{\textrm {c}}$


$\boldsymbol {\sigma }_{\textrm {c}}^0=\boldsymbol {E}_{\textrm {c}}:\boldsymbol {\varepsilon }_{\textrm {c}}$


$\boldsymbol {\sigma }_{\textrm {c}}=(1-d)\boldsymbol {\sigma }_{\textrm {c}}^0$


$d$


\begin {align}d &= 1 - \frac {(1-A)\mu _0}{\mu } - A {\left (\frac {\mu _0}{\mu }\right )}^r \exp \!\big (-B(\mu -\mu _0)\big ), \label {eq:d_def}\end {align}


$\mu $


$\mu =r\mu _{\textrm {r}}+(1-r)\mu _{\textrm {c}}$


$r$


$A$


$B$


$\mu _0$


${\left (\frac {\mu _0}{\mu }\right )}^r$


$B_{\textrm {t}}$


$G_{\textrm {F}}$


$A_{\textrm {t}}=1$


$h_{\textrm {cb}}$


$B_{\textrm {t}}$


\begin {equation}\label {ieq5} B_{\textrm {t}} = \frac {2 E \, \varepsilon _{t,0} \, h_{\textrm {cb}}}{2 G_{\textrm {F}} - E \, \varepsilon _{t,0}^2 \, h_{\textrm {cb}}}.\end {equation}


$\eta _{\textrm {E}}$


$\eta _{\textrm {f}}$


$L_\square = 50~\textrm {m}\textrm {m}$


$h$


$h=15{\textrm {mm}}$


\begin {equation}\begin {pmatrix} [\![ u_x ]\!]\\ [\![ u_z ]\!] \end {pmatrix} \;=\; \begin {pmatrix} \bar {\varepsilon }\,L_\square - z\,\bar {\kappa }\,L_\square \\[5pt] \tfrac {1}{2}\,\bar {\kappa }\,L_\square ^{2} \end {pmatrix}, \label {eq:bc_RVE}\end {equation}


$3.125 \times 3.125 \times 2.500$


$3.125$


$\bar {N}$


$\bar {M}$


$\bar {\varepsilon }$


$\bar {\kappa }$


$\lvert L_{\square }\rvert $


\begin {align}&\bar {N}=\frac {1}{\left |L_{\square }\right |}\left [\int _{\Omega _{\square }} \sigma _{{\textrm {c,xx}}} \ {\textrm {d}}\Omega +\int _{\Gamma _{\mathrm {r,\square }}}N_{{\textrm {r}}}e_{\textrm {l,x}}^2 \ {\textrm {d}}\Gamma \right ] \label {eq:effective_normal_force},\\ &\bar {M}=-\frac {1}{\left |L_{\square }\right |}\left [\int _{\Omega _{\square }}z\sigma _{{\textrm {c,xx}}} \ {\textrm {d}}\Omega +\int _{\Gamma _{\mathrm {r,\square }}}N_{{\textrm {r}}}ze_{{\textrm {l,x}}}^2 \ {\textrm {d}}\Gamma \right ].\label {eq:effective_moment}\end {align}


\begin {align}&\bar {N}=\frac {1}{\left |L_{\square }\right |}\left [\int _{\Omega _{\square }} \sigma _{{\textrm {c,xx}}} \ {\textrm {d}}\Omega +\int _{\Gamma _{\mathrm {r,\square }}}N_{{\textrm {r}}}e_{\textrm {l,x}}^2 \ {\textrm {d}}\Gamma \right ] \label {eq:effective_normal_force},\\ &\bar {M}=-\frac {1}{\left |L_{\square }\right |}\left [\int _{\Omega _{\square }}z\sigma _{{\textrm {c,xx}}} \ {\textrm {d}}\Omega +\int _{\Gamma _{\mathrm {r,\square }}}N_{{\textrm {r}}}ze_{{\textrm {l,x}}}^2 \ {\textrm {d}}\Gamma \right ].\label {eq:effective_moment}\end {align}


$\bar {M}_{22}=\bar {N}_{22}=\bar {M}_{12}=\bar {N}_{12}=0$


$\bar {\kappa }_{22}=\bar {\varepsilon }_{22}=\bar {\kappa }_{12}=\bar {\varepsilon }_{12}=0$


$\lvert A_{\square }\rvert $


\begin {equation*}\{(\bar {\varepsilon }, \bar {\kappa }) \;\mid \; |\bar {\varepsilon }| \leq 0.4~\times ~10^{-3},\; |\bar {\kappa }| \leq 250~\textrm {m}\textrm {m}^{-1} \},\end {equation*}


$h=10~\textrm {m}\textrm {m}$


$h=15~\textrm {m}\textrm {m}$


$h=20~\textrm {m}\textrm {m}$


$k_{\textrm {u}}^{\textrm {t}}=k_{\textrm {l}}^{\textrm {t}}$


$k_{\textrm {u}}^{\textrm {c}}=k_{\textrm {l}}^{\textrm {c}}$


$k^{\textrm {t}}$


$k^{\textrm {c}}$


$\beta _{\textrm {u}}^{\textrm {t}}=\beta _{\textrm {l}}^{\textrm {t}}$


$\beta _{\textrm {u}}^{\textrm {c}}=\beta _{\textrm {l}}^{\textrm {c}}$


$\beta ^{\textrm {t}}$


$\beta ^{\textrm {c}}$


$C$


$\tilde {h}$


$\tilde {b}=b$


\begin {equation}\label {ieq6} E(\hat X,X) \;=\; \frac {1}{G}\sum _{g=1}^{G} \frac {\|\hat X^{(g)}(\theta ) - X^{(g)}\|_2}{\|X^{(g)}\|_2},\end {equation}


$\hat {X}^{(g)}$


$g$


$X^{(g)}$


\begin {equation}J(\theta ) \;=\; \frac {c_N}{c_N+c_M}\,E(\hat N,N) \;+\; \frac {c_M}{c_N+c_M}\,E(\hat M,M). \label {eq:error_function}\end {equation}


$c_{\textrm {M}}=c_{\textrm {N}}=1$


${h=10\,\textrm {mm}}\newline {}(\rho =7.3\%)$


${h=15\,\textrm {mm}}\newline {}(\rho =4.9\%)$


${h=20\,\textrm {mm}}\newline {}(\rho =3.7\%)$


$C$


$\tilde {h}$


$k^{{\textrm {t}}}$


$k^{{\textrm {c}}}$


$\beta _{{\textrm {t}}}$


$\beta _{{\textrm {c}}}$


$D_{{\textrm {max}}}$


$E=40.3$


$k^{\textrm {t}}\!\propto h{(\varepsilon _0^{\textrm {t}})}^2$


$k^{\textrm {t}}$


\begin {equation}\label {ieq7} \varepsilon _0^{\textrm {t}} \;\propto \; h^{-1/2}.\end {equation}


\begin {equation}\label {ieq8} \varepsilon _{0}^{\textrm {t}}(h) = \frac {f_t'}{E}\,\frac {1}{\sqrt {1 + h/h_a}},\end {equation}


$f_{\textrm {t}}'$


$h^{-1/2}$


$h \gg h_a$


$k^{\textrm {c}}$


$\bar {\varepsilon }$


$\bar {\varepsilon }_{\textrm {max}}=0.40\cdot 10^{-3}$


$\bar {\kappa }$


$\bar {\kappa }_{\textrm {max}}=0.37\,{\textrm {m}}^{-1}$


$h=10~\textrm {m}\textrm {m}$


$h=10~\textrm {m}\textrm {m}$


$J(\theta )$


$h=10~\textrm {m}\textrm {m}$


$J(\theta )=7.8~\%$


$J(\theta )=5.6~\%$


$J(\theta )=5.3~\%$


$h=15~\textrm {m}\textrm {m}$


$h=20~\textrm {m}\textrm {m}$


$q$


$\bar {w}$


$\bar {u}$


$200\times $


$320\times $


$\delta _{\textrm {mid}}$


$\bar {q}$


$q$


$D_{\textrm {max}}$


$h_{\textrm {cb}}$


\begin {equation}\label {ieq10} \bar {N} = \left .\frac {\partial \bar {\Psi }}{\partial \bar {\varepsilon }}\right |_{\bar {\kappa },\bar {\boldsymbol {d}}}.\end {equation}


$\Delta \bar \varepsilon $


\begin {equation}\label {ieq11} \Delta \bar {\Psi } = \bar {\Psi }(\bar {\varepsilon }+\Delta \bar {\varepsilon },\bar {\kappa },\bar {\boldsymbol {d}}) - \bar {\Psi }(\bar {\varepsilon },\bar {\kappa },\bar {\boldsymbol {d}}),\end {equation}


\begin {equation}\bar {N} = \lim _{\Delta \bar {\varepsilon }\to 0} \frac {\Delta \bar {\Psi }}{\Delta \bar {\varepsilon }}. \label {eq:definition_N_limit}\end {equation}


\begin {equation}\label {ieq12} \Delta \bar {\Psi } = \int _A \left [ \zeta (\bar {\varepsilon },\bar {\kappa },\bar {\boldsymbol {d}})\,\Delta \Psi ^0 + \mathcal {C}^\varepsilon (\Delta \bar {\varepsilon }) \right ]{\textrm {d}}A,\end {equation}


\begin {equation}\label {ieq13} \mathcal {C}^\varepsilon (\Delta \bar {\varepsilon }) = \Delta \zeta \,\Psi ^0(\bar {\varepsilon }+\Delta \bar {\varepsilon }-z\bar {\kappa }),\end {equation}


\begin {align}&\Delta \Psi ^0 = \Psi ^0(\bar {\varepsilon }+\Delta \bar {\varepsilon }-z\bar {\kappa }) - \Psi ^0(\bar {\varepsilon }-z\bar {\kappa }), \label {eq:free_energy_difference}\\[4pt] &\Delta \zeta = \zeta (\bar {\varepsilon }+\Delta \bar {\varepsilon },\bar {\kappa },\bar {\boldsymbol {d}}) - \zeta (\bar {\varepsilon },\bar {\kappa },\bar {\boldsymbol {d}}).\label {autoeq:13}\end {align}


\begin {align}&\Delta \Psi ^0 = \Psi ^0(\bar {\varepsilon }+\Delta \bar {\varepsilon }-z\bar {\kappa }) - \Psi ^0(\bar {\varepsilon }-z\bar {\kappa }), \label {eq:free_energy_difference}\\[4pt] &\Delta \zeta = \zeta (\bar {\varepsilon }+\Delta \bar {\varepsilon },\bar {\kappa },\bar {\boldsymbol {d}}) - \zeta (\bar {\varepsilon },\bar {\kappa },\bar {\boldsymbol {d}}).\label {autoeq:13}\end {align}


$\Delta \zeta $


${\textrm {sign}}\!\left (\bar {\varepsilon }+\Delta \bar {\varepsilon }-z\bar {\kappa }\right ) \neq {\textrm {sign}}\!\left (\bar {\varepsilon }-z\bar {\kappa }\right )$


\begin {equation}\bigl |\Delta \zeta (z)\bigr | \le \bigl |d^{\textrm {c}}(z) - d^{\textrm {t}}(z)\bigr | \le 1, \label {eq:bound_delta_zeta}\end {equation}


$d^{\textrm {c}},d^{\textrm {t}}\in [0,1]$


\begin {equation}|\bar {\varepsilon } + \Delta \bar {\varepsilon } - z\bar {\kappa }| \le |\Delta \bar {\varepsilon }|, \label {eq:bounds_strain_variation_epsilon}\end {equation}


$\Delta \zeta \neq 0$


$\Delta \bar {\varepsilon }$


$\Delta \zeta $


$\Delta \bar {\kappa }$


$\Delta \zeta $


$\Psi ^0$


\begin {equation}\Psi ^0(\bar {\varepsilon }+\Delta \bar {\varepsilon }-z\bar {\kappa }) \le \tfrac {1}{2}C(z){(\Delta \bar {\varepsilon })}^2. \label {eq:bound_psi_0}\end {equation}


$\mathcal {C}^\varepsilon (\Delta \bar {\varepsilon })$


\begin {equation}\bigl |\mathcal {C}^\varepsilon (\Delta \bar {\varepsilon })\bigr | = \bigl |\Delta \zeta \,\Psi ^0(\bar {\varepsilon }+\Delta \bar {\varepsilon }-z\bar {\kappa })\bigr | \le \tfrac {1}{2}C(z){(\Delta \bar {\varepsilon })}^2, \quad \text {for } \Delta \zeta \neq 0. \label {eq:bound_R_epsilon}\end {equation}


\begin {equation}\label {ieq1} \begin {aligned} \bar {N} &= \int _A \sigma (\varepsilon (z))\,{\textrm {d}}A, \qquad \bar {M} = -\int _A z\sigma (\varepsilon (z))\,{\textrm {d}}A. \end {aligned}\end {equation}


\begin {equation}\label {ieq14} \bar {N} = \lim _{\Delta \bar {\varepsilon }\to 0} \left [ \int _A \zeta (\bar {\varepsilon },\bar {\kappa },\bar {\boldsymbol {d}}) \frac {\Delta \Psi ^0}{\Delta \bar {\varepsilon }}\,{\textrm {d}}A + R^\varepsilon (\Delta \bar {\varepsilon }) \right ],\end {equation}


\begin {equation}R^\varepsilon (\Delta \bar {\varepsilon }) := \int _A \frac {\mathcal {C}^\varepsilon (\Delta \bar {\varepsilon })}{\Delta \bar {\varepsilon }}\,{\textrm {d}}A. \label {eq:residual_normal_force}\end {equation}


\begin {equation}\label {ieq15} \bigl |R^\varepsilon (\Delta \bar {\varepsilon })\bigr | \le A\,C_{\max }\,|\Delta \bar {\varepsilon }|,\end {equation}


$C_{\max }:=\sup _{z\in A}C(z)$


\begin {equation}\label {ieq16} R^\varepsilon (\Delta \bar {\varepsilon })\to 0 \quad \text {as} \quad \;\Delta \bar {\varepsilon }\to 0,\end {equation}


\begin {align}&\bar {N} = \int _A \zeta (\bar {\varepsilon },\bar {\kappa },\bar {\boldsymbol {d}}) \,\frac {\partial \Psi ^0}{\partial \bar \varepsilon }\,{\textrm {d}}A = \underbrace {\int _A C(z)\,\zeta (\bar {\varepsilon },\bar {\kappa },\bar {\boldsymbol {d}})\,{\textrm {d}}A}_{\bar C_{\mathrm A}}\,\bar \varepsilon \nonumber \\ &\qquad - \underbrace {\int _A C(z)z\,\zeta (\bar {\varepsilon },\bar {\kappa },\bar {\boldsymbol {d}})\,{\textrm {d}}A}_{\bar C_{\mathrm S}}\,\bar \kappa ,\label {ieq17}\end {align}


\begin {equation}\label {ieq18} \bar {N} = \bar {C}_{{\textrm {A}}}\bar {\varepsilon } - \bar {C}_{{\textrm {S}}}\bar {\kappa }.\end {equation}


\begin {equation}\label {ieq19} \bar {M} = \left .\frac {\partial \bar {\Psi }}{\partial \bar {\kappa }}\right |_{\bar {\varepsilon },\bar {\boldsymbol {d}}}.\end {equation}


$\Delta \bar {\kappa }$


\begin {equation}\label {ieq20} \bar {M} = \lim _{\Delta \bar {\kappa }\to 0} \frac {\Delta \bar {\Psi }}{\Delta \bar {\kappa }}, \qquad \Delta \bar {\Psi } = \int _A \Big [ \zeta (\bar {\varepsilon },\bar {\kappa },\bar {\boldsymbol {d}})\,\Delta \Psi ^0 + \mathcal {C}^\kappa (\Delta \bar {\kappa }) \Big ]{\textrm {d}}A,\end {equation}


\begin {equation}\label {ieq21} \mathcal {C}^\kappa (\Delta \bar {\kappa }) = \Delta \zeta \,\Psi ^0\!\big (\bar {\varepsilon }-z(\bar {\kappa }+\Delta \bar {\kappa })\big ), \qquad \Delta \Psi ^0 = \Psi ^0\!\big (\bar {\varepsilon }-z(\bar {\kappa }+\Delta \bar {\kappa })\big ) - \Psi ^0\!\big (\bar {\varepsilon }-z\bar {\kappa }\big ).\end {equation}


$\Delta \zeta $


\begin {equation*}{\textrm {sign}}\!\left (\bar {\varepsilon }-z(\bar {\kappa }+\Delta \bar {\kappa })\right ) \neq {\textrm {sign}}\!\left (\bar {\varepsilon }-z\bar {\kappa }\right ),\end {equation*}


\begin {equation}\bigl |\Delta \zeta (z)\bigr | \le \bigl |d^{\mathrm c}(z)-d^{\mathrm t}(z)\bigr | \le 1, \label {eq:bound_delta_zeta_kappa}\end {equation}


$d^{\mathrm c},d^{\mathrm t}\in (0,1)$


$\Delta \zeta \neq 0$


\begin {equation}\bigl |\bar {\varepsilon }-z(\bar {\kappa }+\Delta \bar {\kappa })\big | \le |z\,\Delta \bar {\kappa }|. \label {eq:strain_variation_kappa}\end {equation}


$\Psi ^0$


\begin {equation}\Psi ^0\!\big (\bar {\varepsilon }-z(\bar {\kappa }+\Delta \bar {\kappa })\big ) \le \tfrac 12\,C(z)\,z^2{(\Delta \bar {\kappa })}^2. \label {eq:bound_psi0_kappa}\end {equation}


\begin {equation}\bigl |\mathcal {C}^\kappa (\Delta \bar {\kappa })\bigr | = \bigl |\Delta \zeta \,\Psi ^0\!\big (\bar {\varepsilon }-z(\bar {\kappa }+\Delta \bar {\kappa })\big )\bigr | \le \tfrac 12\,C(z)\,z^2{(\Delta \bar {\kappa })}^2, \quad \text {for } \Delta \zeta \neq 0. \label {eq:bound_C_kappa_simple}\end {equation}


\begin {equation}\label {ieq22} \bar {M} = \lim _{\Delta \bar {\kappa }\to 0} \left [ \int _A \zeta (\bar {\varepsilon },\bar {\kappa },\bar {\boldsymbol {d}}) \frac {\Delta \Psi ^0}{\Delta \bar {\kappa }}\,{\textrm {d}}A + R^\kappa (\Delta \bar {\kappa }) \right ],\end {equation}


\begin {equation}R^\kappa (\Delta \bar {\kappa }) := \int _A \frac {\mathcal {C}^\kappa (\Delta \bar {\kappa })}{\Delta \bar {\kappa }}\,{\textrm {d}}A. \label {eq:residual_moment}\end {equation}


$|z|\le \tilde h/2$


$C(z)\le C_{\max }:=\sup _{z\in A}C(z)$


\begin {equation}\label {ieq23} \bigl |R^\kappa (\Delta \bar {\kappa })\bigr | \le \tfrac 14\,A\,C_{\max }\,\tilde h^{\,2}\,|\Delta \bar {\kappa }|,\end {equation}


\begin {equation}\label {ieq24} R^\varepsilon (\Delta \bar {\varepsilon })\to 0 \quad \text {as} \quad \;\Delta \bar {\varepsilon }\to 0,\end {equation}


\begin {align}&\bar {M} = \int _A \zeta (\bar {\varepsilon },\bar {\kappa },\bar {\boldsymbol {d}}) \,\frac {\partial \Psi ^0}{\partial \bar {\kappa }}\,{\textrm {d}}A = \underbrace {\int _A z^2\,C(z)\,\zeta (\bar {\varepsilon },\bar {\kappa },\bar {\boldsymbol {d}})\,{\textrm {d}}A}_{\bar C_{\mathrm I}}\,\bar {\kappa }\nonumber \\ &\qquad - \underbrace {\int _A z\,C(z)\,\zeta (\bar {\varepsilon },\bar {\kappa },\bar {\boldsymbol {d}})\,{\textrm {d}}A}_{\bar C_{\mathrm S}}\,\bar {\varepsilon },\label {ieq25}\end {align}


\begin {equation}\label {ieq26} \bar {M} = \bar {C}_{\mathrm I}\bar {\kappa } - \bar {C}_{\mathrm S}\bar {\varepsilon }.\end {equation}


\begin {equation}\label {ieq27} \boldsymbol {H} = \begin {bmatrix} \dfrac {\partial ^2\bar {\Psi }}{\partial \bar {\varepsilon }^2} & \dfrac {\partial ^2 \bar {\Psi }}{\partial \bar {\varepsilon }\,\partial \bar {\kappa }} \\ \dfrac {\partial ^2 \bar {\Psi }}{\partial \bar {\kappa }\,\partial \bar {\varepsilon }} & \dfrac {\partial ^2 \bar {\Psi }}{\partial \bar {\kappa }^2} \end {bmatrix} = \begin {bmatrix} \dfrac {\partial \bar {N}}{\partial \bar {\varepsilon }} & \dfrac {\partial \bar {N}}{\partial \bar {\kappa }} \\ \dfrac {\partial \bar {M}}{\partial \bar {\varepsilon }} & \dfrac {\partial \bar {M}}{\partial \bar {\kappa }} \end {bmatrix}.\end {equation}


$\boldsymbol {H}$


$\bar {N}$


$\bar {M}$


$\partial \bar {N}/\partial \bar {\varepsilon }$


$\Delta \bar {\varepsilon } \in \mathbb {R}$


\begin {align}\Delta \bar {N} &= \int _A \Big [ \zeta (\bar {\varepsilon }+\Delta \bar {\varepsilon },\bar {\kappa },\bar {\boldsymbol {d}})\, C(z)\,(\bar {\varepsilon }+\Delta \bar {\varepsilon }-z\bar {\kappa }) - \zeta (\bar {\varepsilon },\bar {\kappa },\bar {\boldsymbol {d}})\, C(z)\,(\bar {\varepsilon }-z\bar {\kappa }) \Big ]\,{\textrm {d}}A\label {autoeq:14}\\ &= \int _A \Big [ \zeta (\bar {\varepsilon },\bar {\kappa },\bar {\boldsymbol {d}})\, C(z)\,\Delta \bar {\varepsilon } + C^{\varepsilon \varepsilon }(\Delta \bar {\varepsilon }) \Big ]\,{\textrm {d}}A, \label {eq:delta_N}\end {align}


\begin {align}\Delta \bar {N} &= \int _A \Big [ \zeta (\bar {\varepsilon }+\Delta \bar {\varepsilon },\bar {\kappa },\bar {\boldsymbol {d}})\, C(z)\,(\bar {\varepsilon }+\Delta \bar {\varepsilon }-z\bar {\kappa }) - \zeta (\bar {\varepsilon },\bar {\kappa },\bar {\boldsymbol {d}})\, C(z)\,(\bar {\varepsilon }-z\bar {\kappa }) \Big ]\,{\textrm {d}}A\label {autoeq:14}\\ &= \int _A \Big [ \zeta (\bar {\varepsilon },\bar {\kappa },\bar {\boldsymbol {d}})\, C(z)\,\Delta \bar {\varepsilon } + C^{\varepsilon \varepsilon }(\Delta \bar {\varepsilon }) \Big ]\,{\textrm {d}}A, \label {eq:delta_N}\end {align}


\begin {equation}\label {ieq28} C^{\varepsilon \varepsilon }(\Delta \bar {\varepsilon }):= \Delta \zeta \,C(z)\,(\bar {\varepsilon }+\Delta \bar {\varepsilon }-z\bar {\kappa }).\end {equation}


$\bar {N}$


$\bar {\varepsilon }$


\begin {equation}\frac {\partial \bar {N}}{\partial \bar {\varepsilon }} = \lim _{\Delta \bar {\varepsilon }\to 0} \frac {\Delta \bar {N}}{\Delta \bar {\varepsilon }}. \label {eq:dNdeps}\end {equation}


\begin {equation*}\begin {cases} (i)\quad \bar {\varepsilon } \neq 0,\ \bar {\kappa } = 0, \\[6pt] (ii)\quad \bar {\kappa } \neq 0,\ \bar {\varepsilon } \in \mathbb {R}. \end {cases}\end {equation*}


$\bar {\varepsilon }\neq 0$


$\bar {\kappa }=0$


$\Delta \zeta =0$


$|\Delta \bar {\varepsilon }|\le |\bar {\varepsilon }|$


$\Delta \bar {\varepsilon }\to 0$


$\Delta \zeta \to 0$


\begin {align}\frac {\partial \bar {N}}{\partial \bar {\varepsilon }} &= \lim _{\Delta \bar {\varepsilon }\to 0} \int _A \zeta (\bar {\varepsilon },\bar {\kappa },\bar {\boldsymbol {d}})\, C(z)\,{\textrm {d}}A = \bar {C}_{\textrm {A}}. \label {eq:dNdeps_kappa_zero}\end {align}


\begin {equation}\label {ieq29} R^{\varepsilon \varepsilon } = \int _A \frac {C^{\varepsilon \varepsilon }(\Delta \bar {\varepsilon })}{\Delta \bar \varepsilon }\,{\textrm {d}}A \;\longrightarrow \; 0 \quad \text {as} \quad \Delta \bar {\varepsilon }\to 0,\end {equation}


$\bar {\kappa } \neq 0$


$\bar {\varepsilon } \in \mathbb {R}$


$\Delta \zeta \neq 0$


\begin {equation*}\int _\mathrm {A:\Delta \zeta \neq 0}{\textrm {d}}A=\tilde b \Delta \tilde h,\end {equation*}


$\tilde b$


$\Delta \tilde {h}$


$\Delta \zeta \neq 0$


$\Delta \bar {\varepsilon }$


\begin {equation}R^{\varepsilon \varepsilon } = \int _A C^{\varepsilon \varepsilon }(\Delta \bar {\varepsilon })\,{\textrm {d}}A = \int _\mathrm {A:\Delta \zeta \neq 0} C^{\varepsilon \varepsilon }(\Delta \bar {\varepsilon })\,{\textrm {d}}A. \label {eq:residual_tangent_dNdeps}\end {equation}


$\Delta \bar \varepsilon >0$


$\Delta \bar \varepsilon <0$


$\Delta \tilde h$


\begin {equation*}\begin {cases} \bar {\varepsilon }+\Delta \bar {\varepsilon }-z\bar \kappa >0 \;\Leftrightarrow \; z<\dfrac {\bar {\varepsilon }+\Delta \bar \varepsilon }{\bar \kappa },\\[6pt] \bar {\varepsilon }-z\bar \kappa <0 \;\Leftrightarrow \; z>\dfrac {\bar {\varepsilon }}{\bar \kappa }, \end {cases} \qquad \text {for } \Delta \zeta \neq 0,\end {equation*}


\begin {equation}\label {ieq30} \Delta \tilde {h} = |z_{\textrm {max}}-z_{\textrm {min}}| = \frac {|\Delta \bar \varepsilon |}{|\bar \kappa |}.\end {equation}


\begin {equation}\tilde {b}\,\Delta \tilde {h} \leq \tilde b\,\frac {|\Delta \bar \varepsilon |}{|\bar {\kappa }|}. \label {eq:bound_subdomain}\end {equation}


\begin {align}\left |R^{\varepsilon \varepsilon }\right | &= \left |\int _{A:\,\Delta \zeta \neq 0} \frac { \Delta \zeta \,C(z)\,(\bar {\varepsilon }+\Delta \bar {\varepsilon }-z\bar {\kappa }) }{\Delta \bar \varepsilon }\,{\textrm {d}}A\right |\nonumber \\ &\leq \frac {C_{\textrm {max}}\tilde b}{|\bar \kappa |}\,|\Delta \bar \varepsilon | \;\longrightarrow \; 0 \quad \text {as} \quad \Delta \bar {\varepsilon }\to 0. \label {eq:residual_tangent_dNdeps_bound}\end {align}


\begin {align}\frac {\partial \bar {N}}{\partial \bar {\varepsilon }} &= \bar {C}_{\textrm {A}}. \label {eq:dNdeps_final}\end {align}


$\bar {\boldsymbol {d}}$


\begin {align}Y_{{\textrm {u}}}^{\mathrm {t/c}} &= -\left .\frac {\partial \bar \Psi }{\partial d_{{\textrm {u}}}^{\mathrm {t/c}}}\right |_{\bar {\varepsilon },\bar {\kappa }} = -\int _{A_{{\textrm {u}}}} \frac {\partial \zeta }{\partial d_{{\textrm {u}}}^{\mathrm {t/c}}}\, \Psi ^0(\varepsilon (z))\,{\textrm {d}}A - \cancelto {0}{\int _{A_{{\textrm {u}}}} \zeta \,\frac {\partial \Psi ^0}{\partial d_{{\textrm {u}}}^{\mathrm {t/c}}}\,{\textrm {d}}A}\nonumber \\ &= \,\frac {1}{2}\!\int _{A_{{\textrm {u}}}} C(z)\,\big \langle \bar {\varepsilon }-z\bar {\kappa } \big \rangle _{\mathrm {t/c}}^{2}\,{\textrm {d}}A,\label {autoeq:15}\\ Y_{{\textrm {l}}}^{\mathrm {t/c}} &= -\left .\frac {\partial \bar \Psi }{\partial d_{{\textrm {l}}}^{\mathrm {t/c}}}\right |_{\bar {\varepsilon },\bar {\kappa }} = -\int _{A_{{\textrm {l}}}} \frac {\partial \zeta }{\partial d_{{\textrm {l}}}^{\mathrm {t/c}}}\, \Psi ^0(\varepsilon (z))\,{\textrm {d}}A - \cancelto {0}{\int _{A_{{\textrm {l}}}} \zeta \,\frac {\partial \Psi ^0}{\partial d_{{\textrm {l}}}^{\mathrm {t/c}}}\,{\textrm {d}}A}\nonumber \\ &= \,\frac {1}{2}\!\int _{A_{{\textrm {l}}}} C(z)\,\big \langle \bar {\varepsilon }-z\bar {\kappa } \big \rangle _{\mathrm {t/c}}^{2}\,{\textrm {d}}A.\label {autoeq:16}\end {align}


\begin {align}Y_{{\textrm {u}}}^{\mathrm {t/c}} &= -\left .\frac {\partial \bar \Psi }{\partial d_{{\textrm {u}}}^{\mathrm {t/c}}}\right |_{\bar {\varepsilon },\bar {\kappa }} = -\int _{A_{{\textrm {u}}}} \frac {\partial \zeta }{\partial d_{{\textrm {u}}}^{\mathrm {t/c}}}\, \Psi ^0(\varepsilon (z))\,{\textrm {d}}A - \cancelto {0}{\int _{A_{{\textrm {u}}}} \zeta \,\frac {\partial \Psi ^0}{\partial d_{{\textrm {u}}}^{\mathrm {t/c}}}\,{\textrm {d}}A}\nonumber \\ &= \,\frac {1}{2}\!\int _{A_{{\textrm {u}}}} C(z)\,\big \langle \bar {\varepsilon }-z\bar {\kappa } \big \rangle _{\mathrm {t/c}}^{2}\,{\textrm {d}}A,\label {autoeq:15}\\ Y_{{\textrm {l}}}^{\mathrm {t/c}} &= -\left .\frac {\partial \bar \Psi }{\partial d_{{\textrm {l}}}^{\mathrm {t/c}}}\right |_{\bar {\varepsilon },\bar {\kappa }} = -\int _{A_{{\textrm {l}}}} \frac {\partial \zeta }{\partial d_{{\textrm {l}}}^{\mathrm {t/c}}}\, \Psi ^0(\varepsilon (z))\,{\textrm {d}}A - \cancelto {0}{\int _{A_{{\textrm {l}}}} \zeta \,\frac {\partial \Psi ^0}{\partial d_{{\textrm {l}}}^{\mathrm {t/c}}}\,{\textrm {d}}A}\nonumber \\ &= \,\frac {1}{2}\!\int _{A_{{\textrm {l}}}} C(z)\,\big \langle \bar {\varepsilon }-z\bar {\kappa } \big \rangle _{\mathrm {t/c}}^{2}\,{\textrm {d}}A.\label {autoeq:16}\end {align}


$\bar {\varepsilon }=0$


\begin {equation}\label {ieq31} Y_{\textrm {u}}^{\textrm {t}}=\,\frac {1}{2}\!\int _{A_{{\textrm {u}}}} C(z)\,\Big \langle -z\bar {\kappa } \Big \rangle _{+}^{2}\,{\textrm {d}}A=\,\frac {\bar {\kappa }^2}{2}\!\int _{A_{{\textrm {u}}}} C(z)\,z^2\,{\textrm {d}}A=\frac {\bar {\kappa }^2}{2}\bar {C}_{\textrm {I}}^0\end {equation}


$k_{\textrm {u}}^{\textrm {t}}=Y_{\textrm {u}}^{\textrm {t}}$


\begin {equation}\label {ieq32} \varepsilon ^{\textrm {t}}_{\max }=\bar {\kappa }z_{\textrm {max}}\end {equation}


$\bar {C}_{\textrm {I}}^0\propto h^3$


$z_{\textrm {max}}\propto h$


\begin {equation}\label {ieq33} k_{\textrm {u}}^{\textrm {t}} = \frac {{\bigl (\varepsilon ^{\textrm {t}}_{\max }\bigr )}^{2}}{2{\bigl (z_{\max }\bigr )}^{2}}\,\bar {C}_{\textrm {I}}^0 \propto h{\bigl (\varepsilon ^{\textrm {t}}_{\max }\bigr )}^{2}.\end {equation}


$k^{\textrm {t}}$


$h$


\begin {equation}\label {ieq34} \varepsilon ^{\textrm {t}}_{\max }(h) \;\propto \; h^{-1/2}.\end {equation}


\begin {equation}\label {ieq35} \varepsilon _{0}^{\textrm {t}}(h) = \frac {f_t'}{E}\,\frac {1}{\sqrt {1 + h/h_a}},\end {equation}


$E$


$f_{\textrm {t}}'$


$h_{\textrm {a}}$


$h$


$h \gg h_a$


\begin {equation}\label {ieq36} \varepsilon _{0}^{\textrm {t}}(h) \;\sim \; \Big (\tfrac {f_{\textrm {t}}'}{E}\sqrt {h_{\textrm {a}}}\Big )\,h^{-1/2} \;\propto \; h^{-1/2}\end {equation}


$f_{{\textrm {c,t}}}$


$f_{{\textrm {c,c}}}$


$E_{{\textrm {c}}}$


$\nu _{{\textrm {c}}}$


$\varepsilon _{{\textrm {c,u}}}$


${2.90~\times ~10^{-3}}$


$G_{{\textrm {F}}}$


$A_{{\textrm {c}}}$


$B_{{\textrm {c}}}$


$\varepsilon _{{\textrm {0,c}}}$


${5.00~\times ~10^{-4}}$


$E_{{\textrm {r}}}^0$


$f_{{\textrm {u}}}^0$


$\eta _{f}$


$\eta _{{\textrm {E}}}$


$A_{r}$


$s_{r}$


$\tau _{{\textrm {f}}}$


$\tau _{{\textrm {max}}}$


$\alpha $


$s_{{\textrm {0}}}$


$s_{{\textrm {1}}}$


$s_{{\textrm {2}}}$


$s_{{\textrm {3}}}$


$h=10~\textrm {m}\textrm {m}$


$\bar {\varepsilon }$


$\bar {\varepsilon }_{\textrm {max}}=0.40\cdot 10^{-3}$


$\bar {\kappa }$


$\bar {\kappa }_{\textrm {max}}=0.38\,{\textrm {m}}^{-1}$


$h=15~\textrm {m}\textrm {m}$


$\bar {\varepsilon }$


$\bar {\varepsilon }_{\textrm {max}}=0.40\cdot 10^{-3}$


$\bar {\kappa }$


$\bar {\kappa }_{\textrm {max}}=0.28\,{\textrm {m}}^{-1}$


$h=20~\textrm {m}\textrm {m}$


$\bar {\varepsilon }$


$\bar {\varepsilon }_{\textrm {max}}=0.40\cdot 10^{-3}$


$\bar {\kappa }$


$\bar {\kappa }_{\textrm {max}}=0.21\,{\textrm {m}}^{-1}$


\begin {equation}\label {eq:generalized_sectional_stiffness_degraded_sum} \begin {alignedat}{3} \bar {C}_{\textrm {A}} &= C \tilde {b} \sum _{i=1}^4 A_i \,\zeta (z_i), \quad & \bar {C}_{\textrm {S}} &= C \tilde {b} \sum _{i=1}^4 S_i \,\zeta (z_i), \quad & \bar {C}_{\textrm {I}} &= C \tilde {b} \sum _{i=1}^4 I_i \,\zeta (z_i). \end {alignedat}\end {equation}


$z_{{\textrm {NA,u}}}$


$z_{\mathrm {NA.l}}$


$A_1=\displaystyle \int _{-\tilde {b}/2}^{\tilde {b}/2}\int _{z_{{\textrm {NA,u}}}}^{\tilde {h}/2}{\textrm {d}}z\,{\textrm {d}}y$


$\tilde {b}\left (\dfrac {\tilde {h}}{2}-z_{{\textrm {NA,u}}}\right )$


$A_2=\displaystyle \int _{-\tilde {b}/2}^{\tilde {b}/2}\int _{0}^{z_{{\textrm {NA,u}}}}{\textrm {d}}z\,{\textrm {d}}y$


$\tilde {b}\,z_{{\textrm {NA,u}}}$


$A_3=\displaystyle \int _{-\tilde {b}/2}^{\tilde {b}/2}\int _{z_{{\textrm {NA,l}}}}^{0}{\textrm {d}}z\,{\textrm {d}}y$


$-\tilde {b}\,z_{{\textrm {NA,l}}}$


$A_4=\displaystyle \int _{-\tilde {b}/2}^{\tilde {b}/2}\int _{-\tilde {h}/2}^{z_{{\textrm {NA,l}}}}{\textrm {d}}z\,{\textrm {d}}y$


$\tilde {b}\left (z_{{\textrm {NA,l}}}+\dfrac {\tilde {h}}{2}\right )$


$S_1=\displaystyle \int _{-\tilde {b}/2}^{\tilde {b}/2}\int _{z_{{\textrm {NA,u}}}}^{\tilde {h}/2}z\,{\textrm {d}}z\,{\textrm {d}}y$


$\dfrac {\tilde {b}}{2}\left ({\left ( \dfrac {\tilde {h}}{2} \right )}^2-z_{{\textrm {NA}},{\textrm {u}}}^2\right )$


$S_2=\displaystyle \int _{-\tilde {b}/2}^{\tilde {b}/2}\int _{0}^{z_{{\textrm {NA,u}}}}z\,{\textrm {d}}z\,{\textrm {d}}y$


$\dfrac {\tilde {b}}{2}z_{{\textrm {NA}},{\textrm {u}}}^2$


$S_3=\displaystyle \int _{-\tilde {b}/2}^{\tilde {b}/2}\int _{z_{{\textrm {NA,l}}}}^{0}z\,{\textrm {d}}z\,{\textrm {d}}y$


$-\dfrac {\tilde {b}}{2}z_{{\textrm {NA}},{\textrm {l}}}^2$


$S_4=\displaystyle \int _{-\tilde {b}/2}^{\tilde {b}/2}\int _{-\tilde {h}/2}^{z_{{\textrm {NA,l}}}}z\,{\textrm {d}}z\,{\textrm {d}}y$


$\dfrac {\tilde {b}}{2}\left (z_{{\textrm {NA}},{\textrm {l}}}^2-{\left ( \dfrac {\tilde {h}}{2} \right )}^2\right )$


$I_1=\displaystyle \int _{-\tilde {b}/2}^{\tilde {b}/2}\int _{z_{{\textrm {NA,u}}}}^{\tilde {h}/2}z^2\,{\textrm {d}}z\,{\textrm {d}}y$


$\dfrac {\tilde {b}}{3}\left ({\left ( \dfrac {\tilde {h}}{2} \right )}^3-z_{{\textrm {NA}},1}^3\right )$


$I_2=\displaystyle \int _{-\tilde {b}/2}^{\tilde {b}/2}\int _{0}^{z_{{\textrm {NA,u}}}}z^2\,{\textrm {d}}z\,{\textrm {d}}y$


$\dfrac {\tilde {b}}{3}z_{{\textrm {NA}},{\textrm {u}}}^3$


$I_3=\displaystyle \int _{-\tilde {b}/2}^{\tilde {b}/2}\int _{z_{{\textrm {NA,l}}}}^{0}z^2\,{\textrm {d}}z\,{\textrm {d}}y$


$-\dfrac {\tilde {b}}{3}z_{{\textrm {NA}},{\textrm {l}}}^3$


$I_4=\displaystyle \int _{-\tilde {b}/2}^{\tilde {b}/2}\int _{-\tilde {h}/2}^{z_{{\textrm {NA,l}}}}z^2\,{\textrm {d}}z\,{\textrm {d}}y$


$\dfrac {\tilde {b}}{3}\left (z_{{\textrm {NA}},{\textrm {l}}}^3+{\left ( \dfrac {\tilde {h}}{2} \right )}^3\right )$


\begin {equation}\label {ieq37} z_{{\textrm {NA,u}}} = \begin {cases} \displaystyle \frac {\bar {\varepsilon }}{\bar {\kappa }}, & \text {if } \frac {\bar {\varepsilon }}{\bar {\kappa }} \geq 0 \;\text {and}\; \left | \frac {\bar {\varepsilon }}{\bar {\kappa }} \right | \leq \frac {\tilde {h}}{2} \\ 0, & \text {otherwise} \end {cases} \quad z_{{\textrm {NA,l}}} = \begin {cases} \displaystyle \frac {\bar {\varepsilon }}{\bar {\kappa }}, & \text {if } \frac {\bar {\varepsilon }}{\bar {\kappa }} < 0 \;\text {and}\; \left | \frac {\bar {\varepsilon }}{\bar {\kappa }} \right | \leq \frac {\tilde {h}}{2} \\ 0, & \text {otherwise} \end {cases}\end {equation}


$1,4,5,6$


$8$


\begin {align}&\bar {N}^0 =\frac {\partial \bar {\Psi }^0}{\partial \bar {\varepsilon }}=\frac {\partial \bar {\Psi }_{\textrm {m}}^0}{\partial \bar {\varepsilon }}+\frac {\partial \bar {\Psi }_{\textrm {m,b}}^0}{\partial \bar {\varepsilon }}=\bar {C}_{\textrm {A}}^0\bar {\varepsilon }-\bar {C}_{\textrm {S}}^0\bar {\kappa },\label {autoeq:1}\\ &\bar {M}^0 =\frac {\partial \bar {\Psi }^0}{\partial \bar {\kappa }}=\frac {\partial \bar {\Psi }_{\textrm {b}}^0}{\partial \bar {\kappa }}+\frac {\partial \bar {\Psi }_{\textrm {m,b}}^0}{\partial \bar {\kappa }}=\bar {C}_{\textrm {I}}^0\bar {\kappa }-\bar {C}_{\textrm {S}}^0\bar {\varepsilon },\label {autoeq:2}\end {align}


\begin {align}\alpha _{\textrm {u}}^\mathrm {t/c}(t) &= \max _{\tau \in [0,t]} \big (Y_{\textrm {u}}^\mathrm {t/c}(\tau )\big ), & \alpha _{\textrm {l}}^\mathrm {t/c}(t) &= \max _{\tau \in [0,t]} \big (Y_{\textrm {l}}^\mathrm {t/c}(\tau )\big ),\label {autoeq:10}\end {align}


\begin {equation}\label {ieq4} \begin {aligned} \varepsilon _{\textrm {t}} &= \sqrt {\sum _{i=1}^3 \langle \varepsilon _i \rangle ^2}, &\qquad \varepsilon _{\textrm {c}} &= \sqrt {\sum _{i=1}^3 \langle -\varepsilon _i \rangle ^2}. \end {aligned}\end {equation}


\begin {equation}\label {ieq9} e_{\textrm {rel}}(\delta _{\textrm {mid}}) = \frac {\bigl |\bar {q}_{\textrm {eff}}(\delta _{\textrm {mid}}) - \bar {q}_{\textrm {ref}}(\delta _{\textrm {mid}})\bigr |} {\bar {q}_{\textrm {ref}}(\delta _{\textrm {mid}})},\end {equation}
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1 . Introduction

Accurate modeling of heterogeneous materials such as reinforced 

composites remains a major challenge, as their nonlinear behavior of­

ten originates from progressive damage mechanisms acting at length 

scales much smaller than that of the structure. Explicitly resolving these 

small-scale mechanisms is computationally expensive and typically im­

practical at the structural level [1,2]. This motivates the development 

of constitutive models formulated at the cross section level, expressed 

in terms of generalized (resultant) stresses and strains. Such models 

may be phenomenological, directly calibrated from experiments, or de­

rived from first principles via sectional analysis or homogenization of 

the subscale response.

Textile-reinforced concrete (TRC) provides a representative case for 

which this type of model is essential. TRC offers a material-efficient 

and corrosion-resistant alternative to conventional reinforced concrete 

(RC) by replacing steel bars with textile reinforcements made of car­

bon or glass fibers [3]. However, TRC cannot rely on the classical 

plasticity-based design theories used for RC, as the reinforcement mate­

rials typically exhibit brittle behavior. While plasticity theory allows RC 

structures to be designed based on the plastic upper bound of their ca­

pacity without explicitly modeling the progressive stress redistribution, 

TRC requires explicit representation of cracking, bond slip, and dam­

age evolution to achieve reliable predictions of the ultimate-limit-state 

capacity [4].

Several modeling strategies have been proposed to address these 

challenges. For shell structures, a common approach is to discretize 

the cross-section into lamellae and assign distinct material behavior to 

each, often referred to as layered models. In phenomenological layered 

models, such as those proposed by El Kadi et al. [5], the lamellae are 

calibrated directly from experimental stress–strain data. Alternatively, 

layered models using a microplane formulation, first introduced for re­

inforced concrete (RC) shells by Wang et al. [6] and later extended to 

textile-reinforced concrete (TRC) by Chudoba et al. [7,8], project the 

macroscopic strain and stress tensors onto multiple microplanes, where 

the constitutive damage laws are evaluated. This approach provides a 

physically motivated representation of strain hardening arising from 

distributed cracking and bond-slip mechanisms.

More recently, computational homogenization techniques have been 

used to derive effective cross section responses of TRC plates and 

shells subjected to combined membrane and bending actions [9]. These 

methods use representative volume elements (RVEs) that resolve sub­

scale features and yield homogenized section forces and moments for 

prescribed large-scale strains and curvatures. As a result, concurrent 

analysis on the large (structural) scale and the resolved subscale can be 

carried out, a procedure often denoted Finite Element Square FE2 when 

implemented in a finite element setting. Although such FE2 frameworks 

significantly reduce costs compared to fully resolved analyses, they re­

main computationally expensive for practical design applications [10]. 

In this work, two modeling scales are considered. The subscale refers to 

the length scale at which the reinforcement and the matrix are repre­

sented as distinct but homogeneous materials, whereas the large scale 

corresponds to the length scale at which the overall structure is modeled.

To reduce the computational cost of multiscale analyses while retain­

ing the underlying physical fidelity, surrogate models have been intro­

duced. Neural network–based surrogates show great promise [11,12], 

yet concerns remain regarding generalization, physical consistency, and 

robustness outside the training domain. Deterministic surrogate models 

derived from first principles therefore remain an attractive alternative 

when physical interpretability and robustness are required. Early exam­

ples of such models for reinforced concrete include Ibrahimbegovic et al. 

[13], who approximated the moment–curvature response using piece­

wise linear relations, and Addessi et al. [14], who proposed an uncou­

pled membrane–bending formulation. The Global Reinforced Concrete 

(GLRC) model [15,16] captures cracking-induced damage and reinforce­

ment yielding and represents an important step toward sectional damage 

modeling, but remains primarily suited for bending-dominated problems 

and employs simplified damage formulations that do not fully capture 

membrane-related damage or compressive degradation.

Reduced-order approaches derived from closed-form multiscale for­

mulations have also been proposed. For example, Huguet et al. [17] 

derived an effective sectional response using a closed-form multiscale 

formulation based on analytical homogenization of concrete struts 

between cracks combined with a traction–separation law for crack 

behavior. While this approach provides a detailed representation of 

membrane-dominated response, it does not address bending behavior.

This motivates the need for a new class of sectional formulations 

that can efficiently act as surrogates to computational homogenization in 

structural-scale analyses, while preserving thermodynamic consistency 

and fully coupled membrane–bending behavior.

In this work, we pursue one such approach by (i) developing a com­

putationally efficient sectional constitutive model and (ii) calibrating it 

to serve as a surrogate for the computationally demanding two-scale 

model derived through computational homogenization in [9]. The pro­

posed sectional model is obtained by adapting and extending the global 

sectional formulation of [15], originally developed for plates, to beam 

elements, while incorporating both tensile and compressive damage un­

der combined membrane and bending loading. The model is formulated 

within a thermodynamically consistent framework based on a degraded 

free-energy potential and four global damage variables. The formulation 

is specifically intended for slender, one-way TRC members subjected to 

combined membrane and bending loading. The numerical validation 

is restricted to beam cross sections with symmetric textile reinforce­

ment layouts typical of such structures. The fully coupled treatment of 

membrane and bending actions enables the simulation of asymmetric 

damage states and the response of structures subjected to significant ax­

ial forces, such as curved one-way slabs and beams. The RVE modeling 

approach has been experimentally validated in previous work [18], and 

the homogenization framework has been validated numerically in [9]. 

Accordingly, the validation in this work concerns the accuracy of the 

proposed model as a reduced-order surrogate of the computational ho­

mogenization model. The surrogate model is calibrated and validated 

using multiple sets of RVE simulation data for TRC beams, and its pre­

dictive capability is demonstrated through a case study of a cyclically 

loaded one-way slab with fixed ends.

2 . Modeling framework: sectional constitutive model

This chapter begins with a brief overview of the proposed model and 

its associated workflow. The constitutive model for the effective beam 

cross section is then derived in Section 2.2, including a closed-form 

solution strategy for uniform rectangular members. Finally, a calibra­

tion procedure for the effective model based on representative volume 

element (RVE) simulations of TRC is presented in Section 2.3.

2.1 . Model overview

The proposed sectional constitutive model operates at the level of the 

beam cross section and can be employed in both analytical and numeri­

cal beam formulations. As illustrated in Fig. 1, the framework comprises 

two stages: an offline calibration stage, in which the constitutive pa­

rameters are identified from synthetic data obtained from representative 

volume element simulations of the resolved subscale response; and an 

online simulation stage, in which the calibrated constitutive model is 

evaluated at each integration point of an effective finite element beam 

model.

Within this framework, the sectional constitutive model acts as a lo­

cal operator mapping generalized kinematics to stress resultants. The 

kinematic inputs are the generalized axial strain and curvature, while 

the outputs are the normal force and bending moment. The internal 

state variables comprise (i) driving variables defined by the maximum 

attained strain-energy release rates and (ii) tensile and compressive 
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Fig. 1. Illustration of the relation between a real-world structure, in this case a 

textile-reinforced beam, and an effective FE beam model. In the proposed work­

flow, the RVE acts as a virtual laboratory to produce calibration data for the 

surrogate model. The model is then used as constitutive driver at Gauss-point 

level of the effective beam model. It is also possible to go back to the RVE at 

a certain state and asses the subscale response as indicated by the arrow going 

from left to right.

damage variables for the upper and lower parts of the cross section; 

four damage variables are used. The internal states are updated incre­

mentally via an explicit evolution law. Furthermore, the formulation is 

based on a generalized free-energy potential, from which the normal 

force and bending moment follow as energy-conjugate quantities to the 

kinematic variables.

2.2 . Derivation of the sectional constitutive model

The idea of the (effective) sectional model is to approximate the re­

sponse of a generic, possibly composite, cross section with a simplified 

equivalent one characterized by a reduced set of parameters, see Fig. 2. 

In this context, the term effective refers to a model that approximates the 

sectional response of the underlying detailed model. To derive the effec­

tive model directly at the sectional level, the three-dimensional strain 

and stress fields are reduced by expressing them in terms of a limited set 

of generalized sectional quantities.

Fig. 2 illustrates the underlying modeling assumption of the effective 

sectional approach, namely that the detailed three-dimensional stress 

and damage state associated with a given generalized strain can be rep­

resented, at the sectional level, by energetically equivalent generalized 

stress resultants and a small set of global damage variables, in line with 

the conceptual framework originally proposed by Koechlin et al. [15].

2.2.1 . Generalized quantities of the beam section

Consider a beam cross section subjected to combined axial and 

bending actions. Under the Euler–Bernoulli assumption, the strain dis­

tribution in the cross section can be described by only two generalized 

strain measures: the average axial strain 𝜀̄ and the curvature 𝜅̄ [19]. 

Accordingly, the through-thickness strain field is expressed as

𝜀(𝑧) = 𝜀̄ − 𝑧 𝜅̄, (1)

where 𝑧 denotes the coordinate in the transverse direction of the cross 

section (cf. Fig. 2). The chosen sign convention implies that a positive 

Fig. 2. Comparison of a heterogeneous cross section with an equivalent effective 

cross section, illustrating the corresponding strain and stress distributions. The 

coordinate system is indicated in the figure. 𝑧NA denotes the distance from the 

midplane to the kinematic neutral axis.

curvature results in compression at the top and tension at the bottom of 

the beam. We also postulate the existence of a stress function 𝜎(𝜀(𝑧)) that 

depends on the strain in Eq. (1), and possibly on a set of internal vari­

ables. From the current choice of the generalized kinematic variables, it 

is possible to write the virtual work of the beam section as

𝛿𝑊int = 𝛿𝜀̄∫𝐴
𝜎(𝜀(𝑧))d𝐴,−𝛿𝜅̄ ∫𝐴

𝑧 𝜎(𝜀(𝑧))d𝐴. (2)

From this expression, the generalized stress resultants can be identified 

as 𝑁̄ , conjugate to the generalized strain 𝜀̄, and 𝑀̄ , conjugate to 𝜅̄. In 

this setting, 𝑁̄  represents the normal force and 𝑀̄  the bending moment, 

defined as

𝑁̄ = ∫𝐴
𝜎(𝜀(𝑧))d𝐴, 𝑀̄ = −∫𝐴

𝑧𝜎(𝜀(𝑧))d𝐴. (3)

2.2.2 . Linear elastic response

Following the approach of Koechlin et al. [15], the generalized free 

energy density Ψ̄0 of the effective section is obtained by integrating the 

local free energy density

Ψ0(𝜀; 𝑧) = 1
2
𝐶(𝑧)𝜀2 (4)

over the cross section using Eq. (1), yielding

Ψ̄0(𝜀̄, 𝜅̄) = 1
2 ∫𝐴

Ψ0(𝜀; 𝑧)d𝐴 = 1
2 ∫𝐴

𝐶(𝑧)
(

𝜀̄ − 𝑧𝜅̄
)2

d𝐴. (5)

Here, 𝐶(𝑧) denotes the stiffness parameter, which may vary along the 

section height. Since torsional effects are not considered, it is sufficient 

to account for variation with respect to 𝑧 only, while neglecting any 

variation in 𝑦. Expanding the square leads to the quadratic form 

Ψ̄0(𝜀̄, 𝜅̄) =
𝐶̄0

A
𝜀̄2

2
− 𝐶̄0

S
𝜀̄𝜅̄ +

𝐶̄0
I
𝜅̄2

2
, (6)

where the membrane, coupling, and bending contributions are Ψ̄0
m =

1
2 𝐶̄

0
A
𝜀̄2, Ψ̄0

m,b
= −𝐶̄0

S
𝜀̄𝜅̄, and Ψ̄0

b
= 1

2 𝐶̄
0
I
𝜅̄2, respectively. The generalized 

sectional stiffness coefficients are defined as

𝐶̄0
A
= ∫𝐴

𝐶(𝑧)d𝐴, 𝐶̄0
S
= ∫𝐴

𝐶(𝑧) 𝑧d𝐴, 𝐶̄0
I
= ∫𝐴

𝐶(𝑧) 𝑧2 d𝐴. (7)

These are the coefficients that represent the effective stiffness in the 

model and must therefore be calibrated within the surrogate modeling 

framework.
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We are now in the position to derive the expressions for the gener­

alized stress variables by differentiating the free energy with respect to 

the generalized strain variables

𝑁̄0 = 𝜕Ψ̄0

𝜕𝜀̄
=

𝜕Ψ̄0
m

𝜕𝜀̄
+

𝜕Ψ̄0
m,b

𝜕𝜀̄
= 𝐶̄0

A
𝜀̄ − 𝐶̄0

S
𝜅̄, (8a)

𝑀̄0 = 𝜕Ψ̄0

𝜕𝜅̄
=

𝜕Ψ̄0
b

𝜕𝜅̄
+

𝜕Ψ̄0
m,b

𝜕𝜅̄
= 𝐶̄0

I
𝜅̄ − 𝐶̄0

S
𝜀̄, (8b)

The familiar expressions for the normal force and the bending moment 

in Eq. (8) are the same as those that can be found in the literature for 

a general linear elastic cross section, e.g., in [20]. In the linear elastic 

setting, the problem can always be decoupled by placing the coordinate 

system in the stiffness centroid, such that 𝐶̄0
S
 in Eq. (7) vanishes.

Remark 1. At this stage we have made no assumption about the geom­

etry or stiffness distribution of the effective (fictitious) cross section. 

Consequently, the integrated quantities in Eq. (7) can be treated as 

model parameters and can be calibrated directly without any notion of 

the distribution of area and stiffness.

Remark 2. The sectional stiffness coefficient 𝐶(𝑧) may be interpreted 

differently depending on the assumed kinematic constraints. For a beam, 

i.e., under the constraint 𝜎𝑦𝑦 = 0 and 𝜎𝑧𝑧 = 0, 𝐶(𝑧) represents the Young’s 

modulus of the effective section. For a transversely constrained one-

way slab, where 𝜀𝑦𝑦 = 0 and 𝜎𝑧𝑧 = 0, the effective stiffness becomes 

𝐶(𝑧) = 𝐸(𝑧)∕(1 − 𝜈(𝑧)2), where 𝐸(𝑧) is the Young’s modulus and 𝜈(𝑧) is 
the Poisson ratio of each position 𝑧. The latter expression can thus be in­

terpreted as a scaling of the Young’s modulus accounting for the Poisson 

effect. Importantly, both cases are represented by a single scalar stiffness 

parameter 𝐶(𝑧), such that the formal structure of the constitutive model 

remains unchanged.

2.2.3 . Accounting for damage

We now extend the model to account for damage. To this end, we 

introduce the tensile damage variables 𝑑t
u ≥ 0 and 𝑑t

l
≥ 0, associated with 

the upper and lower parts of the cross section, respectively, following 

the approach in [15]. In an analogous manner, the compressive damage 

variables 𝑑c
u ≥ 0 and 𝑑c

l
≥ 0 are defined for the upper and lower parts of 

the cross section, respectively. The four damage variables are collected 

in the set  𝒅̄ = (𝑑t
u, 𝑑

t
l
, 𝑑c

u, 𝑑
c
l
). The precise definition of the upper and 

lower regions will be specified later. As in the linear elastic case, the 

degraded generalized free energy density Ψ̄ of the effective section is 

obtained by integrating the degraded free energy density over the cross 

section.

Now, if we define the upper part as 𝑧 ∈ [0, 𝑧max] and the lower part 

as 𝑧 ∈ [𝑧min, 0), we can introduce the damage activation functions as

𝑑t(𝑧) =

{

𝑑t
u, 𝑧 ∈ [0, 𝑧max],

𝑑t
l
, 𝑧 ∈ [𝑧min, 0),

(9)

𝑑c(𝑧) =

{

𝑑c
u, 𝑧 ∈ [0, 𝑧max],

𝑑c
l
, 𝑧 ∈ [𝑧min, 0),

(10)

As for the linear elastic case, the generalized free energy density Ψ̄ of 

the effective section is obtained by integrating the degraded free energy 

density over the cross section. 

Ψ̄(𝜀̄, 𝜅̄, 𝒅̄) = ∫𝐴
Ψ
(

𝜀̄ − 𝑧 𝜅̄, 𝒅̄; 𝑧
)

d𝐴, (11)

where the local degraded free energy density is defined as

Ψ(𝜀, 𝒅̄; 𝑧) = 𝐶(𝑧)
2

[

(1 − 𝑑t(𝑧))⟨𝜀(𝑧)⟩2+ + (1 − 𝑑c(𝑧))⟨𝜀(𝑧)⟩2−
]

. (12)

For brevity, we may also introduce the damage activation function1

1 Here, 𝐻(⋅) denotes the Heaviside step function.

𝜁 (𝜀̄, 𝜅̄, 𝒅̄; 𝑧) =
(

1 − 𝑑t(𝑧)
)

𝐻
(

𝜀̄ − 𝑧𝜅̄
)

+
(

1 − 𝑑c(𝑧)
)

𝐻
(

− (𝜀̄ − 𝑧𝜅̄)
)

.

such that the generalized free energy density can be expressed as an 

integration over the whole cross section,

Ψ̄(𝜀̄, 𝜅̄, 𝒅̄) = ∫𝐴
𝜁 (𝜀̄, 𝜅̄, 𝒅̄; 𝑧) Ψ0 d𝐴 = 1

2 ∫𝐴
𝜁 (𝜀̄, 𝜅̄, 𝒅̄; 𝑧)𝐶(𝑧) [𝜀̄ − 𝑧𝜅̄]2 d𝐴.

(13)

Once again, by expanding the square, it is possible to write

Ψ̄(𝜀̄, 𝜅̄, 𝒅̄) = 1
2 𝐶̄A(𝜀̄, 𝜅̄, 𝒅̄)𝜀̄2−𝐶̄S(𝜀̄, 𝜅̄, 𝒅̄)𝜀̄𝜅̄+

1
2 𝐶̄I(𝜀̄, 𝜅̄, 𝒅̄)𝜅̄2 = Ψ̄𝐦+Ψ̄𝐦,𝐛+Ψ̄𝐛,

(14)

where the degraded generalized stiffness coefficients are defined as

𝐶̄A(𝜀̄, 𝜅̄, 𝒅̄) ∶= ∫𝐴
𝐶(𝑧) 𝜁 (𝜀̄, 𝜅̄, 𝒅̄; 𝑧)d𝐴, (15a)

𝐶̄S(𝜀̄, 𝜅̄, 𝒅̄) ∶= ∫𝐴
𝐶(𝑧) 𝑧 𝜁 (𝜀̄, 𝜅̄, 𝒅̄; 𝑧)d𝐴, (15b)

𝐶̄I(𝜀̄, 𝜅̄, 𝒅̄) ∶= ∫𝐴
𝐶(𝑧) 𝑧2 𝜁 (𝜀̄, 𝜅̄, 𝒅̄; 𝑧)d𝐴. (15c)

The expressions for the degraded generalized stresses are once again 

obtained by differentiating the free energy density,

𝑁̄ = 𝜕Ψ̄
𝜕𝜀̄

|

|

|

|𝜅̄,𝒅̄
= 𝐶̄A(𝜀̄, 𝜅̄, 𝒅̄)𝜀̄ − 𝐶̄S(𝜀̄, 𝜅̄, 𝒅̄)𝜅̄, (16a)

𝑀̄ = 𝜕Ψ̄
𝜕𝜅̄

|

|

|

|𝜀̄,𝒅̄
= 𝐶̄I(𝜀̄, 𝜅̄, 𝒅̄)𝜅̄ − 𝐶̄S(𝜀̄, 𝜅̄, 𝒅̄)𝜀̄. (16b)

See Appendix A for details of the derivation and a complete discus­

sion of the regions where the damage activation function changes value. 

Similarly, the strain energy release rates, i.e., the conjugate variables to 

the damage variables, are evaluated as 

𝑌 t∕c
u (𝜀̄, 𝜅̄) = − 𝜕Ψ̄

𝜕𝑑t∕cu

|

|

|

|

|

|𝜀̄,𝜅̄

= 1
2∫𝐴u

𝐶(𝑧)
⟨

𝜀̄ − 𝑧𝜅̄
⟩2

±
d𝐴, (17a)

𝑌 t∕c
l

(𝜀̄, 𝜅̄) = − 𝜕Ψ̄
𝜕𝑑t∕c

l

|

|

|

|

|

|𝜀̄,𝜅̄

= 1
2∫𝐴l

𝐶(𝑧)
⟨

𝜀̄ − 𝑧𝜅̄
⟩2

±
d𝐴. (17b)

See Appendix C for more details.

2.2.4 . Damage evolution

Within the standard framework of continuum damage mechanics, we 

introduce loading functions for tension/compression in the upper/lower 

part of the cross section, (𝜙t
u, 𝜙t

l
, 𝜙c

u, and 𝜙c
l
), defined in terms of the 

strain-energy release rates introduced in Eq. (17a), following the formu­

lations of Koechlin et al. [15] and Marigo [21]. These functions serve 

to identify the activation of damage and to ensure consistent damage 

evolution. 

𝜙t∕c
u = 𝑌 t∕c

u (𝜀̄, 𝜅̄, 𝑑t∕cu ) − 𝑘t∕cu , 𝜙t∕c
l

= 𝑌 t∕c
l

(𝜀̄, 𝜅̄, 𝑑t∕c
l

) − 𝑘t∕c
l

. (18a)

The parameters 𝑘t
u and 𝑘c

u define the strain energy release rates at the 

onset of tensile and compressive damage in the upper part of the beam, 

respectively. Similarly, 𝑘t
l
 and 𝑘c

l
 define the corresponding values for the 

lower part. These parameters are treated as model parameters that must 

be calibrated.

Remark 3. An immediate consequence of using the strain-energy re­

lease rate as the damage-driving variable is that crack initiation does 

not correspond to a unique maximum strain. For instance, comparing 

pure membrane strain 𝜀(𝑧) = 𝜀̄ and pure bending 𝜀(𝑧) = −𝑧𝜅̄ with the 
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Fig. 3. Schematic graph of the damage evolution function illustrating the 

threshold 𝑘 and the upper cap 𝐷max.

same outer-fiber strain 𝜀max, one obtains 𝑌 m
1 = 3𝑌 b

1 . Hence, the onset of 

damage depends on the deformation mode rather than on a single strain 

value.

At this point there are at least two different ways to define the dam­

age evolution. Either we could implicitly solve for the damage variables 

using the KKT conditions as in [15], or we could define an explicit dam­

age evolution law. In this work the latter approach will be used, since it 

allows for a richer parameter space and a greater possibility to calibrate 

the model. To this end we introduce the internal variables 𝛼t
u, 𝛼

c
u, 𝛼

t
l
 and 

𝛼c
l
, defined as the maximum attained strain energy release rates, i.e.,

𝛼t∕cu (𝑡) = max
𝜏∈[0,𝑡]

(

𝑌 t∕c
u (𝜏)

)

, 𝛼t∕c
l

(𝑡) = max
𝜏∈[0,𝑡]

(

𝑌 t∕c
l

(𝜏)
)

, (19)

ensuring that the irreversibility condition is fulfilled. Inspired by Mazars 

[22], we then adopt an exponential evolution law for all damage 

variables, expressed in terms of these internal variables:

𝑑(𝛼; 𝑘, 𝛽,𝐷max) =

⎧

⎪

⎨

⎪

⎩

0, 𝛼 < 𝑘,

𝐷max

[

1 − exp
(

−𝛼 − 𝑘
𝛽

)]

, 𝛼 ≥ 𝑘,
(20)

where 𝐷max ∈ [0, 1] limits the damage to a value smaller than 1 (Fig. 3).

2.2.5 . Model consistency

To ensure model consistency, the formulation must satisfy the sec­

ond law of thermodynamics and fulfill the condition of thermodynamic 

stability [23,24]. The first requirement is satisfied if the model predicts 

non-negative energy dissipation, while stability follows from the convex­

ity of the Helmholtz free energy with respect to the generalized strain 

variables, as discussed by Lubarda [24].

Energy dissipation. The requirement of non-negative energy dissipation 

can be formulated in terms of the Clausius–Duhem inequality,

D =
(

𝑌 t
u 𝑑̇t

u + 𝑌 c
u 𝑑̇c

u

)

+
(

𝑌 t
l
𝑑̇t

l
+ 𝑌 c

l
𝑑̇c

l

)

≥ 0. (21)

From Eq. (20), it follows that 𝑑̇ ≥ 0, hence it suffices to show that 

𝑌 t
u ≥ 0, 𝑌 c

u ≥ 0, 𝑌 t
l

≥ 0, 𝑌 c
l

≥ 0. (22)

to fulfill Eq. (21). This inequality can easily be verified by noting that the 

integrands in Eq. (17a) are non-negative, hence the energy dissipation 

is always non-negative.

Convexity of the free energy function. The degraded free energy Ψ̄(𝜀̄, 𝜅̄)
is convex in the generalized strains if its Hessian with respect to (𝜀̄, 𝜅̄)
is positive semi-definite. For the present formulation, the Hessian of the 

free energy can be expressed in terms of the generalized stresses as

𝑯 =

⎡

⎢

⎢

⎢

⎣

𝜕2Ψ̄
𝜕𝜀̄2

𝜕2Ψ̄
𝜕𝜀̄ 𝜕𝜅̄

𝜕2Ψ̄
𝜕𝜅̄ 𝜕𝜀̄

𝜕2Ψ̄
𝜕𝜅̄2

⎤

⎥

⎥

⎥

⎦

=

⎡

⎢

⎢

⎢

⎣

𝜕𝑁̄
𝜕𝜀̄

𝜕𝑁̄
𝜕𝜅̄

𝜕𝑀̄
𝜕𝜀̄

𝜕𝑀̄
𝜕𝜅̄

⎤

⎥

⎥

⎥

⎦

=
[

𝐶̄A −𝐶̄S

−𝐶̄S 𝐶̄I

]

, (23)

except at 𝜀̄ = 𝜅̄ = 0, where 𝑯  is undefined, whenever 𝑑t
u ≠ 𝑑c

u or 𝑑t
l
≠ 𝑑c

l
. 

The detailed derivation of the first component 𝜕𝑁̄∕𝜕𝜀̄ = 𝐶̄A is provided 

in  Appendix B, while the remaining terms follow by direct analogy.

For 𝑯  to be positive semi-definite, we require that 

𝐻11 = 𝐶̄A ≥ 0, (24a)

det(𝑯) = 𝐶̄A𝐶̄I − 𝐶̄2
S
≥ 0. (24b)

The first condition in Eq. (24a) is trivially satisfied from the definition 

in Eq. (15). By inserting the definitions of 𝐶̄A, 𝐶̄S and 𝐶̄I from Eq. (15), 

the inequality in Eq. (24b) can be written as

(

∫A

𝐶(𝑧)𝑧𝜁 (𝑧)d𝐴
)2

≤ ∫A

𝐶(𝑧)𝜁 (𝑧)d𝐴∫A

𝐶(𝑧)𝑧2𝜁 (𝑧)d𝐴. (25)

The inequality in Eq. (25) follows from the Cauchy–Schwarz inequal­

ity, since the weighting function 𝐶(𝑧)𝜁 (𝑧) is piecewise nonnegative. 

Therefore, the matrix 𝑯  is positive semi definite, which implies that 

the Helmholtz free energy is convex.

Remark 4. The Hessian 𝑯  defined in Eq. (23) corresponds to the frozen 

state tangent stiffness, i.e., the response at unloading. In contrast, the 

consistent tangent stiffness, required in the Newton–Raphson iterations 

of the large-scale equilibrium problem is obtained as

𝑯cons =
𝜕𝝈̄
𝜕𝜺̄

|

|

|

|𝒅̄
+

4
∑

𝑖=1

𝜕𝝈̄
𝜕𝑑𝑖

⊗
𝜕𝑑𝑖
𝜕𝜺̄

, (26)

where the generalized stress and strain vectors are defined as 𝝈̄ =
[𝑁̄ 𝑀̄]𝖳 and 𝜺̄ = [𝜀̄ 𝜅̄]𝖳 and {𝑑𝑖}

4
𝑖=1 represents the four damage variables 

in 𝒅̄.

While 𝑯  is always symmetric and positive semi-definite as long as 

damage is frozen, the 𝑯cons may lose (semi)positive definiteness dur­

ing damage evolution, leading to strain-softening, and eventual loss of 

ellipticity associated with localization phenomena [25].

2.2.6 . Closed-form solution for uniform rectangular cross sections

For the special case of a uniform rectangular cross section with con­

stant stiffness 𝐶(𝑧) = 𝐶, width 𝑏̃, and height ℎ̃, closed-form expressions 

of the sectional model can be obtained. The coordinate system is placed 

at the centroid, such that 𝑧max = ℎ̃∕2 and 𝑧min = −ℎ̃∕2 and the height ℎ̃
is treated as an adjustable model parameter, as illustrated in Fig. 4. 

Under these assumptions, it is possible to derive closed form solutions 

to the integrals in Eq. (15), thereby removing the need for numerical 

integration.
For any given strain distribution, the sectional integrals can be di­

vided into three regions with constant damage, which can be evaluated 
analytically. However, since the neutral axis may shift from the upper to 
the lower part of the section (or vice versa) during loading, two auxiliary 
neutral axes are introduced–one for each part. This allows the integrals 
to be subdivided into four regions in total, as illustrated in Fig. 5. The 
positions of the upper and lower neutral axes are defined as 

𝑧NA,u =

⎧

⎪

⎨

⎪

⎩

𝜀̄
𝜅̄
, if 𝜀̄

𝜅̄
≥ 0 and |

|

|

𝜀̄
𝜅̄
|

|

|

≤ ℎ̃
2
,

0, otherwise,
𝑧NA,l =

⎧

⎪

⎨

⎪

⎩

𝜀̄
𝜅̄
, if 𝜀̄

𝜅̄
< 0 and |

|

|

𝜀̄
𝜅̄
|

|

|

≤ ℎ̃
2
,

0, otherwise.

(27)

The four integration parts are defined as follows:

1. 𝑧 > 𝑧NA,u,

2. 0 < 𝑧 < 𝑧NA,u,
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Fig. 4. Comparison of a double reinforced TRC cross section with its equiv­

alent effective cross section, illustrating the corresponding strain and stress 

distributions.

3. 𝑧NA,l < 𝑧 < 0,

4. 𝑧 < 𝑧NA,l.

Since the strain varies linearly through the section, it is sufficient to 

evaluate the damage activation function at the discrete points 𝑧𝑖 ∈
{ ℎ̃∕2, 0, 0, −ℎ̃∕2 }, as shown in Fig. 5. If the neutral axis lies in the up­

per part of the section, part 3 vanishes; if it lies in the lower part, part 

2 vanishes. With this partitioning, the closed-form expressions for the 

sectional quantities can be evaluated as

𝐶̄A = 𝐶𝑏̃
4
∑

𝑖=1
𝐴𝑖 𝜁 (𝑧𝑖), 𝐶̄S = 𝐶𝑏̃

4
∑

𝑖=1
𝑆𝑖 𝜁 (𝑧𝑖), 𝐶̄I = 𝐶𝑏̃

4
∑

𝑖=1
𝐼𝑖 𝜁 (𝑧𝑖). (28)

where 𝐴𝑖, 𝑆𝑖 and 𝐼𝑖 is the area and the first and second moment of 

area for the different parts, see Appendix G. Similarly, the closed form 

solutions for for the strain energy release rates can be written as

𝑌 t
u = 𝐶𝑏̃

2

2
∑

𝑖=1
𝐻
(

𝜀(𝑧𝑖)
)

𝑄𝑖(𝜀̄, 𝜅̄), 𝑌 c
u = 𝐶𝑏̃

2

2
∑

𝑖=1
𝐻
(

−𝜀(𝑧𝑖)
)

𝑄𝑖(𝜀̄, 𝜅̄), (29a)

𝑌 t
l
= 𝐶𝑏̃

2

4
∑

𝑖=3
𝐻
(

𝜀(𝑧𝑖)
)

𝑄𝑖(𝜀̄, 𝜅̄), 𝑌 c
l
= 𝐶𝑏̃

2

4
∑

𝑖=3
𝐻
(

−𝜀(𝑧𝑖)
)

𝑄𝑖(𝜀̄, 𝜅̄), (29b)

where we have introduced the quadratic form

𝑄𝑖(𝜀̄, 𝜅̄) ∶= 𝐴𝑖𝜀̄
2 + 𝐼𝑖𝜅̄

2 − 2𝑆𝑖𝜀̄𝜅̄. (30)

These expressions are then substituted in place of the expressions in 

Eqs. (15) and (17).

2.3 . Generation of calibration and validation data from virtual testing

Synthetic data used for the calibration and validation in Section 3 

are obtained from subscale RVE simulations, as outlined by Edefors 

et al. [9].

2.3.1 . RVE model

In the RVEs, the concrete is modeled as a continuum with an isotropic 

damage model extended from Mazars modified model in [26]. In this 

model, the (apparent) stress in the concrete 𝝈c is expressed in terms of 

the effective stress 𝝈0
c = 𝑬c ∶ 𝜺c such that 𝝈c = (1 − 𝑑)𝝈0

c

The degradation is described using the scalar damage variable 𝑑, 

which evolves according to

𝑑 = 1 −
(1 − 𝐴)𝜇0

𝜇
− 𝐴

(

𝜇0
𝜇

)𝑟
exp

(

− 𝐵(𝜇 − 𝜇0)
)

, (31)

where 𝜇 is the driving variable, weighted from the maximum attained 

tensile and compressive equivalent strains according to 𝜇 = 𝑟𝜇r+(1−𝑟)𝜇c. 

Here 𝑟 is a variable characterizing the state of the stress (tension or com­

pression), 𝐴 and 𝐵 are coefficients depending on the stress state and 

𝜇0 is the strain threshold, see [26]. In this work, the factor 
(

𝜇0
𝜇

)𝑟
 is 

added to make it possible to regularize the model without overestimat­

ing the tensile strength. Also, compared to the proposed model in [26], 

the equivalent strain measures are defined in terms of the positive and 

negative parts of the strain tensor

𝜀t =

√

√

√

√

3
∑

𝑖=1
⟨𝜀𝑖⟩2, 𝜀c =

√

√

√

√

3
∑

𝑖=1
⟨−𝜀𝑖⟩2. (32)

Finally, the model is regularized using the crack-band method, see [27]. 

Consequently, the parameter 𝐵t is chosen such that the fracture energy 

𝐺F is respected for the case of uniaxial tension for the specific choice of 

𝐴t = 1. Assuming that the softening localizes over crack-band width ℎcb, 

it is possible to express 𝐵t as

𝐵t =
2𝐸 𝜀𝑡,0 ℎcb

2𝐺F − 𝐸 𝜀2𝑡,0 ℎcb

. (33)

For further details on the damage model, the reader is referred to Mazars 

2015 [26].

The yarns are assumed to behave linearly elastically up to failure, 

with the non-uniform stress distribution accounted for by the efficiency 

factors 𝜂E for the stiffness and 𝜂f for the strength [9,28]. The yarns are 

modeled as one-dimensional truss elements and are assumed to carry 

stress only in tension, following the approach in Richter [29]. The bond–

slip between yarns and matrix is described by a one-dimensional model 

with linear elastic unloading to account for bond degradation, calibrated 

against pull-out tests of TRC specimens [28].

The considered RVE has a side length of 𝐿□ = 50 mm, a thickness 

ℎ in the range 10 mm to 20 mm, and contains two yarns in each direc­

tion in both the top and bottom reinforcement layers. Furthermore, the 

RVE problem is solved incrementally for prescribed generalized strain 

histories in COMSOL using the finite element method, with the mesh 

shown in Fig. 6. In the following, strongly periodic boundary conditions 

are applied, meaning that the displacement jump vector is prescribed 

Fig. 5. Closed-form evaluation of the sectional integrals using the linear strain profile and the auxiliary neutral axes.
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Fig. 6. Finite element discretization of the RVE problem for ℎ = 15mm, showing 

the mesh of the concrete matrix and the yarns, as well as the weakened regions.

according to

(

[[𝑢𝑥]]
[[𝑢𝑧]]

)

=
⎛

⎜

⎜

⎝

𝜀̄ 𝐿□ − 𝑧 𝜅̄ 𝐿□

1
2 𝜅̄ 𝐿2

□

⎞

⎟

⎟

⎠

, (34)

together with suitable point constraints to suppress rigid body motion. 

The concrete matrix is discretized using linear hexahedral elements of 

size 3.125 × 3.125 × 2.500 mm, while the yarns are modeled with truss 

elements of length 3.125 mm. The element sizes are determined based on 

a linear convergence study. Local weakening due to the yarns is mod­

eled by proportionally reducing the tensile strength, fracture energy, 

and Young’s modulus of the adjacent concrete elements, see [9]. The 

parameters used to solve the RVE problem are presented in Appendix E.

2.3.2 . Upscaling to obtain normal forces and bending moments

The generalized stresses 𝑁̄  and 𝑀̄  for a given combination of gen­

eralized strains 𝜀̄ and 𝜅̄ are obtained through variationally consistent 

homogenization of the response of a representative volume element 

(RVE). For further details, the reader is referred to Edefors [9]. In 

short, the RVE is subjected to prescribed generalized strain histories. 

The resulting generalized stress fields in the concrete and the yarns are 

computed from the homogenization operators on the RVE length |𝐿□|,

𝑁̄ = 1
|

|

|

𝐿□
|

|

|

[

∫Ω□

𝜎c,xx dΩ + ∫Γr,□
𝑁r𝑒

2
l,x

dΓ

]

, (35)

𝑀̄ = − 1
|

|

|

𝐿□
|

|

|

[

∫Ω□

𝑧𝜎c,xx dΩ + ∫Γr,□
𝑁r𝑧𝑒

2
l,x

dΓ

]

. (36)

Remark 5. For pure beam action in the 1-direction, the transverse faces 

of the RVE are assumed stress-free (in an effective sense), which is en­

forced by setting 𝑀̄22 = 𝑁̄22 = 𝑀̄12 = 𝑁̄12 = 0. In contrast, to represent 

a one-way plate, the Poisson effect must be suppressed. This is achieved 

through a plane-strain type assumption, imposing 𝜅̄22 = 𝜀̄22 = 𝜅̄12 =
𝜀̄12 = 0. For the analysis of one-way plates, it is convenient to work in 

units per unit width, where the averaging is carried out with respect to 

the mid-plane area |𝐴□| of the RVE, see [9].

3 . Model calibration and validation

The proposed sectional model is assessed in two steps. First, the 

model parameters are calibrated using synthetic training data gener­

ated from RVE simulations of TRC beams, slabs or shells. Subsequently, 

the model is validated against an independent dataset comprising strain 

paths not included in the calibration. The loading histories are defined 

as generalized strain paths over the domain. 

Table 1 

Calibrated model parameters for the three studied section heights.

Parameter ℎ = 10mm

(𝜌 = 7.3%)
ℎ = 15mm

(𝜌 = 4.9%)
ℎ = 20mm

(𝜌 = 3.7%)

Stiffness parameter, 𝐶 [GPa] 40.3 40.3 40.3

Effective section height, ℎ̃ [mm] 10.0 14.6 19.6

Threshold in tension, 𝑘t [mJ m−1] 13.3 11.0 11.3

Threshold in compression, 𝑘c [mJ m−1] 36.1 43.0 83.9

Tensile softening parameter, 𝛽t [J m−1] 6.09 8.09 11.90

Compressive softening parameter, 𝛽c [J m−1] 252 610 930

Maximum damage, 𝐷max [–] 0.745 0.731 0.761

{(𝜀̄, 𝜅̄) ∣ |𝜀̄| ≤ 0.4 × 10−3, |𝜅̄| ≤ 250 mm−1},

with the additional constraint that the response remains within the 

sectional strength domain. This condition is enforced by terminating 

each simulation once the compressive stress in the concrete reaches its 

strength or the maximum tensile stress in the yarns exceeds the strength.

Four classes of generalized strain paths are considered:

(i) cyclic axial strain at fixed curvature,

(ii) cyclic curvature at fixed axial strain,

(iii) proportional (radial) loading, and

(iv) sequential loading along the strain axes.

Calibration and validation are performed for three different sections 

with heights of ℎ = 10 mm, ℎ = 15 mm, and ℎ = 20 mm. Since 

the reinforcement amount is kept constant across these sections, the 

reinforcement ratio decreases with increasing section height. The cor­

responding calibration and validation results are presented in the 

following subsections.

3.1 . Model calibration

The training set contains 16 generalized strain histories, see 

Appendix F. Due to the symmetry of the cross section, the strain en­

ergy release rate at damage onset is identical for the upper and lower 

parts, i.e., 𝑘t
u = 𝑘t

l
 and 𝑘c

u = 𝑘c
l
, so it suffices to calibrate 𝑘t and 𝑘c. 

Likewise, the damage evolution parameters are symmetric, i.e., 𝛽t
u = 𝛽t

l
and 𝛽c

u = 𝛽c
l
, reducing the calibration to 𝛽t and 𝛽c. In addition, the effec­

tive stiffness parameter 𝐶 and effective thickness ℎ̃ are calibrated. The 

width of the effective section is taken equal to that of the reference RVE, 

i.e., 𝑏̃ = 𝑏, and is therefore not included among the calibration parame­

ters. The model parameters are estimated in MATLAB using the fmincon

optimization routine. The objective function is formulated as a convex 

combination of the average relative error for the set, defined as

𝐸(𝑋̂,𝑋) = 1
𝐺

𝐺
∑

𝑔=1

‖𝑋̂(𝑔)(𝜃) −𝑋(𝑔)
‖2

‖𝑋(𝑔)
‖2

, (37)

where 𝑋̂(𝑔) denotes the predicted values for path 𝑔 and 𝑋(𝑔) the cor­

responding reference values. The overall objective function is then 

obtained as

𝐽 (𝜃) =
𝑐𝑁

𝑐𝑁 + 𝑐𝑀
𝐸(𝑁̂,𝑁) +

𝑐𝑀
𝑐𝑁 + 𝑐𝑀

𝐸(𝑀̂,𝑀). (38)

In this case, 𝑐M = 𝑐N = 1, meaning that the membrane force and bending 

moment are equally weighted.

The effective model is implemented in MATLAB, and the calibrated 

parameters are summarized in Table 1. From these calibrated values, 

two notable observations can be made. First, the stiffness parameter co­

incides with the Young’s modulus of the concrete (𝐸 = 40.3 GPa, cf. 

Appendix E), which is expected since this parameter governs the initial 

slope of the response in both the resolved and effective models. Second, 

the effective height closely matches that of the reference section. Finally, 
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the threshold strain energy release rate remains approximately constant 

in tension, reflecting the size effect observed for cracking specimens, as 

described by Bažant [30].

Remark 6. For pure bending the energy release rates in tension scale 

as 𝑘t∝ ℎ(𝜀t
0)

2
, so constant 𝑘t implies

𝜀t
0 ∝ ℎ−1∕2. (39)

This matches Bažant’s classical size-effect law [30],

𝜀t
0(ℎ) =

𝑓 ′
𝑡
𝐸

1
√

1 + ℎ∕ℎ𝑎
, (40)

in which 𝑓 ′
t  is the material (or nominal) tensile strength measured on 

small specimens. This expression reduces to the same ℎ−1∕2 dependency 

in the case of scale separation (ℎ ≫ ℎ𝑎). This means that the constant 

threshold for the strain-energy release rate in tension is not coincidental, 

but a direct manifestation of the size effect. See Appendix D for further 

details.

Unlike tension, compression damage is less localized and therefore 

does not exhibit the same size effect. The higher calibrated thresh­

olds 𝑘c for larger sections can instead be attributed to the increase 

in strain energy release rate with section height. Finally, the maxi­

mum damage parameter is also found to be roughly constant across all

cases.

3.2 . Model validation

The validation set comprises eight strain paths from the same domain 

as the training data but shifted, translated, and scaled, as illustrated in 

Fig. 7. The strain paths are illustrated in Fig. 7.

The results for three representative validation paths are shown in 

Figs. 9–11, corresponding to a cyclic axial path, a cyclic curvature path, 

and a sequential path, respectively. Results for the remaining loading 

paths are provided in Appendix H. As shown in Fig. 9, the model repro­

duces both the moment and normal-force responses with good accuracy 

across all section heights, showing particularly strong agreement for the 

moment in the thinnest section. Similarly, Fig. 10 demonstrates that the 

Fig. 7. Generalized strain paths used for validation of the model. 𝜀̄ are normalized by 𝜀̄max = 0.40 ⋅ 10−3 (maximum across all paths), and 𝜅̄ by 𝜅̄max = 0.37m−1

(maximum at ℎ = 10 mm), with the section height further normalized by the reference ℎ = 10 mm.

Fig. 8. Error 𝐽 (𝜃) (%) for each load path in Fig. 7 across the three section heights.
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Fig. 9. Comparison of generalized quantities from effective and RVE model for strain path 2.

Fig. 10. Comparison of generalized quantities from effective and RVE model for strain path 3.

moment–curvature relation is captured with high accuracy for all section 

heights, whereas the normal-force response exhibits slightly improved 

agreement for thicker sections. At small curvature values, however, the 

model does not fully reproduce the rapid fluctuations in normal force 

observed in the reference results. For the sequential loading case in 

Fig. 11, the model slightly overestimates the normal force in the thinner 

sections but generally captures the increase in compressive normal force 

associated with crack initiation.

The relative errors, computed according to Eq. (38), are summarized 

for all validation paths in Fig. 8. Two loading paths stand out: path 4 

(cyclic bending under constant axial tension) and path 8 (sequential 

loading with initial positive bending followed by axial tension). These 

results indicate that the model captures loading scenarios involving ax­

ial compression more accurately than those dominated by axial tension. 

The overall error, averaged over all loading paths, decreases with in­

creasing section height. The effect is most pronounced for ℎ = 10 mm, 
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Fig. 11. Comparison of generalized quantities from effective and RVE model for strain path 7.

Fig. 12. Geometry, boundary conditions and load for the TRC slab used in the 

case study.

Fig. 13. Comparison between the load versus mid-point deflection curves obtained using a fully resolved simulation and the effective model. For the fully resolved 

model the line-load 𝑞 is obtained by multiplying the surface load 𝑞 by the width of the slab.

where 𝐽 (𝜃) = 7.8 %, and reduces to 𝐽 (𝜃) = 5.6 % and 𝐽 (𝜃) = 5.3 % for 

ℎ = 15 mm and ℎ = 20 mm, respectively. This trend may be partly ex­

plained by the decreasing reinforcement ratio with increasing height, 

which reduces the relative influence of the reinforcement and leads to a 

more homogeneous sectional response.

3.3 . Case study: comparison with fully resolved one-way TRC slab

To evaluate the performance of the effective model, its predictions 

are compared against those obtained from a fully resolved direct numer­

ical simulation (DNS) of a one-way slab with fixed ends subjected to a 

uniform surface-load 𝑞. The studied slab is 650 mm long, has a height of 

15 mm and a width of 50 mm, see Fig. 12. The fully resolved model uses 

the same material parameters as the RVE, see Appendix E. The effective 
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Fig. 14. The variation of the maximum attained values of damage variables along the slab for the effective model. Also plotted is the maximum attained tensile and 

compressive damage (averaged over the width) for the outermost fibers of the fully resolved model.

Fig. 15. Comparison of local damage fields for a one-way textile-reinforced concrete slab. The figure in the middle shows the damage field from a fully resolved 

three-dimensional finite element simulation. At two selected Gauss points, generalized strain histories are extracted from the effective beam model and applied as 

prescribed loading to representative volume element simulations, whose resulting damage fields are shown for comparison.

model is implemented as an FE beam model in MATLAB, and is solved 

incrementally using an adaptive step size and the Newton–Raphson 

method under displacement control of the mid-point node using the tan­

gent stiffness in Eq. (23). The slab model is discretized into 100 beam 

elements with cubic Hermite shape functions for 𝑤̄ and linear shape 

functions for 𝑢̄.

The comparison between the fully resolved model and the effective 

slab model in terms of the load magnitude and the midpoint deflection 

is shown in Fig. 13. Generally, the effective model is able to predict the 

strain-hardening response under cyclic loading. The fully resolved sim­

ulation requires approximately 40 h, whereas the effective slab model 

can be solved in only 0.2 h, representing a speed-up of nearly two orders 
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Fig. 16. Computed crack widths for the fully resolved model at the state of maximum positive deflection and a comparison with the result obtained when subjecting 

the RVE to the strain history from the effective model.

of magnitude for the considered problem and implementation.2 The 

relative error for a specific midpoint deflection 𝛿mid, defined as

𝑒rel(𝛿mid) =
|

|

|

𝑞eff(𝛿mid) − 𝑞ref(𝛿mid)
|

|

|

𝑞ref(𝛿mid)
, (41)

over the entire load–deflection history, reaches a maximum of 4.9 %. 

Additionally, inspection of the final damage distribution along the ef­

fective slab in Fig. 14 shows that the tensile damage is concentrated at 

the mid-span and near the supports, while the compressive damage is 

more widely distributed. In these regions, the effective damage reaches 

values close to 𝐷max reported in Table 1. A comparison between the ef­

fective model and the fully resolved model indicates that the effective 

damage, in some sense, represents an averaging of the localized damage 

predicted by the fully resolved model. It should be noted, however, that 

2 The effective beam model was solved on a 10-core Intel® Core™ i7 lap­

top (32 GB RAM), requiring approximately 0.2 h of wall-clock time. The fully 

resolved model was solved on an AMD EPYC 9354 cluster node (773 GB RAM) 

with 16 cores assigned, with a total runtime of 40 h. This corresponds to an 

apparent 200× wall-clock speedup and at least a 320× reduction in core-hours, 

although actual core utilization was not monitored.

the effective model does not exhibit damage localization, which is con­

sistent with the large-scale strain-hardening response typically observed 

in TRC [31].

A more detailed comparison is obtained by examining the local re­

sponse. Since the effective structural model does not explicitly resolve 

local damage fields, the generalized strain histories are extracted at two 

selected Gauss points in the beam model and subsequently applied as 

prescribed loading to RVE simulations, see Fig. 1. The resulting dam­

age fields are then compared to those obtained from the fully resolved 

three-dimensional slab simulation. This comparison, shown in Fig. 15, 

illustrates that the effective model reproduces the macroscopic strain 

evolution, while the representative volume element driven by this strain 

history captures the corresponding damage mechanisms with good qual­

itative agreement. Local discrepancies near the representative volume 

element boundaries are expected due to the use of periodic boundary 

conditions.

A similar comparison can also be made in terms of crack widths. The 

crack widths are obtained by integrating the strain component normal 

to the cracks over a distance corresponding to the crack-band width ℎcb

(equal to the element size in this case), see Fig. 16. The figure shows that 

the crack pattern, and consequently the crack spacing, is well captured, 

and that the crack width is predicted with reasonable accuracy. At the 

midpoint of the slab, the maximum crack width predicted by the RVE is 

0.011 mm, compared to 0.0081 mm from the fully resolved analysis. At 
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the support, the difference is larger, with the RVE predicting 0.019 mm 

compared to 0.026 mm in the fully resolved case. Notably, the effective 

model combined with the RVE slightly overestimates the crack width 

at the midpoint, while underestimating it near the support. This can be 

attributed to the fact that the RVE provides an averaged local response 

and does not explicitly represent the fixed boundary condition at the 

support.

4 . Conclusions and outlook

In this work, we propose an efficient constitutive model for uniaxial 

members such as beams. The key novelty of the proposed formulation 

lies in its ability to predict the fully coupled response between normal 

force and bending moment under cyclic and non-proportional loading con­

ditions, while accounting for tensile and compressive damage at the 

sectional level. The model is formulated at the global cross-sectional 

level, thus eliminating the need for explicit evaluation of the local ma­

terial response across the section. Stiffness degradation is governed 

by global damage variables associated with the upper and lower re­

gions of the section, whose evolution depends on the sign of the strain, 

thereby capturing crack opening and closure effects and enabling a 

fully coupled normal force–bending moment response under general 

loading histories. The model is applicable to uniaxial members sub­

jected to combined axial load and bending. In particular, the model is 

well-suited for the analysis of one-way TRC slabs and shells, as it accu­

rately reproduces the strain-hardening response characteristic of these

structures.

The formulation was calibrated using data obtained from repre­

sentative volume element (RVE) simulations of the TRC substructure. 

These simulations provide essential information about the subscale in­

teractions between the yarns and the surrounding concrete. The model 

was first validated against synthetic RVE data at the cross-sectional 

level. It was able to predict the evolution of both the normal force 

and the bending moment with an overall relative error of around 

5–8 %. Despite its reduced-order nature, the effective formulation re­

produces the coupled sectional response with good accuracy while 

achieving a reduction in computational cost of approximately two orders 

of magnitude, as demonstrated in a one-way TRC slab case study. The 

reported speed-up should be interpreted as reflecting the reduction in 

computational complexity achieved by replacing RVE-based multiscale 

simulations with the proposed reduced-order sectional formulation; ab­

solute runtimes will depend on the specific problem, discretization, and

implementation.

The proposed framework can be applied to investigate the cyclic re­

sponse of one-way TRC members. It is particularly suited for general 

loading histories in which normal force and bending moment evolve 

in a coupled manner due to damage. It captures the strain-hardening 

effects associated with cracking and crushing, enabling for instance pre­

diction of stress redistribution within the structure. Since cracking is 

represented only implicitly, however, the effective model does not di­

rectly provide crack spacing or crack width. These local quantities can 

instead be recovered in a post-processing step by applying the general­

ized strain histories obtained from the effective model to the RVE, as 

demonstrated in Section 3.3.

The approach is particularly suited for beams and one-way plates 

where the nonlinear response is governed mainly by damage mech­

anisms. When the subscale behavior involves additional mechanisms, 

such as residual bond slip [32], plastic strains in compressed con­

crete [33,34], plastic deformation of the reinforcement, or incomplete 

crack closure [35], the effective response includes permanent defor­

mations. Capturing such effects would require extending the present 

damage-based framework toward a combined damage–plasticity formu­

lation, as proposed in [36,37], and constitutes a natural direction for 

future work.

In its present form, the model does not consider localization, meaning 

that direct application to problems with large-scale localization would 

lead to mesh-dependent results; hence, appropriate regularization is re­

quired before it can be used in such scenarios. Moreover, the current 

formulation is restricted to one-way action. Extending the proposed sur­

rogate concept to two-dimensional plate or shell formulations therefore 

constitutes a natural and promising direction for future work, with the 

potential to further bridge the gap between detailed multiscale modeling 

and efficient structural-scale analysis.
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Appendix A . Degraded generalized stresses

The generalized stresses, i.e., the thermodynamic forces conjugate to 

the generalized strains, are obtained as the partial derivatives of the gen­

eralized Helmholtz free energy density with respect to the generalized 

strains.

Normal force. The normal force is evaluated as 

𝑁̄ = 𝜕Ψ̄
𝜕𝜀̄

|

|

|

|𝜅̄,𝒅̄
. (A.1)

To evaluate this derivative, consider a finite variation Δ𝜀̄. The 

corresponding variation of the generalized free energy reads 

ΔΨ̄ = Ψ̄(𝜀̄ + Δ𝜀̄, 𝜅̄, 𝒅̄) − Ψ̄(𝜀̄, 𝜅̄, 𝒅̄), (A.2)

and the derivative is obtained from the limit 

𝑁̄ = lim
Δ𝜀̄→0

ΔΨ̄
Δ𝜀̄

. (A.3)

Using Eq. (13), we may express 

ΔΨ̄ = ∫𝐴

[

𝜁 (𝜀̄, 𝜅̄, 𝒅̄) ΔΨ0 + C𝜀(Δ𝜀̄)
]

d𝐴, (A.4)

where 

C𝜀(Δ𝜀̄) = Δ𝜁 Ψ0(𝜀̄ + Δ𝜀̄ − 𝑧𝜅̄), (A.5)

and

ΔΨ0 = Ψ0(𝜀̄ + Δ𝜀̄ − 𝑧𝜅̄) − Ψ0(𝜀̄ − 𝑧𝜅̄), (A.6)
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Fig. A.17. Variation Δ𝜀̄ applied to the strain profile in the section and the region 

where the jump in the damage activation function Δ𝜁  is nonzero.

Δ𝜁 = 𝜁 (𝜀̄ + Δ𝜀̄, 𝜅̄, 𝒅̄) − 𝜁 (𝜀̄, 𝜅̄, 𝒅̄). (A.7)

We first note that the jump Δ𝜁  is nonzero only where 

sign(𝜀̄ + Δ𝜀̄ − 𝑧𝜅̄) ≠ sign(𝜀̄ − 𝑧𝜅̄), and that its magnitude is bounded 

according to 

|

|

|

Δ𝜁 (𝑧)||
|

≤ |

|

|

𝑑c(𝑧) − 𝑑t(𝑧)||
|

≤ 1, (A.8)

since 𝑑c, 𝑑t ∈ [0, 1].
Second, it can be verified algebraically that 

|𝜀̄ + Δ𝜀̄ − 𝑧𝜅̄| ≤ |Δ𝜀̄|, (A.9)

on the domain where Δ𝜁 ≠ 0, cf. the illustration in Fig. A.17.

Third, using the explicit form of the undamaged local free energy 

density Ψ0 from Eq. (4) together with the inequality in Eq. (A.9), we 

conclude that 

Ψ0(𝜀̄ + Δ𝜀̄ − 𝑧𝜅̄) ≤ 1
2𝐶(𝑧)(Δ𝜀̄)2. (A.10)

Combining Eqs. (A.10) and (A.8) allows us to bound C𝜀(Δ𝜀̄) as 

|

|

|

C𝜀(Δ𝜀̄)||
|

= |

|

|

Δ𝜁 Ψ0(𝜀̄ + Δ𝜀̄ − 𝑧𝜅̄)||
|

≤ 1
2𝐶(𝑧)(Δ𝜀̄)2, for Δ𝜁 ≠ 0. (A.11)

Evaluating the limit in Eq. (A.3) gives 

𝑁̄ = lim
Δ𝜀̄→0

[

∫𝐴
𝜁 (𝜀̄, 𝜅̄, 𝒅̄)ΔΨ

0

Δ𝜀̄
d𝐴 + 𝑅𝜀(Δ𝜀̄)

]

, (A.12)

where 

𝑅𝜀(Δ𝜀̄) ∶= ∫𝐴
C𝜀(Δ𝜀̄)
Δ𝜀̄

d𝐴. (A.13)

From Eqs. (A.13) and (A.11), it follows that 

|

|

|

𝑅𝜀(Δ𝜀̄)||
|

≤ 𝐴𝐶max |Δ𝜀̄|, (A.14)

where 𝐶max ∶= sup𝑧∈𝐴 𝐶(𝑧). Hence

𝑅𝜀(Δ𝜀̄) → 0 as Δ𝜀̄ → 0, (A.15)

whereby

𝑁̄ = ∫𝐴
𝜁 (𝜀̄, 𝜅̄, 𝒅̄) 𝜕Ψ

0

𝜕𝜀̄
d𝐴 = ∫𝐴

𝐶(𝑧) 𝜁 (𝜀̄, 𝜅̄, 𝒅̄)d𝐴
⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟

𝐶̄A

𝜀̄

− ∫𝐴
𝐶(𝑧)𝑧 𝜁 (𝜀̄, 𝜅̄, 𝒅̄)d𝐴

⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟
𝐶̄S

𝜅̄, (A.16)

that is, 

𝑁̄ = 𝐶̄A𝜀̄ − 𝐶̄S𝜅̄. (A.17)

Fig. A.18. Variation Δ𝜅̄ applied to the strain profile in the section and the region 

where the jump in the damage activation function Δ𝜁  is nonzero.

Bending moment. The bending moment is evaluated as 

𝑀̄ = 𝜕Ψ̄
𝜕𝜅̄

|

|

|

|𝜀̄,𝒅̄
. (A.18)

Following the same procedure as for the normal force, consider a finite 

variation Δ𝜅̄ and write 

𝑀̄ = lim
Δ𝜅̄→0

ΔΨ̄
Δ𝜅̄

, ΔΨ̄ = ∫𝐴

[

𝜁 (𝜀̄, 𝜅̄, 𝒅̄) ΔΨ0 + C𝜅 (Δ𝜅̄)
]

d𝐴, (A.19)

where 

C𝜅 (Δ𝜅̄) = Δ𝜁 Ψ0(𝜀̄−𝑧(𝜅̄+Δ𝜅̄)
)

, ΔΨ0 = Ψ0(𝜀̄−𝑧(𝜅̄+Δ𝜅̄)
)

−Ψ0(𝜀̄−𝑧𝜅̄
)

.

(A.20)

As in the axial case, the jump Δ𝜁  is nonzero only where

sign(𝜀̄ − 𝑧(𝜅̄ + Δ𝜅̄)) ≠ sign(𝜀̄ − 𝑧𝜅̄) ,

and its magnitude satisfies 

|

|

|

Δ𝜁 (𝑧)||
|

≤ |

|

|

𝑑c(𝑧) − 𝑑t (𝑧)||
|

≤ 1, (A.21)

since 𝑑c, 𝑑t ∈ (0, 1). On the same domain (Δ𝜁 ≠ 0), the local strains 

satisfy

|

|

|

𝜀̄ − 𝑧(𝜅̄ + Δ𝜅̄)||
|

≤ |𝑧Δ𝜅̄|. (A.22)

Using the explicit form of Ψ0 in Eqs. (4) and (A.22), we obtain

Ψ0(𝜀̄ − 𝑧(𝜅̄ + Δ𝜅̄)
)

≤ 1
2 𝐶(𝑧) 𝑧2(Δ𝜅̄)2. (A.23)

Combining (A.21) and (A.23) yields the bound

|

|

|

C𝜅 (Δ𝜅̄)||
|

= |

|

|

Δ𝜁 Ψ0(𝜀̄− 𝑧(𝜅̄ +Δ𝜅̄)
)

|

|

|

≤ 1
2 𝐶(𝑧) 𝑧2(Δ𝜅̄)2, for Δ𝜁 ≠ 0. (A.24)

Substituting into the limit definition gives 

𝑀̄ = lim
Δ𝜅̄→0

[

∫𝐴
𝜁 (𝜀̄, 𝜅̄, 𝒅̄)ΔΨ

0

Δ𝜅̄
d𝐴 + 𝑅𝜅 (Δ𝜅̄)

]

, (A.25)

where 

𝑅𝜅 (Δ𝜅̄) ∶= ∫𝐴
C𝜅 (Δ𝜅̄)
Δ𝜅̄

d𝐴. (A.26)

From (A.24), introducing the beam height |𝑧| ≤ ℎ̃∕2, and 𝐶(𝑧) ≤
𝐶max ∶= sup𝑧∈𝐴 𝐶(𝑧), we obtain

|

|

|

𝑅𝜅 (Δ𝜅̄)||
|

≤ 1
4 𝐴𝐶max ℎ̃

2
|Δ𝜅̄|, (A.27)

Hence 

𝑅𝜀(Δ𝜀̄) → 0 as Δ𝜀̄ → 0, (A.28)

whereby

𝑀̄ = ∫𝐴
𝜁 (𝜀̄, 𝜅̄, 𝒅̄) 𝜕Ψ

0

𝜕𝜅̄
d𝐴 = ∫𝐴

𝑧2 𝐶(𝑧) 𝜁 (𝜀̄, 𝜅̄, 𝒅̄)d𝐴
⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟

𝐶̄I

𝜅̄
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− ∫𝐴
𝑧𝐶(𝑧) 𝜁 (𝜀̄, 𝜅̄, 𝒅̄)d𝐴

⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟
𝐶̄S

𝜀̄, (A.29)

that is, 

𝑀̄ = 𝐶̄I𝜅̄ − 𝐶̄S𝜀̄. (A.30)

Appendix B . Degraded generalized stress tangents

The tangent stiffness matrix is defined as the matrix of second 

derivatives of the generalized free energy, i.e., 

𝑯 =

⎡

⎢

⎢

⎢

⎣

𝜕2Ψ̄
𝜕𝜀̄2

𝜕2Ψ̄
𝜕𝜀̄ 𝜕𝜅̄

𝜕2Ψ̄
𝜕𝜅̄ 𝜕𝜀̄

𝜕2Ψ̄
𝜕𝜅̄2

⎤

⎥

⎥

⎥

⎦

=

⎡

⎢

⎢

⎢

⎣

𝜕𝑁̄
𝜕𝜀̄

𝜕𝑁̄
𝜕𝜅̄

𝜕𝑀̄
𝜕𝜀̄

𝜕𝑀̄
𝜕𝜅̄

⎤

⎥

⎥

⎥

⎦

. (B.1)

The components of 𝑯  are evaluated in direct analogy with the de­

graded generalized stresses 𝑁̄  and 𝑀̄  derived in  Appendix A. For 

illustrative purposes, the detailed derivation of 𝜕𝑁̄∕𝜕𝜀̄ is presented 

below.

To evaluate this derivative, we introduce a finite variation Δ𝜀̄ ∈ R. 

The corresponding variation in the normal force is given by

Δ𝑁̄ = ∫𝐴

[

𝜁 (𝜀̄ + Δ𝜀̄, 𝜅̄, 𝒅̄)𝐶(𝑧) (𝜀̄ + Δ𝜀̄ − 𝑧𝜅̄) − 𝜁 (𝜀̄, 𝜅̄, 𝒅̄)𝐶(𝑧) (𝜀̄ − 𝑧𝜅̄)
]

d𝐴

(B.2)

= ∫𝐴

[

𝜁 (𝜀̄, 𝜅̄, 𝒅̄)𝐶(𝑧) Δ𝜀̄ + 𝐶𝜀𝜀(Δ𝜀̄)
]

d𝐴, (B.3)

where we have introduced

𝐶𝜀𝜀(Δ𝜀̄) ∶= Δ𝜁 𝐶(𝑧) (𝜀̄ + Δ𝜀̄ − 𝑧𝜅̄). (B.4)

The derivative of 𝑁̄  with respect to 𝜀̄ then follows from the limit

𝜕𝑁̄
𝜕𝜀̄

= lim
Δ𝜀̄→0

Δ𝑁̄
Δ𝜀̄

. (B.5)

We distinguish the following two mutually exclusive and exhaustive 

cases:

⎧

⎪

⎨

⎪

⎩

(𝑖) 𝜀̄ ≠ 0, 𝜅̄ = 0,

(𝑖𝑖) 𝜅̄ ≠ 0, 𝜀̄ ∈ R.

Case (i). For 𝜀̄ ≠ 0 and 𝜅̄ = 0, the jump Δ𝜁 = 0 for any |Δ𝜀̄| ≤ |𝜀̄|. 
Consequently, in the limit Δ𝜀̄ → 0, Δ𝜁 → 0, and the derivative in (B.5) 

simplifies to 

𝜕𝑁̄
𝜕𝜀̄

= lim
Δ𝜀̄→0∫𝐴

𝜁 (𝜀̄, 𝜅̄, 𝒅̄)𝐶(𝑧)d𝐴 = 𝐶̄A. (B.6)

Case (ii). From Eq. (B.6) it follows that it suffices to show that the 

residual vanishes, i.e., 

𝑅𝜀𝜀 = ∫𝐴
𝐶𝜀𝜀(Δ𝜀̄)

Δ𝜀̄
d𝐴 ⟶ 0 as Δ𝜀̄ → 0, (B.7)

for the case 𝜅̄ ≠ 0 and 𝜀̄ ∈ R. To this end, we perform the integration 

only over the subset of the cross section where Δ𝜁 ≠ 0. We denote this 

active region by

∫A∶Δ𝜁≠0
d𝐴 = 𝑏̃Δℎ̃,

where we recall 𝑏̃ as the width of the section and Δℎ̃ as the height of 

the region in which Δ𝜁 ≠ 0 for a given increment Δ𝜀̄. Accordingly, the 

integral can be expressed as 

𝑅𝜀𝜀 = ∫𝐴
𝐶𝜀𝜀(Δ𝜀̄)d𝐴 = ∫A∶Δ𝜁≠0

𝐶𝜀𝜀(Δ𝜀̄)d𝐴. (B.8)

We shall now bound this region using the strain increment. To this 

end, we identify the following identities3:

⎧

⎪

⎨

⎪

⎩

𝜀̄ + Δ𝜀̄ − 𝑧𝜅̄ > 0 ⇔ 𝑧 < 𝜀̄ + Δ𝜀̄
𝜅̄

,

𝜀̄ − 𝑧𝜅̄ < 0 ⇔ 𝑧 > 𝜀̄
𝜅̄
,

for Δ𝜁 ≠ 0,

so that the height of the subregion can be written as 

Δℎ̃ = |𝑧max − 𝑧min| =
|Δ𝜀̄|
|𝜅̄|

. (B.9)

This makes it possible to bound the subregion according to 

𝑏̃Δℎ̃ ≤ 𝑏̃
|Δ𝜀̄|
|𝜅̄|

. (B.10)

Finally, using Eqs. (B.10), (A.21), and (A.9), it is possible to bound 

Eq. (B.8) as

|𝑅𝜀𝜀
| =

|

|

|

|

|

∫𝐴∶Δ𝜁≠0
Δ𝜁 𝐶(𝑧) (𝜀̄ + Δ𝜀̄ − 𝑧𝜅̄)

Δ𝜀̄
d𝐴

|

|

|

|

|

≤
𝐶max𝑏̃
|𝜅̄|

|Δ𝜀̄| ⟶ 0 as Δ𝜀̄ → 0. (B.11)

It therefore follows from Eq. (B.6) that

𝜕𝑁̄
𝜕𝜀̄

= 𝐶̄A. (B.12)

Appendix C . Degraded strain energy release rates

The strain energy release rates, i.e., the thermodynamic forces con­

jugate to the damage variables, are obtained as the partial derivatives of 

the Helmholtz free energy with respect to the components of the damage 

vector 𝒅̄, while holding the generalized strains fixed:

𝑌 t∕c
u = − 𝜕Ψ̄

𝜕𝑑t∕cu

|

|

|

|

|

|𝜀̄,𝜅̄

= −∫𝐴u

𝜕𝜁

𝜕𝑑t∕cu

Ψ0(𝜀(𝑧))d𝐴 −
⟋⟋⟋

⟋⟋⟋🟂
0

∫𝐴u

𝜁 𝜕Ψ0

𝜕𝑑t∕cu

d𝐴

= 1
2∫𝐴u

𝐶(𝑧)
⟨

𝜀̄ − 𝑧𝜅̄
⟩2
t∕c d𝐴, (C.1a)

𝑌 t∕c
l

= − 𝜕Ψ̄
𝜕𝑑t∕c

l

|

|

|

|

|

|𝜀̄,𝜅̄

= −∫𝐴l

𝜕𝜁

𝜕𝑑t∕c
l

Ψ0(𝜀(𝑧))d𝐴 −
⟋
⟋⟋⟋

⟋⟋🟂
0

∫𝐴l

𝜁 𝜕Ψ0

𝜕𝑑t∕c
l

d𝐴

= 1
2∫𝐴l

𝐶(𝑧)
⟨

𝜀̄ − 𝑧𝜅̄
⟩2
t∕c d𝐴. (C.1b)

Appendix D . Size effect interpretation

This section demonstrates that the size-effect law proposed by 

Bažant [30] implies a constant threshold for the strain energy release 

rate. To this end, the case of uniaxial pure bending is considered. From 

3 Here we choose Δ𝜀̄ > 0. Adopting Δ𝜀̄ < 0 would result in the same bound 

for Δℎ̃.
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Eq. (17a), under pure bending (𝜀̄ = 0), the strain energy release rate is 

𝑌 t
u = 1

2∫𝐴u

𝐶(𝑧)
⟨

− 𝑧𝜅̄
⟩2

+
d𝐴 = 𝜅̄2

2 ∫𝐴u

𝐶(𝑧) 𝑧2 d𝐴 = 𝜅̄2

2
𝐶̄0

I
(D.1)

At the onset of damage Eq. (18) gives that 𝑘t
u = 𝑌 t

u  The (apparent) 

extreme-fiber strain is 

𝜀t
max = 𝜅̄𝑧max (D.2)

Substitution and using that 𝐶̄0
I
∝ ℎ3 and 𝑧max ∝ ℎ gives

𝑘t
u =

(

𝜀t
max

)2

2
(

𝑧max
)2

𝐶̄0
I
∝ ℎ

(

𝜀t
max

)2. (D.3)

Thus, if 𝑘t is constant with respect to the height ℎ, the apparent 

tensile onset strain must scale as

𝜀t
max(ℎ) ∝ ℎ−1∕2. (D.4)

This is exactly the same asymptotic size effect as Bažant’s classical 

size-effect law [30]: 

𝜀t
0(ℎ) =

𝑓 ′
𝑡
𝐸

1
√

1 + ℎ∕ℎ𝑎
, (D.5)

where 𝐸 is Young’s modulus, 𝑓 ′
t  the tensile strength in the small-size 

limit, ℎa is the transitional size parameter, directly related to the fracture 

process zone length, and ℎ the characteristic size of the structure (here 

taken as the section height). In the case of scale separation, i.e., ℎ ≫ ℎ𝑎, 
this reduces to 

𝜀t
0(ℎ) ∼

( 𝑓 ′
t

𝐸

√

ℎa

)

ℎ−1∕2 ∝ ℎ−1∕2 (D.6)

Appendix E . Parameters used for the fully resolved model

The parameters used for the fully resolved model, i.e., both for the RVE simulations in Section 2.3 and the DNS of the slab in Section 3.3 are 

presented in Table E.2

Table E.2 

Material and bond-slip model parameters used for the fully 

resolved simulations of TRC.

Parameter Value Unit

Concrete matrix

Tensile Strength, 𝑓c,t 4.35 MPa

Compressive Strength, 𝑓c,c 67.8 MPa

Young’s Modulus, 𝐸c 40.7 GPa

Poisson’s Ratio, 𝜈c 0.200 –

Ultimate Compressive Strain, 𝜀c,u 2.90 × 10−3 –

Fracture Energy, 𝐺F 156 N m−1

Damage Parameter, 𝐴c 1.16 –

Damage Parameter, 𝐵c 282 –

Compressive Strain Threshold, 𝜀0,c 5.00 × 10−4 –

Textile yarns

Nominal Young’s Modulus, 𝐸0
r

242 GPa

Nominal Tensile Strength, 𝑓 0
u

3.97 GPa

Efficiency Factor for Strength, 𝜂𝑓 0.7 –

Efficiency Factor for Stiffness, 𝜂E 0.7 –

Yarn Area, 𝐴𝑟 5.47 mm2

Yarn Spacing, 𝑠𝑟 25 mm

Bond-slip interface

Initial Bond Stress, 𝜏f 0.822 MPa

Maximum Bond Stress, 𝜏max 2.910 MPa

Shape Parameter, 𝛼 0.316 –

Slip Parameter, 𝑠0 0.015 mm

Slip Parameter, 𝑠1 0.025 mm

Slip Parameter, 𝑠2 0.086 mm

Slip Parameter, 𝑠3 1.092 mm
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Appendix F . Generalized strain paths used for calibration

Below are the generalized strain paths used for model calibration. They are shown separately for each height, since the RVE simulations were 

terminated at different load steps, making a common normalization (as in the validation case) impossible (Figs. F.19–F.21).

Fig. F.19. Generalized strain paths for ℎ = 10 mm used for calibration of the model. 𝜀̄ are normalized by 𝜀̄max = 0.40 ⋅ 10−3, and 𝜅̄ by 𝜅̄max = 0.38m−1.

Fig. F.20. Generalized strain paths for ℎ = 15 mm used for calibration of the model. 𝜀̄ are normalized by 𝜀̄max = 0.40 ⋅ 10−3, and 𝜅̄ by 𝜅̄max = 0.28m−1.
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Fig. F.21. Generalized strain paths for ℎ = 20 mm used for calibration of the model. 𝜀̄ are normalized by 𝜀̄max = 0.40 ⋅ 10−3, and 𝜅̄ by 𝜅̄max = 0.21m−1.

Appendix G . Closed form solutions of sectional moments

The closed-form solutions of the sectional quantities as used in Eq. (28) are displayed in Table G.3. The auxiliary neutral axis are defined as

𝑧NA,u =

⎧

⎪

⎨

⎪

⎩

𝜀̄
𝜅̄
, if 𝜀̄𝜅̄ ≥ 0 and |

|

|

𝜀̄
𝜅̄
|

|

|

≤ ℎ̃
2

0, otherwise
𝑧NA,l =

⎧

⎪

⎨

⎪

⎩

𝜀̄
𝜅̄
, if 𝜀̄𝜅̄ < 0 and |

|

|

𝜀̄
𝜅̄
|

|

|

≤ ℎ̃
2

0, otherwise
(G.1)

Table G.3 

Closed-form expressions for sectional properties over the four 

subdomains using splits at the neutral axes 𝑧NA,u and 𝑧NA.l.

Integral expression Closed-form result

𝐴1 = ∫

𝑏̃∕2

−𝑏̃∕2 ∫

ℎ̃∕2

𝑧NA,u

d𝑧d𝑦 𝑏̃
(

ℎ̃
2
− 𝑧NA,u

)

𝐴2 = ∫

𝑏̃∕2

−𝑏̃∕2 ∫

𝑧NA,u

0
d𝑧d𝑦 𝑏̃ 𝑧NA,u

𝐴3 = ∫

𝑏̃∕2

−𝑏̃∕2 ∫

0

𝑧NA,l

d𝑧d𝑦 −𝑏̃ 𝑧NA,l

𝐴4 = ∫

𝑏̃∕2

−𝑏̃∕2 ∫

𝑧NA,l

−ℎ̃∕2
d𝑧d𝑦 𝑏̃

(

𝑧NA,l +
ℎ̃
2

)

𝑆1 = ∫

𝑏̃∕2

−𝑏̃∕2 ∫

ℎ̃∕2

𝑧NA,u

𝑧d𝑧d𝑦 𝑏̃
2

(

(

ℎ̃
2

)2

− 𝑧2
NA,u

)

𝑆2 = ∫

𝑏̃∕2

−𝑏̃∕2 ∫

𝑧NA,u

0
𝑧d𝑧d𝑦 𝑏̃

2
𝑧2

NA,u

𝑆3 = ∫

𝑏̃∕2

−𝑏̃∕2 ∫

0

𝑧NA,l

𝑧d𝑧d𝑦 − 𝑏̃
2
𝑧2

NA,l

𝑆4 = ∫

𝑏̃∕2

−𝑏̃∕2 ∫

𝑧NA,l

−ℎ̃∕2
𝑧d𝑧d𝑦 𝑏̃

2

(

𝑧2
NA,l −

(

ℎ̃
2

)2
)

𝐼1 = ∫

𝑏̃∕2

−𝑏̃∕2 ∫

ℎ̃∕2

𝑧NA,u

𝑧2 d𝑧d𝑦 𝑏̃
3

(

(

ℎ̃
2

)3

− 𝑧3
NA,1

)

𝐼2 = ∫

𝑏̃∕2

−𝑏̃∕2 ∫

𝑧NA,u

0
𝑧2 d𝑧d𝑦 𝑏̃

3
𝑧3

NA,u

𝐼3 = ∫

𝑏̃∕2

−𝑏̃∕2 ∫

0

𝑧NA,l

𝑧2 d𝑧d𝑦 − 𝑏̃
3
𝑧3

NA,l

𝐼4 = ∫

𝑏̃∕2

−𝑏̃∕2 ∫

𝑧NA,l

−ℎ̃∕2
𝑧2 d𝑧d𝑦 𝑏̃

3

(

𝑧3
NA,l +

(

ℎ̃
2

)3
)
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Appendix H . Validation results

Below are the results from the validation of the model for generalized strain paths 1, 4, 5, 6 and 8 (Figs. H.22–H.26).

Fig. H.22. Comparison of generalized quantities from effective and RVE model for strain path 1.

Fig. H.23. Comparison of generalized quantities from effective and RVE model for strain path 4.
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Fig. H.24. Comparison of generalized quantities from effective and RVE model for strain path 5.

Fig. H.25. Comparison of generalized quantities from effective and RVE model for strain path 6.
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Fig. H.26. Comparison of generalized quantities from effective and RVE model for strain path 8.

Data availability

Data will be made available on request.
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