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ABSTRACT
We present the Gradient‐Informed Attentive Normalisation Training (GIANT) framework with the objective to create very deep 
fully connected neural networks, which we use as surrogate models in the context of microwave problems. As the central 
component of the GIANT framework, we introduce a novel dynamic reparameterisation procedure for the weight‐bias 
parameter space by means of a low‐variance preserving normalisation layer for each fully connected layer and we refer to 
this construction as Attentive Normalisation (AttNorm). As part of AttNorm, we also introduce a new and tailored updating 
scheme that improves the convergence during training. To efficiently train very deep fully connected neural networks, we 
exploit Sobolev training with gradient information, which is computed at a very low computational cost by means of continuum 
sensitivity analysis. We test our novel approach on two microwave applications: (i) a six‐port microwave cavity with a random 
medium and (ii) an H‐plane waveguide filter optimised under geometrical uncertainty. For these examples, we demonstrate 
successful training of neural networks with up to 30 layers, which are sufficiently accurate and expressive to serve as excellent 
surrogate models.

1 | Introduction

The fast and accurate solution of Maxwell's equations is 
important in many microwave engineering applications that 
can be formulated as an optimisation problem or an inverse 
problem. In the parameter space for the sought quantities of 
the optimisation/inverse problem, it is often sufficient to 
consider a bounded region where Maxwell's equations typi
cally must be solved a very large number of times in the 
search for a global solution to the optimisation/inverse 
problem at hand. Despite the very powerful computers of 
today and the very efficient computational methods developed 
in recent decades, it can be too expensive to work with a 
direct solution of Maxwell's equations by means of conven
tional methods such as the finite‐difference time‐domain 
scheme [1], the finite element method [2] or the method of 
moments [3]. Compared to full‐wave solvers, an attractive 

alternative is to use a surrogate model [4], which is a 
computationally cheap model that is trained to emulate the 
full‐wave solver in a limited region of the parameter space. 
Surrogate models allow for efficient optimisation of micro
wave components [5] where they can also be used in com
bination with space‐mapping schemes [6–8].

Neural networks are attractive as surrogate models for micro
wave applications [5, 9, 10]. Neural networks can exhibit 
impressive flexibility that allows for the modelling of compli
cated nonlinear relationships between its input and output for 
relatively large regions in the input space. Additionally, once a 
neural network is ready to use, it can be evaluated very rapidly 
on a graphical processing unit (GPU). A number of different 
network architectures have emerged for the modelling of mi
crowave components. Examples include neural networks that 
predict the poles and residues of pole‐residue‐based transfer 
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functions [11], knowledge‐based neural networks that incorpo
rate prior knowledge in the form of approximative analytical 
models of the components in their design [12, 13], and 
autoencoders that reduce the dimensionality of high‐ 
dimensional design parameter vectors [14]. As an important 
complement to such tailored solutions, fully connected neural 
networks are problem agnostic and can be applied without prior 
knowledge. Also, fully connected neural networks are often 
used as building blocks in more specialised neural network ar
chitectures. Finally, a common trend within the deep learning 
community is to repeatedly increase the depth of the neural 
network to model ever more complicated problems, which also 
naturally requires ever more data.

There are several approaches to improve the possibilities to train 
deeper neural networks. One approach is to use normalisation 
procedures such as BatchNorm [15]. However, the effectiveness 
of such procedures is application specific and depends upon 
parameters such as batch size and the choice of nonlinear 
activation function [16, 17]. In particular, BatchNorm has been 
noted to reduce performance for fully connected neural net
works [18]. Another alternative is the natural neural network 
[19], which uses principal component analysis (PCA) whitening 
to enforce full whitening of the data for each internal layer of a 
fully connected neural network. In the context of microwave 
modelling, Jin et al. [20] use a custom architecture with a 
combination of sigmoid and ReLU activation functions and 
demonstrated networks with a depth of 14 layers. Another 
important aspect in the training of deep neural networks is the 
choice of weight optimiser where a proper choice of optimiser 
can drastically reduce the time needed to train the neural 
network [21]. Here, the Adam optimiser [22], which features an 
adaptive learning rate for each weight‐bias parameter, is a 
popular and efficient choice.

Very deep and expressive networks require large amounts of 
training data, which are often expensive to collect and annotate. 
In the context of surrogate modelling, data are generated by 
computer simulations and each such data point can involve a 
large computational cost. Then, an attractive approach to increase 
the amount of information associated with each individual data 
point is to also include gradient information. Gradient informa
tion can be used in the training of the neural network [23–25] and 
such an approach belongs to the larger class of methods referred 
to as Sobolev training [26]. This approach is especially attractive 
for problems where the gradient information can be computed at 
a low computational cost.

In this paper, we present the Gradient‐Informed Attentive 
Normalisation Training (GIANT) framework with the purpose 
to construct very deep fully connected neural networks that 
can act as surrogate models for full‐wave numerical field 
solvers, given important classes of microwave problems. We 
propose a novel dynamic reparameterisation procedure for the 
weight‐bias space that is based on a low‐variance preserving 
normalisation layer for each fully connected layer. The low‐ 
variance preserving normalisation layers re‐normalise the 
data between each fully connected hidden layer of the neural 
network where the objective is to maintain zero mean and a 
suitable standard deviation throughout the training process. 
This construction is referred to as Attentive Normalisation 

(AttNorm) and it also involves a new updating scheme that 
improves the convergence during training.

Given the objective to efficiently train very deep neural net
works, we exploit Sobolev training for an objective function that 
involves the misfit of both function values and first‐order de
rivatives. Sensitivity analysis offers a computationally efficient 
possibility to determine the first‐order derivatives. An important 
family of problems concerns the prediction of scattering pa
rameters as a function of the parameters that describe the ma
terial and shape of a device or scatterer where results on 
continuum sensitivity analysis [27–29] can be formulated in 
terms of the original field solution and an adjoint field solution. 
For reciprocal microwave circuits, the derivatives with respect 
to an unlimited number of material and shape parameters are 
available basically for free once the original field solutions have 
been computed for all the scattering parameters of the problem. 
Given fixed computational resources, Sobolev training and 
sensitivity analysis allow the efficient training of much deeper 
neural networks as compared to the more conventional 
approach that does not involve any derivatives of the output 
with respect to the input of the neural network.

We test the GIANT framework on two microwave problems: (i) 
a six‐port cavity with a random medium that models a mea
surement system and (ii) an H‐plane waveguide filter that is 
optimised under geometrical uncertainty. We demonstrate that 
the GIANT framework yields fully connected neural networks 
that give a substantially smaller error on an unseen test set 
compared to conventional fully connected neural networks.

2 | Method

In this section, we first describe our proposed dynamic repar
ameterisation procedure Attentive Normalisation (AttNorm). 
Also, we describe how gradient information can be used to 
enhance the training of very deep neural networks by means of 
Sobolev training.

2.1 | AttNorm Network Setup

Figure 1 shows schematically the basic architecture of the Att
Norm network where features such as the number of layers and 
the width of different layers are tailored for the specific appli
cation at hand.

The AttNorm network predicts the output variables ŷ1, ŷ2,…, ŷP 
as a function of the input variables x1, x2,…, xQ. We organise the 
input variables into a vector x and the output variables into a 
vector ŷ. Here and in the following, we use the hat symbol ( )̂ to 
denote a quantity that is output by the neural network, and we 
denote the jth element of a vector v by vj.

2.1.1 | Neural‐Network Architecture

The AttNorm network contains L layers where each such layer 
is composed of two parts: (i) a conventional fully connected 
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layer and (ii) a normalisation layer. We use the super‐index l to 
denote the lth layer where l = 1,…,L.

2.1.2 | Fully Connected Layers

The lth fully connected layer is described by

ȟ
(l+1)

= g(W(l)h(l) + b(l)
) (1)

where we have the weight matrix W(l) ∈ RNl ×Nl − 1 and the bias 
vector b(l) ∈ RNl for the number of neurons Nl in layer l. Further, 

we have the layer output ȟ
(l+ 1)

∈ RNl which, in turn, forms the 
input of layer l + 1. Here and in the following, we use the caron 
symbol ( )̂ to denote un‐normalised quantities. The activation 
function is denoted g(a) in Equation (1) and it applies element‐ 
wise to all elements of a. For all numerical tests in this article, 
we use g(a) = tanh(a).

2.1.3 | Normalisation Layers

We have the lth normalisation layer

h(l)
i = (ȟ

(l)
i − μ(l)

i ) f (l)i (2)

which centres and scales the input ȟ
(l)
∈ RNl − 1 of layer l before it 

is used in the activation function (1). Here, we have the offset 
parameters μ(l) ∈ RNl − 1 and the scale factors f (l) ∈ RNl − 1 .

2.1.4 | Input Layer

We assume that the input to the neural network is normalised. 
Thus, for the input layer l = 1, we omit the normalisation layer 
and we have h(1) = x.

2.1.5 | Output Layer

For the output layer l = L, we have the activation function gout 
which is chosen for the application at hand. For all numerical 
tests in this article, we use the linear activation function 
gout(a) = a and we have

ŷ = W(L)h(L) + b(L). (3)

2.1.6 | Initialisation

We initialise all weight matrices W(l) with the Glorot uniform 
initialiser [30], whereas all bias vectors b(l) are initially set to 
zero.

For the normalisation layers, we initially assign μ(l)
j = 0 and 

f (l)j = 1 for all l and j. These values are then adjusted as part of 
the updating scheme, which is described in Section 2.3.

2.2 | Training, Validation and Test Sets

To optimise the weights of the neural network, we have a 
training set with the pairs (x{d}, y{d}), where d = 1,…,NTr is the 

FIGURE 1 | Architecture of the neural network. We have the normalisation layers which normalise the input to each layer where the 

normalisation layer l is characterised by the sample mean values μ(l) and the scale factors f (l). Here, the operator ‘⊙’ denotes an element‐ 
wise product. The remaining layers are the fully connected layers where the fully connected layer l is characterised by the weight matrix 
W(l) and the bias vector b(l). Note that the output fully connected layer l = L uses the activation function gout, which is chosen for the 
application at hand.
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sample index and NTr is the number of samples in the training 
set. If we wish to employ Sobolev training, we assume that we 
also have access to the Jacobian matrix J with the entries

Jpq =
∂yp

∂xq
(4)

for p = 1, 2,…,P and q = 1, 2,…,Q and instead form the trip
lets (x{d}, y{d}, J{d}).

For the purpose of hyper‐parameter tuning, we use a validation 
set with the number of samples NVal. To verify the performance 
of the trained neural network, we use unseen data that we refer 
to as the test set where NTe is the number of samples in the 
test set.

2.3 | AttNorm: Updating Scheme

We now wish to use the training set to optimise the parameters 
of the AttNorm network with the objective to minimise a loss 
function L where we present an example of a gradient‐informed 
loss function in Section 2.5.2.

The updating scheme exploits the Adam optimiser [22] and 
involves three main steps that are repeated until the loss is 
sufficiently small. In the first step, we update the parameters of 
the normalisation layers and then adjust the weight‐bias pa
rameters of the fully connected layers such that the output of 
the neural network remains unchanged by the update. In the 
second step, we update the internal parameters of the Adam 
optimiser such that it remains consistent with the reparame
terised weight space. In the third and final step, we apply the 
Adam optimiser to update the weight‐bias parameters of the 
fully connected layers with the objective to minimise the loss 
function L.

2.3.1 | Update of Normalisation Parameters

In the first part of the updating scheme, the entire training set is 
passed through the network and the outputs h(l) of all fully 
connected layers are stored. For simplicity, we consider a single 
layer l and omit the super‐index (l) for all quantities in the 
remainder of this section.

First, we compute new values μ̃j and f̃ j for the offset parameters 
μj and scale factors fj, respectively, according to

μ̃j =
1

NTr
∑

NTr

d=1
ȟ
{d}
j and (5)

f̃ j = f ( σ̃j) (6)

where we have the (un‐normalised) output of the previous layer 

ȟ
{d}

that is associated with the input sample x{d}. Here, we use 
the scaling function f (σ) to compute the scale factors based on 
the sample standard deviation

σ̃j =

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

1
NTr − 1

∑

NTr

d=1
(ȟ

{d}
j − μ̃j)

2
√
√
√

, (7)

where we discuss the scaling function f (σ) in Section 2.4.

Next, we modify the weight matrix W and the bias vector b to 
ensure that the argument of the activation function in (1) re
mains unchanged by the update given by the new values μ̃j and 
f̃ j. In this process, we introduce the variables αj and βj such that 
the new values μ̃j and f̃ j are related to the current values μj and 
fj according to

αj = μ̃j − μj, (8)

βj =
f̃ j

fj
(9)

We now compute a new bias vector b̃ according to

b̃i = bi +∑
j

Wij fjαj (10)

and a new weight matrix W̃ according to

W̃ij = Wij/βj. (11)

Finally, we replace μj, fj, bi and Wij with their new counterparts 
μ̃j, f̃ j, b̃i and W̃ij, which is applied for all layers of the neural 
network.

2.3.2 | Update of Adam Optimiser Parameters

In the second part of the updating scheme, we update the in
ternal parameters of the Adam optimiser [22] such that it is 
consistent with the reparameterised weight space. For each 
weight‐bias parameter θ, the Adam optimiser stores a mo
mentum parameter m{θ} and a velocity parameter v{θ} where

m{θ} ≈ E{
∂L
∂θ

} (12)

and

v{θ} ≈ E{(
∂L
∂θ

)

2

} (13)

for the loss function L. We use E{x} to denote the expected value 
of the random variable x where we consider the derivatives 
∂L/∂θ as independent random variables for the different θ. Here, 
the weight‐bias parameter θ can be (i) an element of a bias 
vector b(l)i or (ii) an element of a weight matrix W (l)

ij . For 
simplicity, we once again consider a single layer l and thus omit 
the super‐index (l) for the remainder of this section.

We first consider the case where θ is an element of a bias vector. 
From Equations (1) and (2), we find the input to the activation 
function
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ai =∑
j

Wij fj(hj − μj) + bi. (14)

from which we find

∂L
∂bi

=
∂L
∂ai

∂ai

∂bi
=

∂L
∂ai

. (15)

As all inputs to the activation functions ai remain unchanged by 
the normalisation update procedure, we find that the mo
mentum and velocity parameters that are associated with ele
ments of bias vectors do not need to be updated.

Next, we consider the case where θ is an element of a weight 
matrix. We have

∂L
∂Wij

=
∂L
∂ai

∂ai

∂Wij
=

∂L
∂ai

fj(hj − μj). (16)

After applying the update procedure (5–11), we find that

∂L
∂W̃ij

=
∂L
∂ai

βj fj(hj − (μj + αj))

= βj
∂L
∂ai

fj(hj − μj) − βj fjαj
∂L
∂ai

= βj
∂L

∂Wij
− βj fjαj

∂L
∂bi

.

(17)

Thus, for the optimiser parameters that are associated with an 
element of a weight matrix Wij to be consistent with the update 
of the normalisation parameters, we update the corresponding 
momentum and velocity parameters as

m{W̃ij} = βjm{Wij} − βj fjαjm{bi} (18)

and

v{W̃ij} = (βj)
2
v{Wij}

− 2(βj)
2

fjαjm{Wij}m{bi}

+ (βj fjαj)
2
v{bi}.

(19)

2.3.3 | Optimisation of Weight Matrices and Bias 
Vectors

In the third and final part of the updating scheme, we use the 
Adam optimiser [22] to update the weight matrices W(l) and 
bias vectors b(l) with the objective to minimise the loss function 
L for the entire neural network where the number of stochastic 
gradient steps executed before a new update of the normal
isation parameters depend on the application.

2.4 | Low‐Variance Preserving Scaling Function

In the update of the scale factors (6), we must choose a 
scaling function f (σ) and, here, we wish to rescale the inputs 

to the fully connected layers of the neural network such that 
each input has a standard deviation that is close to unity. 
However, we assume that some of the variation of the inputs 
is noise and that nearly constant signals may be relatively 
more corrupted by such noise as compared to signals with 
a larger standard deviation. To avoid excessive amplification 
of noise associated with nearly constant signals, we hence 
propose a novel low‐variance preserving (LVP) scaling 
function

f (σ) =
σ + e

σ2 + e
. (20)

here, we have the hyperparameter e that must be chosen where 
we require e ≤ 1 to achieve a low‐variance preserving scaling 
function.

Given some typical values for e in Equation (20), Figure 2 shows 
a comparison between two scaling functions: (i) solid lines—the 
scaling function f (σ) and (ii) dashed lines—a conventional 
scaling function fconv(σ) = 1/

̅̅̅̅̅̅̅̅̅̅̅̅̅̅
σ2 + e

√
that is used in normal

isation techniques such as BatchNorm [15]. We note that the 
LVP scaling function Equation (20) reduces to f (σ) ≃ 1 + σ/e 

for σ2 ≪ e, which further reduces to unit scaling f (σ) ≃ 1 for 
σ ≪ e. In comparison, fconv(σ) ≃ 1/

̅̅
e

√
for σ2 ≪ e, which am

plifies the standard deviation substantially for nearly constant 
signals of low variance given typical values for e. For σ2 ≫ e and 
e ≤ 1, we have f (σ) ≃ fconv(σ) and the two scaling functions 
provide the same scaling. Finally, f (σ) has its maximum at 
σ =

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
e (1 + e)

√
− e, which reduces to σ =

̅̅
e

√
for e ≪ 1. In the 

tests in this article, we find that f (σ) performs better and is less 
sensitive to the choice of e when compared to the conventional 
scaling fconv(σ).

2.5 | Sobolev Training

In this section, we introduce a gradient‐informed loss function 
that allows for efficient Sobolev training of very deep fully 
connected neural networks.

FIGURE 2 | The scaling function f (σ) for five different values of 
the hyperparameter e as a function of standard deviation σ 
compared to a conventional scaling function. Solid lines—scaling 
function f (σ); and dashdotted lines—conventional scaling 

function fconv(σ) = 1/
̅̅̅̅̅̅̅̅̅̅̅̅̅̅
σ2 + e

√
.
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2.5.1 | Automatic Differentiation

We apply automatic differentiation to the neural network to 
compute the Jacobian matrix

Ĵ pq =
∂ŷp

∂xq
. (21)

where Ĵ is the Jacobian matrix as predicted by the neural 
network.

2.5.2 | Gradient‐Informed Loss Function

We introduce the gradient‐informed loss function

L = [
1

BP
∑

B

b=1
∑

P

p=1
(ŷ{b}p − y{b}p )

2
]

+ α[
1

BPQ
∑

B

b=1
∑

P

p=1
∑

Q

q=1

1
σ(J)

pq

⃒
⃒
⃒Ĵ

{b}
pq − J{b}pq

⃒
⃒
⃒]

(22)

where the super‐index b refers to the bth sample in the current 
batch of size B. The gradient‐informed loss function (22) com
bines the mean‐squared error of the function values with a 
penalisation term that involves the mean‐absolute error of the 
derivatives (21) where α acts as a penalisation parameter. In the 
following, we consider α to be a constant that must be chosen by 
the user. The derivatives (4) and (21) may vary in magnitude 
significantly within a given data set despite a suitable normal
isation of the input and/or output of the neural network. We 
mitigate such issues by weighting the derivatives in the loss 
function (22) with the inverse of the sample standard deviations 
σ(J)

pq computed from the element Jpq of the Jacobian matrix (4) 
given all the samples in the training set. It should be noted that 
the parameters σ(J)

pq are computed only once before the training 
starts. The user is advised to inspect the computed values since a 
small (or zero) value may indicate that the problem formulation 
should be reconsidered. Such issues do not occur in the exam
ples studied in this article.

2.6 | The GIANT Network

To efficiently train very deep fully connected neural networks, 
we combine AttNorm (in Sections 2.1, 2.3 and 2.4) with the 
gradient‐informed loss function (22), which we refer to as 
Gradient‐Informed Attentive Normalisation Training (GIANT). 
Further, we refer to neural networks created by means of GI
ANT as GIANT networks.

The normalisation layer and fully connected layer can be 
combined by substituting h(l) from (2) into the expression for 
the fully connected layer (1) to give the input to the activation 
function (14), which gives a combined weight matrix and bias 
vector. Thus, the evaluation of a trained GIANT network does 
not add any computational cost as compared to a conventional 
fully connected neural network.

3 | Modelling of Passive Microwave Circuits

We consider the modelling of a passive NP‐port microwave circuit. 
The circuit is characterised by its scattering parameters Sij (with 
i, j = 1, 2,…,NP) where the real and imaginary parts of the unique 
scattering parameters are organised in a real‐valued (un‐nor
malised) output vector y̌ of length P = NP(NP + 1) according to

y̌ = [R{S11},R{S12}…R{S1NP},

R{S22},R{S23}…R{S2NP},

…,

R{SNPNP},

I{S11},I{S12}…I{S1NP},

I{S22},I{S23}…I{S2NP}

…,

I{SNPNP}]

= [y̌1, y̌2…y̌P]

(23)

We assume that the geometry and material parameters of the 
microwave circuit can be expressed by a set of parameters pk 
(with k = 1, 2,…,Q − 1). Thus, we form the (un‐normalised) 
input vector

x̌ = [ f , p1,…, pQ−1] = [x̌1, x̌2,…, x̌Q]. (24)

where the frequency f of the time‐harmonic excitation is also 
included. An example of a parametric description of a complex 
permittivity distribution is given in Section 4.2.4, whereas an 
example of a parametric description of the geometry of a 
waveguide filter is given in Section 4.3.4.

3.1 | Boundary Value Problem

Given the input vector x̌ that contains the excitation frequency 
and the description of the microwave circuit, we compute the 
scattering parameters in y̌ based on the boundary value problem 
that models the microwave circuit. Two examples of boundary 
value problems are provided in the results section.

3.2 | Sensitivity Analysis

To be able to exploit Sobolev training, we now wish to compute 
the derivatives ∂y̌p ⁄ ∂x̌q.

For the derivative of the scattering parameters with respect to 
the frequency, we use the finite‐difference approximation

∂Sij

∂ f
≃

Sij( f + Δ f , p1,…, pQ−1) − Sij( f , p1,…, pQ−1)

Δ f
(25)

with a suitable choice of Δ f .

For pk that describe the materials or geometry of microwave cir
cuit, we use continuum sensitivity analysis [27–29] to compute 
the derivative ∂Sij/∂pk given the solution to the original field 

6 of 17 IET Microwaves, Antennas & Propagation, 2026

 17518733, 2026, 1, D
ow

nloaded from
 https://ietresearch.onlinelibrary.w

iley.com
/doi/10.1049/m

ia2.70077 by C
halm

ers R
esearch - <

shibboleth>
-m

em
ber@

chalm
ers.se , W

iley O
nline L

ibrary on [16/03/2026]. See the T
erm

s and C
onditions (https://onlinelibrary.w

iley.com
/term

s-and-conditions) on W
iley O

nline L
ibrary for rules of use; O

A
 articles are governed by the applicable C

reative C
om

m
ons L

icense



problem and an adjoint field problem. For reciprocal problems, 
the adjoint field problem and the original field problem are 
identical, making the continuum sensitivities available at a 
negligible additional computational cost once all the scattering 
parameters of the NP‐port microwave circuit have been computed. 
An example of a material sensitivity is provided in Section 4.2, and 
an example of a shape sensitivity is provided in Section 4.3.

We wish to remark that although this paper considers reciprocal 
test‐problems where the gradient information can be obtained 
for a very low computational cost, the GIANT framework can be 
applied to any problem where the derivatives of the outputs 
with regard to the inputs are available. However, the savings in 
terms of computational cost are dependent on the computa
tional cost of obtaining the gradient information and need to be 
considered for each new problem of interest.

3.3 | Normalisation

Given x̌ and y̌, we compute the normalised input vector x and 
the normalised output vector y as

xq =
x̌q − μ(x)

q

σ(x)
q

(26)

yp =
y̌p − μ(y)

p

σ(y)
p

(27)

where the sample means μ(x)
q ,μ(y)

p and the sample standard de
viations σ(x)

q , σ(y)
p are computed from the samples in the 

training set.

Given Equations (26) and (27), we have the corresponding Ja
cobian matrix J associated with the normalised input and 
output variables

Jpq =
∂yp

∂xq
=

∂yp

∂y̌p

∂y̌p

∂x̌q

∂x̌q

∂xq
=

σ(x)
q

σ(y)
p

∂y̌p

∂x̌q
(28)

where the derivatives ∂y̌p ⁄ ∂x̌q are computed as described in 
Section 3.2.

4 | Results

We demonstrate the capabilities of the suggested GIANT 
network on two reciprocal microwave problems: (i) modelling 
of a microwave measurement device intended for an inhomo
geneous dielectric medium in a circular cavity and (ii) model
ling of an H‐plane filter with respect to its geometry with the 
application of optimising the reflection coefficient of the filter 
under geometrical uncertainty.

4.1 | Computer Implementation

In the numerical tests that follow, we use the Python framework 
TensorFlow [31] to implement the neural networks and to 
compute the Jacobian (21) by automatic differentiation.

To accommodate for training sets of varying sizes, we apply the 
Adam optimiser [22] for

n = ⌈ 750
Stochastic gradient ‐ descent steps per epoch ⌉ (29)

full epochs before we execute the update of the normalisation 
parameters as described in Section 2.3 where an epoch corre
sponds to the stochastic gradient‐descent steps required to tra
verse all the samples of the entire training set. This ensures that 
at least 750 gradient steps are performed before the normal
isation parameters are updated where the constant 750 is 
empirically chosen to give a satisfactory performance for the 
AttNorm updating scheme.

We solve all boundary value problems with the FEM imple
mented in NGSolve [32]. We use quadratic node elements with a 
cell size chosen to achieve roughly 1% relative error. For the 
circular cavity in Test 1, this results in a maximum cell size of 
0.9 mm. For the waveguide filter in Test 2, this results in a 
maximum cell size of 2 mm that is adaptively refined to 16 μm 
within the apertures of the filter. Similarly, all the derivatives 
based on sensitivity analysis for material and shape parameters 
are computed in NGSolve.

4.2 | Test 1—Stochastic Inhomogeneous Medium 
in Circular Cavity

The first example models a type of microwave measurement 
device intended for an inhomogeneous dielectric medium 
flowing through a metal pipe where Refs. [33, 34] provide 
further information. We use a random medium with an 
inhomogeneous permittivity to model the flowing dielectric 
medium where each new realisation of the random medium 
corresponds to a new snapshot of the medium that is currently 
inside the pipe. We wish to find a surrogate model that can 
predict the scattering parameters of the microwave circuit 
given (i) the excitation frequency f and (ii) a parametric 
description of the permittivity for the current realisation of the 
random medium.

4.2.1 | Geometry

The measurement device consists of a circular cavity con
nected to 6 parallel‐plate waveguides as shown in Figure 3. 
The walls, shown by solid curves, are perfect electric con
ductors (PEC). This yields a cylindrical geometry where the 
cylinder axis is the z‐axis. The diameter of the cavity is D = 6 
cm and the width of the waveguides is 4.7 mm. The wave
guides are terminated by waveguide ports, shown by dotted 
lines, at a distance of 3.8 cm from the centre of the circular 
cavity. The computational domain Ω is divided into two parts: 
(i) the six waveguides with a constant permittivity ewg = e0er,wg 

where er,wg = 40 and (ii) the circular cavity with a random 
medium that is characterised by the inhomogeneous permit
tivity ec(x, y) = eć(x, y) − jec̋(x, y), which we further describe in 
Section 4.2.4.
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4.2.2 | Boundary Value Problem

We solve for the magnetic field component Hz = Hz(x, y)
perpendicular to the computational domain Ω shown in 
Figure 3, which is enclosed by a combination of (i) the boundary 
ΓN with a homogeneous Neumann boundary condition for the 
PEC walls and (ii) the boundary Γj for j = 1, 2,…, 6 equipped 
with a Robin boundary condition for the jth waveguide port. 
Thus, we have the boundary value problem

− ∇ ⋅ (
1
ec

∇ Hz) − ω2μ0Hz = 0 in Ω, (30)

n̂ ⋅ ∇Hz = 0 on ΓN, (31)

n̂ ⋅ ∇Hz + γ0Hz = 2γ0H0,j on Γj, (32)

where γ0 = j ̅̅̅̅̅̅̅̅̅
er,wg

√ ω/c0 is the propagation constant of the 
fundamental transversal electromagnetic (TEM) mode in the 
waveguides. Here, n̂ is the unit normal with respect to the
boundary and it points away from the computational domain Ω. 
The jth port is excited with the fundamental waveguide mode of 
amplitude H0,j. Given a nonzero excitation of the jth port only, 
the electric field amplitudes of the fundamental waveguide 
mode for the outward propagating waves are computed from 
Hz(x, y) for all ports i = 1, 2,…, 6 and, finally, the corresponding 
scattering parameters Sij are computed.

4.2.3 | Sensitivity Analysis

Given the original field solution Hori
z,j = Hori

z,j (x, y) with the jth 

port excited and the adjoint field solution Hadj
z,i = Hadj

z,i (x, y) with 
the ith port excited, the sensitivity of the scattering parameters 
with respect to a perturbation of the permittivity δec can be 
computed by

δSij = −
μ0

2aγ0Eadj
0,i Eori

0,j

∫

Ω

[
1
e2

c
( ∇ Hadj

z,i ) · ( ∇ Hori
z,j )]δec dΩ, (33)

where a is the width of all the waveguides. Furthermore, Eadj
0,i 

denotes the incident electric field amplitude associated with the 
ith port in the adjoint field problem. Similarly, Eori

0,j is the inci
dent electric field amplitude associated with the jth port in the 
original field problem. The derivatives with respect to the fre
quency f are computed by the finite‐difference approximation 
(25) with Δ f = 10 − 6 f0 where the derivative is evaluated at the 
frequency f = f0.

4.2.4 | Discrete Representation of the Permittivity

We expand the permittivity in the real‐valued basis functions 
φk(x, y) as

ec(x, y) = ∑

Q−1

k=1
ec,kφk(x, y). (34)

Here, we use the coefficients ec,k = e0(1 − j tan δ)pk for 
k = 1,…,Q − 1 where tan δ is the loss tangent for the medium 
and we use tan δ = 0.01 in the tests that follow. To compute the 
derivatives ∂Sij/∂pk, we exploit the sensitivity (33) with δec as 
the perturbation of the permittivity that is associated with a 
perturbation of the coefficient pk. The set of basis functions 
φk(x, y) consists of the 2D Fourier basis functions with the 
spatial frequencies κx = 2πξ/Lx and κy = 2πζ/Ly for integers ξ 
and ζ . We set Lx = Ly = D and use all combinations of ξ and ζ 

such that 
̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

ξ2
+ ζ2

√

≤
̅̅̅
5

√
, which results in a total of 21 inde

pendent basis functions with the highest spatial fre

quency κmax =
̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
κ2

x + κ2
y

√
= 2π

̅̅̅
5

√
/D.

For the purpose of constructing a training set and a test set, we 

randomly generate (p1, p2,…, pQ − 1) to construct realisations of 

the random medium ec(x, y) such that the real part of the 
permittivity is in the interval [eʹ − Δeʹ, eʹ + Δeʹ]. Here, we use 
eʹ/e0 = 40 and Δeʹ/e0 = 12, which yields significant variations 
in the permittivity.

For each permittivity realisation of this random medium, we 
solve the boundary value problem (30–32) for 31 frequency 
points uniformly spaced from 1.5 to 3.0 GHz. Given these results 
(indexed by k = 1, 2,…, 31 with respect to frequency), we form 
the sample‐triplets (x{k}, y{k}, J{k}) that are added to the training 
set and used independently of each other during the training. 
The size of the training set varies in the tests that follow and is 
specified when necessary. We use the same procedure to create 
a validation set that we use for hyperparameter tuning. The 
validation set is based on 500 permittivity realisations, which 
gives a total of NVal = 15500 samples. It should be emphasised 
that the mesh used for the FEM is fixed for all permittivity 
realisations, which facilitates comparisons of the computed 
scattering parameters and their sensitivities. To evaluate the 
performance of the trained neural networks, we construct a test 
set with the difference that the boundary value problem (30–32) 
is solved for 151 frequency points uniformly spaced from 1.5 to 
3.0 GHz. We randomly generate 2000 permittivity realisations 
and, thus, we have in total NTe = 302000 samples in the test set.

FIGURE 3 | Geometry for a model of a six‐port measurement device 
connected to a circular cavity with a realisation of a random 
inhomogeneous permittivity where the colour corresponds to 
eʹ = eʹ(x, y). The waveguide ports are shown by the dotted lines 
and the PEC surfaces by the solid curves.
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4.2.5 | Choice of Hyperparameters

We use 150 neurons in each layer and initialise all weight 
matrices W(l) with the Glorot uniform initialiser [30], whereas 
all bias vectors b(l) are initially set to zero. In the loss function 
(22), we use α = 0.03 to involve some gradient information in 
the loss function. During training, we use the learning rate 10 − 4 

and the batch size 256. For the LVP scaling function (20), we use 
e = 0.01. All these hyperparameters have been tuned empiri
cally to achieve a satisfactory performance of the trained neural 
network on the validation set and apply to all neural networks 
in this Section unless otherwise noted.

4.2.6 | Determination of Training Set Size

To evaluate the benefit of including gradient information in the 
training of a neural network, we use training sets of varying size 
to train a conventional fully connected neural network with 15 
layers. Each network is trained for 1.2 ⋅ 106 gradient steps, 
which ensures adequate convergence for all training set sizes.

To measure the accuracy of the trained neural networks, we use 
the mean relative error (MRE) on the test set

MRE =
1

NTe
∑

Nf

d=1

‖Ŝ
{d}

− S{d}‖F

‖S{d}‖F
, (35)

where we have the scattering matrix Ŝ as predicted by the 
neural network and the scattering matrix S from the FEM 
solver, which we consider the correct solution. Also, we use 
‖S‖F to denote the Frobenius norm of the matrix S. It should be 

noted that the scattering matrices Ŝ
{d}

are computed from the 
output of the neural network ŷ{d} as described by (23) and (27). 
Figure 4 shows the MRE as a function of the number of samples 
NTr in the training set for two cases: (i) blue solid curve—the 
loss function (22) involves both the function values and their 
derivatives with α = 0.03 and (ii) red dashed curve—the loss 
function (22) involves only the function values and α = 0. We 
note that the incorporation of the gradient information drasti
cally decreases the number of samples needed to achieve a given 
MRE where we emphasise that the gradient information is 
provided (basically) for free given a reciprocal NP‐port micro
wave device. In fact, Figure 4 displays that the low MRE of the 
GIANT network cannot be achieved if the loss function only 
involves the function values (α = 0) given the size of training 
set used here. Thus, we conclude that the incorporation of the 
gradient information in the training of the neural network 
yields significant computational savings.

4.2.7 | Evaluation of Normalisation Methods From 
Literature

For comparison with the open literature, we train three different 
fully connected neural networks with 20 layers each: (i) a neural 
network that does not exploit any normalisation, (ii) a neural 
network equipped with BatchNorm layers [15] between each 
fully connected layer; and (iii) a natural neural network [19]. 

The conventional neural network and the neural network with 
BatchNorm layers use the Adam optimiser [22], whereas the 
natural neural network uses the optimisation scheme that is 
described by Desjardins et al. [19]. To achieve a fair comparison, 
all networks are trained based on the loss function in Equa
tion (22) with α = 0.03. The conventional neural network and 
the neural network with BatchNorm layers use the learning rate 
10 − 4 whereas the natural neural network uses the learning rate 
10 − 3 where the hyperparameter e is set to 10 − 3 for both the 
neural network with BatchNorm layers and the natural neural 
network. Here, these hyperparameters are tuned empirically to 
achieve the best possible training performance. Figure 5 shows a 
representative example of the training loss as a function of 
training epoch for the three types of networks: blue solid 
line—neural network without any normalisation, red dashed 
line—neural network equipped with BatchNorm layers and 
green dashdotted line—natural neural network. We see that 
both the neural network that is equipped with BatchNorm 
layers and the natural neural network are outperformed by the 
neural network without any normalisation. Thus, we use stan
dard fully connected neural networks without any normal
isation as the reference for the GIANT networks.

It is noteworthy that both the neural network equipped with 
BatchNorm layers and the natural neural network are out
performed by the conventional neural network. Klambauer 
et al. [18] note a decrease in training performance when they 
equip fully connected neural networks with BatchNorm layers, 
which they attribute to perturbations of the training process that 
are associated with the updates of the normalisation parameters. 
In this regard, there are several key differences between Att
Norm and BatchNorm. Although BatchNorm updates the nor
malisation parameters for every mini‐batch based on the 
samples of the current batch, AttNorm uses the whole training 
set to estimate the normalisation parameters at an interval 
which is set by the user. Additionally, the output of a neural 
network that is equipped with BatchNorm layers changes when 
the normalisation parameters are updated, whereas AttNorm 
adjusts the weight matrices and bias vectors of the neural 
network such that the output of the neural network remains 
unchanged by the update. The natural neural network is similar 
to AttNorm in that the output of the natural neural network 

FIGURE 4 | MRE on the test set as a function of training set size NTr: 
blue solid curve—the loss function (22) involves both the function 
values and their derivatives with α = 0.03 and red dashed 
curve—the loss function (22) involves only the function values 
and α = 0.
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remains unchanged by the update of the normalisation pa
rameters. However, the natural neural network uses basic sto
chastic gradient descent (SGD) to optimise the weight matrices 
and bias vectors between the updates of the normalisation pa
rameters, whereas AttNorm is designed to work in tandem with 
the Adam optimiser [22], which can drastically improve 
convergence when compared to basic SGD. Another major dif
ference is that the natural neural network estimates full 
covariance matrices to enforce full whitening of the data be
tween the layers of the neural network, whereas AttNorm only 
attempts to normalise the variances of the data.

4.2.8 | Evaluation of AttNorm Performance

First, we compare the performance of the LVP scaling function 
(20) to a conventional scaling function fconv(σ) = 1/

̅̅̅̅̅̅̅̅̅̅̅̅̅̅
σ2 + e

√
. To 

this extent, we train several 20‐layer neural networks with both 
types of scaling functions for different values of the hyper
parameter e. We find that (i) for both scaling functions, the final 
training loss increases if the hyperparameter e is set to 5 ⋅ 10 − 2 

or above and (ii) the training process becomes unstable and the 
training loss diverges if it is set to 4 ⋅ 10 − 3 or below for the 
conventional scaling function and to 6 ⋅ 10 − 4 or below for the 
LVP scaling function. We note that the proper choice of e for a 
stable training process is dependent on other hyperparameters 
such as learning rate and the architecture of the neural network. 
In our experience, the LVP scaling function (20) is not very 
sensitive to the choice of the hyperparameter e and provides a 
robust and stable training process for a wider range of hyper
parameters than the conventional scaling function. Out of the 
tested combinations, we find that the best training performance 
is achieved with the LVP scaling function with e = 0.01 and we 
use this combination for the remainder of the article.

Finally, we evaluate the performance of the full GIANT frame
work. We train several GIANT networks and conventional neural 
networks for an increasing number of layers. All networks are 
trained for 600 epochs with a learning rate of 10 − 4, then fine‐ 
tuned for 10 epochs with a learning rate of 10 − 5. Here, the 
training set contains 12,300 permittivity realisations, which gives 
in total NTr = 381300 samples. Given the training loss (22) with 

α = 0.03, Figure 6 shows the training loss as a function of training 
epoch for two networks with 20 layers each: (i) blue solid 
line—GIANT network and (ii) red dashed line—conventional 
neural network. Note the sudden decrease in the training loss 
during the last 10 training epochs, which shows the effect of the 
fine‐tuning procedure where the learning rate is decreased during 
the last few epochs. We see that the rate of convergence is 
significantly improved for the GIANT network where the con
ventional neural network requires at least double the number of 
training epochs to reach a similar performance in terms of the 
training loss.

Figure 6 involves 20 hidden layers and next, we study the effect of 
varying the number of layers in this context. For this purpose, 
Figure 7 compares the MRE (35) on the test set for the two trained 
architectures: (i) red crosses and dashed curve—conventional 
neural networks and (ii) blue disks and solid curve—the GI
ANT network proposed in this article. (The different glyphs 
correspond to different neural networks based on different 
randomly generated initial weights where the curves show the 
average MRE given these realisations.) We find that the GIANT 

FIGURE 5 | Training loss as a function of epochs for three types of 
neural network: blue solid line—neural network without any 
normalisation, red dashed line—neural network equipped with 
BatchNorm layers and green dashdotted line—natural neural network.

FIGURE 6 | Training loss as a function of training epoch for two 
neural networks with 20 layers: blue solid line—GIANT network and 
red dashed line—conventional neural network.

FIGURE 7 | MRE on the test set as a function of number of hidden 
layers. Blue solid curve with blue discs—GIANT networks and red 
dashed curve with red crosses—conventional neural networks. Each 
glyph (cross or disc) indicates a separate neural network with 
randomly initialised weights. For each number of hidden layers, we 
train four of each type of network. The curves consist of straight lines 
that connect the average MRE for each number of hidden layers.
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networks yield a significantly lower MRE as compared to the 
conventional neural network for all network depths tested where 
the difference increases with the number of layers.

4.2.9 | Performance of Trained GIANT Network

We now wish to evaluate the feasibility of employing a GIANT 
network as a computationally efficient surrogate model for the 
field solver. To this extent, we evaluate the performance of a 15‐ 
layer GIANT network trained with a training set that contains 
NTr = 1922 samples, which is based on Figure 4 that shows that 
the performance of the GIANT network is only marginally 
improved by further increasing the size of the training set.

For each of the 2000 permittivity realisations in the test set, we 
compute the relative error

RE(ec) =
1

Nf
∑

Nf

k=1

‖Ŝ
{k}
(ec) − S{k}(ec)‖F

‖S{k}(ec)‖F
, (36)

where the super‐index k refers to the kth frequency point for the 
current permittivity realisation ec with the total number of fre
quency points Nf .

Figure 8 shows the cumulative frequency of the RE (36) for all 
permittivity realisations in the test set given the scattering 
matrices as predicted by the GIANT network. We note that a 
large majority of the 2000 permittivity realisations have an RE 
that is below 5%. The MRE (35) for the test set is 2.5% with a 
maximum RE of 19.2%.

The blue solid curve in Figure 9 shows |Ŝ14( f )| predicted by the 
GIANT network for the permittivity realisation with the highest 
RE in the test set. In addition, the green dashed curve in 
Figure 9 shows |S14( f )| from the FEM solver, which is consid
ered to be the correct result. We note that |Ŝ14( f )| is in 
reasonable agreement with |S14( f )| from the FEM solver.

For comparison with the conventional neural network training 
approach, we also train a conventional neural network on the 
same training set where the loss function (22) involves only the 
function values and α = 0.

Figure 10 shows the cumulative frequency of the RE for all 
permittivity realisations in the test set given the scattering 
matrices as predicted by the conventional neural network. We 
note that a majority of the permittivity realisations have an RE 
that is above 20%. The MRE for the test set is 30.9% with a 
maximum RE of 107%.

The blue solid curve in Figure 11 shows |Ŝ14( f )| as predicted by 
the conventional neural network for the permittivity realisation 
with the highest RE in the test set, whereas the green dashed 
curve shows |S14( f )| from the FEM solver. Here, |Ŝ14( f )| as 
predicted by the conventional neural network shows little to no 
resemblance to |S14( f )| from the FEM solver.

In conclusion, we find that the GIANT framework allows the 
construction of a surrogate model of acceptable accuracy with a 
training set with as few as 1922 samples (which corresponds to 
62 permittivity realisations) where the accuracy can be further 
improved by increasing the size of the training set. For the 
conventional neural network training approach, a similarly 
sized training set is clearly insufficient to yield an acceptable 
surrogate model where Figure 4 indicates that a substantially 

FIGURE 8 | Cumulative frequency of the RE for all 2000 permittivity 
realisation in the test set for a GIANT network trained on a training set 
with 1922 samples.

FIGURE 10 | Cumulative frequency of the RE for all 2000 
permittivity realisation in the test set for a conventional neural 
network trained on a training set with 1922 samples.

FIGURE 9 | A representative scattering parameter for the 
permittivity realisation with the maximum RE of the test set for the 

GIANT network. Blue solid line—|Ŝ14( f )| as predicted by 
the GIANT network and green dashed line—|S14( f )| from the 
FEM solver.
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larger training set is required to construct a surrogate model of 
comparable accuracy.

4.2.10 | Example Application—Multidimensional 
Histograms

Given the GIANT network trained and tested above, we now 
generate data points to populate histograms in a high‐ 
dimensional space, which is a computationally demanding 
problem that greatly benefits from learning a representation 
of Maxwell's equations that can be sampled on a massive 
scale by means of GPUs. Such histograms can, for example, 
be used to construct efficient algorithms for detection prob
lems [33].

At the frequency f = 2.5 GHz, we consider a four‐ 
dimensional histogram with respect to R{S11}, I{S11}, R{S12}

and I{S12} where the remaining scattering parameters are 
marginalised out. We use 20 bins along each dimension of the 
histogram, in total 204 = 160000 bins, and we wish to 
construct it based on a number of samples that is substan
tially larger than the number of bins to achieve a histogram 
of acceptable resolution. Figure 12 shows a slice of this four‐ 
dimensional histogram based on 6,553,600 samples estimated 
by the GIANT network where 0.315 < R{S12} < 0.325 and 
0.124 < I{S12} < 0.134. On a consumer‐grade PC equipped 
with a Nvidia GeForce RTX 2080 Ti GPU, it takes approxi
mately 1 s to create a sample using the FEM solver while it 
takes approximately 1 microsecond to create a sample using 
the GIANT network. To give an overall account of the 
computational time, we conclude that the creation of the data 
sets, training of the GIANT network and its execution to 
evaluate the scattering parameters (say at 31 frequency points) 
for 6,553,600 realisations of the random medium takes in total 
about 6 h. As a contrasting example, the direct evaluation by 
means of the FEM solver with the objective to compute the 
scattering parameters at 31 frequency points for 6,553,600 
realisations of the random medium yields a total computa
tional time of more than 6 years.

4.3 | Test 2—Optimised H‐Plane Filter Under 
Uncertainty

We now consider the H‐plane waveguide filter shown in 
Figure 13. Here, we wish to find a surrogate model that can 
predict the scattering parameters of the filter given (i) the 
excitation frequency f and (ii) a parametric description of the 
geometry of the filter.

4.3.1 | Geometry

The geometry features five cavities and it has two symmetry 
planes shown by the dashed horizontal line, that is, the x‐axis 
and the dashed vertical line, that is, the y‐axis. The width of the 
waveguide is a = 22.86 mm and the medium inside the 
waveguide is air, which gives the cut‐off frequency 6.56 GHz for 
the fundamental mode TE10. The width of the walls that sepa
rate the cavities is t = 2.54 mm. The distance from the cavities 
to the ports is L = 25 mm.

4.3.2 | Boundary Value Problem

We solve for the electric field component Ez(x, y) perpendicular 
to the computational domain Ω shown in Figure 13, which is 
enclosed by a combination of (i) the boundary ΓD with a ho
mogeneous Dirichlet boundary condition for the PEC walls 
shown by solid curves and (ii) the boundary Γj for j = 1, 2 
equipped with a Robin boundary condition for the jth wave
guide port, shown by dotted lines. Thus, we have the boundary 
value problem

FIGURE 11 | A representative scattering parameter for the 
permittivity realisation with the maximum MRE of the test set for the 

conventional neural network. Blue solid line—|Ŝ14( f )| as predicted 
by the conventional neural network and green dashed 
line—|S14( f )| from the FEM solver.

FIGURE 12 | A slice of a 4D histogram for (R{S11}, I{S11}, R{S12}, 
I{S12}) at f = 2.5 GHz as a function of (R{S11}, I{S11}) estimated 
from 6,553,600 samples computed by the GIANT network.

FIGURE 13 | Geometry of the H‐plane waveguide filter. The 
dimensions w1, w2, w3, l1, l2 and l3 are subject for optimisation. 
The remaining parameters a = 22.86 mm, t = 2.54 mm and 
L = 25 mm are fixed. The waveguide ports are shown by the 
dotted lines and the PEC surfaces by the solid curves.
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− ∇ ⋅ (
1

μ0
∇ Ez) − ω2e0Ez = 0 in Ω, (37)

Ez = 0 on ΓD, (38)

n̂ ⋅ ∇Ez + γ10Ez = 2γ10Einc
z,j on Γj, (39)

where the propagation constant is γ10 = j
̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

(ω/c0)
2 − (π/a)2

√

and the incident field is Einc
z,j = E0,j sin(πy/a) for the funda

mental TE10 mode. Here, n̂ is the unit normal with respect to 
the boundary and it points away from the computational 
domain Ω. Given the field solution Ez(x, y), we compute the 
scattering parameters S11 and S21.

4.3.3 | Sensitivity Analysis

Given the original field solution Eori
z,j = Eori

z,j (x, y) with the jth 

port excited and the adjoint field solution Eadj
z,i = Eadj

z,i (x, y) with 
the ith port excited, the sensitivity of the scattering parameters 
with respect to a normal displacement δn of the boundary ΓD 
(without perturbing the waveguide ports) can be computed from

δSij =
1

aγ10Eadj
0,i Eori

0,j

∫

ΓD

[∇ Eadj
z,i ⋅ ∇Eori

z,j ] δn dΓ (40)

where Eadj
0,i is the amplitude of the incident electric field that 

excites port i in the adjoint field problem and Eori
0,j is the incident 

electric field amplitude that excites port j in the original prob
lem. The derivatives with respect to the frequency f are 
computed by the finite‐difference approximation (25) with 
Δ f = 10 − 6 f0 where the derivative is evaluated at the fre
quency f = f0.

4.3.4 | Discrete Representation of the Geometry

The geometry parameters that are listed in x̌ are p1 = w1, 
p2 = w2, p3 = w3, p4 = l1, p5 = l2 and p6 = l3. To compute the 
derivatives ∂Sij/∂pk, we exploit the sensitivity (40) with δn as the 
normal displacement of the boundary Γ that is associated with a 
perturbation of the parameter pk.

To generate training data and test data, we use uniform random 
distributions to draw realisations of the geometry g, where

wi ∼ U(wi − Δw,wi + Δw) (41)

li ∼ U( li − Δl, li + Δl) (42)

for i = 1, 2 and 3. Here, we use Δw = 1 mm and Δl = 2 mm. 
The average filter geometry g is described by the parameters 
shown in Table 1 and is chosen to yield a filter with reasonable 
pass‐band filter characteristics.

We randomly generate 10,000 geometries that are used to 
construct a training set. For each of these geometry realisations, 
we solve the boundary value problem (37–39) for 21 frequency 

points uniformly spaced from fmin = 9.5 GHz to fmax =

10.5 GHz. Given these results, we create the sample‐triplets 
(x{k}, y{k}, J{k}) that form the training set and are used indepen
dently of each other during the training. Thus, the training set 
involves NTr = 210000 samples.

For tuning of hyper‐parameters, a validation set is constructed 
in the corresponding manner based on 1000 randomly gener
ated geometries and 99 uniformly distributed frequency points 
in the interval from fmin = 9.51 GHz to fmax = 10.49 GHz. 
Thus, the validation set contains NVal = 99000 samples in total.

4.3.5 | Training and Evaluation of GIANT Network

In the following, we use 20 hidden layers, where each layer 
features 150 neurons. The loss function (22) has the weight 
α = 0.05 for the gradient information. During training, we use 
the batch size 256. In addition, we use a two‐step learning rate 
schedule, where we train the GIANT network for a total of 2500 
training epochs. During the first 1000 epochs, we use the 
learning rate 10 − 5 and then we reduce the learning rate to 10 − 6 

for the remaining the final 1500 epochs. For the LVP scaling 
function (20), we use e = 0.01. All these hyperparameters are a 
result of empirical tuning to achieve a satisfactory performance 
of the trained GIANT network.

4.3.6 | Example Application—Geometry Optimisation 
Under Uncertainty

As an application for the trained GIANT network that models 
the H‐plane waveguide filter, we optimise the filter geometry 
described by p to obtain a band‐pass filter. Here, we have the 

pass band [ fpb,min, fpb,max] where we wish to minimise the 

maximum value of |S11|. The stop band occurs in the two fre
quency bands [ fmin, fsb,max] and [ fsb,min, fmax] where |S11| must 
exceed the threshold Δsb = − 3 dB. We formulate this as the 
constrained optimisation problem

min
p

max
f∈[ fpb,min , fpb,max]

20 log10(|S11( f ;p)|)

s.t. 20 log10(|S11( f ;p)|) ≥ Δsb for f ∈ [ fmin, fsb,max]

20 log10(|S11( f ;p)|) ≥ Δsb for f ∈ [ fsb,min, fmax]

(43)

where fmin < fsb,max < fpb,min < fpb,max < fsb,min < fmax. We define 
the bandwidth B = fpb,max − fpb,min and choose

fsb,max = fmid − B/2 − Δ f ,
fpb,min = fmid − B/2,
fpb,max = fmid + B/2,
fsb,min = fmid + B/2 + Δ f 

TABLE 1 | Average filter geometry.

w1 
(mm)

w2 
(mm)

w3 
(mm)

l1 
(mm)

l2 
(mm)

l3 
(mm)

5.1 7.0 7.4 15.1 17.3 17.6
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where Δ f = 0.1 GHz and fmid = ( fmax + fmin)/2 with 
fmin = 9.5 GHz and fmax = 10.5 GHz. In the following, we vary 
the bandwidth B from Bmin = 0.2 GHz to Bmax = 0.6 GHz.

Next, we use a brute‐force approach to solve the optimisation 
problem (43) by means of straight‐forward grid search, which is 
limited to a smaller and smaller region as a minimum is 
approached. Here, we augment the training data set adaptively 
with a small number of data points in the vicinity of the minimum 
as it is approached, which is combined with fine tuning of the 
neural network for improved convergence properties of the 
optimisation method. Figure 14 shows the scattering parameter 
|S11| as a function of frequency for three different bandwidths (a) 
B = 0.2 GHz, (b) B = 0.4 GHz and (c) B = 0.6 GHz where the 
pass and stop bands are indicated by the red areas. For each 
bandwidth, we include three different scattering parameter re
sults: (i) solid curve—|Ŝ11| as predicted by the GIANT network for 
the optimised geometry popt, (ii) dashed curve—|S11| computed 
by the FEM for the optimised geometry popt, (iii) dash‐dotted 

curve—the error |Ŝ11 − S11| for the GIANT network when 
compared to the FEM and (iv) dotted curve—|S11| computed by 
the FEM for the best available geometry in the training set and the 
test set according to the optimisation problem (43). It is clear that 
the best sample in the training and validation sets yields a sub
optimal solution in comparison with |Ŝ11| for popt provided by the 

trained GIANT network. A comparison of |Ŝ11| for popt with the 
corresponding result computed by the FEM validates that 
the GIANT network indeed yields accurate estimates also for 
optimised geometries. It is clear from Figure 14 that as the 
bandwidth B is increased, the maximum reflection coefficient in 
the pass band for the optimised designs increases: (i) B = 0.2 GHz 
yields −44.5 dB, (ii) B = 0.4 GHz yields −32.7 dB and (iii) 
B = 0.6 GHz yields −25.2 dB.

The optimised geometry parameters are presented in Table 2. 
We note that these geometry parameters are very sensitive to 
perturbations.

Finally, we explore optimisation under uncertainty. Apart from 
a design p, we explore the geometry parameters p subject to all 
possible combinations of perturbations −10 μm, 0 and þ10 μm. 
This yields a total of 36 = 729 geometry assessments with the 
unperturbed case included and we require that all these designs 
fulfil the optimization problem in order to accept p as an opti
mised solution of (43). Figure 15 shows the scattering parameter 
|S11| as a function of frequency for three different bandwidths 
(a) B = 0.2 GHz, (b) B = 0.4 GHz and (c) B = 0.6 GHz where 
the pass and stop bands are indicated by the red areas. Again, 
we find that the GIANT network provides significant added 
value as compared to the best sample in the validation sets. 
Also, the scattering parameters for the optimised design pre
dicted by the GIANT network is in good agreement with the 
corresponding result computed by the FEM. It should be noted 
that the gap between the masks (shown by the red areas) and 
optimised designs is necessary to fulfil the optimization problem 
with the geometrical perturbations. Figure 15 also shows that as 
the bandwidth B is increased, the maximum reflection coeffi
cient in the pass band for the optimised designs increases. 
However, the perturbation of the geometry parameters makes 

this effect less pronounced: (i) B = 0.2 GHz yields −27.1 dB, (ii) 
B = 0.4 GHz yields −26.0 dB, and (iii) B = 0.6 GHz yields 
−21.9 dB.

FIGURE 14 | Scattering parameter |S11| as a function of frequency 
for three different bandwidths (a) B = 0.2 GHz, (b) B = 0.4 GHz 

and (c) B = 0.6 GHz: (i) solid curve—|Ŝ11| as predicted by the 
GIANT network for the optimised geometry popt, (ii) dashed 
curve—|S11| computed by the FEM for the optimised geometry 

popt, (iii) dash‐dotted curve—the error |Ŝ11 − S11| for the GIANT 
network when compared to the FEM and (iv) dotted curve—|S11|

computed by the FEM for the best available geometry in the 
training set and the test set according to the optimisation problem 
(43). Here, the pass and stop bands are indicated by the red areas.
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The optimised geometry parameters that allow for geometrical 
perturbations of ± 10 μm are presented in Table 3. We note that 
the dimensions are similar to the corresponding result presented 
in Table 2 for the unperturbed case.

5 | Conclusion

We present the Gradient‐Informed Attentive Normalisation 
Training (GIANT) framework that allows efficient training of 
very deep fully connected neural networks, which we use as 
expressive and fast surrogate models to efficiently replace full‐ 
wave simulation tools for microwave problems. As the core 
component of the GIANT framework, we introduce Attentive 
Normalisation (AttNorm), a dynamic reparameterisation pro
cedure for the weight‐bias parameter space of fully connected 
neural networks. AttNorm features normalisation layers that 
have the objective to maintain zero mean and a suitable stan
dard deviation for the input data of each fully connected layer of 
the neural network. Here, the scaling of each normalisation 
layer is determined by means of a novel low‐variance preserving 
scaling function that provides a more robust training procedure 
and is less sensitive to the choice of hyperparameters when 
compared to a conventional scaling function. As part of Att
Norm, we also present a custom updating scheme that offers 
improved convergence during training. The updating scheme 
features three main steps that are executed in a loop: (i) an 
update of the parameters of the normalisation layers followed by 
a subsequent update of the weight‐bias parameters of the fully 
connected layers such that the output of the neural network 
remains unchanged; (ii) an update of the internal momentum 
and velocity parameters of the Adam optimiser such that they 
are consistent with the reparameterised weight space and (iii) 
the application of the Adam optimiser [22] to optimise the 
weight matrices and bias vectors of the neural network with 
respect to a given loss function. In the context of surrogate 
models, very deep fully connected neural networks may model 
remarkably complex phenomena but a successful training is 
often limited by the amount of data that can be generated by the 
finite computational resources available. Here, we exploit 
Sobolev training with a loss function that involves the misfit of 
both function values and their first‐order derivatives where the 
derivatives may be computed (essentially) for free with the aid 
of continuum sensitivity analysis when applied to for example 
reciprocal scattering problems.

We test the GIANT framework on two reciprocal microwave 
devices: (i) a six‐port microwave cavity with a random medium 
that models a near‐field microwave measurement device and (ii) 
an H‐plane waveguide filter that is optimised under geometrical 

TABLE 2 | Optimised geometry parameters for different bandwidths.

B 
(GHz)

w1 
(mm)

w2 
(mm)

w3 
(mm)

l1 
(mm)

l2 
(mm)

l3 
(mm)

0.2 5.121 7.250 7.806 15.333 17.772 18.131

0.4 4.926 6.906 7.391 14.865 17.270 17.638

0.6 4.777 6.613 7.045 14.487 16.809 17.181

FIGURE 15 | Scattering parameter |S11| as a function of frequency 
for three different bandwidths (a) B = 0.2 GHz, (b) B = 0.4 GHz 
and (c) B = 0.6 GHz where the geometry parameters are subject 
to perturbations of ± 10 μm. Only curves for the unperturbed 

scattering parameters are shown: (i) solid curve—|Ŝ11| as 
predicted by the GIANT network for the optimised geometry popt, 
(ii) dashed curve—|S11| computed by the FEM for the optimised 

geometry popt, (iii) dash‐dotted curve—the error |Ŝ11 − S11| for 
the GIANT network when compared to the FEM and (iv) dotted 
curve—|S11| computed by the FEM for the best available 
geometry in the training set and the test set according to the 
optimization problem (43). Here, the pass and stop bands are 
indicated by the red areas.
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uncertainty. Given a fixed computational budget, the GIANT 
framework enables faster and more accurate training of very 
deep fully connected neural networks (demonstrated up to 30 
hidden layers) as compared to conventional training approaches 
available in the open literature. The trained neural networks 
achieve an error on an unseen test set that is comparable to the 
error of the field solver that is used to create the training, 
validation and test data sets. Thus, we conclude that the trained 
neural networks can be used as a satisfactory surrogate models 
for the field solver, making the GIANT framework an attractive 
alternative for a large group of problems that otherwise would 
be intractable to solve.
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