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Abstract—Integrated sensing and communications (ISAC) is
considered an innovative technology in sixth-generation (6G)
wireless networks, where utilizing orthogonal frequency division
multiplexing (OFDM) communication signals for sensing pro-
vides a cost-effective solution for implementing ISAC. However,
the sensing performance of matched and mismatched filtering
schemes can be significantly deteriorated due to the signaling
randomness induced by finite-alphabet modulations with non-
constant modulus, such as quadrature amplitude modulation
(QAM) constellations. Therefore, improving sensing performance
without significantly compromising communication capability
(i.e., maintaining randomness), remains a challenging task. To
that end, we propose a unified probabilistic constellation shaping
(PCS) framework that is compatible with both matched and
mismatched filtering schemes, by maximizing the communication
rate while imposing constraints on mean square error (MSE) of
sensing channel state information (CSI), power, and probability
distribution. Specifically, the MSE of sensing CSI is leveraged
to optimize sensing capability, which is illustrated to be a more
comprehensive metric compared to the output SNR after filtering
(SNRout) and integrated sidelobes ratio (ISLR). Additionally, the
internal relationships among these three sensing metrics are
explicitly analyzed. Building upon this, we further reveal that the
normalized MSE can be interpreted as a penalty function version
of the dynamic range, which is usually exploited to evaluate
the behavior of delay-Doppler profiles. Finally, both simulations
and field measurements validate the efficiency of proposed PCS
approach in achieving a flexible S&C trade-off, as well as its
credibility in enhancing 6G wireless transmission in real-world
scenarios.

Index Terms—ISAC, OFDM, PCS, matched filtering, mis-
matched filtering
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I. INTRODUCTION

Integrated sensing and communications (ISAC) has been
envisioned as a ground-breaking technology to support 6G
usage scenarios such as smart cities, intelligent transporta-
tion, and low-altitude economy, where ultra-reliable and high-
precision location-aware services are essential [1]–[3]. The
primary advantage of ISAC stems from the dual design of
sensing and communication (S&C) functionalities, which not
only enhances the utilization efficiency of both hardware and
spectral resources, but also activates mutual gains between
S&C criteria [4].

Toward that end, developing a unified waveform that enables
simultaneous information transmission and target sensing be-
comes crucial. To comprehensively balance S&C qualities of
service (QoS) and computational complexities, while main-
taining compatibility with the existing 5G NR protocol [5],
the communication-centric signaling design [6], [7] is believed
as a more economically viable paradigm over sensing-centric
[8] and joint design [9] schemes. In this context, directly
leveraging existing communication signals, such as orthog-
onal frequency division multiplexing (OFDM), can facilitate
sensing tasks [6], [7], [10]–[17]. Despite the fact that OFDM
has been widely employed as the default waveform in cellular
communications and WiFi [16], its sensing capability in 6G
networks remains under investigation. Overall, the effective-
ness of exploiting OFDM communication signals for sensing
is mainly determined by two factors: 1) the filtering schemes
employed, and 2) the signaling randomness introduced by
communication data symbols.

First, one may take advantage of the classic matched fil-
tering (MF) technique to extract the range-Doppler informa-
tion when using OFDM communication signals for sensing
purposes [6]. According to its definition, MF is optimal in
terms of maximizing the output signal-to-noise ratio (SNRout),
given a specific input SNR (SNRin). In this context, the
filtering output refers to the target response function in the
delay-Doppler domain. Particularly, when MF is used, this
response function represents the celebrated Woodward ambi-
guity function [18]. In order to ameliorate sidelobes of re-
sponse function, commonly quantified by integrated sidelobes
ratio (ISLR) [19] or peak sidelobes ratio (PSLR) [12], an
alternative approach is to utilize mismatched filters (MMF)
[7], [13]–[15]. For example, reciprocal filtering (RF) based
on zero-forcing principle [7], can recover the orthogonality
of range-Doppler steering matrix by performing element-wise
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division operation, thereby eliminating the random symbols
from target-related echo components and producing a sinc-like
response function. Nevertheless, RF comes with a drawback,
i.e., the SNRout loss, due to the amplification of background
noise. To combine the advantages of MF and RF (i.e., balanc-
ing between SNRout and ISLR/PSLR), the Wiener filter (WF)
[13], [15] offers a promising solution. The WF, which borrows
the principle of linear minimum mean square error (LMMSE)
equalization [20] in communication systems, is equivalent to
RF in noise-free environments, and approaches MF in low
SNRin case [15]. In addition, some variants of RF, such as
loaded-RF and threshold-RF elaborated in [12], demonstrate
similar performance to WF. However, all of the aforemen-
tioned works primarily concentrate on optimizing ISLR/PSLR
and SNRout, which will be illustrated in this paper insufficient
to quantify the sensing performance. More critically, those
previous works focus on receiver design/optimization while
overlooking transmit optimization, a research gap that we
try to fill in this work by controlling and optimizing the
randomness of ISAC signals.

Second, most of filtering schemes prefer a flat signaling
spectrum to facilitate high-resolution mainlobe and low side-
lobes, such as adopting phase shift keying (PSK)-modulated
OFDM signals [10]. In contrast, communication systems
typically leverage quadrature amplitude modulation (QAM)-
modulated OFDM signals due to the larger Euclidean distance
of discrete symbols, thereby enhancing the communication
reliability. Consequently, adopting QAM-modulated OFDM
communication signals for sensing leads to compromised
sensing performance. For instance, this may increase sidelobes
of response function for MF (i.e., the ambiguity function),
or amplify the background noise when using RF [13]. The
core challenge here is therefore to improve sensing capabilities
without significantly degrading communication performance.
One promising research line along this topic is inspired by the
deterministic-random trade-off observed in ISAC systems [21],
which provides the flexibility to balance between S&C tasks
by adjusting the input distribution of the ISAC signal. Specif-
ically, a probabilistic constellation shaping (PCS) approach
[17], [22], [23] for OFDM-based ISAC signaling was pro-
posed, through a tailored offline optimization of constellations’
input probability distribution, which is independent to both the
channel state information (CSI) and the random realization of
discrete symbols. Prior to that, PCS has been primarily used
for minimizing the gap between the achievable information
rate (AIR) and Shannon capacity [24]–[26]. Notably, the PCS
approach developed in [17], [22], [23], which focuses on op-
timizing the fourth-order moment of constellation amplitudes,
is only applicable to MF in noise-free environments, without
accounting for the MMF schemes and the noise amplification
effect.

Based upon the above reasoning, this article aims to tackle
a challenge: how to alleviate the negative effect of OFDM
signaling randomness on the sensing performance while pre-
serving its communication capability, in order to meet the
compatibility with different filtering schemes, unlike the work
in [17] where the PCS approach is limited to MF. Therefore,
we aim to perform joint transmit/receive design for random

OFDM ISAC signaling. For clarity, the main contributions of
this paper are summarized as follows.

• We establish the relationship among the MSE of sensing
CSI, SNRout and ISLR of the target response function.
Specifically, we reveal that the MSE is influenced by
several factors, including the potentially amplified noise,
the sidelobes of the response function, and the peak
energy loss of the response function, which are deter-
mined by the signaling randomness and filtering schemes
simultaneously. As a result, we propose that MSE serves
as a more comprehensive criterion for evaluating sensing
performance, in contrast to relying solely on SNRout and
ISLR.

• We propose to construct a unified PCS approach by
adopting the MSE of sensing CSI and AIR as S&C per-
formance indicators, respectively. In contrast to the tech-
nique in [17], which is only applicable to MF, we provide
compatibility with generic MMF schemes. Benefiting
from optimizing the input distribution of constellations,
this unified PCS framework allows for a flexible trade-
off between S&C performance, which can be tailored to
meet practical QoS requirements. Similar to the work
in [17], our PCS approach can be implemented offline
and deployed online, enabling a significant potential in
practical 6G usages.

• Simulations are presented to demonstrate the superiority
of WF over RF and MF, both with and without PCS.
Moreover, the capability of proposed PCS approach in
achieving a flexible trade-off between S&C performance,
is also illustrated under different filtering schemes. In
particular, field experiments are conducted using real-
world observation data to validate the practical applica-
bility of PCS, highlighting its credibility for enhancing
6G wireless transmission in real-world scenarios.

The remainder of this paper is organized as follows. Sec. II
introduces the S&C signal models in the ISAC system. Sec. III
elaborates on the sensing criteria including the MSE of sensing
CSI, SNRout, and ISLR, and builds up the relationship among
them. Sec. IV proposes a unified PCS approach compatible
to MF and MMF. Sec. V provides simulation and experiment
results to validate the theoretical analysis of the PCS approach.
Finally, Sec. VI concludes the paper.

Notation: Throughout the paper, A, a, and a denote a ma-
trix, vector, and scalar, respectively; |a|, |A| and B

A represent
the modulus of a, the element-wise modulus of A and the
element-wise division of B by A, respectively; ℜ(·), E(·),
∥ · ∥F , (·)T , (·)∗, (·)H , ⊙ and 1N denote the real part of a
complex number, expectation, Frobenius norm, transpose, con-
jugate, Hermitian, Hadamard (element-wise) product, and the
identity vector of size N×1, respectively; CN (µ, σ2) denotes
a complex Gaussian distribution with mean µ and variance σ2;
In addition, sinc(x) = sin(πx)

πx , and δ(x) represents Dirac delta
function.



3

II. SIGNAL MODEL

A. Transmit ISAC Signal Model

We consider a monostatic ISAC system employing OFDM
signals for S&C tasks simultaneously. The ISAC OFDM signal
consisting of N subcarriers and M symbols, and occupying a
bandwidth of B Hz and a symbol duration of Tp seconds, is
given by

s(t) =
1√
M

∑M−1

m=0
sm(t−mTsym), (1)

where

sm(t) =
1√
N

∑N−1

n=0
xn,mej2πn∆ftrect

(
t−mTsym

Tsym

)
.

(2)
In (2), xn,m denotes the transmitted frequency-domain data
drawn from a given finite alphabet, e.g., 64-QAM constella-
tion. Note that the input distribution of xn,m may be non-
uniform. In addition, ∆f = B/N = 1/Tp represents the
subcarrier interval in the frequency domain, and rect(t) rep-
resents the rectangle window, equal to 1 for 0 ≤ t ≤ 1, and
zero otherwise. Here, Tsym = Tp+Tcp, where Tcp denotes the
length of cyclic prefix (CP). In order to eliminate the inter-
symbol-interference (ISI) of received S&C signals, Tcp must
be larger than round-trip delay of the farthest target/path.

Assumption 1. We assume the same input distribution of
discrete constellations across subcarriers and symbols. There-
fore, we may omit the subscripts n and m when calculating
the expectation with respect to the input distribution for
notational clarity, e.g., E

{∑
n,m |xn,m|2

}
≜ NME

{
|x|2

}
,

where the expectation is conducted in terms of the probability
distribution p(x).

Assumption 2. The transmit power of a given constellation
such as PSK/QAM, is normalized, i.e. E{|xn,m|2} = 1 for
∀n,m. The total average transmit energy of M symbols is
thus expressed as E{|s(t)|2} = 1

NME
{∑

n,m |xn,m|2
}
= 1.

Finally, the transmit ISAC signal through the up converter
can be formulated as

ℜ{s(t) exp (j2πfct)}, (3)

where fc is the carrier frequency.

B. Sensing Signal Model

Let us exploit OFDM communication signals to detect Q
point targets resolvable in the delay-Doppler (DD) domain.
Therefore, the reflected echo is formulated as

ys(t) =
∑Q

q=1
αqs(t− τq)e

j2πνqt + z(t), (4)

where αq , τq , νq and z(t) represent the complex channel gain
coefficient, the target delay, the Doppler shift of the qth target,
and the additive white Gaussian noise (AWGN), respectively.
Note that αq ∼ CN (0, σ2

αq
) and z(t) ∼ CN (0, σ2). Notice

that this OFDM echo model omits the range walking effect
during MTsym due to νq ≤ fc

BMTsym
[27], [28], and the inter-

carrier-interference (ICI) effect since all subcarriers of echoes
are approximately orthogonal in terms of νq ≤ 1

10∆f [7].

After symbol synchronization and removing the CP from
each symbol, the observed data matrix may be reformulated
as a fast-time/slow-time sampling representation1, which is
expressed as [29]

Ys = H ⊙X +Z, (5)

where H ∈ CN×M denotes the sensing CSI matrix, formu-
lated as

H =
∑Q

q=1
αqb(τq)c

H(νq), (6)

and X ∈ CN×M and Z ∈ CN×M represent the random
symbol and noise matrices, respectively.

In (6), b(τ) and c(ν) are frequency-domain and temporal
(slow-time) steering vectors, expressed as

b(τ) =
[
1, e−j2π∆fτ , · · · , e−j2π(N−1)∆fτ

]T
,

c(ν) =
[
1, e−j2πfcTsymν , · · · , e−j2π(M−1)fcTsymν

]T
.

Notably, the (n,m)-th element of H , denoted as hn,m, satis-
fies hn,m ∼ CN

(
0,
∑

q σ
2
αq

)
. This is due to the fact that the

sum of individual Gaussian variables is still Gaussian, with its
mean and variance presented as

E{hn,m} =
∑
q

E{αq}e−j2πn∆fτqej2πfcmTsymνq = 0 (7)

and

E{|hn,m|2} =
∑
q,q′

E{αqα
∗
q′}Cn,m

=
∑
q

E{|αq|2}+
∑

q,q′ ̸=q

E{αq}E{α∗
q′}Cn,m =

∑
q

σ2
αq
,

(8)
where Cn,m = e−j2π[n∆f(τq−τq′ )−fcmTsym(νq−νq′ )].

Next, the DD profile can be obtained in accordance with

|Λ|2 =
∣∣∣FH

N ĤFM

∣∣∣2 , (9)

where FN represents the N -dimensional discrete
Fourier transform (DFT) matrix, satisfying FN =
1√
N
(Wn1n2

N )n1,n2=0,1,··· ,N−1 and WN = e−j2π/N . FM

has the same definition except its dimension. In addition, Ĥ
denotes the estimated counterpart of H , i.e. the estimation of
sensing CSI, expressed as

Ĥ = Ys ⊙G, (10)

where G denotes the temporal-frequency (TF) filtering matrix,
which is expressed as

G =


X∗, MF,
1
X , RF,

X∗

|X|2+SNR−1
in

, WF
(11)

Notably, SNRin =
∑

q σ
2
αq
/σ2 represents the input SNR

before filtering.

1It is worth highlighting again that the element-wise multiplication model
(5) is valid only when Tcp exceeds the maximum target delay. Under this
condition, the linear convolution between the transmitted signal and the
channel can be treated as a circular convolution within each OFDM symbol,
thereby eliminating ISI and ICI.
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For notational convenience, below we denote χn,m =
xn,mgn,m as

χn,m =


xn,mx∗

n,m = |xn,m|2 , MF,
xn,m

1
xn,m

= 1, RF,
|xn,m|2

|xn,m|2+SNR−1
in

, WF
(12)

which can be interpreted as the filtered “spectrum”, represent-
ing the target response function in the TF domain. It is worth
mentioning that χn,m is a real variable with regard to MF, RF
and WF.

Since Λ = FH
N ĤFM is random with respect to the input

distribution, the complex channel gain, and the noise, we
thereby concentrate on the expectation of DD profile, i.e.,
E{|Λ|2}. To proceed, we first express the (k, p)th entry of
Λ as

Λk,p =
1√
NM

∑
n,m

[∑
q

αqe
−j2π

nk̃q
N ej2π

mp̃q
M χn,m + zn,mgn,m

]
× ej2π

nk
N e−j2πmp

M

=
1√
NM

∑
q

αq

∑
n,m

χn,me−j2π
nk̃q
N ej2π

mp̃q
M ej2π

nk
N e−j2πmp

M

+
1√
NM

∑
n,m

zn,mgn,mej2π
nk
N e−j2πmp

M

=
∑
q

αqr(k − k̃q, p− p̃q) + z̃(k, p),

(13)
where k = 0, 1, · · · , N − 1 and p = 0, 1, · · · ,M − 1 denote
the delay and Doppler indices, respectively, and k̃q = N∆fτq
and p̃q = MTsymfcνq . Besides,

r(k, p) =
1√
NM

∑
n,m

χn,mej2π
nk
N e−j2πmp

M (14)

represents the target response function (in the DD domain)
characterizing the filtering output when hypothesizing a target
at a given DD-bin, which is mathematically the 2D-DFT of
χn,m, and z̃(k, p) is the output Gaussian noise.

We emphasize that Λk,p in (13) is formulated as a linear
combination of Q delay/Doppler-shifted versions of r(k, p),
plus the output noise. To successfully detect the targets, one
typically identifies Q peaks in the squared filtering output, i.e.
|Λk,p|2, using thresholding decision strategy, such as the cell-
average constant false-alarm rate (CA-CFAR) algorithm [30].

In practice, high sidelobe level of strong targets together
with amplified noise levels, would incur severe miss detection
of weak targets, where a desirable r(k, p) should exhibit low
sidelobes. In other words, we only need to concentrate on
the behavior of DD response function belonging to a single
target (with its DD indices as (k̃, p̃)) and the noise effect,
for simplicity of remaining sensing performance analysis.
Specifically, the filtering result is shown in (15) at the top of
this page, which is compatible with all three filtering schemes
as well as both uniform and non-uniform constellations. Note
that “

(a)
= ” holds because the cross-terms cancel out due to

the statistical independence between transmit symbols and
the receiver noise. Furthermore, “

(b)
=” is valid because the

difference between the second and third terms corresponds
to a sum over NM(NM − 1) components when n ̸= n′

and/or m ̸= m′. Finally, “
(c)
=” follows from straightforward

algebraic simplification. Notably, Dirichlet kernels are used in
(15), expressed as∑

n,n′
ej2π

(n−n′)(k−k̃)
N =

sin2(π(k − k̃))

sin2(π(k−k̃)
N )

≈ N2sinc2(k − k̃)

∑
m,m′

ej2π
(m−m′)(p−p̃)

M =
sin2(π(p− p̃))

sin2(π(p−p̃)
M )

≈ M2sinc2(p− p̃)

which can be further simplified as N2δ2(k−k̃) and M2δ2(p−
p̃) when DD indices k̃ and p̃ are integers (on-grid targets).

Since normalized delay-Doppler profiles are typically an-
alyzed, the sensing performance can be quantified using the
dynamic range (DR) [31], which is defined as

DR =
E{|Λk̃,p̃|2}
E{|Λk,p|2}

≈ NMσ2
αE2{χ}+ σ2

αVar (χ) + σ2E{|g|2}
σ2
αVar (χ) + σ2E{|g|2}

=1 +
NMσ2

αE2{χ}
σ2
αVar (χ) + σ2E{|g|2}

≈ NMσ2
αE2{χ}

σ2
αVar (χ) + σ2E{|g|2}

,

(16)
where (k, p) ∈ R represents the DD region far from (k̃, p̃).
Note that the approximation in (16) holds because the DR
is typically much greater than 1, owing to the NM -fold
accumulation of the target-related component, whereas the
signaling randomness and the noise do not experience such
accumulation. Overall, the DR refers to the power ratio of the
strongest and the weakest targets in the delay-Doppler profile
that can be detected [31], which may be approximated as the
ratio between the peak and the pedestal of DD profiles in (16).
However, its relationship with other sensing metrics including
the MSE of sensing CSI, SNRout and ISLR, remains unclear
and will be thoroughly investigated in Sec. III.

Next, Fig. 1 presents the DR versus SNRin under various
filtering schemes and constellation types. In conjunction with
(15), several key observations can be summarized as follows.

Remark 1. If PSK is exploited, Var (χ) = 0 and E{|g|2}
E2{χ} = 1

for MF, RF and WF, accounting for the fact that these three
filtering schemes exhibit the same DR. Therefore, an ideal DD
profile requires adherence to the constant modulus constraint.

Remark 2. If non-constant modulus constellation, e.g., QAM,
is exploited, MF and WF converge when SNRin is very low
and diverges with increased SNRin. To be more specific, three
cases can be discussed:

• Medium-SNRin Case: This can represent a general case,
since the effect of signaling randomness and filtering
schemes on the sensing performance can be quantified
by Var (χ), E2{χ} and E{|g|2}, in accordance with (15).
Interestingly, in this case RF and MF can have a crossover
point when they achieve the same DR, i.e.,

σ2E
{
|x|−2

}
= σ2

α

(
E
{
|x|4

}
− 1

)
+ σ2, (17)

or equivalently,

SNRin =
E
{
|x|−2

}
− 1

E {|x|4} − 1
. (18)
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E{|Λk,p|2}
(a)
=σ2

α

1

NM

∑
n,m

∑
n′,m′

E{χn,mχ∗
n′,m′}ej2π

(n−n′)(k−k̃)
N e−j2π

(m−m′)(p−p̃)
M

+
1

NM

∑
n,m

∑
n′,m′

E{zn,mgn,mz∗n′,m′g∗n′,m′}ej2π
(n−n′)k

N e−j2π
(m−m′)p

M

(b)
=σ2

α

1

NM

∑
n,m

E{χ2
n,m}+ σ2

α

1

NM

∑
n,m

∑
n′,m′

E{χn,m}E{χ∗
n′,m′}ej2π

(n−n′)(k−k̃)
N e−j2π

(m−m′)(p−p̃)
M

− σ2
α

1

NM

∑
n,m

E2{χn,m}+ σ2 1

NM

∑
n,m

E{|gn,m|2}

(c)
=σ2

α

(
E{χ2} − E2{χ}

)︸ ︷︷ ︸
Var(χ)

+NMσ2
αE2{χ}sinc2

(
k − k̃

)
sinc2 (p− p̃) + σ2E{|g|2}

(15)
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Fig. 1. Dynamic range versus SNRin under different filtering schemes, given
N = 64 and M = 32.

For uniform 64-QAM, we can calculate (18) as SNRin =
6.45 dB. This is also verified in Fig. 1, where a cross
point between MF and RF appears nearby SNRin = 6.45
dB.

• High-SNRin Case (σ2 → 0): E2{χ} = 1 and
σ2E{|g|2} = 0 hold for three filtering schemes. In
contrast, the DD profile of MF would be deteriorated
since Var (χ) > 0, while Var (χ) = 0 for RF and
WF. Therefore, RF and WF converge and achieve better
sensing performance than MF.

• Low-SNRin Case (σ2 → +∞): Evidently, in this case the
sensing performance is mainly determined by σ2E{|g|2}.
First, MF and WF are equivalent. This can be explained
by referring to SNR−1

in ≫ |x|2, leading to the fact that
g = x∗

|x|2+SNR−1
in

≈ SNRinx
∗. Therefore, the DR of WF

can be approximated as

NMσ2
αE2{χ}

σ2E{|g|2}
=

NMSNRinE2
{

|x|2

|x|2+SNR−1
in

}
E
{

|x|2
(|x|2+SNR−1

in )2

}
≈ NMSNRinE

{
|x|2

}
= NMSNRin,

(19)

which equals to the DR of MF. Second, MF and WF
behave better than RF, because RF significantly amplifies

the noise power σ2E{|g|2} than MF and WF.

Remark 3. As shown in (15), coherently integrating sub-
carriers and symbols enhances the sensing performance. For
instance, increasing N from 16 to 64 and M from 16
to 32 improves the overall DD profile by approximately
10 log10

64×32
16×16 ≈ 9 dB, as demonstrated in Fig. 2 which

is exemplified by MF. In Fig. 2, the DD response function
corresponds to the second term (of interest) in the last equation
of (15), and the range profile can be raised due to the additional
corruption of σ2

αVar (χ)+σ2E{|g|2} (i.e., the pedestal of DD
profiles). Zero-delay slice is analogous and thus omitted due
to the space limitation. Moreover, exploiting PSK can further
obtain ≈ 3 dB performance gain relative to QAM, revealing
the potential of introducing PCS in achieving a flexible trade-
off between PSK and QAM. Notably, the results in Fig. 2
align with the “iceberg-in-the-sea” structure described in [32],
[33]. In our findings, the “iceberg” represents the normalized
response function with a sinc structure in the DD domain,
while the “sea level” is contributed by both signaling random-
ness and output noise which may be amplified. Evidently, with
a larger NM , the “sea level” can be suppressed to enable more
sidelobes of “iceberg” to emerge, indicating that PCS has a
weaker impact on scaling the sensing performance near the
mainlobe region. In particular, as NM → +∞, the effects of
signaling randomness and noise become negligible in the DD
profile. However, increasing N makes OFDM signaling more
sensitive to Doppler shift and phase noise, while increasing M
does not necessarily ensure coherent S&C processing in high-
mobility environments. Therefore, on the premise of practical
system parameters, PCS may effectively mitigate the effects
of signaling randomness and noise amplification.

C. Communication Signal Model

The received OFDM communication signal at the nth
subcarrier and the mth OFDM symbol can be expressed as
ycn,m = hc

n,mxn,m + zcn,m, with its matrix-vector version over
the entire OFDM frame as [15]

Yc = Hc ⊙X +Zc, (20)
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Fig. 2. Normalized zero-Doppler slice of E{|Λ|2} (k̃ = 0, p̃ = 0 and
SNRin = 4 dB) with different numbers of subcarriers and symbols.

where Hc ∈ CN×M and Zc ∈ CN×M represent the doubly
selective fading channel matrix and the noise with zero mean
and power σ2

C , respectively.
The mutual information is used to measure the AIR, which

is expressed as [15], [17], [34]

I (X;Yc|Hc) =
∑

n,m
I
(
xn,m; ycn,m|hc

n,m

)
, (21)

where

I
(
xn,m; ycn,m|hc

n,m

)
= H(ycn,m|hc

n,m)−H(ycn,m|hc
n,m, xn,m).

(22)
Clearly, the conditional entropy H(ycn,m|hc

n,m, xn,m) =
log

(
πeσ2

C

)
, corresponding to the entropy of the Gaussian

noise. In contrast, H(ycn,m|hc
n,m) has no closed-form due to

the mixture Gaussian distribution of ycn,m [17]. We therefore
approximately compute H(ycn,m|hc

n,m) using Monte Carlo
numerical integration:

H(ycn,m|hc
n,m) = −E

[
log

∑
x
p(ycn,m|hc

n,m, xn,m)p(x)
]

≈− 1

L

∑L

l=1
log

∑
x
p
(
ycn,m(l)|hc

n,m, x
)
p(x),

(23)
where L represents the number of Monte Carlo trials, ycn,m(l)
denotes the lth observation and its conditional probability
density function p

(
ycn,m(l)|hc

n,m, x
)

is with standard Gaussian
forms in the lth trial, for each x in the given constellation.
By leveraging this approximation, the AIR can be accurately
observed and exploited in the subsequent PCS optimization.

D. PCS Model for ISAC
By maximizing the communication metric (i.e., the mutual

information) under the constraints of sensing metric (i.e., the
DR), probability and transmit power, we hereby present the
unified PCS approach compatible to MF and MMF schemes,
formulated as follows:

(P1)


max
px

I (x; yc|hc)

s.t. C1 :
1

DR
≤ c0, C2 :

∑
x
p(x)|x|2 = 1,

C3 :
∑

x
p(x) = 1, C4 : 0 ≤ p(x) ≤ 1

(24)

where p(x) denotes the input distribution of Q̃ discrete sym-
bols drawn from a given QAM constellation, with its discrete
counterpart as px = [px,1, px,2, ..., px,Q̃]

T . In addition, c0
denotes a pre-determined constant that controls the DR.

However, the objective function has no closed-form expres-
sion. Therefore, the model cannot be efficiently solved via
existing numerical tools, e.g., CVX toolbox [35]. To tackle
this optimization problem, we first reformulate the objective
in (24) as [36]

max
px

I (x; yc|hc) = max
px

max
qx|yc

F(px, qx|yc
), (25)

where F(px, qx|yc
) =

∑
x

∑
yc
p(x)p(yc|x) log q(x|yc)

p(x) , and
q(x|yc) is the probability transition function from the input
alphabet to the output alphabet with its discrete version as
q(x|yc).

Next, one may hope to solve the optimization model
through a modified Blahut-Arimoto (MBA) algorithm [17] by
referring to [36], inspired by the original idea of alternating
optimization between px and qx|yc

. However, C1 can be
rewritten as σ2

αVar(χ)+σ2E{|g|2}
NMσ2

αE2{χ} ≤ c0, which is equivalent to
σ2
α(1 + c0NM)E2{χ} − σ2

αE{χ2} − σ2E{|g|2} ≥ 0. This
inequality does not define a convex set, thereby rendering the
MBA algorithm proposed in [17] inapplicable.

III. SENSING PERFORMANCE METRICS

The aforementioned DR can be adopted as a sensing
performance indicator, while it is non-applicable for PCS
optimization. This limitation compels us to seek for another
sensing metric. In specific, given a DD profile generated by a
filter, celebrated sensing metrics include the SNRout and ISLR.
Besides, the sensing performance naturally depends on the
estimation accuracy of sensing CSI. However, their analytical
relationships remain un-characterized. To proceed, we first
derive the MSE of sensing CSI, SNRout, and ISLR, for MF,
RF and WF, respectively. Then we explore the relationship
among these three sensing criteria, and depict why the MSE is
a more comprehensive criterion to evaluate the filtering result,
in particular its superiority in constructing a convex model for
PCS.

A. MSE of Sensing CSI

The MSE of sensing CSI can be defined as [37]

E{ε2} = E
{∥∥∥Ĥ −H

∥∥∥2
F

}
, (26)

where the expectation is defined over the random variables X ,
H , and Z.

Inserting (10) into (26) reformulates the sensing CSI into

E{ε2} = E
{
∥H ⊙X ⊙G−H +Z ⊙G∥2F

}
= E

{∥∥H ⊙
(
X ⊙G− 1N1T

M

)∥∥2
F

}
+ E

{
∥Z ⊙G∥2F

}
,

(27)
where the second equality holds due to the statistical indepen-
dence between H and Z.
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Due to the fact that the statistical characteristics of random
variables in (27) are invariant across subcarriers and symbols,
the MSE can be further simplified as

E{ε2} =E

{∑
n,m

|hn,m|2 (χn,m − 1)
2

}
+ E

{∑
n,m

|zn,mgn,m|2
}

=σ2
αE

{∑
n,m

(χn,m − 1)
2

}
+ σ2E

{∑
n,m

|gn,m|2
}
.

(28)
Substituting (12) into (28), we can obtain the MSE of MF,

RF and WF, respectively, which are expressed in Table. I.

B. Output SNR

MF is optimal in terms of maximizing SNRout, as formally
proven using the Cauchy–Schwarz inequality [37]. In contrast,
MMF schemes inherently experience a loss in SNRout. For
ISAC systems employing OFDM random signals, SNRout is
defined as

SNRout =

max
<p,k>

E
{
σ2
α |r(k, p)|2

}
1

NME
{
σ2

∑
n,m |gn,m|2

} . (29)

Recalling (13) and (15), it is evident that

E
{
|r(k, p)|2

}
=Var (χ) +NME2{χ}sinc2 (k) sinc2 (p)

≤Var (χ) +NME2{χ} = E
{
r2(0, 0)

}
,
(30)

demonstrating that the numerator in (29) is obtained when
k = 0 and p = 0, where

r(0, 0) =
1√
NM

∑
n,m

χn,m. (31)

Accordingly, SNRout can be simplified as follows:

SNRout =
σ2
αE

{
r2(0, 0)

}
1

NM σ2
∑

n,m E {|gn,m|2}

=SNRin ·
E
{(∑

n,m χn,m

)2
}

∑
n,m E {|gn,m|2}

.

(32)

Evidently, SNRout measures the sensing performance in terms
of the mainlobe of r(k, p) and the output noise power, regard-
less of sidelobes of r(k, p).

Plugging (12) into (32) yields SNRout of MF, RF and WF,
which are summarized in Table. I.

C. ISLR

ISLR is a popular sensing metric used to quantify the total
energy of the sidelobes relative to the mainlobe of an r(k, p),
without involving the effect of noise [38]. Although many
studies such as [13], [39] use the ISLR to directly evaluate the
performance of the DD profile, thereby including the impact
of noise, we prefer to define ISLR according to its literal
meaning, where “S” stands for sidelobe, accounting for the
spectral characteristics of the transmitted signal after filtering
and independent of noise. Moreover, defining the ISLR based

on r(k, p) also avoids overlap with the previously mentioned
metric SNRout, thereby, allowing us to investigate the impact of
sidelobes and noise components in a decoupled manner, which
would facilitate analysis and interpretation of these effects.
Therefore, ISLR can be formulated as

ISLR =
E
{∑

k,p |r(k, p)|2
}
− E

{
r2(0, 0)

}
E {r2(0, 0)}

. (33)

Next, we derive a variant of ISLR.

Corollary 1. The ISLR can also be reformulated as:

ISLR =

E
{∑

n,m

(
χn,m − r(0, 0)/

√
NM

)2
}

E {r2(0, 0)}
.

(34)

Proof: See Appendix A. ■

Inserting (12), (14) and (49) into (33), the ISLR of MF,
RF and WF can thus be derived as in Table. I. It is worth
mentioning that the ISLR of RF is zero, since the element-
wise division yields a flat TF response function, corresponding
to the delta-shaped DD response function with zero sidelobes.

D. Discussions

1) Relationship among MSE, SNRout and ISLR:

Theorem 1. The relationship among the MSE of sensing CSI,
the ISLR and the output SNR can be established as

σ2
α

ISLR +

NME
{(

1− r(0, 0)/
√
NM

)2
}

E {r2(0, 0)}︸ ︷︷ ︸
r(k,p) effect

+
1

SNRout︸ ︷︷ ︸
noise effect


=

E{ε2}
E {r2(0, 0)}

.

(35)

Proof: See Appendix B. ■

Remark 4. Overall, (35) reveals that E{ε2} is contributed by
three factors: the mainlobe loss of r(k, p), the accumulation of
sidelobes of r(k, p), and the potential amplification of noise
power. Therefore, E{ε2} may serve as a more suitable sensing
metric over ISLR and SNRin. However, the mathematical
relationship between E{ε2} and the DD profile (15) has not yet
been exactly established. To address this, we present another
theorem below.

2) Decomposition of the MSE in the DD domain:

Theorem 2. While the MSE in (27) and (28) is defined in the
TF domain, it can also be interpreted as the accumulation of
errors in the DD domain, which is expressed as

E{ε2} = Var
(
FH
N

(
Ĥ −H

)
FM

)
, (36)

where Var(A) = E{∥A− E {A}∥2F } represents the sum of
entries in the matrix E{|A|2} − |E {A}|2.

Proof: See Appendix C. ■
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TABLE I
THE MSE OF SENSING CSI, SNROUT AND ISLR, AMONG MF, RF, AND WF.

MF RF WF

E(ε2) NM
(
σ2
α

(
E
{
|x|4

}
− 1

)
+ σ2

)
NMσ2E

{
1

|x|2

}
NMσ2E

{
1

|x|2+SNR−1
in

}
SNRout SNRin ·

(
E
{
|x|4

}
+NM − 1

)
SNRin · NM

E
{

1
|x|2

} SNRin ·
E

 |x|4

(|x|2+SNR−1
in )

2

+(NM−1)E2

{
|x|2

|x|2+SNR−1
in

}

E

 |x|2

(|x|2+SNR−1
in )

2



ISLR
(NM−1)(E{|x|4}−1)
NM+(E{|x|4}−1)

0

(NM−1)

E

 |x|4

(|x|2+SNR−1
in )

2

−E2

{
|x|2

|x|2+SNR−1
in

}
E

 |x|4

(|x|2+SNR−1
in )

2

+(NM−1)E2

{
|x|2

|x|2+SNR−1
in

}

Next, we examine how the MSE relates to the DD profiles
characterized in (15). To proceed, we reformulate (36) as

E{ε2} =Var
(
FH
N

(
Ĥ −H

)
FM

)
=
∑

k,p
E{|Λ̃k,p|2} −

∑
k,p

|E{Λ̃k,p}|2

=
∑

k,p
E{|Λ̃k,p|2},

(37)

where Λ̃k,p is the (k, p)th entry of Λ̃ = FH
N

(
Ĥ −H

)
FM ,

and E{Λ̃k,p} = 0 is exploited in (37) for simplicity. Similar
to derivations in (15), one may obtain

E{ε2} =NMσ2
α

∑
k,p

[
(E{χ} − 1) sinc

(
k − k̃

)
sinc (p− p̃)

]2
+
∑

k,p
σ2
αVar (χ− 1) +

∑
k,p

σ2E{|g|2}

=NM
(
σ2
α

(
E{χ2} − 2E{χ}+ 1

)
+ σ2E{|g|2}

)
=(28)

(38)
where the second equal sign holds relying on Var(χ − 1) =
Var(χ), and

∑
k,p sinc2(k − k̃)sinc2(p − p̃) = 1 which

holds both for on-grid and off-grid cases2. The result in (38)
naturally implies the MSE of sensing CSI in the DD domain
equals to that in the TF domain.

Remark 5. We now specialize the relationship between
E{ε2} and (15), as illustrated in Fig. 3. First, recalling
(15), Var (χ) and σ2E{|g|2} constitute the pedestal of DD
profiles induced by the signaling randomness and the am-
plified noise, which are constant with respect to indices k

and p. Second, E{χ}sinc
(
k − k̃

)
sinc (p− p̃) represents the

DD response function (e.g., red arrow in Fig. 3), which
may be smaller than the ideal sinc

(
k − k̃

)
sinc (p− p̃) (e.g.,

green arrow in Fig. 3) due to E{χ} ≤ 1 for MF, RF,
and WF, thereby leading to the squared error of (1 −
E{χ})2

∑
k,p sinc2

(
k − k̃

)
sinc2 (p− p̃) = (1− E{χ})2.

2This can be explained by referring to the squared magnitude sum property
of the Dirichlet kernel, where the total energy in the 2D-DFT domain remains
constant, even when the signal is off-grid. This follows directly from the
Parseval identity applied to the DFT basis.

Delay

Doppler

Magnitude

k

p

( )
22 1 { }NM  − ②

( )2

,k p
Var  ①k

p

2{ }①+②+③=

2 2

,
{| | }

k p
g ③

Ideal DD 
response function

Actual DD 
response function

Fig. 3. Illustration of relationship between E{ε2} and E{|Λ|2}. For clarity,
the on-grid target is employed in this figure. In contrast, the green and red
arrows should be replaced by sinc-shaped counterparts for the off-grid target.

3) Relating normalized MSE (NMSE) to DR: The MSE is
not suitable for fair performance comparison across different
filters due to its scale-variant characteristic. For example,
under PSK modulations, the MSE of WF remains smaller than
those of MF and RF in the low SNRin regime (See Fig. 4(a)),
even though all three filtering schemes theoretically achieve
the same sensing performance in terms of the DR as depicted
in Fig. 1. In contrast, the NMSE values of MF, RF, and WF are
identical in this case (see Fig. 4(b)), providing a scale-invariant
metric that enables consistent and meaningful performance
comparisons across different filtering schemes. To that end,
the NMSE can be defined as E{ε2}

σ2
αE2{χ} , which is reformulated

as

E{ε2}
σ2
αE2{χ}

=
NM

[
σ2
αVar(χ) + σ2E{|g|2}

]
σ2
αE2{χ}

+
(E{χ} − 1)

2

E2{χ}

=
N2M2

DR
+

(E{χ} − 1)
2

E2{χ}
.

(39)
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If we employ the DR as the sensing metric, then optimizing
the sensing performance can be formulated as

min
p(x)

1

DR
, s.t. E{χ} ≤ 1, (40)

where the constraint holds for MF, RF and WF and can be
readily verified according to the expectation of (12).

Combining (39) and (40), we observe that the constrained
optimization problem (40) may be recast as an unconstrained
counterpart as

min
p(x)

1

DR
+ ρϕ(χ) ⇔ min

p(x)
NMSE, (41)

where the penalty function and the penalty parameter are

ϕ(χ) =
(

E{χ−1}
E{χ}

)2

and ρ = 1
N2M2 , respectively. In other

words, the NMSE is a penalty function version of the DR.
For clarity, the NMSE versus SNRin under various filtering
schemes and constellation types, is also given in Fig. 4(b),
which coincides with Fig. 1.

4) Relating channel MSE to parameter MSE: The MSE
of the sensing CSI measures the fidelity of the reconstructed
signal field, reflecting the system’s ability to focus energy
and suppress sidelobes or noise. In contrast, parameter-domain
metrics, e.g., delay/Doppler MSE, quantify the estimation
accuracy of physical parameters, directly characterizing in-
formation quality. We may provide a preliminary analysis to
build up their relationship. Specifically, we denote the channel
error as ∆h = h(θ̂) − h(θ), where h(θ̂) = vec(Ĥ) and
h(θ) = vec(H). In addition, θ and θ̂ are the parameter vector
and the estimated counterpart, respectively. Next, we denote
the parameter error as ∆θ = θ̂−θ, and then use the first-order
Taylor expansion to approximate ∆h = h(θ+∆θ)−h(θ) ≈
Jθ∆θ, where Jθ is the Jacobian matrix of sensing CSI with
respect to the parameters. Therefore, the covariance matrix of
∆h is cov(∆h) = E

{
∆h∆hH

}
= Jθcov(∆θ)JH

θ , where
cov(∆θ) = E

{
∆θ∆θH

}
. Consequently, we have

MSE(Ĥ) =trace (cov(∆h)) = trace
(
Jθcov(∆θ)JH

θ

)
, (42)

MSE(θ̂) = trace (cov(∆θ)) . (43)

Clearly, MSE(Ĥ) = MSE(θ̂) holds only when Jθ is an
orthogonal matrix, which is not easy to meet. In other words,
the channel MSE is not a simple sum of all parameter errors.
Instead, each parameter’s error is weighted by how strongly
that parameter affects the channel, as ∆h ≈ Jθ∆θ represents
a map from a low-dimensional parameter space to a high-
dimensional channel space. However, this part is beyond the
scope of this article, which can be left as our future research
topic toward a more thorough investigation.

IV. UNIFIED PCS APPROACH FOR ISAC

Based on the above analysis, the NMSE emerges as a
preferable sensing metric for PCS optimization. However,
incorporating the NMSE into constraint C1 still results in
a non-convex feasible set, similar to the case with the DR
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Fig. 4. MSE and NMSE versus SNRin under different filtering schemes.

elaborated in Sec. II-D. Consequently, it is natural to adopt
the MSE3 as the sensing metric, leading to the PCS model as:

(P2)


max
px

max
qx|yc

F(px, qx|yc
)

s.t. C1 : E{ε2} ≤ c0,

C2, C3, C4.

(44)

The objective function F(px, qx|yc
) is concave

with respect to px and qx|yc
, due to the fact that

F
(
ρpx,1 + (1− ρ)px,2, ρqx|yc,1 + (1− ρ)qx|yc,2

)
≥

ρF
(
px,1,qx|yc,1

)
+ (1 − ρ)F

(
px,2,qx|yc,2

)
. The model

P2 is therewith a convex programming problem since it
maximizes a jointly concave function with respect to px

and qx|yc
, where all constraints are linear. Then, we may

exploit the MBA algorithm to solve P2, with major steps
summarized as follows.

3Although the MSE value itself is not suitable for directly comparing the
performance of different filters, it does depend on the constellation input
probability for each individual filter. This justifies the use of the MSE in
P2, as our objective is to optimize the PCS scheme for each filter based on
its own MSE behavior.
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1) Given the ℓth iterative p
(ℓ)
x , maximizing the mutual in-

formation yields the updated q
(ℓ)
x|yc

[36]:

q(ℓ)(x|yc) =
p(ℓ)(x)p(yc|x)∑
x′ p(ℓ)(x′)p(yc|x′)

. (45)

2) Given the ℓth iterative q
(ℓ)
x|yc

, maximizing the mutual

information yields the updated p
(ℓ+1)
x :

p(ℓ+1)(x) =
e
∑

yc
p(yc|x) log q(ℓ)(x|yc)−λ1f(x)−λ2|x|2∑

x e
∑

yc
p(yc|x) log q(ℓ)(x|yc)−λ1f(x)−λ2|x|2

,

(46)

where recalling (28) yields
1

NMσ2
f(x) ≜

{
SNRinE

{
(χ− 1)2

}
+ E

{
|g|2

}}
=


SNRin

(
|x|4 − 1

)
+ 1, MF,

1
|x|2 , RF,

1
|x|2+SNR−1

in
, WF

(47)
Note that Lagrange multipliers λ1 and λ2 may be nu-
merically solved with mature numerical algorithms, e.g.,
Newton’s method. See [17] for more technical details.

3) Repeat until convergence, i.e.,
∥∥∥p(ℓ+1)

x − p
(ℓ)
x

∥∥∥2 ≤ ε0,
where ε0 denotes a tolerance, e.g., ε0 = 10−5.

Remark 6. The determination of c0: The effective range
of c0 in P2 can be determined by respectively calculating
E{ε2} in (28) for uniform PSK and QAM constellations, given
σ2
α and σ2, under different filtering schemes. For a given

QAM codebook, as c0 is varied from the uniform PSK value
(sensing-best) to the uniform QAM value (sensing-worst), it
is expected that the communication performance will scale
from the PSK’s AIR (communication-worst) to that of QAM
(communication-best) [17]. Therefore, the desired S&C trade-
off can be controlled by selecting c0 in this range.

Remark 7. In practical high-resolution sensing systems, the
target typically exhibits an extension in the DD domain, and
its overall response can be described as the two-dimensional
convolution of the scattering function with the system’s point-
target response. This implies that the sensing performance
can be characterized by examining the system’s response to
a single point target. Moreover, the objective of PCS is to
optimize the constellation input distribution, i.e., px, which
depends only on the statistical variables of the MSE and can be
readily verified to remain identical for both point and extended
targets. Owing to these reasons, we highlight that the proposed
PCS framework can also be applicable to the extended target.

V. PERFORMANCE EVALUATION

We aim to demonstrate the efficiency of PCS optimization
in enhancing sensing performance compared to conventional
QAM-constellation-modulated OFDM signaling, as well as
its superiority in achieving a flexible S&C trade-off. We
commence with simulations and subsequently validate the
benefits of our proposed approach through field measurements.
Note that both simulations and experiments are performed
under the OFDM signaling parameters listed in Table. II.

TABLE II
OFDM SIGNALING PARAMETERS.

Symbol Parameter Value

fc Carrier frequency 24 GHz

B Bandwidth 100 MHz

N Number of subcarriers 1024

∆f Subcarrier spacing 97.66 KHz

M Number of symbols 128

Tp Elementary OFDM symbol duration 10.24 µs

Tcp Cyclic prefix duration 1.28 µs

Tsym Transmit OFDM symbol duration 11.52 µs

A. Sensing Performance Enhancement With PCS

Fig. 5 presents the range profiles of MF, RF, and WF under
SNRin of -10 dB, 4 dB and 20 dB, respectively, both with and
without PCS optimization applied to a 64-QAM constellation.
Unless otherwise specified, the PCS results are obtained using
the specified c0 that yields the best sensing performance.
Without loss of generality, a static point target is assumed at
zero range. Then the key findings are summarized as follows.

1) Low SNRin Case: As evidenced in Remark 2, the filter-
ing results in this case are mainly determined by the output
noise power σ2E{|g|2}. When SNRin = −10 dB in Fig. 5(a),
MF and WF (without PCS) achieve similar range profiles,
significantly outperforming RF when exploiting uniform QAM
modulations. This is because the output noise is considerably
amplified due to the element-wise division imposed on non-
constant modulus symbols with RF. In contrast, when PCS is
exploited, RF optimizes the constellation toward a constant-
modulus modulation, thereby leading to the best sensing
performance as the noise power is not amplified either.

2) Medium SNRin Case: As depicted in Fig. 5(b) where
SNRin = 4 dB, the sensing performance is simultaneously
affected by the signaling randomness and the amplified noise
power. Fortunately, exploiting PCS can almost improve 2 dB -
4 dB performance gain. This benefits from the fact that QAM
constellations are optimized with PCS toward a constant-
modulus modulation, as elaborated above, thereby alleviating
the signaling randomness and the noise amplification.

3) High SNRin Case: When SNRin = 20 dB in Fig. 5(c), RF
and WF achieve the similar sensing performance, as detailed
in Remark 2. Moreover, their behaviors are evidently better
than MF, since the randomness of discrete symbols plays a
more dominated role in affecting the sensing capability, which
can be significantly eliminated with element-wise division
operation. Besides, when PCS is utilized toward the best
sensing performance (i.e. constant modulus constellations), the
range profiles of MF, RF and WF can all be enhanced. Notably,
when SNRin → +∞ (i.e. in a noise-free environment which is
unrealistic), RF and WF can achieve extremely low sidelobes
since the signaling randomness can be completely eliminated
with element-wise division Var(χ) = 0, regardless of the
constellation distribution. In contrast, Var(χ) > 0 still holds
for MF as the optimized QAM is a pseudo PSK constellation,
since its discrete symbols do not meet constraints of unit
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Fig. 5. Range profiles of MF/RF/WF with/without PCS optimizations under different input SNR values: simulation results.
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Fig. 6. Velocity profiles of MF/RF/WF with/without PCS optimizations under different input SNR values: simulation results.

modulus and equally spaced phases simultaneously [17]. This
is also revealed in Fig. 7.

Additionally, corresponding velocity profiles are depicted in
Fig. 6, which are similar to range profiles in Fig. 5.

B. Flexible S&C Trade-off

Since the range-velocity profiles in Fig. 5 and Fig. 6 only
illustrate the sensing performance of different filtering schemes
in the context of uniform QAM constellation and the optimized
PCS constellation, their capabilities of balancing between S&C
performance remain unsolved. To this end, we first depict 64-
QAM constellations with PCS optimizations in Fig. 7, where
MF, RF and WF are compared when SNRin = 4 dB. Evidently,
with increased c0 tailored for MF, RF and WF, respectively,
corresponding constellations are all reshaped from uniform
PSK toward uniform QAM4. Notably, PCS with higher-order
QAM (e.g. 64-QAM and 1024-QAM) cannot yield a constant
modulus constellation, as mentioned previously.

4When c0 is further increased, both sensing and communication perfor-
mance degrade, which falls outside the effective trade-off region of interest.

Next, to quantify the effect of PCS optimizations on S&C
performance, we explicitly characterize S&C trade-off regions
in Fig. 8. Specifically, we exploit the AIR as the communica-
tion metric with a tiny communication noise power, and the
CFAR algorithm to detect a weak target nearby the strong
target, where the considered scenario involves detecting a
static weak target located near strong self-interference, similar
to that in [17]. The weak target’s reflection coefficient is
configured such that the sensing SNR equals 4 dB. A fixed
false alarm probability of 10−3 is assumed, and the detection
probabilities are averaged over 4000 Monte Carlo trials. The
weak target is placed in the 8th range cell, adjacent to the
self-interference in the 0th range cell, enabling the smallest
of constant false-alarm rate (SO-CFAR) detector to adaptively
set its threshold. Note that we sweep c0 in (24) to obtain
the trade-off curves, as mentioned in Remark 6. Overall, the
observations in Fig. 8 are consistent with those in Fig. 5 and
Fig. 6. Above all, MF and MMF schemes can achieve a flexible
S&C trade-off with PCS optimizations, which are superior to
the time-sharing strategy [21]. Additionally, WF can approach
the outer boundary of S&C in medium SNRin case over MF
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Fig. 7. 64-QAM constellations with PCS, when SNRin = 4 dB.
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and RF. Nevertheless, we highlight that WF requires a priori
information of SNRin, which results in an additional overhead.
Interestingly, RF and MF trade-off curves still have a crossover
point in Fig. 8 under non-uniform QAM constellations5.
Different from uniform QAM modulations as stated in Remark
2, when PCS is exploited, the input distribution p(x) at the

5This behavior can be explained with reference to Fig. 1. For instance, as
c0 is varied from uniform QAM to uniform PSK, the curves corresponding
to RF and MF will gradually approach that of uniform PSK. Nevertheless,
the crossover point persists, but the corresponding SNRin varies.

cross point in Fig. 8 can be theoretically computed by solving
p̂(x) = argmin

p(x)

∣∣∣∣∣SNRin −
E
{
|x|−2

}
− 1

E {|x|4} − 1

∣∣∣∣∣
2

s.t. C2, C3, C4.

(48)

C. Measurement Validation

To demonstrate the efficiency of proposed PCS approach
in enhancing sensing behaviors, a field experimental system
based on universal software radio peripheral (USRP) prototype
[14], [40], is depicted in Fig. 9, where a static corner reflector
placed at a radial distance of 15 meters serves as the radar
target of interest. The experiment operates in a monostatic
configuration, where the transmit and receive antennas are
co-located and share a common local oscillator and timing
reference, which are inherently synchronized in time and fre-
quency. Overall, the measured OFDM radar data are processed
through raw data acquisition, preprocessing, TF filtering, delay
compression via IFFT, Doppler compression via FFT, and
performance evaluation to generate the DD profile. Notably,
the system delay calibration is still required to be compensated
for hardware-induced channel biases, during the preprocessing
stage. Throughout experiments, the USRP was configured to
transmit OFDM signals using the parameters summarized in
Table. II, where the transmit power is 20 dBm, the antenna
gain is 15 dB, the carrier frequency is 3 GHz, and the signaling
bandwidth is 100 MHz. All experimental results are averaged
with 64 individual observations.

We carried out two groups of experiments with different
filtering schemes: 1) ISAC signaling with uniform 64-QAM
modulation, and 2) ISAC signaling with 64-QAM-PCS opti-
mization toward the best sensing performance. After receiving
and processing echoes with MF, RF and WF, the range and
velocity profiles are shown in Fig. 10 and Fig. 11, respectively.
To be specific, the range profiles in Fig. 10 exhibit many
peaks, where the maximum peak (i.e. the corner reflector)
is located at the distance of 15 meters, and other peaks
are contributed by clutter and self-interference. Evidently,
three filters can achieve an obvious sensing gain (2-3 dB)
benefiting from PCS optimization, which can further improve
the detection probability compared with the uniform QAM
modulated OFDM ISAC signals. Moreover, our measurements
demonstrate that WF achieves the highest sensing performance
both with and without PCS. The velocity profiles in Fig. 11
are extracted in accordance with the 15 meters-range slices,
which also verify the efficiency of PCS in enhancing Doppler
performance.

The reported experimental results are obtained with a trans-
mit power of 20 dBm, corresponding to a medium SNRin
scenario. As evidenced in Remark 2, the sensing performance
inherently depends on SNRin. Furthermore, WF requires a
priori knowledge of SNRin, whose estimation accuracy is also
SNRin-dependent, thereby introducing additional overhead.
These aspects are not elaborated here due to space constraints.

Additionally, the proposed PCS framework does not rely
on instantaneous data realizations. The optimized input distri-
bution can be precomputed and stored in a codebook offline,
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Fig. 9. Scenario of field experiments and USRP prototype.

then deployed online. The advantages clarified above can lay
a solid foundation for practical ISAC applications in future 6G
networks.

VI. CONCLUSION

We propose a unified PCS approach to explore the trade-
off between S&C performance under OFDM signaling. Unlike
the method in [17], which is limited to MF, our approach is
compatible with both MF and MMF schemes. Specifically, we
first derive the MSE of sensing CSI, the SNRout, and the ISLR
for MF, RF, and WF. We then establish the relationship among
these three sensing criteria. By optimizing the input distribu-
tion of constellations, we maximize the AIR while constraining
the MSE, the transmit power, and the probability simplex
constraint. Utilizing a tailored MBA algorithm, we efficiently
solve this optimization problem. Simulations provide fair
comparisons among the three filtering schemes, demonstrating
the PCS approach’s capability to balance S&C performance.
Additionally, field experiments validate the effectiveness of our
unified PCS approach and its potential for practical location-
aware services in future 6G networks.

APPENDIX A
PROOF OF COROLLARY 1

In regard to (14), applying the well known Parseval’s
theorem yields∑

n,m
χ2
n,m =

∑
k,p

|r(k, p)|2. (49)

Then inserting (31) and (49) into (34) yields

ISLR =
E
{∑

n,m

(
χ2
n,m − 2√

NM
r(0, 0)χn,m + r2(0,0)

NM

)}
E {r2(0, 0)}

=
E
{∑

k,p |r(k, p)|2 − r2(0, 0)
}

E {r2(0, 0)}
.

(50)
The proof is thus completed.

APPENDIX B
PROOF OF THEOREM 1

We denote r(0,0)√
NM

+∆ = 1, and thus formulate (51) at the
top of next page, where the sum of the first two terms and the
third term in the last equation of (51) represent the numerator
of ISLR (i.e., the energy of sidelobes) and the peak energy
loss due to MMF, respectively. Here, the peak energy loss is
referred to E

{
r(0,0)√
NM

}
≤ 1 for MMF. Next, multiplying the

left of (35) by E
{
r2(0, 0)

}
yields (52) at the top of next page.

This completes the proof of Theorem 1.

APPENDIX C
PROOF OF THEOREM 2

In accordance with the definition of E{ε2} in (26), one may
reformulate

E{ε2} = E
{∥∥∥Ĥ −H

∥∥∥2
F

}
= E

{∥∥∥FH
N

(
Ĥ −H

)
FM

∥∥∥2
F

}
=

∥∥∥E{
FH
N

(
Ĥ −H

)
FM

}∥∥∥2
F
+ Var

(
FH
N

(
Ĥ −H

)
FM

)
,

(53)
where ∥∥∥E{

FH
N

(
Ĥ −H

)
FM

}∥∥∥2
F
= 0 (54)

can be readily verified. The proof is thus completed.
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Fig. 10. Range profiles of MF/RF/WF with/without PCS optimizations: experimental results.
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Fig. 11. Velocity profiles of MF/RF/WF with/without PCS optimizations: experimental results.
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