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Abstract

The analysis of data from multiple experiments, such as observations of several individuals, is commonly approached using
mixed-effects models, which account for variation between individuals through hierarchical representations. This makes
mixed-effects models widely applied in fields such as biology, pharmacokinetics, and sociology. In this work, we propose
a novel methodology for scalable Bayesian inference in hierarchical mixed-effects models. Our framework first constructs
amortized approximations of the likelihood and the posterior distribution, which are then rapidly refined for each individual
dataset, to ultimately approximate the parameters posterior across many individuals. The framework is easily trainable, as
it uses mixtures of experts but without neural networks, leading to parsimonious yet expressive surrogate models of the
likelihood and the posterior. We demonstrate the effectiveness of our methodology using challenging stochastic models, such
as mixed-effects stochastic differential equations emerging in systems biology-driven problems. However, the approach is
broadly applicable and can accommodate both stochastic and deterministic models. We show that our approach can seamlessly
handle inference for many parameters. Additionally, we applied our method to a real-data case study of mRNA transfection.
When compared to exact pseudomarginal Bayesian inference, our approach proved to be both fast and competitive in terms
of statistical accuracy.

Keywords Hierarchical models - Likelihood-free inference - Stochastic differential equations - Stochastic chemical reactions

1 Introduction

The analysis of data arising from multiple experiments —
such as observations of individuals across various domains
(e.g., humans, animals, cells, or trees) —has traditionally been
approached using mixed-effects models (Diggle et al. 2002;
Lavielle 2014). These models account for individual vari-
ability by treating model parameters as random variables that
vary between subjects, allowing a hierarchical representation
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of the data. This structure effectively disentangles different
sources of variability, distinguishing intra-individual fluctu-
ations from between-individual differences. Mixed-effects
modeling is widely applied across diverse fields, including
biology, pharmacokinetics and pharmacodynamics, forestry,
sociology, and many other disciplines where understanding
variability across individuals is essential (Davidian and Gilti-
nan 2003). The literature to tackle the inference problem for
mixed-effects models is vast. However, options reduce sub-
stantially when stochastic dynamical models are considered
due to considerably increased theoretical and computational
difficulties. In this work, we present a new strategy for
Bayesian inference in hierarchical nonlinear stochastic mod-
els with mixed-effects. Our approach provides fast to train
semi-amortized approximations to both the likelihood func-
tion and the posterior distribution. We show that this makes
our methodology scalable for an increasing number of indi-
viduals. In particular, we consider stochastic models with
time-dynamics, with a focus on stochastic differential equa-
tions (SDEs) with mixed-effects. However, we consider SDE
models merely to provide illustrative case studies, as the sta-
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tistical inference methodology we propose is agnostic to the
specific type of model used to describe data, the only require-
ment being the availability of a generative model to simulate
data.

Inference for stochastic modelling with mixed-effects is a
challenging area due to the difficulty in (numerically) inte-
grating out the latent quantities that enter the likelihood
function. For example, models for stochastic chemical reac-
tions that are common in systems biology involve either exact
simulators (e.g. the Stochastic Simulation Algorithm, Gille-
spie, 1977, the Extrande method, Voliotis et al., 2016) or
approximate simulators (Gillespie, 2000, Gillespie, 2007),
and all these make the likelihood function intractable, that
is, it is not possible to evaluate the likelihood exactly and is
computationally hard to approximate. For example, when the
model is an SDE, and observations are available at discrete
time points, the unavailability of closed-form transition den-
sities makes the likelihood function intractable (except for the
simplest toy models). The statistical literature to tackle such
difficulty is vast, see eg. Craigmile et al. (2023) for a recent
review. On top of such difficulty, when SDEs are embedded
in a mixed-effects framework, the problem becomes even
harder due to the increased dimension of the integration
problem. Although the literature for mixed-effect SDEs is
available, as collected in Picchini (2025), this is very special-
ized, as methods either tackle very specific models, lacking
generality and well-maintained software, or are general but
computationally very intensive, e.g. when based on particle-
filters (Botha et al. 2021; Wiqvist et al. 2021; Persson et al.
2022).

In this work, we provide a general approach for Bayesian
inference in mixed-effects models having intractable likeli-
hoods, using simulation-based inference (SBI) (see Cranmer
et al., 2020 for a review). The appeal of SBI methods is that
these only require forward-simulation of the model, rather
than the evaluation of a potentially complicated expression
for the likelihood function, assuming it is available. This
allows for approximate frequentist and Bayesian inference,
whenever running the model simulator at many values of
a parameter @ is computationally not too onerous. Indeed,
in SBI, simulated data y are generated as § — M () —
y, where the simulator M can be any generative model.
Provided with many pairs of simulated 6’s and y’s, it is
possible to build inference for given observed data y,,, in
absence of a readily available expression for the likelihood
function p(y,|0), as we briefly summarize in Section 2.
In recent years many SBI methods have focused on using
deep neural networks to approximate conditional densities
(“neural conditional density estimation”), for example to pro-
vide approximations to the posterior p(|y,), the likelihood
p(y,10), or both, see Section 2 for key references. In our
work, we obtain scalable and accurate inference for complex
stochastic models with mixed-effects, without using neural
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conditional density estimation (NCDE). The relevance of
using probabilistic frameworks that are more parsimonious
than neural networks can result in easier analytic tractabil-
ity: in our case, we use Gaussian mixture models (GMMs)
to approximate conditional densities, and the decades-long
research on GMMs (Fruhwirth-Schnatter et al. 2019) pro-
vides estimators via ad-hoc algorithms for their fitting, such
as expectation-maximization (Dempster et al. 1977). More-
over, the estimators obtained from a specific conditional
density (say the likelihood function), when expressed via a
GMM, can easily be transferred to other conditional densities
(eg the posterior) using closed-form algebraic operations.

We build on the SEquential Mixture Posterior and Likeli-
hood Estimation (SeMPLE) methodology (Haggstrom et al.
2024), which efficiently fits training data using a GMM via
an expectation-maximization algorithm. The fitted Gaussian
mixture provides, simultaneously, a closed-form determin-
istic approximation to both the likelihood and the posterior,
which can both be evaluated and sampled from in a Gibbs
sampler. For the case where M individuals are considered,
with corresponding observed data yg') (i =1,..,M), the
surrogates of the likelihood and the posterior constructed
by SeMPLE are called “semi-amortized”, since an initial
amortized approximation of the likelihood p(y|@#) for a
generic y is first obtained, and then rapidly adapted to the
individual-specific data yg), providing an approximation to
the individual p( yé’) |#), without having to re-start separate
fittings completely from scratch for every individual i, but
instead starting from the amortized approximation.

We present two versions of SeMPLE, both delivering
accurate inference, as demonstrated through comparisons
with exact (pseudomarginal) Bayesian inference. The first
version offers greater flexibility by allowing the specification
of both fixed parameters and random effects, although at a
higher computational cost. In contrast, the second version is
designed for enhanced scalability, but requires all parameters
to be treated as random effects. To illustrate our methodology,
we applied it to three case studies based on two models: (i)
a mixed-effects Ornstein-Uhlenbeck state-space model, and
(i1) a mixed-effects SDE model (used to describe translation
kinetics following mRNA transfection) which is tested using
both simulated and real-world data. The code is available at
https://github.com/henhagg/semple_mem.

2 Related work

Simulation-based inference (SBI) methods, reviewed e.g.
in Cranmer et al. (2020) and Pesonen et al. (2023), have
also been called “likelihood-free inference”, where the lat-
ter has been used especially with reference to approximate
Bayesian computation (ABC) (Marin et al. 2012; Sisson et al.
2018), synthetic likelihoods (Wood 2010; Price et al. 2018),
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and pseudomarginal Markov chain Monte Carlo methods
(Andrieu and Roberts 2009; Andrieu et al. 2010) when sim-
ple forward simulation is possible (as when the bootstrap
filter is used to unbiasedly approximate the likelihood). The
mentioned approaches have also been denoted as “statisti-
cal SBI” in Wang et al. (2024), to distinguish those from
more recent methods exploiting neural networks (typically
normalizing flows, Rezende and Mohamed, 2015; Papa-
makarios et al., 2021) to approximate conditional densities,
so-called “neural conditional density estimation” (NCDE),
which have gained considerable attention. NCDE has been
used to approximate likelihoods (Papamakarios et al., 2019;
Chen et al., 2021), posterior distributions (Papamakarios and
Murray 2016; Greenberg et al. 2019; Durkan et al. 2020;
Chen et al. 2021; Miller et al. 2021; Delaunoy et al. 2022),
or the likelihood and the posterior simultaneously (Wiqvist
etal. 2021; Radev et al. 2023). Moreover, NCDE approaches
have been used both to sequentially refine inference condi-
tionally on a specific observed data set y,, but also in an
amortized way, see the review in Zammit-Mangion et al.
(2024). For amortized approaches, the trained network does
not depend on any specific y, and therefore, once training
has completed, it can be used to rapidly produce conditional
density estimation for any y,, though this happens at a large
upfront resource investment to obtain the amortized network
in the first place. Regarding non-amortized approaches, com-
parisons between some of the methods are available, e.g., in
Greenberg et al. (2019) and Haggstrom et al. (2024).

For the specific case of non-SBI inference for mixed-
effects stochastic dynamic models, the range of inference
options is large (Picchini 2025). However, this range shrinks
considerably when SBI methods are considered: for the lat-
ter, methods for mixed-effects stochastic dynamic models
revolve almost exclusively around pseudomarginal Markov
chain Monte Carlo (pMCMC) (Whitaker et al. 2017; Wiqvist
et al. 2021; Botha et al. 2021; Persson et al. 2022), and an
exception within SBI is the NCDE-based posterior inference
in Arruda et al. (2024). The advantage of pMCMC methods
is that they produce exact Bayesian inference in the limit
of an infinite number of MCMC iterations. Therefore, when
it is possible to use pMCMC, this provides gold-standard
Bayesian inference. However, in practice, for pMCMC to
be effective, advanced proposal mechanisms for the solution
paths of the models are often needed, to reduce the variance
of Monte-Carlo based likelihood approximations (typically
via particle filters) and hence reduce the runtime to prop-
erly explore the posterior surface. In pMCMC, constructing
proposals for the solution’s paths is a challenging and highly-
specialized task (examples are Golightly and Wilkinson,
2011; Del Moral and Murray, 2015; Schauer et al., 2017),
and bespoke constructions often need to be produced for
any different attempted model, and often depend on specific
assumptions on the measurement error (e.g, a linear observa-

tion model with Gaussian measurement error). Moreover, the
tuning of the parameter proposal in pMCMC (and especially
its initialization) can be tedious and prone to trial-and-error.
This is why alternative SBI methods that rely solely on “sim-
ple” forward model simulation are particularly appealing,
as they facilitate learning the mapping between simulated
and simulated y. In our work, the goal is to construct sur-
rogate deterministic approximations of the likelihood and
posterior, rather than stochastic likelihood approximations
as generated in pMCMC. In doing so, we do not employ
NCDE, in contrast to Arruda et al. (2024), and instead pro-
vide a more parsimonious framework which is nevertheless
expressive enough to produce accurate Bayesian inference.
Before moving further, we wish to remind the reader that in
SBI it is typical to conduct inference based on summaries
S(y) (provided by a data-reduction mapping) of y, rather
than inference based on y itself, where S(y) is a set of statis-
tics of y that are deemed informative about # (Fearnhead and
Prangle 2012; Wiqvist et al. 2019; Akesson et al. 2021) but
are low-dimensional compared to y. In our examples we do
not employ summaries, and therefore we do not discuss this
aspect further, however our methodology could accommo-
date inference based on some S(y) should it be necessary,
and in such case all the instances where y appears could be
substituted with S(y).

3 Stochastic differential equation
mixed-effects models

As mentioned in the introduction, we may consider any gen-
erative model M to describe time-dynamics in the data. We
choose to provide illustrations based on models employ-
ing stochastic differential equations, however these could
be substituted with other models, for example solvers for
Markov jump processes for stochastic chemical reactions.
Consider data from a population of M individuals. Assume
that the dynamics for each individual i are described by a
stochastic process { X ;l)} >0 indexed by ¢ (where ¢ often indi-
cates time though it can also be something different), where
X;l) e R4 for every ¢ and every i = 1,..., M. Assume
dynamics governed by the following stochastic differential
equations (SDEs)

dxD = (X, ¢O, k., 0dt + o(X,, D, k., 1)d B
XV =x i=1,..,M,
c® ~ n(cly), i=1,... M,

(D
where p is a d-dimensional drift vector, the diffusion coef-

ficient o is a d x d positive definite matrix, each Bfi)
denotes a vector of d independent Wiener processes. In
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(1) we assume individual-specific parameters ¢} € RY,
while k € R? is common to all individuals and € RY.
For the individual-specific parameters we assume ¢} ~
w(c|ny) (i =1,..., M)andwedenote their collection across
all subjectsas ¢ = (c(l), A c(M)). The parameter 5 is called
“population parameter” as it is underlying the distribution of
all the ¢, and as such it does not vary with i. Similarly,
parameter k is also assumed not to vary with i and as such
is common to all subjects, however, unlike » for the g g
does not identify the distribution of any other random param-
eter. ‘

The process {X ;l)} may be observed directly (ie without
error) or indirectly: here we consider the general observa-
tional model (2) where it is also possible to have noisy
observations y(') that are conditionally independent (given
the latent process), and that are linked to {X Ei)} via
YO =exP ey, eV ~m) i=1,....M,
where Yﬁi) € RY%, with d, < d, sgi) € R represents
measurement errors with distribution 1 (§) parameterised by
the vector & € R®, and g(-) is a (possibly non-linear) func-
tion. We exemplify the dependence relationship between the
introduced parameters and the stochastic processes in Fig-
ure 1. Evidently, if we assume no measurement error, then
the observations vy are direct (error-free) observations of
{X t(l)}lZO‘ Assume that noisy observations are collected at
time-points {t1, f2, ..., f;}, then we can have the case where
at observational time ¢; the observation yg_) is a vector of
length d,,, where having d, = d corresponds to the system

being fully observed at ¢;, whereas having d, < d opens
up for {X (i)} being “partially observed”. A typical example
would be Y(’) F(’)X(l) + et('), where the Fg) ared, x d
matrices of known coefﬁc1ents In the notation introduced,
we assumed for simplicity that the observational times are
the same for all individuals, but we could have also used
{tl(l), tz(l), e t,(,f.)} and assumed that the set of observations
are of different lengths n; for different individuals: this can
be handled in our framework but we decided to keep the nota-
tion lighter, for ease of reading. The vector of observed data
for subject i is therefore y(') = (ygl,)o, - y,(f)o) € Rdoxn
where we used the shorthand yy) = y,’) The full set
of observatlons stacks all individual observatlons as y, =
( y(l) e yo M) )T. To simplify the reading, in next sections we
will use y to denote a generic dataset, observed or simulated,
and we will distinguish the two cases only when necessary.

Equations (1)-(2) define a very flexible model, a stochas-
tic differential equation mixed-effects model (SDEMEM),
which is able to represent (i) stochastic intra-individual vari-
ation (via the diffusion terms in the SDEs), (ii) between indi-
viduals variation (via the distribution 77 (¢|#) of the individual
parameters) and (iii) (optional) measurement variability (via
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7. (€)), if measurement error is at all considered. The model
(1)-(2) is a state-space model, namely the latent process
is Markovian and observations are assumed conditionally
independent given the latent process. The Markovianity of
{X t(l) }s>0 implies that, in principle, exact simulation of solu-
tion paths to SDEs could arise either by sampling directly
from the transition density x" ~ 7(x"[x{", ¢®, k), for
s < t, or using rejection sampling approaches (Beskos
and Roberts 2005; Beskos et al. 2006). However, typically,
and except for the simplest cases, exact approaches are not
feasible, and numerical approximations (schemes) are imple-
mented instead. Here we consider the simplest and most
commonly used approximation scheme, which is the Euler-
Maruyama scheme, where the solution xil) at time ¢ is
advanced to time ¢t + A; via

xfﬁA —x,’)+u(x(’) D e 1A,
+ox,eD k1) u?, 3)
where u ~ N, A IdXd) for some step size A; > 0

and condltlonally on ¢ and k. Here and in the following
we use N (m, X) to denote a multivariate Gaussian distri-
butions with mean m and covariance matrix X. However,
whenever possible, more accurate numerical scheme should
be considered for the solution of the SDE in (1) (a recent
monograph is Higham and Kloeden, 2021), for example
Buckwar et al. (2020) displays the inference bias in the pos-
terior of the parameters when certain SDEs are solved using
Euler-Maruyama. In conclusion, the generative model that
in Section 1 was denoted M (#), here it is represented by
(1)-(2). While we could also denote the generative model
with M (@), since a numerical scheme with stepsize A
is required to solve the SDE, for simplicity we will keep
using M (@). Importantly, while in this work the applications
and case-studies focus on inference for SDE mixed-effects
models, where observations arise from a state-space model
formulation (1)-(2), this is only a possible example of appli-
cation of the methodology offered in Sections 5-6. In fact, in
Hiaggstrom et al. (2024) the original SeMPLE methodology,
which was not specialized to mixed-effects state-space SDE
models, was tested on examples that included both static and
dynamic models, the only requirement being the ability to
simulate data from a generative model M (@). Therefore, in
this work we confirm that the methodology in Haggstrom
et al. (2024) is flexible. As an additional possibility (not
pursued in this work), it would not be difficult to show the
possibility to accommodate, for example observations aris-
ing from non-Markovian processes {X },>0, or where the
Y,(l) 1X) are not conditionally independent.
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Fig.1 Bayesian network model
structure for a SDE
mixed-effects model

Population parameters

Measurement noise

Common parameters parameters

4 Bayesian inference for SDEMEMs

As mentioned in the previous section, we will use y to denote
both simulated data and observed data, and we will make use
of the notation y, for observed data only when necessary.
Denoting with y = (y(U, ..., y™))T the stacked data from
all M individuals, the full vector of parameters to learn is
0 = (c,k,n, &), where ¢ = (¢V, ..., ¢™)). Notice, if data
are not assumed to be affected with measurement error, then
& is not included in 0. Below we consider the most general
scenario. Assume that the ¢)’s are mutually independent
and that data y® are independent conditionally on the ¢)s.
We wish to sample from the full posterior distribution

”(Cv’Cvﬂ,ﬂy)CX

M
wle, . &) [[r P 1e?, k&) (D),
i=1

“

where the individual likelihoods are obtained by the marginal-
ization

n(y(i) ek, & = /.n(y(i)’ MONOR E)dx(i) )
= f l_[r[(y;l)|x;l)’s)n(x(()l)lc(,)’lc)x
j=1
n ] ‘ ‘
HTF(X;Z) |x§’11,c(1),lc)dx(()l)...dxflt)’ ©)
j=1

@ — L0

where the x j =X are values of the {X ;i)},zo process at

the observational times, and where xg) is a starting value for

{X ,(i)},zo at time ¢t = (. The integral (6) is generally analyt-
ically intractable, except for simple cases, which motivates
the need for either particle methods (sequential Monte Carlo)
to get an unbiased estimate of the individual likelihood or,
as we propose, a simulation-based method that provides a
deterministic surrogate model as an approximation of the
individual likelihood.

The graphical dependency in Figure 1, coupled with the
state-space structure of the model (equations (1)-(2)), sug-
gests a natural factorization of the full posterior (4), from
which we sample using a Gibbs sampler, following Wiqvist
et al. (2021), Botha et al. (2021), Persson et al. (2022), who
used the same factorization for SDEMEMs. The Gibbs sam-
pler iterates through the following steps

M
step 1: w(c |, & y) o [ [ Imm(y® 1@, ke, &)
i=1
(7
M
step 2: (i, & e, m, y) ocw(ie, &) [ [r vV 1D 1, &) (8)
i=1
M .
step 3: w(n| e, ke, &, y) ocw(p) [ [ (e [ m). ©)

i=1

Notice that the first step (equation (7)) is equivalent to (10),
which in practice we employ in our implementation. That is,
since we assume that data from each individual i are condi-
tionally independent from the data of another individual i’
(i’ # i), then we can separately sample each individual ¢
(i=1,.., M)from

2w, .8y D) o )a(y? ek, 8),  (10)
then stack the obtained draws into ¢. The fact that the first step
is broken-down into M independent contributions allows for
parallelization, and in case of a large number of individu-
als this could reduce the runtime significantly. The second
step in the Gibbs sampler pertains to the sampling of fixed
effect parameters « and &, which are shared by all individ-
uals, and the fact that their sampling is separated from that
of the ¢’s allows (k, &) to be treated as common across all
individuals. Notice that our treatment is different from, for
example, Arruda et al. (2024) where such shared parameters
are modeled as random effects with zero variance. A good
reason for considering a Gibbs sampler is that its first step (7)
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(or equivalently (10)), which requires a Metropolis-within-
Gibbs approach, can benefit from an automatically learned
proposal sampler that is particularly suited for multimodal
targets, as we detail in Section 5. However, in practice, sam-
pling from (7)-(8) when dealing with SDEMEMs is difficult,
in that the individual likelihoods 7 (y® | ¢, k, &) are typ-
ically intractable large-dimensional integrals (see (6)) that
get approximated via Monte Carlo simulations, and we refer
to Wiqvist et al. (2019), Botha et al. (2021) and Persson
et al. (2022) for powerful but computer intensive approaches
based on particle filters. Even worse, these computationally
intensive Monte Carlo approximations, resulting in pseudo-
marginal pMCMC methods, are difficult to tune and have
to be re-executed for any considered # and whenever a new
y is considered. Hence large values of individuals (M) can
break down the feasibility of such approaches (but see the
ameliorating strategies in Persson et al., 2022). To address
this problem, in the next section, we show how to obtain both
an amortized surrogate likelihood model, and an amortized
surrogate posterior model in the form of two Gaussian mix-
ture models (“mixture of experts”). Moreover, we anticipate
that there can be computational advantages in eliminating the
second Gibbs step (hence assuming that all parameters are
random effects), which is discussed in Section 6.1.

5 Likelihood and posterior estimation via
mixtures of experts

The main contribution of this work is to create a framework
for Bayesian inference where the likelihood 7 (y | ¢, k, &) is
first approximated in an amortized way and then is special-
ized to a given observation yg) (for every i = 1,..., M).
We say that our method is “semi-amortized” because, unlike
amortized procedures, we do not simply plug the observa-
tion yg) into an amortized approximation of 7 (y |c, k, &)
that can be evaluated, but instead start from an amortized
likelihood, and this is sequentially refined for the spe-
cific observation y((,i), to provide the final n(y((,i) le® K, £).
We will see that the same computations involved in pro-
ducing the approximation to 7 ( y((f) ¢®, Kk, &) will return,
as a by-product and without any further computation, an
approximation to the posterior (¢, k, & | y). This is
achieved via the SEquential Mixtures Posterior and Like-
lihood Estimation (SeMPLE) inference of Héggstrom et al.
(2024). Once all individual likelihoods 7 ( yg’) | ¢k, &) are
approximated with deterministic surrogate functions, they
are used in place of intractable likelihoods in (7) and (8).
This is different from the pseudomarginal MCMC approach
in Wiqvist et al. (2021), Botha et al. (2021) and Persson
et al. (2022), that compute Monte Carlo estimates of the
likelihoods 7 (y® | ¢®, i, £). It is of interest to investigate
whether the surrogate likelihoods from SeMPLE provide
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accurate approximations of the true intractable likelihood
and, thus, accurate posterior inference. It is also of inter-
est to discuss the computational footprint of using SeMPLE
to estimate the likelihoods, compared to gold-standard pseu-
domarginal methods for SDEMEMs.

The remaining of this section (up until equation (23))
is not specific to stochastic mixed effects models, and
here we use y to denote a generic observable and 6 to
denote a generic model parameter. SeMPLE uses surro-
gates that are mixture-of-experts whose parameters are fitted
via expectation-maximization (Xu et al. 1994) on training
data obtained via an efficient Markov chain Monte Carlo
(MCMC ) algorithm. The SeMPLE approach makes repeated
use, in a sequential way, of Gaussian locally linear mappings
(GLLiM, Deleforge et al., 2014). GLLiM introduces a mix-
ture of experts in the form of a GMM defined on the joint
distribution for (6, y). The relationship between y € R%*"
and 0 € R! is assumed to be locally linear, defined using
a latent variable z € {1, ..., K}, via the following surrogate
generative model

K
¥ = T (A + by + &), (11)
k=1

where I denotes the indicator function, and A € R@oxmx!
and by € R%*" are matrices and vectors, respectively, defin-
ing the affine transformation of 6 in (11), while €; € Rdoxn
corresponds to an error term capturing both the observa-
tional noise and the modelling error due to assuming an
affine approximation for the data. In the following we con-
sider Gaussian noise, €x ~ N (0, X;), and assume €, to not
depend on @, y nor z.

Conditionally on component z = k, an approximate gen-
erative model is given by

33160,z = k) = N (y; Ab + by, Zp). (12)

To complete the hierarchical model, 6 is assumed to follow
a mixture of Gaussian distributions specified by

4301z =k) = Ni0; 5, Th), qzz=hb=m. (13
The GLLiM hierarchical construction above (eq.(11) to (13))
defines a joint GMM on (y, 6):
K
25(5.0)="_q3(y10, 2=k)q3(0|z=k)g5(z=k),
k=1
where the full vector of mixture model parameters is (;S =

{7k, Vi, T, Ax, by, 2 }K_|. Given this joint distribution, we
can easily deduce the conditional distributions g A (y10) and
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q¢(0 | y) in closed-form. First, we have the surrogate likeli-
hood

K

23y 10) =) ax@ON(y; Akb + by, Zo), (14)
k=1

with

NI (0; By, Ty)

P (0) = .
D SN VITIEN )

15)

Notice the important distinction that g p (y10) is the approxi-

mate (surrogate) likelihood, while 7 (y|@) is the true (unknown)

likelihood that underlines the generative model that we
denoted with M (#) in Section 1 and that, for SDEMEMs,
corresponds to equations (1)-(2). As a consequence of assum-
ing a mixture model as the joint model for (y, @), we
immediately obtain also a surrogate posterior, without the
need for further training, and this posterior is given by

K
a0 1y) =Y ok (»NIO; Ary + br, Tp), (16)
k=1

with

TN (y; v, Ti)
Z;(:l TN (y; Vj,rj)’

wr(y) = 7)

where ¢ = {my, vy, g, Ag, by, Ek},le. The surrogate (16)
is obtained instantaneously and in closed-form, because we
have the following algebraic relationships deduced from é
(Deleforge et al. 2014):

v = Ay + by, (18)
T=%+ z‘fkfkf{kT, (19)
o= (T, + A 3 A7 (20)
Ap =S4 B 1)
be = i (Fy o — A 55 b)), (22)

Therefore, given training data of model parameters and sim-
ulated data {0 ;, y j }?’:1, (}) is first estimated via expectation-
maximization (EM, Xu et al., 1994; Deleforge et al., 2014),
to produce g s (¥ | 6), and then the corresponding approxima-
tion for ¢ is obtained at no cost via (18)—(22), so that the
surrogate posterior g¢ (6 | y) is also identified. To run EM,
our implementation of SeMPLE uses the R xLLiM pack-
age (Perthame et al. 2022), which gives several options to
parametrize the covariance matrices % (and hence, implic-
itly, also the Xj), see Appendix B for more details. Before
moving forward, notice that the number of components K

used either in (14) or (16) can be set in a principled way, as
described in Appendix B, where the Bayesian information
criterion (BIC) is employed.

Rewriting the Gibbs sampler in equations (7)-(9) with the
surrogate likelihood ¢; results in the following approximated
Gibbs steps (the third step is still exact as it does not involve
likelihoods)

A i, n, &y o 1) gz(y VeV ke, ), (23)
i=1, ..M.

M
Al &len, y) (e, &) [ [agv @ 1e? e, 8) 24
i=1

M
w(nle k& y) o [[re? . (25)

i=1

Note that, in terms of the GLLiM notation, we have § =
(c, k, &) rather than @ = (c, k, 1, &), and this is because,
since the third Gibbs step does not involve likelihoods,
GLLiM is not used to infer p, given that » can be sam-
pled in (25) in an exact way, either via conjugacy or using
of-the-shelves algorithms such as the No-U-Turn Sampler
(NUTS, Hoffman and Gelman, 2014), which we employed
via the probabilistic framework Stan (Stan Development
Team 2023), using default settings. As the surrogate like-
lihood provided by GLLiM is a mixture of Gaussians,
this is differentiable, and therefore, it is possible to use
gradient-informed MCMC methods such as NUTS, as imple-
mented in Stan. Compared to the previously mentioned
pseudo-marginal method found in Persson et al. (2022) and
named PEPSDI (standing for Particles Engine for Population
Stochastic DynamIcs), which requires non-trivial tuning of
the covariance matrix of the proposal kernel, we found that
with Stan the implemented warm-up scheme worked well
without user input, when provided with a reasonable start-
guess for 6.

However, as we motivate in Section 6, we will prefer to
employ g4 (0]y) as a multimodal proposal sampler in step 1
(eq. (23)), and instead employ HMC only for the other two
steps. Furthermore, in Section 6.1, we illustrate another, more
scalable, Gibbs sampler associated to assuming all parame-
ters as random effects. To efficiently apply this sampler with
the surrogate likelihood, we first train the GLLiM model on
simulated data in a sequential manner, ensuring that the data
become increasingly informative for the observed y,. The
full procedure is described in the SeMPLE mixed-effects
algorithm in the following section.
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Algorithm 1 SeMPLE for mixed-effects models

Algorithm 2 Independence-Metropolis-Hastings for ¢

Input: 7(c|n), 7(n), 7(k, &), observed data {y )}l |» simula-
tor T (y | ¢, k, &), positive integers R (number of SeMPLE rounds), N
(number of prior predictive simulations at round r = 0), N, (number
of Gibbs samples).
Output: Posterior samples {{c y)}l nInInn i\/ |
Round » =0

: Sample iid n;~ a(m),j=1,...N

: Sample ¢; ~ 7 (c| ﬂj),j =1,..,.N

: Sample (lc_,»,‘;‘j) ~n(k,&),j=1,.,N

: Simulate N single-individual datasets y) ~ 7 (y | ¢ N3] hi=
1,...N

: Collect Dy = {(c,-,:c,-,:;j),yj}jY:I

: Train single individual likelihood 4, (yle, k, &) onDy.

7: Obtain gg(c,k,&|y) in closed form from a4, (y|e, kK, &), using

(18)—(22).

A W =

A W

Round r =1
9:fori =1:Mdo

10:  Sample from surrogate posterior iid (c(’) (') 5(’) )

gy (€5 K, ély(’)) j=1..N/M
11: Slmulatey ~7r(y|c5’) ® E(’)) j=1,...N/M
. (i) () () () N/M
12: Collect D} = {(c’ ! ’;" ), ¥y Vidi
13: end for
14: Train single individual likelihood qJ)](ylc,lc,S) on D =
Mo
U= D1

15: Obtain gg¢, (¢, &, & | y) in closed form from 94, (yle, k, &), using
(18)—(22).

16: Initialize ¢y < cy/m, (K1, &) = (Kn/m, §N/M), and n; ~ w(n)
17: forr =2: Rdo
18: for j =2: N, do
¢~ N(C(l) Inj-1qg,
19: Sample new —i=1,..,
G el ki g

M via
Algorithm 2

(,@)~nw,lglﬂ1% o e,

20: Sample new
Kj-1, sj—l)
via HMC .
21: Sample new 5; ~ 7 (;_1) I—[f‘iI zr(c;’) [7;_1) via HMC or
conjugacy _ .
22: Simulate y;') ~n(yl c(/.'), Kj &), i=1,...M
23:  end for ’

oY, oy Ve
24: CollectD,:{{c Mk, £ {y; [l } o

25:  Train single individual likelihood 9, (yle,k, & on s, D5

26:  Obtain g¢ (c,k,&|y) in closed form from qéo(ylc, K, &),
using (18)—(22).

27: end for

6 SeMPLE for mixed-effects models

Now that we have outlined (in Section 5) the flexible structure
of SeMPLE for a generic generative model M, giving rise to
simulated observations y or actual observations y,, we now
specialize it to the case where M is a state-space model with
mixed-effects. Therefore, by recalling Section 3, we now

@ Springer

(el yf,i)) produces independent
(@)

Here round r is r > 2 and gg¢,_
~(0)

samples. For the initial value ¢}, pick the last value ¢’; P | stored in
the Markov chain from the previous Gibbs run.
1: Propose c(’) ~q¢, ,(c| y(’) ) independently,
&) (i) | 50) QIIN0)
. min{l, :EZZ):n,il)qi, L0 \f*l) K/v . E{ D g, '(c(lnlyf,))}
1mj-vag o0 e dj-1.6j-1)  dg,_ @ 1yo))
3: Sample u ~ U[0, 1]
4: if u < a then
500 &) =¢®
6: else )
7. &) =¢)
8: endif
9: c;l) = 2'(21)

have to consider that y, consists of a collection of observa-
tions y(i) across M individuals, hence y, = (y(l), y(M)),
that individual data y) are conditionally independent given
random effects ¢, and that for each individual the observed
data y(’) at time ¢, are considered as noisy observations of a
latent process X ;i) at time 7.

Our inference approach alternates between the following
two tasks: (i) sampling via Gibbs a batch of size N, (or N
depending on cases) of parameters § = (c, k, 1, §) from (an
approximation of) the full posterior, and (ii) training the sur-

rogate posterior and surrogate likelihood by fitting a dataset

Ng or N . . e .
D = {0 y;} j=1  using expectation-maximization (via

GLLiM, as introduced in Section 5), where § ; — M(0 ;) —
y ;- The training step (ii) is repeated for R “rounds”, each
producing increasingly more accurate approximations of the
likelihood and the posterior for the given observed data,
and the latter approximations are then used in the sampling
step, to provide posterior samples of increasing quality. The
cycle alternating between sampling and training is repeated
R times, and the samples obtained at the R-th round provide
the final (SeMPLE) inference. In the following, for simplic-
ity of notation, we assume N to be an integer multiple of M,
so that N/M is integer.

The SeMPLE inference scheme for mixed-effects models
is described in Algorithm 1. We will see that the surrogate
likelihood and the surrogate posterior are initially amortized,
and then become specialized to the specific observed data
¥, At first, in round r = 0, an initial batch of N tuples
Dy = {(cj.kj, &), yj};\’:1 are produced from the prior-
predictive distributions (steps 1-4 of Algorithm 1). Notice,
here each simulated y; € R%*" has the same dimension

of data from a single individual y(l) and not the dimension
R(@xm*M of the full dataset y, = {y(')}l_l, that is, y; is
not a collection of M simulated individual datasets. Simi-
larly, each ¢; € R" inside Dy has the same dimension of

n “individual ¢”. The set Dy constitutes the initial train-
ing data for GLLiM, and with this training data we apply
the methodology in Section 5 to obtain an amortized surro-
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gate likelihood a4, (yle, K, &) (step 6) with input argument
y € R%*" that is a generic single-individual data. This
is a key aspect of our methodology, because after training
we can plug observations from any individual y <« y((,’)
intog o (y | ¢, k, &), and therefore immediately evaluate each

individual likelihood ¢ Iy (¥o ® | c, k, &) at observed data y(’).
For extra clarity, it is useful to remark once more that in
Do we have stacked many individual {c¢ ]}N | parameters,
with dim(c;) = d1m(c(’)) = u, and therefore, with some
abuse of notation', the dimension of the ¢ that we write
inside q%(y lc,k, &) and in gg,(c, k, & | y) (step 7), is the

same dimension of an “individual ¢®”, and this feature is
preserved in the next rounds of SeMPLE. In steps 6-7 of
Algorithm 1 the mixture model parameters J)O are obtained
(via EM within GLLiM, as in Section 5) to produce the initial
amortized single-individual likelihood 4§, (yle,k, &), and
then by using using (18)—(22) we immediately deduce ¢,
and hence the corresponding amortized surrogate posterior
qe,(C, K, & | y) where, again, y € R%*" has the dimensions
of single-individual data. This concludes round r = 0 of
SeMPLE.

Next comes round » = 1, where steps 10-11 of Algo-
rithm 1 aim to refine the training data by collecting sim-
ulated parameters and simulated data that are conditional
to the observed y,(f). This is done by sampling N/M
times from the learned amortized posterior, by first input-
ing y@ « yg) inside gg¢,(c, k, § | y), and then sampling
(cg.i) x(f) ‘;'(.i)) ~ qg,(c Kk, & | yg,i)) (step 10). At this stage,
samplmg fromgg,(c, k, § | y(’)) is trivial to do (the surrogate
posterior is a Gaussian mixture model), and then, condi-
tionally on each of the N/M posterior draws, in step 11
we produce a corresponding simulated observation y

p(yle x
tor for (2)). Note that we use the notation lc;') and ’;'(’) to

emphasize that the shared parameters « and ’g‘ are sampled
from the surrogate posterior conditional on y(, Hence, IC(l )

(’) E(')) (implicitly from the computer simula-

and & ;) depend only on the observation yo and not on all
M individuals in the data y,. The surrogate posterior sam-
ples and the simulated observations are then collected into
a new training data set D(i) = {(c (,i) @ E(’)) (’)}N/M.
This is repeated for each 1nd1v1dua1 i and GLL1M is then
trained on the union of training data sets from all individuals
D = U,Ai 1 Dg’), to return new estimators g51 and ¢, and
hence a new surrogate likelihood g é, (yle, k, &) (where any

observed individual y((,i) can be plugged in place of y) and a
corresponding surrogate posterior gg, (¢, ., § | y) (steps 14-
15). This concludes round » = 1. Training GLLiM on the

! In fact, here ¢ is to be interpreted as a u-dimensional real variable, and
not as the collection of M individual parameters D, ..., ™M) that we
defined in section 3.

full data set D is preferable to training M specialized sur-
rogates, separately, each on a corresponding data set Dg’).
This is preferable since a single GLLiM model needs to be
trained, and this improves scalability with respect to the num-
ber of individuals M. While fitting a single GLLiM model
may not be particularly computationally demandrng, instead
doing so M times, independently, once for each Dl , could
results in a very high computational effort when M is very
large. In addition, the single learned GLLiM model benefits
from training on a larger dataset from the same underlying
model, which could improve the approximation. Individual
likelihood and posterior approximations can then be obtained
simply by imputing data yo) and parameters ¢) from a spe-
cific individual i. Notice that it is possible for samples from
the initial surrogate (c(') (') ‘;'(')) ~ qp,(c, K, E | y(l)) to
“leak” outside of the prror s support if this is bounded (the
leaking is not possible in later steps where a Metropolis-
Hastings regularization is implemented), therefore step 10 in
Algorithm 1 could also be written to include a rejection proce-
dure whenever n(c(’> (l) §(l>) =0,s0 that the sampling is
repeated until N /M parameters having 7 (¢! e 5.'), Eg')) >0
are collected.

Next come the remaining rounds r = 2,..., R, and
unlike for » = 1, posterior sampling now becomes less
immediate, since the product of the surrogate likelihood
with the prior is not necessarily proportional to the density
of a Gaussian mixture. This is why we now incorporate a
Metropolis-within-Gibbs strategy. After initializing c, k, &
and n (step 16), the remaining part of the algorithm concerns
obtaining further refined surrogate likelihood and posterior,
where training data includes N, samples from the Gibbs
steps in eq. (23)-(25), by utilizing the surrogate likelihood
3, (yl¢c, k, &) and posterior gg, (c, k, & | y). First, the indi-
vidual parameters ¢®) in (23) are sampled for subject i
independently of other subjects (step 19) according to an
independence-Metropolis-Hastings algorithm (Robert and
Casella 2004), which is detailed in Algorithm 2 and that
we Justlfy further below. Note that the surrogate posterior
qe(c| yo ) where the components corresponding to k and &
have been marginalized out, is being used as a self-tuned pro-
posal distribution in Algorithm 2 (it is “self-tuned” because
(i) the means and covariance matrices of its components have
been automatically provided by the EM procedure, and (ii)
it is conditional to the observed data y,, ). _

Proposing independently from gg¢ (- | yg’)) is a key fea-
ture of SeMPLE: since this proposal function is a mixture
model, it is particularly suited for the exploration of multi-
modal posteriors, and the fact that it has been derived from
the same training data as for the surrogate likelihood (and has
the same number of components as the mixture model of the
likelihood) makes it an appropriate proposal sampler. More-
over, g¢(-| y,, ) is conditional on the individual-specific
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yg), and this makes it particularly well-informed for the

task of sampling specifically ¢ in (23). Next, in step
20, k and & are updated by targeting the posterior propor-
tional to (-1, &) T2y g5, 06 1€ ko180,
however here the sampling is instead carrled out using
NUTS, and we justify this specific choice further below. To
run NUTS we use Stan (Stan Development Team 2023)
through the interfaces RStan (Stan Development Team
2024) and cmdstanr (Gabry et al. 2024). The final step
of the Gibbs sampler (step 21 in Algorithm 1) does not
involve surrogate likelihoods, and can therefore be easily
dealt via NUTS, or can be sampled exactly by using Normal-
Gamma conjugate priors, as detailed in Appendix A. We
plug the newly obtained samples into the computer simula-
tor for (2) to obtain y;.') ~ p(y| cy), K, ’;'j), i=1,...M.
The procedure is then repeated to obtain N, samples of
each parameter and corresponding simulated observations.
The Gibbs samples and corresponding simulated observa-
tions for all M individuals are collected into a data set

D\ M @ | Ve
Dy = [}, 7. & 1y VL, | - and GLLM s then

trained on all data sets up until this point U7—; D5 (with the
exception of the prior-predictive data Dy which is deemed
too uninformative to refine surrogates for specific observed
data), to obtain an updated surrogate likelihood and poste-
rior g, (yle,k, &) and g¢ (c,k,&|y) respectively (steps
25-26). The full Gibbs procedure is then repeated with the
new surrogate likelihood and posterior until the final round
R is reached.

The reason for using NUTS in step 20, instead of using
the surrogate posterior q¢(c<i), K,&| ys]’) ) as independence
proposal distribution, is that when new values for k¥ and & are
sampled, they need to be proposed conditional on all observa-
tionsin y, = (yg]), ce ng)). This is not compatible with
the individual surrogate posterior g¢ (€D K, &| y,(,i)) that we
learn with SeMPLE, as each individual surrogate distribu-
tion depends only on the observation of one individual y(l).
To circumvent this, one would need to train an additional
“global” surrogate model g¢(c, k, & | y,) that is conditional
on the entire observed data set of M subjects. However, for
increasing M, the dimension of y, may become too large to
fit a GLLiM model to “raw data” (ie non-summarized data)
in this way. Hence, we use NUTS to propose new values for
k and &. This problem may be relaxed if the inference was
based not on the raw observed data, but on summary statistics
thereof, and hence reduce the data-dimensionality problem
as commonly done in approximate Bayesian computation lit-
erature. In Section 6.1 we illustrate an opportunity to obtain
a much more scalable Gibbs sampler, that corresponds to a
slightly different model formulation.

Notice that the number of components K may progres-
sively reduce during several rounds of Algorithm 1, as the
implementation of the EM step in the xL.L iM package auto-
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matically removes irrelevant mixture components having
probability @y = 0 (within floating point accuracy).

6.1 A scalable SeMPLE approach for mixed-effects
models

The approach we have described thus far offers a compelling
framework for Bayesian inference in mixed-effects models
by automatically constructing surrogate likelihoods and pos-
teriors, including MCMC proposal samplers, that are both
efficient to evaluate and fast to sample from. However, it is
possible to obtain considerable gains in terms of computa-
tional scalability, by slightly reducing the generality of the
mixed-effects model, namely not assume any shared param-
eters (k, &), and instead allow these to become part of the
individual parameters ¢), and hence be random effects.
This means that the second Gibbs step can be avoided. This
approach is similar to the “perturbed”” model in Persson et al.
(2022); however, while they fixed the variance of certain
parameters, we infer the population variance for all parame-
ters. The three-steps Gibbs sampler (23)-(25) is replaced by
the following two-steps Gibbs sampler

step 1: #(c |9, D) e (e ) gz (v 1), (26)
i=1,...M
M
step 2: w(n | e, y) oc () [ [ (e [ m). 27)

i=1

This “reduced” Gibbs sampler, where c® = G-, k@, E(i)),
has the potential to scale much better with the number
of individuals in the data set. The reason why it is ben-
eficial for scaling to remove the fixed-effects is two-fold.
First, this removes the need to target the full likelihood
]_[l-/‘i1 9 (yD 1¢eD |k, &), which is the product of all individ-
ual likelihoods. In fact, when the number of individuals M
grows, the automatic differentiation tool needed to perform
NUTS will have to take care of differentiating with respect to
the full likelihood, which is going to be a very long expres-
sion, where the many algebraic operations for its computation
involve large matrices such as Ag, I etc. Evaluating the
gradient of such a large expression at every proposed param-
eter, will cause a considerable computational overhead. Of
course, the complexity would be greatly reduced if the infer-
ence was based on data-summarization S(y) rather than y,
see the end of Section 2, since the dimensions of eg. Ak and
P depend on the dimensions of y. Secondly, when using
NUTS to propose fixed-effects « and & in (24), it is not pos-
sible to utilize one of the main benefits of our methodology,
which is the self-tuning proposal sampler (and surrogate pos-
terior) q¢, that has desirable abilities to explore multimodal
surfaces (Haggstrom et al. 2024). On the other hand, when
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considering all parameters to be individual as in (26)-(27),
the proposal sampler gg can be used to propose all the c®
(which include (k@ @),

7 Examples on simulated and real biological
data

We evaluate the performance of SeMPLE for mixed-effects
models through three case studies based on two mod-
els. First, we examine a state-space SDEMEM with latent
dynamics driven by Ornstein-Uhlenbeck SDEs. This exam-
ple is particularly relevant, as exact Bayesian inference is
feasible without relying on pseudomarginal methods, pro-
viding a “gold-standard” reference posterior for comparison
with SeMPLE inference. Next, we present two case studies
where the reference posterior is obtained using a pseudo-
marginal (particle MCMC) sampler. These examples utilize
the SDE model from Pieschner et al. (2022), which describes
translation kinetics following mRNA transfection. One case
involves simulated data, and in another case we use real data
from Frohlich et al. (2018). The model is two-dimensional,
with only one observed component, and SeMPLE inference
is compared to exact Bayesian (pseudomarginal) infer-
ence obtained using the PEPSDI framework (Persson et al.
(2022)). PEPSDI (Particles Engine for Population Stochastic
Dynam1Ics) provides a useful benchmark as, to the best of our
knowledge, PEPSDI is the only software implementing pseu-
domarginal schemes for state-space SDEMEMs, including
diagnostics for determining an appropriate number of parti-
cles, and several proposal kernels for pMCMC.

7.1 Ornstein-Uhlenbeck state-space model

The Ornstein-Uhlenbeck process is defined by the following
SDE,

dx\" = c’(c}) — X\Pydr + ¢ aw?, (28)

where the {W,(i)}tzo are independent Wiener processes. In
this example, {X [(l)}tzo is one-dimensional. We consider the
following state-space model, fori =1, ..., M:

: : : ; 29
v O =xD e P ~ N0, 82), 9

{ XD = D — XDyt 1 D aw®
where {Y;};>0 is the observed process. The transition den-
sities for the latent dynamics are known, and hence the
Euler-Maruyama discretization is not needed to simulate the
SDE (28) numerically. Instead we use the following exact
simulation scheme, which is induced by the exact transition

density
i ] i i (@)
X(l) — C;’) + (X[(l) —Cg))e_cl At+

1A,

(30)

. "d
where 1" ~ N(0, 1).
7.1.1 Inference setup

We consider an inference setting similar to the one in Wiqvist
et al. (2021) and Persson et al. (2022). Data were simulated
for M = 40 individuals at 50 equidistant time points from
t = 02tot = 10 (A; = 0.2), and with initial value
Xo = 0 atr = 0. We set a Gaussian population distribu-
tion log(cY), cg), cgl)) ~ N(m, ™), where the true data
generating values for the population parameters were set to
p = (—=0.7,2.3,-0.9) and T = (4, 10,4). Similarly to
Wigvistetal. (2021), the priorof = (w1, U2, U3, t1, 72, 13)
was set to be w(y) = H?zln(p,jhj)n(rj), where the
m(ujlt;) and the 7 (7;) are in equation (31):
wilty ~ Nuo;. AT~ j=1,2.3,
(D
‘L'j ~ Ga(aj, ,3]'),
where the Gamma distribution is parameterized by the shape
a; and rate B;. The prior parameter values can be found in
Supplementary Material Table S1. The “Normal-Gamma”
prior (31) allows us to benefit from conjugacy, when sam-
pling 5 directly from a Normal-Gamma distribution in the
third Gibbs sampler step. The prior of t is shifted a bit
from the setup in Wiqvist et al. (2021), to avoid having
small precisions resulting in a large variance in ., and conse-
quentially unreasonable prior-predictive simulated data. The
data-generating value of the noise parameter is log(§) =
—1.2, and we used as prior log(§) ~ AN(0, 1).

7.1.2 Settings for SeMPLE

We first determined an appropriate number of mixture com-
ponents K, using the BIC criterion (Appendix B), see Figure
8. Consequently, we set the starting number of compo-
nents to be K = 10. The covariance matrices X; and X
in the GLLiM models were set to be unconstrained, i.e.
fully parameterized. The number of prior predictive sam-
ples is the same as the number of Gibbs samples, i.e. we set
N = N, = 50,000, and the number of SeMPLE round is
R =4.

7.1.3 Results
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Fig. 2 Ornstein-Uhlenbeck: marginal posteriors from 10k posterior
samples from MCMC using the exact likelihood (purple) and round
r = 4 of SeMPLE (orange). Priors are in green. The dashed lines are
the true parameter values

o -

The prior and marginal posteriors for the “common param-
eters” (i.e. shared between subjects) n and & (Figure 2) are
obtained using both SeMPLE and exact Bayesian inference
(MCMC), where the latter does not employ particle methods.
Exact inference is obtained using the three steps of the Gibbs
sampler, where the exact likelihood provided by the Kalman
filter is used in the Metropolis-within-Gibbs steps (7)-(8).
Therefore, exact inference is used as a reference to asses the
accuracy of the SeMPLE approach in Algorithm 1. For exact
inference, 200k posterior samples were produced in total,
where the first 150k were discarded as burn-in samples, and
the remaining 50k samples were used for inference. Inference
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Fig. 3 Ornstein-Uhlenbeck: Posterior-predictive simulations from
SeMPLE (r = 4) and data (colored lines, 40 individuals). In grey is
the area between the 2.5th and 97.5th percentile from 10k posterior-
predictive simulations obtained from SeMPLE

results obtained with SeMPLE (Figure 2) also used 50k pos-
terior samples. Figure 2 reports results from both methods,
and we conclude that inference obtained with SeMPLE is
overall very satisfying, as even where differences from exact
inference appear visually more marked, see the posterior for
log &, in practical terms these differences are tiny, consider-
ing the magnitude of the observations in Figure 3. Moreover,
posterior predictive checks in Figure 3 confirm the quality
of the inference. Extra results are in Supplementary Mate-
rial section S3.1: there, traceplots of the SeMPLE posterior
samples show the excellent mixing of the chains from the
last round of SeMPLE. Moreover, inference at the individ-
ual’s level is also excellent, namely, SeMPLE captures the
true values of the data-generating ¢/)’s. We have also exper-
imented with different numbers of individuals M (M = 20
in Figure S5 and M = 100 in Figure S6): as expected, the
marginal posteriors contract around the true data generating
parameters, and in particular, for M = 100, we do learn more
about the population precisions 7.

7.2 mRNA transfection model

We consider the SDE model in a simulation study origi-
nally used to describe translation kinetics following mRNA
transfection (Pieschner et al. (2022)). The dataset consists
of time-lapse microscopy images capturing the fluorescence
intensity of cells over at least 30 hours, with measurements
taken every 10 minutes (Frohlich et al. (2018)). During the
first hour, cells were incubated with mRNA lipoplexes before
being washed to prevent further uptake. As the released
mRNA is translated into a green fluorescent protein (GFP),
the cell fluorescence is tracked over time. The SDE below
is used to study the translation kinetics of one cell, based
on the observed fluorescence trajectory of individual cells
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after transfection with mRNA encoding for GFP, where the
two-dimensional stochastic process (m(t), p(t)) where m(t)
represents the amount of mRNA molecules at time ¢, and p(¢)
is the amount of GFP molecules at time . The SDEMEM is
given by

m® —8D - m(r)®
d <p(1>) ) = (k(i) cmD (1) — 0. p(n(t)) di+

8O - m@ (1) 0 4BY
0 VEO  m@O (1) + O . pi(r) !
Dy Dk Dy ~ @y k), i=1,..,M, (32)

where the B,(i) are two-dimensional standard Brownian
motions. It is assumed that all mRNA molecules (within one
cell) are released at once from the lipoplexes and denote this
initial time point by #. Before 1y, there are neither mRNA nor
GFP molecules, and at #p, an amount 72 of mRNA molecules
is released, i.e

m® (1) 0
(p(i)(t)> = (O) fort <ty
while m@ (t9) = mo and p@ (0) = 0. We take as observable
mapping

yO(t;) = log(scale - p(t;) + offset) + e@(1;),  (33)

where @ (¢ j) 1s iid Gaussian measurement error e (s )~
N0, 02), j = 1,..,n, and tq,...,t, are observational
time instants (see further below). Note that the observa-
tions depend only indirectly on process {m ¥ (¢)}, and only
{p® (1)} is observed. The model parameters (8, y, k) are
treated as random effects parameters that vary between
individuals, ie. ¢© = (8@, y® k®). The remaining
ones, (my, scale, offset, o), are treated as fixed but unknown
parameters, and we set k = (my, scale, offset) and § = o.
The choice of individual parameters and individual-constant
parameters is similar to Arruda et al. (2024). In Section 7.2.8
we also consider different assumptions where all parameters
are set to be random effects, and discuss implications in terms
of scalability.

7.2.1 Inference setup for simulated data

In this example, we fix #p = 0 and do not infer it. This choice
enables a direct comparison with the pseudomarginal (parti-
cle MCMC) inference produced by the PEPSDI framework
(Persson et al. 2022), which does not currently support infer-
ence of the initial simulation time #y.

However, in the real-data case-study in next sections, we
infer also 79 (only with SeMPLE). Inference is performed
on the log-scale and we assume log(c(i)) ~ N(u, ),

where the true values used to generate data were set to
p = (—0.694, -3,0.027) and T = (10, 10, 10). It has
been shown that SDE modelling improves identifiability of
parameters, compared to using a corresponding ODE model
(Pieschner et al. 2022). Nevertheless, some parameters are
still unidentifiable (for details see supplementary section
A.4.1 in Pieschner et al., 2022).

Here the exact transition densities are unavailable, and
solutions to the SDE (32) are simulated using an Euler-
Maruyama scheme implemented in Repp (Eddelbuettel et al.
2024) from t = ty to t = 30, with step size 0.01.
The observed time series is interpolated from the Euler-
Maruyama approximation at n = 60 equidistant time points
from #; = 0.5 to t, = 30. We simulate M = 40 individuals
according to this setup. The prior distributions are set to be
Normal-Gamma for the random effects and Gaussian on the
log-scale for the fixed effects. Prior parameters can be found
in Supplementary Material section S3.2.

7.2.2 Settings for SeMPLE

The starting number of mixture components for the mixture
models was set to K = 7, according to the Bayesian infor-
mation criterion (Figure 8), with covariance matrices for the
mixture components specified to be full and unconstrained.
The number of prior-predictive samples and Gibbs samples
is N = Ny = 50, 000 and the number of SeMPLE rounds is
R =4.

7.2.3 Setup for the pseudomarginal method PEPSDI

To assess the quality of the approximate inference obtained
by SeMPLE, we run PEPSDI with the setup described in
section 7.2.1. To avoid typical initialization problems affect-
ing MCMC, when setting starting parameters far from the
bulk of the posterior, we initialize PEPSDI at the same (true)
parameter values used to generate the observed data. We pro-
duce 50, 000 posterior samples, which is the same number
of posterior samples produced with SeMPLE. The number
of particles was set to 150 for every individual, to reduce the
variance of the likelihood estimations and ensure accurate
posterior inference. The initialization of the proposal covari-
ance matrix for the fixed-effects (k, &) was tuned manually
to improve the mixing of the Markov chains of these param-
eters.

7.2.4 Results from simulated data

We compare posterior distributions based on 50,000 poste-
rior samples from both PEPSDI and SeMPLE. The posterior
distributions of the population means p and population pre-
cisions 7 returned by SeMPLE are virtually identical to
exact (pseudomarginal) inference returned by PEPSDI (Fig-
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ure 4). The same applies to the offset parameter, and while
the marginal posterior for the measurement error’s standard
deviation o is slightly wider than the PEPSDI posterior, we
have noticed that posterior predictive simulations resulting
from this are virtually indistinguishable from the observed
data (plot not reported). The posterior plots indicate that the
mo and the “scale” parameters are more challenging to infer,
and this is not specific to SeMPLE, in fact the traceplots from
PEPSDI for m( and scale (Figure S9) show difficulties with
mixing, and therefore for these two parameters the compar-
ison between SeMPLE and PEPSDI should be taken with
a grain of salt. Such difficulty is also evident in the corre-
sponding posterior plots in Arruda et al. (2024). In addition
to the posterior density plots, posterior predictive checks for
several exemplary individuals are given in Supplementary
Material. The PEPSDI runtime to produce 50,000 posterior
samples was approximately 149 hours, using the artificially
favorable setup where we avoided investing time in the search
for a suitable starting value for the parameters. The SeMPLE
runtime throughout the R = 4 rounds was 77.4 hours. How-
ever, we have verified that already at r = 2 SeMPLE was
producing accurate inference in only 10.4 hours (see Figure
S12). In addition to this, the determination of the initial K
via the BIC took 6 minutes. A comparison between effec-
tive sample sizes (ESS, the higher the better) can be found
in Table S3. The univariate ESS was computed using the
R-package LaplacesDemon (Statisticat and LLC. 2021),
and we also reported the multivariate ESS, via the R-package
mcmcse (Flegal et al. 2025). Table S3 shows that, overall,
the ESS from SeMPLE are much larger than with pseudo-
marginal (PEPSDI) inference, and that nearly independent
samples are obtained much faster with SeMPLE (around
five times faster). We emphasize that results from a slightly
different model can be obtained much more rapidly via SeM-
PLE, see Section 7.2.8, corresponding to the two-steps Gibbs
described in Section 6.1.

7.2.5 Inference setup with real data

We now use the same SDEMEM as in the simulated data
example to test our method on the real-world dataset from
Frohlich et al. (2018), to which we refer the reader for details
regarding the experimental procedures. This data has also
been analysed in Pieschner et al. (2022), where the initial
ODE model was extended to an SDE model with improved
parameter identifiability, however in Pieschner et al. (2022)
no new inference methodology was presented. We extend
their work by applying our novel inference methodology.
We consider the first M = 40 individuals from the data set
labeled “20164027_mean_eGFP” in Frohlich et al. (2018).
The raw data is then log-transformed in accordance with
the observable mapping (33). Note that the real data set has
180 measurements for each individual, as opposed to the

@ Springer

[ | prior [ | semPLE | | PEPSDI

6 6- 1
1
4 4 4 -
2 2+
0+ 1 O-I T ]IﬁINI
T T T T
) -1 0 1 -40 -35 -3.0 -25 -2.0
U Hy
1.5 1
0.15 4
1.04
0.10 1
1
051 I 0.05 -
1
O'O-I T ! T T O'Oo-l T I T T T
-4 -2 0 2 4 0 5 10 15 20 25
Hk 15
0.20 A T
0.15 1 0151
0.10 4 0.104
0.05 -1 0.05 A
00— ——— 0004i—f |~
0 5 10 15 20 25 0 5 10 15 20 25
Tk
0.75 1 0.75 1
0.50 A 0.50 A
0.25 1 0.25 A I
1
0.00 0001——rV/ |\
-25 00 25 50
log scale
1
104 1 20 4
1
5 10
C
0-I T III T T O-I T ! T T T
1.50 1.75 2.00 2.25 2.50 -2.00-1.75-1.50-1.25-1.00

log offset log o

Fig. 4 mRNA model with 40 simulated individuals: marginal posteri-
ors obtained with SeMPLE (orange, round r = 4) and with PEPSDI
(purple). Priors are in green. The dashed lines are the true parameter
values that were used to generate the observed data

60 measurements in the simulated data setup described in
Section 7.2.1. To allow more flexibility, the prior distribu-
tion of the population parameters are set to be independent
Gaussian for the mean p and Gamma-distributed precision
7, instead of a prior Normal-Gamma distribution. The prior
parameters can be found in Supplementary Material section
S4. Consequentially, it is no longer possible to sample the
population parameters 5 directly, since we cannot exploit
conjugacy here. Instead, we use NUTS to sample the popu-
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0 10 20 30
Time
Fig. 5 mRNA model with real data: posterior-predictive simulations
for 40 individuals using SeMPLE (r = 4, colored lines are observed

data). In grey is the area between the 2.5th and 97.5th percentile from
1, 000 posterior-predictive simulations obtained from SeMPLE

lation parameters efficiently in the Gibbs sampler. Note that,
as opposed to the setup with simulated data, we now infer
the initial time point #y as a parameter that varies between
individuals, i.e. ¢?) = (8@, y @ @, té’)); however we can
only do so via SeMPLE, as PEPSDI currently does not allow
to infer the starting time #(, and therefore we cannot compare
results from both methods. This is not a problem per-se, as
we have already shown such a comparison and the SeMPLE
reliability in the simulation study.

7.2.6 Settings for SeMPLE with real data

Similarly to the setting with simulated data in section 7.2.2,
we set the GLLiM covariance matrices for the mixture com-
ponents to be full and unconstrained. The number of mixture
components was set to K = 9 according to the BIC (Fig-
ure 8). The number of prior-predictive samples was set to
N = 50,000, we produce N, = 1,000 posterior Gibbs
samples, and the number of SeMPLE rounds is R = 4.

7.2.7 Results from real data example

To validate the quality of the inference, we provide poste-
rior predictive simulations for all individuals (Figure 5). The
uncertainty about the observed dynamics is well captured and
the posterior inference is consistent with the observed data.
Additional individual posterior predictive simulation plots
can be found in the Supplementary Material section S4. The
SeMPLE runtime was 24 hours. In addition to this, the run-
time to determine the initial K via the BIC for this setup was
33 minutes. Note that the number of posterior samples was
reduced, compared to the simulated data setup, to reduce the
runtime.

7.2.8 Scalable approach using exclusively random-effects

As explained in Section 6.1, a major computational bottle-
neck in the framework presented so far is the second step of
the Gibbs sampler (24), where the full likelihood (the prod-
uct of all individual likelihoods) is used within NUTS. Here
we consider inference with the two-steps “reduced” Gibbs
sampler from Section 6.1. The population distribution for
the translation kinetics model after mRNA transfection can
then be rewritten as

log(S(i), y(i), k(i), téi), mg), scale(i), offset(i), a(i)) ~
Nmu,t™h, i=1,..M. (34)

Therefore, compared to previous analyses, here (m(()i ), scale®
, offset®, o D) are also random effects. We run SeMPLE
with the same M = 40 individuals from the real data set
as in Section 7.2.7. The runtime to produce 1, 000 posterior
samples is 1.3 hours, a significant reduction compared to the
corresponding runtime with fixed-effects of 24 hours in sec-
tion 7.2.7. For the purpose of displaying inference results,
Figure S15 shows marginal posterior distributions based on
10, 000 posterior samples. We note that for many of the
population precisions t, the posterior distributions are simi-
lar to the priors, except for the population precisions t;, and
Toffset- Lhis suggests that a data set of 40 individuals is not
large enough to infer the population variance of all the model
parameters, which we confirm in the next section, where we
use larger values for M.

7.2.9 Runtime scaling

To further investigate how the runtime of the SeMPLE algo-
rithm scales with the number of individuals M, we perform
a simulation study for increasing M. We report the run
times both with the most general SeMPLE algorithm for
the three-steps Gibbs approach (with setup described in Sec-
tion 7.2.5), and the corresponding setup with the scalable
approach described in Section 7.2.8. However, to ease the
calculations, here we use simulated data with 60 observations
for each individual. The number of prior predictive samples
is set to N = 10, 000, and the number of Gaussian mixture
components was set to K = 10 for both algorithm versions
to make comparisons fair, even though previous BIC results
(Figure 8) suggests a smaller K could be used. We measure
the wall-clock runtime to obtain 1, 000 posterior samples
from the corresponding Gibbs sampler, and this includes the
training of the surrogate likelihood both on prior-predictive
data and on samples from the surrogate posterior (Figure 6).
Here, the “scalable approach” two-steps Gibbs is denoted
with “only random-effects”, and the three-steps Gibbs with
“with fixed-effects”. For the scalable approach the runtime
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Fig.6 SeMPLE runtime to obtain 1, 000 posterior samples as a function
of the number of individuals. The blue line corresponds to the algorithm

version that also include constant parameters (fixed-effects) and the red
line to the version with only individual parameters (random-effects)
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Fig.7 Ratio of SeMPLE runtimes for a model that include fixed-effects
and the one having only random-effects, corresponding to the data in
Figure 6

clearly scales linearly with the number of individuals. This is
to be expected since the sampling via Gibbs (i.e. excluding
the mixtures fitting) typically makes up the majority of the
runtime, and this scales linearly with M when no paralleliza-
tion is performed. The runtime of fitting the surrogate models
is typically negligible in comparison to the Gibbs sampling.
Figure 7 shows the ratio between the runtimes from Figure 6,
displaying the acceleration achieved when running the two-
steps Gibbs instead of the three-steps Gibbs approach.

Connecting to the conjecture that the number of individu-
als (M = 40) in the data set was not large enough to infer the
population precision (Figure S15), we refer to a simulation
study in Supplementary Material using M = 200 (Figure
S13). With M = 200 the posterior distributions of the popu-
lation precisions are now very informative about the location
of the true parameter values.
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8 Discussion and conclusion

This study introduces a novel simulation-based (Bayesian)
inference method for stochastic nonlinear mixed-effects
models. More specifically, we focused on mixed-effects
driven by SDEs (SDEMEMs). The method addresses the
challenge of providing flexible, yet computationally efficient,
methodology in this setting. Our SeMPLE methodology
builds amortized approximations of the intractable likeli-
hood and of the posterior using Gaussian mixtures of experts,
and then proceeds at refining such approximations for given
observed data, without using neural conditional estima-
tion, unlike in state-of-the-art SBI methodology. This comes
with some advantages, namely easier analytic tractability,
the use of well-studied ad-hoc algorithms for their fit-
ting (expectation-maximization), and finally the estimators
obtained from a specific conditional density (say the like-
lihood function), when this is expressed via a Gaussian
mixture, they can easily be transferred to other conditional
densities (eg the posterior) using closed-form algebraic oper-
ations.

For the case studies we considered, including a SDEMEM
for translation kinetics model after mRNA transfection,
we compared our inference against gold-standard Bayesian
inference, either using exact or asymptotically exact (pseudo-
marginal) MCMC samplers. In all cases we show that with
SeMPLE we obtain inference that is very similar to exact
Bayes, but with the additional advantage of allowing infer-
ence for a much larger number of individuals than could be
possible with particle-based MCMC approaches, as further
discussed below. In terms of generality, SeMPLE provides
full Bayesian inference with the option of treating any model
parameter as either a fixed or a random effect, unlike methods
where fixed effects are modelled as random effects with zero
variance (Arruda et al. 2024). In addition, SeMPLE allows to
infer the time point #( of the discrete jump in the SDE solution
as a model parameter, instead of being forced to assume 7
as known, a limitation present in both Pieschner et al. (2022)
and Persson et al. (2022).

We have explored the scalability of our methodology with
respect to an increasing number of individuals M (Section
7.2.9), and we have provided an additional (and slightly less
general) version of our method that has an improved scal-
ability (Section 7.2.8). We have shown that, with the more
scalable version of SeMPLE, we can fit SDEMEMs to sev-
eral hundreds of individuals using a standard laptop, which is
particularly notable, and would not have been possible with
the pseudomarginal particle MCMC (pMCMC) approaches
in, e.g., Persson et al. (2022), without considerable tuning
(e.g. tuning for the number of particles, and the usage of
“guided” paths-solutions for the particle filters). Moreover,
pMCMC is not an amortized approach and requires reruns
for every new considered dataset. Still, for SeMPLE there is
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room for improvement in terms of the scalability in the num-
ber of individuals M. For example, fully Bayesian inference
for SDEMEMs, with several thousands of individuals, can be
computationally demanding for SeMPLE when running on a
standard laptop, but could of course be accommodated on a
computer cluster. We note that the Gibbs sampler step with
the individual parameters in (23) allows for parallelization,
and with a large number of individuals this could reduce the
runtime significantly. Another methodology, which targets
scalability but using amortized neural density estimators, is
in Arruda et al. (2024). However, in Arruda et al. (2024)
the focus is not on fully Bayesian inference (even though a
brief demonstration with Bayesian approaches is given), but
instead on maximum likelihood estimation and uncertainty
quantification through profile likelihood analysis. It is diffi-
cult to construct inference methods for SDEMEMs that are
computationally efficient without making simplifications at
the cost of generality. In this regard, we identify a need for
further research in this field while providing a significant
contribution in this direction.

Appendix A: Conjugate priors for the Ornstein-

Uhlenbeck model

For the Ornstein-Uhlenbeck model we use conjugate priors,
as amatter of convenience, as it makes it easier to compare the
results of SeMPLE with the gold standard inference obtained
using the Kalman filter. With conjugate priors we can sample
explicitly from equation (25), and this is achieved by setting a
Normal-Gamma prior distribution on the population param-
eters 7, as in the following

j=1,2,3

{MM ~ N (o, (jT)™h, (A1)

T~ Ga(aj, /3])

We denote the latter prior by Normal-Gamma(u, A, o, ),
and we let the population distribution be a Gaussian (¢ | ) ~
N(u, T~"). The distribution that we want to sample from
in (25) is therefore a Normal-Gamma distribution (Murphy
2007) with the following parameters

AjHO; + Mc;

NG( A+ M

A+ M, aj+M/2,

My, (& — uo,,')2>

M

1 .
- 0 _ =232
Bi+ 5D (< T 2

i=1
Appendix B: Determination of K

The number K of components in the Gaussian mixture model
has to be specified prior to performing the EM procedure. A
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Fig.8 Bayesian information criterion as a function of K. (a) Ornstein-
Uhlenbeck model. (b) mRNA model with simulated data. (c) mRNA
model with real data (40 subjects)

too large value of K may result in overfitting and unneces-
sary computational effort, while a too small value of K may
limit the ability to represent the relationship between 6 and
y. The Bayesian Information Criterion (BIC), used in Dele-
forge et al. (2014) and Héggstrom et al. (2024) to guide the
selection of K, is given by

BIC = —2L(¢) + D(¢)log N
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where E((@) is the maximized value of the GLLiM log-
likelihood function at the MLE 65, D((;S) is the total number
of parameters in the model and N is the number of observa-
tions in the training dataset. We wish to select a K returning
a small BIC, when GLLiM is fitted with K components
to a training dataset {6,,, y n}flvzl obtained by independently
sampling parameters 6, ~ p(@) from the prior, and by sim-
ulating the corresponding y,, ~ p(y|60,) from the generative
model. When the training data is the set of the N independent
{6,, yn}flv:l, the GLLiM log-likelihood is given by

N
L@) =) logqz(y,. 0n),

n=1
with

K

43V 00) = D N (3,5 A0 +bye, Zi) N(B,; 5, Tr) i
k=1

Note that within our framework § = (c, k, &) and thus [ =
g+ p+s,where 0 € R/, and y € Rdo>n where d, is the
dimension of the observation at a specific time point and n
is the number of time points in the observation. The number
of parameters that GLLiM needs to estimate is

D($) =(K — 1) + K (don(q + p +5) + don+

(q + p + ) + nbpary, + nbparp ), (B2)
where nbpary. and nbpar are the number of parameters in
the covariance matrices 3 and I'y, respectively. The covari-
ance structure of the matrices f]k and f‘k can be constrained
toreduce the number of parameters that GLLiM needs to esti-
mate. The xLLiM package (Perthame et al. 2022), that we
use to run Expectation-Maximization when fitting GLLiM
models, allows the X;’s to be set as isotropic, diagonal or
full matrices, and set all equal or varying with k. The setup
we considered for the covariance matrices can be found in
the sections pertaining each of the considered examples.

Supplementary Information  The online version contains supplemen-
tary material available at https://doi.org/10.1007/s11222-026-10850-
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