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Abstract

The transport sector is a major contributor to global greenhouse gas emissions,
prompting increasingly stringent regulations and accelerating the transition
toward electric mobility. Although electric vehicles (EVs) offer significant
potential for emission reduction, their large-scale adoption is still hindered
by range anxiety, i.e. the fear of the battery running out before a charging
station is reached. Intelligent charge- and trip-planning (ICTP) is a way to
address range anxiety by optimizing the charging station selection, the vehi-
cle’s energy consumption, the battery thermal management, and the charging
process. However, the resulting problems are typically large-scale, nonlinear,
and mixed-integer, which makes them computationally challenging to solve.
This thesis develops optimal control methods to solve the ICTP problem in a
computationally efficient way, to allow real-time onboard implementation.

First, the computational tractability of the ICTP problem is improved
through tailored warm-start strategies and the relaxation of binary decision
variables, enabling the use of faster continuous solvers and achieving substan-
tial reductions in computation time. Second, a semi-analytical optimal control
solver based on Pontryagin’s Maximum Principle is developed for EV charging
optimization. The solver yields explicit control laws and its low computation
time allows for real-time embedded implementation. Finally, a nonlinear opti-
mal control framework for mission planning of long-range solar-powered EVs is
proposed, enabling the joint optimization of trip time and energy management
under spatio-temporal constraints. The method was tested on a solar-powered
vehicle racing across the Australian Outback.

Keywords: Optimal Control, Electrical Vehicles, Optimization, Pontrya-
gin’s Maximum Principle, Trip-planning, Charge-planning.
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CHAPTER 1

Introduction

1.1 Motivation: climate neutrality and electric
vehicles

One of the main challenges that define our time is climate change. According
to the European Climate Law of 2021 1], Europe aims to be climate neutral by
2050, meaning that it aims to reduce greenhouse gas (GHG) emissions caused
by human activities [2]. This goal can be considered a consequence of the
Paris Agreement [3|, signed in 2015 by 195 Parties at the UN Climate Change
Conference in Paris, France. The goal of the agreement is to hold the increase
in global average temperature to well below 2°C above pre-industrial levels
and pursue efforts to limit said increase to 1.5°C above pre-industrial levels.
If this sounds like an ambitious goal, that would be because it is. In fact, 2024
was the first year with an average temperature clearly exceeding 1.5°C above
pre-industrial levels [4]. This paints a picture of a critical situation that needs
to be addressed as soon as possible.

Given the urgency of the situation, it seems reasonable to act on the sectors
which contribute the most to this worrying trend. When it comes to CO2
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emissions by sector, the transport sector stands out as one of the most critical
[5], which is why it is not hard to find recent research focused on finding ways
to make it more sustainable [6]. A way to address this has been to promote
the use of electric vehicles (EVs) [7]. While it is true that, under certain
conditions, EVs are greener than internal combustion engine vehicles (ICEVs)
[8], there are some issues that discourage their adoption. One such issue is
what is known in the literature as range anziety [9], that is, the fear of the
battery running out before reaching the destination. Range anxiety is further
exacerbated by the fact that charging stations are less common than refueling
stations [10]. Another issue is that recharging is generally much more time-
consuming than refueling, which also introduces safety issues, as having to
spend a long time at a charging station at night might be uncomfortable for
some people, which might be especially true for women [11]. All these factors
make EVs less flexible and appealing than ICEVs. Therefore, to effectively
promote the use of EVs, these issues need to be addressed.

Since EVs have a shorter range than ICEVs, an intuitive hardware-side
solution to range anxiety would be to increase the battery’s size. In fact, due
to its impact on weight and production costs, optimizing the battery’s size
is a crucial problem that is well explored in the literature [12 13]. To avoid
increasing production costs by having a bigger battery, one can instead focus
on improving the vehicle’s energy efficiency. Lithium-ion (Li-ion) batteries,
commonly used in EVs, operate suboptimally when their temperature is too
low (less than 0°C) or too high (above 35°C) [14]. One way to address this
is battery thermal management (BTM), which consists in actively controlling
the battery’s temperature so that it lies within its optimal range. Another
strategy for improving the EV’s efficiency is by optimizing its driving profile,
such that it is guaranteed that it reaches the destination while optimizing
energy consumption. This is known as eco-driving [15]. BTM and eco-driving
can be integrated into a larger scheme to address range anxiety, which also
includes the optimization of the charging process and of the charging stations
selection. This is known as intelligent charge- and trip-planning (ICTP) and
is what this thesis focuses on.
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1.2 Intelligent charge- and trip-planning

ICTP is the coordinated planning and optimization of several aspects of EV
operation, including BTM, the vehicle’s driving profile, the selection of charg-
ing stations, and the charging process itself. The optimization of the charging
process typically involves balancing conflicting objectives, such as minimizing
charging time while simultaneously reducing economic cost, which may vary
depending on charging power, electricity prices, and location of the charging
station. Similarly, optimizing the driving profile aims at minimizing energy
consumption while also ensuring that the battery temperature is maintained
within its optimal operating range, particularly prior to reaching the next
charging station, to enable efficient and fast charging. These decisions are
tightly interconnected. For instance, driving behavior affects both energy
consumption and battery temperature, which in turn influence the available
driving range and the efficiency of subsequent charging events. As a result,
ICTP should be formulated as an optimal control problem (OCP) in which
the states, control inputs, and discrete decisions must be optimized jointly
while guaranteeing that the destination is reached without battery depletion.
Due to the presence of nonlinear dynamics, operational constraints, and dis-
crete choices such as charging station selection, the resulting OCP is typically
large-scale, non-convex, and potentially mixed-integer. These characteristics
significantly increase the computational complexity of the problem. It is there-
fore important to address these computational challenges so that the ICTP
problem can be solved efficiently.

A common approach to handling integer decision variables in eco-driving
problems is the use of relaxation techniques [16]. By relaxing integer con-
straints into continuous ones, the resulting problem can be solved efficiently
with only minor modifications to the original formulation, yielding solutions
that are computationally inexpensive and have good practical performance.
However, for non-convex problems, relaxation-based methods might converge
to locally optimal solutions, depending heavily on the initial guesses for the re-
laxed integer variables. A local optimum is a solution that minimizes the cost
function in a certain interval but is not necessarily the minimum of the func-
tion over its entire domain. An alternative approach that has been used for
routing and eco-driving problems in electric vehicles is Dynamic Programming
(DP) [17H19], a technique that relies on a divide and conquer principle, which
consists of solving a problem by breaking it into smaller subproblems and
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combining their solutions. DP is capable of computing globally optimal solu-
tions for fully integer problems. However, in mixed-integer problems involving
continuous variables, DP does not, in general, solve the original problem di-
rectly, but rather an approximated version in which continuous states and
control inputs are quantized. This quantization introduces an approximation
whose quality depends on how finely the variables are quantized. Moreover,
the computational complexity of DP grows exponentially with the size of the
problem and the number of quantized points, a phenomenon known as curse
of dimensionality, making its original formulation intractable in reality. An
alternative to DP to solve the routing problem for EVs is machine learning
(ML) |20+22]. ML makes it possible to train models to describe complicated
systems without the need to understand how they work. This is the reason
why these models are often referred to as black boxres, meaning that the re-
lationship between the input and the output is unknown to the user. The
drawback of ML methods is that a lot of data is usually needed to train a
model and said model is rarely interpretable. This makes these methods not
suitable in applications where guarantees of stability or constraint satisfaction
might be needed.

Within model-based approaches, optimal control techniques play a central
role, as they guarantee that the obtained solution optimizes some given metric.
A classic model-based optimal control framework is Model Predictive Control
(MPC), which has been successfully applied to solve charging problems [23]
24] and energy management problems [25] for EVs. MPC relies on a model of
the system to predict the state evolution and plan the control accordingly. The
key aspect that makes MPC so widely used is that it makes it possible to easily
deal with constraints in the problem, as they are explicitly embedded in the
problem formulation. A potential drawback of MPC is the need to numerically
solve an optimization problem at each sampling step, which might make it
computationally heavy, depending on the size of the problem. In contrast to
this, an analytical optimal control method is Pontryagin’s Maximum Principle
(PMP) |26], a core result in optimal control theory which provides necessary
conditions for optimality, which become sufficient under certain appropriate
convexity conditions. PMP-based methods have been successfully applied to
thermal and energy management problems and routing in EVs [27-29]. PMP-
based methods allow for the retrieval of an analytical (or semi-analytical)
solution to an optimization problem, revealing the underlying structure of the
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optimal solution and how each variable and parameter affect it. The derivation
of the analytical expressions for the optimal control laws can be shifted to
an offline phase that is executed only once, potentially reducing the overall
computational burden needed to solve the problem. The primary limitation
of this approach is that their reliance on analytically derived optimal control
laws requires problem-specific formulation and implementation, meaning that
any change in the model or in the problem formulation usually results in
some change in the algorithm, or at least in a need to recompute the optimal
expressions. Moreover, it is not always guaranteed that analytical expressions
for the optimal control inputs are attainable. However, if the problem is well-
defined and its formulation remains consistent, building the solver around it
makes it possible to exploit its specific structure and properties.

Based on the reviewed literature, a clear pattern emerges: significant progress
has been made in energy management, speed optimization, and trip-level plan-
ning for EVs, yet these components are typically addressed either in isolation
or within hierarchical architectures that decompose the overall problem.

Several works, such as [30] and [31], adopt a multi-layer structure, where trip
planning, energy management, and speed control are solved as separate sub-
problems using different techniques (e.g., DP and nonlinear MPC). Although
this decomposition supports real-time feasibility, it generally sacrifices global
optimality and requires coordination mechanisms between layers. Moreover,
the use of DP or large-scale nonlinear optimization can lead to substantial
computational complexity.

From a PMP perspective, works such as [32], [33], and [34] demonstrate
that analytical optimal control can significantly reduce online computation.
However, these approaches typically target single subsystems (e.g., torque
split, speed trajectory, or BTM) and often rely on approximations to remain
computationally tractable. The integration of multiple physical domains, such
as trip planning, charging decisions, battery state-of-charge dynamics, and
thermal constraints, into a single, structure-exploiting PMP-based framework
remains largely unexplored.

Importantly, across the reviewed literature, three common limitations can
be identified:

1. Fragmented problem formulations: Trip planning, speed optimization,
charging decisions, and thermal management are usually treated sepa-
rately or hierarchically, rather than as a single unified optimal control
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problem.

2. Computational scalability challenges: DP-based and nonlinear MPC-
based solutions suffer from the curse of dimensionality or repeated online
optimization, limiting their applicability to embedded hardware.

3. Limited exploitation of analytical structure at the system level: While
PMP has been successfully applied to subsystem-level problems, there is
a lack of systematic methodologies for deriving computationally efficient,
semi-analytical solvers for integrated charge- and trip-planning problems
with realistic constraints.

The goal of this thesis is to move in the direction of filling this gap.

1.3 Thesis contributions

This thesis investigates model-based optimal control algorithms for solving
the ICTP problem for electric vehicles (EVs). Particular emphasis is placed
on ensuring that the proposed methods are computationally efficient and suit-
able for practical implementation. Two levels of computational performance
are distinguished: computational viability and real-time implementability. An
algorithm is considered computationally viable if the associated optimization
problem can be solved in approximately one minute on the intended hardware
platform. Such algorithms are suitable for offline planning or receding-horizon
strategies with relatively long update intervals, but they are not necessarily
intended for execution within strict online timing constraints. Real-time im-
plementability constitutes a more stringent requirement. It refers to the abil-
ity of an algorithm to consistently compute a feasible and reliable solution
within the short time frame imposed by an online control system, typically on
the order of one second or less. This requirement is particularly relevant for
deployment on vehicular electronic control units (ECUs), which are character-
ized by limited computational resources and memory capacity. By definition,
real-time implementability implies computational viability, whereas the con-
verse does not necessarily hold.

More specifically, the contributions of this thesis can be grouped into two
categories based on their time scale and computational objectives.

e The trajectory planning problem of a solar-powered electric vehicle over
long time horizons, on the order of a few thousands of kilometers,
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is solved through an optimal control framework. The driving profile
is obtained by solving a minimum-time optimal control problem that
accounts for nonstandard spatio-temporal constraints. These include
location-based constraints, such as charging stops at fixed stations with
free arrival times, and time-based constraints, such as driving breaks
occurring at predetermined times but unknown locations. The result-
ing formulation guarantees constraint satisfaction and differentiability
while minimizing total travel time. This contribution is intended for
offline analysis and performance assessment, providing optimal trajec-
tories that can serve as a benchmark or as guidance for a human driver,
rather than for real-time implementation.

e The computational efficiency of optimization-based methods for EV
charging and energy management problems is improved. In particular,
the computational viability of an existing mixed-integer ICTP solver is
improved by relaxing its integer variables and designing an initializa-
tion strategy that generates initial guesses close to the optimal solution,
thereby facilitating convergence and reducing execution time. In addi-
tion, the EV charging optimization problem is addressed using a custom
PMP-based solver, which enables the computation of a semi-analytical
solution and shifts a significant portion of the computational effort of-
fline, making the approach suitable for real-time applications.

1.4 Thesis outline

This thesis is structured in two main parts. Part I, comprising six chapters,
serves as an introduction to the ICTP problem, its mathematical formulation,
and the optimization tools used to solve it. Part II contains the papers upon
which the thesis is based. The remainder of this section outlines the content
of Part I.

Chapter 2 presents the mathematical modeling of the different domains
involved in the analyzed system and formulates the continuous-time OCP ad-
dressed in the thesis. It also introduces the corresponding discretized formula-
tion required for digital implementation. Chapter 3 describes the optimization
tools and methods employed throughout the thesis to solve the defined OCP.
Chapter 4 explains how all the previously defined elements are combined to
develop the solutions and the methods proposed in the thesis. Chapter 5 pro-
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vides a concise summary of the papers included in the thesis. Finally, Chapter
6 offers some concluding remarks, discusses and interprets the main results,
and outlines directions for future research.

10



CHAPTER 2

Mathematical modeling and problem formulation

2.1 Mathematical modeling

This section provides an overview on how the systems in Paper A-C are mod-
eled mathematically.

Dynamical system

In Paper A-C, the system to be controlled is modeled as a dynamical system,
meaning that its evolution over time (or over some other independent variable)
is described by a set of differential equations

X(t) = fa(x,u) (2.1)

where x is the state vector, u is the control vector and f, depends on the
specific system that is being modeled. States and control inputs are often
bounded in some feasible sets, meaning that they cannot take on any value.

11
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This is formalized as

xe X CR™ (2.2a)
ueld CR™ (2.2b)

where X and U are, respectively, the set of feasible states and the set of
feasible control inputs, while n, and n,, are, respectively, the number of state
variables and the number of control inputs.

In Paper A-C, the analyzed dynamical system is a vehicle with the following
states and control inputs

x(t) = [Th(t) SoC(t) 7(t) s(t) Ex(t)]" (2.3)
u(t) = [R(t) Pwen(t) Pap(t) Pavac(t) a(®)]’ (2.4)

where T}, is the battery temperature, SoC is the state of charge, 7 is the
driving time, s is the location of the vehicle, E¥ is the kinetic energy, B, is the
battery power, Pyyen is the high voltage coolant heater (HVCH) power, Ppp
is the heat pump (HP) power, Pyac is the power for heating, ventilation and
air conditioning (HVAC), and a is the acceleration. The function f, which
describes the evolution of these states over time is assumed to be known.

Each paper uses a subset of these states and control inputs, meaning that
the formulation with these vectors is the most general.

Thermal modeling

The charging and discharging performance of EVs is greatly affected by their
battery temperature [35-37], which makes it vital to maintain it in an optimal
range, both to increase vehicle performance and efficiency, but also to prolong
battery life [38]. The BTM process of actively controlling the battery tem-
perature to ensure that it is within its optimal range, which is usually around
20°C - 25°C 37, 38|, is known as preconditioning. The algorithm developed in
Paper A generates, through heuristics, an initial guess for the control inputs
trajectories needed to perform preconditioning.

In Paper A and B, the state vector includes a thermal state: the battery
temperature 7},. To maintain a notation similar to , the evolution over
time of the battery temperature can be summarized as

T(t) = fr, (x,u) (2.5)

12
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Heat generated Heat channeled
by Joule losses by the heat pump
A/_\Qjoulc — = + thp
Heat generated Q N — Q Heat exchanged with
by the HVCH hveh [ <amb the environment
/_/ ed =] —> thac
Heat generated by Heat dissipated
the electric driveline by the HVAC

Figure 2.1: Schematic of the thermal modeling of the battery, showing the elements
that heat it up (red arrow) and those that cool it down (blue arrow).

where fr, is assumed to be known. Figure shows a schematic representa-
tion of all the elements which affect the battery temperature T},. A red arrow
towards the battery indicates something that heats it up, while a blue arrow
that goes away from the battery indicates something that cools it down.

The battery temperature T3, can be actively controlled through three control
inputs: the HVCH power, the HP power, and the HVAC power. The HVCH
and the HVAC are opposite, in the sense that the former is used to heat up
the battery while the latter to cool it down. The HP channels heat between
the battery and the cabin compartment, meaning that, in principle, it can be
used both to heat up the battery and to cool it down. In Paper A and B, the
HP is only used to cool down the battery (which, in turn, heats up the cabin
compartment).

Aside from active BTM, the battery temperature can also be influenced
by other aspects. For instance, Joule heating caused by the current passing
through the battery heats it up. The power generated by the electric driveline
(also referred to as propulsion power) also generates heat, indicated as Qeq.
Finally, the battery exchanges heat with the environment, meaning that the
battery can either lose or gain heat depending on whether it is warmer or
colder than the environment.

A more detailed description of , including all the equations for the
thermal elements indicated in Figure 2.1] can be found in Paper A and B.

13
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Electrical modeling

Rp

I AAKA

T Uoc

Figure 2.2: Electrical model of the battery.

In Paper A,B, the battery is modeled as the equivalent circuit shown in
Figure having as single electrical state the state of charge (SoC), which is
a measure of the amount of energy in the battery. The internal resistance R},
is a function of the battery temperature T3,, where a higher Tj, translates to a
lower Ry, [39]. The open circuit voltage U, is a function of the SoC, where a
higher SoC translates to a higher U, [40]. Finally, Iy, is the battery’s internal
current. The evolution of the SoC over time can then be summarized as

SoC(t) = fsec(x, ). (2.6)

The details of (2.6]), of the relationship between Ry, and T, and of the rela-
tionship between U,. and SoC can be found in Paper A and B.

Pjoule
thch
hp
Pp In + Out | Py
aux
c
P hvch,c
_Ped

Figure 2.3: Schematic of the battery’s power balance.

To ensure that the power provided by the battery does not exceed its in-
ternal available chemical power, a power balance constraint is enforced. This
is visually represented in Figure The term on the left (B,) is the in-
ternal chemical power of the battery. The terms on the right include: the

14
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Joule losses, the power needed for active thermal management (HVCH, HP
and HVAC), the power needed for auxiliary devices in the vehicle (e.g., info-
tainment), the power needed for cabin compartment heating (P.), the portion
of the HVCH power used to heat up the cabin compartment (Pyych,c) and,
finally, the power needed for the propulsion of the electrical driveline (Puq).

Solar irradiance

Ialb

Figure 2.4: Illustration of the different kinds of solar irradiance.

The system analyzed in Paper C is a solar-powered EV, with solar panels
both in the front and in the back. To compute the energy that the EV obtains
from the sun, three different types of solar irradiance are considered, which
can be seen in Figure 2.4

The main contribution to solar irradiance is from direct sunlight (Zg;),
which is mostly influenced by the angle of incidence between the Sun’s rays
and the solar panels. That is, it is maximized if the panels perfectly face the
Sun. The second contribution is given by the Sun’s rays being scattered by the
atmosphere (I4;), while the last one is given by the reflection of the sunlight
on the ground (I,p). The details on how all of these elements are computed
can be found in Paper C.

Forces acting on the vehicle

Figure shows the forces acting on the vehicle for the mission planning
problem in Paper C. Fy;og is the aerodynamic drag, Fyravity is the gravitational
force, Fyon is the force due to rolling resistance, Frop is the force that propels
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Chapter 2 Mathematical modeling and problem formulation

deg/
Fgravily /
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Fro]l

Figure 2.5: Schematics of the forces acting on the solar-powered EV in Paper C.

the vehicle forward, and 6 is the slope of the terrain. The details of how all
of the forces are computed and handled can be found in Paper C.

2.2 Optimal control problem formulation

In Paper A-C, the control task is solved as an optimal control problem (OCP),
which is a subset of control problems whose goal is to find a control trajectory
for a dynamical system such that a given cost function is minimized. The
dynamical system is described as in and the cost function can generally
be defined as

J = U(x(ts)) + /O " S wydt (2.7)

where S is known as the stage cost, which can be interpreted as the rate of
cost for exerting control u in state x, t; is the final time, and W is the final
cost, which can be interpreted as the cost for ending up in state x(t¢).

A general definition of the ICTP problem solved in Paper A-C, formulated
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2.8 Discretization of an OCP

as a continuous-time OCP, is then given by

x}rlrlljibr}tf J = U(x(ts)) +/0 S(x,u)dt (2.8a)
st x(t) = fz(x,u) (2.8b)
x(t) e X, u(t) eU, t € [0,t] (2.8¢)

te € [0, Toax] (2.84)

b€ {0,1}" (2.8¢)
hy,(x,u,b) <0 (2.8f)

x(0) = X0, x(t) € X (2.8g)

where b is a vector of binary decision variables of length Ny, Tinax is the
upper bound for the final time, hy, is a vector of constraints (either equality
or inequality), X is some known initial condition, and X is a known target
set for the states.

The vector of binary decision variables b is used to model binary decisions
in the problem. More specifically, in Paper A all charging stations along the
trip have a binary variable associated to them, which is equal to 1 if the station
is chosen to recharge the vehicle, and equal to 0 otherwise.

Since this problem is in continuous time, it is infinite-dimensional, which
might make it hard to solve. Closed-form expressions of the optimal control
laws for are obtained in Paper B. However, to obtain a numerical solution,
the problem has to be discretized so that it can be solved numerically.

2.3 Discretization of an OCP

Different methods can be used to discretize an OCP. In particular, this thesis
uses two, which are the ones described in this section.

Forward Euler method

In Paper C, the forward Euler method is used to discretize . The method
is illustrated in Figure where x(t) denotes the continuous-time state tra-
jectory, the red curve represents its discrete-time approximation obtained
using the forward Euler scheme, and h denotes the discretization step size.
A lower value of h generally yields a more accurate approximation of the
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Chapter 2 Mathematical modeling and problem formulation

Figure 2.6: Visualization of the forward Euler method.

continuous-time dynamics, at the expense of increased computational com-
plexity due to the larger number of time steps required.

The forward Euler method is the simplest explicit numerical integration
scheme and is based on a first-order approximation of the time derivative.
Assuming that the time evolution of the state vector x is governed by ,
the method approximates the derivative by a finite difference over a non-
infinitesimal time interval, essentially replacing the limit definition of the
derivative with a discrete increment in both state and time

% = fm(xv 11) (293)
= %); ~ fz(x,u) (2.9b)
= Ax =~ f(x,u) - At. (2.9¢)

If the step size of the discretization is defined as h = At, the discrete-time
update for the states is as follows

Xpt+1 = Xp + AXp, = X + f2(Xp, up) - he (2.10)
The method is simple to implement and computationally efficient, but also

not particularly accurate, as shown in Figure [2.6] For this reason, more so-
phisticated integration methods can be used to discretize a dynamical system.
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2.8 Discretization of an OCP

Runge-Kutta method

Xnt1

X4

t t+h/2 th

Figure 2.7: Illustration of the 4th order Runge-Kutta method.

In Paper A and B, the Runge-Kutta method is used to discretize .
More specifically, the variant of the method known as 4th order Runge-Kutta
(RK4) is used.

The method is illustrated in Figure where x is the function that needs
to be discretized, and h is the step size of the discretization, which handles
the same trade-off between accuracy and computational complexity as for
the Euler method. Assuming x,, is known and that zero-order hold is used,
meaning that the control input w,, is kept constant over the interval [¢, ¢ + h],
the discrete-time update for the states is as follows

Xnt1 = Xp + % (k1 + 2k2 + 2k3 + ky) (2.11a)
k1 = fo(Xn,un) (2.11b)
ko = fo (xn + ;Lkl,un> (2.11c)
ks = fo <xn + gl@, un> (2.11d)
ky = fr (xp, + hks,u,) (2.11e)
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Chapter 2 Mathematical modeling and problem formulation

The method is a 4th order one because four slopes are computed to get
from one sample of the function to the next one, as opposed to using only one
as is done in the much simpler forward Euler method. This makes RK4 more
computationally expensive than the forward Euler method but also much more
accurate.

2.4 Discretized OCP

If the dynamical system in is discretized as per Section then the
problem in has to be discretized as well. Before discretization, the cost
function has to be reformulated. Namely, the stage cost is integrated in [0, t¢],
but since t; is a decision variable, and is therefore not known in advance, the
integral can be evaluated only after the problem is solved. The integral is

therefore normalized, using the normalized time 7 as the integration variable,
defined as

T=—=1=1rT. (2.12)
The integral then becomes

/0 S(x,u)dtztf/0 S(x,u)dr. (2.13)

If the independent variable becomes the normalized time 7, then is af-
fected as well, as it should be expressed in terms of 7. Given , the
dynamic equation for the states in normalized time is obtained through the
chain rule

dx dz dt B

il fa(x,u) - te. (2.14)
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2.4 Discretized OCP

Knowing this, it is possible to now discretize the problem as follows

N-1
i J =V(xn) + t kz:;) Sa(Xn, uy) (2.15a)
st Xpe1 =t fa(Xn,up), n=0,...,N—1 (2.15b)
X, €X,u, €U, n=0,...,N—1 (2.15¢)
tr € [0, Tinax] (2.15d)
b€ {0,1}" (2.15¢)
hy(x,u,b) <0 (2.15f)
Xg = Xg, XN € A (2.15g)

where fq and Sq depend on the specific integration scheme that is used and Xg
is a known initial condition for the state. Notice that, while ¢¢ is not known a
priori, the number of samples IV is known and decided based on the sampling
interval h. The problems solved concretely in Paper A-C are different versions
of this formulation.
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CHAPTER 3

Optimization tools

This chapter introduces the mathematical tools used to solve the OCPs de-
scribed in 2.8 and 215

3.1 Boundary value problem

A boundary value problem is a differential equation subjected to constraints
called boundary conditions. Solving a boundary value problem means finding
a solution to the differential equation which also satisfies the boundary con-
ditions. The name refers to the fact that the above-mentioned constraints are
specified at the boundary of the domain where the problem is to be solved.
The OCP in Paper B is solved as a boundary value problem.

A boundary value problem can, for instance, be defined as

&(t) = fe(€,u) (3.1a)
&(to) = &o, &(tr) = & (3.1b)

where £ is the extended state vector including both states and costates

€ =[x, Al". (3.2)
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Chapter 3 Optimization tools

The vector of costates A is defined more in details later in section 3.6l The
goal is to find the function &(t) over the interval [to,t¢] which solves (3.1al)

while satisfying .
3.2 Shooting method

&(%3\&

Figure 3.1: Solving a boundary value problem with the single shooting method can

0

be visualized as a basketball shot.

Shooting methods are numerical methods used to solve boundary value
problems, as those described in [3:1] The OCPs in Paper A-C are solved
numerically through shooting methods. These methods can be differentiated
into single and multiple shooting.

Single shooting methods solve a boundary value problem by computing the
entire solution at once. As an example, consider the problem in . The
error between the final state £(¢f) and the desired one &; is defined as

F(&(to)) = &(te) — & (3.3)

The reason why F is a function of £(tg) is that £(t¢) is obtained by integrating
, starting from a known &€; and from an unknown £(to). The goal is
then to find £€(to) such that F(€(to)) = 0, which is essentially a root-finding
problem. Single shooting is used in Paper B, where the developed solver
reconstructs the solution starting from the known initial and final conditions.

The single shooting method can be illustrated as in Figure which also
conveys the intuition behind its name. The initial position of the ball, &
(corresponding to the player’s location), and the desired terminal position, &
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3.2 Shooting method

(the basket), are known. The objective is to determine the appropriate initial
velocity £(to) (depicted by the blue arrow in the lower right of the figure),
such that the resulting trajectory satisfies the terminal condition (i.e. the
ball goes into the basket). Although all three trajectories shown in the figure
satisfy 7 the red trajectories correspond to initial velocities for which
F(€(to)) # 0, implying that the terminal constraint is not fulfilled (i.e. the
ball misses the basket).

A fundamental limitation of single shooting is its sensitivity to numerical
errors. Since the trajectory is computed over the entire interval in a single
forward integration, local discretization errors may accumulate and propagate
throughout the interval. Moreover, the satisfaction of the terminal condition
can only be assessed after the complete trajectory has been computed. To
mitigate these issues, one may introduce intermediate corrections during the
integration process. This is the principle underlying multiple shooting meth-
ods. In multiple shooting, the interval [to, ¢¢] is partitioned into smaller subin-
tervals. An initial value problem is solved independently on each subinterval,
and the resulting partial trajectories are subsequently coupled by enforcing
continuity (matching) conditions at the subinterval boundaries. This way, a
solution over the entire interval [to, t¢] is constructed while improving numer-
ical robustness. Multiple shooting is used in Papers A and C.

The distinction between single and multiple shooting can be clarified by
the following analogy. Suppose an individual is asked to clap exactly once per
second. As an initial reference, the individual hears the ticking of a clock for
five seconds. If no further auditory cues are provided, maintaining the correct
rhythm relies solely on the initial reference; any deviation will accumulate
over time. This situation is analogous to single shooting, where the solution
depends entirely on information specified at the initial time. Alternatively,
assume that the individual hears two clock ticks every ten seconds as peri-
odic reminders of the intended rhythm. These intermittent corrections help
prevent the accumulation of timing errors. This scenario resembles multiple
shooting, in which intermediate constraints provide corrective feedback during
the solution process.
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Chapter 3 Optimization tools

Figure 3.2: Illustration of how the Newton-Raphson method is used to find a root
of function f(x).

3.3 Newton-Raphson method

As mentioned in section [3.2] using the shooting method essentially translates
into a root-finding problem, which has been solved numerically in Paper B with
Newton-Raphson method (NRM), a common root-finding algorithm. The
method is illustrated in Figure where the root (green dot) of function f(x)
(gray line), is iteratively found by evaluating the derivative of the function at
different points, starting from some xy. The core idea behind the method is
that if the function f satisfies certain conditions and if the initial guess xg
is sufficiently close to its root, then every iteration of the method produces a
better approximation of said root. This can be seen in Figure 3.2} as every
iteration produces a solution that is closer to the root of the function.

The method used in Paper B is actually an approximated version of the
NRM, since the derivatives of the function (i.e. the blue dashed lines in
Figure are not computed analytically but numerically, considering small
variations of the variable = (i.e. Az) and the corresponding variation of the

26



3.4 Relazation of binary variables

function f(x) (i.e. Af)
df Af
4~ Ar (3.4)

3.4 Relaxation of binary variables

The OCPs described in and contain binary variables (vector b).
Binary variables often simplify the modeling of aspects which are inherently
binary. In the case of this thesis, the choice of whether to charge the vehicle
in a certain station. However, this makes the problem a mixed-integer one
(binary variables are a subset of integer variables), which is usually computa-
tionally hard to solve. This is because such problems are often solved using
a technique known as Branch-and-Bound [41], which essentially consists in
enumerating the different possible combinations of values of the integer vari-
ables and checking which combination leads to the optimal solution. This
guarantees that a global optimum is found, but it also makes the complexity
of these algorithms grow exponentially with the size of the problem. Because
of this, the discrete variables in Paper A are relaxed into continuous ones, so
that a continuous solver can be used. However, this is an approximation of
the original problem, and it is therefore important to ensure that the solution
found through relaxation of the discrete variables is feasible for the original
problem as well.

The discrete variables in the ICTP problem solved in Paper A are, more
specifically, binary, and there is one associated to every charging station along
the way. Let us define b; as the binary variable associated to charging station
i. Then, b; € {0,1}, and b; = 1 means that the planner has chosen station 4
to recharge the EV. To relax binary variables, it is sufficient to impose some
additional inequality constraints in the problem. If b] is the relaxed binary
variable associated to charging station 4, then the constraints are as follows

b e [0,1], i=1,...,Np (3.5a)
by (1-0)) < e, i=1,...,Ny (3.5b)
6 >0, i=1,...,Ny (3.5¢)

where €/ € R is a slack variable for charging station i and N, is the number of
charging stations along the path. Additionally, for these constraints to work
as intended, ¢; has to be minimized. To do that, an additional term is added
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Chapter 3 Optimization tools

to the original cost function J of the OCP

Ne
Jelax = J+p Y € (3.6)
i=1
where p is a penalty term used to tune the weight of this additional term in
the cost function.

To illustrate how this works, consider an example in which €; = 0.1. Then,
even though allows b] to take on any value in [0, 1], only holds
if b > 0.88 V b < 0.12. It is then clear that the lower ¢; is, the closer b] will
be to either 0 or 1.

Notice that if € = 0, then the problem is not relaxed, but is rather a smooth
reformulation of the original integer problem. However, while mixed-integer
solvers would find the global optimum in the integer variables, the solution for
the smooth reformulation might get trapped in a local optimum, depending
on how the variables are initialized.

3.5 Interior point method

The interior point method [42] is a well-established algorithm to solve convex
optimization problems. In this thesis, it has been used to solve the discretized
optimal control problem in , following the relaxation of the binary vari-
ables described in Section The OCPs presented in Papers A and C were
solved using IPOPT, a numerical optimization solver based on the interior
point method. In Paper B, the same solver was used to compute a benchmark
solution, which was subsequently compared to the solution obtained using a
method derived from Pontryagin’s Maximum Principle.

The fundamental idea underlying interior point methods is to convert a
constrained convex optimization problem into a sequence of unconstrained
problems by introducing so-called barrier functions. These functions are con-
structed such that they tend to infinity as the solution approaches the bound-
ary of the feasible set. By augmenting the original cost function with a barrier
term, the constraints are implicitly enforced: although the reformulated prob-
lem is formally unconstrained, any minimization algorithm applied to the
augmented objective will avoid the boundary of the feasible region, since do-
ing so would cause the objective value to diverge. These barrier functions are
progressively tightened, so that the barrier becomes increasingly steep near

28



3.6 Pontryagin’s maximum principle

L1 VN

Figure 3.3: Illustration of how the barrier functions in the interior point method

get steeper at every iteration, leading to the method converging to the
real optimum of the problem.

the boundary. Consequently, the solution of each successive subproblem lies
closer to the true constrained optimum. This procedure generates a sequence
of solutions that follow a trajectory within the interior of the feasible region,
commonly referred to as the central path, thereby giving the interior point
method its name.

Figure[3.3| provides a schematic illustration of the interior point method over
multiple iterations. The depicted region corresponds to the feasible set of the
optimization problem, while the color map represents the value of the objective
function, with darker shades indicating lower cost values. At each iteration,
the barrier functions are tightened, which allows the solution to move closer
to the boundary of the feasible region while remaining strictly feasible. As
a result, the solution found at every iteration progressively converges toward
the optimal solution of the original constrained problem (indicated by the red
point in the lower left corner of the feasible set).

3.6 Pontryagin’s maximum principle

In Paper B, explicit control laws for the the OCP in are derived us-
ing Pontryagin’s Maximum Principle (PMP), a core result in optimal control
theory formulated in 1956 by Lev Pontryagin. The principle is used to find
the optimal control for taking a dynamical system from one state to another.
When used for minimization problems, it is usually referred to as Pontryagin’s
minimum principle.

The core concept behind PMP is the Hamiltonian function, which, given
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an OCP formulated as (2.8]), can be constructed as
H(x,u,A) = S(x,u) + AT - fo(x,1) (3.7)

where A is the vector of Lagrange multipliers (also called costates or dual
variables), whose evolution over time is given by

_0H(x,u,A)

Al =~

(3.8)

These costates are those introduced in the extended state vector & in Section
1)

For a minimization problem, Pontryagin’s minimum principle states that
the optimal state trajectory x*, the optimal control vector u*, and the corre-
sponding vector of optimal Lagrange multipliers A* must minimize the Hamil-
tonian H. That is

H(x*,u*,\*) < H(x,u,A), Vt € [0, tg]. (3.9

Additionally, some boundary conditions need to hold for the solution to be
optimal. These conditions depend on whether the final state x(t¢) and the
final time ¢¢ are fixed. The final state x(¢¢) not being fixed results in the
condition

O (x(tr))
T
= 1
XT(h) = (310)
while the final time ¢¢ not being fixed results in the condition
o
Olie)) | gy, = 0. (3.11)
Oty

The reason this principle is widely regarded as a milestone in optimal control
theory is that minimizing (or maximizing) the Hamiltonian is, in general,
much easier than solving the original OCP. This is because in the original
OCP, the optimal control trajectories are found among an infinite number
of curves. On the other hand, PMP aims at minimizing (or maximizing)
the Hamiltonian at every time instant, meaning that, instead of finding the
whole control trajectory at once, one finds the best value at a given time,
then the best one at the next time instant and so on. This can be formally
summarized by saying that PMP turns an infinite-dimensional OCP into a
pointwise optimization.
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CHAPTER 4

Assembling the blocks: trip-planning and speed
optimization for EVs

This chapter illustrates how the elements presented in Chapters [2] and [3] are
combined to answer the research questions listed in Section [L.3]

4.1 Computationally feasible solver for ICTP

In Paper A, the ICTP problem was formulated as a mixed-integer OCP, fol-
lowing the structure described in Section[2.2] The objective is to optimize the
energy profile of an EV during a long-distance trip. Specifically, the optimal
solution is required to

o minimize the vehicle’s energy consumption while driving,
e determine the optimal selection of charging stations along the route, and

e optimize the charging process with respect to both charging time and
economic cost. This is shown in Figure [£.2] where the cost function
and each of its terms are defined. The variable ¢; is the binary variable
associated with the i*" charger along the trip, and is therefore one of the
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Figure 4.1: Schematic of the contributions of Paper A, where the ICTP problem
was made more computationally feasible.

variables that is relaxed into a continuous one, according to Section
Notice that the integration variable in the last term of the cost function
is 7;, which is the elapsed time while charging at station i.

The controlled system is a vehicle modeled as a dynamical system with two
states: a thermal state representing the battery temperature and an electrical
state representing the SoC. The modeling of the thermal and electrical dynam-
ics follows the description provided in Section For numerical implemen-
tation, the continuous-time problem was discretized using an RK4 scheme, as
detailed in Section [2:3] resulting in a formulation consistent with Section [2:4]
The complete mathematical formulation of the OCP is presented in Paper A.

Due to its large scale, nonlinear dynamics, and mixed-integer structure,
the resulting problem is computationally demanding, and the primary contri-
bution of Paper A consists of reducing the problem’s computational burden.
The mixed-integer nature of the problem was first addressed by relaxing the
binary decision variables, as described in Section [3.4] Subsequently, a heuris-
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4.1 Computationally feasible solver for ICTP

Ne i
J() = Z <wttf,i + wsc; + we/o Pgrid(Ti)dTi)
( i=1

For each Penalty for the
charging detour to reach
station the station
Charging Energy bought
time from the station

Figure 4.2: Cost function minimized in the OCP in Paper A.

Figure 4.3: Visualization of the ICTP problem as a trip between Gothenburg and
Stockholm, with two alternatives to recharge along the way (yellow).

tic algorithm was developed to generate initial guesses in the vicinity of the
optimal solution, thereby performing an effective warm start of the solver. An
example of a guess generated by the algorithm, compared with the optimal
solution, is shown in Figure {4l The combination of binary relaxation and
informed initialization significantly improved computational tractability. In
particular, the problem could be efficiently solved using a multiple shooting
approach in conjunction with an interior-point method, as outlined in Sections
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Figure 4.4: Example of comparison between optimal and guessed trajectory for Tj,.

and This approach achieved an average execution time reduction of
approximately 91.07%, while inducing only a negligible increase in average
driving energy consumption. A schematic overview of the overall methodol-
ogy is provided in Figure 1]

An illustrative example is shown in Fig. representing a trip between
Gothenburg and Stockholm. Two candidate charging locations, Orebro and
Jonkoping, are highlighted as alternative recharging options. The charger se-
lection problem thus corresponds to selecting one of the two possible routes.
In this context, the binary decision variables are associated with the charging
stations in Orebro and Jonkoping. For example, if the binary variable corre-
sponding to Orebro is equal to 1, the charging station in Orebro is selected
and the upper route is chosen by the solver.

4.2 Semi-analytical solution for the charging OCP

In Paper B, the charging optimization problem was formulated as an OCP,
following the structure described in Section The goal of the charging
optimization problem is to recharge the battery to a desired level of SoC,
while minimizing a trade-off between the charging time ¢y and the economic
cost (represented by the energy bought from the grid). The cost function to
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4.2 Semi-analytical solution for the charging OCP

be minimized is, therefore,

te
J(+) = wit + we | Pyria(-)dt (4.1)
where w; and w, are, respectively, the weights for charging time and for
economic cost, and Pyyiq is the power bought from the grid. Tuning w; and
we allows one to manage the trade-off between the two terms of the cost
function. For instance, if the driver is in a hurry and, therefore, cares more
about charging fast than about the charging process being cheap, then w; and
we should be chosen such that the first term is more relevant than the second.
The continuous-time problem was discretized using an RK4 scheme, as pre-
sented in Section [2.3] resulting in a discrete OCP formulation consistent with
Section[2:4] The vehicle model employed in the OCP is essentially identical to
that used in Paper A (see Section . The main objective of the study was
to solve the OCP using a single shooting approach, as described in Section
based on Pontryagin’s Maximum Principle (PMP).
As outlined in Section [3.6] solving an OCP using PMP requires minimizing
the Hamiltonian H (defined in ) while enforcing some optimality condi-
tions. In this specific problem, the optimality conditions are given by

SOC(tf) = SoCges, (4.2&)
ov*(t
Ay (t5) — % o, (4.2b)
(k) + 22 g, (4.2¢)
Ots

Equation enforces the terminal constraint that the final SoC at the
end of the charging process equals the desired value. Condition arises
from the fact that the final battery temperature T}, (¢¢) is free, whereas
follows from the final charging time being free.

Conceptually, the solution procedure consists of initializing the states x(0)
and costates A(0), and simulating the charging process over the interval [0, ¢¢],
while selecting control inputs that minimize the Hamiltonian. The resulting
control inputs are used to propagate both states and costates forward in time,
with the costates evolving according to . At the end of the charging
horizon, the optimality conditions in are evaluated. However, although
the initial state x(0) is known, the initial costates A(0) are not. In addition,
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Chapter 4 Assembling the blocks: trip-planning and speed optimization for
EVs

the terminal time t; is a decision variable to be minimized and is therefore
also unknown. Moreover, whether the optimality conditions in are sat-
isfied or not depends on A(0) and ¢;. This procedure needs to therefore be
corrected by taking into account the fact that A(0) and ¢ are unknown and
need to be computed. A high-level description of the implemented algorithm

Parameters
of the problem

s

Check if the optimalit Simulate charging starting from guess
/ condi tionsphol d Y and choosing the inputs so that the
\ Hamiltonian is minimized

Adjust guess Done! \/

Figure 4.5: High-level view of the algorithm used in Paper B to solve the charging
OCP with a PMP-based solver.

is provided in Figure The known parameters of the problem, such as the
initial states and the desired SoC, are provided as inputs to a neural network
designed to generate an initial estimate of the unknown quantities A(0) and
ts. Given these estimates, the charging process is simulated by minimizing the
Hamiltonian at each time step. After completion of the simulation, the opti-
mality conditions are evaluated. If they are satisfied, the OCP is considered
solved, since minimizing the Hamiltonian subject to the PMP conditions is
equivalent to solving the original problem. If the conditions are not satisfied,
the estimates of A(0) and ¢; are updated and the simulation is repeated.
The iterative update of the unknown initial costates and terminal time cor-
responds to solving a nonlinear system of equations. In Paper B, this task is
carried out using an approximated version of the Newton—Raphson method,
as described in Section [3:3] The approach is classified as a single shooting
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4.8 Solar-powered vehicle racing

method, as discussed in Section because the correctness of the computed
trajectory is assessed only at the end of its calculation (i.e. without interme-
diate checks). If the terminal conditions are not met, the entire trajectory is
recomputed at the subsequent iteration.

This framework enables the solution of the OCP without relying on external
optimization solvers, which is advantageous for potential implementation on
embedded hardware platforms.

4.3 Solar-powered vehicle racing
Can drive from

08:00 to 17:00
(TTS)

Checkpoint
(LTS)

Figure 4.6: Path of the BWSC and the two kinds of stops considered in Paper C.

Paper C considers a nonlinear minimum-time OCP for long-distance mis-
sion planning of a solar-powered electric vehicle competing in the Bridge-
stone World Solar Challenge (BWSC). Section [2.1] provides a schematic of the
sources of solar energy considered in the paper, as well as a diagram of the
forces acting on the vehicle. The BWSC consists of a 3022 km race across the
Australian Outback, from Darwin to Adelaide. Since propulsion relies exclu-
sively on solar energy, completing the race is challenging and requires efficient
energy management, and achieving this objective in minimum time further
increases the level of difficulty. In addition to optimal energy management,
several spatio-temporal constraints must be satisfied in accordance with the
official competition rules, including mandatory stops.
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Along the route, checkpoints must be reached within prescribed time win-
dows to avoid disqualification. Upon arrival at a checkpoint, the vehicle is
required to stop for 30 minutes, during which charging is permitted. Although
the arrival time at each checkpoint is not known a priori, the checkpoint loca-
tions are fixed. These stops are therefore classified as location-triggered stops
(LTS). Moreover, the vehicle is allowed to drive only between 08:00 and 17:00.
The exact location of the vehicle at the start of the mandatory overnight stop
is not known in advance; however, the stopping time is predetermined. These
stops are therefore referred to as time-triggered stops (T'TS).

The system dynamics differ depending on whether the vehicle is driving or
charging. When a stop begins, the dynamic model must switch from driv-
ing dynamics to charging dynamics, and vice versa once driving resumes. A
natural modeling approach is to introduce a binary variable to represent this
mode switch. However, as previously discussed, avoiding binary variables is
preferable due to the associated increase in computational complexity.

The choice of modeling domain, time or space, favors one class of stops over
the other. If the OCP is formulated in time domain, TTS events are straight-
forward to model because their occurrence times are known and can be ex-
plicitly incorporated into the problem formulation. In this case, however, the
vehicle position becomes a decision variable, implying that LTS events depend
on state values that are determined only after solving the OCP. Conversely,
if the problem is formulated in the spatial domain, LTS events can be more
naturally represented, while TTS events become more challenging to handle.
This trade-off represents only one of several modeling challenges inherent to
the problem. A high-level overview of the main modeling issues is provided
in Fig. [£.7] while a detailed treatment can be found in Paper C.

One of the state variables of the OCP is driving time 7, which varies ac-
cording to

(4.3)

dr(t) {1, if t ¢ Tspop and s(t) & Sstop
dt

0, otherwise

where Tgop and Sgop are, respectively, the sets of the times and locations
for the TTS and the LTS (assumed to be known in advance). Essentially,
7 only varies when the EV is moving. Piecewise-defined equations introduce
potential non-differentiabilities if not treated carefully. Such formulations
effectively correspond to conditional (if-else) statements. For example, if the
vehicle is driving, the elapsed driving time 7 should increase; otherwise, it
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Stops triggered both Piece-wise defined Absolute value functions
by location and by time equations in the model
Y

OCP with differentiability
problems and potential need
for discrete variables

Figure 4.7: Diagram showing the modeling issues of the OCP solved in Paper C.

should remain constant. A direct implementation of this logic would require
a binary variable indicating whether the EV is in motion, thereby introducing
discrete decision variables into the problem. Another state variable is the
kinetic energy Fy, which depends on the acceleration a. If the powertrain
efficiency differs between traction (a > 0) and regenerative braking (a < 0),
the dynamic equation governing Fy would also require a piecewise definition
to distinguish between these operating regimes. Finally, the aerodynamic drag
is defined as

1
Fdrag(Ek) — §pairCDAfUrel(Ek)|vrel(Ek)|~ (44)

where p,;, is the air density, cp is the drag coefficient, A; is the vehicle’s
frontal area and v, is the relative velocity of the vehicle with respect to the
apparent wind along its path. The presence of the absolute value operator
introduces a point of nondifferentiability at zero relative velocity. The main
contribution of Paper C is to address all the above-mentioned issues without
the use of binary variables, in order to preserve differentiability and to allow
the use of continuous solvers.

The OCP was formulated in the spatial domain, thereby favoring the mod-
eling of LTSs. In the original time-domain formulation, both the driving time
and the vehicle position appear as state variables. Since the driving time is
a decision variable to be minimized, it must remain in the formulation. On
the other hand, the vehicle position can be eliminated as a state variable by
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adopting a space-domain representation. This reformulation reduces therefore
the overall problem dimension.

To avoid a piecewise definition of the kinetic energy dynamics with respect
to the sign of the acceleration a, the acceleration was decomposed into two
components: at (traction, positive) and a~ (braking, negative), such that

a=a" +a" (4.5)

This decomposition is valid provided that both components are not simul-
taneously nonzero, but that would not happen, as it would correspond to
concurrent traction and braking, which is energetically inefficient. Since the
objective is minimum-time performance under energy constraints, the optimal
solution provides no incentive for such behavior, making the decomposition
valid.

To address the non-differentiability introduced by the absolute value in the
aerodynamic drag expression Fy,.., the drag force is defined as a dummy
control input and its original definition in is replaced by the pair of
inequality constraints

1
Fdrag(s) Z EpairCDAfvfel(Ek) (46&)
1
Fdrag(s) > _ipairCDAfUEel(Ek)' (4~6b)

Although this formulation appears to be a relaxation of the original equality
constraint in , it yields an exact representation at the optimum. In fact,
depending on the sign of v, one of the two inequalities becomes active and
holds with equality, leading effectively to

L pairep Arv (B, if vre1 > 0

4.7
—%pairCDAf’UEel(Ef:), if v < 0. “.7)

F ;rag(s) = {
If neither inequality were active, the drag force would exceed its physically
required value, resulting in unnecessary energy expenditure. Such behavior
would be suboptimal and therefore avoided by the solver. It is important
to notice that is not explicitly implemented in the OCP, as this would
reintroduce a piecewise definition and potentially require integer variables.
Instead, is simply a representation of how the auxiliary control formula-
tion ensures that the appropriate value of Fy;ag is selected implicitly through
the optimization process.
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Figure 4.8: Visualization of how the charging process during a stop is smoothened
in Paper C.

Formulating the OCP in the spatial domain reduces the problem dimension,
but it introduces challenges related to charging. The vehicle can recharge
both while driving and while stationary during mandatory stops. The latter
case requires particular attention. When charging occurs while the vehicle
is stationary, the spatial coordinate remains constant, and the corresponding
increase in SoC appears concentrated within a single spatial sample. In a
space-domain formulation, this manifests as a vertical jump in the SoC tra-
jectory, analogous to a Dirac impulse, which leads to differentiability issues.

Such behavior would not arise in a time-domain formulation, where the
charging process is naturally distributed over a finite time interval. Further-
more, since the problem is discretized in space, the differentiability issue pri-
marily affects time-triggered stops (TTS). For location-triggered stops (LTS),
the stopping positions are known a priori, and the associated impulse-like
changes in SoC can be directly integrated, resulting in a discrete increment
ASoC applied at a known spatial point.

The approach proposed in Paper C consists of smoothening the impulse-
like behavior by distributing the charging process over a small spatial interval
rather than a single spatial sample. This concept is illustrated in Figure [£.8]
In the idealized representation (left plot of Figure , the SoC increases in-
stantaneously at a single spatial point, which causes differentiability problems.
In the smoothed formulation (right plot of Figure, the same energy incre-
ment is spread over a short spatial segment, yielding a differentiable approx-
imation. The length of this spatial interval introduces a trade-off: a shorter
interval improves fidelity with respect to the physical process but increases
the risk of numerical difficulties associated with steep gradients.
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Due to the overall complexity of the problem, discretization was performed
using the forward Euler method, as described in Section [2.3] since the use
of an RK4 scheme resulted in feasibility issues. The resulting discrete OCP
was solved using a multiple shooting strategy combined with an interior-point
method, as detailed in Sections and The computed driving profile was
closely followed during the race, and the vehicle completed the competition
in a time comparable to the simulation-based prediction.

Although the primary application in Paper C concerns a racing scenario, the
proposed methodology is applicable to other mission-planning problems with
similar structural characteristics. For example, in a minimum-time routing
problem for a freight vehicle, LTSs could represent delivery locations, while
TTSs could correspond to legally mandated rest periods after a prescribed
driving duration. In such a case, the specific propulsion system would modify
the physical modeling of the vehicle but would not fundamentally alter the
structure of the optimal control formulation.
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Summary of included papers

This chapter provides a summary of the included papers.

5.1 Paper A

Lorenzo Montalto, Nikolce Murgovski, Jonas Fredriksson
Computationally efficient algorithm for optimal battery preconditioning
and charging of electric vehicles

2024 IEEE 27th International Conference on Intelligent Transportation
Systems (ITSC), Edmonton, AB, Canada, 2024, pp. 1600-1605, doi:
10.1109/ITSC58415.2024.10920033.

© 2024 TEEE. Reprinted with permission, from 2024 IEEE 27th In-
ternational Conference on Intelligent Transportation Systems (ITSC),
Edmonton, AB, Canada, 2024.

This paper aims at improving the computational availability of the ICTP
problem, which is large-scale, nonlinear and mixed-integer. This was achieved
through an algorithm which generates initial guesses close to the optimum, to
warm-start the solver. Moreover, the mixed-integer problem was converted to
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a continuous one by relaxing its binary variables, so that it could be solved
with a much faster continuous solver. This led to an average reduction in
computation time of about 91%

Contributions: LM contributed to the software implementation and its val-
idation, and wrote the original draft. NM contributed to the original concep-
tualization and provided supervision during implementation and writing. JF
provided supervision during implementation and writing.

5.2 Paper B

Lorenzo Montalto, Nikolce Murgovski, Jonas Fredriksson

Electrical vehicles charging: an optimal control approach via Pontrya-
gin’s Maximum Principle

2025 IEEE 28th International Conference on Intelligent Transportation
Systems (ITSC), Gold Coast, QLD, Australia, 2025, to appear in con-
ference proceedings.

This article develops a semi-analytical solver to the charging optimization
problem for EVs. The solver is based on Pontryagin’s Maximum Principle,
which allows the derivation of explicit expressions for the optimal control tra-
jectories. The developed solver has comparable computational performance
with an off-the-shelf one used as benchmark and the solution is more inter-
pretable and easier to implement on integrated hardware thanks to its inde-
pendence from external solvers.

Contributions: LM contributed to the software implementation and its val-
idation, and wrote the original draft. NM contributed to the original concep-
tualization and provided supervision during implementation and writing. JF
provided supervision during implementation and writing.

5.3 Paper C

Lorenzo Montalto, Nikolce Murgovski, Timothy Jarebrant

Optimal energy management under spatio-temporal constraints: an ap-
plication to solar-powered vehicles

Under review in Control Engineering Practice, Elsevier, 2026.

This article addresses a nonlinear OCP for mission planning of long-range
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5.8 Paper C

solar-powered EVs. The goal is to optimize trip time and energy management
while guaranteeing differentiability, computational efficiency and compliance
with given spatio-temporal constraints. The method was tested on a vehicle
competing in the Bridgestone World Solar Challenge, a 3022 km race across
the Australian Outback.

Contributions: LM provided supervision during implementation, contributed
to validation and wrote the original draft. NM contributed to the original con-
ceptualization, to the software implementation and its validation and provided
supervision during implementation and writing. TJ contributed to the origi-
nal conceptualization, validated the software on the analyzed case study and
contributed to writing.
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CHAPTER O

Concluding Remarks and Future Work

6.1 Conclusions

The transport sector is widely recognized as a major contributor to global
warming, which has led to increasingly stringent environmental legislation
worldwide. A central pillar of the transition toward more sustainable mo-
bility solutions is the widespread adoption of EVs, particularly when com-
bined with low-carbon electricity generation. However, despite technological
progress, range anxiety remains a major factor that discourages EV adoption.
One approach to address range-anxiety is ICTP, which consists of solving a
combined optimization problem involving the optimization of the selection of
charging stations, the battery thermal management and the vehicle’s energy
consumption along the route, and the charging process itself, in terms of both
charging time and economic cost.

This thesis addresses the development of computationally feasible and real-
time implementable solution methods for the ICTP problem. Given the large-
scale, nonlinear and mixed-integer nature of ICTP formulations, achieving
both numerical robustness and practical deployability poses significant chal-
lenges. The research presented in this work contributes to algorithmic and

47



Chapter 6 Concluding Remarks and Future Work

analytical advances that reduce computational burden while preserving solu-
tion quality and interpretability.

Paper A focuses on improving the computational tractability of the ICTP
problem. Due to its large-scale, nonlinear, and mixed-integer structure, direct
solution using standard optimization solvers can be time-consuming. To ad-
dress this, an algorithm was developed to generate high-quality initial guesses
close to the optimal solution, enabling effective warm-starting of the solver.
In addition, the original mixed-integer formulation was reformulated by re-
laxing the binary decision variables, thereby transforming the problem into a
continuous one that can be handled by significantly faster continuous solvers.
This combined strategy resulted in an average reduction in computation time
of approximately 91%.

Paper B develops a semi-analytical solver for the charging optimization
problem of electric vehicles. The approach is based on Pontryagin’s Maxi-
mum Principle, which enables the derivation of explicit expressions for the
optimal control trajectories. By exploiting the structure of the problem, the
proposed solver achieves computational performance comparable to that of
a benchmark off-the-shelf numerical solver. At the same time, the resulting
solution structure is more interpretable and particularly well suited for em-
bedded implementation, as it does not rely on external numerical optimization
software, facilitating integration into onboard hardware.

Paper C addresses a nonlinear optimal control problem for the mission plan-
ning problem of long-range solar-powered electric vehicles. The objective is
to jointly optimize trip time and energy management while ensuring differ-
entiability, computational efficiency, and compliance with prescribed spatio-
temporal constraints. The proposed method was validated on a vehicle com-
peting in the Bridgestone World Solar Challenge, a 3,022 km race across the
Australian Outback. Following the driving profile computed by the method,
the vehicle was able to complete the race.

Overall, these contributions show how optimal control methods can be used
to solve the ICTP problem while ensuring both computational availability
and real-time implementability, essentially providing a software-side solution
to range anxiety.
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6.2 Future work

The research presented in this thesis opens several promising directions for
future work. A first natural extension concerns the generalization of the
PMP-based solver developed in Paper B. The current implementation, which
addresses the charging optimization problem, could be extended to the driv-
ing phase, i.e., the problem of optimally driving to a charging station while
ensuring optimal BTM and energy consumption. The ultimate objective is to
develop a unified PMP-based solver to handle the entire ICTP problem, in-
cluding driving, charging station selection, and charging. In this context, the
heuristic algorithm introduced in Paper A for generating initial guesses could
be used to initialize the solver, thus improving convergence and robustness.

Another important research direction concerns the incorporation of stochas-
tic information related to charging station availability. Historical usage data
from charging infrastructure could be used to construct probabilistic models
that predict charger occupancy as a function of location, day, and time of
day. Integrating such models into the ICTP framework would enable a more
informed charging station selection process, particularly in scenarios where
congestion at charging stations significantly affects travel time.

The integration of user preferences represents an additional avenue for devel-
opment. The current framework already allows weighting different objectives,
such as charging time versus economic cost. Future work could expand this
personalization aspect to include preferences related to charging station se-
lection, such as proximity to specific amenities (e.g., restaurants or services),
preferred charging times, and other such factors.

Further validation of the proposed algorithms using real-world datasets ob-
tained from industrial partners is also essential to validate model accuracy,
computational performance, and robustness. Such validation would also fa-
cilitate the identification of modeling gaps and practical constraints that may
not be fully captured in simulation-based studies.

Finally, a methodological shift toward reinforcement learning (RL) or ap-
proximated DP approaches constitutes a longer-term research direction. While
the current work relies primarily on model-based optimal control techniques,
RL and DP offer alternative frameworks that may better handle high-dimensional
decision spaces, uncertainty, and long planning horizons. Hybrid approaches
combining model-based optimal control with data-driven learning methods
will also be considered.

49






References

1]

E. Commission, European climate law. [Online]. Available: https://
climate.ec.europa.eu/eu-action/european-climate-law_en!l

U. Nations, A beginner’s guide to climate neutrality. [Online]. Available:
https://unfccc. int/news/a-beginner-s-guide-to-climate-
neutrality.

U. Nations, The paris agreement. [Online]. Available: https://unfccc.
int/process-and-meetings/the-paris-agreement.

C. C. C. Service, Global climate highlights 2024. [Online]. Available:
https://climate. copernicus.eu/global-climate-highlights-
2024.

H. Ritchie, P. Rosado, and M. Roser, Data page: CO; emissions from
transport, Data adapted from Climate Watch, 2023. [Online]. Available:
https://ourworldindata.org/grapher/co2-emissions-transportl

S. Sobczuk and A. Borucka, “Recent advances for the development of
sustainable transport and their importance in case of global crises: A
literature review,” Applied Sciences, vol. 14, no. 22, 2024, 1sSN: 2076-
3417. [Online]. Available: https://www.mdpi.com/2076-3417/14/22/
10653.

J. Jaguemont, L. Boulon, P. Venet, Y. Dubé, and A. Sari, “Lithium-ion
battery aging experiments at subzero temperatures and model devel-

opment for capacity fade estimation,” IEEE Transactions on Vehicular
Technology, vol. 65, no. 6, pp. 4328-4343, 2016.

o1


https://climate.ec.europa.eu/eu-action/european-climate-law_en
https://climate.ec.europa.eu/eu-action/european-climate-law_en
https://unfccc.int/news/a-beginner-s-guide-to-climate-neutrality
https://unfccc.int/news/a-beginner-s-guide-to-climate-neutrality
https://unfccc.int/process-and-meetings/the-paris-agreement
https://unfccc.int/process-and-meetings/the-paris-agreement
https://climate.copernicus.eu/global-climate-highlights-2024
https://climate.copernicus.eu/global-climate-highlights-2024
https://ourworldindata.org/grapher/co2-emissions-transport
https://www.mdpi.com/2076-3417/14/22/10653
https://www.mdpi.com/2076-3417/14/22/10653

References

[13]

[15]

52

R. Kish, “Are electric vehicles really green?” Economic Affairs, vol. 43,
no. 2, 2023.

N. Rauh, T. Franke, and J. F. Krems, “Understanding the impact of
electric vehicle driving experience on range anxiety,” Human Factors,
vol. 57, no. 1, pp. 177-187, 2015, PMID: 25790577. [Online]. Available:
https://doi.org/10.1177/0018720814546372.

M. Ahmadi, N. Mithulananthan, and R. Sharma, “A review on topolo-
gies for fast charging stations for electric vehicles,” in 2016 IEEE In-
ternational Conference on Power System Technology (POWERCON),
2016, pp. 1-6.

J. A. NeJame, “Examining the role of gender in electric vehicle interest
and purchasing intention,” M.S. thesis, The Ohio State University, 2024.

M. Redelbach, E. D. Ozdemir, and H. E. Friedrich, “Optimizing battery
sizes of plug-in hybrid and extended range electric vehicles for differ-
ent user types,” Energy Policy, vol. 73, pp. 158-168, 2014, 1SSN: 0301-
4215. [Online]. Available: https://www.sciencedirect.com/science/
article/pii/S030142151400367X.

A. Dinc and M. Otkur, “Optimization of electric vehicle battery size
and reduction ratio using genetic algorithm,” in 2020 11th International
Conference on Mechanical and Aerospace Engineering (ICMAE), 2020,
pp. 281-285.

C. Zhu, F. Lu, H. Zhang, and C. C. Mi, “Robust predictive battery ther-
mal management strategy for connected and automated hybrid electric
vehicles based on thermoelectric parameter uncertainty,” IEEE Jour-

nal of Emerging and Selected Topics in Power Electronics, vol. 6, no. 4,
pp. 1796-1805, 2018.

Y. Huang, E. C. Ng, J. L. Zhou, N. C. Surawski, E. F. Chan, and
G. Hong, “Eco-driving technology for sustainable road transport: A re-
view,” Renewable and Sustainable Energy Reviews, vol. 93, pp. 596-609,
2018, 15sN: 1364-0321. [Online|. Available: https://www.sciencedirect.
com/science/article/pii/S1364032118303745.

Z. Yi and P. H. Bauer, “Optimal stochastic eco-routing solutions for
electric vehicles,” IEEE Transactions on Intelligent Transportation Sys-
tems, vol. 19, no. 12, pp. 3807-3817, 2018.


https://doi.org/10.1177/0018720814546372
https://www.sciencedirect.com/science/article/pii/S030142151400367X
https://www.sciencedirect.com/science/article/pii/S030142151400367X
https://www.sciencedirect.com/science/article/pii/S1364032118303745
https://www.sciencedirect.com/science/article/pii/S1364032118303745

References

[17]

[18]

[19]

[20]

[21]

S. Pourazarm, C. G. Cassandras, and A. Malikopoulos, “Optimal rout-
ing of electric vehicles in networks with charging nodes: A dynamic
programming approach,” in 2014 IEEFE International Electric Vehicle
Conference (IEVC), 2014, pp. 1-T.

L. Z. Velimirovié, A. Janji¢, P. Vranié¢, J. D. Velimirovié, and I. Petkovski,
“Determining the optimal route of electric vehicle using a hybrid algo-
rithm based on fuzzy dynamic programming,” IEEE Transactions on
Fuzzy Systems, vol. 31, no. 2, pp. 609618, 2022.

Y. Zhang, W. Cao, H. Zhao, and S. Gao, “Route planning algorithm
based on dynamic programming for electric vehicles delivering electric
power to a region isolated from power grid,” Artificial Life and Robotics,
vol. 28, no. 3, pp. 583-590, 2023.

B. Lin, B. Ghaddar, and J. Nathwani, “Deep reinforcement learning for
the electric vehicle routing problem with time windows,” IFEFE Trans-
actions on Intelligent Transportation Systems, vol. 23, no. 8, pp. 11 528-
11538, 2021.

R. Basso, B. Kulcsar, I. Sanchez-Diaz, and X. Qu, “Dynamic stochastic
electric vehicle routing with safe reinforcement learning,” Transportation
research part E: logistics and transportation review, vol. 157, p. 102496,
2022.

M. Tang, W. Zhuang, B. Li, H. Liu, Z. Song, and G. Yin, “Energy-
optimal routing for electric vehicles using deep reinforcement learning
with transformer,” Applied Energy, vol. 350, p. 121 711, 2023.

W. Tang and Y. J. Zhang, “A model predictive control approach for
low-complexity electric vehicle charging scheduling: Optimality and scal-
ability,” IEEE Transactions on Power Systems, vol. 32, no. 2, pp. 1050-
1063, 2017.

A. Di Giorgio, F. Liberati, and S. Canale, “Electric vehicles charging
control in a smart grid: A model predictive control approach,” Control
Engineering Practice, vol. 22, pp. 147-162, 2014.

X. Zeng and J. Wang, “A parallel hybrid electric vehicle energy manage-
ment strategy using stochastic model predictive control with road grade
preview,” IEEE Transactions on Control Systems Technology, vol. 23,
no. 6, pp. 2416-2423, 2015.

93



References

[26]

[27]

[28]

[29]

[31]

[32]

o4

R. V. Gamkrelidze, “Discovery of the maximum principle,” in Mathe-
matical events of the twentieth century, Springer, 2006, pp. 85-99.

S. Bauer, A. Suchaneck, and F. Puente Ledn, “Thermal and energy bat-
tery management optimization in electric vehicles using pontryagin’s
maximum principle,” Journal of Power Sources, vol. 246, pp. 808-818,
2014, 1SN: 0378-7753. [Online]. Available: https://www.sciencedirect.
com/science/article/pii/S0378775313013591.

R. Schmid, J. Buerger, and N. Bajcinca, “Energy management strat-
egy for plug-in-hybrid electric vehicles based on predictive pmp,” IEEE
Transactions on Control Systems Technology, vol. 29, no. 6, pp. 2548—
2560, 2021.

M. Salazar, A. Houshmand, C. G. Cassandras, and M. Pavone, “Optimal
routing and energy management strategies for plug-in hybrid electric
vehicles,” in 2019 IEEFE Intelligent Transportation Systems Conference
(ITSC), IEEE, 2019, pp. 733-739.

T. J. Boehme, F. Held, C. Rollinger, H. Rabba, M. Schultalbers, and
B. Lampe, “Application of an optimal control problem to a trip-based
energy management for electric vehicles,” SAFE International Journal of
Alternative Powertrains, vol. 2, no. 1, pp. 115-126, 2013, 1SSN: 21674191,
21674205. Accessed: Feb. 12, 2026. [Online]. Available: http://www .
jstor.org/stable/26167725.

M. Vajedi, “Real-time optimal control of a plug-in hybrid electric vehi-
cle using trip information,” Ph.D. dissertation, University of Waterloo,
2016.

H. Abbas, Y. Kim, J. B. Siegel, and D. M. Rizzo, “Synthesis of pon-
tryagin’s maximum principle analysis for speed profile optimization of
all-electric vehicles,” Journal of Dynamic Systems, Measurement, and
Control, vol. 141, no. 7, p. 071004, Mar. 2019, 1ssN: 0022-0434. [On-
line]. Available: https://doi.org/10.1115/1.4043117.

C. Hou, M. Ouyang, L. Xu, and H. Wang, “Approximate pontryagin’s
minimum principle applied to the energy management of plug-in hybrid
electric vehicles,” Applied Energy, vol. 115, pp. 174-189, 2014, 1SSN:
0306-2619. [Online]. Available: https : //www . sciencedirect . com/
science/article/pii/S0306261913008945.


https://www.sciencedirect.com/science/article/pii/S0378775313013591
https://www.sciencedirect.com/science/article/pii/S0378775313013591
http://www.jstor.org/stable/26167725
http://www.jstor.org/stable/26167725
https://doi.org/10.1115/1.4043117
https://www.sciencedirect.com/science/article/pii/S0306261913008945
https://www.sciencedirect.com/science/article/pii/S0306261913008945

References

[34]

[35]

[36]

[37]

[39]

Y. Ma, Q. Ma, Y. Liu, and J. Gao, “Adaptive optimization control strat-
egy for electric vehicle battery thermal management system based on
pontryagin’s minimal principle,” IEEE Transactions on Transportation
Electrification, vol. 10, no. 2, pp. 3855-3869, 2024.

Y. Tan, J. Mao, and K. Tseng, “Modelling of battery temperature effect
on electrical characteristics of li-ion battery in hybrid electric vehicle,”
in 2011 IEEFE Ninth International Conference on Power Electronics and
Drive Systems, 2011, pp. 637—642.

M. Steinstraeter, T. Heinrich, and M. Lienkamp, “Effect of low temper-
ature on electric vehicle range,” World Electric Vehicle Journal, vol. 12,
no. 3, 2021, 18sN: 2032-6653. [Online]. Available: https://www.mdpi .
com/2032-6653/12/3/115.

J. Lindgren and P. D. Lund, “Effect of extreme temperatures on bat-
tery charging and performance of electric vehicles,” Journal of Power
Sources, vol. 328, pp. 37-45, 2016, 1SsN: 0378-7753. [Online]. Avail-
able: https://www. sciencedirect . com/science/article/pii/
S0378775316308941.

A. 1. Tlies, R. Jané, and A. Fodor, “Battery preconditioning methods
for electric vehicles in cold climates: A comparative review,” in 2025
International Spring Seminar on Electronics Technology (ISSE), 2025,
pp. 1-7.

Y. Li, L. Wang, C. Liao, L. Wu, J. Li, and Y. Guo, “Effects of tem-
perature on dynamic characteristics of li-ion batteries in electric vehicle
applications,” in 2014 IEEE Conference and Expo Transportation Elec-
trification Asia-Pacific (ITEC Asia-Pacific), 2014, pp. 1-6.

S. Tong, M. P. Klein, and J. W. Park, “On-line optimization of battery
open circuit voltage for improved state-of-charge and state-of-health es-
timation,” Journal of Power Sources, vol. 293, pp. 416428, 2015.

S. Boyd and J. Mattingley, “Branch and bound methods,” Notes for
EES364b, Stanford University, vol. 2006, p. 07, 2007.

F. A. Potra and S. J. Wright, “Interior-point methods,” Journal of Com-
putational and Applied Mathematics, vol. 124, no. 1, pp. 281-302, 2000,
Numerical Analysis 2000. Vol. IV: Optimization and Nonlinear Equa-
tions, ISSN: 0377-0427.

%)


https://www.mdpi.com/2032-6653/12/3/115
https://www.mdpi.com/2032-6653/12/3/115
https://www.sciencedirect.com/science/article/pii/S0378775316308941
https://www.sciencedirect.com/science/article/pii/S0378775316308941




	Abstract
	List of Papers
	Acknowledgements
	Acronyms
	I Overview
	1 Introduction
	1.1 Motivation: climate neutrality and electric vehicles
	1.2 Intelligent charge- and trip-planning
	1.3 Thesis contributions
	1.4 Thesis outline

	2 Mathematical modeling and problem formulation
	2.1 Mathematical modeling
	Dynamical system
	Thermal modeling
	Electrical modeling
	Solar irradiance
	Forces acting on the vehicle

	2.2 Optimal control problem formulation
	2.3 Discretization of an OCP
	Forward Euler method
	Runge-Kutta method

	2.4 Discretized OCP

	3 Optimization tools
	3.1 Boundary value problem
	3.2 Shooting method
	3.3 Newton-Raphson method
	3.4 Relaxation of binary variables
	3.5 Interior point method
	3.6 Pontryagin's maximum principle

	4 Assembling the blocks: trip-planning and speed optimization for EVs
	4.1 Computationally feasible solver for ICTP
	4.2 Semi-analytical solution for the charging OCP
	4.3 Solar-powered vehicle racing

	5 Summary of included papers
	5.1 Paper A
	5.2 Paper B
	5.3 Paper C

	6 Concluding Remarks and Future Work
	6.1 Conclusions
	6.2 Future work

	References

	II Papers
	A Computationally efficient algorithm for optimal battery preconditioning and charging of electric vehicles
	1 Introduction
	2 Benchmark problem
	2.1 Vehicle model
	2.2 Charging and driving modes
	2.3 Spatial coordinates in driving mode
	2.4 Normalized time in charging mode
	2.5 Problem statement

	3 Initial guesses
	3.1 Charging stations selection
	3.2 Control inputs in driving mode
	3.3 Control inputs in charging mode

	4 Relaxation of binary variables
	5 Results
	References

	B Electrical vehicles charging: an optimal control approach via Pontryaginˇs Maximum Principle
	1 Introduction
	2 Problem formulation
	2.1 States and control inputs
	2.2 Electrical model of the system
	2.3 Thermal model of the system
	2.4 Bounds on the battery power and energy balance
	2.5 Charging optimization problem

	3 Pontryagin's Maximum Principle (PMP)
	4 Two-point boundary value problem (2PBVP)
	5 Results
	6 Conclusions and future work
	References

	C Optimal energy management under spatio-temporal constraints: an application to solar-powered vehicles
	1 Introduction
	2 Problem formulation
	3 Reformulation in space domain
	4 Solar power and energy
	4.1 Solar irradiance
	4.2 Charging during the TTS
	4.3 Charging while driving and during the LTS

	5 Results from case study: solar-powered EV racing
	5.1 Simulation results
	5.2 Comparison between simulation results and telemetry data from the race

	6 Conclusions and future work
	References




 
 
    
   HistoryItem_V1
   TrimAndShift
        
     Range: From page 3 to page 137; only even numbered pages
     Trim: none
     Shift: move left by 25.51 points
     Normalise (advanced option): 'original'
     Keep bleed margin: no
      

        
     D:20260303102105
      

        
     Shift
     32
            
       D:20260302084043
       841.8898
       a4
       Blank
       595.2756
          

     Tall
     1
     0
     No
     3242
     335
     Fixed
     Left
     25.5118
     0.0000
            
                
         Even
         3
         SubDoc
         137
              

       CurrentAVDoc
          

     None
     0.0000
     Top
      

        
     QITE_QuiteImposingPlus5
     Quite Imposing Plus 5.3r
     Quite Imposing Plus 5
     1
      

        
     2
     137
     135
     67
      

   1
  

    
   HistoryItem_V1
   TrimAndShift
        
     Range: From page 3 to page 137; only odd numbered pages
     Trim: none
     Shift: move right by 25.51 points
     Normalise (advanced option): 'original'
     Keep bleed margin: no
      

        
     D:20260303102115
      

        
     Shift
     32
            
       D:20260302084043
       841.8898
       a4
       Blank
       595.2756
          

     Tall
     1
     0
     No
     3242
     335
    
     Fixed
     Right
     25.5118
     0.0000
            
                
         Odd
         3
         SubDoc
         137
              

       CurrentAVDoc
          

     None
     0.0000
     Top
      

        
     QITE_QuiteImposingPlus5
     Quite Imposing Plus 5.3r
     Quite Imposing Plus 5
     1
      

        
     2
     137
     136
     68
      

   1
  

 HistoryList_V1
 qi2base





