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ABSTRACT
This paper examines the problem of minimising stopping distance
on split friction roads by joint control of individual wheel brakes
and automated steering. A static optimisation problem is introduced
thatmaximises braking on split friction roadswithout veering out-of-
lane. The analysis of the optimal brake forces and counter-steering
shows different properties of the optimal solution depending on the
degree of split friction assymmetry between the left and right vehi-
cle sides. The solutions are categorised into two regions: small and
large split friction asymmetries. At a small split friction asymmetry,
all the tyres are at their force peak in their force-slip curves and the
slips are small. Therefore, the traditional ABS and a path-following
controller give optimal braking and path deviation performance.
Whereas at a large split friction asymmetry, it is shown that having
all tyres at their force-slip peak is impossible. Instead, allowing larger
slips at the low-friction tyres gives maximum braking. Surprisingly,
constraining slip constraint on one low-friction tyre limits the avail-
able tyre force on the high-friction ones, ultimately leading to longer
stoppingdistances. For braking at large splits, weproposeusingopti-
mal static solutions to set a feedforward steering angle based on
the split friction condition, together with a high-friction brake con-
trol to the yaw torque. This control framework is tested in vehicle
simulation in the CarMaker environment. Closed-loop simulations
of the proposed control framework are compared to an emulated
driver response derived frommeasurements of a professional driver.
Stopping distance gains of 6–13% are observed by automating the
steering compensation. Further simulations demonstrate that the
proposed control framework providesmaximumbraking evenwhen
one side has zero friction.
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1. Introduction

Split friction is a special case of a slippery road when one side of the vehicle lies on a low-
friction patch, such as snowor oil spillage, while the other is on high-friction asphalt.When
braking hard on split friction, the larger braking forces on the high-friction side create
a yaw torque disturbance, which can cause the vehicle to start rotating. The driver can
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compensate by counter-steering, but it requires some skills. The compensation can be done
instead through an advanced driver-assistance system (ADAS) function to assist or replace
the driver. Potentially, the ADAS function can be made better than most drivers.

Analysis of NHTSA’s crash data from 2018–2020 shows an average of 1160 fatal U.S.
crashes per year involving braking and skidding before impact [1]. Since skidding often
occurs on split friction roads, the proposed function could help prevent a portion of these
incidents.

In a previous study [2], drivers were subjected to automated emergency braking (AEB)
on split friction. Distracted drivers took longer to react, potentially departing from the
lane. Automated steering compensation can enhance safety and reduce workload for non-
distracted drivers. Recent publications [3–5] focus on designing a steering controller to
assist the driver, assuming the ABS handles braking. In [3], a sliding mode controller is
designed for robustness against parameter uncertainties. In [4,5], receding horizon LQR
control is used for steering compensation, considering deviations from the predicted path.
These works assume the ABS system manages braking, with the steering controller pro-
viding counter torque to compensate for brake-induced torque. However, our analysis
shows this approach is only optimal for small split friction. For large split friction, where
friction is very low on one side, the optimal solution requires a more elaborate control
structure.

Previous studies combined steering compensation and brake control. Paper [6] chal-
lenged the assumption that ABS controls the brakes, introducing amultivariable controller
to maintain wheel slips before the peak slip region, while preserving lateral stability
through steering. We will show that maintaining slip in the linear region is suboptimal
at large split frictions. In [7], an MPC-based controller integrated steering and braking
to achieve optimal deceleration for a bus. The control strategy relied on a predefined yaw
acceleration threshold to switch between controlmodes, whichwould require the vehicle to
rotate before an adaptation could occur. In contrast, this paper employs an estimate of the
road’s split friction to select the appropriate control mode, enabling immediate activation
upon braking. Moreover, [7] constrained the high-friction tyres to the linear region and
did not investigate control performance under large splits, which are explicitly considered
in this work.

In previous work [8], we used static optimisation to show that counter-steering is
required for optimal braking on split friction surfaces, depending on the split friction
asymmetry. This study extends that analysis by (1) examining optimal solutions beyond
peak slip, and (2) proposing a control strategy to maintain the vehicle near this optimum
despite varying conditions or disturbances. The controller’s ability to remain close to this
optimum is demonstrated through simulations using a high-fidelity CarMakerTM vehicle
model.

This work proposes a control strategy tailored for high split-friction conditions, com-
prising a constant feedforward steering input derived from the static analysis (stored in
an offline lookup table) and a dynamic feedback component that controls high-friction
side braking to reduce excessive yaw torque. Furthermore, a lateral controller is integrated
to prevent lane departures, an aspect not thoroughly addressed in the referenced litera-
ture. The complete framework is benchmarked against an emulated state-of-the-art ABS
controller based on professional driver measurements.



VEHICLE SYSTEM DYNAMICS 3

Figure 1. Vehicle in road lane, along with the velocity, force, and torque at CoG and their orientations.

2. Problem definition

2.1. Road description

Figure 1 shows the road friction condition, lane borders, and vehicle relative to the lane cen-
treline. The left and right sides of the lane have different friction, [μ1,μ2] and the friction
asymmetry is defined as

�μ = μ1 − μ2 (1)

2.2. Vehicle trajectory and orientation

Assuming the vehicle is a rigid body, its trajectory is defined by the sum of the applied
forces and torques. The vehicle’s trajectory is described by the velocity vector V, the total
force F, and yaw torque Mz acting in its centre of gravity (CoG), presented in Figure 1. The
vehicle’s direction is defined by the yaw angle ψ . The body slip angle is the angle between
the direction of the vehicle and the velocity vector

β = arctan
(
vy
vx

)
(2)

where vx and vy are the projections of V to the x and y axes of the body, respectively.
Similarly, the force angle is defined as

γ = arctan
(
Fy
Fx

)
(3)

where Fx and Fy are the projections of F to the x and y axes of the body, respectively.
It is often convenient to rotate the forces along the velocity direction as

(
Fv
Fp

)
=

(
cosβ sinβ

− sinβ cosβ

) (
Fx
Fy

)
(4)

where Fv is the force along and Fp perpendicular to the velocity vector V.
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Figure 2. Double-track vehicle model with front-wheel steering.

Using a force-centric approach (as in [9]), achieving the shortest stopping distance is
equivalent to minimising Fv, the force opposite to the velocity, at every time instant. Fur-
ther, the yaw torque Mz should be zero to avoid vehicle rotation. Finally, for braking in
a straight line, the force perpendicular to the velocity Fp should also be zero to avoid
lateral deviation. This idealised objective can be expressed as the following conceptual
optimisation problem (OP)

min Fv
s.t. Fp = 0

Mz = 0 (5)

While this formulation captures the high-level goal, the actual objective – detailed later
in (29) – must account for the fact that F andMz are derived from the combined forces at
the four tyres, which are functions of the applied braking and steering inputs. This rela-
tionship between individual tyre forces and the resulting global forces is detailed in the
following section, where the vehicle model is introduced.

3. Vehicle model

3.1. Double-track vehiclemodel

This section describes the double-trackmodel used to examine the brake force and steering
allocation in a split friction braking manoeuvre. The following assumptions are made: (a)
Differential braking, where each wheel brakes independently. (b) Front-wheel steering. (c)
Neglecting pitch and roll dynamics. (d) Assuming a flat ground. (e) Straight driving, for
presentation simplicity.

Figure 2 illustrates the notation of the vehicle model and the tyre forces. The tyre forces
are typically modelled as functions of their slip. Especially the lateral forces significantly
depend on the steering angle δ. The tyre force-slip relation will be defined in Section 3.2.

From Figure 2, the total force at the CoG F is divided into the longitudinal Fx and lateral
forces Fy. The forces Fx and Fy and the yaw moment Mz about the vertical axis are given
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by

Fx = (Fx1 + Fx2) cos δ − (Fy1 + Fy2) sin δ + Fx3 + Fx4
≈ (Fx1 + Fx2 + Fx3 + Fx4)− (Fy1 + Fy2) δ (6)

Fy = (Fx1 + Fx2) sin δ + (Fy1 + Fy2) cos δ + Fy3 + Fy4
≈ (Fy1 + Fy2 + Fy3 + Fy4)+ (Fx1 + Fx2) δ (7)

Mz = ((Fx1 + Fx2) sin δ + (Fy1 + Fy2) cos δ) · lf
− (Fy3 + Fy4) · lr
+ ((−Fx1 + Fx2) cos δ + (Fy1 − Fy2) sin δ − Fx3 + Fx4) · w

2
≈ Mδ − M�Fx + Mcross (8)

where a small δ assumption is used. The terms [M�Fx ,Mδ ,Mcross] are yaw torque contri-
butions due to braking, steering, and a cross-term, respectively, given by

M�Fx = ((Fx1 + Fx3)− (Fx2 + Fx4))
w
2

(9)

Mδ = (Fy1 + Fy2)lf − (Fy3 + Fy4)lr (10)

Mcross = (Fx1 + Fx2)lf δ + (Fy1 − Fy2)
w
2
δ

≈ (Fx1 + Fx2)lf δ (11)

The equations of motion of the vehicle are decomposed into a translation and a rotation
part of the body and are expressed by

v̇x = ax + vyψ̇ = Fx
m

+ vyψ̇ (12)

v̇y = ay − vxψ̇ = Fy
m

− vxψ̇ (13)

ψ̈ = Mz

Izz
(14)

where the forces and moments from (6)–(8) are used. A detailed derivation of (12)–(14) is
given in [9].

Equations (12)–(14) describe the vehicle’s motion as a function of the steering and
brake forces at each individual wheel. Hence, by controlling the steering and braking, these
equations describe the vehicle’s longitudinal-, lateral speed, and its rotation.

Next, the relation of the tyre forces to slip and available friction are presented.

3.2. Tyremodel for combined slip

This section explains how the tyre forces depend on the slip and available tyre-road friction.
It also describes how the longitudinal and lateral forces affect each other, referred to as the
combined slip.
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Slip is the relative movement between the tyre’s contact patch and the road. Definitions
of slip are given first in the longitudinal and lateral directions, assuming no interaction
with one another.

The longitudinal slip ratios are defined as

κi = Rwωi − vxi
vxi

(15)

where ωi is the wheel speed, Rw is the tyre radius, and i ∈ {1, 2, 3, 4} for each tyre as in
Figure 2.

The lateral slip angles are defined as

αi = − arctan
vyi
vxi

(16)

The velocity vectors of each wheel (vxi, vyi) used in (15) and (16) are obtained by a
rotational transformation of the vehicle speed [vx, vy] as(

vxi
vyi

)
=

(
cos δ sin δ

− sin δ cos δ

) (
vx − ψ̇ lyi
vy + ψ̇ lxi

)
(17)

where the distances of the CoG to the front/rear axles are lxi = [lf , lf ,−lr,−lr]ᵀ, and the
distances of the CoG to the left/right vehicle sides are lyi = w

2 [1,−1, 1,−1]ᵀ.
Equations (15) and (16) describe the tyre slip in case of either braking or steering. Since

combined braking and cornering is considered, the combined slip at each wheel is needed,
as described in [10, Chapter 13]. It is defined by combining the longitudinal slips

σxi = κi

1 + κi
(18)

and the lateral slips

σyi = tanαi
1 + κi

(19)

leading to the combined slips

σi =
√
σ 2
xi + σ 2

yi (20)

Using the combined slip, the magnitude of the tyre forces Fi, which can be seen as combin-
ing Fxi and Fyi for each tyre, is modelled with a simplified Magic Formula (adapted from
[11]) as

Fi = Fmax,i sin
[
C arctan

(
Kiσi

C Fmax,i

)]
(21)

where Ki are the tyre stiffness, C is a shape factor at large slip, and Fmax,i are themaximum
attainable forces, defined as

Fmax,i = μiFzi (22)

with μi the friction coefficient and Fzi the vertical force of each tyre. The Fzi are obtained
from a steady state longitudinal- and lateral load transfer model, as in [12, p. 350]. Further,
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Figure 3. Normalised tyre force-slip curve; C = 1.2 [–] & K = 30 [–].

Ki is assumed to be linearly dependant on Fzi. The tyre force Fi as a function of the com-
bined slip σi is presented in Figure 3 and shows how the curve changes with the friction
coefficient μ. In the figure, the asterisks depict the Fmax,i, which happens at the peak slip,
obtained from inverting the tyre model (21) as

σ ∗
i = tan

[
1
C
arcsin (1)

]
C Fmax,i

Ki
(23)

The longitudinal and lateral tyre forces can then be described as

Fxi = σxi

σi
Fi (24)

Fyi = σyi

σi
Fi (25)

Fi =
√
F2xi + F2yi (26)

The friction circle describes the tyre limits as

Fi ≤ Fmax,i (27)

The tyre force at a particular tyre is on the friction circle when Fi = Fmax,i and σi = σ ∗
i ,

i.e. when the slip is optimal. The friction circle is already incorporated in the mathematical
description of the combined tyre model (24) and (25) by the definition of Fi in (26), and
does not need to be imposed as a constraint in the upcoming optimisation problem.

This section showed the relation of the tyre forces, vehicle states (velocities and yaw
rate), and steering angle at an individual tyre level. Next, an optimisation problem is set
up, connecting the (a) tyre forces, (b) vehicle states, (c) steering angle, and (d) friction to
the (e) global forces from (4). By varying the friction (d) difference between the vehicle
sides, its effect on the others [(a)–(c), (e)] is revealed.
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4. Static solution for maximum deceleration on split friction

This section uses the established mathematical description from the previous section
to find the brake force and counter-steering allocation that gives the shortest stopping
distance depending on the split friction.

Two formulations of the static optimisation problem are considered and compared. The
High-slip Optimum (HsO) represents the ideal braking equilibrium obtained without slip
constraints, allowing tyres to operate beyond peak slip. In contrast, the Low-Slip (LS) solu-
tion reflects a constrained case aligned with production ABS behaviour, where slip levels
are limited to ensure stability.

We consider the static solution, meaning that the problem is simplified by removing the
dynamics. It was first introduced in [8] and is briefly explained next.

The high-level OP (5) is updated with the expressions for (Fv, Fp) from (4). In (4), the
(Fx, Fy) are replaced from (6) and (7), which depend on the tyre forces (Fxi, Fyi), obtained
from the tyre model (24) and (25). The yaw torque constraint (Mz = 0) is equivalent to
setting the yaw acceleration ψ̈ to zero. The yaw rate ψ̇ is also put to zero for straight roads.
The yaw rate (ψ̇ = 0) constraint reduces the lateral slip angles from (16) and (17) to a
function of β and δ as

tanαi = [δ − β , δ − β ,−β ,−β]ᵀ (28)

Then, the combined slip expressions (18)–(20) become a function of the optimisation vari-
ables q = [κi, δ,β]ᵀ. β and ψ̇ are the states, while κi and δ are the control variables for the
brakes and steering, respectively. The control framework, which brings the vehicle to and
maintains it at the optimal state, is discussed in Section 5. Combined braking and steering
have two major effects at the vehicle level: vertical load transfer and vehicle rotation by β ,
making the determination of control variables an optimisation problem.

The maximum static deceleration optimisation problems (LS and HsO) for a straight
road become

min
q

av(q)

s.t. Fp(q) = 0

Mz(q) = 0

ψ̇ = 0

hi(q) ≤ 0 (29)

where the low-slip constraints

hi = σi(q)− σ ∗
i (30)

are included for the LS but excluded for the HsO. Further, av = 1
mFv, and σ

∗
i is the peak

slip from (23).
The motivation for the LS constraint h comes from production ABS systems, which

often include mechanisms to prevent rear wheel slip from exceeding front wheel slip for
stability reasons [13]. Similarly, [14] describes a ‘select-low’ strategy, where equal torque is
applied to both rear wheels to limit slip. While such constraints enhance stability, they also
limit braking performance under large split friction conditions–particularly by restricting
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Figure 4. Deceleration and stoppingdistance vs friction asymmetry for the optimal static solutionwhen
braking in a straight line. Three optimal solutions are presented depending on whether the steering or
the low-slip constraint is active. At�∗

μ the LS and HsO solutions diverge. (a) Deceleration (b) Stopping
distance for vx0 = 70 km/h.

the high-friction side. This trade-off is explored in the following section, where the impact
of the LS constraint on braking performance is analysed.

The optimisation problems (29) (LS and HsO) give the brake forces and steering angle
inputs that make the vehicle brake as hard as possible without rotation (referred to as the
optimal solutions). Next, the optimal solutions are analysed as a function of the friction
asymmetry. The purpose of this analysis is to inspire control principles.

4.1. Optimal solution in a straight line

This section examines the maximum deceleration, the tyre force-slip curves, and the
steering angles of each optimal solution.

The nonlinear optimisation solver fmincon of MatlabTM is used for a range of �μ val-
ues withμ1 = 1 andμ2 ∈ [1, 0.01], and the results are presented in Figure 4. Here, the left
vehicle side is chosen as the high-friction one. Figure 4(a) presents the maximum decel-
eration. Setting δ = 0 in the OP, the brake forces become equal per axle, resulting in zero
yaw torque but this gives less deceleration, presented in the figure with a dash-dotted black
line. The LS solution (with the low-slip constraint h) is presented with a solid blue line, and
the HsO (optimum, without h) is presented with a solid red line.

The deceleration curves from Figure 4(a) are transformed into stopping distance,
assuming the deceleration is constant, and for an initial speed vx0 = 70 km/h the results
are presented in Figure 4(b). The stopping distances for LS and HsO are quite similar up to
�μ = 0.8. For larger splits, there is a significant gain with the HsO solution. For example,
for�μ = 0.9, the stopping distance is roughly 12.5m or, equivalently, 25% shorter. In the
extreme case of black ice, i.e. no friction on one vehicle side, the LS does not provide any
braking at all. The tyre force-slip details of the two solutions are explained next.

Figure 5 shows how constraining the slip affects the tyre forces for two �μ values, (a)
at a small and (b) at a large split friction asymmetry. For the small split case (Figure 5(a)),
the forces are at their peak, and the slip is equal to the peak slip σ ∗, for both the LS and
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Figure 5. Normalised tyre force vs slip curves for the front tyres (similar tendencies occur in the rear
tyres). The markers correspond to force for the peak slip σ ∗ and the optimal solutions with (LS) and
without (HsO) the low-slip constraint. (a) Small split friction asymmetry;�μ = 0.2 (b) Large split friction
asymmetry;�μ = 0.9.

HsO. Thus, all forces are on the friction circle, as Fi = Fmax,i. For the large split case on the
other hand (Figure 5(b)), it is not possible to have both the forces on the high- and the low-
friction side at their peak values. The HsO solution reveals that the low-friction tyres must
have larger-than-the-peak slips for maximum braking at large split friction asymmetries.
Since the slips in each axle are similar due to steering from (28), the LS is constrained
close to the low-friction tyre peak. Without the slip constraint, more counter-steering can
be applied, which increases the lateral slip, but also the tyre force, and hence gives harder
braking. Part of this tyre force is for steering and part is for braking. The resultant force
vectors are illustrated in Figure 7(b,c).

From this discussion, we claim that at large splits:

• With a slip constraint on any low-friction tyre, only part of the possible friction force is
obtained at the high-friction tyres.

• Since the low-friction tyres are in the unstable sliding region, the low-friction side’s
contribution can be disregarded from controlling the vehicle’s yaw torque and total
force.

We introduce the friction asymmetry value �∗
μ to indicate at which split value the LS

and HsO solutions start to diverge.

Definition 4.1: The �∗
μ is the friction asymmetry value in the OP that any tyre’s slip σi

changes from the optimal σ ∗
i by a percentage ε. That is expressed mathematically as

�∗
μ =

{
�μ | |σi − σ ∗

i |
σ ∗
i

≤ ε, foranyi ∈ [1, 2, 3, 4]
}

(31)

The precise value of ε is not crucial, it can be seen as numerical precision in deciding
upon�∗

μ Here ε = 10% is chosen.
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Figure 6. Deceleration and steering angle vs friction asymmetry for the optimal solution for several
high-friction side values μ1. Solid lines represent the LS solution and dashed the HsO solution. (a)
Deceleration (b) Steering angle.

The �∗
μ point depends on the high-friction road friction coefficient μ1, as illustrated

in Figure 6. The lines represent solutions to the OP (29) with (LS) and without (HsO) the
low-slip constraint h, solved with μ1 ∈ [1, 0.2] and μ2 ∈ [μ1, 0.01]. Figure 6(a) presents
the deceleration and shows that the solution characteristics also depend on how slippery
the high-friction side is. This knowledge should be considered in the control design.

Figure 6(b) provides the optimal steering angle based on the road condition and indi-
cates the relation between steering and maximum braking. The steering angle peaks for
a �μ > �∗

μ for the LS. For the HsO on the other hand, the steering angle drastically
increases its gradient at �μ = �∗

μ. The drawback with the LS condition is also visible
here as progressively less counter-steering is used at large splits, and totally disappears at
�μ = 1.

Summing up, the optimal solution analysis reveals two regions based on the split fric-
tion asymmetry with different solution characteristics. The following section presents the
optimal brake force and steering allocations.

4.2. Brake & steering allocation at small/large split friction asymmetries

This section investigates further the properties of the LS and HsO solutions by analysing
what the optimal brake forces and steering look like in the vehicle. This analysis gives
insights into the yaw controller and how the results can be extended to non-straight braking
in a curve.

Figure 7 shows the vehicle’s optimal tyre forces and counter-steering in the two regions,
small and large split friction. At small split friction asymmetry (�μ < �∗

μ), all tyres are
saturated: in Figure 7(a), the tyre forces touch the friction circle. At large split friction
asymmetry (�μ > �∗

μ), the tyre forces and steering vary between the two solutions (LS
andHsO). The low-friction tyres are saturated for both cases. For the LS solution, in Figure
7(b), the high-friction tyres are far from the friction circle. That comes as the high-friction
tyres reduce braking due to the counter-steering being limited by the slip constraint at the
low-friction side. As presented in Figure 5, increasing counter-steering increases slip and
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Figure 7. Optimal tyre force distribution and counter-steering at small and large split friction asymme-
try. The friction circles are scaledwith the vertical load.μ1 > μ2. The angles are exaggerated for viewing
purposes.

violates the low-slip constraint. For the HsO (Figure 7(c)), the tyres on the high-friction
side obtain peak slip, giving maximum forces on the friction circle. However, on the low-
friction side, the forces are lower than themaximumvalue, as the tyres are sliding. A further
implication of the high slip values on the low-friction side is that the steering angle has close
to no influence on these tyre forces.

The optimal braking problems (29) are formulated with a torque constraint (Mz = 0)
which prevents the vehicle from rotating. In real-time, a yaw controller achieves this. Fur-
ther, the constraint Fp = 0 ensures the vehicle does not move laterally to the path, and a
path controller controls the yaw direction to comply with this constraint. The consequence
of applying these two constraints on a straight road is that the body is tilted at steady-state
by a yaw angle equal to the body slip angle, i.e. ψ = −β . The body slip angle is gener-
ally small, as shown in the simulations of Section 7. However, to rotate the body by β , an
initial transient phase of building up the brake forces and steering angle is needed giving
transients in both the yaw torque and the lateral position.

Due to Fp = 0, the optimal direction of the total force F is opposite to the velocity vec-
tor V, i.e. γ = 180◦ − β . The straight-road condition Fp = 0 can easily be changed if the
vehicle travels in a curve. Then Fp should instead have the value determined by the local
curvature and the speed.

Next, the details of choosing a larger-than-optimal steering wheel angle are discussed.

4.3. Counter-steering saturation andmaximumbraking at large split

Before transitioning from the static maximum braking solution to the control strategies,
we will analyse the system properties for steering angles near the optimum. Specifically, we
focus on the balance between counter-steering and brake torque to maintain the vehicle’s
yaw direction.

At extreme friction asymmetries, the low-friction tyres are ineffective as they are in
the unstable sliding region and provide negligible friction force, as shown in Figure 5(b).
Therefore, the contribution of the low-friction tyres is disregarded. Instead, this analysis
focuses on the high-friction brakeMFxh and steering torqueMδ equilibrium.
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Figure 8. Schematics of the steering wheel angle’s δ effect on the yaw torque Mz and total force F. (a)
Steering and braking torque contributions (b) Total force and friction limit.

A fundamental aspect of a torque controller is that it must be able to generate torque in
both directions to control yaw. This is illustrated in Figure 8, where the yaw torque balance
Mz and total force F are studied for constant steering angles δ slightly larger and smaller
than the optimal value. Three cases are identified in the figure:

(1) For the optimal steering wheel angle (δ = δopt), the vehicle brakes at its maximum,
and the yaw torque generated by the steering is equal to the one obtained by the
braking, i.e. there is a torque equilibrium. This is the optimal solution presented
previously in Sections 4.1 and 4.2.

(2) For a larger steering angle (δ = δ2 > δopt), the steering gives a larger torque and
a larger counter torque is required from the brakes. However, more braking is not
possible as the tyre forces are on their friction limits. Therefore, the vehicle is not
at a yaw torque equilibrium and could veer out-of-lane or become unstable.

(3) For a lower steering angle (δ = δ1 < δopt), the required braking to obtain a torque
equilibrium is smaller than the maximum braking. Therefore, we can now obtain
both a positive and a negative yaw torque to steer the vehicle if needed.

The above analysis shows that (a) how much braking can be applied depends on the pro-
vided steering wheel angle, and (b) the consequence of applying a larger-than-optimal
steering angle is brake control action saturation, leading to a potentially unstable system.
Inspired by this analysis, we propose a control strategy with constant steering and using
braking as a control variable to obtain yaw stability. However, this strategy can only work
if the steering angle is set to a value smaller than the optimal.

This section examined the combined optimal braking and steering as a function of
the split friction magnitude. The optimal solution depends on several simplifications and
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Figure 9. Control strategy and switch for large/small split friction asymmetry.

ignores dynamic responses, making it impractical to be directly realised. Instead, a control
function is needed, which takes the steering and braking to the optimal values, i.e. to the
static equilibrium and then keep the vehicle in that state for the whole brake manoeuvre.

5. Closed-loop control strategy

The control is described by threemainmeasures: braking, yaw, and lateral positioning. The
braking and yaw depend on the degree of split friction, and two different controllers are
designed depending on �μ. However, the lateral control is handled by a common path-
following controller. The control strategy is presented in Figure 9 featuring the two control
modes for large and small split friction asymmetry.

The switch between the two modes is performed by comparing the estimated friction
asymmetry �̂μ to �∗

μ(μ1). For �̂μ, estimates of each vehicle side [μ̂1, μ̂2] are needed,
which become available after a few iterations of an estimation algorithm when braking
hard, as in [15].�∗

μ(μ1) is obtained by solving offline the OP for a range of [μ1,μ2] values
as per Definition 4.1 and then arranging them into a lookup table.

The control strategy at small splits is straightforward, it combines the path-following
controller with active ABS on all wheels, as depicted in Figure 10(a). Thanks to the ABS,
all tyre forces remain close to their maximum values, recall Figure 5(a). Tbd,i are the brake
torque demands requested by the ABS. The path-following controller decides the steer-
ing δc, which provides the necessary counter torque, and keeps the lateral deviation errors
small, assuming a look-ahead lateral distance measurement ye exists in the vehicle. For
more detailed approaches refer to [3–5].

The rest of the section describes, first, the common path-following controller, and
second, the large-split brake controller.
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Figure 10. Block diagrams of joint brake and steering control at small and large split friction asymme-
tries. (a) Small split friction (b) Large split friction.

5.1. Path-following controller

A lateral controller is needed to limit the lateral deviation during braking, created by the
asymmetric brake forces and body slip angle in the initial braking stage.

The path deviation dynamics assuming a small yaw angle ψ are given by

ė1 = vx(β + e2) (32)

ė2 = ψ̇ − ψ̇des (33)

where e1 is the distance of the CoG from the road centreline, e2 is the orientation error,
and ψdes is a desired yaw angle, [10, Chapter 3]. The states are illustrated in Figure 1.

A look-ahead measurement is assumed to exist in the vehicle and is typically obtained
from a vision system. The look-ahead distance is defined as

ye = e1 + dse2 (34)

where ds is the longitudinal distance of the point ahead of the vehicle CoG at which the
sensor measurement is made.

The position of the measurement ds was studied in [10] for a linearised single-track
model, with larger ds values providing better damping. Here, a vision system is assumed,
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which provides themeasurement at ds = 10m. Using typical vehicle parameters, we found
that a PD controller of the type

δc = (kp ye + kd ẏe) (35)

with kp = 10π/180 and kd = 0.05 enhances the stability and greatly improves the phase
margin of the linearised single-track model.

5.2. Control on large split

The proposed control strategy for large splits relies on a split friction estimate. Using this
estimate, the steering angle is set to an offline-optimised value, while braking on the high-
friction side is applied to control the yaw torque. Figure 10(b) presents the block diagram.
It consists of three parts: (1) a feedforward steering angle, (2) a Lyapunov-based high-
friction brake controller, and (3) the path-following steering controller from the previous
subsection.

As presented in Figures 5(b)–7(b,c), the tyre forces on the low-friction side are in the
sliding region. Hence, the control problem is simplified by disregarding their contribu-
tion. In contrast, almost all control action comes from the high-friction side. Controlling
the high-friction brake forces Fxh ensures reducing the yaw torque based on the available
steering torque. The inputs to this brake controller are yaw rate ψ̇ and look-ahead lateral
distance ye measurements, and estimates of the brake and lateral forces. The high-friction
brake controller is designed based on the Lyapunov theory, providing stability guarantees.

A basic ABS function is included in the design, i.e. the ABS engages only when exces-
sive slip is detected and removes brake torque to reduce it. Here, it is used as a low-level
controller on all wheels but is typically inactive on the high-friction side.

As discussed in Section 4.3, the steering wheel angle defines how much braking can be
applied andwhether the vehicle can be stabilised to zero yaw torque equilibrium. The steer-
ing controller consists of two parts: (i) constant feedforward steering angle δffw obtained
by a lookup table as a function of the split friction, and (ii) the PD controller from (35) to
reduce path deviation errors, δc. The total steering angle demand is

δd = δffw + δc (36)

Next, the construction of the lookup table for δffw is presented.

5.2.1. Feedforward steering control for maximumbraking on large splits
The feed-forward steering angle δffw is determined by a lookup table, giving δffw as a func-
tion of�μ(μ1), similarly to how Figure 6(b) is built. That is, the OP is solved offline with
the vehicle parameters and for several friction coefficients as inputs, and its steering out-
put is arranged into a lookup table. As discussed in Section 4.3, the steering wheel angle is
chosen slightly less than the optimal one, enabling control action in both directions.

Closed-loop simulations in Section 7.2 show how close the vehicle comes to maximum
braking when using the δffw lookup table, as well as its sensitivity at extreme split friction
asymmetries, where the LS and HsO solutions diverge.
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5.2.2. Brake control on large split
The brake controller is based on Lyapunov theory and controls the high-friction brake
forces to minimise yaw rate and deviations from the path.

The brake forces on each vehicle side are

Fxh = Fx1 + Fx3 (37)

Fxl = Fx2 + Fx4 (38)

where Fxh are the high-friction and Fxl the low-friction brake forces.
Choosing a constant front/rear axle brake ratio d1, the high-friction brake forces are

split into {
Fx1 = d1Fxh,
Fx3 = (1 − d1)Fxh

(39)

Using the above in (8), the yaw torque Mz can be expressed as a linear function of Fxh in
the form

Mz = AMzFxh + BMz (40)

where

AMz = −w
2

BMz = Mδ + w
2
Fxl

neglecting Mcross as it simplifies the derivation. It does not influence the closed-loop per-
formance at large splits, asMcross ismuch smaller than the other two torque components. In
the closed-loop simulations (Section 7),Mcross is about 5% of the other torque components.

Inserting (40) into (14) the following is obtained

ψ̈ = 1
Izz
(AMzFxh + BMz) (41)

TheControl-Lyapunov candidate [16] is selected as a quadratic function of a chosen error e,
which will be defined below

V = 1
2
e2 (42)

The derivative of the error is defined as

ė = −k
1
2
e (43)

for a tuning parameter k>0. This control law will guarantee global exponential stability
since substituting into the time derivative yields

V̇ = eė = −kV < 0 (44)

as V is positive definite.
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The error is selected as a combination of a look-ahead path deviation distance measure-
ment ye and yaw rate ψ̇ error as

e = a0(0 − ye)+ a1(ψ̇des − ψ̇) (45)

ė = a1(0 − ψ̈) (46)

where a0, a1 are tuning parameters for ye and ψ̇ , respectively.
This gives a combined controller for the yaw and the path deviation. If it would not be

included, the vehicle would have a lateral drift.
Inserting (41) into (46) gives the following error dynamics

ė = −a1
(

1
Izz
(AMzFxh + BMz)

)
(47)

which is then inserted into the Control-Lyapunov expression (43), solving for the total
brake force on the high-friction side as

Fxh = A−1
Mz

[
a−1
1 Izz

k
2
e − BMz

]
(48)

The brake forces Fxh are applied by the brakes by transforming the force into torque.

5.2.3. Measurements and estimates of the brake controller
There are two measurements needed to obtain e in Fxh: yaw rate ψ̇ and a path deviation
measurement ye from (34). Further, a tyre force estimator is needed to estimate Fxl andMδ

inBMz. The brake forces Fxl can be estimated together with the lateral axle forces (obtaining
Mδ) from [15], where longitudinal acceleration ax, lateral acceleration ay, and wheel speed
ωi measurements are required.

This section discussed control strategies to maximise deceleration, categorising them
into two modes based on split friction magnitude. Next, we examine the relationship
between steering and maximum braking in an experiment where a human driver handles
the steering, highlighting the drawbacks on braking performance.

6. Baseline controller design frommeasurement

Some vehicles already have built-in features that assist with hard braking on split fric-
tion surfaces. Since the exact operation of these functions is unclear, an experiment was
conducted to observe them in action.

6.1. Brakemeasurement with state-of-the-art function enabled

The test took place at Hällered Proving Grounds in the low-friction track. The track, made
of basalt plates with a water-spraying system, had a friction coefficient of 0.2–0.3, while the
areas outside had a coefficient of 0.7–0.8. A professional driver braked hard, placing the
vehicle’s left side onhigh friction and the right on low friction. The vehicle’s ABS included a
split friction function that offered steering recommendations. The already-prepared driver
manoeuvred without relying on the system’s steering recommendations, demonstrating
optimal human performance.
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Figure 11. Split friction braking test data: first 2 seconds of braking. (a) Brake pressure for all wheels (b)
Steering wheel angle.

Figure 11 presents the logged brake pressures and steering wheel angle for the first two
seconds of the manoeuvre. Four phases can be identified in the build-up:

(1) Pressure increase [0.1–0.2 s]: The driver presses the brake pedal, and the pressure
increases rapidly and equally on all wheels.

(2) Pressure decrease [0.2–0.4 s]: The ABS is activated, and soon after, brake pressure
drops.

(3) Driver-brakes cooperative ramp-up [0.4–1 s]: Brake pressure and steering wheel
angle are linearly increased. The split friction function ramps up the front high-
friction brake pressure (blue line) as the driver counter-steers. The rear high-
friction brake pressure remains constant (yellow line).

(4) Driver-brakes cooperative control [1–end s]: After reaching a desired brake pres-
sure, smaller adjustments are made, where the driver controls the counter-steering,
and the ABS controls the pressure in the wheels. The control continues until the
vehicle stops.

It is evident that automating the steering can shorten phases 2 and 3. Further, there is a
secondary benefit in increasing the rear high-friction tyre, as it remains constant here.

6.2. Emulating state-of-art split friction control

The experiment is used to create a baseline controller. Specifically, the driver’s steering
input in phases 2 and 3 is emulated as follows: (1) dead time for 0.2 s, (2) ramp for 0.6 s,
and (3) automated steering afterwards. The Lyapunov-based controller (37) is chosen for
the brake control, as it behaves similarly to the experiment. Hence, only the steering input
in the first 0.8 s differs between the baseline and the proposed control. Still, since the brake
control depends on the applied steering angle, the brake interventions will not be the same.
This way, the effect of the driver’s steering delay on the stopping distance and path devia-
tion can be evaluated. A comparison of this baseline to the proposed optimal control design
will be presented in Section 7.1.
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Figure 12. Closed loop simulations (1) with baseline control emulating a professional driver (solid lines)
and (2) with automated steering compensation (dash-dotted lines); OP targets with dashed lines for
δffw = −1.7◦; vx0 = 70 km/h,�μ = 0.6 |μ1 = 0.8. (a) Motion states (b) Inputs.

7. Closed-loop simulation results

The high-fidelity simulation environment CarMakerTM (CM) is used for the closed-loop
simulations. The dimensions and weight parameters of the vehicle are known. Still, the
tyre models and the actuator properties are not, while the complete model includes the
chassis, suspension dynamics, and other degrees of freedom, which were not considered
in the presented double-track model.

The vehicle used in the CM simulations is a rear-wheel drive Polestar 2. The road is
straight for every case. The virtual driver accelerates to a chosen speed and abruptly applies
the brakes when reaching a specified distance. Section 7.1 presents the comparison using
the driver and automated steering. Section 7.2 presents the sensitivity of the feedforward
steering input with respect to the optimal braking equilibrium in closed-loop. Finally,
Section 7.3 presents the controller’s performance and limitations when braking without
any friction on one vehicle side.

7.1. Comparison between automated steering and emulated driver

The emulated human driver from Section 6.2 and the fully automated steering compensa-
tion from Section 5.2 are compared in simulation.

Figure 12 presents the motion states and inputs. In the longitudinal acceleration of
Figure 12(a), the av,OP denotes the deceleration from the OP (29) with a δffw = −1.7◦,
chosen slightly less than the optimal one (the optimal δffw is discussed later in Figure 13).
With the driver, the deceleration response follows the steering input from Figure 12(b).
That is, the deceleration first increases up to−2m/s2 due to zero steering, thus momentar-
ily converging to the low-friction side. Then, the deceleration rises at a similar rate as the
steering angle. For the automated control, δffw is applied almost instantly, but the steering
quickly reverses due to the slower brake application, which leads to an increase in yaw rate.
The yaw rate ψ̇ converges to zero after 2 s, while the body slip angle β remains close to the
target from the OP. The path deviation converges to a steady-state error of about −0.2m.
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Figure 13. Deceleration and path deviation obtained at steady-state during closed-loop simulations as
a function of a constant feedforward steering angle; blue/red circles denote the results using the δffw for
the LS/HsO solution, respectively; vx0 = 70 km/h,�μ = 0.6 |μ1 = 0.8.

Table 1. Stopping distance comparison between automated steering and human driver.

Speed [km/h] Stopping Distance [m] Difference

50 25.5 22.3 −3.2m,−13%
70 47.2 42.9 −4.3m,−9%
90 75 69.7 −5.3m,−7%
110 109 102.4 −6.6m,−6%

The driver’s steering delay impacts stopping distance, as shown in Table 1, with a greater
effect at lower speeds. Since the results come fromemulating a professional driver, prepared
to counter-steer, we expect even longer stopping distances for an average driver.

7.2. Feedforward steering sensitivity tomaximumbraking in closed-loop

Figure 13 shows the sensitivity of the controller’s feedforward steering angle δffw to the
converged deceleration and path deviation at steady-state. The figure is created after per-
forming several closed-loop simulations in the same road condition and initial speed as in
the previous section. The only change between each simulation is howmuch δffw is applied.

When the δffw is zero, the brake controller decelerates to 0.2 g– the same as the low-
friction side coefficientμ2– as the steering creates no counter-torque and the only option to
reject the yaw torque disturbance is tomake the brake forces equal per axle according to the
low-friction side. Appendix provides the mathematical expression why. As |δffw| increases,
the deceleration also increases until reaching a plateau at about |δffw| = 2.5◦. Increasing
the |δffw| further gives nomore deceleration, but the path deviation keeps increasing, up to
the point of vehicle instability. Reducing themeasurement distance ds in (34) decreases the
steady-state path deviation error but makes the closed-loop less stable (see [10]). However,
the link between steering angle and path deviation persists, requiring reduced braking to
restore manoeuvrability, as explained in Section 4.3.
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Figure 14. Black Ice: Closed loop simulation at almost zero friction on the right vehicle side. The sim-
ulation is performed for two different feedforward steering angles (1) δffw = −0.1◦ (solid lines) (2)
δffw = −5◦ (dash-dotted lines); vx0 = 70 km/h,�μ = 0.99 |μ1 = 1. (a) States (b) Inputs.

In the real vehicle, verging into the unstable region should be prevented typically by the
ESP, when a combination of too large ψ̇ − β are observed [14]. However, it is not in the
scope of this paper to evaluate how the current controller interacts with an ESP algorithm.

These connections between steering, deceleration, and the lateral motion states are
observed in the extreme case of zero friction on one vehicle side, coming next.

7.3. Control performancewith zero friction on one vehicle side

The dynamic response of acceleration, yaw rate, and lateral deviation is studied in the spe-
cial case of almost no friction on the right side of the vehicle. This scenario can occur
due to black ice, typically forming around 0 ◦C when raining, or during aquaplaning. This
example highlights the controller’s limits and how adjustments can be made by tuning the
lookup table.

The simulation is performed for two feedforward steering angles δffw with the proposed
control scheme, and the results are presented in Figure 14. For δffw = −0.1◦, obtained from
the LS solution, the vehicle experiences low yaw rates and path deviations, but the decel-
eration achieved is small, about 0.4m/s2. Increasing the feedforward angle to δffw = −5◦
gives a deceleration as the HsO solution av,HsO = 4.2m/s2. For this increased δffw, the ini-
tial transient of the yaw rate increases in magnitude and duration, and the path deviation
increases to about −0.6m. The side slip angle approaches the offline optimal solution. It
is good to know that pushing the δffw further leads to vehicle instability; the HsO solution
here is δffw,HsO = −7.8◦ and thus unstable. As the friction asymmetry and the generated
yaw torque are the maximum they can be, the vehicle is expected to be less stable, and a
larger difference to the offline optimal solution is expected.

In fact, for this extreme case, using the ABS on all wheels or the in-built CM standard
driver causes the vehicle to become unstable. It is thus safe to assume that an inexperienced
driver with a traditional ABS will find it very hard to stabilise the vehicle and maintain it
within the road bounds.
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8. Discussion

The following insights summarise the simulation results:

• In conventional human-driven vehicles, steering can be pre-set based on a lookup table
to assist the driver. This is especially important during the initial stages of braking,
as yaw torque can be abrupt. Without timely counter-steering, the driver might be
unprepared and veer out of the lane.

• Automating steering compensation results in 6–13% shorter stopping distances com-
pared to a professional driver on the chosen split friction surface. This difference is due
to the steering delay introduced by the human driver. Since the professional driver in
the experiment was prepared to counter-steer, it is reasonable to assume that the stop-
ping distance benefit would be even greater for an unprepared regular driver who takes
longer to react.

• There is a relation between counter-steering and how much braking can be achieved.
Increasing the steering angle reveals a trade-off between braking and path deviation.
Further, pushing the steering angle too far can lead to vehicle instability, which depends
on the generated yaw torque and body side slip angle.

• How close a control framework comes to minimum stopping distance mainly depends
on two factors: (a) finding themaximum steady-state braking and counter-steering, and
(b) shortening the transients before reaching this steady-state. Both factors rely on the
effectiveness of the coordinated braking and steering control. The proposed optimisa-
tion framework of this paper focussed on the first point, which has not been sufficiently
covered in previous literature.

• In this paper, we assume a flat, straight road, allowing the algorithm to neglect roll
dynamics. However, it is fairly straightforward to extend the model to include roll
dynamics and account for roll-dependent normal forces at the wheels due to road
unevenness, such as during hill climbing.

9. Conclusion

Braking on split friction is dangerous due to abrupt yaw torque disturbance. The driver has
to compensate by counter-steering, but if the driver is not quick enough at the beginning
of braking, the vehicle can veer out of the lane. A straightforward solution is to automate
steering compensation.

This paper proposes a static optimisation problem tomaximise braking on split-friction
roads without veering out of lane. The control problem is split into two cases: small and
large friction asymmetry. For small splits, maximum braking is achieved by maximising
individual tyre forces and applying counter-steering. For large splits, the high-friction tyres
reach their force limit, while low-friction tyres slip beyond their peak. We show that lim-
iting tyre slip reduces braking efficiency, and since the low-friction tyres contribute little,
their torque can be disregarded, which enables focussing only on balancing high-friction
braking and steering torque.

We introduce an optimal control framework bringing the vehicle to the static maximum
braking. The traditional ABS and a path-following controller give maximum braking with



24 E. KARYOTAKIS ET AL.

minor lateral deviations at small split friction asymmetries. However, at larger asymme-
tries, accurate counter-steering application is needed for maximum braking, a factor not
thoroughly addressed in previous literature. Our approach uses (i) a feedforward steering
angle from a lookup table and (ii) a high-friction braking controller that reduces excessive
yaw torque. The simplicity of our control algorithmmakes it easier to understand themain
principles and limitations of combined braking and steering on split friction roads.

The proposed controller performs well in high-fidelity simulations, reaching the max-
imum static deceleration with minimal path deviation and quick yaw rate reduction. It
is effective even with zero friction on one vehicle side. Additionally, automating steering
improves stopping distance compared to an emulated human driver.

Future steps include resolving the steering-to-max braking connection with a slower
outer loop that adjusts the steering wheel angle such that maximum braking is reached
online. The online closed-loop optimisation results will then be compared to the simple
solution of this paper. In-vehicle real-time tests will be conducted next.
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Appendix. High-friction brake control: special case of zero steering input

In the special case where there is no steering input, i.e. δ = 0, and the road is straight, ψ̇des = 0, the
sum of the brake forces on the high-friction side Fxh from (48) reduces to the sum of brake forces
on the low-friction side Fxl

Fxh = A−1
Mz

[
a−1
1 Izz

k
2
e − BMz

]

= − 2
w

[
a−1
1 Izz

k
2
e −

(
Mδ + w

2
Fxl

)]

= − 2
w

[
a−1
1 Izz

k
2
0 −

(
0 + w

2
Fxl

)]

= Fxl

As the error becomes zero at steady-state: e = 0 → [ye, ψ̇] = 0, then β = −ψ = 0 from (32). Also,
since [β , ψ̇] = 0, the lateral slips are zero, as are the lateral forces, Fyi = 0, and consequently,Mδ = 0.
This solution gives a lower limit to the deceleration, av = −μ2g, presented in Figure 4(a).
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