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Abstract

This thesis explores a problem in dynamical systems control with a
finite action set. A common situation is that the underlying dynamics of
the system is unknown and needs to be estimated based on observed data.
However, when only partial information of the latent state space is avail-
able, and the latent state space is continuous, this task becomes exceed-
ingly difficult. Unlike probabilistic sampling-based methods for solving
this problem, a semi-analytical sampling-free procedure is examined.

We propose a representation framework based on weighted sums of ba-
sis functions for approximating a transition probability density function
and show how this can be used with a truncated Gaussian prior proba-
bility measure in a semi-analytical algorithm for calculating the posterior
log-probability of a represented transition PDF. We also provide efficient
forward-backward algorithms for first- and second-order differentiation of
this posterior which can either be used weight-wise to calculate a gradient
and Hessian over the weights or functionally to calculate a representation
of the functional first- and second-derivative.

Furthermore, semi-analytical optimization approaches for finding a
maximum a posteriori estimate are examined, including a first- and a
second-order function optimization method. These methods use a pricing
oracle approach with active set iteration to dynamically grow the repre-
sentation. Finally, the computational complexity of the various steps as
well as theoretical convergence properties are analysed.
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1 Introduction

A fundamental challenge in autonomous decision-making is controlling a system
when its underlying state cannot be observed directly. The Partially Observable
Markov Decision Process (POMDP) provides a rigorous mathematical frame-
work for these scenarios, maintaining a probability distribution over the possible
states - or beliefs - based on a history of noisy observations [1, 2, 3]. However, a
significant complication arises when the system operates in a continuous state
space. In this setting, the transition function is not a simple matrix of prob-
abilities, but a probability density function (PDF) on a continuous domain.
Estimating this function from data is the primary problem addressed in this
thesis.

Commonly used methods for estimating continuous state-space dynamics
often rely on state-space discretization (such as fixed grids or adaptive tiling) [4,
5]. While straightforward to implement, these methods artificially cut the state
space into pieces, resulting in discontinuous dynamics at the cell boundaries that
rarely reflect physical reality. Alternatively, general function approximation
methods like neural networks offer higher flexibility [6, 7, 8]. Yet, they lack
the ability to be analytically integrated during updates, and require Monte
Carlo trajectory sampling or similar statistical approaches. This introduces
noise and makes it difficult to provide theoretical guarantees regarding the local
uncertainty of the learned model.

This thesis addresses these limitations by proposing a non-parametric Bayesian
framework for the estimation of transition dynamics in continuous state-space
POMDPs. The core of the proposed method is a representation of the transi-
tion probability density function (PDF) through a weighted sum over a finite
collection of separable basis functions. This choice allows for the analytical
integration of state beliefs, effectively bypassing the need for stochastic sam-
pling and enabling exact first- and second-order differentiation of the posterior
log-probability.

The work conducted is divided into two primary parts:

e Analytical foundations for representation and differentiation (Pa-
per I): We first establish a framework for calculating the maximum a pos-
teriori (MAP) estimate of the transition dynamics. By using a Gaussian
process (GP) prior, we encode regularity assumptions, such as smoothness,
directly into the learning process [9]. We derive analytical algorithms for
first- and second-order functional differentiation of the posterior, includ-
ing the weight-gradient and Hessian. This provides the tools necessary
for efficient weight optimization, such as the Expectation-Maximization
algorithm [10].

e Adaptive structural refinement and function optimization (Pa-
per II): Recognizing that a fixed set of basis functions may be insuffi-
cient for complex dynamics, we extend the framework to include adaptive
model refinement. By employing a column generation procedure inspired
by large-scale optimization theory, the model can dynamically add, split



or remove basis functions to improve the function approximation based on
data [11, 12]. This allows for convergence in the function space.

By unifying exact analytical inference with adaptive function optimization,
this thesis provides a flexible, and analytically rigorous method for learning
POMDP dynamics. The resulting framework preserves the strengths of classical
Bayesian inference while offering the flexibility required to model the intricate
dynamics of continuous-world systems.

2 Background

This section provides background for the models and methods used in the in-
cluded papers. The main focus lies on how to represent and find the hidden
transition dynamics of a partially observable Markov decision process (POMDP)
when the state space is continuous.

2.1 Partially observable Markov decision processes

A common model used to represent sequential decision making under uncer-
tainty is the Markov Decision Process (MDP) [13]. It models the state evolution
of a system and where the transition depends on the current state and actions
taken at each time point. The goal is to maximize some cumulative expected
reward, usually by finding a decision policy which controls action decisions. An
important property is the Markov property which states that the state change
at each time step only depends on the current state and action. This means that
all possible system dynamics can be expressed as an action-dependent stochas-
tic mapping from the state space back onto itself. Different algorithms exist
for finding a good policy for a given MDP, such as Value or Policy iteration
algorithms [14, 7].

A Partially Observable Markov Decision Process (POMDP) is a type of MDP
where the true state is not exactly know. Instead, we use a belief, which is a
probability distribution over all possible states, to describe knowledge about it.
The belief is updated by new observations, which complicates the problem since
a policy must map entire state distributions or observation-action histories to
actions instead of singular states [1].

When the system operates in a continuous domain (e.g., physical space, tem-
perature, or velocity), the state space is continuous and the belief is a continuous
probability density function. Updating this belief after taking an action and re-
ceiving an observation requires integrating over the entire state space using the
system’s transition dynamics. When the transition dynamics are unknown, esti-
mating them from historical data is a mathematically ill-posed problem, heavily
afflicted by the curse of dimensionality [15].

Roughly put, there are two approaches to handling this problem. One is to
use strong assumptions on the system to constrain the dynamics to a well-defined
form. This can result in a closed-form expression for estimating the transition
dynamics and is very efficient, but with the drawback the the assumptions



are strong which can result in a suboptimal solution. As such these are not
considered further in this thesis. The other approach is to estimate the transition
dynamics through function approximation.

2.2 Function approximation in POMDPs

Historically, continuous state spaces have been tackled by discretizing them
into a grid of finite states [16]. While this allows the use of standard discrete
POMDP algorithms, it assumes the system behaves uniformly within each cell
and jumps discontinuously between them, which violates the physics of most
real-world systems.

The alternative is function approximation methods where the transition dy-
namics are modelled as a continuous mathematical function [17]. Modern ma-
chine learning approaches, such as deep neural networks, excel at this by offer-
ing immense expressive power. However, they introduce a new problem: they
cannot be integrated analytically. Updating the POMDP belief with a neu-
ral network transition model requires stochastic Monte Carlo sampling, which
is computationally expensive and obfuscates theoretical guarantees about the
model’s uncertainty [8]. The theoretical gap this thesis addresses is the need for
an analytical approach for continuous function approximation of transition dy-
namics with minimal assumptions on the form of the dynamics. The approach
is related to mixed-Gaussian approaches, but without their non-separable limi-
tations [18, 19].

2.3 Bayesian inference and Gaussian processes

When learning dynamics from limited data, multiple different transition func-
tions might explain the observed trajectories equally well. Bayesian inference
solves this by introducing a prior—a mathematical formulation of our assump-
tions before seeing the data [20]. The use of a prior also prevents overfitting
since unreasonable dynamics are penalized, where the concept of a ”reasonable”
dynamic is encoded in the prior.

For continuous functions, a powerful prior is the Gaussian Process (GP) [9].
Instead of putting a prior on a single parameter, a GP places a probability dis-
tribution over the infinite space of all possible functions. By carefully designing
the mean and covariance kernel of the GP, one can encode physical regularities,
such as requiring the learned transition dynamics to be smooth, rather than
jagged or erratic.

There are other prior distributions for continuous functions as well. An
important property of the Gaussian prior is that it corresponds to quadratic
regularization on a posterior probability density.

2.4 Dynamic model growth and column generation

A fundamental dilemma in modelling is choosing the complexity of the model.
A model that is too simple cannot capture the true dynamics; a model that is



too complex can overfit to the data and become computationally paralysing.

In large-scale mathematical optimization, a technique called Column Gen-
eration is used to solve problems with millions of variables [11]. Instead of
optimizing all variables at once, the algorithm starts with a small, manageable
set of active variables. It then uses the derivatives of the problem to calculate
the ”price” or "reduced cost” of the unused inactive variables, adding them
to the model only if they are proven to improve the objective. The benefit of
this approach compared to using a fixed variable set is that only variables that
are actually useful for solving the problem are added. This avoids unneces-
sary computations for variables that don’t contribute enough to the solution.
This thesis borrows and extends this concept to the infinite-dimensional setting,
treating the building blocks of the transition function as variables that can be
dynamically generated as the data demands.

3 Methods

This section details the specific mathematical methods developed in the in-
cluded papers to solve the continuous POMDP learning problem. We begin by
establishing the formal notation, followed by a description of the representation
framework and the method choices made.

3.1 Mathematical notation and problem formulation

We begin by formalizing the components of the continuous-state POMDP(1, 2,
3]:

A state space S which describes all possible states of the process. S € RY
is assumed to be compact. For simplicity S = [0,1]" will be used. (The
concepts here are applicable to any separable probability space.)

e An action space A, V x € S which contains all possible actions for each
state x € S. We assume that A, = AV x € S, i.e. all possible actions are
available in each state.

e An observation space Z that contains all possible observations of the pro-
cess.

e An observation function O : Z x X' x A — R that describes the probability
for an observation given the current state and action. We assume that this
is known and further that, V z € Z,a € A; O(z|]-,a) : S — R is bounded
and measurable.

e A reward function R : § x A — R which at each time step assigns a reward
to each state.

e An initial state belief byyior : S — R4 which is a probability density func-
tion of the state at time point 0 without knowledge of future observations.
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Figure 1: A graph describing the relations in the POMDP dynamics. b; and b}
are state beliefs at different stages of the process. ”Obs: z;” denotes obtaining
observation z; while ”p,,” denotes state transition according to the dynamics
p given action a;. m(p|h}) denotes the marginal posterior probability density of
the transition dynamics p given the history h} = [z1, a1, 22, ...a1—_1, 2¢]-

e A transition function 7 : § x § x A — R which describes the dynamics of
the process. It is the conditional PDF of the next state given the current
state and action. In some applications, the transition function depends
on the current time as well but time invariance is assumed here.

Because the true state z is hidden, the system maintains beliefs, b;(z) and
b;(x), which are probability density functions over S representing the current
knowledge of the state at time ¢t. When an action a; is executed and a new
observation z;11 is recorded, the belief is updated recursively using Bayes’ rule:

by () o< O(2p41|m, ar)by(x)
beis(a) = [ puclali)b)dy

The core technical problem addressed in this thesis is that when p,(x|y)
is unknown, evaluating this continuous integral numerically over multiple time
steps becomes computationally intractable, making standard inference impossi-
ble.

3.2 Separable basis function representation

To solve the integration problem without resorting to discrete grids or stochastic
sampling, this thesis represents the transition PDF using a finite collection of
separable basis functions [17, 18]. We approximate the unknown transition
dynamics for an action a as:

Pa(z]y) = @ (2)0a ¢’ ,(y) (1)



where ¢, (x) and ¢’,(y) are vectors of basis functions (such as Bernstein
polynomials or rectangular pulses) defined over the state space, and 0, is a
matrix of optimization weights.

The choice of separable bases is the mathematical engine of this framework,
representing a deliberate and critical trade-off. By algebraically decoupling the
post-transition state x from the pre-transition state y, the continuous integral
in the POMDP belief update is finitely separated over the basis functions. Con-
sequently, the belief update collapses into a simple, finite matrix-vector multi-
plication:

Pir1 = O,y

where p and p’ are finite coefficient vectors. This entirely removes the need
for Monte Carlo trajectory sampling. The inherent limitation, however, is that
separable functions struggle to efficiently represent highly correlated, diagonal
transitions in multi-dimensional spaces (e.g., a rotated 2D Gaussian kernel can-
not be perfectly represented as a finite sum of separable 1D functions) [21].
We accepted this limitation because the computational advantage—specifically,
avoiding an exponential explosion in the belief representation during sequential
updates—far outweighs the loss of expressive freedom.

3.3 The Bayesian framework

In Paper 1, we establish the framework for the Maximum A Posteriori (MAP)
estimation of the weight matrices ©, [20]. Because the transition dynamics
exist in an infinite-dimensional function space, formulating a rigorous MAP
estimate requires careful treatment of the prior measure [22]. To ensure the
learned dynamics are physically plausible, we incorporate a Gaussian Process
(GP) prior [9]. This prior is integrated into the log-posterior as a quadratic
regularization term governed by an inverse covariance operator, Q!:

() o —5{(p~ £),Q" (0~ B))

Using a variant of the Forward-Backward algorithm [23], we derive the exact
analytical first- and second-order functional derivatives (gradients and Hessians)
of this posterior [24]. These exact derivatives allow us to use robust optimization
algorithms, such as a pseudo-Newton Expectation-Maximization (EM) variant,
to find the optimal weights [10]. This is described further in paper 1.

An alternative to the Gaussian Process prior would be the Dirichlet Process
(DP), which is commonly used as a prior in discrete Bayesian POMDPs [25].
The motivation for the GP prior is as follows: The classical DP measure gen-
erates realizations that are zero almost everywhere, making it fundamentally
unsuitable for representing continuous, non-negative transition PDFs without
adding complex, unwanted smoothing layers. The GP prior, particularly when
using a Sobolev-space inner product for Q! [26], naturally enforces continuous
spatial regularity (smoothness) and translates elegantly into standard quadratic
regularization during optimization.



Testing the pseudo-Newton EM weight optimization highlighted critical be-
havioural differences between basis families [27]. As shown in the results, Bern-
stein polynomials ensure infinite smoothness but converge slowly when the prior
allows for the true transition dynamics to contain sharp edges[28]. Conversely,
rectangular basis functions (piecewise constant) capture sharp shifts rapidly
but sacrifice overall smoothness [29, 30]. The representation framework and
Bayesian approach ultimately allows the modeller to explicitly select the ba-
sis family that best matches prior physical knowledge of the system, while the
algorithm handles the optimal placement and scaling of those bases.

3.4 Adaptive refinement via column generation

Paper 2 addresses a fundamental limitation of the approach in Paper 1: guess-
ing the correct basis functions beforehand is difficult. If the chosen bases are
too broad, the model lacks precision; if they are too fine, computational costs
explode.

Using the exact functional gradients and Hessians derived in Paper 1, we
formulate a Column Generation subproblem [12]. Extending the principles of
conditional gradient methods to infinite functional domains [31], the algorithm
systematically evaluates candidate functions and calculates their ”price”, the
mathematically expected improvement in the posterior log-probability [11].

If a candidate basis function proves sufficiently valuable, it is dynamically
added to the representation. Furthermore, if the basis function family allows
it, the algorithm can ”split” an existing basis function (e.g., dividing a broad
polynomial into narrower, higher-degree ones) to locally increase the resolution
of the model only where the data demands it. The expected improvement
generated by a split can be estimated via its price as well.

In paper 2 it was also shown that the adaptive refinement allows for con-
vergence to a local MAP estimate in the functional sense, but a couple of mild
assumptions on the problem and prior are necessary for this.

3.5 First-order vs second-order subproblem

Two different subproblems were examined. The principle behind each of them is
to use the mentioned differentiation methods to estimate the local behaviour of
the MAP-estimate in the functional sense, not limited to the current represen-
tation space. The first-order approach uses a linear estimate of the functional
dynamics which is regularized by the prior precision Q~!, while the second-order
approach uses a quadratic estimate. Although similar in principle, they give rise
to different challenges when used for pricing. The intuitive interpretation is that
the first-order approach generates basis functions that aligns well with the de-
scent direction in the function space, while the second order approach generates
basis functions that aligns well with the functional Newton-step.



4 Overview of papers

4.1 Paper 1: Analytical Approaches for Posterior Estima-
tion with Differentiation of Transition Dynamics in a
POMDP

The first paper explores a number of different properties of the Bayesian a
posteriori probability estimate of a POMDP transition pdf represented on the
form in equation 1.

Focus lies on the following topics:

e Analytical (non-stochastic) calculation, up to a constant offset, of the
posterior log-probability of a proposed transition PDF p given data h/..
In other words Inmw(p|h7).

e Efficient algorithms for analytical differentiation of the posterior log-probability,
specifically:

— The functional derivative.
— The functional second derivative.
— The gradient w.r.t. the weights of the basis functions.

— The Hessian w.r.t. the weights of the basis functions.

The gradient and Hessian are useful for first- and second-order weight
optimization algorithms respectively. The functional derivatives on the
other hand allow for analysis of local properties in the functional space of
transition dynamics, which is useful for the column generation described
in paper 2.

e A variant of the EM-algorithm for finding optimal representation weights.
This algorithm turns out to be straightforward to implement in the ana-
lytical framework.

e A comparison between rectangular (piecewise constant) and Bernstein
polynomial (infinitely smooth) basis functions. The results show that the
rectangular basis functions give a higher MAP value when allowed by the
prior.

The computational complexity of the analytical calculations is also pre-
sented. Most notably: the complexity of differentiation is linear in terms of
the data amount 7" with a small caveat for the functional second-derivative,
as the complexity can be quadratic in 7' if the observations are continuous.
However, this complexity becomes linear as well if it is evaluated via an inner
product with a proposed transition dynamic.



4.2 Paper 2: Semi-analytical Decomposition and Solution
Strategies for Maximum A Posteriori Estimation of
Transition Dynamics in a POMDP

The second paper describes an algorithm designed to build and optimize the
basis function representation based on data. The algorithm iterates between
two phases:

e Restricted master problem for weight optimization

In this step, the weights for the current set of basis functions are modified
to maximize the posterior log-probability of the transition PDF In 7 (p|h7,).
The EM algorithm presented in paper 1 can be utilized, but other ap-
proaches are presented as well.

e Column generation subproblem for dynamic basis function up-
dates

In this step, basis functions are added to, removed from or split inside the
current representation p. The addition occurs via the column generation
procedure described in section 3.5. As mentioned, both a first-order and
a second-order approach is examined.

The computational complexity and outer convergence rates of various steps
are examined and analysed. As mentioned in section 3.4, the algorithm can be
shown to converge under mild assumptions.

5 Discussion

5.1 Comparison between rectangular and Bernstein basis
function families

In the results in paper 1 the algorithms seem to converge towards different
values for different degrees. Compared to the rectangular basis functions, the
convergence of the Bernstein bases appears to be slower. This is likely due to the
fact that the rectangular basis functions are less smooth and can more exactly
approximate sharp peaks in the transition PDF. This highlights the fact that
basis functions that are non-smooth should be used when allowed by the prior.

5.2 Comparison between the first- and second-order col-
umn generation

Staying with the analogy to the finite-dimensional setting, the second-order ap-
proach is expected to generate more useful basis functions since the quadratic
estimate is a better approximation of the posterior density than the linear reg-
ularized one. The drawback is the on-average computational complexity per
tested basis function. While both approaches have linear complexity in terms



of the amount of data, the second-order approach scales on average quadrati-
cally with respect to the current size of the representation, while the first-order
approach scales only linearly. As such it is not possible to conclude that any
of the approaches converges faster than the other. What can be concluded is
that the second-order approach is the suitable choice when the sparsity of the
representation is more important than the convergence rate.

6 Concluding remarks and future work

6.1 Extension to continuous time

In paper 1, the possibility to extend the problem to the continuous time setting
with time-discrete events for observations and actions is examined. The biggest
difference is that a generator for a time-invariant transition operator is the object
which needs to be estimated. The representation size of the belief will grow over
time in this setting, which needs to be handled adequately. The biggest issue
found is however how to enforce non-negativity of the transition PDFs while
ensuring general enough approximation.

6.2 Dual relaxation of the non-negativity of the transition
PDF

In both papers, it is argued that the only safe way to enforce non-negativity
of a represented transition PDF p is to assume non-negative weights and non-
negative basis functions. This severely limits which basis function families can
be used and makes it difficult to represent sharply swinging transitions. A
possible future direction presented in paper 2 is to relax this constraint with
dual relaxation.

In one sense it just means delegating the non-negativity constraint to a dual
variable, so the issue remains. In most classical optimization problems nothing
would be gained from relaxing this constraint, but the key point is that one can
use different basis function families for the primal and dual functions. Thus it is
enough to use basis functions which fulfil the strong non-negativity requirement
to approximate the dual while more general basis functions can be used to
approximate the primal function.

For example, Fourier basis functions does not fulfil the strong requirement
but one can still use this family to approximate the primal function if, for ex-
ample, rectangular basis functions are used to approximate the dual function.
Also, the dual basis functions need not fulfil any requirements, such as continu-
ity, enforced through the GP prior.
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6.3 Extension to the reward function and Bellman equa-
tion

One possible future direction of inquiry concerns how to use this approximation
framework for finding a useful policy to control the system, for example through
policy iteration.

In paper 1 it is shown that if a transition dynamics p is represented with
the basis function formulation in equation 1, the related Bellman equation can
be reduced to a finite-state POMDP Bellman equation where the dimension
depends on the representation size. This is a further argument for finding a
representation of p which is as sparse as possible.

However, the more interesting question is how to take the entire posterior
distribution of transition dynamics p into account, not just single elements.
What complicates the situation is the fact that the value function cannot simply
be averaged over the transition PDF distribution. The policy will instead take
as argument a joint belief over the state and the transition PDF. Although the
Bellman equation looks similar, it cannot be reduced to a finite form in the
same nice way. A different type of algorithm is thus necessary in this setting.
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