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We develop a general framework for self-testing, in which bi
partite correlations are described by states on the commuting 
tensor product of a pair of operator systems. We propose a 
definition of a local isometry between bipartite quantum sys
tems in the commuting operator model, and define self-testing 
and abstract self-testing in the latter generality. We show 
that self-tests are in the general case always abstract self-tests 
and that, in some cases, the converse is also true. We apply 
our framework in a variety of instances, including to correla
tions with quantum inputs and outputs, quantum commuting 
correlations for the CHSH game, synchronous correlations, 
contextuality scenarios, quantum colourings and Schur quan
tum channels.
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1. Introduction

About two decades ago, a remarkable feature of quantum computation was uncovered 
in [39]: quantum devices can be certified either by a user or by an independent third party 
by only observing their outputs when completing specific quantum computational tasks. 
This feature became known as self-testing, and was intensively studied in the subsequent 
years, in particular in connection with device-independent quantum cryptography (see 
e.g. [6,7,47,48]). The notion was used in the celebrated solution of the Tsirelson Problem 
in [27], and a number of recent advances on the topic, from a variety of perspectives, has 
been achieved in [10,15,38,40,43,56]. A survey of the concept and associated results can 
be found in [50].

In its simplest form, namely, the (bipartite) Bell scenario, self-testing rests on the 
correlation between the behaviours of two non-communicating parties, Alice and Bob, 
performing a quantum experiment. Each of the two parties holds a quantum system, 
modelled by two finite dimensional Hilbert spaces HA and HB, and share an entangled 
state, modelled by a unit vector ξ in the tensor product HA ⊗ HB . Alice (resp. Bob) 
has access to measurement devices, indexed by a finite set X (resp. Y ), modelled by 
POVM’s, say (Ex,a)a∈A, x ∈ X, (resp. (Fy,b)b∈B , y ∈ Y ), where A (resp. B) is the set of 
outputs for Alice (resp. Bob). The tuple M = (HA, HB , (Ex,a)a∈A, (Fy,b)b∈B , ξ) yields 
a correlation, that is, a family pM of conditional probability distributions over A × B, 
given by

pM (a, b|x, y) = ⟨(Ex,a ⊗ Fy,b)ξ, ξ⟩, x ∈ X, y ∈ Y, a ∈ A, b ∈ B. (1)

We say that the tuple M is a model of pM ; naturally, different models may yield the 
same correlation pM . In the Bell scenario, self-testing consists in the fact that, in some 
cases, the correlation pM determines uniquely (up to a natural equivalence) the model 
M . Setups for self-testing, distinct from the Bell scenario, have also been considered; 
for example, it was shown in [3] that probabilistic assignments of some contextuality 
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scenarios can be self-tested, thus enlarging the capabilities of self-testing beyond classical 
bipartite experiments.

Recent operator algebraic approaches to self-testing in the Bell scenario were made 
in [38], [43] and [56]. They rely on the fact that, given the index sets X and A for Alice, 
there exist an operator system 𝒮X,A (resp. a C*-algebra 𝒜X,A) that is universal for 
families of POVM’s (Ex,a)a∈A, indexed over X, in that the latter completely determine 
the unital completely positive maps (resp. unital *-homomorphisms) on the former. This 
led to an abstract view on self-testing, developed in [43] and pursued further in [56], 
which resides in the states of the commuting tensor product 𝒮X,A⊗c𝒮Y,B [29] admitting 
a unique extension to a state on the maximal tensor product 𝒜X,A ⊗max 𝒜Y,B . It was 
shown in [43] that, in some cases, self-testing and abstract self-testing coincide.

In a parallel development, the commuting operator model of quantum mechanics has 
been gaining importance over the past decade as a genuinely different (due to [27]) and 
useful model in quantum information theory; see, for example, [17,18,45,46]. Abstract 
self-testing was studied in the commuting operator model in [43], but no advances have 
so far been made on providing a mathematical definition of self-testing in the latter 
context.

On the other hand, in connections with non-local games with quantum inputs and 
quantum outputs, no-signalling correlations were extended to the quantum setting in [53], 
and further used as strategies for such games, notably for games arising from quantum 
graphs, in [8] and [9]. The question of a suitable framework for self-testing of quantum
to-quantum, or classical-to-quantum, correlations has been, however, open.

The purpose of the present work is to fill both of these gaps. We provide a far
reaching framework for self-testing, which includes as a special case self-testing in the 
Bell scenario for classical bipartite no-signalling correlations, as well as known instances 
of self-testing for a single contextuality scenario, simultaneously developing a concept 
of self-testing in the commuting operator framework. Our setup includes self-testing of 
all correlation types of current interest, and is developed in a general case, where the 
correlations between Alice and Bob arise from an arbitrary pair of operator systems. Our 
approach covers a larger pool of correlations than the ones considered in [13] (e.g. ones 
not necessarily arising from Bell scenarios), as well as a larger pool of models (namely, 
quantum commuting ones). Our emphasis is on the mathematical workings of self-testing 
in the commuting operator framework, as opposed to [13], where the emphasis is on 
providing a rigorous operational framework of self-testing in the tensor product setting.

We apply our framework in a variety of new instances, including quantum commuting 
self-testing for the CHSH game, self-testing of classical correlations arising from rep
resentations of the Clifford relations, of synchronous correlations of quantum type, of 
perfect strategies for quantum colourings of classical complete graphs, and of quantum 
channels arising from Schur multipliers. We note that our results also capture self-testing 
of probabilistic assignments of contextuality scenarios, capturing in particular [3, Main 
Theorem].
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We describe the content of the paper in more detail. In self-testing of no-signalling 
correlations of quantum type, a fundamental role for the identification of the uniqueness 
of the model M (see (1)) is played by local isometries; in this case the latter have the 
form VA ⊗ VB , where VA : HA → KA and VB : HB → KB are isometries between the 
Alice’s and Bob’s systems, respectively. Local isometries allow to push forward correla
tion models via operations on each of the systems of Alice and Bob, separately. In the 
commuting operator model, the tensor splitting HA⊗HB of the joint quantum system is 
not available; instead, the latter is modelled by a single Hilbert space H. In Section 2 we 
therefore develop a concept of a local isometry between quantum commuting bipartite 
systems, which leads to a natural relation of dominance of one system by another. Along 
with establishing some basic properties, related to composing and tensoring, we show in 
Theorem 2.10 that the dominance relation is a pre-order.

In Section 3, we propose a notion of a model of a correlation for quantum commuting 
systems. The quantum commuting correlations between Alice and Bob are represented 
via states on the commuting tensor product 𝒮A ⊗c 𝒮B of operator systems 𝒮A and 
𝒮B , where the former captures the local degrees of freedom of Alice, while the latter 
– those of Bob. A quantum commuting model over the pair (𝒮A,𝒮B) is defined as a 
tuple S = (𝒜Hℬ, φA, φB , ξ), where 𝒜 and ℬ are the von Neumann algebras of local 
observables for Alice and Bob, respectively, acting on a Hilbert space H, ξ ∈ H is a pure 
state, and φA : 𝒮A → ℬ(H) and φB : 𝒮B → ℬ(H) are unital completely positive maps 
with commuting ranges that are contained in the corresponding observable algebras. The 
model S determines a correlation fS , given by

fS(u) = ⟨(φA · φB)(u)ξ, ξ⟩, u ∈ 𝒮A ⊗c 𝒮B , (2)

and a state f̃S of the maximal tensor product C∗
u(𝒮A)⊗maxC

∗
u(𝒮B) of the corresponding 

universal C*-algebras, by a canonical extension. Local isometries now allow to define 
a local dilation relation S ⪯ S̃ between models S and S̃ (of the same correlation); we 
show that the latter is a pre-order. In fact, it is natural to work in what appears to be a 
greater generality of the approximate local dilation order S ⪯a S̃, for which we require the 
existence of a sequence of local isometries that attain S̃ from S in the limit, and which 
continues to imply that fS = fS̃ . (Approximate) local dilations between models lead 
naturally to the notion of (weak) self-testing of a given quantum commuting correlation 
by requiring the existence of a maximal (with respect to the (approximate) local dilation 
pre-order) model for the given correlation. The main result of Section 3 is Theorem 3.13, 
a result that extends [43, Proposition 4.10] to the commuting operator framework:

Theorem 1.1. Let 𝒮A and 𝒮B be operator systems and 𝔐 be a family of quantum commut
ing models over (𝒮A,𝒮B). Let 𝒮 = {f̃S : S ∈ 𝔐} and f : 𝒮A⊗c𝒮B → C be the restriction 
of an element of 𝒮. Assume that 𝔐 contains a centrally supported Haag model of f . If 
f is a weak self-test for 𝔐 then f is an abstract self-test for 𝒮.
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In Section 4, we study further abstract self-tests, providing a characterisation thereof 
in the general case. In Theorem 4.3, we extend [43, Theorem 3.5], thus establishing a 
partial converse of Theorem 1.1 for a given class of models 𝔐, where the observable 
algebras of Alice and Bob are of type I:

Theorem 1.2. Let 𝒮 = {f̃S : S ∈ 𝔐}, let S ∈ 𝔐, and let f = fS. Assume that f is an 
extreme point of the state space of 𝒮A ⊗c 𝒮B. Suppose that f has unique extension to a 
state on C∗

u(𝒮A)⊗minC
∗
u(𝒮B). Then f is a self-test for 𝔐 and there exists an irreducible 

ideal model S′ ∈ 𝔐. In particular, if f is an abstract self-test for 𝒮 then f is a self-test 
for 𝔐 that admits an irreducible ideal model S′ ∈ 𝔐.

Section 5 is dedicated to applications and examples. In their majority, they are con
cerned with finitary quantum systems, that is, based on a pair of finite dimensional 
operator systems. In Subsection 5.1, we show how the proposed framework includes self
testing of QNS correlations introduced in [53]. Subsection 5.1 also places the self-testing 
of POVM correlations [43] in our setup, and explores the relation between the latter and 
QNS self-testing. En route, we record some new observations about the relation between 
the universal operator systems for POVM self-testing and QNS self-testing. Example 5.6
demonstrates that self-tests for classical no-signalling correlations cannot be automati
cally lifted to self-tests for quantum no-signalling correlations. Subsection 5.2 shows that 
the optimal quantum strategy for the CHSH game persists in being a self-test within the 
class of quantum commuting correlations.

In Subsection 5.3, we continue the study of self-testing for no-signalling correlations 
of quantum type. We single out a class such correlations (which we call Clifford correla
tions), arising from representations of the Clifford relations, and show that synchronous 
Clifford correlations are abstract self-tests. We employ the NPA hierarchy [41], showing 
that the latter fact leads to self-tests among the correlations with constraints on their 
order-two moments.

Our framework can host self-testing for a pair of contextuality scenarios [1]. We note 
that the framework of contextuality scenarios is designed to include as a special case no
signalling correlations; however, no-signalling is usually studied alongside contextuality. 
One can show that, even in the case where one of the scenarios consists of a single 
outcome, this setting may be non-trivial, by casting [3, Main Theorem] in our language.

In Subection 5.4, we show one yet new special case hosted within our framework, 
namely, classical-to-quantum no-signalling correlations. We show that perfect strategies 
for the quantum colouring game of classical complete graphs are self-tests. Finally, Sub
section 5.5 provides self-testing examples among Schur quantum channels.

The relation between abstract self-testing -- requiring a unique extension of a state 
to a tensor product of C*-covers -- and self-testing -- defined through the existence of a 
maximal dilation -- is reminiscent of the relation between the unique extension property 
(UEP) for unital completely positive maps on operator systems and maximality in dila
tion order [2], wherein C*-envelopes play a crucial role. In fact, this similarity was one of 



6 J. Crann et al. / Advances in Mathematics 492 (2026) 110884 

our motivations for developing an operator system approach to self-testing. In order to 
elucidate this similarity, in Section 6 we show that many of the special cases studied in 
the literature as well as our new self-testing examples fall in the class of states that can 
be factored through the tensor product of C*-envelopes of the ground operator systems. 
We also show that every stochastic operator matrix admits a unitary dilation, allowing 
us to identify the C*-envelope of the universal operator system of QNS correlations. We 
leave a deeper investigation of the connections with UEP to future work.

In Section 7, we comment on some questions arising from our work.

Notation. We let 𝒳 ⊗ 𝒴 be the algebraic tensor product of vector spaces 𝒳 and 𝒴, 
unless the latter are Hilbert spaces, in which case the notation will be reserved for 
their Hilbertian tensor product. Given Hilbert spaces H and K, we let ℬ(H,K) be the 
(Banach) space of all bounded linear operators from H into K; we set ℬ(H) = ℬ(H,H). 
If 𝒜 is a unital C*-algebra, we write 1𝒜 for its unit, and let 1H = IH = 1ℬ(H). The 
opposite C*-algebra 𝒜o of 𝒜 has the same set-theoretic, linear and involutive structure 
as 𝒜 and, writing its elements as ao, where a ∈ 𝒜, its multiplication is given by letting 
ao1a

o
2 = (a2a1)o, a1, a2 ∈ 𝒜. The maximal (resp. minimal) tensor product of C*-algebras 

𝒜 and ℬ will be denoted by 𝒜 ⊗max ℬ (resp. 𝒜 ⊗min ℬ). If 𝒜 and ℬ are von Neumann 
algebras, their spatial weak* closed tensor product will be denoted by 𝒜⊗̄ℬ.

For a finite set X, we let {ex}x∈X denote the canonical orthonormal basis of CX . We 
write MX for the algebra of all X × X complex matrices, and let {ϵx,x′}x,x′∈X be the 
canonical matrix unit system in MX . We let Tr (resp. tr) be the trace (resp. normalised 
trace) on MX ; we write Tr|X| (resp. tr|X|) to improve clarity as needed.

2. Local isometries

In this section, we define a notion of local isometry in the commuting operator frame
work of quantum mechanics and establish some of its properties that will be used in the 
sequel. We first recall the tensor product model of composite quantum systems; it serves 
as a motivating example which we aim to generalise.

Let HA, KA, HB and KB be Hilbert spaces; they give rise to two (bipartite) quantum 
mechanical systems with observable algebras ℬ(HA⊗HB) = ℬ(HA)⊗̄ℬ(HB) and ℬ(KA⊗
KB) = ℬ(KA)⊗̄ℬ(KB), respectively. An isometry V : HA ⊗ HB → KA ⊗KB is called 
local if V = VA ⊗ VB for some isometries VA : HA → KA and VB : HB → KB . We may 
view VA ⊗ VB as a composition in two ways, by introducing the intermediate Hilbert 
spaces HA ⊗KB and KA ⊗HB and writing

VA ⊗ VB = (VA ⊗ IKB
) ◦ (IHA

⊗ VB) = (IKA
⊗ VB) ◦ (VA ⊗ IHB

);

in other words, we have a commutative diagram
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HA ⊗HB HA ⊗KB

KA ⊗HB KA ⊗KB .

VA⊗IHB

IHA
⊗VB

VA⊗IKB

IKA
⊗VB

Towards formulating a suitable extension of the framework described in the previous 
paragraph, we fix von Neumann algebras 𝒜 and ℬ. The next definition recalls the stan
dard notion of a bipartite quantum system that is commonly used (see, for example, 
[30,31,36,55]).

Definition 2.1. A bipartite quantum system over the pair (𝒜,ℬ) is a pair (H,π), where 
H is a Hilbert space and π : 𝒜 ⊗max ℬo → ℬ(H) is a unital ∗-representation, normal 
in each of the two variables (equivalently, π is a unital representation of the binormal 
tensor product 𝒜⊗bin ℬo [23]).

We will often write π = πH if we want to emphasise the underlying Hilbert space. We 
let πH(a) = π(a⊗ 1), a ∈ 𝒜, and πH(bo) = π(1 ⊗ bo), bo ∈ ℬo. We set

a · ξ := πH(a)ξ and ξ · b := πH(bo)ξ, a ∈ 𝒜, b ∈ ℬ, ξ ∈ H;

thus, a bipartite system over (𝒜,ℬ) is, equivalently, a normal Hilbertian 𝒜-ℬ-bimodule 
[52, §IX.3]. For clarity, we will use the notation 𝒜Hℬ in the place of H, and, by abuse 
of notation, will refer to 𝒜Hℬ as a biparite quantum system. Heuristically, a bipartite 
quantum system 𝒜Hℬ is a joint quantum system of parties Alice and Bob; the algebra 𝒜
represents Alice’s part of the system (namely, the observables accessible to Alice), while 
the algebra ℬ -- Bob’s part of the system (namely, the observables accessible to Bob).

Remark 2.2. If 𝒜Hℬ and 𝒞K𝒟 are biparite quantum systems then the tensor product 
H ⊗K is a bipartite quantum system over the pair (𝒜⊗̄𝒞,ℬ⊗̄𝒟) in a canonical fashion. 
We write H ⊗K = 𝒜Hℬ ⊗ 𝒞K𝒟.

Definition 2.3. Let 𝒜,𝒜i,ℬ,ℬi be von Neumann algebras, i = 1, 2, and 𝒜1Hℬ, 𝒜2Kℬ, 
𝒜H̃ℬ1 and 𝒜K̃ℬ2 be biparite quantum systems.

(i) An operator T ∈ ℬ(H,K) is called 𝒜1-𝒜2-local with respect ℬ if
(i’) T (ξ · b) = (Tξ) · b, ξ ∈ H, b ∈ ℬ, and
(i'') TπH(𝒜1)T ∗ ⊆ πK(𝒜2).

(ii) An operator T̃ ∈ ℬ(H̃, K̃) is called ℬ1-ℬ2-local with respect to 𝒜 if
(ii’) T̃ (a · ξ̃) = a · (T̃ ξ̃), ξ̃ ∈ H̃, a ∈ 𝒜, and
(ii'') TπH̃(ℬo

1)T ∗ ⊆ πK̃(ℬo
2).

If no confusion arises, 𝒜1-𝒜2-local with respect to ℬ (resp. ℬ1-ℬ2-local with respect 
to 𝒜) operators will be simply referred to as 𝒜-local (resp. ℬ-local). We note that the ℬ
module condition (i’) in Definition 2.3 is equivalent to the operator T : 𝒜1Hℬ → 𝒜2Kℬ
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being an intertwiner between the representations πH and πK of ℬ. Intuitively, such 
an intertwiner is 𝒜-local if, in addition, the conjugation by T leaves Alice’s algebras 
of observables globally invariant. Such module and invariance conditions are common 
features among notions of local operations in algebraic quantum theory (see e.g. [16,17, 
33,36,55]).

Definition 2.4. Let 𝒜1Hℬ1 and 𝒜2Kℬ2 be bipartite quantum systems over (𝒜i,ℬi), i = 1, 2. 
An operator T : 𝒜1Hℬ1 → 𝒜2Kℬ2 is called local if there exist bipartite quantum systems 
𝒜1Lℬ2 and 𝒜2

˜︁Lℬ1 , 𝒜1-𝒜2 local maps

T1,1 : 𝒜1Hℬ1 → 𝒜2
˜︁Lℬ1 and T2,2 : 𝒜1Lℬ2 → 𝒜2Kℬ2 ,

and ℬ1-ℬ2 local maps

T1,2 : 𝒜1Hℬ1 → 𝒜1Lℬ2 and T2,1 = 𝒜2
˜︁Lℬ1 → 𝒜2Kℬ2 ,

for which the diagram

𝒜1Hℬ1 𝒜1Lℬ2

𝒜2
˜︁Lℬ1 𝒜2Kℬ2

T1,1

T1,2

T2,2

T2,1

(3)

commutes, and T = T2,2 ◦ T1,2 (= T2,1 ◦ T1,1). If the local maps Ti,j can be chosen to be 
isometric for all i and j, we say that T as a local isometry, and write 𝒜1Hℬ1 ≤ 𝒜2Kℬ2 .

The commutative diagram (3) generalises commutativity of operators on a single 
Hilbert space as well as the natural factorisation of a tensor product of isometries; see 
Example 2.6. We note that the definition of a local isometry is modelled on the one in 
the tensor product case, where all analogous maps to Ti,j are isometries; therefore we 
have required this property in the general case as well.

Henceforth, when discussing local isometries we will stick with the convention that 
the ``vertical maps'' T1,1 and T2,2 are 𝒜-local and the ``horizontal maps'' are ℬ-local.

Remark 2.5. (i) Let 𝒜 and ℬ be commuting von Neumann algebras acting on a Hilbert 
space H. Then we can view H =𝒜 Hℬo as an 𝒜-ℬo-bimodule in the canonical fashion. 
Let u ∈ 𝒜 and v ∈ ℬ be isometries. Then the product uv : 𝒜Hℬo → 𝒜Hℬo is a local 
isometry in the sense of Definition 2.4, with canonical factorisations.

(ii) In the context of item (i), assume that 𝒜Hℬ ≤ 𝒜H̃ℬ̃, implemented by isometries 
Ti,j , i, j = 1, 2, as in (3). Writing 𝒜Lℬ̃ for the upper right corner of (3), we have that 
there exists a normal *-representation σ : 𝒜 → ℬ(L) and a normal *-representation 
ρ : σ(𝒜) → ℬ(H̃), such that ran(ρ) ⊆ πH̃(𝒜), and
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T1,2a = σ(a)T1,2 and T2,2σ(a) = ρ(σ(a))T2,2, a ∈ 𝒜. (4)

Indeed, the existence of σ and the first relation in (4) are a restatement of condition (ii’) 
in Definition 2.3, while ρ can be defined by letting ρ(σ(a)) = T2,2σ(a)T ∗

2,2, a ∈ 𝒜.

Example 2.6. For a Hilbert space H, let H̄ be its dual Banach space, and let ∂ : H → H̄

be the conjugate-linear isometry, given by ∂(ξ)(η) = ⟨η, ξ⟩, ξ, η ∈ H. We write ξ̄ = ∂(ξ), 
ξ ∈ H. If K is a(nother) Hilbert space, let 𝒮2(K̄,H) be the Hilbert space of all Hilbert
Schmidt operators from K̄ into H, and θ : H ⊗K → 𝒮2(K̄,H) be the unitary operator, 
given by θ(ξ ⊗ η)(ζ̄) = ⟨η, ζ⟩ξ.

Let HA, KA, HB and KB be Hilbert spaces. We note the canonical identification 
ℬ(HB)o = ℬ(H̄B), where an element bo ∈ ℬ(HB)o is identified with the dual operator b̄ :
H̄B → H̄B of b ∈ ℬ(HB). Consider the normal *-representation πHA⊗HB

: ℬ(HA) ⊗max
ℬ(HB)o → ℬ(HA ⊗HB), given by

πH(a)(ξ) = θ−1(aθ(ξ)), πH(bo)(ξ) = θ−1(θ(ξ)b̄),

where a ∈ ℬ(HA), bo ∈ ℬ(HB)o and ξ ∈ HA ⊗ HB . We write bt for the operator on 
HB for which πH(bo) = IHA

⊗ bt, b ∈ ℬ(HB). The *-representation πHA⊗HB
gives rise 

to a bipartite quantum system ℬ(HA)(HA ⊗HB)ℬ(HB)o ; we similarly obtain a bipartite 
quantum system ℬ(KA)(KA ⊗ KB)ℬ(KB)o . Quantum systems of the latter form will be 
called quantum spacial systems.

Suppose that VA : HA → KA and VB : HB → KB are isometries. Let L = HA ⊗KB

and ˜︁L = KA ⊗ HB , and consider the bipartite quantum systems ℬ(HA)LB(KB)o and 

ℬ(KA)˜︁Lℬ(HB)o , arising as described in the previous paragraph. Setting T1,1 = VA ⊗ IHB
, 

T1,2 = IHA
⊗ VB , T2,1 = IKA

⊗ VB and T2,2 = VA ⊗ IKB
, we obtain a commutative 

diagram

ℬ(HA)(HA ⊗HB)ℬ(HB)o ℬ(HA)LB(KB)o

ℬ(KA)˜︁Lℬ(HB)o ℬ(KA)(KA ⊗KB)ℬ(KB)o ,

T1,1

T1,2

T2,2

T2,1

(5)

for which VA ⊗ VB = T2,2T1,2 = T2,1T1,1. We will call the local isometries of the latter 
form split.

Proposition 2.7. Let HA, KA, HB and KB be Hilbert spaces. Every local isometry from 

ℬ(HA)(HA ⊗HB)ℬ(HB)o to ℬ(KA)(KA ⊗KB)ℬ(KB)o is split.

Proof. Suppose that V : HA ⊗ HB → KA ⊗ KB is a local isometry in the sense of 
Definition 2.4, and let ℬ(HA)LB(KB)o and ℬ(KA)˜︁Lℬ(HB)o be bipartite quantum systems, 
while T1,1, T1,2, T2,1 and T2,2 are local isometries in the diagram (5), such that V =
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T2,2T1,2 = T2,1T1,1. There exists a normal *-representation ρ : ℬ(HA) → ℬ(L) such 
that T1,2a = ρ(a)T1,2, a ∈ ℬ(HA). Up to unitary conjugation, we may thus assume 
that L = HA ⊗ L′ for some Hilbert space L′ and ρ(a) = a ⊗ IL′ , a ∈ ℬ(HA). Further, 
there exists a normal *-representation θ : ℬ(HB)o → ℬ(HA ⊗L′), such that θ(b)ρ(ao) =
ρ(ao)θ(b) for all a ∈ ℬ(HA) and all b ∈ ℬ(HB). It follows that, up to unitary conjugation, 
L′ = HB ⊗ L0 and θ(bo) = IHA

⊗ bt ⊗ It
L0

, b ∈ ℬ(HB).
We may similarly assume that ˜︁L = KA ⊗ HB ⊗ ˜︁L0 for some Hilbert spaces L0 and ˜︁L0, and that

πL(a) = a⊗ IKB
⊗ IL0 and πL(bo) = IHA

⊗ bt ⊗ It
L0
,

for a ∈ ℬ(HA) and b ∈ ℬ(KB), and

π˜︁L(a) = a⊗ IHB
⊗ I˜︁L0

and π˜︁L(bo) = IKA
⊗ bt ⊗ It˜︁L0

,

for a ∈ ℬ(KA) and b ∈ ℬ(HB). Condition (ii’) in Definition 2.3 implies that, for every 
h1, h2 ∈ HA, ξ ∈ HB , η ∈ KB ⊗ L0 and a ∈ ℬ(HA), we have

⟨T1,2(ah1 ⊗ ξ), h2 ⊗ η⟩ = ⟨T1,2(h1 ⊗ ξ)), a∗h2 ⊗ η⟩.

It follows that

(idHA
⊗ωξ,η)(T1,2) ∈ ℬ(HA)′ = CIHA

.

Letting λξ,η ∈ C with (idHA
⊗ωξ,η)(T1,2) = λξ,ηIHA

, it is straightforward to verify that 
the map (ξ, η) → λξ,η is conjugate-linear and bounded, therefore yielding a bounded 
operator WB : HB → KB ⊗ L0, such that

λξ,η = ⟨WBξ, η⟩, ξ ∈ HB , η ∈ KB ⊗ L0.

Thus T1,2 = IHA
⊗WB and, since T1,2 is an isometry, so is WB .

Condition (ii'') in Definition 2.3 now reads

(IHA
⊗WB)(IHA

⊗ ℬ(HB)o)(IHA
⊗W ∗

B) ⊆ IHA
⊗ ℬ(KB)o ⊗ IL0 ,

that is,

WBℬ(HB)oW ∗
B ⊆ ℬ(KB)o ⊗ IL0 . (6)

If bo ∈ ℬ(HB)o is a rank one operator, then the left hand side in (6) is a rank one 
operator, implying that dimL0 = 1. Similarly, dim ˜︁L0 = 1, and there exist isometries ˜︃WB : HB → KB , WA : HA → KA and ˜︃WA : HA → KA such that

T2,1 = IKA
⊗ ˜︃WB , T1,1 = WA ⊗ IHB

, and T2,2 = ˜︃WA ⊗ IKB
.
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It follows that V = ˜︃WA ⊗WB = WA ⊗ ˜︃WB , implying that WA = ˜︃WA and WB = ˜︃WB . 
The proof is complete. □

Example 2.8. Let 𝒜H𝒞 , 𝒜 ˜︁H𝒞 , 𝒞Kℬ and 𝒞 ˜︁Kℬ be bipartite quantum system, for some von 
Neumann algebras 𝒜, ℬ and 𝒞. Suppose that V : 𝒜H𝒞 → 𝒜 ˜︁H𝒞 is an 𝒜-local isometry 
and W : 𝒞Kℬ → 𝒞 ˜︁Kℬ is a ℬ-local isometry. Fix a faithful normal semifinite weight φ on 
𝒞 (or a faithful normal state if 𝒞 is σfinite), and let ⊠ denote Connes’ fusion product of 
bimodules relative to φ [52, Definition IX.3.16]. Then the commuting diagram

𝒜H𝒞 ⊠ 𝒞Kℬ 𝒜H𝒞 ⊠ 𝒞 ˜︁Kℬ

𝒜 ˜︁H𝒞 ⊠ 𝒞Kℬ 𝒜 ˜︁H𝒞 ⊠ 𝒞 ˜︁Kℬ

V⊗IK

IH⊗W

V⊗I˜︂K
I˜︂H⊗W

gives rise to a local isometry V ⊠W : 𝒜H𝒞 ⊠ 𝒞Kℬ →𝒜 ˜︁H𝒞 ⊠ 𝒞 ˜︁Kℬ.

Remark 2.9. (i) It is straightforward to see that, if 𝒜i,ℬ (resp. 𝒜,ℬi) are von Neu
mann algebras, 𝒜i

H
(i)
ℬ (resp. 𝒜K(i)

ℬi
) are biparite quantum systems, i = 1, 2, 3, and S1 ∈

ℬ(H(1), H(2)) and S2 ∈ ℬ(H(2), H(3)) (resp. T1 ∈ ℬ(K(1),K(2)) and T2 ∈ ℬ(K(2),K(3))) 
are 𝒜-local (resp. ℬ-local) operators, then the operator S2S1 (resp. T2T1) is 𝒜-local 
(resp. ℬ-local).

(ii) Let 𝒜1Hℬ1 and 𝒜2Kℬ2 (resp. 𝒜1
H̃ℬ̃1

and 𝒜2
K̃ℬ̃2

) be bipartite quantum systems 
over (𝒜i,ℬi) (resp. (𝒜i, ℬ̃i)), i = 1, 2. If T : 𝒜1Hℬ1 → 𝒜2Kℬ2 and T̃ : 𝒜1

H̃ℬ̃1
→ 𝒜2

K̃ℬ̃2

are local maps (resp. isometries) then T ⊗ T̃ : 𝒜1Hℬ1 ⊗ 𝒜1
H̃ℬ̃1

→ 𝒜2Kℬ2 ⊗ 𝒜2
K̃ℬ̃2

is 
a local map (resp. isometry). Indeed, suppose that T = T2,2 ◦ T1,2 = T2,1 ◦ T1,1 and 
T̃ = T̃2,2 ◦ T̃1,2 = T̃2,1 ◦ T̃1,1 as in diagram (3). Setting T̂i,j = Ti,j ⊗ T̃i,j , we witness the 
locality of T ⊗ T̃ through the identity

T ⊗ T̃ = T̂2,2 ◦ T̂1,2 = T̂2,1 ◦ T̂1,1.

We now extend Remark 2.9 (i) by showing that the relation ≤ is transitive.

Theorem 2.10. Let 𝒜i and ℬi be von Neumann algebras, i = 1, 2, 3. If 𝒜1Hℬ1 ≤ 𝒜2Kℬ2

and 𝒜2Kℬ2 ≤ 𝒜3Lℬ3 , then 𝒜1Hℬ1 ≤ 𝒜3Lℬ3 .
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Proof. We need to complete the diagram

𝒜1Hℬ1 𝒜1
˜︁Hℬ2

𝒜2
˜︁˜︁Hℬ1 𝒜2Kℬ2 𝒜2

˜︁Kℬ3

𝒜3
˜︁˜︁Kℬ2 𝒜3Lℬ3

V1,1

V1,2

V2,2

V2,1 V2,3

˜︃V2,2 V3,3

V3,2

to a commuting diagram of the form

𝒜1Hℬ1 𝒜1
˜︁Hℬ2 𝒜1

˜︁Lℬ3

𝒜2
˜︁˜︁Hℬ1 𝒜2Kℬ2 𝒜2

˜︁Kℬ3

𝒜3
˜︁˜︁Lℬ1 𝒜3

˜︁˜︁Kℬ2 𝒜3Lℬ3 ,

V1,1

V1,2

V2,2

W1,3

W2,3

W3,1

V2,1 V2,3

˜︃V2,2 V3,3

W3,2 V3,2

(7)

for some quantum systems 𝒜1
˜︁Lℬ3 and 𝒜3

˜︁˜︁Lℬ1 , some ℬ-local isometries W1,3 and W3,2, 
and some 𝒜-local isometries W2,3 and W3,1.

Let f2 ∈ 𝒜2 be a central projection, such that kerπK |𝒜2 = f⊥
2 𝒜2. We have that 

πK |f2𝒜2 : f2𝒜2 → πK(𝒜2) is a normal unital *-isomorphism; in the rest of the proof, we 
denote by π−1

K its inverse, from πK(𝒜2) onto f2𝒜2. By the 𝒜-locality of V2,2, there exists 
a (unique) projection e2 ∈ f2𝒜2 such that p2 := V2,2V

∗
2,2 = πK(e2). Let p𝒜 = π˜︂K(e2) ∈

ℬ( ˜︁K), and set ˜︁L := p𝒜 ˜︁K.
Recalling that π−1

K (V2,2π˜︂H(a1)V ∗
2,2) ∈ f2𝒜2, define π𝒜˜︁L : 𝒜1 → ℬ(˜︁L) by

π𝒜˜︁L (a1) = π˜︂K(π−1
K (V2,2π˜︂H(a1)V ∗

2,2)), a1 ∈ 𝒜1.

Note that the 𝒜-locality of V2,2 implies V2,2π˜︂H(a1)V ∗
2,2 ∈ πK(𝒜2), so by the fact that 

V2,2 is an isometry, π𝒜˜︁L is a well-defined normal ∗-homomorphism. It is also unital as 
π𝒜˜︁L (1𝒜1) = p𝒜 = 1ℬ(p𝒜˜︂K).

Next, define πℬ˜︁L : ℬo
3 → ℬ(˜︁L) by letting

πℬ˜︁L(bo3) = p𝒜π˜︂K(bo3)p𝒜, bo ∈ ℬo
3.

Since π˜︂K(𝒜2) ⊆ π˜︂K(ℬo
3)′, we have that p𝒜 ∈ π˜︂K(ℬo

3)′, and hence the map πℬ˜︁L is a 
normal unital ∗-homomorphism. The inclusion π˜︂K(𝒜2) ⊆ π˜︂K(ℬo

3)′ implies that π𝒜˜︁L and 
πℬ˜︁L have commuting ranges, and therefore define a unital, separately weak* continuous, 
∗-homomorphism
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π˜︁L := π𝒜˜︁L × πℬ˜︁L : 𝒜1 ⊗max ℬo
3 → ℬ(˜︁L),

turning ˜︁L into an 𝒜1-ℬ3-bimodule 𝒜1
˜︁Lℬ3 .

Let W1,3 = V2,3V2,2. Since

V2,3V2,2 = V2,3πK(e2)V2,2 = π˜︂K(e2)V2,3V2,2 = p𝒜V2,3V2,2,

we have that W1,3 : 𝒜1Hℬ2 → 𝒜1
˜︁Lℬ3 is a well-defined isometry. Given a1 ∈ 𝒜1, let a2

be the unique element of f2𝒜2 such that V2,2π˜︂H(a1)V ∗
2,2 = πK(a2). We have

W1,3π˜︂H(a1) = V2,3V2,2π˜︂H(a1) = V2,3V2,2π˜︂H(a1)V ∗
2,2V2,2

= V2,3πK(a2)V2,2 = π˜︂K(a2)V2,3V2,2

= π˜︂K(π−1
K (V2,2π˜︂H(a1)V ∗

2,2))V2,3V2,2 = π˜︁L(a1)W1,3.

Given b2 ∈ ℬ2, we have V2,3πK(bo2)V ∗
2,3 = π˜︂K(bo3) for some b3 ∈ ℬ3. Let e3 ∈ ℬ3 be a 

projection for which V2,3V
∗
2,3 = π˜︂K(eo3). Then

W1,3π˜︂H(bo2)W ∗
1,3 = V2,3V2,2π˜︂H(bo2)V ∗

2,2V
∗
2,3 = V2,3πK(bo2)V2,2V

∗
2,2V

∗
2,3

= V2,3πK(bo2)πK(e2)V ∗
2,3 = V2,3πK(bo2)V ∗

2,3V2,3πK(e2)V ∗
2,3

= π˜︂K(bo3)V2,3πK(e2)V ∗
2,3 = π˜︂K(bo3)p𝒜V2,3V

∗
2,3

= π˜︂K(bo3)p𝒜π˜︂K(eo3) = π˜︂K(bo3eo3)p𝒜 = π˜︁L(bo3eo3).

Hence, W1,3 is a ℬ-local map. By Remark 2.9, the composition W1,3V1,2 is a ℬ-local map.
Let W2,3 : ˜︁L → ˜︁K be the inclusion map. We have that W2,3 is 𝒜-local. In fact, 

condition (i’) from Definition 2.3 is tautological because of the definition of W2,3, while, 
if a1 ∈ 𝒜1, there is unique a2 ∈ f2𝒜2 such that

W2,3π˜︁L(a1)W ∗
2,3 = π˜︂K(π−1

K (V2,2π˜︂H(a1)V ∗
2,2))p𝒜

= π˜︂K(a2)π˜︂K(e2) = π˜︂K(a2e2),

implying W2,3π˜︁L(a1)W ∗
2,3 ∈ π˜︂K(𝒜2), and thus condition (i'') from Definition 2.3.

We similarly define a bipartite quantum system 𝒜3
˜︁˜︁Lℬ1 , and isometries W3,1 : ˜︁˜︁H → ˜︁˜︁L

and W3,2 : ˜︁˜︁L → ˜︁˜︁K. Using symmetric arguments, we have that the operator W3,1 is 
𝒜-local, while the operator W3,2 is ℬ-local. By Remark 2.9, the composition V3,2W3,2 is 
ℬ-local, while the compositions W3,1V1,1 and V3,3W2,3 are 𝒜-local.

The relation W2,3W1,3 = V2,3V2,2 follows from the definition of the operators W1,3

and W2,3; similarly, W3,2W3,1 = ˜︁V2,2V2,1. The commutativity of the diagram (7) is now 
immediate, and the proof is complete. □
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3. Models and self-tests

Our generalisation of self-testing is based on the notion of an operator system; we 
recall some basic facts and concepts, and refer the reader to [44] for details. If H is a 
Hilbert space and 𝒮 ⊆ ℬ(H) is a linear subspace, the space Mn(𝒮) of all n by n matrices 
with entries in 𝒮 can be viewed as a subspace of ℬ(Hn) after identifying Mn(ℬ(H)) with 
ℬ(Hn). If 𝒮 ⊆ ℬ(H) and 𝒯 ⊆ ℬ(K) (where K is a(nother) Hilbert space) are subspaces 
and ϕ : 𝒮 → 𝒯 is a linear map, we let ϕ(n) : Mn(𝒮) → Mn(𝒯 ) be the (linear) map, given 
by ϕ(n)((ai,j)i,j) = (ϕ(ai,j))i,j . An operator system is a subspace 𝒮 ⊆ ℬ(H), such that 
Iℋ ∈ 𝒮 and s ∈ 𝒮 ⇒ s∗ ∈ 𝒮. We note that every operator system is an operator space in 
a canonical fashion. Every operator system 𝒮 is an abstract operator system in the sense 
that (a) 𝒮 is a linear *-space; (b) the real vector space Mn(𝒮)h of all hermitian elements in 
the *-space Mn(𝒮) is equipped with a proper cone Mn(𝒮)+; (c) T ∗Mn(𝒮)+T ⊆ Mm(𝒮)+
for all n,m ∈ N and all T ∈ Mn,m, and (d) the cone family (Mn(𝒮)+)n∈N admits an 
Archimedean matrix order unit. If 𝒮 and 𝒯 are abstract operator systems, a linear map 
ϕ : 𝒮 → 𝒯 is called positive if ϕ(𝒮+) ⊆ 𝒯 +, completely positive if ϕ(n) is positive for 
every n ∈ N, unital if ϕ(I) = I, and a complete order isomorphism if ϕ is completely 
positive, bijective, and its inverse ϕ−1 is completely positive. By virtue of the Choi
Effros Theorem [44, Theorem 13.1], every abstract operator system is completely order 
isomorphic to an operator system and hence carries a canonical operator space structure. 
We note that every unital completely positive map between abstract operator systems 
is automatically contractive. A state of an operator system 𝒮 is a positive unital linear 
functional; we denote by S(𝒮) the (convex) set of all states of 𝒮.

Let 𝒮 be an operator system. Recall that a pair (C∗
u(𝒮), ι) is called a universal cover 

of 𝒮, if C∗
u(𝒮) is a unital C∗-algebra, ι : 𝒮 → C∗

u(𝒮) is a unital complete order embedding 
such that ι(𝒮) generates C∗

u(𝒮) and, whenever H is a Hilbert space and ϕ : 𝒮 → ℬ(H)
is a unital completely positive map, there exists a ∗-representation πϕ : C∗

u(𝒮) → ℬ(H)
such that πϕ ◦ ι = ϕ (see e.g. [29]). It is clear that the universal cover is unique up to a 
canonical ∗-isomorphism.

We fix throughout this section operator systems 𝒮A and 𝒮B . Their commuting tensor 
product 𝒮A ⊗c 𝒮B is the operator system with underlying vector space the algebraic 
tensor product 𝒮A ⊗𝒮B , and matrix order structure inherited from the inclusion 𝒮A ⊗c
𝒮B ⊆ C∗

u(𝒮A) ⊗max C∗
u(𝒮B); thus, 𝒮A ⊗c 𝒮B sits completely order isomorphically in 

C∗
u(𝒮A)⊗maxC

∗
u(𝒮B) (we note that we are using an equivalent definition of the commuting 

tensor product to the original one, see [29, Theorem 6.4]). Given a Hilbert space H and 
unital completely positive maps φA : 𝒮A → ℬ(H) and φB : 𝒮B → ℬ(H) with commuting 
ranges, there exists a (unique) unital completely positive map φA·φB : 𝒮A⊗c𝒮B → ℬ(H), 
such that

(φA · φB)(s⊗ t) = φA(s)φB(t), s ∈ 𝒮A, t ∈ 𝒮B

(see [29, Corollary 6.5]).
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Definition 3.1. A quantum commuting model over the pair (𝒮A,𝒮B) is a tuple

S = (𝒜Hℬ, φA, φB , ξ),

where H is a Hilbert space, ξ ∈ H is a unit vector, φA : 𝒮A → ℬ(H) and φB : 𝒮B →
ℬ(H) are unital completely positive maps with commuting ranges, 𝒜 is von Neumann 
subalgebra of ℬ(H), ℬ is a von Neumann algebra with ℬo ⊆ ℬ(H), H = 𝒜Hℬ is a 
bipartite quantum system over (𝒜,ℬ), and the inclusions φA(𝒮A) ⊆ 𝒜 and φB(𝒮B) ⊆ ℬo

hold.
We say that S is a Haag model if ℬo = 𝒜′.

We note that every pair (φA, φB) of unital completely positive maps with commuting 
ranges, say, φA : 𝒮A → ℬ(H) and φB : 𝒮B → ℬ(H), and a choice of a unit vector ξ ∈ H, 
give rise to a canonical quantum commuting model over the pair (𝒮A,𝒮B) by letting 𝒜
(resp. ℬo) be the von Neumann algebra, generated by φA(𝒮A) (resp. φB(𝒮B)). To each 
model S = (𝒜Hℬ, φA, φB , ξ), we associate a linear functional fS : 𝒮A ⊗c 𝒮B → C by 
letting

fS(u) = ⟨(φA · φB)(u)ξ, ξ⟩, u ∈ 𝒮A ⊗c 𝒮B ,

and a linear functional f̃S : C∗
u(𝒮A) ⊗max C∗

u(𝒮B) → C by letting

f̃S(u) = ⟨(πA · πB)(u)ξ, ξ⟩, u ∈ C∗
u(𝒮A) ⊗max C∗

u(𝒮B).

We note that fS and f̃S depend only on the tuple (H,φA, φB , ξ) and not on the von 
Neumann algebras 𝒜 and ℬ.

We note that Definition 3.1 is motivated by the commuting operator model for no
signalling correlations; for the convenience of the reader, we recall here the relevant 
definitions. Let X, Y , A and B be finite sets. A family p = ((p(a, b|x, y)a,b : (x, y) ∈
X × Y } of conditional probability distributions over A × B is called a no-signalling 
correlation of quantum commuting type [45,46], if

p(a, b|x, y) = ⟨Ex,aFy,bξ, ξ⟩, x ∈ X, y ∈ Y, a ∈ A, b ∈ B,

for some POVM’s (Ex,a)a∈A, x ∈ X (resp. (Fy,b)b∈B , y ∈ Y ) on a Hilbert space H such 
that Ex,aFy,b = Fy,bEx,a for all x, y, a, b, and a unit vector ξ ∈ H.

Let 𝒜X,A be the universal C*-algebra, generated by projections ex,a, x ∈ X, a ∈ A, 
satisfying the relations 

∑︁
a∈A ex,a = 1, x ∈ X, and let 𝒮X,A = span{ex,a : x ∈ X, a ∈ A}, 

viewed as an operator subsystem of 𝒜X,A (see e.g. [37]). As it will be seen in greater 
detail in Subsection 5.1, the tuple (H, (Ex,a)x,a, (Fy,b)y,b, ξ) as in the previous paragraph 
gives rise in a canonical fashion to a quantum commuting model S over (𝒮X,A,𝒮Y,B), and 
the family p = ((p(a, b|x, y)a,b : (x, y) ∈ X ×Y }, defined by p(a, b|x, y) = fS(ex,a ⊗ ey,b), 
is a quantum commuting no-signalling correlation.
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We now return to the discussion of general quantum commuting models and introduce 
the fundamental partial order between such models that will lead to the notion of self
testing in the commuting operator framework (Definition 3.6 below).

Definition 3.2. Let 𝒮A and 𝒮B be operator systems, and suppose that S = (𝒜Hℬ, φA, 
φB , ξ) and ˜︁S = ( ˜︁𝒜 ˜︁H ˜︁ℬ, ˜︁φA, ˜︁φB , ˜︁ξ) are quantum commuting models over the pair (𝒮A,𝒮B).

(i) We say that ˜︁S is a local dilation of S, and write S ⪯ ˜︁S, if there exist a bipartite 
quantum system 𝒜aux(Haux)ℬaux over a pair of von Neumann algebras (𝒜aux, ℬaux), 
a unit vector ξaux ∈ Haux, and a local isometry V : 𝒜Hℬ → ˜︁𝒜 ˜︁H ˜︁ℬ ⊗ 𝒜aux(Haux)ℬaux

such that

V φA(s)φB(t)ξ = (φ̃A(s)φ̃B(t)ξ̃) ⊗ ξaux, s ∈ 𝒮A, t ∈ 𝒮B . (8)

(ii) We say that ˜︁S is an approximate local dilation of S, and write S ⪯a ˜︁S, if there 
exist bipartite quantum systems 𝒜i,aux(Hi,aux)ℬi,aux over a pair of von Neumann 
algebras (𝒜i,aux, ℬi,aux), unit vectors ξi,aux ∈ Hi,aux, and local isometries Vi : 𝒜Hℬ →
˜︁𝒜 ˜︁H ˜︁ℬ ⊗ 𝒜i,aux(Hi,aux)ℬi,aux , i ∈ N, such that

⃦⃦
ViφA(s)φB(t)ξ − (φ̃A(s)φ̃B(t)ξ̃) ⊗ ξi,aux

⃦⃦
→i→∞ 0, s ∈ 𝒮A, t ∈ 𝒮B . (9)

We note that the reverse notation ˜︁S ⪯ S was used in [43] to designate that ˜︁S is a 
local dilation of S, but we have decided to employ the one specified in Definition 3.2
as it agrees with the usual conventions in operator algebra theory (see e.g. [19]). More 
precisely, even though in self-testing examples, an ideal model ˜︁S is typically smaller (in 
the sense of Hilbert space dimension) than a given model S satisfying S ⪯ ˜︁S (in line 
with the reverse notation from [43]), assistance from an auxiliary system together with 
a (typically entangled) auxiliary state is needed to witness the local dilation property 
S ⪯ ˜︁S:

V ∗(φ̃A(s)φ̃B(t) ⊗ I)V ξ = φA(s)φB(t)ξ.

We therefore view this property as a form of entanglement assisted local dilation.

Remark 3.3. By linearity, condition (8) is equivalent to

V (φA · φB)(u)ξ = (φ̃A · φ̃B)(u)ξ̃ ⊗ ξaux

being fulfilled for every u in the completion of the tensor product 𝒮A⊗c 𝒮B . In addition, 
choosing u = 1, we have that V ξ = ξ̃ ⊗ ξaux.

An ϵ/3-argument, together with the uniform boundedness of the sequence (Vi)i∈N
appearing in (9), shows that (9) is equivalent to the condition
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⃦⃦
Vi(φA · φB)(u)ξ − (φ̃A · φ̃B)(u)ξ̃ ⊗ ξi,aux

⃦⃦
→i→∞ 0, (10)

for all u in the completion of the tensor product 𝒮A ⊗c 𝒮B . Choosing u = 1, we have, in 
particular, ⃦⃦

Viξ − ξ̃ ⊗ ξi,aux
⃦⃦
→i→∞ 0.

It is clear that

S ⪯ ˜︁S =⇒ S ⪯a ˜︁S.
Proposition 3.4. The relations ⪯ and ⪯a are preorders.

Proof. Assume that S ⪯a ˜︁S and ˜︁S ⪯a
˜︁˜︁S, realised via sequences (Vi)i∈N and (˜︁Vi)i∈N

of local isometries, where Vi : 𝒜Hℬ → ˜︁𝒜 ˜︁H ˜︁ℬ ⊗ 𝒜i,aux(Hi,aux)ℬi,aux and ˜︁Vi : ˜︁𝒜 ˜︁H ˜︁ℬ →

˜︁˜︁𝒜 ˜︁˜︁H ˜︁˜︁ℬ ⊗ ˜︁𝒜i,aux
( ˜︁Hi,aux) ˜︁ℬi,aux

, i ∈ N. By Remark 2.9, ˜︁Vi ⊗ IHi,aux is a local isometry from 

˜︁𝒜 ˜︁H ˜︁ℬ ⊗ 𝒜i,aux(Haux)ℬi,aux to ˜︁˜︁𝒜 ˜︁˜︁H ˜︁˜︁ℬ ⊗ ˜︁𝒜i,aux
( ˜︁Hi,aux) ˜︁ℬi,aux

⊗ 𝒜i,aux(Hi,aux)ℬi,aux . It follows 

now from Theorem 2.10 that (˜︁Vi ⊗ IHi,aux)Vi is a local isometry from 𝒜Hℬ to ˜︁˜︁𝒜 ˜︁˜︁H ˜︁˜︁ℬ ⊗
˜︁𝒜i,aux

( ˜︁Hi,aux) ˜︁ℬi,aux
⊗ 𝒜i,aux(Hi,aux)ℬi,aux , i ∈ N. Further, if s ∈ 𝒮A and t ∈ 𝒮B then⃦⃦⃦⃦

(˜︁Vi ⊗ IHi,aux)ViφA(s)φB(t)ξ − (˜︁˜︁φA(s)˜︁˜︁φB(t)˜︁˜︁ξ) ⊗ ˜︁ξi,aux ⊗ ξi,aux

⃦⃦⃦⃦
≤
⃦⃦⃦
(˜︁Vi ⊗ IHi,aux)ViφA(s)φB(t)ξ − (˜︁Vi ⊗ IHi,aux)(φ̃A(s)φ̃B(t)ξ̃) ⊗ ξi,aux

⃦⃦⃦
+
⃦⃦⃦⃦
(˜︁Vi ⊗ IHi,aux)φ̃A(s)φ̃B(t)ξ̃ ⊗ ξi,aux − (˜︁˜︁φA(s)˜︁˜︁φB(t)˜︁˜︁ξ) ⊗ ˜︁ξi,aux ⊗ ξi,aux

⃦⃦⃦⃦
≤
⃦⃦
ViφA(s)φB(t)ξ − φ̃A(s)φ̃B(t)ξ̃ ⊗ ξi,aux

⃦⃦
+
⃦⃦⃦⃦
(˜︁Vi ⊗ IHi,aux)φ̃A(s)φ̃B(t)ξ̃ − (˜︁˜︁φA(s)˜︁˜︁φB(t)˜︁˜︁ξ) ⊗ ˜︁ξi,aux

⃦⃦⃦⃦
.

It follows that⃦⃦⃦⃦
(˜︁Vi ⊗ IHi,aux)ViφA(s)φB(t)ξ − (˜︁˜︁φA(s)˜︁˜︁φB(t)˜︁˜︁ξ) ⊗ ˜︁ξi,aux ⊗ ξi,aux

⃦⃦⃦⃦
→i→∞ 0.

Thus the family ((˜︁Vi ⊗ IHi,aux)Vi)i∈N implements an approximate dilation yielding the 

relation S ⪯a
˜︁˜︁S, and showing that the relation ⪯a is a preorder. The fact that ⪯ is 

a preorder now follows after noticing that it is a special case of ⪯a, implemented by 
constant sequences of local isometries. □

It is straightforward that if S ⪯ ˜︁S then fS = f ˜︁S . In fact, the same implication holds 
for approximate dilations.
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Proposition 3.5. If S ⪯a ˜︁S then fS = f ˜︁S.

Proof. Let 𝒜i,aux(Hi,aux)ℬi,aux be bipartite quantum systems, ξi,aux ∈ Hi,aux be unit 
vectors, and Vi : 𝒜Hℬ → ˜︁𝒜 ˜︁H ˜︁ℬ ⊗ 𝒜i,aux(Hi,aux)ℬaux be local isometries, i ∈ N, for which 
condition (9) holds. Given ϵ > 0 and u ∈ 𝒮A ⊗c 𝒮B , in view of (10), let i ∈ N be such 
that ⃦⃦

Vi(φA · φB)(u)ξ − (φ̃A · φ̃B)(u)ξ̃ ⊗ ξi,aux
⃦⃦
<

ϵ 
2

and ⃦⃦⃦
Viξ − ˜︁ξ ⊗ ξi,aux

⃦⃦⃦
<

ϵ 
2∥u∥ .

We have ⃓⃓
f ˜︁S(u) − fS(u)

⃓⃓
=
⃓⃓⟨︁

(φ̃A · φ̃B)(u)ξ̃, ξ̃
⟩︁
− ⟨(φA · φB)(u)ξ, ξ⟩

⃓⃓
=
⃓⃓⟨︁

(φ̃A · φ̃B)(u)ξ̃ ⊗ ξi,aux, ξ̃ ⊗ ξi,aux
⟩︁
− ⟨Vi(φA · φB)(u)ξ, Viξ⟩

⃓⃓
≤
⃓⃓⟨︁

(φ̃A · φ̃B)(u)ξ̃ ⊗ ξi,aux, ξ̃ ⊗ ξi,aux
⟩︁
−
⟨︁
Vi(φA · φB)(u)ξ, ξ̃ ⊗ ξi,aux

⟩︁⃓⃓
+
⃓⃓⟨︁
Vi(φA · φB)(u)ξ, ξ̃ ⊗ ξi,aux

⟩︁
− ⟨Vi(φA · φB)(u)ξ, Viξ⟩

⃓⃓
≤ ϵ 

2
⃦⃦
ξ̃ ⊗ ξi,aux

⃦⃦
+ ϵ 

2∥u∥ ∥Vi(φA · φB)(u)ξ∥ ≤ ϵ.

As ϵ is an arbitrary positive real, we have that f ˜︁S(u) = fS(u) for every u ∈ 𝒮A⊗c𝒮B . □
Definition 3.6. Let 𝒞 be a class of quantum commuting models over the pair (𝒮A,𝒮B), 
and 𝒮 be a subset of states of the C*-algebra C∗

u(𝒮A) ⊗max C∗
u(𝒮B).

(i) We say that a state f : 𝒮A ⊗c 𝒮B → C is a self-test for the class 𝒞 if there exists ˜︁S ∈ 𝒞 such that f = f ˜︁S and, whenever S ∈ 𝒞 is such that fS = f , we have that 
S ⪯ ˜︁S. In this case, we say that ˜︁S is an ideal model for f .

(ii) We say that a state f : 𝒮A ⊗c 𝒮B → C is a weak self-test for the class 𝒞 if there 
exists ˜︁S ∈ 𝒞 such that f = f ˜︁S and, whenever S ∈ 𝒞 is such that fS = f , we have 
that S ⪯a ˜︁S. In this case, we say that ˜︁S is an weak ideal model for f .

(iii) We say that a state f : 𝒮A ⊗c 𝒮B → C is an abstract self-test for 𝒮 if there exists a 
unique state g ∈ 𝒮 such that g|𝒮A⊗c𝒮B

= f .

It is clear that, in the notation of Definition 3.6, the state f : 𝒮A ⊗c 𝒮B → C is a 
self-test for the class 𝒞 if and only if it is a self-test for the class 𝒞f := {S ∈ 𝒞 : fS = f}.

Remark 3.7. The setup of Definition 3.6 will be applied in several different contexts in 
Section 5. The primary motivation behind it is the self-testing paradigm for no-signalling 
correlations of quantum type [38,43]. Letting X,Y,A,B be finite sets, 𝒮X,A (resp. 𝒮Y,B) 
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be the universal operator system of |X| (resp. |Y |) POVM’s, each of cardinality |A|
(resp. |B|, see (27)), Definition 3.6 (i) provides a commuting operator generalisation of 
the usually employed notion of self-testing for quantum spacial systems (see e.g. [50]). 
We refer the reader to Subsection 5.1 for an extended discussion.

Note that robust self-testing for no-signalling correlations arising from finite dimen
sional models (see e.g. [56, Definition 3.3]) is a priori stronger than the corresponding 
notion of weak self-testing from Definition 3.6 (ii).

The remainder of this section is devoted to the proof of our main Theorem 3.13. To 
that end, we require some notation, terminology and a number of preparatory lemmas.

We recall that, if H is a Hilbert space, ℳ ⊆ ℬ(H) is a von Neumann algebra and 
ω : ℳ → C is a normal positive functional, the support of ω [28, Definition 7.2.4] can 
be defined as the smallest projection p ∈ ℳ such that ω(x) = ω(pxp) for all x ∈ ℳ. For 
ξ ∈ H, write ωξ for the vector state, given by ωξ(x) = ⟨xξ, ξ⟩, x ∈ ℬ(H). Note that, if p
is the support of the functional ωξ|ℳ then

pξ = ξ. (11)

Indeed,

∥ξ − pξ∥2 = ⟨ξ, ξ⟩ − ⟨ξ, pξ⟩ − ⟨pξ, ξ⟩ + ⟨pξ, pξ⟩ = ωξ(1) − ωξ(p) = 0,

and (11) follows.
Given a quantum commuting model S = (𝒜Hℬo , φA, φB , ξ), where 𝒜,ℬo ⊆ ℬ(H), we 

let ϵA ∈ 𝒜 (resp. ϵB ∈ ℬo) be the support projection of the state ωξ|𝒜 (resp. ωξ|ℬo) of 
𝒜 (resp. ℬo). Following [43], we say that S is centrally supported if

φA(s)ϵA = ϵAφA(s) and φB(t)ϵB = ϵBφB(t), s ∈ 𝒮A, t ∈ 𝒮B .

Lemma 3.8. Let 𝒜 ⊆ ℬ(H) be a von Neumann algebra and ξ ∈ H be a unit vector. 
Assume that ξ is separating for 𝒜. Then, given x ∈ 𝒜 and ϵ > 0, there exists y ∈ 𝒜′

such that ∥xξ − yξ∥ < ϵ.

Proof. Since ξ is separating for 𝒜, it is cyclic for its commutant 𝒜′. The statement is 
now immediate. □

In what follows, for ξ, η ∈ H and ϵ > 0, we write ξ ∼ϵ η if ∥ξ − η∥ < ϵ.

Lemma 3.9. Let 𝒜 ⊆ ℬ(H) be a von Neumann algebra and ξ ∈ H be a unit vector. Let 
ϵA ∈ 𝒜 be the support of the state ωξ|𝒜 of 𝒜, and pA ∈ ℬ(H) be the projection onto 
𝒜ξ. Then ξ ∈ ϵApAH, and ξ is cyclic and separating for the von Neumann subalgebra 
ϵApA𝒜ϵApA of ℬ(ϵApAH).



20 J. Crann et al. / Advances in Mathematics 492 (2026) 110884 

Proof. Note that, since pA ∈ 𝒜′ and ϵA ∈ 𝒜, we have that ϵApA𝒜ϵApA is in
deed a von Neumann algebra acting on ϵApAH. By (11), ϵApAξ = ξ and hence 
ωϵApAξ(ϵApAaϵApA) = ωξ(a), a ∈ 𝒜.

Assume that a ∈ 𝒜, ϵApAaϵApA ≥ 0 and ωξ(pAϵAaϵApA) = 0. Then

0 = pAϵAaϵApAξ = ϵAaϵApAξ = ϵAaϵAξ;

thus ϵAa∗ϵAaϵAξ = 0 and hence ωξ(ϵAa∗ϵAaϵA) = 0. As ωξ is faithful on ϵA𝒜ϵA, we get 
ϵAa

∗ϵAaϵA = 0 and hence ϵAaϵA = 0. This implies that ωξ is faithful on ϵApA𝒜ϵApA
and therefore, ξ is separating for ϵApA𝒜ϵApA.

Let η ∈ H be such that ⟨ϵApAaϵApAξ, ϵApAη⟩ = 0 for all a ∈ 𝒜. Then ⟨aξ, pAϵAη⟩ = 0
and, since pAϵAη ∈ pAH, while pAH = 𝒜ξ, we have pAϵAη = 0, showing that ξ is 
cyclic. □
Lemma 3.10. Let H be a Hilbert space, 𝒜 ⊆ ℬ(H) be a von Neumann algebra, ξ ∈ H, 
and ϵA be the support projection of ωξ|𝒜. Suppose that for every selfadjoint a ∈ 𝒜 and 
every ϵ > 0, there exists â ∈ 𝒜′ such that aξ ∼ϵ âξ. Then [ϵA, a] = 0 for every a ∈ 𝒜.

Proof. By (11), ϵAξ = ξ. Thus

ϵAaξ ∼ϵ ϵAâξ = âϵAξ = âξ ∼ϵ aξ.

Therefore ωξ(a(1−ϵA)a) = 0 and, as ϵA is the support projection of ωξ|𝒜 and a(1−ϵA)a is 
positive, we obtain ϵAa(1−ϵA)aϵA = 0, and hence (1−ϵA)aϵA = 0, that is, aϵA = ϵAaϵA. 
As a is selfadjoint, this implies ϵAa = aϵA. □

The next Lemma and Proposition are the main steps in the proof of Theorem 3.13.

Lemma 3.11. Let S = (𝒜Hℬ, φA, φB , ξ) and ˜︁S = ( ˜︁𝒜 ˜︁H ˜︁ℬ, ˜︁φA, ˜︁φB , ˜︁ξ) be quantum commut
ing models over (𝒮A,𝒮B). Suppose that S ⪯a ˜︁S and that ˜︁S is centrally supported. Then 
the states ωξ ◦ πφA·φB

and ω˜︁ξ ◦ π ˜︁φA· ˜︁φB
of C∗

u(𝒮A) ⊗max C∗
u(𝒮B) coincide.

Proof. We write φ = φA · φB and ˜︁φ = ˜︁φA · ˜︁φB for brevity. It suffices to show that 
(ωξ ◦ πφ)(a⊗ b) = (ω˜︁ξ ◦ π ˜︁φ)(a⊗ b) holds for all elements a ∈ C∗

u(SA) (resp. b ∈ C∗
u(SB)) 

of the form a = s1 . . . sn (resp. b = t1 . . . tn), where si ∈ 𝒮A (resp. ti ∈ 𝒮B), i = 1, . . . , n. 
Write πA(a) = πφ(a⊗ 1), ˜︁πA(a) = π ˜︁φ(a⊗ 1), πB(b) = πφ(1 ⊗ b) and ˜︁πB(b) = π ˜︁φ(1 ⊗ b), 
a ∈ C∗

u(𝒮A), b ∈ C∗
u(𝒮B).

Let (Vi)i∈N be a sequence of local isometries, where Vi : H → ˜︁H ⊗ Hi,aux, i ∈ N, 
implementing the preorder assumption S ⪯a ˜︁S (see Definition 3.2 (ii)), and write Vi =
Vi,2,2 ◦Vi,1,2 = Vi,2,1 ◦Vi,1,1, where Vi,1,2, Vi,2,1 are ℬ-local (and Vi,1,1, Vi,2,2 are 𝒜-local).

We have that

Vi,1,2πA(a) = σA,i(πA(a))Vi,1,2 and Vi,2,2σA,i(πA(a)) = ρA,i(πA(a))Vi,2,2, (12)
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for a ∈ C∗
u(𝒮A) and for some normal *-representations σA,i and ρA,i of 𝒜, the latter 

mapping into π˜︂H( ˜︁𝒜)⊗̄πHi,aux(𝒜i,aux). Let ˜︁ϵA be the support projection of the restriction 

of ω˜︁ξ to π˜︂H( ˜︁𝒜) and ˜︁pA be the projection onto π˜︂H( ˜︁𝒜)˜︁ξ. Set ˜︁qA = ˜︁ϵA˜︁pA. As ˜︁S is centrally 
supported,

˜︁ϵA˜︁πA(a) = ˜︁πA(a)˜︁ϵA, a ∈ C∗
u(𝒮A), (13)

and hence

˜︁qA˜︁πA(a) = ˜︁πA(a)˜︁qA, a ∈ C∗
u(𝒮A). (14)

We claim that for every n ∈ N, contractions s1, . . . , sn ∈ 𝒮A, ϵ > 0, there exists i0 such 
that, setting a = s1 · · · sn, if i ≥ i0 then

˜︁πA(a)˜︁ξ ⊗ ξi,aux ∼ϵ (˜︁ϵA ⊗ IHi,aux)ρA,i(πA(a))(˜︁ξ ⊗ ξi,aux). (15)

Let n = 1, s ∈ 𝒮A be contractive and ϵ > 0. By the relation S ⪯a ˜︁S and (12), there 
exists i0 such that, if i ≥ i0 then

˜︁πA(s)˜︁ξ ⊗ ξi,aux ∼ϵ/2 Vi,2,2Vi,1,2πA(s)ξ = Vi,2,2σA,i(πA(s))Vi,1,2ξ

= ρA,i(πA(s))Viξ

∼ϵ/2 ρA,i(πA(s))(˜︁ξ ⊗ ξi,aux).

Claim (15) now follows from (11) and (13).
Assume the claim holds for n > 1. Consider a = s1 . . . snsn+1, where each si is a 

contraction in 𝒮A, and let ϵ > 0. By hypothesis (and the case n = 1), there is an i0 such 
that for every i ≥ i0,

˜︁πA(a′)˜︁ξ ⊗ ξi,aux ∼ϵ/5 (˜︁ϵA ⊗ 1Hi,aux)ρA,i(πA(a′))(˜︁ξ ⊗ ξi,aux), (16)

where a′ = s1 . . . sn or a′ = sn+1. By Lemmas 3.8 and 3.9, there exists ã ∈
(˜︁qAπ˜︂H( ˜︁𝒜)˜︁qA)′ ⊆ ℬ(˜︁qA ˜︁H) such that

˜︁πA(sn+1)˜︁ξ = ˜︁qA˜︁πA(sn+1)˜︁qA˜︁ξ ∼ϵ/5 ã˜︁ξ.
Using (12), (13), (14), (16) and the fact that

ρA,i(πA(a′)) ∈ π˜︂H( ˜︁𝒜)⊗̄πHi,aux(𝒜i,aux),

for i ≥ i0, we have
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˜︁πA(a′)˜︁πA(sn+1)˜︁ξ ⊗ ξi,aux ∼ϵ/5 ˜︁πA(a′)ã˜︁ξ ⊗ ξi,aux

= ˜︁qA˜︁πA(a′)˜︁qAã˜︁ξ ⊗ ξi,aux = (ã⊗ 1i,aux)(˜︁πA(a′)˜︁ξ ⊗ ξi,aux)

∼ϵ/5 (ã⊗ 1i,aux)(˜︁ϵA ⊗ 1Hi,aux)ρA,i(πA(a′))(˜︁ξ ⊗ ξi,aux)

= (˜︁qA ⊗ 1Hi,aux)ρA,i(πA(a′))(ã˜︁ξ ⊗ ξi,aux)

∼ϵ/5 (˜︁qA ⊗ 1Hi,aux)ρA,i(πA(a′))(˜︁πA(sn+1)˜︁ξ ⊗ ξi,aux)

∼ϵ/5 (˜︁qA ⊗ 1Hi,aux)ρA,i(πA(a′))Vi,2,2Vi,1,2πA(sn+1)ξ

= (˜︁qA ⊗ 1Hi,aux)ρA,i(πA(a′))(Vi,2,2σA,i(πA(sn+1))Vi,1,2ξ

= (˜︁qA ⊗ 1Hi,aux)ρA,i(πA(a′sn+1))Vi,2,2Vi,1,2ξ

= (˜︁qA ⊗ 1Hi,aux)ρA,i(πA(a))Viξ

∼ϵ/5 (˜︁ϵA ⊗ 1Hi,aux)ρA,i(πA(a))(˜︁ξ ⊗ ξi,aux).

Thus,

˜︁πA(a)˜︁ξ ⊗ ξi,aux ∼ϵ (˜︁ϵA ⊗ 1Hi,aux)ρA,i(πA(a))(˜︁ξ ⊗ ξi,aux).

A similar induction argument shows that, if ˜︁ϵB is the support projection of the restriction 
of the functional ω˜︁ξ on π˜︂H(ℬo), then for all monomials b ∈ C∗

u(𝒮B) whose individual 
terms are contractions in 𝒮B, and ϵ > 0, there is an i0 such that for i ≥ i0,

˜︁πB(b)˜︁ξ ⊗ ξi,aux ∼ϵ (˜︁ϵB ⊗ 1Hi,aux)ρB,i(πB(b))(˜︁ξ ⊗ ξi,aux), (17)

where ρB,i is the normal ∗-representation of ℬo constructed from the locality of Vi, 
analogous to ρA,i. We have that ˜︁ϵA ∈ π˜︂H( ˜︁𝒜), ˜︁ϵB ∈ π˜︂H( ˜︁ℬo) and [π˜︂H(x), π˜︂H(yo)] = 0, 
x ∈ ˜︁𝒜, y ∈ ˜︁ℬ. Using (11), (13), (15), (17), the relations

[˜︁πA(a) ⊗ 1Hi,aux , ρB,i(πB(b))] = 0

and the fact that Vi,2,2Vi,1,2 = Vi,2,1Vi,1,1, for monomials a ∈ C∗
u(𝒮A) and b ∈ C∗

u(𝒮B), 
whose individual terms are contractions in 𝒮A and 𝒮B, respectively and ϵ > 0, there is 
an i0 such that for i ≥ i0, we obtain

(ω˜︁ξ ◦ π ˜︁φ)(a⊗ b) = ⟨˜︁πA(a)˜︁πB(b)˜︁ξ, ˜︁ξ⟩ = ⟨˜︁πA(a)˜︁πB(b)˜︁ξ ⊗ ξi,aux, ˜︁ξ ⊗ ξi,aux⟩

∼ϵ/4 ⟨(˜︁πA(a)˜︁ϵB ⊗ 1Hi,aux)ρB,i(πB(b))(˜︁ξ ⊗ ξi,aux), ˜︁ξ ⊗ ξi,aux⟩

= ⟨ρB,i(πB(b))(˜︁πA(a)˜︁ξ ⊗ ξi,aux), ˜︁ξ ⊗ ξi,aux⟩

∼ϵ/4 ⟨ρB,i(πB(b))(˜︁ϵA ⊗ 1Hi,aux)ρA,i(πA(a))(˜︁ξ ⊗ ξi,aux), ˜︁ξ ⊗ ξi,aux⟩

∼ϵ/4 ⟨ρB,i(πB(b))ρA,i(πA(a))Vi,2,2Vi,1,2ξ, ˜︁ξ ⊗ ξi,aux⟩

= ⟨ρB,i(πB(b))Vi,2,2Vi,1,2πA(a)ξ, ˜︁ξ ⊗ ξi,aux⟩
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= ⟨ρB,i(πB(b))Vi,2,1Vi,1,1πA(a)ξ, ˜︁ξ ⊗ ξi,aux⟩
= ⟨Vi,2,1Vi,1,1πB(b)πA(a)ξ, ˜︁ξ ⊗ ξi,aux⟩
= ⟨πB(b)πA(a)ξ, V ∗

i (˜︁ξ ⊗ ξi,aux)⟩
∼ϵ/4 ⟨πB(b)πA(a)ξ, ξ⟩ = (ωξ ◦ πφ)(a⊗ b).

Since ϵ is an arbitrary positive real, we conclude that

(ω˜︁ξ ◦ π ˜︁φ)(a⊗ b) = (ωξ ◦ πφ)(a⊗ b).

By linearity, density and continuity it follows that ωξ ◦ πφA·φB
= ω˜︁ξ ◦ π ˜︁φA· ˜︁φB

. □
Proposition 3.12. Let S and ˜︁S be models of a functional f : 𝒮A ⊗c 𝒮B → C such that 
S ⪯a ˜︁S. If S is a centrally supported Haag model then the model ˜︁S is centrally supported.

Proof. Let S = (𝒜Hℬ, φA, φB , ξ) and ˜︁S = ( ˜︁𝒜 ˜︁H ˜︁ℬ, ˜︁φA, ˜︁φB , ˜︁ξ), and suppose that

Vi = Vi,2,2Vi,1,2 = Vi,2,1Vi,1,1

is a local isometry from H to ˜︁H ⊗ Hi,aux, i ∈ N, such that the sequence (Vi)i∈N im
plements the relation S ⪯a ˜︁S; here Vi,1,2 : H → Li and Vi,2,2 : Li → ˜︁H ⊗ Hi,aux, for 
some Hilbert space Li, i ∈ N. Let ϵ > 0 and s ∈ 𝒮A be self-adjoint. Since S is centrally 
supported, ϵApA ∈ φA(𝒮A)′, and thus

φA(s)ξ = ϵApAφA(s)ϵApAξ.

Noting the equality (ϵApAπH(𝒜)ϵApA)′ = ϵApAπH(𝒜)′ϵApA, by Lemmas 3.8 and 3.9, 
there exists x ∈ πH(𝒜)′, x ̸= 0, such that

φA(s)ξ ∼ϵ ϵApAxϵApAξ = pAxξ.

Choose i ∈ N such that

⃦⃦
ViφA(s)ξ − φ̃A(s)ξ̃ ⊗ ξi,aux

⃦⃦
< min

{︃
ϵ,

ϵ 
∥x∥

}︃
and ⃦⃦

Viξ − ξ̃ ⊗ ξi,aux
⃦⃦
<

ϵ 
∥x∥ .

We have

˜︁φA(s)˜︁ξ ⊗ ξi,aux ∼ϵ Vi,2,2Vi,1,2φA(s)ξ ∼ϵ Vi,2,2Vi,1,2pAxξ

∼ϵ Vi,2,2Vi,1,2pAxV
∗
i,1,2V

∗
i,2,2

˜︁ξ ⊗ ξi,aux.
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By Haag duality, pAx ∈ πH(𝒜)′ = πH(ℬo); let bo ∈ ℬo be such that pAx = πH(bo), and 
note that

Vi,2,2Vi,1,2πH(bo)V ∗
i,1,2V

∗
i,2,2 ∈ (πH( ˜︁ℬo)⊗̄πHi,aux(ℬo

i,aux))Vi,2,2V
∗
i,2,2.

Let y ∈ π˜︂H( ˜︁ℬo)⊗̄πHi,aux(ℬo
i,aux) be such that

Vi,2,2Vi,1,2πH(bo)V ∗
i,1,2V

∗
i,2,2 = yVi,2,2V

∗
i,2,2.

We have

˜︁φA(s)˜︁ξ ⊗ ξi,aux ∼3ϵ yVi,2,2V
∗
i,2,2(˜︁ξ ⊗ ξi,aux) ∼2ϵ y(˜︁ξ ⊗ ξi,aux).

If ϵAi,aux is the support projection of ωξi,aux |𝒜i,aux , by Lemma 3.10, we obtain [˜︁φA(s) ⊗
1Hi,aux ,˜︁ϵA⊗ ϵAi,aux] = 0 and hence [˜︁φA(s),˜︁ϵA] = 0. Similar arguments applied to ˜︁φB show 

that ˜︁S is centrally supported. □
We are now ready to prove the main theorem of this section, relating weak self-test 

with abstract self-test.

Theorem 3.13. Let 𝒮A and 𝒮B be operator systems and 𝔐 be a family of quantum com
muting models over (𝒮A,𝒮B). Let 𝒮 = {f̃S : S ∈ 𝔐} and f : 𝒮A ⊗c 𝒮B → C be 
the restriction of an element of 𝒮. Assume that 𝔐 contains a centrally supported Haag 
model of f . If f a weak self-test for 𝔐 then f is an abstract self-test for 𝒮.

Proof. Let ˜︁S be a weak ideal model for 𝔐. If S ∈ 𝔐 is a centrally supported Haag model 
of f then, by Proposition 3.12, ˜︁S is centrally supported. The statement now follows from 
Lemma 3.11. □

In the finite dimensional tensor product setting of Example 2.6, the authors of 
[43] study the notion of a full rank model and its relevance to self-testing. In the 
sequel, we comment on a natural commuting operator version of this notion. Let 
S = (𝒜Hℬ, φA, φB , ξ) be a quantum commuting model of (𝒮A,𝒮B), and let ϵA (resp. 
ϵB) be the support of the functional ωξ|𝒜 (resp. ωξ|ℬ). Write r = ϵAϵB , and let 
φA,r : 𝒮A → ℬ(rH) (resp. φB,r : 𝒮B → ℬ(rH)) be the unital completely positive 
map, given by φA,r(a) = rφA(a)r (resp. φB,r(b) = rφB(b)r). We note that, if a ∈ 𝒮A

and b ∈ 𝒮B then

φA,r(a)φB,r(b) = ϵAϵBφA(a)ϵAϵBφB(b)ϵAϵB
= ϵAϵBφA(a)ϵBϵAφB(b)ϵAϵB = ϵAϵBφA(a)φB(b)ϵAϵB
= ϵAϵBφB(b)φA(a)ϵAϵB = ϵBϵAφB(b)φA(a)ϵBϵA
= ϵAϵBφB(b)ϵAϵBφA(a)ϵAϵB = φB,r(b)φA,r(a).
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Taking into account (11), we see that Sr := (r𝒜r(rH)rℬr, φA,r, φB,r, ξ) is a quantum 
commuting model. It is straightforward to check that fSr

= fS . We call the model Sr

the reduced model of S.
A quantum commuting model S = (𝒜Hℬ, φA, φB , ξ) is said to be of full rank if 

ϵA = ϵB = I.

Corollary 3.14. Let 𝔐 be a family of quantum commuting models over (𝒮A,𝒮B), closed 
under passing to reduced models, that contains a Haag model. Then every weak self-test 
for 𝔐 is an abstract self-test.

Proof. Let S be a Haag model in 𝔐. The reduction Sr is a full rank Haag model. 
Since every full rank model is trivially centrally supported, the claim follows from The
orem 3.13. □
4. Abstract self-tests

In this section, we examine the property of being an abstract self-test and show 
that in some cases it is equivalent to the property of being a self-test. We fix some 
notation that will be used subsequently. Let 𝒮A and 𝒮B be operator systems, 𝒮 ⊆
S(C∗

u(𝒮A) ⊗max C∗
u(𝒮B)) and 𝒮 = {f |𝒮A⊗c𝒮B

: f ∈ 𝒮}. For technical simplicity, we 
impose the restriction that all models we consider have associated Hilbert spaces that 
are separable.

The specific algebras 𝒜 and ℬ participating in a model (𝒜Hℬ, φA, φB , ξ) will not 
play a role in the next result, so we will temporarily omit them from the notation. The 
models (H,φA, φB , ξ) and (K,ψA, ψB , η) will be called unitarily equivalent if there exists 
a unitary operator U : H → K such that

Uξ = η and UφA(a)φB(b)U∗ = ψA(a)ψB(b), a ∈ 𝒮A, b ∈ 𝒮B .

Given an operator system 𝒯 , a Hilbert space H, and a unital completely positive map 
φ : 𝒯 → ℬ(H), for κ ∈ N ∪ {∞}, we let ℓ2(κ) = ⊕κ

i=1C (as usual, we set ℓ2 = ℓ2(∞)), 
write φ⊗ 1κ : 𝒯 → ℬ(H ⊗ ℓ2(κ)) for the map, given by (φ⊗ 1κ)(u) = φ(u) ⊗ Iℓ2(κ) and 
let φ(∞) = φ⊗ 1∞.

The following theorem is a version of [43, Theorem 7.5] in the case of arbitrary bi
partite quantum systems. For a convex set C, we denote by Ext(C) the set of extreme 
points of C.

Theorem 4.1. Let f ∈ Ext(S(𝒮A ⊗c 𝒮B)). The following are equivalent:

(i) f is an abstract self-test for 𝒮 = S(C∗
u(𝒮A) ⊗max C∗

u(𝒮B));
(ii) there exists a model S̃ = (H̃, φ̃A, φ̃B , ξ̃) of f such that, for every model S of f , 

there exists a unit vector ξaux ∈ ℓ2 such that S is unitarily equivalent to the model 
(H̃ ⊗ ℓ2, φ̃

(∞)
A , φ̃

(∞)
B , ξ̃ ⊗ ξaux).
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Proof. (i)⇒(ii) We set 𝒜 = C∗
u(𝒮A) and ℬ = C∗

u(𝒮B) for brevity. Let f̃ ∈ 𝒮 be the 
unique extension of f to a state on 𝒜 ⊗max ℬ, and note that f̃ ∈ Ext(S(𝒜 ⊗max ℬ)). 
Indeed, if g1, g2 ∈ S(𝒜 ⊗max ℬ) are such that f̃ = λg1 + (1 − λ)g2 for some λ ∈ (0, 1), 
then

f = λg1|𝒮A⊗c𝒮B
+ (1 − λ)g2|𝒮A⊗c𝒮B

and, by the extremality of f , we have that

f = g1|𝒮A⊗c𝒮B
= g2|𝒮A⊗c𝒮B

.

Since f is an abstract self-test for 𝒮, we have that g1 = g2 = f̃ .
Let (H̃, π̃, ξ̃) be the GNS triple associated with f̃ ; thus, H̃ is a Hilbert space, π̃ :

𝒜⊗max ℬ → ℬ(H̃) is a unital *-representation and ξ̃ ∈ H̃ is a unit vector, cyclic for π̃, 
such that

f̃(u) = ⟨π̃(u)ξ̃, ξ̃⟩, u ∈ 𝒜⊗max ℬ. (18)

Using the inclusion 𝒮A ⊗c 𝒮B ⊆ 𝒜 ⊗max ℬ, let φ̃A = π̃|𝒮A
, φ̃B = π̃|𝒮B

, and S̃ =
(H̃, φ̃A, φ̃B , ξ̃); by (18), S̃ is a model of f .

Let S = (H,φA, φB , ξ) be a model of f , and write πA (resp. πB) for the unique 
extension of φA (resp. φB) to a unital *-homomorphism from 𝒜 (resp. ℬ) into ℬ(H). 
Since the ranges of φA and φB commute, so do the ranges of πA and πB; let π = πA ·πB , 
viewed as a unital *-representation of 𝒜⊗maxℬ on H. Since f is an abstract self-test for 
𝒮, we have that f̃(u) = ⟨π(u)ξ, ξ⟩, u ∈ 𝒜 ⊗max ℬ. Write H = ⊕i∈NHi and ξ = (ξi)i∈N , 
where ξi ∈ Hi, i ∈ N, Hi is invariant for π, and ξi is a cyclic vector for the representation 
πi := π|Hi

. Let λi = ∥ξi∥2, i ∈ N; thus, 
∑︁∞

i=1 λi = 1. Setting ηi = 1 √
λi
ξi, we have that

f̃(u) =
∞ ∑︂
i=1 

λi⟨πi(u)ηi, ηi⟩, u ∈ 𝒜⊗max ℬ.

Since f̃ is an extreme point of S(𝒜⊗max ℬ), we have that

f̃(u) = ⟨πi(u)ηi, ηi⟩, u ∈ 𝒜⊗max ℬ, i ∈ N.

Since the vector ηi is cyclic for πi, there exists a unitary operator Ui : Hi → H̃, such 
that

Uiπi(u)U∗
i = π̃(u) and Uiηi = ξ̃, i ∈ N. (19)

Set ξaux = (
√
λi)i∈N , viewed as a (unit) vector in ℓ2. Write U = ⊕i∈NUi; thus, 

U : H → ⊕i∈NH̃ is a unitary operator. Identifying ⊕i∈NH̃ with H̃ ⊗ ℓ2 canonically, we 
have that
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Uξ = U
(︂
(
√︁
λiηi)i∈N

)︂
=
(︂√︁

λiUiηi

)︂
i∈N

=
(︂√︁

λiξ̃
)︂
i∈N

= ξ̃ ⊗ ξaux.

Equation (19) now implies that S is unitarily equivalent, via U , to the model (H̃ ⊗
ℓ2, φ̃

(∞)
A , φ̃

(∞)
B , ξ̃ ⊗ ξaux).

(ii)⇒(i) In the notation of (ii), let f̃ : 𝒜⊗max ℬ → C be the state, given by (18). Let 
g ∈ 𝒮 be an extension of f , (H,π, ξ) be the GNS triple associated with g, and φA (resp. 
φB) be the restrictions of π to 𝒮A (resp. 𝒮B). By assumption, there exists a unit vector 
ξaux ∈ ℓ2 and a unitary operator U : H → H̃ ⊗ ℓ2, such that Uξ = ξ̃ ⊗ ξaux, and

UφA(a)φB(b)U∗ = π̃(a⊗ b) ⊗ I, a ∈ 𝒮A, b ∈ 𝒮B . (20)

Let πA (resp. πB) be the unique extension of φA (resp. φB) to a unital *-representation 
of 𝒜 (resp. ℬ). We have that

π(a⊗ b) = (πA · πB)(a⊗ b), a ∈ 𝒮A, b ∈ 𝒮B ;

since the elementary tensors of the form a⊗ b, a ∈ 𝒮A, b ∈ 𝒮B , generate 𝒜⊗max ℬ as a 
C*-algebra, we have that π = πA · πB . Now (20) implies that

Uπ(u)U∗ = π̃(u) ⊗ I, u ∈ 𝒜⊗max ℬ.

It follows that, if u ∈ 𝒜⊗max ℬ, then

g(u) = ⟨π(u)ξ, ξ⟩ = ⟨Uπ(u)U∗Uξ, Uξ⟩

= ⟨(π̃(u) ⊗ I)(ξ̃ ⊗ ξaux), ξ̃ ⊗ ξaux⟩ = ⟨π̃(u)ξ̃, ξ̃⟩;

Thus, g = f̃ , and the proof is complete. □
Remark 4.2. In the notation of Theorem 4.1, suppose that a state f ∈ 𝒮 is an abstract 
self-test for 𝒮. By Theorem 4.1, f has a model S̃, such that every other model of f is 
unitarily equivalent to an ampliation of S̃. Let

𝔐 =
{︁
S = (𝒜Hℬ, φA, φB , ξ) : fS = f,𝒜 = (φA(SA))′′,ℬ = ((φB(SB))′′)o

}︁
. (21)

The proof of Theorem 4.1 shows that the unitary operator U , constructed therein, im
plements the dilation relation 𝒜Hℬ ≤𝒜⊗I (H̃ ⊗ ℓ2)ℬ̃⊗I . Thus, the problem in reversing 
the implication established in Theorem 3.13 resides in allowing the use of models, whose 
algebras of observables are more general than the ones indicated in (21). Indeed, often 
the interest lies in Haag models, where ℬo = 𝒜′. We next exhibit cases where such a 
reversal can be achieved more generally. Our next result, Theorem 4.3, is an extension 
of [43, Theorem 4.12].
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In the next theorem (Theorem 4.3), we establish a partial converse to Theorem 3.13. 
We first gather some brief preliminary background on type I representations of C*
algebras. Let 𝒜 be a C∗-algebra. Recall that a representation π : 𝒜 → ℬ(K) is 
called a type I representation if the bicommutant π(𝒜)′′ in ℬ(K) is a von Neumann 
algebra of type I. Let {H(γ) : γ ∈ Γ} be a measurable field of Hilbert spaces on a 
Borel space Γ equipped with a σfinite Borel measure μ. Suppose that, to each γ ∈ Γ, 
there corresponds a representation πγ of 𝒜 on H(γ) such that for every a ∈ 𝒜, the 
operator field γ ↦→ πγ(a) ∈ ℬ(H(γ)) is measurable, in which case we say that the 
field {πγ}γ∈Γ is a measurable field of representations. Set H =

∫︁ ⊕
Γ H(γ)dμ(γ) and 

π(a) =
∫︁ ⊕
Γ πγ(a)dμ(γ) ∈ ℬ(H). Then π is a representation of 𝒜 on H, called the di

rect integral of {πγ}γ∈Γ and written π =
∫︁ ⊕
Γ πγdμ(γ). We refer the reader to [51, §IV.8] 

for further details concerning measurable fields of Hilbert spaces and operators. By [20], 
if π is a representation of type I on a separable Hilbert space, there is a standard σ
finite measure space (Γ, μ) a measurable field of irreducible representations {πγ}γ∈Γ, 
measurable function γ ↦→ n(γ) ∈ N∞ = {1, 2, . . . ,∞} such that

π ≃
⊕ ∫︂

Γ 

πγ ⊗ 1n(γ)dμ(γ).

For the remainder of this section, 𝒞 will denote the class of quantum commuting mod
els defined by the canonical bimodules ℬ(HA)Hℬ(HB)o = HA⊗HB over (ℬ(HA),ℬ(HB)o)
and unital completely positive maps φ = φA ⊗ φB , where φA : 𝒮A → ℬ(HA) and 
φB : 𝒮B → ℬ(HB) extend to type I representations πA and πB of 𝒜 := C∗

u(𝒮A) and 
ℬ := C∗

u(𝒮B) on HA and HB, respectively. We note that, if S ∈ 𝒞 then fS is in fact a 
state (not only on the commuting tensor product 𝒮A ⊗c 𝒮B but also) on the minimal 
tensor product 𝒮A ⊗min 𝒮B . We say that a model is irreducible if the corresponding 
representations πA and πB are irreducible. We note that, if a model S ∈ 𝒞 is irreducible 
then πA(𝒮A)′′ = ℬ(HA) and πB(𝒮B)′′ = ℬ(HB).

Theorem 4.3. Let 𝒮 = {f̃S : S ∈ 𝒞}, let 𝔐 ∈ 𝒞, and let f = f𝔐. Assume that f ∈
Ext(S(𝒮A ⊗c 𝒮B)). Suppose that f has unique extension to a state on C∗

u(𝒮A) ⊗min
C∗

u(𝒮B). Then f is a self-test for 𝒞 and there exists an irreducible ideal model S ∈ 𝒞. 
In particular, if f is an abstract self-test for 𝒮 then f is a self-test for 𝒞 that admits an 
irreducible ideal model S ∈ 𝒞.

Proof. Write 𝔐 = (ℬ(HA)(HA ⊗HB)ℬ(HB)o , φA, φB , ξ), so that

f(u) = ⟨(φA ⊗ φB)(u)ξ, ξ⟩, u ∈ 𝒮A ⊗min 𝒮B .

By assumption, the *-representations πA and πB extending φA and φB , respectively, 
are type I. Consider the direct integral decompositions of πA and πB into irreducible 
representations:
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πA =
∫︂
X

(πA
x ⊗ Im(x))dμ(x) and πB =

∫︂
Y

(πA
y ⊗ In(y))dν(y),

acting on

HA =
⊕ ∫︂

X

HA(x) ⊗ ℓ2(m(x))dμ(x) and HB =
⊕ ∫︂

Y

HB(y) ⊗ ℓ2(n(y))dν(y),

respectively. Let {eix}
m(x)
i=1 and {ejy}

n(y)
j=1 be the standard bases in ℓ2(m(x)) and ℓ2(n(y)), 

respectively, and write δ for the counting measure on N∞×N∞ (we set Nk = {1, 2, . . . , k}, 
so that N∞ = N ∪ {∞}). As ξ ∈ HA ⊗ HB , there exist measurable families (ξi,jx,y)i,jx,y, 
where ξi,jx,y ∈ HA(x) ⊗ HB(y), ∥ξi,jx,y∥ = 1, and (λi,j

x,y)i,jx,y ⊆ C, such that λi,j
x,y = 0 if 

(i, j) ∈ (Nm(x) ×Nn(y))c,∫︂
X×Y

∫︂
N×N

|λi,j
x,y|2dδ(i, j)d(μ× ν)(x, y) = 1,

and

ξ =
∫︂

X×Y

∫︂
N×N

ξi,jx,y ⊗ λi,j
x,y(eix ⊗ ejy)dδ(i, j)d(μ× ν)(x, y).

Write

Si,j
x,y = (HA(x) ⊗HB(y), πA

x |𝒮A
, πB

y |𝒮B
, ξi,jx,y), x, y ∈ X, i, j ∈ N∞.

As πA and πB are type I representations, so are πA
x and πB

y for almost all x and y
[20, Proposition 8.4.8]. Thus, for almost all x, y, the model Si,j

x,y belongs to the class 𝒞. 
Moreover,

f(u) =
∫︂

X×Y

∫︂
N×N

⟨(πA
x ⊗ πB

y )(u)ξi,jx,y, ξ
i,j
x,y⟩|λi,j

x,y|2dδ(i, j)d(μ× ν)(x, y).

Consider the probability measure α on X × Y ×N∞ ×N∞, given by

α(E) =
∫︂
E

|λi,j
x,y|2dδ(i, j)d(μ× ν)(x, y),

where E ⊆ X × Y ×N∞ ×N∞ is measurable. Suppose that α(E) ̸= 0 and α(Ec) ̸= 0, 
set

f1(u) = 1 
α(E)

∫︂
E

⟨(πA
x ⊗ πB

y )(u)ξi,jx,y, ξ
i,j
x,y⟩|λi,j

x,y|2dδ(i, j)d(μ× ν)(x, y),
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considered as a state on C∗
u(𝒮A) ⊗min C∗

u(𝒮B), and let f2 be defined similarly, using the 
set Ec in the place of E. Then

f(u) = α(E)f1(u) + α(Ec)f2(u), u ∈ 𝒮A ⊗min 𝒮B .

Since f is an extreme point,

f(u) = f1(u) = f2(u), u ∈ 𝒮A ⊗min 𝒮B .

It follows that∫︂
E

⟨(πA
x ⊗ πB

y )(u)ξi,jx,y, ξ
i,j
x,y⟩|λi,j

x,y|2dδ(i, j)d(μ× ν)(x, y)

=
∫︂
E

f(u)|λi,j
x,y|2dδ(i, j)d(μ× ν)(x, y).

As the equality trivially holds for E of full measure, we obtain that

f(u) =
⟨︁
(πA

x ⊗ πB
y )(u)ξi,jx,y, ξ

i,j
x,y

⟩︁
α-almost everywhere, (22)

showing in particular that there is an irreducible model in 𝒞 that gives rise to f .
Fix irreducible representations π̃A and π̃B of C∗

u(𝒮A) and C∗
u(𝒮B), acting on Hilbert 

spaces H̃A and H̃B, respectively, and a unit vector ξ̃ ∈ H̃A ⊗ H̃B , such that f(u) =
⟨(π̃A ⊗ π̃B)(u)ξ̃, ξ̃⟩, u ∈ 𝒮A ⊗min 𝒮B , and let

N = {(x, y, i, j) ∈ X × Y ×N∞ ×N∞ : (22) holds}.

Then α(N c) = 0. Since f has a unique extension to C∗
u(𝒮A) ⊗min C∗

u(𝒮B), we have that⟨︁
(π̃A ⊗ π̃B)(u)ξ̃, ξ̃

⟩︁
=
⟨︁
(πA

x ⊗ πB
y )(u)ξi,jx,y, ξ

i,j
x,y

⟩︁
, (x, y, i, j) ∈ N,

for every u ∈ C∗
u(𝒮A) ⊗min C∗

u(𝒮B). As πA
x and πB

y are irreducible, so is πA
x ⊗ πB

y and 
hence (πA

x ⊗ πB
y , ξi,jx,y) is a GNS representation for the state f , (x, y, i, j) ∈ N . We have, 

in particular, ξi,jx,y = αi,j,i′,j′
x,y ξi

′,j′
x,y for some αi,j,i′,j′

x,y ∈ T .
Let ≤ be the lexicographic order on N∞×N∞, that is, (n1, n2) < (m1,m2) if n1 < m1

or n1 = m1 and n2 < m2. Define τ : X × Y → N∞ × N∞ ∪ {∞} by letting τ(ω) =
min{(i, j) : (ω, i, j) ∈ N}, for ω = (x, y) ∈ X × Y , where we have set min ∅ = ∞. Let 
πX×Y : (X×Y )×(N∞×N∞) → X×Y be the projection map. Clearly, (ω, τ(ω)) ∈ N for 
every ω ∈ πX×Y (N). We claim that τ is measurable. Indeed, writing Ni,j for the slice of N
along (i, j) ∈ N∞×N∞, note that N∩((X×Y )×{(i, j)}) = Ni,j×{(i, j)} and hence Ni,j

is measurable. This shows that τ−1({(i, j)}) = Ni,j \ ∪(i′,j′)<(i,j)Ni′,j′ is measurable. In 

addition, the set πX×Y (N) = ∪i,jNi,j is measurable. Set ζx,y = ξ
τ(x,y)
x,y ∈ HA(x)⊗HB(y). 

For (x, y) ∈ X ×X, let
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f̃x,y =
∑︂

(i,j):(x,y,i,j)∈N

α(i,j),τ(x,y)
x,y λi,j

x,y(eix ⊗ ejy).

Then

ξ =
∫︂
N

ξi,jx,y ⊗ λi,j
x,y(eix ⊗ ejy)dδ(i, j)d(μ× ν)(x, y)

=
∫︂

πX×Y (N)

ζx,y ⊗ f̃x,yd(μ× ν)(x, y).

Let rx,y = ∥f̃x,y∥. If f̃x,y ̸= 0, set fx,y = f̃x,y

∥f̃x,y∥
; otherwise, let fx,y = 0. We thus have 

that 
∫︁
X×Y

|rx,y|2d(μ × ν)(x, y) = 1 and {fx,y}(x,y)∈X×Y is a measurable field of unit 
vectors in ℓ2(m(x)) ⊗ ℓ2(n(y)) with

rx,yfx,y =
∫︂

α(i,j),τ(x,y)
x,y λi,j

x,y(eix ⊗ ejy)dδ(i, j).

Consider now the set Λ = {(x, y) ∈ πX×Y (N) : rx,y ̸= 0}. Then for (x, y) ∈ Λ, 
(πA

x ⊗πB
y , ζx,y) is a GNS representation of f . Since πA and πB are irreducible, we obtain 

that πA
x ⊗ πB

y ∼ π̃A ⊗ π̃B and hence πA
x ∼ π̃A and πB

y ∼ π̃B whenever (x, y) ∈ Λ (we use 
the symbol ∼ to denote unitary equivalence). Let ΛA = πX(Λ) and ΛB = πY (Λ), where 
πX and πY are the corresponding projections in the Cartesian product X × Y . We have 
that ΛA and ΛB are analytic sets and there exist subsets MA ⊆ ΛA and MB ⊆ ΛB , such 
that μ(MA) = ν(MB) = 0 and ˜︁ΛA := ΛA \MA and ˜︁ΛB := ΛB \MB are measurable (see 
[51, Appendix]). By [21, p. 166, Lemme 2], there exist measurable Ux : HA(x) → H̃A

and Uy : HB(y) → H̃B such that

Uxπ
A
x (a)U∗

x = π̃A(a) and Uyπ
B
y (b)U∗

y = π̃B(b), a ∈ C∗
u(𝒮A), b ∈ C∗

u(𝒮B).

Then (Ux ⊗ Uy)ζx,y = βx,y ξ̃ for βx,y ∈ T . Hence ξ = ξ̃ ⊗ ψaux, where

ψaux =
∫︂

˜︁ΛA×˜︁ΛB

rx,yβx,yfx,yd(μ× ν)(x, y).

For x ∈ ˜︁ΛA let Vx : HA(x)⊗ℓ2(m(x)) → H̃A⊗ℓ2(m(x)) be given by Vx = Ux⊗1m(x); if 
x ̸∈ ˜︁ΛA let Vx : HA(x)⊗ℓ2(m(x)) → H̃A⊗(HA(x)⊗ℓ2(m(x))) be given by Vx(v) = w⊗v

for a fixed w ∈ H̃A, and set VA =
∫︁ ⊕
X

Vxdμ(x). Define an isometry VB in a similar way. 
Let

Haux
A =

⊕ ∫︂
˜︁ΛA

ℓ2(m(x))dμ(x) ⊕
⊕ ∫︂

˜︁Λc
A

HA(x) ⊗ ℓ2(m(x))dμ(x)
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and

Haux
B =

⊕ ∫︂
˜︁ΛB

ℓ2(n(y))dν(y) ⊕
⊕ ∫︂

˜︁Λc
B

HB(y) ⊗ ℓ2(n(y))dν(y).

Then ψaux ∈ Haux
A ⊗Haux

B and

(VA ⊗ VB)(πA ⊗ πB)(a⊗ b)ξ = (π̃A ⊗ π̃B)(a⊗ b)(ξ̃ ⊗ ψaux)

for a ∈ C∗
u(𝒮A), b ∈ C∗

u(𝒮B). □
5. Applications and examples

In this section, we apply the general operator system framework developed in the 
previous sections to several special cases, including those of QNS correlations, quantum 
graph homomorphisms, synchronous correlations and positive definite functions defined 
on groups. The special cases we consider are based at pairs (𝒮A,𝒮B) of finitely generated 
operator systems, say

𝒮A = span{e1, . . . , ek} and 𝒮B = span{f1, . . . , fl},

so that the pair (φA, φB) of unital completely positive maps, where φA : 𝒮A → ℬ(H)
and φB : 𝒮B → ℬ(H), is determined by the mutually commuting families (Ei)ki=1 and 
(Fj)lj=1 of operators on H vis the assignments φA(ei) = Ei, i ∈ [k] and φB(fj) = Fj , 
j ∈ [l]. Thus, we will consider a commuting operator model over (𝒮A,𝒮B) as a tuple 
S = (H, (Ei)ki=1, (Fj)lj=1, ξ), where ξ ∈ H is a unit vector. The tuple S gives rise to the 
correlation pS : [k] × [l] → C, given by

pS(i, j) = ⟨EiFjξ, ξ⟩, i ∈ [k], j ∈ [l]; (23)

we say that S is a model of pS . The correlations of the form pS correspond precisely to 
states s : 𝒮A ⊗c 𝒮B → C via the assignment s(ei ⊗ fj) = pS(i, j), i ∈ [k], j ∈ [l].

A tuple S̃ = (H̃, (Ẽi)ki=1, (F̃j)lj=1, ξ̃) is an ideal model of a correlation p : [k]× [l] → C

if p = pS̃ and, whenever S = (H, (Ei)ki=1, (Fj)lj=1, ξ) is a model of p then there exists a 
Hilbert space Haux, a unit vector ξaux ∈ Haux and a local isometry V : H → H̃ ⊗Haux
such that

V EiFjξ = ẼiF̃j ξ̃ ⊗ ξaux, i ∈ [k], j ∈ [l].

The framework of self-testing described above will be referred to as finitary; we will 
refer to the pair (𝒮A,𝒮B) as a finitary context. Quantum models of correlations p :
[k]× [l] → C are similarly described in the finitary framework by replacing the operator 
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products EiFj in (23) by tensor products of finite dimensionally acting families (Ei)ki=1
and (Fj)lj=1.

5.1. Self-testing for QNS correlations

The purpose of this subsection is to introduce self-testing for quantum no-signalling 
correlations using our general (finitary) framework, and to show how POVM self-testing 
is hosted within it.

Let X and A be finite sets and H be a Hilbert space. A quantum channel from MX

into MA is a completely positive trace preserving map Φ : MX → MA. A stochastic 
operator matrix (SOM) over (X,A) acting on H is a positive block operator matrix 
E = (Ex,x′,a,a′)x,x′,a,a′ , where Ex,x′,a,a′ ∈ ℬ(H) for all x, x′ ∈ X and all a, a′ ∈ A, 
such that TrAE = IX ⊗ IH (as usual, TrA denotes the partial trace along MA). It was 
shown in [53] that there exists a unital C*-algebra 𝒞X,A, generated by elements ex,x′,a,a′ , 
x, x′ ∈ X, a, a′ ∈ A, such that the matrix (ex,x′,a,a′)x,x′,a,a′ is positive as an element of 
MX ⊗MA ⊗ 𝒞X,A, ∑︂

a∈A

ex,x′,a,a = δx,x′1, x, x′ ∈ X,

and possessing the universal property that for every stochastic operator matrix E =
(Ex,x′,a,a′)x,x′,a,a′ , acting on a Hilbert space H, there exists a unique *-homomorphism 
πE : 𝒞X,A → ℬ(H), such that πE(ex,x′,a,a′) = Ex,x′,a,a′ , x, x′ ∈ X, a, a′ ∈ A. Let

𝒯X,A = span{ex,x′,a,a′ : x, x′ ∈ X, a, a′ ∈ A},

viewed as an operator subsystem of 𝒞X,A. By [53, Corollaries 5.3 and 5.4], C∗
u(𝒯X,A) =

𝒞X,A and the stochastic operator matrices (Ex,x′,a,a′)x,x′,a,a′ are in one-to-one correspon
dence with the unital completely positive maps ϕE : 𝒯X,A → ℬ(H) via the assignment 
ϕE(ex,x′,a,a′) = Ex,x′,a,a′ .

Letting Y and B be further finite sets, the pair (𝒯X,A, 𝒯Y,B) of operator sys
tems determines a finitary framework for self-testing. A commuting operator model 
S = (H, (Ex,x′,a,a′), (Fy,y′,b,b′), ξ) (referred to later as a SOM qc-model) gives rise to a cor
relation pS via (23) which, in its own turn, determines a linear map ΓS : MXY → MAB , 
given by

Γ(ϵx,x′ ⊗ ϵy,y′) =
∑︂

a,a′∈A

∑︂
b,b′∈B

⟨Ex,x′,a,a′Fy,y′,b,b′ξ, ξ⟩ ϵa,a′ ⊗ ϵb,b′ , (24)

for all x, x′ ∈ X and all y, y′ ∈ Y . The map Γ = ΓS is a quantum no-signalling (QNS) 
correlation over (X,Y,A,B) [22] in that

TrAΓ(ρX ⊗ ρY ) = 0 whenever Tr(ρX) = 0 (25)
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and

TrBΓ(ρX ⊗ ρY ) = 0 whenever Tr(ρY ) = 0. (26)

QNS correlations Γ : MXY → MAB admitting a representation of the form (24) are 
said to be of quantum commuting type [53]. One defines QNS correlations of quantum 
type by replacing the operator product in (24) by tensor products of finite dimensionally 
acting SOM’s. We write 𝒬qc (resp. 𝒬q) for the (convex) set of all quantum commuting 
(resp. quantum) QNS correlations, and note the inclusion 𝒬q ⊆ 𝒬qc. We refer to ΓS

being an self-test (resp. abstract self-test) if the corresponding correlation pS is a self
test (resp. an abstract self-test). We distinguish between qc-self-tests (self-tests among 
QNS correlations of quantum commuting type) and q-self-tests (self-tests among QNS 
correlations of quantum type).

Given a set ℳ of quantum commuting models (resp. quantum models) for the finitary 
context (𝒯X,A, 𝒯Y,B), let ℳ̃ = {ΓS : S ∈ ℳ}. It is clear from the preceding discussion 
that if 𝒮ℳ = {sΓS

: S ∈ ℳ} then a quantum commuting QNS correlation Γ ∈ ℳ̃ is a 
(abstract) qc-self-test for ℳ if and only if its corresponding state sΓ : 𝒯X,A⊗c𝒯Y,B → C is 
an (abstract) self-test for ℳ̃. The abstract q-self-tests have a convenient characterisation 
which we now state; we omit the argument as it relies on similar techniques from the 
(latter portion of the) proof of Theorem 4.3.

Proposition 5.1. Let ℱ be the set of quantum commuting models whose underlying Hilbert 
space is finite dimensional. Then Γ ∈ ℱ̃ is an abstract self-test for 𝒬q if and only if sΓ
is an abstract self-test for 𝒮ℱ .

In the remainder of this subsection we show how POVM self-testing considered in [43] 
fits into the general framework of Section 3. We start by introducing the relevant finitary 
context.

Let X and A be finite sets. The C*-algebra 𝒜POVM was introduced in [43] as the 
universal C*-algebra of a family of POVM’s over the set A with |X| elements, that is, 
the unital C*-algebra generated by positive elements ẽx,a, x ∈ X, a ∈ A, satisfying the 
relations 

∑︁
a∈A ẽx,a = 1, x ∈ X, such that whenever (Px,a)a∈A is a POVM acting on 

the Hilbert space H, x ∈ X, there exists a unique *-representation π : 𝒜POVM → ℬ(H)
such that π(ẽx,a) = Px,a, x ∈ X, a ∈ A. In the next proposition, we identify a concrete 
description of 𝒜POVM. Recall the C*-algebra 𝒞X,A from Subsection 5.1 and let 𝒜X,A be 
its C*-subalgebra, generated by the elements ex,x,a,a, x ∈ X, a ∈ A. Let

𝒮X,A = span{ex,x,a,a : x ∈ X, a ∈ A},

viewed as an operator subsystem of 𝒜X,A.
Recall from Section 3 that 𝒜X,A is the universal C*-algebra, generated by projections 

ex,a, x ∈ X, a ∈ A, satisfying the relations 
∑︁

a∈A ex,a = 1, x ∈ X; the C*-algebra 𝒜X,A

satisfies the analogous universal property to the one described in the previous paragraph 
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for 𝒜X,A but with (Px,a)a∈A being PVM’s as opposed to POVM’s. Recall, further, the 
operator subsystem

𝒮X,A = span{ex,a : x ∈ X, a ∈ A}, (27)

of 𝒜X,A.

Proposition 5.2. 

(i) There exists a *-isomorphism ρ : 𝒜POVM → 𝒜X,A, such that ρ(ẽx,a) = ex,x,a,a, 
x ∈ X, a ∈ A.

(ii) The map ex,a ↦→ ẽx,a defines a unital complete order isomorphism 𝒮X,A
∼ = 𝒮X,A.

(iii) Up to a canonical *-isomorphism, C∗
u(𝒮X,A) = 𝒜X,A.

Proof. (i) We show that the C*-algebra 𝒜X,A satisfies the universal property of 𝒜POVM. 
Clearly, {ex,x,a,a}a∈A is a POVM in 𝒜X,A, x ∈ X. Suppose that (Px,a)a∈A, x ∈ X, are 
POVM’s acting on the Hilbert space H. Let Ex,x′,a,a′ := δx,x′Px,a, x, x′ ∈ X, a, a′ ∈
A; then E := (Ex,x′,a,a′)x,x′,a,a′ is a stochastic operator matrix and, by the universal 
property of 𝒞X,A, there exists a unital *-homomorphism π : 𝒞X,A → ℬ(H), such that 
π(ex,x′,a,a′) = Ex,x′,a,a′ , x, x′ ∈ X, a, a′ ∈ A. The restriction ρ = π|𝒜X,A

of π to 𝒜X,A

is a *-representation with the property that ρ(ex,x,a,a) = Px,a, x ∈ X, a ∈ A. Since the 
elements ex,x,a,a generate 𝒜X,A, such a representation is unique.

(ii) By (i), the families E = {(Ex,a)a∈A : x ∈ X} of POVM’s acting on a Hilbert 
space H are in bijective correspondence with the unital completely positive maps 
ϕE : 𝒮X,A → ℬ(H) via the assignment ϕE(ẽx,a) = Ex,a. A combination of Arveson’s 
Extension Theorem and Stinespring’s Dilation Theorem shows that the same universal 
property holds for 𝒮X,A (see e.g. [46, p. 680]). The conclusion follows.

(iii) Let H be a Hilbert space and ϕ : 𝒮X,A → ℬ(H) be a completely positive map. 
Then (ϕ(ex,a))a∈A is a POVM, x ∈ X. By (i), there exists a unital *-homomorphism 
π : 𝒜X,A → ℬ(H), such that π(ex,a) = ϕ(ex,a), x ∈ X, a ∈ A. The proof is complete. □

It was shown in [46, Lemma 2.8] that

𝒮X,A ⊗c 𝒮Y,B ⊆ 𝒜X,A ⊗max 𝒜Y,B

as an operator subsystem. The next corollary complements this fact.

Corollary 5.3. Up to a canonical complete order embedding, 𝒮X,A⊗c𝒮Y,B ⊆ 𝒯X,A⊗c𝒯Y,B.

Proof. Using Proposition 5.2 (ii), let ιX,A : 𝒮X,A → 𝒯X,A be the inclusion map, and 
γX,A : 𝒯X,A → 𝒮X,A be the unital completely positive map, given by

γX,A(ex,x′,a,a′) = δx,x′δa,a′ex,a, x ∈ X, a ∈ A;
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note that γX,A ◦ ιX,A = id𝒮X,A
. We have that ι := ιX,A ⊗ ιY,B is a unital completely 

positive map from 𝒮X,A ⊗c 𝒮Y,B into 𝒯X,A ⊗c 𝒯Y,B. We show that ι is a complete order 
isomorphism onto its range. Suppose that u ∈ Mn(𝒮X,A ⊗ 𝒮Y,B) is such that ι(n)(u) ∈
Mn(𝒯X,A ⊗c 𝒯Y,B)+. Let H be a Hilbert space, and ϕ : 𝒮X,A → ℬ(H) and ψ : 𝒮Y,B →
ℬ(H) be unital completely positive maps with commuting ranges. Then the maps ϕ ◦
γX,A : 𝒯X,A → ℬ(H) and ψ ◦ γY,B : 𝒯Y,B → ℬ(H) are unital and completely positive, 
and have commuting ranges. It follows that

(ϕ · ψ)(n)(u) = ((ψ ◦ γY,B) · (ψ ◦ γY,B))(n)
(︂
ι(n)(u)

)︂
∈ Mn(ℬ(H))+.

The proof is complete. □
Fix further finite sets Y and B. A quantum commuting model for the finitary context 

(𝒮X,A,𝒮Y,B) is thus a tuple S = (H, (Ex,a)x,a, (Fy,b)y,b, ξ), where H is a Hilbert space, 
ξ ∈ H is a unit vector, and (Ex,a)a∈A (resp. (Fy,b)b∈B) is a POVM on H for every 
x ∈ X (resp. y ∈ Y ) such that Ex,aFy,b = Fy,bEx,a for all x, y, a, b; such a model will be 
referred to as a POVM qc-model. The model S gives rise, via (23), to the correlation pS
of quantum commuting type, given by

pS(a, b|x, y) = ⟨Ex,aFy,bξ, ξ⟩, x ∈ X, y ∈ Y, a ∈ A, b ∈ B;

we note that p = pS is a no-signalling correlation over the quadruple (X,Y,A,B) in that 
(p(a, b|x, y))a,b is a probability distribution over A×B for every (x, y) ∈ X × Y , and∑︂

b∈B

p(a, b|x, y) =
∑︂
b∈B

p(a, b|x, y′), x ∈ X, y, y′ ∈ Y, a ∈ A,

and ∑︂
a∈A

p(a, b|x, y) =
∑︂
a∈A

p(a, b|x′, y), x, x′ ∈ X, y ∈ Y, b ∈ B

(see e.g. [37,45]). POVM q-models of no-signalling correlations are defined analogously, 
using tensor products of POVM’s acting on finite dimensional Hilbert spaces. We denote 
the (convex) set of all NS correlations by 𝒞ns. With a correlation p ∈ 𝒞ns, we associate 
the classical information channel 𝒩p : 𝒟XY → 𝒟AB , given by

𝒩p(ϵx,x ⊗ ϵy,y) =
∑︂
a∈A

∑︂
b∈B

p(a, b|x, y)ϵa,a ⊗ ϵb,b, (28)

and the quantum information channel Γp : MXY → MAB , given by Γp = ιAB ◦𝒩p◦ΔXY , 
where ιAB : 𝒟AB → MAB is the inclusion map and ΔXY : MXY → 𝒟XY is the canonical 
conditional expectation; it can be easily verified that Γp is a QNS correlation. We let 
𝒞qc = {pS : S a POVM qc-model} (resp. 𝒞q = {pS : S a POVM q-model}) be the 
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set of quantum commuting (resp. quantum) NS correlations, and note the inclusions 
𝒞q ⊆ 𝒞qc ⊆ 𝒞ns.

In view of Corollary 5.3, a state f : 𝒯X,A ⊗c 𝒯Y,B → C gives rise, via restriction, to 
a state fcl : 𝒮X,A ⊗c 𝒮Y,B → C. In the reverse direction, a state g : 𝒮X,A ⊗c 𝒮Y,B → C

gives rise to the state gq : 𝒯X,A ⊗c 𝒯Y,B → C by letting gq = g ◦ (γX,A ⊗c γY,B).
A model S = (H,ψA, ψB , ξ) of the state f : 𝒯X,A ⊗c 𝒯Y,B → C for the bipartite 

quantum system (𝒯X,A, 𝒯Y,B) gives rise to the model Scl = (H,φA, φB , ξ) of the state 
fcl : 𝒮X,A ⊗c 𝒮Y,B → C for the bipartite quantum system (𝒮X,A,𝒮Y,B), by letting 
φA = ψA◦ιX,A and φB = ψB ◦ιY,B. In the reverse direction, a model N = (H,φA, φB , ξ)
for a state g : 𝒮X,A ⊗c 𝒮Y,B → C, gives rise to the model Nq = (H,ψA, ψB , ξ) for 
the state gq of 𝒯X,A ⊗c 𝒯Y,B . We note that (Nq)cl = N . The following proposition is 
straightforward; we omit its proof.

Proposition 5.4. Let 𝔐 be a set of SOM qc-models for the finitary context (𝒯X,A, 𝒯Y,B), 
set 𝔐cl = {Scl : S ∈ 𝔐} and assume that (𝔐cl)q ⊆ 𝔐. If a state f of 𝒯X,A ⊗c 𝒯Y,B is a 
self-test for 𝔐 with the property that f = f ◦ιX,A◦γX,A then the state fcl of 𝒮X,A⊗c𝒮Y,B

is a self-test for 𝔐cl.

Remark 5.5. A special case of POVM self-testing is PVM self-testing [43]. In the latter 
setup, the pool of models of a given no-signalling correlation of quantum commuting 
type is restricted in that the participating measurements are PVM’s. We note that 
PVM self-testing also fits in our general framework. Indeed, here the families of states 
s : C∗

u(𝒮X,A) ⊗max C
∗
u(𝒮Y,B) to be self-tested are restricted to ones that factor from the 

quotient map

C∗
u(𝒮X,A) ⊗max C∗

u(𝒮Y,B) ↦→ 𝒜X,A ⊗max 𝒜Y,B ,

whose existence is guaranteed by Proposition 5.2.

In view of Proposition 5.4, it is natural to ask if, in general, every PVM self-test 
canonically gives rise to a SOM self-test. In the next example, we show that the standard 
self-test within the family 𝒞q, arising from the CHSH game, does not canonically give 
rise to a self-test within the family 𝒬q.

Example 5.6. Recall the CHSH game [14]; here X = Y = A = B = Z2 = {0, 1} and 
a quadruple (x, y, a, b) ∈ X × Y × A × B belongs to the support of the rule function 
precisely when xy = (a + b) (mod 2). Recall the Pauli matrices

σx =
(︄

0 1
1 0

)︄
and σz =

(︄
1 0
0 −1

)︄
,

let
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A0 = σx + σz√
2

, A1 = σx − σz√
2

, B0 = σx and B1 = σz,

and write (Ex,a)a∈A (resp. (Fy,b)b∈B) for the spectral resolution of the operator Ax (resp. 
By). Write Ω2 = 1 √

2 (e0 ⊗ e0 + e1 ⊗ e1) for the maximally entangled vector in C2 ⊗ C2

(here {e0, e1} denotes the standard basis of C2). It is well-known that the model

˜︁S = (C2 ⊗C2, (Ex,a)x∈X,a∈A, (Fy,b)y∈Y,b∈B ,Ω2) (29)

yields a correlation p ˜︁S ∈ 𝒞q that is an optimal strategy of quantum type for the CHSH 
game and a self-test for the class 𝒞q with ideal model S̃ (see e.g. [50] and [38]).

Let Ẽ = (δx,x′δa,a′Ex,a)x,x′,a,a′ and F̃ = (δy,y′δb,b′Fy,b)y,y′,b,b′ be the canonical ex
tensions of the families {(Ex,a)a∈A : x ∈ X} (resp. {(Fy,b)b∈B : y ∈ Y } to stochastic 
operator matrices and ˜︁Sq = (C2 ⊗ C2, Ẽ, F̃ ,Ω2); thus, ˜︁Sq is a model over (𝒯X,A, 𝒯Y,B), 
giving rise to a canonical element f ˜︁S of 𝒬q, namely,

f ˜︁S(ex,x′,a,a′ ⊗ ey,y′,b,b′) = δx,x′δa,a′δy,y′δb,b′⟨(Ex,a ⊗ Ey,b)Ω2,Ω2⟩.

We claim that f ˜︁S is not a self-test for 𝒬q. Indeed, let ξx,0, ξx,1, ηy,0 and ηy,1 be unit 
vectors in the range of Ex,0, Ex,1, Fy,0 and Fy,1, respectively, and let Vx, Wy : C2⊗C2 →
C2 ⊗C2, be isometries, satisfying

Vx(ξx,0 ⊗ e0) = ξx,1 ⊗ e1 and Wy(ηy,0 ⊗ e0) = ηy,1 ⊗ e1,

and

Vx(ξx,k ⊗ em) = 0 and Wy(ηy,k ⊗ em) = 0, if (k,m) ̸= (0, 0).

Further, let

(Ex,x′,a,b)a,b = δx,x′

(︄
Ex,0 ⊗ I2 V ∗

x

Vx Ex,1 ⊗ I2

)︄
, x, x′ ∈ X,

(Fy,y′,a,b)a,b = δy,y′

(︄
Fy,0 ⊗ I2 W ∗

y

Wy Fy,1 ⊗ I2

)︄
, y, y′ ∈ Y,

and observe that E := (Ex,x′,a,a′)x,x′,a,a′ and F := (Fy,y′,b,b′)y,y′,b,b′ are stochastic oper
ator matrices. Set ξ = Ω2 ⊗ e0 ⊗ e0 and S =

(︁
C2 ⊗C2, E, F,

)︁
. We have that

⟨(Ex,x′,a,a′ ⊗ Fy,y′,b,b′)ξ, ξ⟩ = δx,x′δy,′yδa,a′δb,b′⟨(Ex,a ⊗ Fy,b)Ω2,Ω2⟩,

that is, S is a model of f ˜︁S .
Suppose that f ˜︁S were a self-test for 𝒬q with an ideal model Sid =

(︂
C2⊗C2, (Eid

x,x′,a,a′ , 

(F id
y,y′,b,b′), ξid

)︂
. Then, necessarily,
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(Eid
x,x′,a,a′ ⊗ F id

y,y′,b,b′)ξid = δx,x′δy,y′δa,a′δb,b′(Eideal
x,x′,a,a′ ⊗ F id

y,y′,b,b′)ξid.

As (Ex,x,a,a′ ⊗Fy,y,b,b′)ξ ̸= 0 for a ̸= a′, b ̸= b′, there are no isometries VA, VB such that 
(VA ⊗ VB)(Ex,x,a,a′ ⊗Fy,y′,b,b′)ξ = (Eid

x,x′,a,a′ ⊗F id
y,y′,b,b′)ξid ⊗ ξaux for a unit vector ξaux, 

giving the statement.

5.2. The CHSH game: quantum commuting self-tests

It is known that the quantum value ωq(CHSH) of the CHSH game coincides with 
its quantum commuting value ωqc(CHSH) and that these are equal to 1

2 + 1 
2
√

2 , with 

an optimal quantum strategy underlying the model S̃ given by (29). As pointed out 
in Example 5.6, the corresponding correlation pS̃ is a self-test for the quantum PVM 
models with S̃ being an ideal model. In this subsection, we extend this by showing that 
pS̃ determines an abstract self-test, as well as a self-test, for the class 𝒞qc of quantum 
commuting POVM models. While Theorem 3.13 can be used to deduce the former fact 
from the latter, we include a direct argument, showing how the algebraic relations lying 
at the core of the fact that pS̃ is a quantum abstract self-test can be extended to the 
commuting operator framework. We follow a well-established route for the quantum case, 
generalising some of the constructions that appear in [50].

5.2.1. The correlation pS̃ determines an abstract quantum commuting self-test
Let X = Y = A = B = Z2, H be a Hilbert space, ξ ∈ H be a unit vector, and 

{Ax}x∈X {By}y∈Y be families of selfadjoint unitary operators on H. Set 𝒜 = {Ax : x ∈
X}′′ and ℬ = {By : y ∈ Y }′′. Let {Ex,a}a∈A (resp. {Fy,b}b∈B) be the spectral family 
of Ax (resp. By), so that the relations Ax = Ex,0 − Ex,1 (resp. By = Fy,0 − Fy,1) are 
satisfied and, writing

S = (𝒜Hℬo , (Ex,a)x∈X,a∈A, (Fy,b)y∈Y,b∈B , ξ),

assume that p := pS = pS̃ , that is,

pS̃(a, b|x, y) = ⟨Ex,aFy,bξ, ξ⟩, x, y, a, b ∈ Z2. (30)

Let βS be the bias operator of the model S, defined by letting

βS = A0B0 + A0B1 + A1B0 −A1B1;

using a straightforward calculation, (30) implies

1
8 ⟨βSξ, ξ⟩ + 1

2 = 1
4

∑︂
xy=a+b

pS̃(a, b|x, y) = 1
2 + 1 

2
√

2
.

Set
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ZA = A0 + A1√
2

and XA = A0 −A1√
2

(31)

and observe that

ZAXA + XAZA = 0. (32)

Moreover,

2
√

2 − βS = 1
2

(︄[︃
A0 + A1√

2
−B0

]︃2

+
[︃
A0 −A1√

2
−B1

]︃2
)︄
.

As ⟨βSξ, ξ⟩ = 2
√

2, we conclude that

ZAξ = B0ξ and XAξ = B1ξ, (33)

giving, by (32),

(B0B1 + B1B0)ξ = (A0 −A1)B0 + (A0 + A1)B1√
2

ξ

= ((A0 −A1)(A0 + A1) + (A0 + A1)(A0 −A1)))√
2

ξ = 0.

By symmetry, we also have the relation (A0A1 + A1A0)ξ = 0.
Let 𝔄 = C∗(Z2 ∗ Z2) ⊗ C∗(Z2 ∗ Z2) as a C*-algebraic tensor product (since the C*

algebra C∗(Z2∗Z2) is nuclear, the C*-tensor product is unambiguously defined); we have 
that 𝔄 is the universal C∗-algebra, generated by selfadjoint unitaries ax, by, satisfying 
the property axby = byax, x, y ∈ Z2. Thus, the families (Ax)x∈X and (By)y∈Y determine 
a (unique) *-representation π of 𝔄 via the relations

π(ax ⊗ by) = AxBy, x, y ∈ Z2.

Moreover, any representation π of 𝔄 is determined by commuting pairs of selfadjoint 
unitaries (Ax)x∈Z2 , (By)y∈Z2 , by letting π(ax ⊗ 1) = Ax and π(1 ⊗ by) = By.

The irreducible representations of 𝔄 are given by πA ⊗ πB , where πA and πB are 
irreducible representations of C∗(Z2 ∗ Z2); the latter are unitarily equivalent to one of 
the following (see e.g. [42]):

(1) A continuum of two dimensional *-representations:

πφ(a0) =
(︄

cosφ sinφ

sinφ − cosφ

)︄
and πφ(a1) =

(︄
cosφ − sinφ

− sinφ − cosφ

)︄
,

where φ ∈ (0, π/2);
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(2) Four one-dimensional *-representations:

πi,j(a0) = (−1)i, πi,j(a1) = (−1)j , where i, j ∈ {0, 1}.

We note the identities

πφ(a0a1 + a1a0) = 2(cos2 φ− sin2 φ) and πi,j(a0a1 + a1a0) = 2(−1)i+j . (34)

Write ˆ︁𝔄 for the dual space of classes of irreducible representations of 𝔄; thus,

ˆ︁𝔄 = {πφ ⊗ πψ, πφ⊗πi,j , πi,j ⊗ πψ, πi,j ⊗ πs,t :

φ,ψ ∈ (0, π/2), i, j, s, t ∈ {0, 1}}.

As the pairs (A0, A1) and (B0, B1) determine a ∗-representation of 𝔄 on H, by the 
structure result [20, Theorem 8.6.6], we obtain the existence of a measure μ on the 
Borel space ˆ︁𝔄 such that, up to unitary equivalence, H =

∫︁ ⊕ˆ︁𝔄 Hπ ⊗ ℓ2(m(π))dμ(π), where 
Hπ = C2 is the Hilbert space on which the irreducible representation π acts,

Ax =
⊕ ∫︂
ˆ︁𝔄

π(ax ⊗ 1) ⊗ Im(π)dμ(π) and By =
⊕ ∫︂
ˆ︁𝔄

π(1 ⊗ by) ⊗ Im(π)dμ(π).

Write ξ =
∫︁ ⊕ˆ︁𝔄 ξ(π)dμ(π), where, ξ(π) ∈ Hπ⊗ℓ2(m(π)) for each π ∈ ˆ︁𝔄, and π ↦→ ξ(π) is 

a measurable field of vectors over ˆ︁𝔄. Since (A0A1+A1A0)ξ = 0 and (B0B1+B1B0)ξ = 0, 
identities (34) imply that, if τ := ππ/4 ⊗ ππ/4 then the measure μ has {τ} as an atom, 
the function π ↦→ ξ(π) is supported in the singleton {τ}, and H(τ) := Hτ ⊗ ℓ2(m(τ)) is 
a direct summand in H, invariant with respect to (A0, A1) and (B0, B1). Furthermore, 
up to unitary equivalence,

τ(ai) = ππ/4(ai) ⊗ I2, τ(b0) = I2 ⊗ σx and τ(b1) = I2 ⊗ σz,

so that, up to unitary equivalence,

A0|H(τ) = σx + σz√
2

⊗ I2 ⊗ Im(τ), A1|H(τ) = σz − σx√
2

⊗ I2 ⊗ Im(τ)

B0|H(τ) = I2 ⊗ σz ⊗ Im(τ) and B1|H(τ) = I2 ⊗ σx ⊗ Im(τ).

Recall that 𝒮X,A is the operator subsystem of the C*-algebra 𝒜X,A, with canonical 
generators the projections ex,a, x ∈ X, a ∈ A (see Subsection 5.1); in the case under 
consideration, 𝒜X,A = 𝒜Y,B ≃ C∗(Z2 ∗ Z2). Let f : 𝒮X,A ⊗c 𝒮Y,B → C be a state such 
that f(ex,a⊗ey,b) = pS̃(a, b|x, y), x, y, a, b ∈ Z2, and let g be a state on 𝒜X,A⊗max𝒜Y,B, 
given by g(u) = ⟨π(u)ξ, ξ⟩ such that g|𝒮X,A⊗c𝒮Y,B

= f . By the previous paragraph,
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g(u) = ⟨(τ(u) ⊗ Im(τ))ξ(τ), ξ(τ)⟩, u ∈ 𝒜X,A ⊗max 𝒜Y,B.

We will show that ξ(τ) = Ω2 ⊗ ξaux, where Ω2 is the maximal entangled vector and 
ξaux ∈ ℓ2(m(τ)). A straightforward calculation shows that the identity

f(a0 ⊗ b0 + a0 ⊗ b1 + a1 ⊗ b0 − a1 ⊗ b1) = 2
√

2

implies that

1
2
⟨︁
((σx ⊗ σx + σz ⊗ σz) ⊗ Im(τ))ξ(τ), ξ(τ)

⟩︁
= 1.

The largest eigenvalue of the operator 1
2(σx ⊗ σx + σz ⊗ σz) is equal to 1 and has 

corresponding eigenspace the one-dimensional subspace spanned by Ω2. This implies 
that ξ(τ) = Ω2 ⊗ ξaux for some ξaux ∈ ℓ2(m(τ)). Thus,

g(u) = ⟨τ(u)Ω2,Ω2⟩, u ∈ 𝒜X,A ⊗max 𝒜Y,B.

This also finishes the proof that f (equivalently p) is an abstract self-test for the class 
of states that factor through 𝒜X,A ⊗max 𝒜Y,B.

5.2.2. The correlation pS̃ determines a quantum commuting self-test
We show that p is a self-test for the class of quantum commuting PVM models. We 

start with some preparations. Let PA be the kernel of the operator ZA defined in (31) 
and set ẐA = (ZA + PA)|ZA + PA|−1 (a regularization of ZA in terms of [50, A.2]), 
where |T | := (T ∗T )1/2 is the absolute value of an operator T . Note that ZA + PA is 
an injective selfadjoint operator and hence ẐA is a unitary operator. We similarly let 
X̂A = (XA + QA)|XA + QA|−1, where QA be the projection onto the kernel of the 
operator XA defined in (31). Write

zA(π) =

⎧⎪⎨⎪⎩
√

2 cosφ
(︄

1 0
0 −1

)︄
⊗ I, π = πφ ⊗ πψ or πφ ⊗ πi,j

((−1)i + (−1)j)/
√

2 ⊗ I, π = πi,j ⊗ πψ or πi,j ⊗ πs,t,

xA(π) =

⎧⎪⎨⎪⎩
√

2 sinφ

(︄
0 1
1 0

)︄
⊗ I, π = πφ ⊗ πψ or πφ ⊗ πi,j

((−1)i − (−1)j)/
√

2 ⊗ I, π = πi,j ⊗ πψ or πi,j ⊗ πs,t,

ẑA(π) =

⎧⎪⎨⎪⎩
(︄

1 0
0 −1

)︄
⊗ I, π = πφ ⊗ πψ or πφ ⊗ πi,j

±1 ⊗ I, π = πi,j ⊗ πψ or πi,j ⊗ πs,t,

and
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x̂A(π) =

⎧⎪⎨⎪⎩
(︄

0 1
1 0

)︄
⊗ I, π = πφ ⊗ πψ or πφ ⊗ πi,j

±1 ⊗ I, π = πi,j ⊗ πψ or πi,j ⊗ πs,t,

so that

ZA =
⊕ ∫︂
ˆ︁𝔄

zA(π) ⊗ Im(π)dμ(π), XA =
⊕ ∫︂
ˆ︁𝔄

xA(π) ⊗ Im(π)dμ(π)

and

ẐA =
⊕ ∫︂
ˆ︁𝔄

ẑA(π) ⊗ Im(π)dμ(π), X̂A =
⊕ ∫︂
ˆ︁𝔄

x̂A(π) ⊗ Im(π)dμ(π).

In particular, as π ↦→ ξ(π) is supported in {τ}, by (33) we obtain

ẐAξ = ZAξ = B0ξ, X̂Aξ = XAξ = B1ξ, Z2
Aξ = X2

Aξ = ξ, (35)

and

(ẐAX̂A + X̂AẐA)ξ = 0, (B0B1 + B1B0)ξ = 0. (36)

We write {e∗k}k=0,1 for the dual basis of C2, considered as linear functionals on C2, 
given by e∗k(ei) = δi,k. It will further be convenient we use the notation ek for the linear 
map C → C2, 1 ↦→ ek, and note that ek is the adjoint e∗k, k = 0, 1. Let V1,2 : H ↦→ C2⊗H

be the operator, given by

V1,2 = 1
2(e0 ⊗ (I + ẐA) + e1 ⊗ X̂A(I − ẐA)). (37)

Observe that, as (1 + ẐA)/2 is a projection and X̂A is a unitary, for η ∈ H we have

∥V1,2η∥2 = 1
4

(︃⃦⃦⃦
(I + ẐA)η

⃦⃦⃦2
+
⃦⃦⃦
X̂A(I − ẐA)η

⃦⃦⃦2
)︃

=
⃦⃦⃦⃦

1
2(I + ẐA)η

⃦⃦⃦⃦2

+
⃦⃦⃦⃦

1
2(I − ẐA)η

⃦⃦⃦⃦2

= ∥η∥2,

that is, V1,2 is an isometry. Equipping C2⊗H with the natural M2(C)⊗𝒜-(M2(C)⊗ℬ)o
bimodule action, we claim that V1,2 is 𝒜-(M2(C) ⊗𝒜)-local.

Set Pi,A = X̂i
A(I + (−1)iẐA)/2. Then Pi,A ∈ 𝒜. For η ∈ C2 ⊗H and ψ ∈ H, we have

⟨V ∗
1,2η, ψ⟩ = ⟨η, V1,2ψ⟩ =

⟨︄
η,

1 ∑︂
i=0 

(ei ⊗ Pi,A)ψ
⟩︄

=
⟨︄ 1 ∑︂

i=0 
(e∗i ⊗ P ∗

i,A)η, ψ
⟩︄
,
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giving V ∗
1,2 =

∑︁1
i=0 e

∗
i ⊗ P ∗

i,A. Thus,

V1,2TV
∗
1,2 =

1 ∑︂
i,j=0

eje
∗
i ⊗ Pj,ATP

∗
i,A, T ∈ 𝒜,

showing that V1,2𝒜V ∗
1,2 ⊆ M2(C) ⊗𝒜. Using the fact that 𝒜 ⊆ ℬ′, we also have that

(I ⊗R)V1,2 = V1,2R, R ∈ ℬ.

Let now V2,2 : C2 ⊗H → C2 ⊗C2 ⊗H be given by

V2,2 =
1 ∑︂

i=0 
I ⊗ ei ⊗ Pi,B , (38)

where Pi,B is defined similarly, replacing ZA (resp. XA) by ZB := B0 (resp. XB := B1). 
Using the previous arguments, we can see that V2,2 is an M2(C)⊗ℬ-(M2(C)⊗M2(C)⊗ℬ
local isometry and

V2,2V1,2 =
1 ∑︂

i,j=0
ei ⊗ ej ⊗ Pj,BPi,A.

Make natural modifications in (37) and (38), we further define local isometries V1,1 :
H → C2 ⊗H and V2,1 : C2 ⊗H → C2 ⊗ C2 ⊗H by letting V1,1 =

∑︁1
j=0 ej ⊗ Pj,B and 

V2,1 =
∑︁1

i=0 ei ⊗ I ⊗ Pi,A, noting that V2,1V1,1 = V2,2V1,2.
We show that there exists a unit vector ξaux ∈ H such that V2,2V1,2ξ = Ω2 ⊗ ξaux, 

and that

V2,2V1,2π(u)ξ = τ(u)Ω2 ⊗ ξaux, u ∈ 𝒮X,A ⊗ 𝒮Y,B . (39)

By (35), ẐAξ = ZAξ = ZBξ, giving

(I ∓ ẐB)(I ± ẐA)ξ = 0,

and hence

Pj,BPi,Aξ = 0 if i ̸= j. (40)

Next we observe that, by (35) and (36),

X̂AẐAξ = −ẐAX̂Aξ, XBZBξ = −ZBXBξ and XBξ = XAξ = X̂Aξ,

and therefore, using the fact that 𝒜 ⊂ ℬ′, we have
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P1,BP1,Aξ = XBX̂A(I − ZB)(I − ẐA)ξ = (I + ZB)(I + ẐA)XBX̂Aξ

= (I + ZB)(I + ẐA)ξ = P0,BP0,Aξ.

Setting ξaux =
√

2P0,BP0,Aξ, using (40) we thus have

V2,2V1,2ξ = (e0 ⊗ e0 + e1 ⊗ e1) ⊗ P0,BP0,Aξ = Ω2 ⊗ ξaux.

Using the fact that ẐAξ = ZAξ and Z2
Aξ = ξ (see relations (35)), we get

Pj,BPi,AZAξ = Xj
BX̂

i
A(I + (−1)jZB)(I + (−1)iẐA)ZAξ

= Xj
BX̂

i
A(I + (−1)jZB)(ẐA + (−1)iI)ξ = (−1)iPj,BPi,Aξ

and hence, taking into account (40), we obtain

V2,2V1,2ZAξ = (e0 ⊗ e0 − e1 ⊗ e1) ⊗ P0,BP0,Aξ = (σz ⊗ 1)Ω2 ⊗ ξaux.

Since 𝒜 ⊆ ℬ′, we furthermore have

Pj,BPi,AXAξ = Xj
BX̂

i
A(I + (−1)jZB)(I + (−1)iẐA)XAξ

= Xj
BX̂

i+1
A (I + (−1)jZB)(I + (−1)i+1)ẐA)ξ

= Pj,BPi+1,Aξ

and hence

V2,2V1,2XAξ = (e1 ⊗ e0 + e0 ⊗ e1) ⊗ P0,BP0,Aξ = (σx ⊗ I)Ω2 ⊗ ξaux.

In a similar way we show that

V2,2V1,2ZBξ = (e0 ⊗ e0 − e1 ⊗ e1) ⊗ P0,BP0,Aξ = (I ⊗ σz)Ω2 ⊗ ξaux

and

V2,2V1,2XBξ = (e0 ⊗ e1 + e1 ⊗ e0) ⊗ P0,BP0,Aξ = (I ⊗ σx)Ω2 ⊗ ξaux.

Equation (39) is therefore established.
Finally, we can remove the condition of being quantum commuting PVM model. It 

relies on the following statement which is similar to [43, Proposition 5.5].

Proposition 5.7. Let X and Y be finite sets and suppose that the quantum commuting 
correlation p = {p(a, b|x, y) : x ∈ X, y ∈ Y, a, b ∈ Z2} is an extreme point in 𝒞qc. If S
is a quantum commuting model for p then there exists a projective quantum commuting 
model ˜︁S such that S ⪯ ˜︁S.
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Proof. Let S = (H, (Ex,a)x∈X,a∈Z2 , (Fy,b)y∈Y,b∈Z2 , ξ) be a quantum commuting model 
for p, that is, p(a, b|x, y) = ⟨Ex,aFy,bξ, ξ⟩ and (Ex,a)a∈Z2 and (Fy,b)b∈Z2 are POVMs for 
each x ∈ X and y ∈ Y . Let Ex,0 =

∫︁
[0,1] λdEx(λ) be the spectral decomposition of Ex,0, 

x ∈ X. Fix x ∈ X and 0 < c < 1/2, and set Ωc = [c, 1]. Write

Ex,0 = cEx(Ωc) + (1 − c)Tx,c,

where Tx,c = 1 
1−c

(︂∫︁
[0,1] λEx(λ) − cEx(Ωc)

)︂
. Then

Tx,c = 1 
1 − c

⎛⎜⎝∫︂
Ωc

(λ− c)dEx(λ) +
∫︂
Ωc

c

λdEx(λ)

⎞⎟⎠ ≥ 0,

and

I − Tx,c = 1 
1 − c

⎛⎜⎝∫︂
Ωc

(1 − λ)dEx(λ) +
∫︂
Ωc

c

(1 − c− λ)dEx(λ)

⎞⎟⎠ ≥ 0.

It gives p = cp1 + (1 − c)p2, where p1 and p2 are the quantum commuting correla
tions corresponding to the POVMs, where (Ex,0, I − Ex,0) is replaced by (Ex(Ωc), 
1 − Ex(Ωc)) and (Tx,c, I − Tx,c), respectively. As p is extreme, p1 = p2 and hence 
⟨Ex([c, 1])ξ, ξ⟩ = ⟨Ex,0ξ, ξ⟩. Letting c → 0, we obtain that ⟨Ex((0, 1])ξ, ξ⟩ = ⟨Ex,0ξ, ξ⟩. 
Let Px,0 = Ex({1}) and note that if Px,0 ̸= 0, it is the projection onto non-zero eigenspace 
of Ex,0 corresponding to the eigenvalue 1. We have

0 = ⟨(Ex,0 −Ex((0, 1])ξ, ξ⟩ =
∫︂

(0,1)

(λ− 1)d⟨Ex(λ)ξ, ξ⟩,

showing that Ex((0, 1))ξ = 0 and hence Ex,0ξ = Px,0ξ. Note that Px,0 commute with 
each Fy,b. Similarly, we find projections Qy,0 such that Fy,0ξ = Qy,0ξ and commute with 
each Px,0. Set

˜︁S = (H, (Px,a)x∈X,a∈Z2 , (Qy,b)y∈Y,b∈Z2 , ξ).

Then S ⪯ ˜︁S. □
Corollary 5.8. The correlation pS̃ (where S̃ is the model given in (29)) is a self-test for 
the class of all quantum commuting models.

Proof. Since 𝒞q(2, 2) = 𝒞qc(2, 2), the uniqueness of the optimal quantum strategy for 
the CHSH game implies the uniqueness of the optimal quantum commuting strategy for 
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this game. Assuming that pS̃ = cp1 + (1− c)p2, c ∈ (0, 1), for some quantum commuting 
correlations p1 and p2, we obtain that

ωqc(CHSH, p1) = ωqc(CHSH, p2) = ωqc(CHSH, pS̃).

As the optimal strategy is unique, p1 = p2 = pS̃ which show that p𝒮 is extreme in 𝒞qc. 
The statement now follows from Proposition 5.7. □
5.3. Clifford correlations

In this subsection, we introduce the class of Clifford correlations as a class of corre
lations that factor through the tensor product of two copies of the Clifford algebra, and 
show that synchronous Clifford correlations are abstract self-tests (see Theorem 5.11).

Let X be a finite set. We note that the C*-algebra 𝒜X,Z2 is identical with the universal 
unital C*-algebra generated by |X| projections ex, x ∈ X, via the isomorphism given by 
letting ex,0 = ex and ex,1 = 1 − ex, x ∈ X. Let

𝒥C =
⟨︃{︃

ex,0ey,0 + ey,0ex,0 − ex,0 − ey,0 + 1
2 · 1 : x, y ∈ X,x ̸= y

}︃⟩︃
as a closed ideal of 𝒜X,Z2 . Recall, further, that the Clifford algebra ℭX over X is the 
(unital) C*-algebra, generated by a family {ux}x∈X of self-adjoint unitaries, satisfying 
the anticommutation relations

uxuy + uyux = 0, x, y ∈ X, x ̸= y.

For the following fact, see, for example, [54].

Theorem 5.9. If |X| is even then, up to unitary equivalence, ℭX has a unique irreducible 
representation πC, which is also faithful, and whose image is M2

n
2 .

Proposition 5.10. We have that ℭX = 𝒜X,Z2/𝒥C, up to a canonical *-isomorphism.

Proof. Let px be the eigen-projection of ux corresponding to the eigenvalue 1; thus, 
ux = 2px − 1, x ∈ X. For x ̸= y, we have that

uxuy + uyux = (2px − 1)(2py − 1) + (2py − 1)(2px − 1)

= 4pxpy − 2py − 2px + 1 + 4pypx − 2px − 2py + 1

= 4pxpy + 4pypx − 4px − 4py + 2.

The claim follows from the fact that 𝒜X,Z2 is the universal C*-algebra of |X| self-adjoint 
unitaries. □
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We introduce two classes of no-signalling correlations, which will prove to be amenable 
to self-testing. For the first subclass, write qC : 𝒜X,Z2 → ℭX for the quotient map 
arising from Proposition 5.10. Let 𝔖X = qC(𝒮X,[2]); thus, 𝔖X = span{1, ux : x ∈ X}, 
an operator subsystem of ℭX . An NS correlation p over (X,X,Z2,Z2) will be called a 
Clifford correlation if there exists a state s : 𝔖X ⊗min 𝔖X → C such that

ps(a, b|x, y) := s(qC(ex,a) ⊗ qC(fy,b)), x, y ∈ X, a, b ∈ Z2

(for clarity, we denote by fy,b, y ∈ X, b ∈ Z2, the canonical generators of the second 
copy of 𝒜X,Z2). Let 𝒮C be the set of all states on 𝒜X,Z2 ⊗min 𝒜X,Z2 that factor through 
ℭX ⊗min ℭX .

For the second class, let Σ = {ex,a, fy,b : x, y ∈ X, a, b ∈ Z2}, Σ∗ be the set of all 
finite words on the alphabet Σ, reduced under the relations e2

x,a = ex,a, f2
y,b = fy,b

and ex,afy,b = fy,bex,a, equipped with a canonical involution (each element w ∈ Σ∗ can 
be equivalently considered as an element of 𝒜X,Z2 ⊗ 𝒜X,Z2 , where ex,a (resp. fy,b) are 
identified with the canonical generators of 𝒜X,Z2 (resp. 𝒜Y,Z2)). We note that the empty 
word ε is considered to be an element of Σ∗, and let Σ′ = Σ∪{ε}. We identify a quantum 
commuting correlation p = ((p(a, b|x, y))x,y,a,b with the matrix M (p) = [mα,β ]α,β∈Σ′ , 
where

mα,β =

⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩
1 if α = β = ε

p(a|x) if α = ε & β = ex,a, or α = ex,a & β = ε

p(b|y) if α = ε & β = fy,b, or α = fy,b & β = ε

p(a, b|x, y) if α = ex,a & β = fy,b, or α = fy,b & β = ex,a.

Every linear functional s : 𝒜X,Z2 ⊗ 𝒜X,Z2 → C gives rise to the matrix M (s) =
[s(β∗α)]α,β∈Σ∗ ; we call the matrices arising in this way admissible. We denote the set of 
all admissible positive semi-definite matrices over Σ∗×Σ∗ (that is, admissible matrices M
whose every finite minor is positive semi-definite) by A. According to the NPA hierarchy 
[41], a no-signalling correlation p = ((p(a, b|x, y))x,y,a,b is of quantum commuting type if 
and only if the matrix M (p) over Σ′ × Σ′ can be completed to a matrix M = (Mα,β)α,β
that lies in the set A.

Let wx,y = ex,0ey,0; we view wx,y as elements of Σ∗. We write

AC =
{︃

[mα,β ]α,β∈Σ∗ ∈ A : mex,0,ey,0 −mwx,y,wy,x
= 1

8 , x, y ∈ X

}︃
.

Theorem 5.11. Let X be a finite set of even cardinality, s : 𝔖X ⊗min 𝔖X → C be a state, 
and let s̃ = s ◦ (qC ⊗ qC). The following hold true:

(i) if ps̃ is a synchronous Clifford correlation then s̃ is an abstract self-test for 𝒮C;
(ii) if ps̃ is a synchronous correlation that admits a positive completion to an element of 

AC then s̃ is an abstract self-test for 𝒮C.
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Proof. (i) Suppose that ps is a synchronous Clifford correlation, and let, as in (i), ϕ :
ℭX ⊗min ℭX → C be an extension of s. Let ũx = ex,0−ex,1, x ∈ X. By the synchronicity 
of ps, we have

s̃(ex,1 ⊗ ex,0) = s̃(ex,0 ⊗ ex,1) = 0, x ∈ X.

Note that

|X|1 =
∑︂
x∈X

(ex,0 + ex,1) ⊗ (ex,0 + ex,1)

=
∑︂
x∈X

ex,0 ⊗ ex,0 + ex,1 ⊗ ex,0 + ex,0 ⊗ ex,1 + ex,1 ⊗ ex,1,

while ∑︂
x∈X

ũx ⊗ ũx =
∑︂
x∈X

(ex,0 − ex,1) ⊗ (ex,0 − ex,1)

=
∑︂
x∈X

ex,0 ⊗ ex,0 − ex,0 ⊗ ex,1 − ex,1 ⊗ ex,0 + ex,1 ⊗ ex,1.

Thus,

|X|1 −
∑︂
x∈X

ũx ⊗ ũx = 2
∑︂
x∈X

ex,0 ⊗ ex,1 + ex,1 ⊗ ex,0.

It follows that

|X|1 −
∑︂
x∈X

ux ⊗ ux ≥ 0 (41)

and that

s̃(|X|1 −
∑︂
x∈X

ũx ⊗ ũx) = 0. (42)

Write

ϕ(u) = ⟨π(u)ξ, ξ⟩, u ∈ ℭX ⊗min ℭX , (43)

arising from the GNS representation of ϕ. By (42),⟨︄
π

(︄
|X|1 −

∑︂
x∈X

ux ⊗ ux

)︄
ξ, ξ

⟩︄
= 0

which, together with (41) implies that π
(︁
|X|1 −

∑︁
x∈X ux ⊗ ux

)︁
ξ = 0. By [54, Lemma 

1.3], π is irreducible, and since |X| is even, Theorem 5.9 implies that, up to unitary 
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equivalence, π = πC. Furthermore, from the proof of [54, Lemma 1.3], the vector ξ is 
determined uniquely up to a scalar multiple. The relation (43) shows that ϕ̃ is the unique 
extension of s̃.

(ii) Let Θ : 𝒜X,Z2 ⊗ 𝒜o
X,Z2

→ 𝒜X,Z2 be the map, given by Θ(u ⊗ vo) = uv, and 
let ∂ : 𝒜X,Z2 → 𝒜o

X,Z2
be the *-isomorphism, given by ∂(ex,a) = eox,a [32]. By the 

synchronicity of ps̃ and [45], there exists a tracial state τ : 𝒜X,Z2 → C, such that

s̃(w) = τ ((Θ ◦ ∂)(w)) , w ∈ 𝒮X,Z2 ⊗ 𝒮X,Z2 .

Write rx = ex,0 for brevity, and let c = rxry +ryrx−rx−ry + 1
2 , as an element of 𝒜X,Z2 . 

A direct calculation shows that

c2 = rxryrxry + ryrxryrx − rxryrx − ryrxry + 1
4 · 1.

It follows that

τ(c2) = 2τ(rxryrxry) − 2τ(rxry) + 1
4 · 1.

Since ps̃ ∈ AC, we have that τ(c2) = 0, and hence τ annihilates the ideal 𝒥C generated 
by c. By Proposition 5.10, τ induces a trace τ̃ : ℭX → C, and

s(u) = τ̃ (qC((Θ ◦ ∂)(u))) , u ∈ 𝒮X,Z2 ⊗ 𝒮X,Z2 . (44)

Let ϕ̃ : 𝒜X,Z2 ⊗max 𝒜X,Z2 → C be an extension of s̃ to an element of S(𝒜X,Z2 ⊗max
𝒜X,Z2). Then ϕ̃ annihilates 𝒥C ⊗ 𝒜X,Z2 + 𝒜X,Z2 ⊗ 𝒥C and, by the projectivity of the 
maximal tensor product, induces a state ϕ : ℭX ⊗max ℭX → C. By the nuclearity of ℭX , 
we may consider ϕ as a state on ℭX ⊗min ℭX . By (44), ϕ extends s, and hence ps̃ is a 
Clifford correlation. The claim now follows from (ii). □
5.4. A self-test for full graph colourings

In this subsection we consider self-testing for classical-to-quantum no-signalling 
(CQNS) correlations, exhibiting an example for the classical-to-quantum game of com
plete graph colouring. In particular, we show that a perfect quantum (commuting) 
strategy for such colouring game is an abstract self-test (Corollary 5.15) and a self-test 
for the class of quantum models (Proposition 5.16).

Let d ∈ N with d ≥ 2, and

ℬd2,d := Md ∗1 · · · ∗1 Md⏞ ⏟⏟ ⏞
d2 times

,

where the free product is amalgamated over the units. Let {ϵx,a,a′ : a, a′ ∈ [d]} be the 
standard matrix units of the x-th copy of Md in ℬd2,d. Further, let
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ℛd2,d := span{{ϵx,a,a′ : x ∈ [d]2, a, a′ ∈ [d]}, (45)

viewed as an operator subsystem of ℬd2,d, thus obtaining a finitary context (ℛd2,d,ℛd2,d). 
Each state s : ℛd2,d ⊗c ℛd2,d → C gives rise to a trace preserving completely positive 
map Γs : 𝒟d ⊗𝒟d → Md ⊗Md, defined by

Γs(ϵx,x ⊗ ϵy,y) =
d ∑︂

a,a′=1

d ∑︂
b,b′=1

s(ex,a,a′ ⊗ ey,b′b))ϵa,a′ ⊗ ϵb,b′ , x, y ∈ [d2],

which is a classical-to-quantum no-signalling (CQNS) correlation in that it satisfies a 
natural version of the no-signalling conditions (25) and (26) and which is further of 
quantum commuting type, denoted 𝒞𝒬qc (see [53, Section 7] for the precise definitions).

Let 𝒦d be the complete classical graph on d vertices, and 𝒬d be the complete quantum 
graph on d vertices, that is, 𝒬d = {Ωd}⊥, as a subspace of the Hilbert space Cd ⊗ Cd, 
where Ωd = 1 √

d

∑︁d
a=1 ea ⊗ ea is the maximally entangled unit vector in dimension d. 

The graph homomorphism game 𝒦d2 ↦→ 𝒬d was defined in [53]. Its game algebra is the 
universal C*-algebra Hom(𝒦d2 ,𝒬d), generated by elements ex,a,a′ , x ∈ [d2], a, a′ ∈ [d], 
satisfying the relations

(i) ex,a,a′ex,b′,b = δa′,b′ex,a,b, 
∑︁d

a=1 ex,a,a = 1 for all x ∈ [d2];
(ii)

∑︁d
a,b=1 ex,a,bey,b,a = 0 if x ̸= y.

We note that Hom(𝒦d2 ,𝒬d) is a quotient of ℬd2,d, realised via the map ϵx,a,a′ ↦→ ex,a,a′ .

Remark 5.12. Suppose that H is a finite dimensional Hilbert space and let π :
Hom(𝒦d2 ,𝒬d) → ℬ(H) be a unital *-representation. As the subalgebra generated by 
ex,a,a′ is isomorphic to Md, for each x ∈ [d2] there exists a (finite dimensional) Hilbert 
space Kx and unitaries Vx : H → Cd ⊗Kx such that

π(ex,a,a′) = V ∗
x (ϵa,a′ ⊗ IKx

)Vx, x ∈ [d2], a, a′ ∈ [d].

Since π is unital, dim(Kx) is constant across x ∈ [d2]. Applying a further unitary, we 
may assume that there exists a Hilbert space K with Kx = K for all x ∈ [d2].

By relation (ii) (see the paragraph before the formulation of Remark 5.12), ∑︁d
a,b=1 π(ex,a,b)π(ey,b,a) = 0 whenever x ̸= y. It follows that

d ∑︂
a,b=1

(ϵa,b ⊗ 1)VxV
∗
y (ϵb,a ⊗ 1) = 0, x, y ∈ [d2], x ̸= y,

and hence, taking partial trace TrMd
along Md, we obtain

(trd ⊗ idℬ(K))(VxV
∗
y ) = 0, x, y ∈ [d2], x ̸= y. (46)
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Remark 5.13. Suppose that 𝒜 is a finite dimensional C*-algebra and π : Hom(𝒦d2 ,𝒬d) →
𝒜 is a unital *-homomorphism. Then, up to a unital *-isomorphism, 𝒜 = ⊕k

i=1Mdni
for 

some k ∈ N and some ni ∈ N, i ∈ [k]. Indeed, since Hom(𝒦d2 ,𝒬d) is a quotient of 
ℬd2,d, the *-homomorphism π gives rise to a unital *-homomorphism π̃ : ℬd2,d → 𝒜, 
and therefore to a unital *-homomorphism π̃0 : Md → 𝒜. Assume, without loss of 
generality, that 𝒜 = ⊕k

i=1Mmi
for some k ∈ N and some mi ∈ N, i ∈ [k]. The projection 

proji : 𝒜 → Mmi
is a unital *-homomorphism and hence proji ◦ π̃0 : Md → Mmi

is a 
unital *-homomorphism. It follows that d|mi, i ∈ [k].

Following [53], a perfect quantum commuting strategy (resp. perfect quantum strat
egy) for the graph homomorphism game 𝒦d2 → 𝒬d is a CQNS correlation of quantum 
commuting (resp. quantum) type Γ : 𝒟d2 ⊗ 𝒟d2 → Md ⊗ Md, such that Γ(ϵx,x ⊗ ϵy,y)
is supported in 𝒬d whenever x ̸= y, and Γ(ϵx,x ⊗ ϵx,x) = ΩdΩ∗

d for every x ∈ [d2]. By 
[8,53], a quantum CQNS correlation Γ : 𝒟d2 ⊗ 𝒟d2 → Md ⊗ Md is a perfect quantum 
commuting strategy for 𝒦d2 → 𝒬d if and only if there exist a tracial C*-algebra (𝒜, τ)
and a unital *-homomorphism π : Hom(Kd2 ,𝒬d) → 𝒜, such that

Γ(ϵx,x ⊗ ϵy,y) =
d ∑︂

a,a′=1

d ∑︂
b,b′=1

τ(π(ex,a,a′ey,b′b))ϵa,a′ ⊗ ϵb,b′ , x, y ∈ [d2];

we write Γ = Γπ,τ .
Recall that a unitary error basis in Md is a basis of Md with respect to the trace 

inner product that consists of unitaries, in other words, a collection {ui}d
2

i=1 of unitaries 
in Md, such that trd(uiuj) = δi,j , i, j ∈ [d2]. In the rest of this subsection, we restrict to 
the case d = 2. Recall the set

𝒫 =
{︄(︄

1 0
0 1

)︄
,

(︄
0 1
1 0

)︄
,

(︄
1 0
0 −1

)︄
,

(︄
0 −i

i 0

)︄}︄
(47)

of Pauli matrices in M2; it will be convenient to temporarily denote them by Ux, x ∈ [4], 
in the order they appear in (47). We note that, by [34], if ℰ is a unitary error basis in 
M2 then there exist unitary matrices R, T ∈ M2 and constants cV , V ∈ 𝒫, such that 
ℰ = {cV RV T : V ∈ 𝒫}.

Let π𝒦4 : ℬd2,d → M2 be the *-homomorphism, given by π𝒦4(ex,a,a′) = U∗
xϵa,a′Ux, 

and Γ𝒦4 : 𝒟4 ⊗𝒟4 → M2 ⊗M2 be the CQNS correlation, given by

Γ𝒦4(ϵx,x ⊗ ϵy,y) =
2 ∑︂

a,a′=1

2 ∑︂
b,b′=1

tr2(π𝒦4(ex,a,a′)π𝒦4(ey,b′,b))ϵa,a′ ⊗ ϵb,b′ ,

where x, y ∈ [4], and note that Γ𝒦4 is a perfect quantum strategy for the game 𝒦4 → 𝒬2.
The following theorem is the main result of this subsection.
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Theorem 5.14. Let (𝒜, τ) be a tracial von Neumann algebra with a faithful trace τ , and 
π : Hom(𝒦4,𝒬2) → 𝒜 be a unital *-homomorphism, such that Γπ,τ = Γ𝒦4 . Then there 
exist a tracial von Neumann algebra (𝒩 , τ𝒩 ), a trace preserving ∗-isomorphism ρ : 𝒜 →
M2 ⊗𝒩 and a unitary V ∈ M2 ⊗𝒩 such that

V ∗ρ(π(ex,a,a′))V = U∗
xϵa,a′Ux ⊗ 1𝒩 , x ∈ [4], a, a′ ∈ [2]. (48)

Proof. Fix x ∈ [4]. Then {π(ex,a,a′)}a,a′ is a system of matrix units in 𝒜. Let q =
π(ex,1,1). Then for m ∈ 𝒜 we have that mi,j := π(ex,1,i)mπ(ex,j,1) is in q𝒜q and the 
map

ρ : 𝒜 → M2 ⊗ q𝒜q, m ↦→
2 ∑︂

i,j=1
ϵi,j ⊗mi,j

is a normal ∗-isomorphism. Let 𝒩 = q𝒜q and τ𝒩 be the restriction of τ to q𝒜q. Then

(Tr2 ⊗τ𝒩 )(ρ(m)) =
2 ∑︂

i=1 
τ𝒩 (mi,i) =

2 ∑︂
i=1 

τ(mπ(ex,i,1)π(ex,1,i)) = τ(m).

Thus ρ is a trace preserving ∗-isomorphism and hence Γπ,τ = Γρ◦π,Tr2 ⊗τ𝒩 . For simplicity 
of notation identify now 𝒜 and M2 ⊗𝒩 . As {π(ex,a,a′)}a,a′ , x ∈ [4], and {ϵa,a′ ⊗ 1𝒩 }a,a′

are systems of matrix units in M2 ⊗ 𝒩 , by [26, Lemma 2.1], there exists a unitary 
Vx ∈ M2 ⊗𝒩 , x ∈ [4], such that

π(ex,a,a′) = V ∗
x (ϵa,a′ ⊗ 1𝒩 )Vx.

A direct calculation shows that

Tr2(U∗
1 ϵa,a′U1U

∗
3 ϵb′,bU3) =

⎧⎪⎨⎪⎩
1 if a = b = a′ = b′,

−1 if a = b ̸= a′ = b′,

0 otherwise.

By (46),

(Tr2 ⊗id𝒩 )(VxV
∗
y ) = 0, x ∈ [4], a, a′ ∈ [2]. (49)

Since Γπ,τ = Γ𝒦4 , we have that

(Tr2 ⊗τ𝒩 )((ϵa,a ⊗ In)V1V
∗
3 (ϵa,a ⊗ In)V3V

∗
1 ) = 1, a ∈ [2], (50)

and

(Tr2 ⊗τ𝒩 )((ϵa,a′ ⊗ In)V1V
∗
3 (ϵa′,a ⊗ In)V3V

∗
1 ) = −1, a, a′ ∈ [2], a ̸= a′.
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Writing V3V
∗
1 as a 2 × 2-block matrix

V3V
∗
1 =

(︄
A3 B3
C3 D3

)︄
,

with A3, B3, C3 and D3 in 𝒩 , by (50) we have that

τ𝒩 (A∗
3A3) = τ𝒩 (D∗

3D3) = 1.

As V3V
∗
1 is unitary, A∗

3A3 + C∗
3C3 = 1, giving τ𝒩 (C∗

3C3) = 0 and hence, since τ𝒩 is 
faithful, C3 = 0. Similarly, B3 = 0. From (49) we get A3 + D3 = 0, that is V3V

∗
1 =(︄

1 0
0 −1

)︄
⊗ u, where u is unitary in 𝒩 . Next, writing VxV

∗
1 , x = 2, 4, in a block form

VxV
∗
1 =

(︄
Ax Bx

Cx Dx

)︄
,

applying (49) to VxV
∗
1 and VxV

∗
3 = VxV

∗
1 (V3V

∗
1 )∗, we get Ax+Dx = 0 and Axu

∗−Dxu
∗ =

0 and hence Ax = Dx = 0 for x = 2, 4.
Next we observe that

Tr2(U∗
1 ϵa,a′U1U

∗
2 ϵb′,bU2) =

⎧⎪⎨⎪⎩
1, a = a′ ̸= b = b′,

1, a = b′ ̸= a′ = b

0, otherwise,

implying

τ𝒩 (C∗
2B2) = τ𝒩 (B∗

2C2) = 1

and

τ𝒩 (B∗
2B2) = τ𝒩 (C∗

2C2) = 1.

By Cauchy-Schwartz, we obtain that C2 = θB2 for a unimodular constant θ; as 
τ𝒩 (C∗

2B2) = e−iφτ𝒩 (B∗
2B2), we have that θ = 1 and

V2V
∗
1 =

(︄
0 1
1 0

)︄
⊗ v

for a unitary v ∈ 𝒩 . Condition (49) applied to V2V
∗
4 = V2V

∗
1 (V4V

∗
1 )∗ gives vB∗

4+vC∗
4 = 0

and hence B4 = −C4. Therefore,

V4V
∗
1 =

(︄
0 −i

i 0

)︄
⊗ w
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for a unitary w ∈ 𝒩 . With this at hand, we conclude that, if V = V1, then

V π(ex,a,a′)V ∗ = (VxV
∗
1 )∗(ϵa,a′ ⊗ 1𝒩 )VxV

∗
1 = U∗

xϵa,a′Ux ⊗ 1𝒩 ,

x ∈ [4], a, a′ ∈ [2], completing the proof. □
It follows from [53, Lemma 9.2] that there exists a *-isomorphism ∂ : ℬ4,2 → ℬop

4,2, 
such that ∂(ex,a,a′) = eop

x,a′,a, x ∈ [4], a, a′ ∈ [2]. For w = ex1,a1,a′
1
· · · exk,ak,a′

k
, for some 

xi ∈ [4], ai, a′i ∈ [2], i = 1, . . . , k, set

w̄ := ∂−1(wop) = exk,a′
k,ak

· · · ex1,a′
1,a1 .

Recalling the definition (45), let 𝒮 be the set of states of C∗
u(ℛ4,2)⊗maxC

∗
u(ℛ4,2) that 

factor through Hom(𝒦4,𝒬2) ⊗max Hom(𝒦4,𝒬2). Let s̃𝒦4 ∈ 𝒮 be the state given by

s̃𝒦4(u⊗ v) = tr2(π𝒦4(q𝒦4(qu(u)qu(v)))), u, v ∈ C∗
u(ℛ4,2),

where qu : C∗
u(ℛ4,2) → ℬ4,2 and q𝒦4 : ℬ4,2 → Hom(𝒦4,𝒬2) are the quotient maps, and 

let s𝒦4 be the restriction of s̃𝒦4 to ℛ4,2 ⊗c ℛ4,2.

Corollary 5.15. The state s𝒦4 is an abstract self-test for the family 𝒮.

Proof. It suffices to show that s𝒦4 has a unique extension to a state ϕ : ℬ4,2⊗maxℬ4,2 →
C. Fix such an extension ϕ and note that the canonical correlation Γϕ : 𝒟4 ⊗ 𝒟4 →
M2 ⊗ M2 associated with ϕ coincides with Γs𝒦4

. By [8, Theorem 3.2], there exists a 
tracial von Neumann algebra (𝒜, τ) and a *-representation π : ℬ4,2 → 𝒜, such that

ϕ(u⊗ v) = τ(π(uv̄)), u, v ∈ ℬ4,2.

Further, π canonically descends to a *-representation π̃ : Hom(𝒦4,𝒬2) → 𝒜, such that, 
if ϕ̃ : Hom(𝒦4,𝒬2) ⊗max Hom(𝒦4,𝒬2) → C is the canonical functional, arising from ϕ
in view of the definition of the class 𝒮, we have that

ϕ̃(u⊗ v) = τ(π̃(uv̄)), u, v ∈ Hom(𝒦4,𝒬2).

Let ρ : 𝒜 → M2 ⊗𝒩 be the *-homomorphism, arising from Theorem 5.14 (here (𝒩 , τ𝒩 )
is a tracial von Neumann algebra). Then, for w ∈ Hom(𝒦4,𝒬2), we have that

ϕ̃(w) = τ(π̃(w)) = (τ2 ⊗ τ𝒩 )(π𝒦4(w) ⊗ 1𝒩 ) = τ2(π𝒦4(w)).

The proof is complete. □
Let 𝒞 be the class of quantum models (HA ⊗ HB , φA, φB , ξ) of CQNS correlations, 

where HA and HB are finite-dimensional Hilbert spaces, HA ⊗HB = ℬ(HA)Hℬ(HB)o is a 
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bipartite system defined by the canonical bimodule structure of HA ⊗HB , and φA and 
φB extend to representations πA and πB of 𝒜 := ℬ4,2 and ℬ := ℬ4,2, respectively.

Proposition 5.16. The state s𝒦4 is a self-test for 𝒞.

Proof. We will apply Theorem 4.3, see also [43, Theorem 4.12]. First we observe that 
s𝒦4 is an extreme point in the dual (ℛ4,2 ⊗min ℛ4,2)d of ℛ4,2 ⊗min ℛ4,2. In fact, if 
s𝒦4 =

∑︁n
i=1 αisi, where αi ≥ 0, 

∑︁k
i=1 αi = 1, then the corresponding correlations Γsi

are perfect strategies for quantum colouring of 𝒦4. Indeed, note that, if J = Ω2Ω∗
2 is the 

maximally entangled state in C2 ⊗C2, then

0 = Tr(Γs𝒦4
(ϵx,x ⊗ ϵx,x)J⊥) =

n ∑︂
i=1 

αi Tr(Γsi(ϵx,x ⊗ ϵx,x)J⊥)

and hence Tr(Γsi(ϵx,x ⊗ ϵx,x)J⊥), being non-negative, must be zero. Similar arguments 
show that Tr(Γsi(ϵx,x ⊗ ϵy,y)J) = 0 for all i and all x ̸= y.

Therefore s(ex,a,a′⊗ey,b,b′) =
∑︁n

i=1 αiτi(πi(ex,a,a′)πi(ey,b′,b)), where πi : Hom(𝒦4,𝒬2) 
→ 𝒜i are ∗-homomorphisms into finite dimensional algebras 𝒜i with trace τi. By Propo
sition 5.14,

τi(πi(ex,a,a′)πi(ey,b′,b)) = tr2(U∗
xϵa,a′UxU

∗
y ϵb′,bUy)

for all i and hence s is extreme. The state s𝒦4 has also a unique extension to ℬ4,2 ⊗ℬ4,2
and hence by Theorem 4.3 it is a self-test. □
5.5. Schur products

In this subsection, whose main result is Theorem 5.17, we consider classes of no
signalling correlations from group representations. Let G be a finite group, let π : G →
𝒰(Hπ) and ρ : G → 𝒰(Hρ) be irreducible representations of G, and let ψ ∈ Hπ ⊗Hρ be 
a unit vector. Then

u(s, t) := ⟨(π(s) ⊗ ρ(t))ψ,ψ⟩, s, t ∈ G,

is a normalised positive definite function on G×G and the associated Schur multiplier 
Θ(u) : ℬ(ℓ2(G)) ⊗ ℬ(ℓ2(G)) → ℬ(ℓ2(G)) ⊗ ℬ(ℓ2(G)) is the unital quantum channel 
satisfying

Θ(u)(es,s′ ⊗ et,t′) = u(s−1s′, t−1t′)es,s′ ⊗ et,t′ ; (51)

if further clarity is needed, we write Θ(u) = Θπ,ρ,ψ. Letting ˜︁Es,s′,g,g′ = δs,gδs′,g′π(s−1s′)
and ˜︁Ft,t′,h,h′ = δt,hδt′,h′ρ(t−1t′), it is straightforward to verify that ˜︁E := ( ˜︁Es,s′,g,g′)s,s′,g,g′
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and ˜︁F := ( ˜︁Ft,t′,h,h′)t,t′,h,h′ are unitaries and hence the quadruple Sπ,ρ,ψ = (Hπ ⊗
Hρ, ˜︁E, ˜︁F , ψ) is a 𝒬q-model for Θ(u).

A unistochastic operator matrix (USOM) is a stochastic operator matrix E =
(Ex,x′,a,a′) ∈ MX ⊗ MX ⊗ ℬ(H) for which there exists a unitary U : HX → HX

such that Ex,x′,a,a′ = U∗
a,xUa′,x′ . A 𝒬q-model will be called unitary if it is defined via 

USOM’s (Es,s′,g,g′)s,s′,g,g′ and (Ft,t′,h,h′)s,s′,g,g′ (see Section 6.3). In particular, we have 
that S := Sπ,ρ,ψ is a unitary model. If H and K are Hilbert spaces, we say that a vector 
ψ ∈ H ⊗K is marginally cyclic if

(ℬ(H) ⊗ 1)ψ = ℬ(H ⊗K) = (1 ⊗ ℬ(K))ψ.

Let

𝔐(u) = {Sπ′ρ′,ψ′ : full rank unitary model s.t. Θπ′ρ′,ψ′ = Θ(u)}.

Theorem 5.17. If ψ is marginally cyclic in Hπ ⊗Hρ and

span{(π(s) ⊗ ρ(t))ψψ∗(π(s−1) ⊗ ρ(t−1)) : s, t ∈ G} = ℬ(Hπ ⊗Hρ) (52)

then (Hπ ⊗Hρ, ˜︁E, ˜︁F , ψ) is a self-test for 𝔐(u).

Proof. Suppose that (HA ⊗HB , (Es,s′,g,g′)s,s′,g,g′ , (Ft,t′,h,h′)t,t′,h,h′ , ξ) is a full rank uni
tary model for Θ(u) in 𝒬q. This means that Es,s′,g,g′ = U∗

g,sUg′,s′ and Ft,t′,h,h′ =
V ∗
h,tVh′,t′ for some block operator unitaries (Ug,s)g,s : HG

A → HG
A and (Vh,t)h,s : HG

B →
HG

B , the reduced densities (id⊗Tr)(ξξ∗) and (Tr⊗ id)(ξξ∗) have full rank, and

⟨(Es,s′,g,g′ ⊗ Ft,t′,h,h′)ξ, ξ⟩ = δs,gδs′,g′δt,hδt′,h′⟨π(s−1s′) ⊗ ρ(t−1t′)ψ,ψ⟩.

In particular,

⟨(Us′,s′ ⊗ Vt′,t′)ξ, (Us,s ⊗ Vt,t)ξ⟩ = ⟨(π(s′) ⊗ ρ(t′))ψ, (π(s) ⊗ ρ(t))ψ⟩ (53)

for all s, s′, t, t′ ∈ G. We now observe that the unitaries (Ug,s)g,s and (Vh,t)h,t are neces
sarily diagonal. Since (under the trace-duality convention)

Θ(u)(Xt)t = (id⊗Tr2,4)((U ⊗ V )(X ⊗ ξξ∗)(U∗ ⊗ V ∗)),

setting ρξ = (id⊗Tr)(ξξ∗), we have

Θ(u)(ρt ⊗ 1)t = (id⊗Tr)U(ρ⊗ ρξ)U∗.

Since the transformation ρ ↦→ Θ(u)(ρt ⊗ 1)t is a 𝒟G-bimodule map, if {ei}mA
i=1 is an 

orthonormal basis for HA, it follows that the Kraus operator
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(id⊗e∗i )U((·) ⊗√
ρξej) : ℓ2(G) → ℓ2(G)

belongs to 𝒟′
G = 𝒟G for each i, j ∈ [mA]. Hence,

U(1 ⊗√
ρξ)(x⊗ 1) = (x⊗ 1)U(1 ⊗√

ρξ), x ∈ 𝒟G.

Since ρξ, and hence 
√
ρξ, has full rank, it follows that U(x ⊗ 1) = (x ⊗ 1)U , so that 

U ∈ 𝒟G ⊗ ℬ(HA). Hence, Us,s′ = δs,s′Us,s with Us := Us,s ∈ 𝒰(HA). Without loss of 
generality, we may also assume Ue = 1 (indeed, if not, redefine Us as U∗

eUs, noting that 
Es,s′,g,g′ = U∗

g,sUeU
∗
eUg′,s′). An analogous argument shows that Vt,t′ = δt,t′Vt,t with 

Vt := Vt,t ∈ 𝒰(HB) and we may assume that Ve = 1.
Let 𝒜 (resp. ℬ) be the (unital) C∗-subalgebra of ℬ(HA) (resp. ℬ(HB)) generated by 

{Us}s∈G (resp. {Vt}t∈G). By the finite-dimensionality of 𝒜 and ℬ, there exist unitaries 
WA : HA →

⨁︁nA

i=1 H
i
A ⊗Ki

A and WB : HB →
⨁︁nB

j=1 H
j
B ⊗Kj

B such that

WAaW
∗
A =

nA⨁︂
i=1 

σi
A(a) ⊗ IKi

A
, a ∈ 𝒜,

and

WBbW
∗
B =

nB⨁︂
j=1 

σj
B(a) ⊗ IKj

B
, b ∈ ℬ,

with σi
A and σj

B irreducible representations of 𝒜 and ℬ, respectively. Fix orthonormal 
bases {eik}

di
A

k=1 and {ejl }
dj
B

l=1 of Ki
A and Kj

B, respectively. It follows from (53) that

⟨(Us′ ⊗ Vt′)ξ, (Us ⊗ Vt)ξ⟩

=
nA∑︂
i=1 

nB∑︂
j=1 

di
A∑︂

k=1

dj
B∑︂

l=1 
pi,j,k,l⟨(σi

A(Us′)⊗σj
B(Vt′))ξi,j,k,l, (σi

A(Us)⊗σj
B(Vt))ξi,j,k,l⟩,

where ξi,j,k,l ∈ Hi
A ⊗Hj

B is the normalisation of (id⊗eik ⊗ id⊗ejl )∗ξ, and

pi,j,k,l = ∥(id⊗eik ⊗ id⊗ejl )
∗ξ∥2 ≥ 0,

and note that 
∑︁

i,j,k,l pi,j,k,l = 1. Combining (51) and (53), we obtain a convex decom
position of the channel Θ(u), which is extreme within the set of completely positive 
trace preserving maps by (52) (see e.g. [35, Theorem 3]). Indeed, setting ψ(s,t) :=
(π(s) ⊗ φ(t))ψ, s, t ∈ G, in the notation and terminology of [35], {ψ(s,t)}(s,t)∈G×G is 
a full set of vectors by (52) and C(s,t),(s′,t′) := u(s−1s′, t−1t′) = ⟨ψ(s′,t′), ψ(s,t)⟩. Thus, for 
every λ = (i, j, k, l) ∈ Λ = {(i, j, k, l) : pi,j,k,l > 0}, we have
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⟨(π(s′) ⊗ ρ(t′))ψ, (π(s) ⊗ ρ(t))ψ⟩
= ⟨(σi

A(Us′) ⊗ σj
B(Vt′))ξi,j,k,l, (σi

A(Us) ⊗ σj
B(Vt))ξi,j,k,l⟩.

It follows that

Wλ : Hπ ⊗Hρ ∋ (π(s) ⊗ ρ(t))ψ → (σi
A(Us) ⊗ σj

B(Vt))ξi,j,k,l ∈ Hi
A ⊗Hj

B

is a well-defined isometry for each λ ∈ Λ. Recalling that ψ is marginally cyclic and that π
and ρ are irreducible (so span{π(s) : s ∈ G} = ℬ(Hπ) and span{ρ(t) : t ∈ G} = ℬ(Hρ)) 
for any η ∈ Hπ ⊗Hρ and s ∈ G, for suitable scalars ct, t ∈ G, we have

Wλ(π(s) ⊗ 1)η =
∑︂
t∈G

ctWλ(π(s) ⊗ ρ(t))ψ

=
∑︂
t∈G

ct(σi
A(Us) ⊗ σj

B(Vt))ξi,j,k,l

=
∑︂
t∈G

ct(σi
A(Us) ⊗ IHj

B
)(σi

A(Ue) ⊗ σj
B(Vt))ξi,j,k,l

=
∑︂
t∈G

ct(σi
A(Us) ⊗ IHj

B
)Wλ(1 ⊗ ρ(t))ψ

= (σi
A(Us) ⊗ IHj

B
)Wλη.

Thus, Wλ(π(s) ⊗ 1) = (σi
A(Us) ⊗ IHj

B
)Wλ, s ∈ G. Similarly, Wλ(1 ⊗ ρ(t)) = (IHi

A
⊗

σj
B(Vt))Wλ, t ∈ G, so that

Wλ(π(s) ⊗ ρ(t)) = (σi
A(Us) ⊗ σj

B(Vt))Wλ, s, t ∈ G.

Then the unitaries σi
A(Us)⊗σj

B(Vt) are respectively mapped to the unitaries π(s)⊗ ρ(t)
under the unital completely positive map Φλ : ℬ(Hi

A ⊗ Hj
B) → ℬ(Hπ ⊗ Hρ), given 

by Φλ(T ) = W ∗
λTWλ. Thus, the unitaries σi

A(Us) ⊗ σj
B(Vt) belong to the multiplicative 

domain ℳ of Φλ. Hence, by [12, Proposition 1.5.7], ℳ contains the C∗-algebra generated 
by σi

A(Us) ⊗ σj
B(Vt), which, by the irreducibility of σi

A and σj
B (and the definitions of 

𝒜 and ℬ), is equal to ℬ(Hi
A ⊗ Hj

B). So Φλ : ℬ(Hi
A ⊗ Hj

B) → ℬ(Hπ ⊗ Hρ) is a unital 
∗-homomorphism, necessarily injective by simplicity of ℬ(Hi

A ⊗ Hj
B) and surjective by 

irreducibility of π and ρ. Hence, Wλ is unitary.
Moreover, the local intertwining properties above show that the maps σA : 𝒜 →

ℬ(Hπ) ⊗ IHρ
and σB : ℬ → IHπ

⊗ ℬ(Hρ), given by

σA(a) = W ∗
λ (σi

A(a) ⊗ IHJ
B
)Wλ and σB(b) = W ∗

λ (IHi
A
⊗ σj

B(b))Wλ

are irreducible representations of 𝒜 and ℬ, respectively, and are independent of λ. Clearly, 
σA⊗σB is unitarily equivalent to each σi

A⊗σj
B , (via Wλ) so we must have local unitary 
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equivalence: σA
∼ = σi

A and σB
∼ = σj

B , say, via W i
A : Hi

A → Hπ and W j
B : Hj

B → Hφ. Then 
W i

A ⊗W j
B = αi,jW

∗
λ for some phase αi,j ∈ T .

We now follow ideas from [43, Theorem 4.12]. Let

ΛA = {i : pi,j,k,l > 0 for some j, k, l},

and define ΛB similarly. Fix unit vectors ηA ∈ Hπ and ηB ∈ Hρ. For i / ∈ ΛA, let 
T i
A : Hi

A ⊗ Ki
A → Hπ ⊗ Hi

A ⊗ Ki
A be given by T i

A(η) = ηA ⊗ η, and define T j
B :

Hj
B ⊗Kj

B → Hρ ⊗Hj
B ⊗Kj

B , for j / ∈ ΛB , similarly. Finally, set

Haux
A :=

(︃ ⨁︂
i∈ΛA

Ki
A

)︃⨁︂(︃ ⨁︂
i/ ∈ΛA

HA
i ⊗Ki

A

)︃
,

and define the isometry TA : HA → Hπ ⊗Haux
A by

TA =
(︃(︃ ⨁︂

i∈ΛA

W i
A ⊗ IKi

A

)︃
⊕
(︃ ⨁︂

i/ ∈ΛA

T i
A

)︃)︃
◦WA.

Define Haux
B and TB : HB → Hρ ⊗Haux

B similarly, and let

ξaux =
nA⨁︂
i=1 

nB⨁︂
j=1 

di
A∑︂

k=1

dj
B∑︂

l=1 
αi,j

√
pi,j,k,le

i
k ⊗ ejl ∈ Haux

A ⊗Haux
B .

By construction, for any a ∈ 𝒜 and b ∈ ℬ we have

(TA ⊗ TB)(a⊗ b)ξ = ((σA(a) ⊗ σB(b))ψ) ⊗ ξaux.

In particular,

(TA ⊗ TB)(Es,s′,g,g′ ⊗ Ft,t′,h,h′)ξ

= δs,gδs′,g′δt,hδt′,h′TA ⊗ TB(U∗
sUs′ ⊗ V ∗

t Vt′)ξ

= δs,gδs′,g′δt,hδt′,h′(π(s)∗π(s′) ⊗ ρ(t)∗ρ(t′))ψ ⊗ ξaux

= δs,gδs′,g′δt,hδt′,h′(π(s−1s′) ⊗ ρ(t−1t′))ψ ⊗ ξaux.

Thus, the model (Hπ ⊗Hρ, { ˜︁Es,s′,g,g′}, { ˜︁Ft,t′,h,h′}, ψ) is a self-test, as claimed. □
We now exhibit a class of examples satisfying the hypotheses of Proposition 5.17.

Example 5.18. Let G = S3, the symmetric group on 3 points. S3 has a two dimensional 
irreducible representation π : S3 → 𝒰(C2) given by
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π(e) =
[︃
1 0
0 1

]︃
, π(123) =

[︃
ei2π/3 0

0 e−i2π/3

]︃
, π(132) =

[︃
e−i2π/3 0

0 ei2π/3

]︃
,

π(12) =
[︃
0 1
1 0

]︃
, π(23) =

[︃
0 e−i2π/3

ei2π/3 0

]︃
, π(13) =

[︃
0 ei2π/3

e−i2π/3 0

]︃
.

In the argument below, we will interpret the above matrices as rotations on the Bloch 
sphere. To that end, recall that the single qubit rotation operators

Rx(θ) = e−i θ
2 σx , Ry(θ) = e−i θ

2 σy , Rz(θ) = e−i θ
2 σz ,

induce rotations of angle θ ∈ R about the x, y, and z axes, respectively, where σx, σy

and σz are the 2 × 2 Pauli matrices. Then

π(123) = Rz(2π/3), π(132) = Rz(4π/3), π(12) = X = −iRx(π).

If {e0, e1} denotes the standard basis of C2, for θ ∈ (0, π/2) ∪ (π/2, π), we let {eθ, fθ}
denote the following y-rotated basis:

eθ = Ry(θ)e0 =
[︃
cos θ

2 
sin θ

2 

]︃
, fθ = Ry(θ)e1 =

[︃
− sin θ

2 
cos θ

2 

]︃
.

Let ψ := αeθ ⊗ eθ + βfθ ⊗ fθ ∈ C2 ⊗C2 for fixed α, β ∈ C satisfying |α|2 + |β|2 = 1 and 
|α|2 ∈ (0, 1/2). Then ψ has full Schmidt rank so is marginally cyclic. We now show that

V := span{(π(s) ⊗ π(t))ψψ∗(π(s−1) ⊗ π(t−1)) : s, t ∈ S3} = ℬ(C2 ⊗C2),

thereby obtaining a self-testing 𝒬q-model for the channel Θ(u), where u(s, t) = ⟨(π(s)⊗
π(t))ψ,ψ⟩, by Proposition 5.17.

First, by irreducibility of π and the orthogonality relation ([49, Theorem III.1.1]),∑︂
s∈S3

π(s)(·)π(s)∗ = Tr(·)1,

so that

π(s)ρπ(s)∗ ⊗ 1, 1 ⊗ π(t)ρπ(t)∗ ∈ V, s, t ∈ G,

where ρ is the reduced density matrix of ψ:

ρ = (id⊗Tr)(ψψ∗) = |α|2eθe∗θ + |β|2fθf∗
θ = (Tr⊗ id)(ψψ∗).

Therefore, it suffices to show that

spanR{π(s)ρπ(s)∗ : s ∈ S3} = M2(C)sa. (54)



62 J. Crann et al. / Advances in Mathematics 492 (2026) 110884 

Recall that the space of trace-1 self-adjoint 2 × 2 matrices is a�inely isomorphic to R3

via

(x, y, z) ⇔
[︃
1/2 + z x− iy
x + iy 1/2 − z

]︃
,

with the convex subset of density operators corresponding to the unit ball. In particular, 
we can visualize ρ as the vector rρ = (xρ, yρ, zρ) ∈ R3

∥·∥≤1, which lies on the straight 
line between the points reθe∗θ and rfθf∗

θ
on the boundary sphere. Both these latter points 

lie on the great circle in the xz-plane, and, since θ ∈ (0, π/2) ∪ (π/2, π), are neither on 
the z-axis, nor the xy-plane. (Recall that re0e∗0 and re1e∗1 are the North and South poles, 
respectively.) Thus, the points in the unit ball associated to the rotated states

π(123)ρπ(123)∗ = Rz(2π/3)ρRz(2π/3)∗,

π(132)ρπ(132)∗ = Rz(4π/3)ρRz(4π/3)∗,

π(12)ρπ(12)∗ = Rx(π)ρRx(π)∗

are a�inely independent in R3, so their a�ine hull yields all hermitian matrices of trace 
1, and the equality (54) follows.

6. Connections with 𝑪∗-envelopes

Recall that, if 𝒮 is an operator system, its C∗-envelope C∗
e (𝒮) is the unital C*-algebra, 

uniquely determined up to isomorphism by the following universal property: there is a 
unital complete order embedding ι : 𝒮 → C∗

e (𝒮) such that C∗(ι(𝒮)) = C∗
e (𝒮), and for 

any C∗-algebra 𝒜 and unital complete order embedding φ : 𝒮 → 𝒜 with C∗(φ(𝒮)) = 𝒜, 
there is a surjective ∗-homomorphism π : 𝒜 → C∗

e (𝒮) such that π ◦ φ = ι. In this 
penultimate section, we show that the examples in Sections 5.1 (PVM self-tests), 5.4
(quantum graph colouring) and 5.5 (Schur product channels) are all instances of a single 
phenomenon: unique state extension across

𝒮A ⊗c 𝒮B ⊆ C∗
e (𝒮A) ⊗max C∗

e (𝒮B),

for pertinent operator systems 𝒮A and 𝒮B where the latter inclusion is valid.
By contrast, general abstract self-testing concerns unique state extensions across

𝒮A ⊗c 𝒮B ⊆ C∗
u(𝒮A) ⊗max C∗

u(𝒮B),

the tensor product of universal C*-covers. Similar comparisons can be made when self
testing among models which factor through C∗

e (𝒮A) ⊗max C∗
e (𝒮B).

The observations that follow rely mainly on the work [5], but along the way we es
tablish new dilation results for stochastic operator matrices.



J. Crann et al. / Advances in Mathematics 492 (2026) 110884 63

6.1. PVM’s

As mentioned in Remark 5.5, PVM self-testing fits in our general framework, where 
the family of states s : C∗

u(𝒮X,A) ⊗max C∗
u(𝒮Y,B) → C to be self-tested is restricted to 

those that factor through the quotient map

πA ⊗ πB : C∗
u(𝒮X,A) ⊗max C∗

u(𝒮Y,B) → 𝒜X,A ⊗max 𝒜Y,B.

Note that the set of such states is precisely

(πA ⊗ πB)∗(𝒮(𝒜X,A ⊗max 𝒜Y,B)) ∼ = 𝒮(𝒜X,A ⊗max 𝒜Y,B).

It is well-known that

𝒜X,A
∼ = 𝒟A ∗1 · · · ∗1 𝒟A⏞ ⏟⏟ ⏞

|X| times

∼ = C∗
e (𝒮X,A),

and similarly for 𝒜Y,B, (for the latter isomorphism, see e.g. [5, Corollary 2.9]). Thus, a 
state f : 𝒮X,A ⊗c 𝒮Y,B → C has a unique extension to

(πA ⊗ πB)∗(𝒮(C∗
e (𝒮X,A) ⊗max C∗

e (𝒮Y,B))

if and only if it extends uniquely across

𝒮X,A ⊗c 𝒮Y,B ⊆ C∗
e (𝒮X,A) ⊗max C∗

e (𝒮Y,B),

the above inclusion being valid by [5, Lemma 3.10].

6.2. Semi-classical SOM’s

Extending the setup of Subsection 5.4, let

ℬX,A = MA ∗1 · · · ∗1 MA⏞ ⏟⏟ ⏞
|X| times

.

For each x ∈ X, write {ϵx,a,a′ : a, a′ ∈ A} for the canonical matrix unit system of the 
x-th copy of MA, and let

ℛX,A = span{ϵx,a,a′ : x ∈ X, a, a′ ∈ A},

considered as an operator subsystem of ℬX,A. By [5, Corollary 2.9], the C∗-algebra ℬX,A

is universal for unital ∗-homomorphisms MA → 𝒟X ⊗𝒜, where 𝒜 is a unital C∗-algebra 
(see [5, Definition 2.2]), and the pair (ℛX,A,ℬX,A) satisfies the hypotheses of [5, Theorem 
3.8]. Hence, C∗

e (ℛX,A) = ℬX,A, and from [5, Lemma 3.10] (or [46, Lemma 2.8]),
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ℛX,A ⊗c ℛY,B ⊆ C∗
e (ℛX,A) ⊗max C∗

e (ℛY,B).

Following [53, §7.1], an SOM E ∈ MX ⊗ MA ⊗ ℬ(H) is called semi-classical if E =∑︁
x∈X ϵx,x ⊗ Ex with Ex ∈ (MA ⊗ ℬ(H))+ and TrA Ex = IH , x ∈ X. In [53, Theorem 

7.5] it was shown that semi-classical SOMs correspond to unital completely positive maps 
ℛX,A → ℬ(H). Moreover, the state space of ℛX,A ⊗c ℛY,A is a�inely isomorphic to the 
set of classical-to-quantum no-signalling correlations Γ : 𝒟X ⊗ 𝒟Y → MA ⊗ MB [53, 
Theorem 7.7].

In light of the previous paragraphs, Corollary 5.15 means that the state s̃𝒦4 : ℛ4,2 ⊗c
ℛ4,2 → C given by

s̃𝒦4(w) = tr2((π𝒦4 · π𝒦4)(w)), w ∈ ℛ4,2 ⊗c ℛ4,2,

has a unique extension to the finite-dimensional states of C∗
e (ℛ4,2)⊗max C

∗
e (ℛ4,2). Sim

ilarly, Proposition 5.16 means that s̃𝒦4 is a self-test for the class of finite-dimensional 
semi-classical SOM models which factor through C∗

e (ℛ4,2) ⊗max C∗
e (ℛ4,2).

6.3. Unistochastic operator matrices

It is known that the entries of any SOM E = (Ex,x′,a,a′) ∈ MX ⊗MA ⊗ℬ(H) can be 
represented as Ex,x′,a,a′ = V ∗

a,xVa′,x′ for an isometry V : HX → KA, where V = (Va,x)a,x
[53, Theorem 3.1]. When X = A, it is natural to study further the unistochastic SOM’s 
(USOM’s), that is, those SOM’s for which V can be taken unitary (see Section 5.5). In 
this subsection, we show that any SOM can be dilated to a USOM, thereby establishing 
a matricial version of Naimark dilation between POVM’s and PVM’s. Along the way, 
we connect these notions to C∗-envelopes of pertinent operator systems, as done in the 
previously in this section.

Let ℬX denote the universal C∗-algebra generated by the elements ua,x a, x ∈ X

of a unitary matrix u = (ua,x)a,x, commonly known as the Brown algebra [11]. It was 
shown in [25, Proposition 2.3] that if SX

1 is the dual operator space (MX)∗, then the 
map ea,x ↦→ ua,x, from SX

1 into span{ua,x : a, x ∈ X} ⊆ ℬX is a completely isometric 
isomorphism.

Recall from Subsection 5.1 the universal TRO of a block operator isometry v =
(va,x)a,x∈X [53], hereby denoted simply 𝒱X as we assume that X = A throughout this 
subsection; thus, 𝒱X is universal for the relations∑︂

a∈X

v∗a,xva,x′ = δx,x′1, x, x′ ∈ X, (55)

in that every (concrete) block operator isometry V = (va,x)a,x, whose entries lie in 
ℬ(H,K) for some Hilbert spaces H and K, gives rise to a unique ternary morphism 
θV : 𝒱X → ℬ(H) such that θ(va,x) = Va,x, x, a ∈ X. Since the entries of u satisfy 
the relations (55), there exists a (unique) ternary morphism φ : 𝒱X → ℬX such that 
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φ(va,x) = ua,x. On the other hand, since v = (va,x)a,x belongs to the unit ball of 
MX(𝒱X), the canonical completely isometric identification MX(𝒱X) ∼ = 𝒞ℬ(SX

1 ,𝒱X) (see 
e.g. [4, Proposition 1.5.14]), yields a complete contraction φ′ : span{ua,x : a, x ∈ X} →
span{va,x : a, x ∈ X} satisfying φ′(ua,x) = va,x. Since ternary morphisms are completely 
contractive, it follows that the restriction

κ : span{ua,x : a, x ∈ X} → span{va,x : a, x ∈ X}

of φ′ is a complete isometry (see also [18, Proposition 4.1]). This first order isomorphism 
leads to the following dilation result.

Proposition 6.1. Let H and K be Hilbert spaces, for which (va,x)a,x ∈ MX(ℬ(H,K)). 
There exists a Hilbert space L, isometries w1 : H → L, w2 : K → L and a unital 
*-homomorphism π : ℬX → ℬ(L) satisfying

va,x = w∗
2π(ua,x)w1 and w2w

∗
2π(ua,x)w1 = π(ua,x)w1 x, a ∈ X.

Proof. By the injectivity of ℬ(H,K), we can extend κ to a complete contraction ˜︁κ : ℬX → ℬ(H,K). By the Haagerup-Paulsen-Wittstock representation theorem for com
plete contractions, there exists a Hilbert space L, isometries w1 : H → L, w2 : K → L

and a unital *-homomorphism π : ℬX → ℬ(L) such that ˜︁κ(a) = w∗
2π(a)w1, a ∈ ℬX . (We 

note that this can be derived by applying the proof of [12, Theorem B.7] together with 
the rectangular version of Paulsen’s off-diagonal trick [4, Lemma 1.3.15] and refer to [24, 
Theorem 2.1.12] for a complete argument.) In particular,

va,x = κ(ua,x) = w∗
2π(ua,x)w1, x, a ∈ X.

Then v = (w∗
2 ⊗ IX)πX(u)(w1 ⊗ IX), where πX := (π ⊗ idMX

). Since

(w2 ⊗ IX)v = (w2w
∗
2 ⊗ IX)πX(u)(w1 ⊗ IX)

with both (w2 ⊗ IX)v and πX(u)(w1 ⊗ IX) isometries, we have that πX(u)(w1 ⊗ IX)H ⊗
CX ⊆ ran(w2 ⊗ IX). □
Corollary 6.2. There exists a complete order isomorphism φ : 𝒯X → span{u∗

a,xua′,x′ :
x, x′, a, a′ ∈ X} satisfying

φ(v∗a,xva′,x′) = u∗
a,xua′,x′ , x, x′, a, a′ ∈ X. (56)

Proof. By the universal property of v = (va,x)a,x, there exists a (non-degenerate) TRO 
morphism 𝒱X → ℬX mapping va,x to ua,x, x, a ∈ X. The latter morphism induces a 
unital ∗-homomorphism φ : 𝒞X → ℬX mapping v∗a,xva′,x′ to u∗

a,xua′,x′ , x, x′, a, a′ ∈ X, 
where 𝒞X := 𝒞X,X . Thus φ|𝒯X

is a unital completely positive map satisfying (56).
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Represent v faithfully inside MX(ℬ(H,K)) for some Hilbert spaces H and K. By 
Proposition 6.1, there exists a Hilbert space L, isometries w1 : H → L, w2 : K → L and 
a unital *-homomorphism π : ℬX → ℬ(L) satisfying

va,x = w∗
2π(ua,x)w1 and w2w

∗
2π(ua,x)w1 = π(ua,x)w1, x, a ∈ X.

But then

v∗a,xva′,x′ = w∗
1π(u∗

a,x)w2w
∗
2π(ua′,x′)w1 = w∗

1π(u∗
a,xua′,x′)w1,

for all x, x′, a, a′ ∈ X. It follows that w∗
1π(·)w1 is a unital completely positive inverse to 

φ. □
Let E be a unistochastic operator matrix acting on a Hilbert space H. When H = C, 

and E is diagonal in the sense that Ex,x′,a,a′ = δx,x′δa,a′Ex,x,a,a, we recover the usual 
notion of unistochastic matrices. A simple application of the previous results yields the 
following dilation property.

Corollary 6.3. Let H be a Hilbert space and E = (Ex,x′,a,a′) ∈ MX ⊗MX ⊗ ℬ(H) be a 
SOM. Then there exists a Hilbert space K, an isometry W : H → K and a block operator 
unitary (Ua,x)a,x∈X ∈ MX ⊗ ℬ(K), such that Ex,x′,a,a′ = W ∗U∗

a,xUa′,x′W .

Proof. By the universal property of 𝒯X , there is unital completely positive map ψ :
𝒯X → ℬ(H) satisfying ψ(ex,x′,a,a′) = Ex,x′,a,a′ . Let φ−1 : span{u∗

a,xua′,x′ : x, x′, a, a′ ∈
X} → 𝒯X be the complete order isomorphism from Corollary 6.2. Extending the unital 
completely positive map ψ ◦ φ−1 to ℬX → ℬ(H) (by injectivity of ℬ(H)) and appealing 
to a Stinespring representation of the extension yields the desired conclusion. □

Using results from [5], we now show that the C∗-envelope of 𝒯X is the C*-subalgebra 
C∗(𝒰) of ℬX , generated by the operator system

𝒰 = span{u∗
a,xua′,x′ : x, x′, a, a′ ∈ X}.

Proposition 6.4. Let X be a finite set. Then C∗
e (𝒯X) = C∗(𝒰).

Proof. Throughout the proof, a unital ∗-homomorphism between unital C∗-algebras will 
simply be called a morphism. Let 𝒜 be the unital C∗-algebra which is universal for 
morphisms MX ↦→ MX⊗𝒜 in the sense that there exists a morphism α : MX → MX⊗𝒜
such that, for any unital C∗-algebra ℬ and morphism β : MX → MX ⊗ ℬ, there is a 
unique morphism Λ : 𝒜 → ℬ such that β = (id⊗Λ)α (see [5, Theorem 2.3]). Viewing 
𝒜 ⊆ ℬ(H), there exists a unitary w : CX⊗H → CX⊗H such that α(T ) = w∗(T⊗IH)w, 
T ∈ MX . Since α has range in MX⊗𝒜, we have that w∗

a,xwa′,x′ ∈ 𝒜 for all x, x′, a, a′ ∈ X. 
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Moreover, 𝒜 is generated by {(ρ ⊗ id)α(A) : ρ ∈ M∗
X , A ∈ MX} [5, Theorem 2.3], so 

𝒜 = C∗({w∗
a,xwa′,x′ : x, x′, a, a′ ∈ X}).

If u = (ua,x)a,x is the generating matrix for ℬX ,

MX ∋ T ↦→ u∗(T ⊗ 1)u ∈ MX ⊗ ℬX

is a morphism, so the universal property of 𝒜 supplies a morphism Λ : 𝒜 → ℬX satisfying 
Λ(w∗

a,xwa′,x′) = u∗
a,xua′,x′ , x, x′, a, a′ ∈ X. Then Λ(𝒜) ⊆ C∗(𝒰), necessarily.

By the universal property of ℬX , there is a morphism π : ℬX → ℬ(H) such that 
π(ua,x) = wa,x, x, a ∈ X. The restriction of π to C∗(𝒰) is an inverse to Λ, so that 
C∗(𝒰) ∼ = 𝒜. The desired conclusion then follows from [5, Theorem 3.8]. □

It follows from the proof of Proposition 6.4 that the operator system 𝒯X satisfies 
the universal property of [5, Theorem 3.3] for unital completely positive maps MX →
MX ⊗ 𝒯X , so that [5, Corollary 3.11] implies

𝒯X ⊗c 𝒯Y ⊆ C∗
e (𝒯X) ⊗max C∗

e (𝒯Y ).

Therefore, the self-testing examples from Proposition 5.17 give rise to finite-dimensional 
states f : 𝒯X ⊗c 𝒯Y → C which extend uniquely to finite-dimensional states of 
C∗

e (𝒯X) ⊗max C∗
e (𝒯Y ).

7. Questions

The notion of an approximate dilation S̃ of a model S over the pair (𝒮X,A,𝒮Y,B) was 
defined in [56] for the case of classes of quantum models, and can be easily extended 
to classes of quantum commuting models over a finitary context (𝒮A,𝒮B), where 𝒮A =
span{fi}ki=1 and 𝒮B = span{gj}lj=1: given δ > 0, a quantum commuting model S̃ =
(H̃, φ̃A, φ̃B ξ̃) is said to δ-dilate a quantum commuting model S = (H,φA, φB , ξ) if there 
exist an auxiliary system Haux and a unit vector ξaux ∈ Haux, and a local isometry 
V : H → H̃ ⊗Haux such that

V ϕA(fi)ϕB(gj)ξ ∼δ ϕ̃A(fi)ϕ̃B(gj)ξ̃ ⊗ ξaux, i ∈ [k], j ∈ [l].

We say that a correlation p of quantum commuting type over (𝒮A,𝒮B) is a robust 
quantum commuting self-test if there exists a model S̃ of p such that for every ϵ > 0
there exists δ > 0 with the property that, whenever pS is a correlation arising from a 
quantum commuting model S over (𝒮A,𝒮B) with ∥pS − p∥1 < ϵ, we have that S̃ is a 
δ-dilation of S, where

∥pS − p∥1 :=
k∑︂

i=1 

l∑︂
j=1 

|ps(fi ⊗ gj) − p(fi ⊗ gj)|
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We have the following implications for a correlation p:

p is a robust self-test ⇒ p is a self-test ⇒ p is a weak self-test.

These implications show that weak self-testing is a natural concept to study, but suggest 
the following initial question:

Question 7.1. Is every weak self-test a self-test?

If S is a centrally supported quantum POVM model for p ∈ 𝒞q and Sr is the reduced 
model of S, then S ⪯ Sr (see [43, Lemma 4.2]), which reduces the question of self-testing 
of p to the study of full rank models of p. The latter was important for establishing a 
number of self-testing results and allowed the application of representations of certain 
algebraic relations (see e.g. [50] for a self-test of the optimal strategy of CHSH game, and 
[38] for self-tests of some synchronous correlations). We therefore formulate the following:

Question 7.2. For general model S = (𝒜Hℬ, φA, φB , ξ), is it true that S ⪯ Sr?

We point out that, currently, we do not see how the construction of local isometries 
for the dilation S ⪯ Sr can be modified to give one in the non-tensor split case.

In the definition of self-testing, an assumption is made on the existence of an auxiliary 
quantum system that ampliates the ideal model for the self-test in question. What types 
of auxiliary systems may arise is an interesting question in its own right. As an example, 
we formulate the following:

Question 7.3. When applying our definition of self-testing to (quantum) no-signalling 
correlations of quantum type (e.g. for the classes 𝒞q and 𝒬q), do the auxiliary bimodules 
arising from the dilation pre-order automatically tensor factorise into quantum spacial 
systems?

Acknowledgments

We are grateful to The Banff International Research Station for Mathematical Inno
vation and Discovery (BIRS) for hospitality and support during the initial phase of the 
project. We thank the Isaac Newton Institute for Mathematical Sciences, Cambridge, for 
support and hospitality during the programme Quantum information, quantum groups 
and operator algebras, where work on this paper was undertaken. This work was sup
ported by EPSRC grant EP/Z000580/1. The first author was partially supported by the 
NSERC Discovery Grant RGPIN-2023-05133. The second author was supported by NSF 
grants CCF-2115071 and DMS-2154459. The third author was supported by the Swedish 
Research Council project grant 2023-04555 and GS Magnusons Fond MF2022-0006.

The authors would like to thank the anonymous referees for the detailed reading of 
the paper and their useful suggestions.



J. Crann et al. / Advances in Mathematics 492 (2026) 110884 69

References

[1] A. Acín, T. Fritz, A. Leverrier, A.B. Sainz, A combinatorial approach to nonlocality and contextu
ality, Commun. Math. Phys. 334 (2) (2015) 533--628.

[2] W.B. Arveson, Notes on the unique extension property, 2003, Unpublished note.
[3] K. Bharti, M. Ray, A. Varvitsiotis, N.A. Warsi, A. Cabello, L.-C. Kwek, Robust self-testing of 

quantum systems via noncontextuality inequalities, Phys. Rev. Lett. 122 (25) (2019) 250403.
[4] D.P. Blecher, C. Le Merdy, Operator Algebras and Their Modules: An Operator Space Approach, 

Oxford University Press, 2004.
[5] A. Bochniak, P. Kasprzak, P.M. Sołtan, Quantum correlations on quantum spaces, Int. Math. Res. 

Not. 14 (2023) 12400--12440.
[6] J. Bowles, I. Supić, D. Cavalcanti, A. Acín, Device-independent entanglement certification of all 

entangled states, Phys. Rev. Lett. 121 (18) (2018) 180503.
[7] J. Bowles, I. Šupić, D. Cavalcanti, A. Acín, Self-testing of Pauli observables for device-independent 

entanglement certification, Phys. Rev. A 98 (4) (2018) 042336.
[8] M. Brannan, S.J. Harris, I.G. Todorov, L. Turowska, Synchronicity for quantum non-local games, 

J. Funct. Anal. 284 (2) (2023) 109738.
[9] M. Brannan, S.J. Harris, I.G. Todorov, L. Turowska, Quantum no-signalling bicorrelations, Adv. 

Math. 449 (2024) 109732.
[10] A. Broadbent, A. Mehta, Y. Zhao, Quantum Delegation with an Off-the-Shelf Device, Leibniz 

International Proceedings in Informatics, 2023, arXiv:2304.03448.
[11] L.G. Brown, Ext of certain free product C∗-algebras, J. Oper. Theory 6 (1) (1981) 135--141.
[12] N.P. Brown, N. Ozawa, C∗-Algebras and Finite-Dimensional Approximations, American Mathe

matical Society, 2008.
[13] M. Christandl, N.G. Houghton-Larsen, L. Mančinska, An operational environment for quantum 

self-testing, Quantum 6 (2022) 699.
[14] J.F. Clauser, M.A. Horne, A. Shimony, R.A. Holt, Proposed experiment to test local hidden-variable 

theories, Phys. Rev. Lett. 23 (1969) 880--884.
[15] A. Coladangelo, A.B. Grilo, S. Jeffery, T. Vidick, Verifier-on-a-leash: new schemes for verifiable 

delegated quantum computation, with quasilinear resources, Theory Comput. 20 (1) (2024) 1--87.
[16] A. Conlon, J. Crann, D.W. Kribs, R.H. Levene, Quantum teleportation in the commuting operator 

framework, Ann. Henri Poincaré 24 (5) (2023) 1779--1821.
[17] J. Crann, D.W. Kribs, R.H. Levene, I.G. Todorov, State convertibility in the von Neumann algebra 

framework, Commun. Math. Phys. 378 (2) (2020) 1123--1156.
[18] J. Crann, R.H. Levene, I.G. Todorov, L. Turowska, Values of cooperative quantum games, Trans. 

Am. Math. Soc. (2023), in press, preprint arXiv:2310.17735.
[19] K.R. Davidson, M. Kennedy, The Choquet boundary of an operator system, Duke Math. J. 164 (15) 

(2015) 2989--3004.
[20] J. Dixmier, C*-Algebras, North Holland, 2011.
[21] J. Dixmier, Von Neumann Algebras, Elsevier, 2011.
[22] R. Duan, A. Winter, No-signalling assisted zero-error capacity of quantum channels and an in

formation theoretic interpretation of the Lovász number, IEEE Trans. Inf. Theory 62 (2) (2016) 
891--914.

[23] E.G. Effros, C.E. Lance, Tensor products of operator algebras, Adv. Math. 25 (1) (1977) 1--34.
[24] G.K. Eleftherakis, E.T.A. Kakariadis, I.G. Todorov, Symmetrisations of operator spaces, preprint 

arXiv:2503.15192, 2025.
[25] L. Gao, S. Harris, M. Junge, Quantum teleportation and super-dense coding in operator algebras, 

Int. Math. Res. Not. (12) (2021) 9146--9179.
[26] U. Haagerup, M. Musat, Factorization and dilation problems for completely positive maps on von 

Neumann algebras, Commun. Math. Phys. 303 (2) (2011) 555--594.
[27] Z. Ji, A. Natarajan, T. Vidick, J. Wright, H. Yuen, MIP*=RE, preprint arXiv:2001.04383, 2020.
[28] R.V. Kadison, J.R. Ringrose, Fundamentals of the Theory of Operator Algebras II, American Math

ematical Society, 1997.
[29] A.S. Kavruk, V.I. Paulsen, I.G. Todorov, M. Tomforde, Tensor products of operator systems, J. 

Funct. Anal. 261 (2) (2011) 267--299.
[30] M. Keyl, D. Schlingemann, R.F. Werner, Infinitely entangled states, Quantum Inf. Comput. 3 (4) 

(2003) 281--306.
[31] M. Keyl, T. Matsui, D. Schlingemann, R.F. Werner, Entanglement Haag-duality and type properties 

of infinite quantum spin chains, Rev. Math. Phys. 18 (9) (2006) 935--970.

http://refhub.elsevier.com/S0001-8708(26)00106-4/bibD723404E9D2B3D6EED2CA0160FFC9D5Fs1
http://refhub.elsevier.com/S0001-8708(26)00106-4/bibD723404E9D2B3D6EED2CA0160FFC9D5Fs1
http://refhub.elsevier.com/S0001-8708(26)00106-4/bib255E46643CC1071B48EEE9FC71ED6E18s1
http://refhub.elsevier.com/S0001-8708(26)00106-4/bib255E46643CC1071B48EEE9FC71ED6E18s1
http://refhub.elsevier.com/S0001-8708(26)00106-4/bib056292910687DA1F18C2F9A1B2D1ED9Fs1
http://refhub.elsevier.com/S0001-8708(26)00106-4/bib056292910687DA1F18C2F9A1B2D1ED9Fs1
http://refhub.elsevier.com/S0001-8708(26)00106-4/bib2A0CE6FD63F10057CE68F1EFE41C6126s1
http://refhub.elsevier.com/S0001-8708(26)00106-4/bib2A0CE6FD63F10057CE68F1EFE41C6126s1
http://refhub.elsevier.com/S0001-8708(26)00106-4/bibE23862A54AAC4482AF3568046C95F205s1
http://refhub.elsevier.com/S0001-8708(26)00106-4/bibE23862A54AAC4482AF3568046C95F205s1
http://refhub.elsevier.com/S0001-8708(26)00106-4/bib286C68564DE66ACDE1DC5539C35A92B5s1
http://refhub.elsevier.com/S0001-8708(26)00106-4/bib286C68564DE66ACDE1DC5539C35A92B5s1
http://refhub.elsevier.com/S0001-8708(26)00106-4/bib5D5EE37210CEC0830D9E459456107C1Ds1
http://refhub.elsevier.com/S0001-8708(26)00106-4/bib5D5EE37210CEC0830D9E459456107C1Ds1
http://refhub.elsevier.com/S0001-8708(26)00106-4/bibCDB6ACA7730B7D77FF3D7831008E62C9s1
http://refhub.elsevier.com/S0001-8708(26)00106-4/bibCDB6ACA7730B7D77FF3D7831008E62C9s1
http://refhub.elsevier.com/S0001-8708(26)00106-4/bib21B71F22B823BACF205C0FF3434A0E02s1
http://refhub.elsevier.com/S0001-8708(26)00106-4/bib21B71F22B823BACF205C0FF3434A0E02s1
http://refhub.elsevier.com/S0001-8708(26)00106-4/bib6FF47AFA5DC7DAA42CC705A03FCA8A9Bs1
http://refhub.elsevier.com/S0001-8708(26)00106-4/bib7B60A39FC2A49BBAC1B3426ABB5ADA4Bs1
http://refhub.elsevier.com/S0001-8708(26)00106-4/bib7B60A39FC2A49BBAC1B3426ABB5ADA4Bs1
http://refhub.elsevier.com/S0001-8708(26)00106-4/bibD723F6B33148617EB29B618753E1A712s1
http://refhub.elsevier.com/S0001-8708(26)00106-4/bibD723F6B33148617EB29B618753E1A712s1
http://refhub.elsevier.com/S0001-8708(26)00106-4/bib74ED339D56CE2F91FBC1A9EE2A0196FEs1
http://refhub.elsevier.com/S0001-8708(26)00106-4/bib74ED339D56CE2F91FBC1A9EE2A0196FEs1
http://refhub.elsevier.com/S0001-8708(26)00106-4/bibC5AFA778799614BE4E179603993E5CB5s1
http://refhub.elsevier.com/S0001-8708(26)00106-4/bibC5AFA778799614BE4E179603993E5CB5s1
http://refhub.elsevier.com/S0001-8708(26)00106-4/bib387C4D0D7696399DE0BF5FE5D64AAA62s1
http://refhub.elsevier.com/S0001-8708(26)00106-4/bib387C4D0D7696399DE0BF5FE5D64AAA62s1
http://refhub.elsevier.com/S0001-8708(26)00106-4/bib8DB92F0FECCA2F2FBA0A02F15F540F22s1
http://refhub.elsevier.com/S0001-8708(26)00106-4/bib8DB92F0FECCA2F2FBA0A02F15F540F22s1
http://refhub.elsevier.com/S0001-8708(26)00106-4/bibF8C33EBA619D7CC8DE3272C81019E091s1
http://refhub.elsevier.com/S0001-8708(26)00106-4/bibF8C33EBA619D7CC8DE3272C81019E091s1
http://refhub.elsevier.com/S0001-8708(26)00106-4/bibF0977BD158539E10CBEBC5C3D1A688B3s1
http://refhub.elsevier.com/S0001-8708(26)00106-4/bibF0977BD158539E10CBEBC5C3D1A688B3s1
http://refhub.elsevier.com/S0001-8708(26)00106-4/bibCC2BC84388BFF60441BF288B0E8338B2s1
http://refhub.elsevier.com/S0001-8708(26)00106-4/bib0DE28072DE0D7CDD482EE279C32E746Es1
http://refhub.elsevier.com/S0001-8708(26)00106-4/bib1F2121F36F817BD18540E5FA7DE06F59s1
http://refhub.elsevier.com/S0001-8708(26)00106-4/bib1F2121F36F817BD18540E5FA7DE06F59s1
http://refhub.elsevier.com/S0001-8708(26)00106-4/bib1F2121F36F817BD18540E5FA7DE06F59s1
http://refhub.elsevier.com/S0001-8708(26)00106-4/bibD4E8BEE50F2093FBCED5DAAF3C41980Ds1
http://refhub.elsevier.com/S0001-8708(26)00106-4/bib3D962ABEC697AEC6B122945E00548841s1
http://refhub.elsevier.com/S0001-8708(26)00106-4/bib3D962ABEC697AEC6B122945E00548841s1
http://refhub.elsevier.com/S0001-8708(26)00106-4/bibEA7D201D1CDD240F3798B2DC51D6ADCBs1
http://refhub.elsevier.com/S0001-8708(26)00106-4/bibEA7D201D1CDD240F3798B2DC51D6ADCBs1
http://refhub.elsevier.com/S0001-8708(26)00106-4/bibEAF69B0F11FA5B3EB9E9DB140691DD3Cs1
http://refhub.elsevier.com/S0001-8708(26)00106-4/bibEAF69B0F11FA5B3EB9E9DB140691DD3Cs1
http://refhub.elsevier.com/S0001-8708(26)00106-4/bibBECA47BBDD37D2AA137FE7B85CC5B964s1
http://refhub.elsevier.com/S0001-8708(26)00106-4/bibC349B3628E7CB1B74792B2FD4EE8AD8Cs1
http://refhub.elsevier.com/S0001-8708(26)00106-4/bibC349B3628E7CB1B74792B2FD4EE8AD8Cs1
http://refhub.elsevier.com/S0001-8708(26)00106-4/bib1BE43FDBC98A1E8124907382321729C5s1
http://refhub.elsevier.com/S0001-8708(26)00106-4/bib1BE43FDBC98A1E8124907382321729C5s1
http://refhub.elsevier.com/S0001-8708(26)00106-4/bibB4A2B5B1D5C8C6734737EBBB82A1D51Bs1
http://refhub.elsevier.com/S0001-8708(26)00106-4/bibB4A2B5B1D5C8C6734737EBBB82A1D51Bs1
http://refhub.elsevier.com/S0001-8708(26)00106-4/bibBEEA953B0B23449FF213C80EC39439F0s1
http://refhub.elsevier.com/S0001-8708(26)00106-4/bibBEEA953B0B23449FF213C80EC39439F0s1


70 J. Crann et al. / Advances in Mathematics 492 (2026) 110884 

[32] S.-J. Kim, V.I. Paulsen, C. Schafhauser, A synchronous game for binary constraint systems, J. 
Math. Phys. 59 (3) (2018) 032201.

[33] Y. Kitajima, Local operations and completely positive maps in algebraic quantum field theory, in: 
M. Ozawa, J. Butterfield, H. Halvorson, M. Rédei, Y. Kitajima, F. Buscemi (Eds.), Reality and 
Measurement in Algebraic Quantum Theory, NWW 2015, in: Springer Proceedings in Mathematics 
& Statistics, vol. 261, Springer, Singapore, 2018.

[34] A. Klappenecker, M. Rötteler, On the monomiality of nice error bases, IEEE Trans. Inf. Theory 
51 (3) (2005) 1084--1089.

[35] L.J. Landau, R.F. Streater, On Birkoff’s theorem for doubly stochastic completely positive maps of 
matrix algebras, Linear Algebra Appl. 193 (1993) 107--127.

[36] L. van Luijk, A. Stottmeister, R.F. Werner, H. Wilming, Pure state entanglement and von Neumann 
algebras, Commun. Math. Phys. 406 (2025) 296.

[37] M. Lupini, L. Mančinska, V.I. Paulsen, D.E. Roberson, G. Scarpa, S. Severini, I.G. Todorov, A. 
Winter, Perfect strategies for non-local games, Math. Phys. Anal. Geom. 23 (1) (2020) 7.

[38] L. Mančinska, J. Prakash, C. Schafhauser, Constant-sized robust self-tests for states and measure
ments of unbounded dimension, Commun. Math. Phys. 405 (9) (2024) 221.

[39] D. Mayers, A. Yao, Self testing quantum apparatus, Quantum Inf. Comput. 4 (4) (2004) 273--286.
[40] A. Mehta, C. Paddock, L. Wooltorton, Self-testing in the compiled setting via tilted-CHSH inequal

ities, preprint arXiv:2406.04986, 2024.
[41] M. Navascués, S. Pironio, A. Acín, A convergent hierarchy of semidefinite programs characterizing 

the set of quantum correlations, New J. Phys. 10 (2008) 073013.
[42] V. Ostrovskyi, Yu. Samoilenko, Introduction to the Theory of Representations of Finitely Presented 

*-Algebras. I. Representations by Bounded Operators, Harwood Academic Publishers, 1999.
[43] C. Paddock, W. Slofstra, Y. Zhao, Y. Zhou, An operator-algebraic formulation of self-testing, Ann. 

Henri Poincaré 25 (10) (2024) 4283--4319.
[44] V.I. Paulsen, Completely Bounded Maps and Operator Algebras, Cambridge University Press, 2002.
[45] V.I. Paulsen, S. Severini, D. Stahlke, I.G. Todorov, A. Winter, Estimating quantum chromatic 

numbers, J. Funct. Anal. 270 (6) (2016) 2188--2222.
[46] V.I. Paulsen, I.G. Todorov, Quantum chromatic numbers via operator systems, Q. J. Math. 66 (2) 

(2015) 677--692.
[47] S. Pironio, A. Acín, N. Brunner, N. Gisin, S. Massar, V. Scarani, Device-independent quantum key 

distribution secure against collective attacks, New J. Phys. 11 (4) (2009) 045021.
[48] B.W. Reichardt, F. Unger, U. Vazirani, Classical command of quantum systems, Nature 496 (2013) 

456--460.
[49] B. Simon, Representations of Finite and Compact Groups, American Mathematical Society, 1996.
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