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1. Introduction

About two decades ago, a remarkable feature of quantum computation was uncovered
in [39]: quantum devices can be certified either by a user or by an independent third party
by only observing their outputs when completing specific quantum computational tasks.
This feature became known as self-testing, and was intensively studied in the subsequent
years, in particular in connection with device-independent quantum cryptography (see
e.g. [6,7,47,48]). The notion was used in the celebrated solution of the Tsirelson Problem
in [27], and a number of recent advances on the topic, from a variety of perspectives, has
been achieved in [10,15,38,40,43,56]. A survey of the concept and associated results can
be found in [50].

In its simplest form, namely, the (bipartite) Bell scenario, self-testing rests on the
correlation between the behaviours of two non-communicating parties, Alice and Bob,
performing a quantum experiment. Each of the two parties holds a quantum system,
modelled by two finite dimensional Hilbert spaces H4 and Hp, and share an entangled
state, modelled by a unit vector £ in the tensor product H4 ® Hp. Alice (resp. Bob)
has access to measurement devices, indexed by a finite set X (resp. Y'), modelled by
POVM’s, say (Eg.q)aca, € X, (vesp. (Fyp)ven, Yy € Y), where A (resp. B) is the set of
outputs for Alice (resp. Bob). The tuple M = (Ha, Hp, (Ez0)aca, (Fyb)oen,§) yields
a correlation, that is, a family pys of conditional probability distributions over A x B,
given by

pkl(aablmvy):<<Ew,a®F,b)§7£>7 $€X7QGKGGA,bEB- (1)

We say that the tuple M is a model of pjs; naturally, different models may yield the
same correlation pys. In the Bell scenario, self-testing consists in the fact that, in some
cases, the correlation py; determines uniquely (up to a natural equivalence) the model
M. Setups for self-testing, distinct from the Bell scenario, have also been considered;
for example, it was shown in [3] that probabilistic assignments of some contextuality
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scenarios can be self-tested, thus enlarging the capabilities of self-testing beyond classical
bipartite experiments.

Recent operator algebraic approaches to self-testing in the Bell scenario were made
in [38], [43] and [56]. They rely on the fact that, given the index sets X and A for Alice,
there exist an operator system Sx, 4 (resp. a C*-algebra Ax 4) that is universal for
families of POVM’s (Ey.4)aca, indexed over X, in that the latter completely determine
the unital completely positive maps (resp. unital *-homomorphisms) on the former. This
led to an abstract view on self-testing, developed in [43] and pursued further in [56],
which resides in the states of the commuting tensor product Sx 4 ®.Sy,5 [29] admitting
a unique extension to a state on the maximal tensor product Ax 4 ®max Ay, p. It was
shown in [43] that, in some cases, self-testing and abstract self-testing coincide.

In a parallel development, the commuting operator model of quantum mechanics has
been gaining importance over the past decade as a genuinely different (due to [27]) and
useful model in quantum information theory; see, for example, [17,18,45,46]. Abstract
self-testing was studied in the commuting operator model in [43], but no advances have
so far been made on providing a mathematical definition of self-testing in the latter
context.

On the other hand, in connections with non-local games with quantum inputs and
quantum outputs, no-signalling correlations were extended to the quantum setting in [53],
and further used as strategies for such games, notably for games arising from quantum
graphs, in [8] and [9]. The question of a suitable framework for self-testing of quantum-
to-quantum, or classical-to-quantum, correlations has been, however, open.

The purpose of the present work is to fill both of these gaps. We provide a far-
reaching framework for self-testing, which includes as a special case self-testing in the
Bell scenario for classical bipartite no-signalling correlations, as well as known instances
of self-testing for a single contextuality scenario, simultaneously developing a concept
of self-testing in the commuting operator framework. Our setup includes self-testing of
all correlation types of current interest, and is developed in a general case, where the
correlations between Alice and Bob arise from an arbitrary pair of operator systems. Our
approach covers a larger pool of correlations than the ones considered in [13] (e.g. ones
not necessarily arising from Bell scenarios), as well as a larger pool of models (namely,
quantum commuting ones). Our emphasis is on the mathematical workings of self-testing
in the commuting operator framework, as opposed to [13], where the emphasis is on
providing a rigorous operational framework of self-testing in the tensor product setting.

We apply our framework in a variety of new instances, including quantum commuting
self-testing for the CHSH game, self-testing of classical correlations arising from rep-
resentations of the Clifford relations, of synchronous correlations of quantum type, of
perfect strategies for quantum colourings of classical complete graphs, and of quantum
channels arising from Schur multipliers. We note that our results also capture self-testing
of probabilistic assignments of contextuality scenarios, capturing in particular [3, Main
Theorem].
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We describe the content of the paper in more detail. In self-testing of no-signalling
correlations of quantum type, a fundamental role for the identification of the uniqueness
of the model M (see (1)) is played by local isometries; in this case the latter have the
form V4 ® Vg, where V4 : Hy — K4 and Vg : Hg — Kpg are isometries between the
Alice’s and Bob’s systems, respectively. Local isometries allow to push forward correla-
tion models via operations on each of the systems of Alice and Bob, separately. In the
commuting operator model, the tensor splitting H 4 ® Hpg of the joint quantum system is
not available; instead, the latter is modelled by a single Hilbert space H. In Section 2 we
therefore develop a concept of a local isometry between quantum commuting bipartite
systems, which leads to a natural relation of dominance of one system by another. Along
with establishing some basic properties, related to composing and tensoring, we show in
Theorem 2.10 that the dominance relation is a pre-order.

In Section 3, we propose a notion of a model of a correlation for quantum commuting
systems. The quantum commuting correlations between Alice and Bob are represented
via states on the commuting tensor product S4 ®. Sp of operator systems S4 and
Sp, where the former captures the local degrees of freedom of Alice, while the latter
— those of Bob. A quantum commuting model over the pair (S4,Sp) is defined as a
tuple S = (4Hg,9a,9¢8,£), where A and B are the von Neumann algebras of local
observables for Alice and Bob, respectively, acting on a Hilbert space H, £ € H is a pure
state, and ¢4 : S4 — B(H) and ¢p : Sg — B(H) are unital completely positive maps
with commuting ranges that are contained in the corresponding observable algebras. The
model S determines a correlation fg, given by

fs(u) = ((pa-¢p)(W)E &), ueSa&cSs, (2)

and a state fg of the maximal tensor product C*(S4) ®max C:(Sp) of the corresponding
universal C*-algebras, by a canonical extension. Local isometries now allow to define
a local dilation relation S < S between models S and S (of the same correlation); we
show that the latter is a pre-order. In fact, it is natural to work in what appears to be a
greater generality of the approzimate local dilation order S <, S, for which we require the
existence of a sequence of local isometries that attain S from S in the limit, and which
continues to imply that fg = fs. (Approximate) local dilations between models lead
naturally to the notion of (weak) self-testing of a given quantum commuting correlation
by requiring the existence of a maximal (with respect to the (approximate) local dilation
pre-order) model for the given correlation. The main result of Section 3 is Theorem 3.13,
a result that extends [43, Proposition 4.10] to the commuting operator framework:

Theorem 1.1. Let S5 and Sp be operator systems and M be a family of quantum commut-
ing models over (Sa,Sg). Let S = {fs :S €M} and f: Sa®:.Sp — C be the restriction
of an element of S. Assume that I contains a centrally supported Haag model of f. If
f is a weak self-test for M then f is an abstract self-test for S.
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In Section 4, we study further abstract self-tests, providing a characterisation thereof
in the general case. In Theorem 4.3, we extend [43, Theorem 3.5], thus establishing a
partial converse of Theorem 1.1 for a given class of models 9, where the observable
algebras of Alice and Bob are of type I:

Theorem 1.2. Let S = {fs : S € M}, let S € M, and let f = fg. Assume that f is an
extreme point of the state space of Sp ®. Sp. Suppose that f has unique extension to a
state on C(S4) @min Ci(Sp)- Then f is a self-test for M and there exists an irreducible
ideal model S" € M. In particular, if f is an abstract self-test for S then [ is a self-test
for M that admits an irreducible ideal model S’ € M.

Section 5 is dedicated to applications and examples. In their majority, they are con-
cerned with finitary quantum systems, that is, based on a pair of finite dimensional
operator systems. In Subsection 5.1, we show how the proposed framework includes self-
testing of QNS correlations introduced in [53]. Subsection 5.1 also places the self-testing
of POVM correlations [43] in our setup, and explores the relation between the latter and
QNS self-testing. En route, we record some new observations about the relation between
the universal operator systems for POVM self-testing and QNS self-testing. Example 5.6
demonstrates that self-tests for classical no-signalling correlations cannot be automati-
cally lifted to self-tests for quantum no-signalling correlations. Subsection 5.2 shows that
the optimal quantum strategy for the CHSH game persists in being a self-test within the
class of quantum commuting correlations.

In Subsection 5.3, we continue the study of self-testing for no-signalling correlations
of quantum type. We single out a class such correlations (which we call Clifford correla-
tions), arising from representations of the Clifford relations, and show that synchronous
Clifford correlations are abstract self-tests. We employ the NPA hierarchy [41], showing
that the latter fact leads to self-tests among the correlations with constraints on their
order-two moments.

Our framework can host self-testing for a pair of contextuality scenarios [1]. We note
that the framework of contextuality scenarios is designed to include as a special case no-
signalling correlations; however, no-signalling is usually studied alongside contextuality.
One can show that, even in the case where one of the scenarios consists of a single
outcome, this setting may be non-trivial, by casting [3, Main Theorem)] in our language.

In Subection 5.4, we show one yet new special case hosted within our framework,
namely, classical-to-quantum no-signalling correlations. We show that perfect strategies
for the quantum colouring game of classical complete graphs are self-tests. Finally, Sub-
section 5.5 provides self-testing examples among Schur quantum channels.

The relation between abstract self-testing — requiring a unique extension of a state
to a tensor product of C*-covers — and self-testing — defined through the existence of a
maximal dilation — is reminiscent of the relation between the unique extension property
(UEP) for unital completely positive maps on operator systems and maximality in dila-
tion order [2], wherein C*-envelopes play a crucial role. In fact, this similarity was one of
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our motivations for developing an operator system approach to self-testing. In order to
elucidate this similarity, in Section 6 we show that many of the special cases studied in
the literature as well as our new self-testing examples fall in the class of states that can
be factored through the tensor product of C*-envelopes of the ground operator systems.
We also show that every stochastic operator matrix admits a unitary dilation, allowing
us to identify the C*-envelope of the universal operator system of QNS correlations. We
leave a deeper investigation of the connections with UEP to future work.
In Section 7, we comment on some questions arising from our work.

Notation. We let X ® Y be the algebraic tensor product of vector spaces X and ),
unless the latter are Hilbert spaces, in which case the notation will be reserved for
their Hilbertian tensor product. Given Hilbert spaces H and K, we let B(H, K) be the
(Banach) space of all bounded linear operators from H into K; we set B(H) = B(H, H).
If A is a unital C*-algebra, we write 14 for its unit, and let 1z = Iy = 1pm). The
opposite C*-algebra A° of A has the same set-theoretic, linear and involutive structure
as A and, writing its elements as a°, where a € A, its multiplication is given by letting
alag = (a20a1)°, a1, as € A. The maximal (resp. minimal) tensor product of C*-algebras
A and B will be denoted by A ®max B (resp. A @min B). If A and B are von Neumann
algebras, their spatial weak* closed tensor product will be denoted by A®B.

For a finite set X, we let {e, },ex denote the canonical orthonormal basis of CX. We
write Mx for the algebra of all X x X complex matrices, and let {Em,x/}x,z/ex be the
canonical matrix unit system in Mx. We let Tr (resp. tr) be the trace (resp. normalised
trace) on Mx; we write Tr x| (resp. tr|x|) to improve clarity as needed.

2. Local isometries

In this section, we define a notion of local isometry in the commuting operator frame-
work of quantum mechanics and establish some of its properties that will be used in the
sequel. We first recall the tensor product model of composite quantum systems; it serves
as a motivating example which we aim to generalise.

Let Ha, K4, Hp and Kp be Hilbert spaces; they give rise to two (bipartite) quantum
mechanical systems with observable algebras B(HA®Hp) = B(HA)®B(Hp) and B(K A®
Kp) = B(KA)®B(Kp), respectively. An isometry V : Hy ® Hg — K ® Kp is called
local if V =V, ® Vp for some isometries V4 : H4 — K4 and Vi : Hg — Kp. We may
view V4 ® Vp as a composition in two ways, by introducing the intermediate Hilbert
spaces Hqa ® K and K4 ® Hp and writing

Va@Vp=(Va®Iky)o(Uu, ®Ve)= Ik, ®Vp)o(Va® Iuy);

in other words, we have a commutative diagram
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V]
Hia® Hp A4>BHA ® Kp
J{VA@IHB J{VA@)IKB
IKA

Kia® Hp 4> Ki® Kp.

Towards formulating a suitable extension of the framework described in the previous
paragraph, we fix von Neumann algebras A and B. The next definition recalls the stan-
dard notion of a bipartite quantum system that is commonly used (see, for example,
[30,31,36,55]).

Definition 2.1. A bipartite quantum system over the pair (A, B) is a pair (H,7), where
H is a Hilbert space and 7 : A Quax B° — B(H) is a unital x-representation, normal
in each of the two variables (equivalently, 7 is a unital representation of the binormal
tensor product A Qi B [23]).

We will often write m = 7y if we want to emphasise the underlying Hilbert space. We
let my(a) =m(a®1),a € A, and 7y (b°) = 7(1 @ b°), b° € B°. We set

a-&:=mg(a)f and £-b:=7g(b°)¢, ac A beB, <€ H;

thus, a bipartite system over (A, B) is, equivalently, a normal Hilbertian A-B-bimodule
[52, §1X.3]. For clarity, we will use the notation 4Hpg in the place of H, and, by abuse
of notation, will refer to 4Hp as a biparite quantum system. Heuristically, a bipartite
quantum system 4Hjp is a joint quantum system of parties Alice and Bob; the algebra A
represents Alice’s part of the system (namely, the observables accessible to Alice), while
the algebra B — Bob’s part of the system (namely, the observables accessible to Bob).

Remark 2.2. If 4Hpg and ¢Kp are biparite quantum systems then the tensor product
H ® K is a bipartite quantum system over the pair (A®C, B&D) in a canonical fashion.
We write H® K = AHg ® ¢ Kp.

Definition 2.3. Let A, A;, B, B; be von Neumann algebras, ¢ = 1,2, and 4, Hg, 4,K5,
AH B, and aK B, be biparite quantum systems.

(i) An operator T € B(H, K) is called A;-Az-local with respect B if
(") T(&-b)=(T€)-b, 6 € H,be B, and
(") Tra (AT C 7w (Ag).

(ii) An operator T € B(H,K) is called B -By-local with respect to A if
(it") T(a-€) =a-(T€), € H,ac A, and
(ii”) TWH(BO)T* C mr(B3).

If no confusion arises, A;-As-local with respect to B (resp. Bi-Bz-local with respect
to A) operators will be simply referred to as A-local (resp. B-local). We note that the B-
module condition (i) in Definition 2.3 is equivalent to the operator T : 4, Hg — 4,K35
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being an intertwiner between the representations my and wg of B. Intuitively, such
an intertwiner is A-local if, in addition, the conjugation by T leaves Alice’s algebras
of observables globally invariant. Such module and invariance conditions are common
features among notions of local operations in algebraic quantum theory (see e.g. [16,17,
33,36,55]).

Definition 2.4. Let 4, Hp, and 4,Kp, be bipartite quantum systems over (A;, B;), 7 = 1, 2.
An operator T': 4, Hp, = 4,Kp, is called local if there exist bipartite quantum systems
ALg, and 4,Lp,, A1-As local maps

T171 : .AlHB1 — A2L51 and TQ’Q : A1L52 — A2K327
and Bi-Bs local maps
Tl,g : A1H61 — A1L52 and T271 = A2L31 — A2K82?

for which the diagram

T1,2
.A1H81 — AlLBQ

JTLI J{ng (3)

~ Tz 1
AL, —— 4,Kp,

commutes, and T' =Ty 9 0Ty 2 (= To,1 0 T1,1). If the local maps T; ; can be chosen to be
isometric for all ¢ and j, we say that 1" as a local isometry, and write 4,Hp, < 4,KB,.

The commutative diagram (3) generalises commutativity of operators on a single
Hilbert space as well as the natural factorisation of a tensor product of isometries; see
Example 2.6. We note that the definition of a local isometry is modelled on the one in
the tensor product case, where all analogous maps to T; ; are isometries; therefore we
have required this property in the general case as well.

Henceforth, when discussing local isometries we will stick with the convention that
the “vertical maps” T1 ; and T3 5 are A-local and the “horizontal maps” are B-local.

Remark 2.5. (i) Let A and B be commuting von Neumann algebras acting on a Hilbert
space H. Then we can view H =4 Hgo as an A-B°-bimodule in the canonical fashion.
Let u € A and v € B be isometries. Then the product uv : gHgo — 4Hpo is a local
isometry in the sense of Definition 2.4, with canonical factorisations.

(ii) In the context of item (i), assume that 4Hp < zHjz, implemented by isometries
T;;, 4,5 = 1,2, as in (3). Writing 4Lg for the upper right corner of (3), we have that
there exists a normal *-representation o : A — B(L) and a normal *-representation

p:o(A) — B(H), such that ran(p) C w5 (A), and
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Tisa=o0(a)Th2 and Thao(a) = p(o(a))Ta2, ac€ A. (4)

Indeed, the existence of o and the first relation in (4) are a restatement of condition (ii’)
in Definition 2.3, while p can be defined by letting p(c(a)) = Tz 20(a)T5 5, a € A.

Example 2.6. For a Hilbert space H, let H be its dual Banach space, and let 8 : H — H
be the conjugate-linear isometry, given by d(€)(n) = (,€), &,m € H. We write £ = 9(&),
¢ € H. If K is a(nother) Hilbert space, let So(K, H) be the Hilbert space of all Hilbert-
Schmidt operators from K into H, and 6 : H ® K — Sy(K, H) be the unitary operator,

given by 0(§ ® )(¢) = (1, ()¢.

Let Ha, K4, Hg and Kpg be Hilbert spaces. We note the canonical identification
B(Hp)° = B(Hg), where an element b° € B(Hp)® is identified with the dual operator b :

Hp — Hp of b € B(Hp). Consider the normal *-representation 7, omy : B(HA) @max
B(Hp)° — B(Ha ® Hg), given by

mr(a)(€) =071 (ab(€)), T (b°)(€) =07 (B(E)D),

where a € B(Ha),0° € B(Hg)° and £ € Ha ® Hp. We write b* for the operator on
Hpg for which 7y (b°) = Iy, @b, b € B(Hg). The *-representation 7y, gm, gives rise
to a bipartite quantum system (g ,)(Ha ® Hp)g(H,)e; We similarly obtain a bipartite
quantum system p(x ,)(Ka ® Kp)p(kp)o- Quantum systems of the latter form will be
called quantum spacial systems.

Suppose that V4 : Hy — K4 and Vg : Hg — Kp are isometries. Let L = Hy ® Kpg
and L = K4 ® Hp, and consider the bipartite quantum systems g(sr,)Lpxy)e and
B(KA)EB(HB)O, arising as described in the previous paragraph. Setting T} 1 = Va4 ® I,
Tvo =1, ®Vp, Toq1 = Ik, ® Vg and To 3 = V4 ® Ik,, we obtain a commutative
diagram

T
B (Ha ® Hp)(#p)e ———— B(#a) LK)

J{Tm sz,z (5)

~ T
Bk Lirn)ye ——— ) (Ka @ KB)s(xp)es

for which V4 ® Vg = T52T12 = T5:T1,1. We will call the local isometries of the latter
form split.

Proposition 2.7. Let Ha, K4, Hg and Kg be Hilbert spaces. Every local isometry from
B(HA)(HA X HB)B(HB)O to B(KA)(KA ® KB)B(KB)O 1s split.

Proof. Suppose that V : Hy ® Hg — K, ® Kp is a local isometry in the sense of
Definition 2.4, and let gy ,)Lp(xp)e and gk ,)LBry)e be bipartite quantum systems,
while 771,712,751 and Tho are local isometries in the diagram (5), such that V =
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Ty0Th2 = To1T11. There exists a normal *-representation p : B(Ha) — B(L) such
that Th0a = p(a)T12, a € B(H4). Up to unitary conjugation, we may thus assume
that L = H4 ® L’ for some Hilbert space L' and p(a) = a ® I/, a € B(Ha). Further,
there exists a normal *-representation 6 : B(Hp)° — B(H4 ® L'), such that 6(b)p(a®) =
p(a®)0(b) for all a € B(H,4) and all b € B(Hp). It follows that, up to unitary conjugation,
L'=Hp ® Lo and §(b°) = Iy, @ b* @I} , b€ B(HB)

We may similarly assume that L=K A® Hp ® LO for some Hilbert spaces Ly and
Lo, and that

WL(Q):CL@IKB@ILO and ﬂL(bO):IHA®bt®IEO,
for a € B(Ha) and b € B(Kp), and
Wz(a):CL@IHB@IEU and Wz(bo)ZIKA(X)bt@ItEO,

for a € B(K4) and b € B(Hpg). Condition (ii’) in Definition 2.3 implies that, for every
hi,ho € Hy, § € Hp,n € Kp® Ly and a € B(H4), we have

(T12(ah1 ® §),ho @ ) = (T12(h1 ®)),a"ha @ 7).
It follows that
(idm, Quwe ) (Th2) € B(Hy) =Cly,.
Letting A¢ , € C with (idg, ®we n)(Th,2) = Ae.nlm,, it is straightforward to verify that
the map (§,1) — A¢, is conjugate-linear and bounded, therefore yielding a bounded
operator W : Hg — K ® Lg, such that

Aeq = (WgEm), € Hp,ne Kp® L.

Thus T » = Ig, ® Wp and, since 17 » is an isometry, so is Wp.
Condition (ii”) in Definition 2.3 now reads

(g, ®Wg)Un, @ B(Hp)?) U, ® Wg) C In, @ B(Kp)° ® I,
that is,
WpB(Hp)°W5 C B(Kp)° ® IL,. (6)

If b° € B(Hp)° is a rank one operator, then the left hand side in (6) is a rank one
operator, implying that dim Ly = 1. Slmllarly, dim Lo = 1, and there exist isometries
WB Hp - K, Wa: Hy — K4 and WA H, — K4 such that

To1=1Ix, ®Wg, Tia=Wa®Iy,, and Thy=Wa® Ix,.
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It follows that V = W\Z QW =Wys & 171/\];, implying that W, = I7V: and Wp = ﬁ/\;.
The proof is complete. O

Example 2.8. Let 4He, Aﬁc, cKp and CIN(B be bipartite quantum system, for some von
Neumann algebras A, B and C. Suppose that V : sHe — Aﬁc is an A-local isometry
and W : ¢Kp — cf{ B is a B-local isometry. Fix a faithful normal semi-finite weight ¢ on
C (or a faithful normal state if C is o-finite), and let X denote Connes’ fusion product of
bimodules relative to ¢ [52, Definition 1X.3.16]. Then the commuting diagram

AHe X cKp LY AHe R eKp

J{V@IK J{V®I[‘(

~ 150W  ~ ~
AHeWeKp —— 4Hc X cKp
gives rise to a local isometry VX W : sHe KK —4 ﬁc X CI?B.

Remark 2.9. (i) It is straightforward to see that, if A;, B (resp. A, B;) are von Neu-
mann algebras, 4, Hg) (resp. AKZ(S?) are biparite quantum systems, ¢ = 1,2,3, and S; €
BHW, H®) and Sy € B(H®, H®) (resp. Ty € B(KW, K®) and T, € B(K?), K(®)))
are A-local (resp. B-local) operators, then the operator S357 (resp. T577) is A-local
(resp. B-local).

(ii) Let 4,Hp, and 4,Kp, (resp. Alﬁé’l and Azf(@) be bipartite quantum systems
over (.A“BZ) (resp. (./L,BZ)), ¢ =1,2. Ifr: A1H31 — A2K32 and T : Alﬁgl — AQKBQ
are local maps (resp. isometries) then T ® T : 4,Hp, ® 3 Hg — 4,Kp, ® 1,Kz, is
a local map (resp. isometry). Indeed, suppose that T' = To 30 T1 o = To; 0 T1; and
T = T272 o Tl,g = T271 o Tl,l as in diagram (3). Setting Ti,j =T;; ® Ti)j, we witness the
locality of T ® T through the identity

TQT =Tho0Tio="Ts10T11.
We now extend Remark 2.9 (i) by showing that the relation < is transitive.

Theorem 2.10. Let A; and B; be von Neumann algebras, i = 1,2,3. If 4, Hg, < 4,Kp,
and 4,Kp, < a.Lp,, then 4, Hp, < a.Lp,.
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Proof. We need to complete the diagram

Vi ~
.A1HB1 — A1H82

J,Vl 1 lVQ‘Q

~ Vo Va3 ~
A2H51 AzKBz -AQKBS

~ V3,2
.AgKBz — ASLBg

to a commuting diagram of the form

for some quantum systems Alng and A3z51, some B-local isometries W; 3 and W3 o,
and some A-local isometries W5 3 and W3 ;.

Let fo € A, be a central projection, such that kermg|4, = f5-A2. We have that
K| fosts © f2 A2 = T (A2) is a normal unital *-isomorphism; in the rest of the proof, we
denote by 7r;(1 its inverse, from mx (Az) onto faAs. By the A-locality of V5 o, there exists
a (unique) projection ey € fo Az such that py := Vo2V = mx(e2). Let pa = mi(e2) €
B(K), and set L := paK.

Recalling that 7Tl_(1(‘/2727r’ﬁ(a1)‘/2»:2) € fa Az, define 7r“z4 : Ay — B(L) by

(1) = mr(rg (Vaorg(a1)Vs)), a1 € Ar.

SRS

Note that the A-locality of V5o implies ‘/2727Tﬁ(a1)‘/2*72 € mx(Asz), so by the fact that
V2,2 is an isometry, 7T'3[:4 is a well-defined normal *-homomorphism. It is also unital as
A — — —
mr(la) =pa=1lg,, 5
Next, define W% : B§ — B(L) by letting

w2 (b9) = pam(b9)pa, b € B3,

Since 77 (A2) € 7mx(B3)', we have that pa € 77(B3)’, and hence the map W? is a
normal unital *-homomorphism. The inclusion 73(Az2) C 75(B3)" implies that 77? and
W% have commuting ranges, and therefore define a unital, separately weak® continuous,

*-homomorphism
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;1= Wf X 7T~ : A1 Qmax B — B(L )

turning L into an A;-Bs-bimodule 4, L, .
Let Wy 3 = Vo 3Va 5. Since

Vo3Vao = Vosmr(e2)Vao = mr(e2)Va3Vo o = paVa3zVa o,

we have that W13 : 4, Hp, — AIE& is a well-defined isometry. Given a; € Aj, let aq
be the unique element of fy.A4s such that Vz,gﬂﬁ(al)vz":z = 7k (az). We have

Wi amg(ar) = VasVaomg(ar) = VazVoomg(ar) Voo Voo
= Vasmi (az)Vao = mi(a2)Va3Va o

= (i (Vaomp(a1)Vs'y))VasVa = w3 (a1) W s.

Given by € Bs, we have V5 37TK(b2)V23 = 7m(b3) for some bz € Bs. Let e3 € B3 be a
projection for which V5 3V5'3 = m(e3). Then

Wi BT (bg) W7, 3= = Va3V, 2T (b g)V;,QVZe. = VZ,BWK(bg)VQJVZQVQfs
= Vo amr (03) T (€2)Vag = Va3mi (b3) Va3 Vo 3mi (e2) V5 5
= (05)Vasmi(e2)Vag = m(b5)paVesVas

= 1 (b3)pari(e3) = m(bses)pa = my (b5e3).

Hence, W, 3 is a B local map. By Remark 2.9, the composition W; 3V1 2 is a B-local map.

Let W3 : — K be the inclusion map. We have that Wy 3 is A-local. In fact,
condition (i) from Definition 2.3 is tautological because of the definition of W5 3, while,
if a; € Ay, there is unique as € fo.As such that

Wasmi(a)Ws 3 = Wﬁ(ﬂ%l(V27271'ﬁ(a1)v2f2))p.4

= mx(a2)m(e2) = Tz (azez),

implying Wa 377 (a1)W5 3 € 73 (Az2), and thus conditign (i”) from Definition 23.
We similarly define a bipartite quantum system 4, Zgl, and isometries W3 ; : H— L

and Wi : L - K. Using symmetric arguments, we have that the operator W3 is
A-local, while the operator W3 5 is B-local. By Remark 2.9, the composition V3 2 W3 o is
B-local, while the compositions W5 1V 1 and V3 3W5 5 are A-local.

The relation Wy 3W; 3 = V5 3V5 9 follows from the definition of the operators Wi 3
and Wy 3; similarly, W3 oW3 1 = "72)2‘/271. The commutativity of the diagram (7) is now
immediate, and the proof is complete. O
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3. Models and self-tests

Our generalisation of self-testing is based on the notion of an operator system; we
recall some basic facts and concepts, and refer the reader to [44] for details. If H is a
Hilbert space and S C B(H) is a linear subspace, the space M,,(S) of all n by n matrices
with entries in S can be viewed as a subspace of B(H™) after identifying M,,(B(H)) with
B(H™). It S C B(H) and T C B(K) (where K is a(nother) Hilbert space) are subspaces
and ¢ : S — T is a linear map, we let ¢(™) : M, (S) — M, (T) be the (linear) map, given
by ¢ ((ai;)i;) = (¢(ai;))ij. An operator system is a subspace S C B(H), such that
I;; € Sand s € § = s* € S. We note that every operator system is an operator space in
a canonical fashion. Every operator system S is an abstract operator system in the sense
that (a) S is a linear *-space; (b) the real vector space M,,(S)p, of all hermitian elements in
the *-space M,,(S) is equipped with a proper cone M,,(S)"; (¢) T* M, (S)TT C M,,(S)*
for all n,m € N and all T € M,,,,, and (d) the cone family (M, (S)"),en admits an
Archimedean matrix order unit. If S and 7 are abstract operator systems, a linear map
¢ : S — T is called positive if ¢(ST) C T+, completely positive if #(") is positive for
every n € N, unital if ¢(I) = I, and a complete order isomorphism if ¢ is completely
positive, bijective, and its inverse ¢! is completely positive. By virtue of the Choi-
Effros Theorem [44, Theorem 13.1], every abstract operator system is completely order
isomorphic to an operator system and hence carries a canonical operator space structure.
We note that every unital completely positive map between abstract operator systems
is automatically contractive. A state of an operator system S is a positive unital linear
functional; we denote by S(S) the (convex) set of all states of S.

Let S be an operator system. Recall that a pair (C}(S),:) is called a universal cover
of 8, if C(S) is a unital C*-algebra, ¢ : S — C(S) is a unital complete order embedding
such that ¢(S) generates C(S) and, whenever H is a Hilbert space and ¢ : S — B(H)
is a unital completely positive map, there exists a *-representation my : C(S) — B(H)
such that 74 0 ¢ = ¢ (see e.g. [29]). It is clear that the universal cover is unique up to a
canonical *-isomorphism.

We fix throughout this section operator systems S4 and Sg. Their commuting tensor
product Sa ®. Sp is the operator system with underlying vector space the algebraic
tensor product S4 ® Sp, and matrix order structure inherited from the inclusion S4 ®.
Sp C Ck(SA) ®max C(Sp); thus, Sq4 ®. Sp sits completely order isomorphically in
C}(S4)®maxC; (Sp) (we note that we are using an equivalent definition of the commuting
tensor product to the original one, see [29, Theorem 6.4]). Given a Hilbert space H and
unital completely positive maps ¢4 : S4 — B(H) and ¢p : Sp — B(H) with commuting
ranges, there exists a (unique) unital completely positive map ¢ 4-¢p : SA®.Sp — B(H),
such that

(pa-vB)(s®@t) =pa(s)pp(t), s€SateSp

(see [29, Corollary 6.5]).
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Definition 3.1. A quantum commuting model over the pair (S4,Sp) is a tuple

S = (aHg,pa,¢B,§),

where H is a Hilbert space, £ € H is a unit vector, ¢4 : Sa4 — B(H) and 5 : Sp —
B(H) are unital completely positive maps with commuting ranges, A is von Neumann
subalgebra of B(H), B is a von Neumann algebra with B° C B(H), H = 4Hp is a
bipartite quantum system over (A, B), and the inclusions p4(Sa) € A and ¢p(Sg) C B°
hold.

We say that S is a Haag model if B° = A'.

We note that every pair (¢4, ¢p) of unital completely positive maps with commuting
ranges, say, ©4 : Sa — B(H) and pp : Sg — B(H), and a choice of a unit vector £ € H,
give rise to a canonical quantum commuting model over the pair (Sa,Sg) by letting .4
(resp. B°) be the von Neumann algebra, generated by ¢a(Sa) (resp. ¢5(Sp)). To each
model S = (4Hp,¢a,¢B,£), we associate a linear functional fg : S4 ®. Sg — C by
letting

fs(u) = ((pa-¢B)(W)E,E), ueSa&cSs,

and a linear functional fg : C%(S4) @max C(Sp) — C by letting

fs(u) = ((ma-7) (W)€, &), u € Cr(Sa) Omax Cp(Sp)-

We note that fg and fg depend only on the tuple (H,pa,¢8,£) and not on the von
Neumann algebras A and B.

We note that Definition 3.1 is motivated by the commuting operator model for no-
signalling correlations; for the convenience of the reader, we recall here the relevant
definitions. Let X, Y, A and B be finite sets. A family p = ((p(a,b|z,y)ep : (z,y) €
X x Y} of conditional probability distributions over A x B is called a no-signalling
correlation of quantum commuting type [45,46], if

p(aab|xay) = <Ew,aFy,b§7£>> T e va c Ka S Aab S Ba

for some POVM’s (E; 4)aca, © € X (resp. (Fyp)oen, ¥ € Y) on a Hilbert space H such
that By o Fyp = FypEq,q for all 2,y,a,b, and a unit vector { € H.

Let Ax, 4 be the universal C*-algebra, generated by projections e, 4, z € X, a € A,
satisfying the relations ) . 1€z = 1,2 € X, and let Sx 4 = span{e; o : © € X,a € A},
viewed as an operator subsystem of Ax 4 (see e.g. [37]). As it will be seen in greater
detail in Subsection 5.1, the tuple (H, (Ez,q)a,a: (Fy,b)y.b, &) as in the previous paragraph
gives rise in a canonical fashion to a quantum commuting model S over (Sx, 4, Sy,5), and
the family p = ((p(a,b|z,y)ep : (z,y) € X x Y}, defined by p(a,blz,y) = fs(ew,a @ eyp),
is a quantum commuting no-signalling correlation.
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We now return to the discussion of general quantum commuting models and introduce
the fundamental partial order between such models that will lead to the notion of self-
testing in the commuting operator framework (Definition 3.6 below).

Definition 3.2. Let S4 and Sg be operator systems, and suppose that S = (4 Hp, @4,
vB,€&)and S = ( 1Hg, 04, PB,§) are quantum commuting models over the pair (S4,Sg).

(i) We say that S is a local dilation of S, and write S < S, if there exist a bipartite
quantum system 4, (Haux)B,,, Oover a pair of von Neumann algebras (Aaux, Baux),
a unit vector &yux € Haux, and a local isometry V : 4Hp — jﬁg ® Au (Haux) B
such that

V‘)OA(S)QOB(t)f = (@A(S)QEB (t)g) ® Eauxs S € Sa,t € Sp. (8)

(ii) We say that S is an approzimate local dilation of S, and write S =<, §7 if there

exist bipartite quantum systems 4, ... (H;aux)5 over a pair of von Neumann

i,aux

algebras (A; aux, Bi aux), unit vectors &; aux € H; aux, and local isometries V; : 4Hg —
AHE ® 4y e (Hiaux) By > © € N, such that

[Viea(s)ppt)E — (24(8)@5()E) ® &iaux| —imsec 0, sE€Sa,t€Sp. (9)

We note that the reverse notation S < S was used in [43] to designate that Sis a
local dilation of S, but we have decided to employ the one specified in Definition 3.2
as it agrees with the usual conventions in operator algebra theory (see e.g. [19]). More
precisely, even though in self-testing examples, an ideal model S is typically smaller (in
the sense of Hilbert space dimension) than a given model S satisfying S < S (in line
with the reverse notation from [43]), assistance from an auxiliary system together with
a (typically entangled) auxiliary state is needed to witness the local dilation property
S=<S:

VH(@a(s)gp(t) @ VE = @als)pn(t)S.
We therefore view this property as a form of entanglement assisted local dilation.
Remark 3.3. By linearity, condition (8) is equivalent to

V(pa-¢p)(w)é = (pa-@8) ()@ Eax
being fulfilled for every v in the completion of the tensor product S4 ®. Sp. In addition,
choosing u = 1, we have that V& = £ ® Eaux.

An e/3-argument, together with the uniform boundedness of the sequence (V;);en
appearing in (9), shows that (9) is equivalent to the condition
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|Vi(pa - 08) (W)€ — (4 - 38)(WE ® & aux| —imoo 0, (10)

for all v in the completion of the tensor product Sy ®. Sp. Choosing v = 1, we have, in
particular,

||V;§ - g® gi,aux” — oo 0.
It is clear that
S<S — 8=<,8.

Proposition 3.4. The relations =< and =<, are preorders.

Proof. Assume that S <, S and S =<, S, realised via sequences (V;);en and (V;)ien

of local isometries, where V; : aHp — 7Hz ® A, . (Hiaux)Bi e and Vi @ 7Hz —

jﬁl% ® i (ﬁi@ux)gim]x, 1 GAN. By Remark 2.9, 171 ® Iy, .. is a local isometry from

i,aux

AVE[E ® Ai,aux (HauX>Bi,aux to jﬁg ® -’Zi,aux (ﬁi,aux)g x ® Ai,a“X(Hi)aux)Bi,aux' It fOllOWS

i,au

now from Theorem 2.10 that (171 Q Iy

i,aux)

® Ay aux (Hiaux)B; auxs © € N. Further, if s € Sy and t € Sp then

V; is a local isometry from 4Hp to jgé ®
in,aux (Hi’aux)g

i,aux

H(ﬁ ® Ly Wipa(8)o5(0E — (Ga(9)B5(DE) @ Ermux © Eran

< ||V @ I, o) Vioa ()0 (0E = (Vi © L, ) (2a(8) 52 (DE) © Eioun

+ (‘Z &® IHi,auX)@A(S)L)bB (t)é &® fi,aux - <$A(S)5B(t)£) &® gi7aux ® gi,aux

< H%@A(S)QOB(t)g - @A(S)QaB (t)g@ gi,auxH

|| (Vi © In, )2 (5)2B(DE — (2 4(5)5(H)E) @ & aux

It follows that

H(Vz © Ly oo Wipa(8)pn(DE = (B4(8)B (D) © G © Esmun]| 4100 0.

Thus the family ((‘N/z ® Iy Vi)ien implements an approximate dilation yielding the

)
relation S =<, g, and showing that the relation =<, is a preorder. The fact that < is
a preorder now follows after noticing that it is a special case of <,, implemented by
constant sequences of local isometries. O

It is straightforward that if S < S then [s = fg. In fact, the same implication holds
for approximate dilations.
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Proposition 3.5. If S <, S then fs = fs-

Proof. Let 4, ,..(Hiaux)B, ... be bipartite quantum systems, & aux € Hiaux be unit
vectors, and V; : 4Hp — H ® A; wux (Hi aux) By, De local isometries, ¢ € N, for which

condition (9) holds. leen €>0and u € Sy ®: Sp, in view of (10), let i € N be such
that

[Viloa - 05)(w)E — (B4 85)WE @ G| < 5

and

|

< €
2||ull

We have

|f5(u) = fs(u)| = [((@a - 2B)(W)E, &) — ((pa - wB)(W)E,E)|
= [((@4 - £B)(W)E ® & anx, € © & aux) — (Viloa - 8) (W), V§>|

< (@4 ¢B) (W)€ ® & aux: € @ &iaux) — (Vila - 0B) (W)E,
+ KV va-pp) (U, £®§i aux) — (Vilpa - o) (w)E, Vif)

=3 ||§®§z aux” + o 2” ” HV(SDA 4103)(“)5” <e

As e is an arbitrary positive real, we have that fz(u) = fs(u) for every u € S4®.Sp. O

Definition 3.6. Let C be a class of quantum commuting models over the pair (S4,Sg),
and S be a subset of states of the C*-algebra C*(S4) ®max Cii(Sp).

(i) We say that a state f : S4 ®. Sp — C is a self-test for the class C if there exists
S € C such that [ = fg and, whenever S € C is such that fs = f, we have that
S < S. In this case, we say that S is an ideal model for f-

(ii) We say that a state f : Sy ®. Sgp — C is a weak self-test for the class C if there
exists S € C such that [ = fg and, whenever S € C is such that fs = f, we have
that S <, S. In this case, we say that S is an weak ideal model for f-

(iii) We say that a state f: Sy ®. Sp — C is an abstract self-test for S if there exists a
unique state g € S such that g|s,z.s; = f-

It is clear that, in the notation of Definition 3.6, the state f : S4 ®. Sp — C is a
self-test for the class C if and only if it is a self-test for the class Cy :={S € C: fs = f}.

Remark 3.7. The setup of Definition 3.6 will be applied in several different contexts in
Section 5. The primary motivation behind it is the self-testing paradigm for no-signalling
correlations of quantum type [38,43]. Letting X,Y, A, B be finite sets, Sx 4 (resp. Sy,B)
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be the universal operator system of |X| (resp. |Y|) POVM’s, each of cardinality |A]
(resp. | B, see (27)), Definition 3.6 (i) provides a commuting operator generalisation of
the usually employed notion of self-testing for quantum spacial systems (see e.g. [50]).
We refer the reader to Subsection 5.1 for an extended discussion.

Note that robust self-testing for no-signalling correlations arising from finite dimen-
sional models (see e.g. [56, Definition 3.3]) is a priori stronger than the corresponding
notion of weak self-testing from Definition 3.6 (ii).

The remainder of this section is devoted to the proof of our main Theorem 3.13. To
that end, we require some notation, terminology and a number of preparatory lemmas.

We recall that, if H is a Hilbert space, M C B(H) is a von Neumann algebra and
w: M — C is a normal positive functional, the support of w [28, Definition 7.2.4] can
be defined as the smallest projection p € M such that w(z) = w(pxp) for all x € M. For
& € H, write we for the vector state, given by we(x) = (2€, &), © € B(H). Note that, if p
is the support of the functional we|aq then

pE=¢&. (11)

Indeed,

1€ = PEII* = (€,€) — (€ pE) — (PE, &) + (p€, pE) = we(1) —we(p) =0,

and (11) follows.

Given a quantum commuting model S = (4Hpo, 4, ¢B, &), where A, B° C B(H), we
let e4 € A (resp. eg € B?) be the support projection of the state we|4 (resp. we|go) of
A (resp. B°). Following [43], we say that S is centrally supported if

pa(s)ea =eapa(s) and pp(t)ep = eppp(t), s € Sa,t € Sp.

Lemma 3.8. Let A C B(H) be a von Neumann algebra and & € H be a unit vector.
Assume that & is separating for A. Then, given x € A and € > 0, there exists y € A’
such that ||z€ — y€|| < e.

Proof. Since £ is separating for A, it is cyclic for its commutant A’. The statement is
now immediate. O

In what follows, for £, n € H and € > 0, we write £ ~¢ n if || — 7| < e.

Lemma 3.9. Let A C B(H) be a von Neumann algebra and & € H be a unit vector. Let
ea € A be the support of the state we|a of A, and pa € B(H) be the projection onto
AE. Then &€ € eapaH, and £ is cyclic and separating for the von Neumann subalgebra
eapaAeapa of BleapaH).
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Proof. Note that, since py € A" and ¢4 € A, we have that espaAesps is in-
deed a von Neumann algebra acting on espaH. By (11), eapaé = £ and hence

Weapac(€apaaeapa) = we(a), a € A.
Assume that a € A, eapaaeapa > 0 and we(paeaaeapa) = 0. Then

0 =pacaaecapal = eqaeapal = eaaeaé;

thus eqa*esae4& = 0 and hence we(eaa*eqaea) = 0. As we is faithful on eq.Aeq, we get
eaa*egaes = 0 and hence eqaeq = 0. This implies that we is faithful on eapaAeapa
and therefore, ¢ is separating for eapaAeapa.

Let n € H be such that (eapaaeapa&,eapan) =0 for all a € A. Then (a&,paean) =0
and, since paean € paH, while pyH = A, we have paean = 0, showing that £ is
cyclic. O

Lemma 3.10. Let H be a Hilbert space, A C B(H) be a von Neumann algebra, £ € H,
and €4 be the support projection of we| 4. Suppose that for every selfadjoint a € A and
every € > 0, there exists 4 € A’ such that a ~° a&. Then [ea,a] = 0 for every a € A.

Proof. By (11), €4 = &£. Thus
eaal ~° exa€ = aea& = a€ ~° a&.

Therefore we(a(1—€ea)a) = 0 and, as €4 is the support projection of we¢| 4 and a(1—e€q)a is
positive, we obtain eq4a(1—€4)aes = 0, and hence (1—e4)acy = 0, that is, aeq4 = €a€4.
As a is selfadjoint, this implies eqa = aes. O

The next Lemma and Proposition are the main steps in the proof of Theorem 3.13.

Lemma 3.11. Let S = (4 Hp,pa,p5,£) and S = (ﬂﬁg,@,@g,@ be quantum commut-
ing models over (Sa,Sg). Suppose that S <, S and that S is centrally supported. Then
the states we © Ty . and w0 TG, .5, of CL(Sa) Omax Cr(Sp) coincide.

Proof. We write ¢ = pa - pp and ¢ = @4 - pp for brevity. It suffices to show that
(wgomy)(a®b) = (wgomg)(a®b) holds for all elements a € C(S4) (resp. b € C(Sp))
of the form a = s1...s, (resp. b=1ty...t,), where s; € S4 (resp. t; € Sg),i=1,...,n.
Write m4(a) = m,(a®1), Ta(a) =713(a®1), mp(b) = 7,(1 ®b) and 75 (b) = 75(1 @ b),
a € Cx(Sa), be Ci(Sp).

Let (V;);en be a sequence of local isometries, where V; : H — H® H;aux, © € N,
implementing the preorder assumption S <, S (see Definition 3.2 (ii)), and write V; =
Vig2oViia=V,210V;11, where V; 19, Vi 21 are B-local (and V; 11, V; 2,2 are A-local).

We have that

Vinema(a) =oai(ma(a))Viie and Vigooai(ma(a)) = pa,i(rala))Viza, (12)
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for a € C%(Sa) and for some normal *-representations o4, and pa,; of A, the latter

mapping into 75 (A)@7H, .. (Aiaux). Let €4 be the support projection of the restriction

of wg to wﬁ(j) and p4 be the projection onto 7717(.,1)5 Set §a = €apa. As S is centrally

supported,

eamala) =Ta(a)es, a€Ci(Sa), (13)
and hence

gama(a) = 7a(a)qa, a€ Cy(Sa). (14)
We claim that for every n € N, contractions s1,...,s, € Sa, € > 0, there exists iy such

that, setting a = s1 - - - 8y, if 7 > 4 then

A (a’)g® 'gi,aux ~e (EA @ IHi,aux)pAyi(ﬂ—A(a))(g(g gi,aux)‘ (15)

Let n = 1, s € Sy be contractive and € > 0. By the relation S <, S and (12), there
exists ig such that, if i > ig then

Ta(8)E ® € aux ~/% Vi 2Vir2ma(8)E = Vi2.20 4, (ma(5))Vi,26
= pai(ma(s))Vi€
~e/? PA,i (TrA(S))(g@ gi,aux)-
Claim (15) now follows from (11) and (13).
Assume the claim holds for n > 1. Consider a = s;...8,8,+1, Where each s; is a

contraction in S4, and let € > 0. By hypothesis (and the case n = 1), there is an iy such
that for every i > ig,

%A(a/)g(g fi,aux ~e/P (EA ® 1H¢,aux)p14,i(7rz4(a/))(g® gi,aux)v (16)

where ¢/ = s1...8, or @/ = s,11. By Lemmas 3.8 and 3.9, there exists a €
(qamz(A)ga)" € B(qaH) such that

Ta(sni1)€ = GaTa(sni1)qal ~/5 Ge.

Using (12), (13), (14), (16) and the fact that

pai(ma(a’)) € T(A)&TH, . (Aiau),

for i > iy, we have
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%A(a’)%A(an)g@ Eiaux ~° %A(a/)dg@) & aux
= Gara(a)gaal ® Eiaux = (A ® li,auX)(%A(a/)g@) &iaux)
~L (@ ® 1) (Fa @ 1,0 )pi (T4 () (€ ® &)
= (Ga ® 11, 1) P4 (TA(0)) (@€ @ & )
~ L (Ga @ 1, 0 )pai(ma(@) (Fa(sn11)€ @ &ianx)
~P (G @ 1, )pasi(mala) Vi Vit oma(sns1)E
= (qa @ 1m, . )pai(mala’)(Vizaoai(ma(sni1))Via2€
= (4 @ 1h, 0 )PA,i(Ta(0 8041))Viz 2Vin o€
= (qa @ 1n, ... )pai(mala)) Vi€
~ (A ® 1, )P a,i(ma(@) (€ ® &)

Thus,

%A(a)g@) Ei,aux ~° (gA ® lHi,aux)pA,i(WA(a))(éV@ §i,aux)'

A similar induction argument shows that, if €5 is the support projection of the restriction
of the functional wg on m;(B?), then for all monomials b € Cy(Sp) whose individual
terms are contractions in Sg, and € > 0, there is an iy such that for i > i,

75(D)E ® & aux ~° (€8 ® 1a, .0 )P5.i(15(0)) (€ ® & aux), (17)

where pp; is the normal #-representation of B° constructed from the locality of V;,
analogous to pa;. We have that €4 € m5(A), €p € m5(B°) and [rz(z), 75(y°)] = 0,
x € A,y € B. Using (11), (13), (15), (17), the relations

[Ta(a) ® 1H, 4o pB.i(TB(D)] =0

and the fact that V; 22V, 12 = V;21V; 11, for monomials a € C(Sa) and b € C(Sg),
whose individual terms are contractions in S4 and Sp, respectively and € > 0, there is
an ig such that for ¢ > iy, we obtain

(wgomp)(a®b) = (Fala)TB(D)E,&) = (Fa()T(D)E ® &iaux: € @ &iaux)
~ I (Fal)Ep @ L, )05, (TB(0) (€ ® &iaux), € @ iau)

= (pp.i(15 (b)) (Fa(0)§ @ & aux), € @ &i aux)

~/ (ppi(np(1))(Ea @ 1, )pa,i(Ta(@)) (€ @ & aux)s € ® & aux)

~ g i(mp(0)pai(mala)Vie2Vii 2k, £® &iaux)

= <pB,i(WB(b))Vi,QQVi,I,?WA(G)f,g@ &i aux)
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= (pp.i(mp(b))Vi21Vi11ma(a), £® & aux)
= (Vi21Viiame(b)ma(a)t, §®fzaux>

= (mp(b)ma(@)€, V" (€ ® & anx))
~ M () Ta(a)E,€) = (we o mp)(a @ D).

Since € is an arbitrary positive real, we conclude that
(wgomz)(a®b) = (weomy)(a®@b).
By linearity, density and continuity it follows that we o 7y .0 = WEOTgaGp O

Proposition 3.12. Let S and S be models of a functional f : Sax ®:. Sp — C such that
S =Xa 8. If S is a centrally supported Haag model then the model S is centrally supported.

Proof. Let S = (4Hp,va,¢5,§) and S = (x B,(,DA,QDB7§) and suppose that
Vi=Vi22Viia=Vio1Vii1

is a local isometry from H to H ® Hj aux, © € N, such that the sequence (Vi)ien im-
plements the relation S =, S here V12 : H = L; and V; 22 : L; — H® H; aux, for
some Hilbert space L;, i € N. Let ¢ > 0 and s € S4 be self-adjoint. Since S is centrally
supported, eapa € pa(Sa)’, and thus

0a(8)§ = eapapa(s)eapal.

Noting the equality (eapamp(A)eapa) = eapamn(A)eapa, by Lemmas 3.8 and 3.9,
there exists € my(A)’, x # 0, such that

wAa(s)E ~ eapareapal = paxé.

Choose i € N such that

[Viga(s)é — @als )g®5i,aux”<min{67%”}
and

H‘/’Lg - £® fi,aux” < L
[z

We have

PA(8)E ® & aux ~ Vi 2Vii204(8)E ~ Vi Vi opaxé
~ Vi22Vi1,2047V] oV 06 @ & aux-
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By Haag duality, paz € mg(A) = mg(B°); let b° € B° be such that pax = 7y (b°), and
note that

Vi2,2Vi1amu(0°)V; oVis 0 € (WH(BO)@’WHz wux (Bl aux)) Vi2,2Vila o
Let y € m5 (BO)®7TH1 anx (B aux) be such that
Vi72,2Vi,1,27TH(bo)‘/;T172‘/iT2,2 = ZUVi,272V;‘Tz72-

We have

&A(S)g ® éi,aux ~Be y‘/i,2,2‘/:2,2(§ & gi,aux) ~2e y(f X fi,aux)-

If €/, is the support projection of we, ... |4, ..., by Lemma 3.10, we obtain [$4(s) ®
1H, v €A® €1 = 0 and hence [$a(s), €4] = 0. Similar arguments applied to $p show
that S is centrally supported. O

We are now ready to prove the main theorem of this section, relating weak self-test
with abstract self-test.

Theorem 3.13. Let S4 and Sp be operator systems and M be a family of quantum com-
muting models over (Sa,Sg). Let S = {fs S e Mt and f @ Sy ® Sp — C be
the restriction of an element of S. Assume that M contains a centrally supported Haag
model of f. If f a weak self-test for M then f is an abstract self-test for S.

Proof. Let S be a weak ideal model for M. If § € M is a centrally supported Haag model
of f then, by Proposition 3.12, S is centrally supported. The statement now follows from
Lemma 3.11. O

In the finite dimensional tensor product setting of Example 2.6, the authors of
[43] study the notion of a full rank model and its relevance to self-testing. In the
sequel, we comment on a natural commuting operator version of this notion. Let
S = (u4Hp,pa,pB,£) be a quantum commuting model of (S4,Sp), and let €4 (resp.
eg) be the support of the functional we|4 (resp. we|p). Write 7 = eqep, and let
Yar : Sa — B(rH) (vesp. v, : Sg — B(rH)) be the unital completely positive
map, given by v ,(a) = rpa(a)r (resp. ¢pr(b) = rop(b)r). We note that, if a € Sa
and b € Sg then

var(a)pp,r(b) =caeppala)eacppp(b)eacn
=eaeppa(a)epeapp(bleaen = eaeppa(a)pp(b)eacn
= eaeppp(b)pala)eacn = epeapp(b)pala)epea

(b)

= eaeppp(bleacppa(a)eacp = ¢p r(b)oar(a).
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Taking into account (11), we see that S, := (4r(TH)rBr, ar, ¢B.r,&) is a quantum
commuting model. It is straightforward to check that fs, = fg. We call the model S,
the reduced model of S.

A quantum commuting model S = (4Hpg,pa,¢B5,£) is said to be of full rank if
ea—=€g=1.

Corollary 3.14. Let M be a family of quantum commuting models over (Sa,Sg), closed
under passing to reduced models, that contains a Haag model. Then every weak self-test
for 9 is an abstract self-test.

Proof. Let S be a Haag model in 9. The reduction S, is a full rank Haag model.
Since every full rank model is trivially centrally supported, the claim follows from The-
orem 3.13. O

4. Abstract self-tests

In this section, we examine the property of being an abstract self-test and show
that in some cases it is equivalent to the property of being a self-test. We fix some
notation that will be used subsequently. Let S4 and Sp be operator systems, S C
S(C(S4) @max C2(Sp)) and S = {f|s @.s5 : f € S}. For technical simplicity, we
impose the restriction that all models we consider have associated Hilbert spaces that
are separable.

The specific algebras A and B participating in a model (4Hp,pa,¢n,£) will not
play a role in the next result, so we will temporarily omit them from the notation. The
models (H, pa,¢5,€) and (K, 4,¥p,n) will be called unitarily equivalent if there exists
a unitary operator U : H — K such that

US=n and Upa(a)pp(b)U" =pa(a)p(b), a€ Sa,be Sp.

Given an operator system 7, a Hilbert space H, and a unital completely positive map
o : T — B(H), for k € N U {oo}, we let £?(k) = @& _,C (as usual, we set ? = (?(c0)),
write p ® 1, : T — B(H @ (*(x)) for the map, given by (¢ ® 1.)(u) = p(u) ® Ip2(,) and
let () = 0 ® 1op.

The following theorem is a version of [43, Theorem 7.5] in the case of arbitrary bi-
partite quantum systems. For a convex set C, we denote by Ext(C) the set of extreme
points of C.

Theorem 4.1. Let f € Ext(S(Sa ®. Sg)). The following are equivalent:

(i) f is an abstract self-test for S = S(C*(SA) Qmax Ci(Sp));

(ii) there exists a model S = (PNI,QEA,QEB,E) of f such that, for every model S of f,
there exists a unit vector £,uy € €2 such that S is unitarily equivalent to the model
(H 82,657,657, €@ faw)-
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Proof. (i)=(ii) We set A = C*(Sa) and B = C*(Sp) for brevity. Let f € S be the
unique extension of f to a state on A ®max B, and note that f € Ext(S(A Qmax B)).
Indeed, if g1, g2 € S(A @max B) are such that f=xg1+ (1 —X)ga for some A € (0,1),
then

f=2g1lsa0css + (1= AN)g2lsaw.ss

and, by the extremality of f, we have that

f=alsie.s5 = 92l5,0.55-

Since f is an abstract self-test for S, we have that g; = go = f.

Let (ﬁ,ﬁ',é) be the GNS triple associated with f; thus, H is a Hilbert space, 7 :
A Qmax B — B(ﬁ ) is a unital *-representation and §~ € H is a unit vector, cyclic for 7,
such that

Flu) = (7)€, &), u€ A®maxB. (18)

Using the inclusion Sgp ®: Sp € A Qumax B, let ¢4 = 7|s,, &5 = 7|ss, and S =
(H,@a,58,); by (18), S is a model of f.

Let S = (H,pa,9¢85,¢) be a model of f, and write m4 (resp. wp) for the unique
extension of ¢4 (resp. ¢p) to a unital *~homomorphism from A (resp. B) into B(H).
Since the ranges of ¢4 and pp commute, so do the ranges of 74 and 7p; let 7 = w4 - 735,
viewed as a unital *-representation of A ®,.x B on H. Since f is an abstract self-test for
S, we have that f(u) = (7(u),€), u € A @max B. Write H = @;enH; and € = (&)ien,
where & € H;, i € N, H; is invariant for 7, and §; is a cyclic vector for the representation
7 = 7|m,. Let \; = ||&]|%, @ € N; thus, Y52, \; = 1. Setting n; = ﬁfi, we have that

Fw) =" Xi(mi(uwmi, mi), w € A@max B.
i=1

Since f is an extreme point of S (A ®max B), we have that

F(uw) = (mi(wW)ni,m:), € A®@max B,i € N.

Since the vector n; is cyclic for m;, there exists a unitary operator U; : H; — H, such
that

Uimi(w)U; = 7(u) and Ugn; = €, i € N. (19)
Set &aux = (VAi)ien, viewed as a (unit) vector in ¢2. Write U = @;enU;; thus,

U:H— @ieNH is a unitary operator. Identifying @ieNf{ with H ® 2 canonically, we
have that
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vg=U ((\/)\—inz‘)ieN) = (\/)\T'Uﬂ%')ieN = (\/)\7:5) N £ ® Eaux-

i€

Equation (19) now implies that S is unitarily equivalent, via U, to the model (H ®
2,657,657, €® taux)-

(ii)=(i) In the notation of (ii), let f : A ®max B — C be the state, given by (18). Let
g € S be an extension of f, (H,m,&) be the GNS triple associated with g, and ¢4 (resp.
©B) be the restrictions of m to S (resp. Sg). By assumption, there exists a unit vector
aux € 02 and a unitary operator U : H — H ® 2, such that Uf = £ ® &,ux, and

Upa(a)pp(W)U" =7(a®@b) @I, a€Sa,beSp. (20)

Let w4 (resp. mp) be the unique extension of w4 (resp. ¢p) to a unital *-representation
of A (resp. B). We have that

mT(a®b)=(ma-7m5)(a®b), ac€SabeSg;

since the elementary tensors of the form a ® b, a € Sa, b € Sp, generate A Rpax B as a
C*-algebra, we have that m = w4 - 75. Now (20) implies that

Urn(w)U* =7(u) @I, u€ AQmax B.

It follows that, if u € A ®max B, then

g9(u) = (r(u)€, &) = (Un(w)UUE, V)
= (7 (1) ® I)(€ @ Eanx), € @ anx) = (F(u)E, €);

Thus, g = f, and the proof is complete. 0O

Remark 4.2. In the notation of Theorem 4.1, suppose that a state f € S is an abstract
self-test for S. By Theorem 4.1, f has a model S, such that every other model of f is
unitarily equivalent to an ampliation of S. Let

M= {S = (uaHp, pa,98,¢) : fs = [, A= (¢a(Sa)",B=((¢8(SB)")°}. (21)

The proof of Theorem 4.1 shows that the unitary operator U, constructed therein, im-
plements the dilation relation 4Hp < 447 (H’ ® EQ)B@I' Thus, the problem in reversing
the implication established in Theorem 3.13 resides in allowing the use of models, whose
algebras of observables are more general than the ones indicated in (21). Indeed, often
the interest lies in Haag models, where B° = A’. We next exhibit cases where such a
reversal can be achieved more generally. Our next result, Theorem 4.3, is an extension
of [43, Theorem 4.12].
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In the next theorem (Theorem 4.3), we establish a partial converse to Theorem 3.13.
We first gather some brief preliminary background on type I representations of C*-
algebras. Let A be a C*-algebra. Recall that a representation = : A — B(K) is
called a type I representation if the bicommutant m(A)” in B(K) is a von Neumann
algebra of type I. Let {H(y) : v € T'} be a measurable field of Hilbert spaces on a
Borel space I' equipped with a o-finite Borel measure p. Suppose that, to each v € T,
there corresponds a representation 7, of A on H(y) such that for every a € A, the
operator field v — m,(a) € B(H(v)) is measurable, in which case we say that the
field {7y}, er is a measurable field of representations. Set H = f? H(v)du(y) and
m(a) = flfB my(a)du(y) € B(H). Then 7 is a representation of A on H, called the di-
rect integral of {7y} er and written 7 = flfB mydp(7y). We refer the reader to [51, §IV.8]
for further details concerning measurable fields of Hilbert spaces and operators. By [20],
if m is a representation of type I on a separable Hilbert space, there is a standard o-
finite measure space (I', 1) a measurable field of irreducible representations {m,}-cr,
measurable function v — n(y) € No = {1,2,...,00} such that

@
T /7@ ® Ly (yydp(7y).
r

For the remainder of this section, C will denote the class of quantum commuting mod-
els defined by the canonical bimodules g,y Hp(t)e = Ha® Hp over (B(Ha),B(Hp)?)
and unital completely positive maps ¢ = p4 ® ¢p, where 4 : S4 — B(H4) and
vp : Sp — B(Hp) extend to type I representations m4 and 7p of A := C*(S4) and
B := C*(Sp) on Hs and Hp, respectively. We note that, if S € C then fg is in fact a
state (not only on the commuting tensor product S4 ®. Sp but also) on the minimal
tensor product Sgq ®min Sp. We say that a model is irreducible if the corresponding
representations m4 and wp are irreducible. We note that, if a model S € C is irreducible
then m4(Sa)” = B(Ha) and 7p(Sp)”’ = B(Hp).

Theorem 4.3. Let S = {fs : S € C}, let M € C, and let f = fon. Assume that f €
Ext(S(Sa ®c Sp)). Suppose that f has unique extension to a state on C’(Sa) @min
Cr(Sp). Then f is a self-test for C and there exists an irreducible ideal model S € C.
In particular, if f is an abstract self-test for S then f is a self-test for C that admits an
irreducible ideal model S € C.

Proof. Write M = ((p,)(Ha ® Hp)p(Hp)e» P4, 9B, §), so that

f(u) = <(¢A ® @B)(u)€a§>7 u € SA @ min SB~

*_representations m4 and wp extending v, and g, respectively,

By assumption, the
are type I. Consider the direct integral decompositions of w4 and 7p into irreducible

representations:
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A= / (12 ® Ln(oy)dp(x) and 75 = / (7 ® Loy )do(y),
X Y

acting on
D D
Hi= / Ha(z) ® (m())du(x) and Hp = / Hy(y) © E(n(y))dv(y).
X Y

respectively. Let {ei}7") and {eﬁg};iyl) be the standard bases in £2(m(x)) and ¢2(n(y)),

respectively, and write ¢ for the counting measure on Ny, x Ny, (we set Ny = {1,2,...,k},
so that Noo = N U {o0}). As £ € Hy ® Hp, there exist measurable families (£27)%7,

where &4 € Ha(z) @ Hp(y), I€4% ]| = 1, and (A}7)43, C C, such that ApJ, = 0 if
(1,7) € (Nim(z) X Np(y))©,

[ i st e x ) ) = 1

XxY NxN
and
- / / €9 @ X (e @ ¢ )b (i, f)d(yu x 1) (2, 9).
XxY NxN
Write

S;;t]y = (HA(:I:) 0y HB(y)aﬂ—;?LsAuWyB|SB»§;7,J;g)7 T,y € X7i7j € Neo.

As m4 and wp are type I representations, so are ﬂf and ﬂf for almost all z and y
[20, Proposition 8.4.8]. Thus, for almost all z, y, the model S;Jy belongs to the class C.
Moreover,

= [ [ (om0, SN P x v) (..
X XY NxN

Consider the probability measure o« on X X Y X N, X N, given by

o(E) = / N 28, ) x 1) (z,9),
E

where E C X xY x Ny x N is measurable. Suppose that a(E) # 0 and «(E°) # 0,
set

1 i eI NI\ 129805 -
fiw) = =25 E/ (7A@ 7B (w)ed, €69 )\ 2ds(i, ) x v)(z, ),
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considered as a state on C(S4) ®min C;i(Sp), and let fo be defined similarly, using the
set E° in the place of E. Then

fw) = a(E) fi(u) + a(E) fa(u),  u € SaA Omin Sp-

Since f is an extreme point,

fw) = fi(u) = fa(u), u € Ss Omin Sb-

It follows that

[ @ m e, €)N P8 il x ) )

E

- / )N 26 (i, §)d( % 1) (z, ).
E

As the equality trivially holds for E of full measure, we obtain that

flu) = <(7T;c4 ® Wf)(u) ;7y, ;Jy> o-almost everywhere, (22)
showing in particular that there is an irreducible model in C that gives rise to f.

Fix irreducible representations 74 and #% of C(S A) and C’*(SB) acting on Hilbert
spaces HA and Hp, respectively, and a unit vector E € Hy ® Hp, such that flu) =
(7 @ 7P)(u)E,€), u € Sa Omin Sp, and let

N ={(z,y,i,7) € X XY X Ny X N : (22) holds}.

Then «(N€¢) = 0. Since f has a unique extension to C*(S4) ®min C:(Sp), we have that

(7 @ 7P) (W)€, &) = (v @ 72)(w)Ehd, €53, (2,,i,4) € N,

for every u € C*(SA) Omin C(Sp). As 72 and 7 are irreducible, so is 4 ® 7} and
hence (74 ® ™, ,f” ) is a GNS representation for the state f, (z,y,7,j) € N. We have,
in particular, £, = agfél,vj '€80" for some i € T.

Let < be the lexicographic order on Ny, X Ny, that is, (n1,n2) < (mq, ms) if ny < my
or ng = my and ng < mg. Define 7 : X x Y — Ny X Ny U {o0} by letting 7(w) =
min{(¢,7) : (w,4,j) € N}, for w = (z,y) € X x Y, where we have set min () = oo. Let
Txxy (X XY)x(Noo xNg) = X xY be the projection map. Clearly, (w, 7(w)) € N for
every w € mx xy (IV). We claim that 7 is measurable. Indeed, writing N; ; for the slice of N
along (7, j) € Noo x Ny, note that NN (X xY) x{(¢,7)}) = N, ; x{(4,j)} and hence N; ;
is measurable. This shows that 771 ({(i,7)}) = Ni; \ Ui j)<(i,j)Nir,j is measurable. In
addition, the set mx xy (N) = U; ;N; ; is measurable. Set ¢, , = ;({fy) € Hy(x)®Hp(y).
For (z,y) € X x X, let
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Fu= X alprenid e g e,
(4,9):(w,y,4,5)EN

Then

- /a@®xuez®ém& (e x v)(z,y)

= [ G faydax)a),

7TX><Y(N)

Let ryy = ||fmy|| If fmy # 0, set foy = Hf H; otherwise, let f,, = 0. We thus have

that [y .y [r2y?d(p x v)(z,y) = 1 and {fz’y}(xyy)@”y is a measurable field of unit
vectors in £2(m(x)) ® £2(n(y)) with

Tac,yf:c,y:/ (:y] ,sz))\zj(e ®6J)d5( ).

Consider now the set A = {(z,y) € mxxy(N) : 74 # 0}. Then for (z,y) € A,
(2 ® Wf, Cz,y) is a GNS representation of f. Since m4 and 7p are irreducible, we obtain

that 74 ® wf ~ 74 @ 7B and hence 74

~ 74 and 7f ~ &P whenever (z,y) € A (we use
the symbol ~ to denote unitary equivalence). Let Ay = wx (A) and A = 7y (A), where
wx and my are the corresponding projections in the Cartesian product X x Y. We have
that A4 and Ap are analytic sets and there exist subsets M4 C A4 and Mg C Ap, such
that u(Ma) =v(Mp) =0 and /~\A :=A4\ M4y and /~\B := Ap \ Mp are measurable (see
[51, Appendix]). By [21, p. 166, Lemme 2], there exist measurable U, : Ha(z) — Hy
and Uy, : Hg(y) — Hp such that

Uy (a)Uy = 74 (a) and Uynl(b)U; =75 (b), a € C;(Sa),b€ Ci(Sp).

Then (Up @ Uy)Ca,y = ﬁzyg for B4 € T. Hence & = £ ® Yaux, where

Yaux = / Tx,yﬂx,yfm,yd(u X I/)(x7y)'
KAX/KB
Forz € Ay let Vy : Ha(z)@02(m(z)) — Ha@02(m(z)) be given by V, = Ur®@1,,(2); if
c g Ay let V, : Hy(z)®0C2(m(z)) = Ha® (Ha(z)@02(m(zx))) be given by V,(v) = w®v
for a fixed w € H A, and set V4 = f )? Vedp(z). Define an isometry Vg in a similar way.

Let

) 53]
H3™ = /éQ(m(x))d,u(m)GB/HA(I)®€2(W(9C))(1H(JU)

Aa As



32 J. Crann et al. / Advances in Mathematics 492 (2026) 110884

and
D (&)
3 = [ ) e [ Hat)s Enw)iy)
Ap Ag

Then Yaux € H3™ ® HE™ and

(Va® Vg)(ma @ mp)(a®b)E = (74 ® 75)(a ® b)(§ @ Yaux)

fora e Ci(Sa), be Ci(Sp). O
5. Applications and examples

In this section, we apply the general operator system framework developed in the
previous sections to several special cases, including those of QNS correlations, quantum
graph homomorphisms, synchronous correlations and positive definite functions defined
on groups. The special cases we consider are based at pairs (Sa,Sp) of finitely generated
operator systems, say

SA:Span{ela"'aek} and SB:Span{fla"'afl}v

so that the pair (¢4, ¢p) of unital completely positive maps, where 4 : S4 — B(H)
and ¢p : Sp — B(H), is determined by the mutually commuting families (E;)*_; and
(Fj)é-:l of operators on H vis the assignments pa(e;) = E;, ¢ € [k] and ¢p(f;) = F}
j € [l]. Thus, we will consider a commuting operator model over (S4,Sp) as a tuple
S = (H,(E)f_,,(Fj)i_,,€), where £ € H is a unit vector. The tuple S gives rise to the

correlation pg : [k] x [[] = C, given by

pS(ivj) = <EiFj£7§>7 (&S [k]a.j € [”7 (23)

we say that S is a model of pg. The correlations of the form pg correspond precisely to
states s : Sa ®. Sp — C via the assignment s(e; ® f;) = ps(i,7), i € [k], j € [I].

A tuple S = (H, (E;)k_,, (Fj)ézl, €) is an ideal model of a correlation p : [k] x [[] — C
if p = pg and, whenever S = (H, (E;)¥_,, (Fj)é»:l,f) is a model of p then there exists a

Hilbert space H,ux, a unit vector &,ux € Haux and a local isometry V : H — H® Hux
such that

VE;Fi¢ = E;Fj€ ® &aux, 1 € [K],5 € [I].
The framework of self-testing described above will be referred to as finitary; we will

refer to the pair (Sa,Sg) as a finitary context. Quantum models of correlations p :
[k] x [I] = C are similarly described in the finitary framework by replacing the operator
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products E;F}; in (23) by tensor products of finite dimensionally acting families (E;)F_;
and (Fj)é»:l.
5.1. Self-testing for QNS correlations

The purpose of this subsection is to introduce self-testing for quantum no-signalling
correlations using our general (finitary) framework, and to show how POVM self-testing
is hosted within it.

Let X and A be finite sets and H be a Hilbert space. A quantum channel from Mx
into M4 is a completely positive trace preserving map ® : Mx — M. A stochastic
operator matriz (SOM) over (X, A) acting on H is a positive block operator matrix
E = (Ey ' a0)es a0, Where Ey g € B(H) for all z,2" € X and all a,a’ € A,
such that TraFE = I'x ® Iy (as usual, Tr4 denotes the partial trace along My4). It was
shown in [53] that there exists a unital C*-algebra Cx 4, generated by elements €r.a’ aas
z,2' € X, a,a’ € A, such that the matrix (ex,2.a,a) 2,2’ a,a’ 18 pOsitive as an element of
Mx @ Ma ®Cx, a,

!
g €x.2',a,0 = 5z,w’13 T, T € Xa
acA

and possessing the universal property that for every stochastic operator matrix £ =
(Ez,2' 0,0’ )z,0',a,a’» acting on a Hilbert space H, there exists a unique *-homomorphism
TE : CX,A — B(I’I)7 such that 7rE(6:c,ac’,a,a’) =FE; o a0 T, ' € X,a,a € A. Let

Tx.a =span{ey o/ aa : T, € X,a,a’ € A},

viewed as an operator subsystem of Cx 4. By [53, Corollaries 5.3 and 5.4], C(Tx, 4) =
Cx, and the stochastic operator matrices (Ey 2/ a,0’)z,2/,a,’ L€ in One-to-one correspon-
dence with the unital completely positive maps ¢g : Tx a4 — B(H) via the assignment
¢E(ex,x’,a,a’) =FEia aa-

Letting Y and B be further finite sets, the pair (7x a,7y,s) of operator sys-
tems determines a finitary framework for self-testing. A commuting operator model
S =(H,(Eya aa) (Fyypp), &) (referred to later as a SOM gec-model) gives rise to a cor-
relation pg via (23) which, in its own turn, determines a linear map I's : Mxy — Map,
given by

F(ex,x’ & ey,y’) = Z Z <Eac,:c’,a,a’Fy,y’,b,b/€v §> €a,a’ @ €p b/, (24)
a,a’ €A bV EB

for all z,2’ € X and all y,y’ € Y. The map I' = I's is a quantum no-signalling (QNS)
correlation over (X,Y, A, B) [22] in that

Tral'(px ® py) =0 whenever Tr(px) =10 (25)
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and
Trel(px ® py) =0 whenever Tr(py) = 0. (26)

QNS correlations ' : Mxy — Map admitting a representation of the form (24) are
said to be of quantum commuting type [53]. One defines QNS correlations of quantum
type by replacing the operator product in (24) by tensor products of finite dimensionally
acting SOM’s. We write Qg (resp. Q) for the (convex) set of all quantum commuting
(resp. quantum) QNS correlations, and note the inclusion Qq C Q.. We refer to I'g
being an self-test (resp. abstract self-test) if the corresponding correlation pg is a self-
test (resp. an abstract self-test). We distinguish between gc-self-tests (self-tests among
QNS correlations of quantum commuting type) and g¢-self-tests (self-tests among QNS
correlations of quantum type).

Given a set M of quantum commuting models (resp. quantum models) for the finitary
context (Tx 4, Ty ), let M = {T's : S € M}. It is clear from the preceding discussion
that if Spq = {srs : S € M} then a quantum commuting QNS correlation T' € M is a
(abstract) qc-self-test for M if and only if its corresponding state st : Tx a®:Ty,g — C is
an (abstract) self-test for M. The abstract g-self-tests have a convenient characterisation
which we now state; we omit the argument as it relies on similar techniques from the
(latter portion of the) proof of Theorem 4.3.

Proposition 5.1. Let F be the set of quantum commuting models whose underlying Hilbert
space is finite dimensional. Then I' € F is an abstract self-test for Qq if and only if sr
is an abstract self-test for Sr.

In the remainder of this subsection we show how POVM self-testing considered in [43]
fits into the general framework of Section 3. We start by introducing the relevant finitary
context.

Let X and A be finite sets. The C*-algebra Apovym was introduced in [43] as the
universal C*-algebra of a family of POVM’s over the set A with | X| elements, that is,
the unital C*-algebra generated by positive elements é; ., * € X, a € A, satisfying the
relations 4 €24 = 1, x € X, such that whenever (P; ,).ca is a POVM acting on
the Hilbert space H, x € X, there exists a unique *-representation 7 : Apoyy — B(H)
such that 7(€;,q) = Py, ¢ € X, a € A. In the next proposition, we identify a concrete
description of Apovm. Recall the C*-algebra Cx 4 from Subsection 5.1 and let AX,A be
its C*-subalgebra, generated by the elements e, 5 4.0, © € X, a € A. Let

SX,A = Span{em@,a,a rx € X,a € A}7

viewed as an operator subsystem of .,le, A-

Recall from Section 3 that Ax 4 is the universal C*-algebra, generated by projections
€ra, T € X, a € A, satisfying the relations ) 4 e, = 1, © € X; the C*-algebra Ax 4
satisfies the analogous universal property to the one described in the previous paragraph
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for AX’A but with (Py.q)eca being PVM’s as opposed to POVM’s. Recall, further, the
operator subsystem

Sx,.a =span{e, o : z € X,a € A}, (27)
of AX,A-

Proposition 5.2.

(i) There exists a *-isomorphism p : Apovm — AXA, such that p(€x.a) = €xu.a.as
reX,acA.
(ii) The map ey q — €4, defines a unital complete order isomorphism Sx a4 = S‘X7A.
(iii) Up to a canonical *-isomorphism, C:(Sx.a) = Ax.a.

Proof. (i) We show that the C*-algebra A x, 4 satisfies the universal property of Apoym.
Clearly, {€4,5.0.0}aca is a POVM in AX)A, x € X. Suppose that (P, 4)aca, ¢ € X, are
POVM’s acting on the Hilbert space H. Let Ey 4 4,00 = 03,3/ Pra, ,2" € X, a,d’ €
A; then E := (Ey 4/ 0.0’ )v,2’ 0,0’ 15 & stochastic operator matrix and, by the universal
property of Cx 4, there exists a unital *-homomorphism 7 : Cx 4 — B(H), such that
(s aa) = Eya g, T, € X, a,a’ € A. The restriction p = 7T|AX,A of m to /Ix,A
is a *-representation with the property that p(ez z.0,0) = Pr.ay © € X, a € A. Since the
elements e, ;..o generate ﬂX, 4, such a representation is unique.

(ii) By (i), the families E = {(E;4)aca : © € X} of POVM’s acting on a Hilbert
space H are in bijective correspondence with the unital completely positive maps
oF : SX’A — B(H) via the assignment ¢g(€;,) = E;q. A combination of Arveson’s
Extension Theorem and Stinespring’s Dilation Theorem shows that the same universal
property holds for Sx 4 (see e.g. [46, p. 680]). The conclusion follows.

(iii) Let H be a Hilbert space and ¢ : Sx,.4 — B(H) be a completely positive map.
Then (¢(es.q))aca is a POVM, x € X. By (i), there exists a unital *-homomorphism
7 Ax.a — B(H), such that 7(e.0) = ¢(ex.a), © € X, a € A. The proof is complete. O

It was shown in [46, Lemma 2.8] that
Sx,4 ®c Sy,B € Ax, 4 Omax Ay,B
as an operator subsystem. The next corollary complements this fact.
Corollary 5.3. Up to a canonical complete order embedding, Sx s ®cSy,B C Tx, a®:Ty,B-

Proof. Using Proposition 5.2 (ii), let tx 4 : Sx,4 — Tx, 4 be the inclusion map, and
vx,4 : Tx,a = Sx,a be the unital completely positive map, given by

PYX,A(ez,w’,a,a/) = 5w,az’5a,a’eac,aa T e Xa ac Av
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note that vx 4 otx 4 = idsy ,. We have that + := 1x 4 ® ty,p is a unital completely
positive map from Sx 4 ®c Sy, into Tx, 4 ®c Ty,p. We show that ¢ is a complete order
isomorphism onto its range. Suppose that u € M, (Sx 4 ® Sy p) is such that () (u) €
M, (Tx,a @ Ty,g)*. Let H be a Hilbert space, and ¢ : Sx a4 — B(H) and ¢ : Sy,p —
B(H) be unital completely positive maps with commuting ranges. Then the maps ¢ o
vx.A : Tx,.a — B(H) and ¥ ovy,p : Ty,p — B(H) are unital and completely positive,
and have commuting ranges. It follows that

(6-0)(w) = (1 01y.5) - (¥ o 1,6) ™ (£ (w)) € M, (B,
The proof is complete. O

Fix further finite sets Y and B. A quantum commuting model for the finitary context
(Sx,4,Sy,B) is thus a tuple S = (H, (Ez.0)z,a, (Fy,p)y,p, &), where H is a Hilbert space,
£ € H is a unit vector, and (Fgq)aca (resp. (Fyp)rer) is a POVM on H for every
xz € X (resp. y € Y) such that E; ,F, , = Fy 1 Fy o for all z,y, a,b; such a model will be
referred to as a POVM gc-model. The model S gives rise, via (23), to the correlation pg
of quantum commuting type, given by

ps(a,b|m,y) = <Ez,aFy,b£7£>a HARS Xay € Y,(l € A7b S Ba

we note that p = pg is a no-signalling correlation over the quadruple (X,Y, A, B) in that
(p(a,blz,y))q,p is a probability distribution over A x B for every (z,y) € X x Y, and

> plablz,y) = plablr,y), z€X,y,y €Y,ac A,
beB beB

and

Zp(mb\x,y) = Zp(a,bbcﬂy), z, 2’ € X,ycY,bc B
acA a€A

(see e.g. [37,45]). POVM g-models of no-signalling correlations are defined analogously,
using tensor products of POVM’s acting on finite dimensional Hilbert spaces. We denote
the (convex) set of all NS correlations by C,s. With a correlation p € Cys, we associate
the classical information channel N, : Dxy — Dap, given by

Np(ex,x b2 Ey,y) = Z Zp(a,b|:c, y)ea,a & €p b, (28)

acAbeEB

and the quantum information channel I',, : Mxy — Map, given by I'), = tap oNpoAXy,
where tap : Dap — M sp is the inclusion map and Axy : Mxy — Dxy is the canonical
conditional expectation; it can be easily verified that I', is a QNS correlation. We let
Cqc = {ps : S aPOVM qc-model} (resp. Cq = {ps : S a POVM g-model}) be the
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set of quantum commuting (resp. quantum) NS correlations, and note the inclusions
Cq C Cae € Cae.

In view of Corollary 5.3, a state f : Tx a ®. Ty,p — C gives rise, via restriction, to
a state fo : Sx,4 ®c Sy, — C. In the reverse direction, a state g : Sx,4 ®; Sy,p =+ C
gives rise to the state gq : Tx. 4 ®c Ty, — C by letting g4 = g o (7x,4 Qc Vv.B)-

A model S = (H,¥a,v¥p,&) of the state f : Tx a4 ® Ty, — C for the bipartite
quantum system (7x, 4, 7y,5) gives rise to the model Sa = (H,pa,¢n,§) of the state
fa : Sx,.a4 ® Sy,p — C for the bipartite quantum system (Sx a,Sy,p), by letting
va =1va0ix 4 and pp = Ypouiy . In the reverse direction, a model N = (H, 4, ¢5,§)
for a state g : Sx,.4 ®c Sy,z — C, gives rise to the model Ny = (H,va4,v¢5,&) for
the state gq of Tx 4 ®@c Ty,5. We note that (Nq)a = N. The following proposition is
straightforward; we omit its proof.

Proposition 5.4. Let 9 be a set of SOM qc-models for the finitary context (Tx a,Tyv.B),
set M = {Sa1 : S € M} and assume that (Mea)q € M. If a state f of Tx. a4 ®: Ty,B s a
self-test for M with the property that f = foux a0vx,a then the state fo of Sx. 4 ®:Sy,B
s a self-test for M.

Remark 5.5. A special case of POVM self-testing is PVM self-testing [43]. In the latter
setup, the pool of models of a given no-signalling correlation of quantum commuting
type is restricted in that the participating measurements are PVM’s. We note that
PVM self-testing also fits in our general framework. Indeed, here the families of states
5:C3(Sx,4) ®max Cr(Sy,B) to be self-tested are restricted to ones that factor from the
quotient map

C:(Sx,4) @max Cpy(Sy,B) = Ax, 4 Omax Ay, B,
whose existence is guaranteed by Proposition 5.2.

In view of Proposition 5.4, it is natural to ask if, in general, every PVM self-test
canonically gives rise to a SOM self-test. In the next example, we show that the standard
self-test within the family Cq, arising from the CHSH game, does not canonically give
rise to a self-test within the family Q.

Example 5.6. Recall the CHSH game [14]; here X =Y = A = B = Zs = {0,1} and
a quadruple (z,y,a,b) € X XY x A x B belongs to the support of the rule function
precisely when zy = (a + b) (mod 2). Recall the Pauli matrices

0 1 1 0
Op = and o, = ,
() ")

let
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Oy +0, Op — 02
Ay = 7 A= 75 By =0, and B; =0,
and write (Ey q)aca (resp. (Fyp)pen) for the spectral resolution of the operator A, (resp.
By). Write Qy = %(eo ® eg + e1 ® e1) for the maximally entangled vector in C? @ C?

(here {eg, e1} denotes the standard basis of C2). It is well-known that the model

S=(C?*®C?% (Epa)rex.aca, (Fyb)yev,ben, Q2) (29)

yields a correlation pg € Cq that is an optimal strategy of quantum type for the CHSH
game and a self-test for the class C, with ideal model S (see e.g. [50] and [38]).

Let E = (5%3;/5a7a/Ex7a)x7x/7a7a/ and F = (5y,y’5b,b’Fy,b)y,y’,b,b/ be the canonical ex-
tensions of the families {(E; q)aca @ © € X} (vesp. {(Fyp)ven : ¥ € Y} to stochastic

operator matrices and Sy = (C2® C2?, E, F,Qy); thus, Sq is a model over (Tx, 4, Tv,B),
giving rise to a canonical element fgz of Q, namely,

fg(ea:,r’,a,a’ & ey,y/,b,b’) = 5z,x’5a,a’6y,y’5b,b’ <(Ea:,a ® Ey,b)QQa Q2>

We claim that fgz is not a self-test for Q. Indeed, let §; 0, §z,1, 7y,0 and 7, 1 be unit
vectors in the range of E, o, F, 1, F, 0 and F), 1, respectively, and let V., W, : C2@C? —
C? ® C2, be isometries, satisfying

V(€0 ®ep) =E&p1 ®er and Wy (ny.0 @ eg) = ny1 ® ex,
and
Vi(€ok ®em) =0 and Wy(nyr ®en) =0, if (k,m) # (0,0).

Further, let

E,o® I Vi ’
E’r z’,a,b)a,b — 5r ! ' P ’ ’ X’
(Ez2'.ab)ab z, < V., E.q ®-72> e

F,o® I wr
F ’a a.b — (5 / v Y ) ) ! € K
( Y.y ’b> b Yy ( Wy Fy,l ® I2> Y.y

and observe that E := (Ey 2 .0’ )z,2/,a,a’ a0d F := (Fy 4 b5 )y,y b5y are stochastic oper-
ator matrices. Set £ = 0y R eg ® eg and S = (C2 ® CQ,E,F,). We have that

<(Ea:,w’,a,a’ ® F 7y’,b,b')ga €> = 5w7w’5y,'y5a,a’5b,b’ <(Ew,a ® Fy,b)Q27 Q2>7

that is, S is a model of fg.
Suppose that fz were a self-test for Qq with an ideal model ' = ((C2®(C2, (Eid

z,x’ a,a’?
(Fid

o b ) §id). Then, necessarily,
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id id id ideal id id
(E;:,:v’,a,a’ ® Fyl,y’,b,b’)gl = 5%17/6?/79’6@"1/5!7,1)/ (Elm,az’,a,a’ ® F;,y’,b,b/)gl .

As (Eyza,00 @ Fyypp )& # 0 for a#a’, bV, there are no isometries V4, Vg such that

(VA ® VB)(EI’LU«’U«/ ® Fy,y’,b’b’)g = (E:ivc,lz/,a,a’ ® Fid

y,y/,b,b/)‘fid ® Eaux for a unit vector £y,

giving the statement.
5.2. The CHSH game: quantum commuting self-tests

It is known that the quantum value wq(CHSH) of the CHSH game coincides with
its quantum commuting value wq.(CHSH) and that these are equal to % + ﬁ, with
an optimal quantum strategy underlying the model S given by (29). As pointed out
in Example 5.6, the corresponding correlation pg is a self-test for the quantum PVM
models with S being an ideal model. In this subsection, we extend this by showing that
pg determines an abstract self-test, as well as a self-test, for the class Cqc of quantum
commuting POVM models. While Theorem 3.13 can be used to deduce the former fact
from the latter, we include a direct argument, showing how the algebraic relations lying
at the core of the fact that pg is a quantum abstract self-test can be extended to the
commuting operator framework. We follow a well-established route for the quantum case,
generalising some of the constructions that appear in [50].

5.2.1. The correlation pg determines an abstract quantum commuting self-test

Let X =Y = A = B = Zs, H be a Hilbert space, £ € H be a unit vector, and
{As}zex {By}yey be families of selfadjoint unitary operators on H. Set A= {4, :x €
X} and B={B, :y € Y}". Let {E; q}aca (resp. {F,}secn) be the spectral family
of A, (resp. By), so that the relations A, = E; ¢ — Ey1 (resp. B, = F, o — F, 1) are
satisfied and, writing

S = (aHpo, (Era)zex,aca, (Fyp)yevpen; ),
assume that p := pg = pg, that is,
p5(a,blz,y) = (Er oy €, €) ,y,a,b € Zo. (30)
Let Bg be the bias operator of the model S, defined by letting
Bs = AoBo + AoB1 + A1Bo — A1 By;

using a straightforward calculation, (30) implies

1 1
Z pg(avb|xay):_+—
ry=a+b 2 2\/§

-

(B5¢,€) + 5 =

0| =

Set
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_A0+A1 _AO_Al

Z d X,= 31
A \/§ an A \/5 ( )
and observe that
ZaXA+XaZy=0. (32)
Moreover,
2V/2 -3 _1 {AOJrAl_Br_F{AOAl_Br
5= 5 NG 0 NG 1 .
As (Bs€, €) = 24/2, we conclude that
Za€ = Bo§ and X 4§ = B¢, (33)

giving, by (32),

(Ao — Al)Bo + (Ao + A1)Bl
V2
_ (Ao — A1) (Ao + A1) + (Ao + A1) (Ao — A)e g
7 .
By symmetry, we also have the relation (AgA; + A140)¢ = 0.
Let A = C*(Zg * Zo) @ C*(Z2 * Zo) as a C*-algebraic tensor product (since the C*-
algebra C*(Za+Z5) is nuclear, the C*-tensor product is unambiguously defined); we have

(BoB1 + B1By)§ = ¢

that 2 is the universal C*-algebra, generated by selfadjoint unitaries a,, by, satisfying

the property azb, = byas, x,y € Zs. Thus, the families (A;),cx and (By)ycy determine

*

a (unique) *-representation 7 of 2 via the relations

m(ag ®by) = A By, x,y € Ls.
Moreover, any representation 7 of 2 is determined by commuting pairs of selfadjoint
unitaries (Az)zez,, (By)yez,, by letting m(a, ® 1) = A, and (1 ® by) = By,.
The irreducible representations of 2l are given by 74 ® mp, where m4 and 7wp are

irreducible representations of C*(Zgy % Zs); the latter are unitarily equivalent to one of
the following (see e.g. [42]):

(1) A continuum of two dimensional *-representations:

cos sin cos —sin
Ty (ao) = ( ¥ ¥ > and 7, (a1) = ( ¥ 90) ,

singp —cosgp —sing —cosyp

where ¢ € (0,7/2);
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(2) Four one-dimensional *-representations:
mij(a0) = (=1)%, m;(a1) = (=1)7, wherei,j € {0,1}.
We note the identities
To(apar + arag) = 2(cos? p — sin ¢) and 7, j(apa; + ajag) = 2(—1)"+7, (34)
Write 2 for the dual space of classes of irreducible representations of 2l; thus,

A = (T @ Ty, M@ g, iy © T, Ty @ Tt
o, € (0,7/2),i,j,s,t € {0,1}}.
As the pairs (Ag, A1) and (B, B1) determine a #-representation of 2 on H, by the
structure result [20, Theorem 8.6.6], we obtain the existence of a measure p on the

Borel space 2 such that, up to unitary equivalence, H = fgﬁ H,®0%(m(r))du(r), where
H, = C? is the Hilbert space on which the irreducible representation 7 acts,

@ 53]
A, = /ﬂ'(% ®1) ® Iy(mdp(m) and B, = /77(1 ® by) @ Iny(mydp(m).
2A A

R

Write € = f;? &(m)dp(r), where, £(m) € Hy®@0%(m(x)) for each € A, and 7 — () is
a measurable field of vectors over 2l. Since (ApA1+A1A0)¢ =0and (BoB1+B1By)§ =0,
identities (34) imply that, if 7 := 7, /4 ® 7,4 then the measure y has {7} as an atom,
the function 7 + £(7) is supported in the singleton {7}, and H(7) := H, ® (?(m(7)) is
a direct summand in H, invariant with respect to (Ap, A1) and (By, B1). Furthermore,
up to unitary equivalence,

T(ai) = 7r,r/4(al-) ®IQ, T(bo) = IQ ®J$ and T(bl) = IQ ®0’z,

so that, up to unitary equivalence,

Um+oz 0y — Og

Aol =05 i
Bola(ry =1 @0, ® Iiyzy and Bi|g(r) = [2 ® 02 @ Ipy(r)-

@I @ Ln(ry, Ailar) = ® Iz @ Ipy(r)

Recall that Sx 4 is the operator subsystem of the C*-algebra Ax 4, with canonical
generators the projections e, q, © € X, a € A (see Subsection 5.1); in the case under
consideration, Ax 4 = Ay,p >~ C*(Za * Z3). Let f : Sx 4 ® Sy, — C be a state such
that f(es,qa ®eyp) = pgla,blz,y), z,y,a,b € Zy, and let g be a state on Ax 4 Qmax Ay, B,
given by g(u) = (m(u)&,§) such that g|sy ,@.sy.5 = f. By the previous paragraph,
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g(u) = <(T(’LL) ® Im(‘r))g(T)ag(T))» u € AX,A @max AY,B~

We will show that £(7) = Q2 ® &aux, where Qo is the maximal entangled vector and
Eaux € £2(m(7)). A straightforward calculation shows that the identity

flao @by +ap @by +a; @by —a; @by) =2v2

implies that

(02 © 02 02 @02) @ Ly )E(), E(7)) = 1.

The largest eigenvalue of the operator i(o, ® 0, + 0. ® 0.) is equal to 1 and has
corresponding eigenspace the one-dimensional subspace spanned by (5. This implies

that £(7) = Qg ® Eaux for some &y € £2(m(7)). Thus,
g(u) = <T(u)927 QQ>7 u € AX,A Omax AY,B'

This also finishes the proof that f (equivalently p) is an abstract self-test for the class
of states that factor through Ax 4 ®max Ay,B-

5.2.2. The correlation pg determines a quantum commuting self-test

We show that p is a self-test for the class of quantum commuting PVM models. We
start with some preparations. Let P4 be the kernel of the operator Z4 defined in (31)
and set Za = (Za + Pa)|Za + Pa|™" (a regularization of Z4 in terms of [50, A.2]),
where |T| := (T*T)'/? is the absolute value of an operator T. Note that Z, + Py is
an injective selfadjoint operator and hence Zais a unitary operator. We similarly let
X4 = (X4 + Qa)|Xa + Qa|™t, where Q4 be the projection onto the kernel of the
operator X4 defined in (31). Write

0 —1
(D) 4+ (-1))/V201, m=m;®my or m; @ sy,

1 0
V2cos p ®I, m=m, @My Or T, @ m;;
za(m) =

0 1
5 si I -
ea(r) = \/—Smcp(l 0)@, T =Ty, Q My OF Ty @ T4 j
(1) = (=1))/V2@I, T=mi;@Ty Or T ;@ Tss,

0 -1
+1®1, T =T;; ® Ty OF T; 5 @ Te ¢,

1 0
®I, ™=, @ Ty OF Ty @ Ty ;

and
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0 1 1 & ®
T=m Ty O T T
Za(m) = 10 ’ e v 7
F1®I, T =T Q Ty OF T ; & Ts ¢,
so that
D 53}
ZA:/ZA( )®Im ﬂ—)dM / ®Im(7r d:“( )
A
and

(&) (&)
/ 24(7) @ Lymydp(m), Xa = /@A(w) ® Ly (mydp(m).
A A

In particular, as m — £(m) is supported in {7}, by (33) we obtain
ZaE=ZaE=Bot, Xab=Xal=DBil, Zif=XiE=¢ (35)
and
(ZaXa+XuZ4)E=0, (ByBi+ B1By)¢ =0. (36)

We write {e} }r=0,1 for the dual basis of C 2. considered as linear functionals on C2,
given by e,*c(ei) = §; . It will further be convenient we use the notation ej, for the linear
map C — C2, 1+ e, and note that ey, is the adjoint € k=0,1.Let Vio: H C?’9H
be the operator, given by

1 A A A
VLQ:§(€0®(I+ZA)+61®XA(I*ZA)). (37)

Observe that, as (1 + Z4)/2 is a projection and X 4 is a unitary, for n € H we have

1 A 2 N . 2
Wianl? = 3 ([ 2o + | £atz - 22|

2 2

1 A
~ |5+ 22 = Il

+ H%(I — Za)n

that is, Vi o is an isometry. Equipping C?® H with the natural M;(C)®.A-(M2(C)®B)°-
bimodule action, we claim that V; 5 is A-(M2(C) ® A)-local.
Set Py 4 = Xi(I+ (—1)"Z4)/2. Then P; 4 € A. Forn € C2® H and ¢ € H, we have

1 1
(Vian, ¥) = (0, Vip¢) = <7%Z(€i ® R,A)¢> = <Z(6}k ® P;:A)n:¢>,

=0 i=0
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giving Vi'y = Zgzo e; ® P ,. Thus,

1
ViaTViy= Y eje; @ PjaTP;,, TEA,
i,j=0

showing that Vi 2 AV, C Mo (C) ® A. Using the fact that A C B’, we also have that
(I ® R)VLQ = VLQR, R e B.

Let now Vo5 : C?® H — C2 ® C2 ® H be given by
1
Voo =Y I®e; @ Pip, (38)

=0

where P; p is defined similarly, replacing Z4 (resp. X4) by Zp := By (resp. Xp := By).
Using the previous arguments, we can see that V5 o is an My (C)QB-(M2(C)@M2(C)®B-
local isometry and

1
VooVio = Z e;®e; ®P;pP;a.
i,j=0

Make natural modifications in (37) and (38), we further define local isometries V; 7 :
H— C?®H and Va,; : C2® H — C2® C2 ® H by letting Vi1 = Y;_ye; ® Pj p and
Voi = Yi_g € ® I ® Pia, noting that Va1Viy = Va2Vis.

We show that there exists a unit vector &yux € H such that V5 oV) 26 = Qo ® Eaux,
and that

Voo Viom(u)é = 7(u)Q2 ® baux,  u € Sx 4 ® Sy, (39)
By (35), Za& = Za& = Zg¢, giving
(IF Zp)I £ Za)E =0,
and hence
PjpPial =0 ifi#j. (40)
Next we observe that, by (35) and (36),
XaZat = —ZaXa€, XpZp€ = —ZpXpé and Xp& = Xaé = Xat,

and therefore, using the fact that A C B’, we have
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PipPiaé = XpXa(l — Zp)(I — Za)e = (I + Zp)(I + Za)XpX At
= (I+Zp)(I + Za)& = Py, pPo A€
Setting &uux = V2Py 5Py €, using (40) we thus have
VaoViaol = (eg ®ep+e1 ®e1) ® PopPoaé = Qo ® Eaux.
Using the fact that Z4€ = Z4€ and Z%€ = £ (see relations (35)), we get
PjpPiaZaé = XpXa(I + (=1 Zp)(I + (=1)'Z4) Za¢
= XLEX4(I+ (1Y Zp)(Za + (—1)'1)¢ = (=1)'P; g P; a&
and hence, taking into account (40), we obtain
VooViaZal = (eg®ep—e1®e1)® PopPoal= (0. ®1)0 ® Eaux-

Since A C B’, we furthermore have
P pPiaXaé = XEX4(I+ (=1Y Zp)(I + (=1)'Za) X a&
= XX+ (-1 Zp) I+ (1)) Za)¢
= P; pPiy1, 4§
and hence
Vo, oVioXal = (e1®ep+eg®er) @ PopPoal = (0, @ 1) @ Equx.
In a similar way we show that
Va2Vi2Zp€ = (0 ®@ep —e1®e1) ® Py Py aé = (I ®0.)Q @ Eaux
and
Vo, oVioXpE = (eg ®e1+e1®ep) @ PopPoal=(I®0,)  Eaux-

Equation (39) is therefore established.

45

Finally, we can remove the condition of being quantum commuting PVM model. It

relies on the following statement which is similar to [43, Proposition 5.5].

Proposition 5.7. Let X and Y be finite sets and suppose that the quantum commuting
correlation p = {p(a,blz,y) : ¢ € X,y € Y,a,b € Zy} is an extreme point in Cqc. If S
is a quantum commuting model for p then there exists a projective quantum commuting

model S such that S =< S.
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Proof. Let S = (H,(Ey.a)zex,acZss (Fyb)yey,pez,,§) be a quantum commuting model
for p, that is, p(a,blz,y) = (Ez o Fy 06, €) and (Ey q)ecz, and (Fyp)pez, are POVMs for
eachzx e XandyeY.Let B, = f[O,l] AdE;()A) be the spectral decomposition of Ey g,
z€X.Fixxz e X and 0 < ¢ < 1/2, and set Q. = [c, 1]. Write

Epo=cE;(Q)+ (1 —0)Tye,

where T, . = -2 ( Sioy AE=(N) - cEw(Qc)). Then

1—c

1
— C
Qe Q¢
and
1
I-T= /(1 CNdE, (M) + /(1 C - NdAE,() | > 0.
Qc Qé

It gives p = ¢p1 + (1 — ¢)p2, where p; and ps are the quantum commuting correla-
tions corresponding to the POVMs, where (E; o, I — E; ) is replaced by (E;(),
1 - E;(Q)) and (Tyc, I — Tyc), respectively. As p is extreme, py = p2 and hence
(Bo(le.1)6,€) = (Eu 06, €). Letting ¢ — 0, we obtain that (E,((0,1))€,€) = (Ey€, ).
Let P, o = E,({1}) and note that if P, o # 0, it is the projection onto non-zero eigenspace
of E; o corresponding to the eigenvalue 1. We have

0= (Evo - Eu((0,1])6,€) = / (A — 1)d(E, (VE€),

(011)

showing that E,((0,1))¢ = 0 and hence E, ¢ = P, o&. Note that P, o commute with
each F), ;. Similarly, we find projections Q¢ such that F, ¢§ = @y 0€ and commute with
each Py . Set

S = (H, (Px,a)mGX,aGZQa (Qy,b)yGY,b€Z27§)'
Then S < S. O

Corollary 5.8. The correlation pg (where S is the model given in (29)) is a self-test for
the class of all quantum commuting models.

Proof. Since Cy(2,2) = Cqc(2,2), the uniqueness of the optimal quantum strategy for
the CHSH game implies the uniqueness of the optimal quantum commuting strategy for
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this game. Assuming that pg = cp1 + (1 — ¢)p2, ¢ € (0,1), for some quantum commuting
correlations p; and ps, we obtain that

Wqe(CHSH, p1) = wqe(CHSH, p2) = wq.(CHSH, pg).

As the optimal strategy is unique, p1 = p2 = pg which show that pg is extreme in Cqc.
The statement now follows from Proposition 5.7. O

5.8. Clifford correlations

In this subsection, we introduce the class of Clifford correlations as a class of corre-
lations that factor through the tensor product of two copies of the Clifford algebra, and
show that synchronous Clifford correlations are abstract self-tests (see Theorem 5.11).

Let X be a finite set. We note that the C*-algebra Ay z, is identical with the universal
unital C*-algebra generated by | X | projections e,, x € X, via the isomorphism given by
letting ez 0 = e, and ez 1 =1 —e,, v € X. Let

1
Jc = <{€w706y,0 T €y,0€2,0 = €2,0 ~ €y,0 T 5 lizyye X,z # y}>

as a closed ideal of Ax z,. Recall, further, that the Clifford algebra €x over X is the
(unital) C*-algebra, generated by a family {u,},ecx of self-adjoint unitaries, satisfying
the anticommutation relations

Ugly + Uy =0, z,y € X, z#y.
For the following fact, see, for example, [54].

Theorem 5.9. If | X| is even then, up to unitary equivalence, €x has a unique irreducible
representation Tc, which is also faithful, and whose image is M, .

Proposition 5.10. We have that €x = Ax z,/Jc, up to a canonical *-isomorphism.

Proof. Let p, be the eigen-projection of u, corresponding to the eigenvalue 1; thus,
uz = 2p, — 1, x € X. For x # y, we have that

Uplhy + UyUy = (2py —1)(2py — 1) + (2py — 1)(2py — 1)
= 4papy — 2py — 2py + 1 +4pyps — 2py — 2py + 1
= 4p:cpy + 4pyp9c —4p, — 4py + 2.

The claim follows from the fact that Ax z, is the universal C*-algebra of | X| self-adjoint
unitaries. O
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We introduce two classes of no-signalling correlations, which will prove to be amenable
to self-testing. For the first subclass, write ¢c : Ax 7z, — Cx for the quotient map
arising from Proposition 5.10. Let &x = qc(Sx j2)); thus, &x = span{l,u, : € X},
an operator subsystem of €x. An NS correlation p over (X, X, Zs, Z) will be called a
Clifford correlation if there exists a state s : G x ®min ©x — C such that

ps(a,b|x,y) = S(QC(em,a> Y qC(fy,b)>7 T,y € X,a,b S Z2

(for clarity, we denote by fys, ¥y € X, b € Zs, the canonical generators of the second
copy of Ax z,). Let Sc be the set of all states on Ax 7, @min Ax,z, that factor through
Cx Omin €x.

For the second class, let ¥ = {eg a0, fyp : 7,y € X,a,b € Zs}, ¥* be the set of all
finite words on the alphabet ¥, reduced under the relations e%ya = eg.a, f?ib = fyb
and ez o fy b = fyp€z,a, equipped with a canonical involution (each element w € ¥* can
be equivalently considered as an element of Ax z, ® Ax z,, where e, , (vesp. fy ) are
identified with the canonical generators of Ax z, (resp. Ay,z,)). We note that the empty
word ¢ is considered to be an element of £*, and let X' = X U{e}. We identify a quantum

commuting correlation p = ((p(a,b|z,y))sy.ap with the matrix M®) = [m, glases,
where
1 fa=p=c¢
p(alz) fa=c& f=epq, ora=ezq, & pf=¢
Ma,p = .
p(bly) ifa=c& fB=fyp, ora=fp,&B=c¢

pla,blz,y) fa=ezq & B=Ffyp, ora=f,, & B =c¢€zq.

Every linear functional s : Ay gz, ® Axz, — C gives rise to the matrix M () =
[s(8*a)]a,pex+; we call the matrices arising in this way admissible. We denote the set of
all admissible positive semi-definite matrices over ¥* x X* (that is, admissible matrices M
whose every finite minor is positive semi-definite) by A. According to the NPA hierarchy
[41], a no-signalling correlation p = ((p(a, b|z,Y))s,y.a,6 is of quantum commuting type if
and only if the matrix M®) over ¥/ x ¥’ can be completed to a matrix M = (Ma8)a,s
that lies in the set A.
Let w, , = eg.0ey,0; We view w4, as elements of ¥*. We write

1
Ac = {[ma,ﬁ]a,ﬁez* €A Me, 60 = Mg ywye = 50 TY € X} :
Theorem 5.11. Let X be a finite set of even cardinality, s : ©x @min ©x — C be a state,

and let § = so (gc ® qc). The following hold true:

(i) if ps is a synchronous Clifford correlation then § is an abstract self-test for Sc;
(i) if ps is a synchronous correlation that admits a positive completion to an element of
Ac then § is an abstract self-test for Sc.
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Proof. (i) Suppose that ps is a synchronous Clifford correlation, and let, as in (i), ¢ :
Cx ®min €x — C be an extension of s. Let @, = e;0—ez 1, ¢ € X. By the synchronicity
of ps, we have

5(ep1 ®ezo) =8(ezo®ez1) =0, z€X.

Note that
|X|1 = Z (ex,O + ex,l) & (ex,O + ex,l)
zeX
= Z €x,0 o2 €z,0 + €x,1 & €x,0 + €x,0 02y €x,1 + €x,1 & €x,1,
zeX
while

Z ﬂ/x X ax = Z (eaz,O - em,l) & (eaz,O - e@l)

zeX rzeX

= § €r0Q@€r0—€r0Q€x1 — €1 R €zr0+€z1D€sx1.
reX

Thus,

rzeX zeX
It follows that
(X[1= ) e ®up >0 (41)
reX
and that
51X =Y G @ a,) = 0. (42)
rzeX
Write
(b(u) = <7T(’LL>§, §>7 u e Q:X ®min Q:Xy (43)

arising from the GNS representation of ¢. By (42),

<7T <|X|1— Zux@)ux) £,§> =0
reX

which, together with (41) implies that 7 (|X|1 — 3 oy Uz ® ug) £ = 0. By [54, Lemma
1.3], 7 is irreducible, and since |X| is even, Theorem 5.9 implies that, up to unitary
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equivalence, 7 = m¢. Furthermore, from the proof of [54, Lemma 1.3], the vector £ is
determined uniquely up to a scalar multiple. The relation (43) shows that q~5 is the unique
extension of 3.

(ii) Let © : Ax 7, ® Ag{,zz — Ax z, be the map, given by O(u ® v°) = wv, and
let 0 : Axz, — A%z, be the *-isomorphism, given by d(ezq) = €7, [32]. By the
synchronicity of ps and [45], there exists a tracial state 7 : Ay z, — C, such that

5(w)=7((©@00)(w)), weSxz,®Sxz,

. . . _ 1
Write r, = e, o for brevity, and let ¢ = rpry +ryry —rg — 1y +

3, as an element of Ax z,.
A direct calculation shows that

2
C™ = TalyTely + TyTeTyle — Tolyle — Tyl Ty + — - 1.

4

It follows that

1
7(c?) = 27(raryrary) — 27(rery) + 1 L.
Since ps € Ag, we have that 7(c?) = 0, and hence 7 annihilates the ideal Jc generated
by c. By Proposition 5.10, 7 induces a trace 7 : €x — C, and

s(u) =7 (¢qc((©00)(w))), ueSxz,®Sx7z,- (44)

Let ¢ : Ax 7, ®max Ax,z, = C be an extension of § to an element of S(Ax z, @max
Ax z,). Then ¢ annihilates Jc ® Axz, + Ax z, ® Jc and, by the projectivity of the
maximal tensor product, induces a state ¢ : €x Qmax €x — C. By the nuclearity of Cx,
we may consider ¢ as a state on €x ®min €x. By (44), ¢ extends s, and hence p; is a
Clifford correlation. The claim now follows from (ii). O

5.4. A self-test for full graph colourings

In this subsection we consider self-testing for classical-to-quantum no-signalling
(CQNS) correlations, exhibiting an example for the classical-to-quantum game of com-
plete graph colouring. In particular, we show that a perfect quantum (commuting)
strategy for such colouring game is an abstract self-test (Corollary 5.15) and a self-test
for the class of quantum models (Proposition 5.16).

Let d € N with d > 2, and
de,d = Md k1 00k Md,
—_————
d? times

where the free product is amalgamated over the units. Let {€; 4.4’ : a,a’ € [d]} be the
standard matrix units of the z-th copy of My in B2 4. Further, let
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RdQ,d = Span{{em,a,a’ HE S [d]Qvav a € [d]}v (45)

viewed as an operator subsystem of B2 4, thus obtaining a finitary context (Rg2 4, Raz2 4)-
Each state s : Rg2 g ®c Rq2,¢ — C gives rise to a trace preserving completely positive
map 'y : Dy ® Dy — My ® My, defined by

d d
Lilrs @6py) = 3 3 5(Conw ®eppn)eon Sy, 7.y € [P,

a,a’=1b,b'=1

which is a classical-to-quantum no-signalling (CQNS) correlation in that it satisfies a
natural version of the no-signalling conditions (25) and (26) and which is further of
quantum commuting type, denoted CQqc (see [53, Section 7] for the precise definitions).

Let ICq be the complete classical graph on d vertices, and Qg4 be the complete quantum
graph on d vertices, that is, Qg = {Q4}*, as a subspace of the Hilbert space C? @ C¢,
where Qg = ﬁ ZZ:1 eq ® e, is the maximally entangled unit vector in dimension d.
The graph homomorphism game Kqz — Qg was defined in [53]. Its game algebra is the
universal C*-algebra Hom(K 42, Q4), generated by elements e, ../, z € [d?], a,d’ € [d],
satisfying the relations

. d
(i) Caa,aCatt b = Oar b/ €a,abs Dg—1 Caaa = 1 for all z € [d?];
(i) X g pm1 €xapeypa =0if z #y.

We note that Hom(KCg2, Qq) is a quotient of Byz 4, realised via the map €;.4,0/ — €z,0,a/-

Remark 5.12. Suppose that H is a finite dimensional Hilbert space and let =
Hom (K42, Qq) — B(H) be a unital *-representation. As the subalgebra generated by
€x.a,a' 15 isomorphic to My, for each x € [d?] there exists a (finite dimensional) Hilbert
space K, and unitaries V,, : H — C?® K, such that

ez aa) = Vil€oa @Ik, Ve, z€l[d*,a,a €]d].

Since 7 is unital, dim(K,) is constant across x € [d?]. Applying a further unitary, we
may assume that there exists a Hilbert space K with K, = K for all z € [d?].

By relation (ii) (see the paragraph before the formulation of Remark 5.12),
Zibzl T(ez,a,6)T(€y,p,a) = 0 whenever z # y. It follows that

d
Z (Ea,b ® l)Vivy*(ebyﬂ ® 1) =0, z,y¢€ [dQL T 7£ Y,

a,b=1

and hence, taking partial trace Trys, along My, we obtain
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Remark 5.13. Suppose that A is a finite dimensional C*-algebra and 7 : Hom (Ky2, Q4) —
A is a unital *-homomorphism. Then, up to a unital *-isomorphism, A = ®¥_; My,,, for
some k € N and some n; € N, i € [k]. Indeed, since Hom(K 42, Q4) is a quotient of
Bz 4, the *-homomorphism 7 gives rise to a unital *-homomorphism 7 : B2 4 — A,
and therefore to a unital *-homomorphism 7y : My — A. Assume, without loss of
generality, that A = @¥_, M,,. for some k € N and some m; € N, i € [k]. The projection
proj, : A — M,,, is a unital *-homomorphism and hence proj, o 7y : My — M,,, is a
unital *-homomorphism. It follows that d|m,, i € [k].

Following [53], a perfect quantum commuting strategy (resp. perfect quantum strat-
egy) for the graph homomorphism game K42 — Q4 is a CQNS correlation of quantum
commuting (resp. quantum) type I' : Dg2 @ Dyg2 — My ® My, such that T'(e; » @ €y,)
is supported in Q4 whenever = # y, and (e, 5 ® €,.,) = Q42 for every z € [d?]. By
[8,53], a quantum CQNS correlation T' : Dyz ® Dg2 — My ® My is a perfect quantum
commuting strategy for K42 — Qg if and only if there exist a tracial C*-algebra (A, 7)
and a unital *~homomorphism 7 : Hom(K 42, Q4) — A, such that

d d
F(G%I ® 62/71/) = Z Z T(ﬂ'(ew,a,a'ey,b’b))ea,a’ D €py, T,YE [dQ];

a,a’=1b,b'=1

we write ' =177

Recall that a wnitary error basis in My is a basis of My with respect to the trace
inner product that consists of unitaries, in other words, a collection {ul} _, of unitaries
in My, such that trgq(u;u;) = &; 5, 4,5 € [d*]. In the rest of this subsection, we restrict to
the case d = 2. Recall the set

S (G A ) R )| B

of Pauli matrices in My; it will be convenient to temporarily denote them by U,, = € [4],
in the order they appear in (47). We note that, by [34], if £ is a unitary error basis in
M> then there exist unitary matrices R, T' € M, and constants cy, V € P, such that
E={cyRVT:V € P}.

Let mi, : Bgz, g — M be the *-homomorphism, given by i, (€z,4,0') = UZ€a,aUs,
and ', : Dy ® Dy — My ® Ms be the CQNS correlation, given by

2 2
Ui, (6,0 @ €y,y) Z Z 2(7rc, (€x,a,ar ) Trcs (€410 b)) €arar @ €bbrs
=1 b =1

where x,y € [4], and note that I'x, is a perfect quantum strategy for the game Iy — Q.
The following theorem is the main result of this subsection.
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Theorem 5.14. Let (A, 7) be a tracial von Neumann algebra with a faithful trace T, and
7 : Hom (K4, Q2) — A be a unital *-homomorphism, such that ™" = T',. Then there
exist a tracial von Neumann algebra (N, 7x7), a trace preserving *-isomorphism p : A —
My @ N and a unitary V € My @ N such that

Vp(r(esaa))V =UseqalUs ® 1y, x€[4], a,a’ €[2]. (48)

Proof. Fix z € [4]. Then {m(es 4.0/ )}aa IS & system of matrix units in A. Let ¢ =
m(ez,1,1). Then for m € A we have that m; ; := 7(eg,1,:)mn(es, ;1) is in gAg and the
map

2
pr A= My®qAg, m— Y € ;@mi;
i,j=1
is a normal *-isomorphism. Let N/ = qAq and 7y be the restriction of 7 to ¢.4q. Then
2
(Tra @ar)(p(m)) = > 7ar(mis) = Y 7(mm(eqin)m(exn ) = 7(m).
i=1 i=1

Thus p is a trace preserving *-isomorphism and hence '™ = I'?°™Tr2 ®7x  For simplicity
of notation identify now A and My @ N. As {7m(€s,a,0’) }a,ar, € [4], and {€q,0r @ Inta,ar
are systems of matrix units in My ® N, by [26, Lemma 2.1], there exists a unitary
Ve € My @ N, z € [4], such that

T(ex,a,ar) = Vy (€a,00 @ 1n) Vi
A direct calculation shows that
1 ifa=b=d =V,
Tro(Uf €a,a0 U1Us ey pUs) = ¢ =1 ifa=b#d =V,
0 otherwise.
By (46),
(Trp ®idpr)(VeV,) =0, =€ [4],a,d" € [2]. (49)
Since I'™" =I'x,, we have that
(Tr2 7w ) ((€a,a @ Ln)ViV5 (€0 @ 1n)V3V]) = 1, a € [2], (50)

and

(Tro @A) ((€q,0r @ In)ViVs (€ar 0 ® 1) V3VY) = =1, a,ad’ € [2],a # d'.
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Writing V3V* as a 2 x 2-block matrix

A; B
VaVi' = (C’i DZ)’

with As, Bs, C3 and D3 in N, by (50) we have that
T (A3A3) = Tar(D3D3) = 1.

As V3V}* is unitary, A5A; + C5C5 = 1, giving 7ar/(C5C5) = 0 and hence, since 7y is
faithful, C3 = 0. Similarly, B3 = 0. From (49) we get As + D3 = 0, that is V3V}* =

1 0
( > ® u, where u is unitary in A/. Next, writing V,,V{*, z = 2,4, in a block form

0 -1
val = (C'p D»E) ’

applying (49) to V,Vi* and V, V5" = V, Vi (VsV)*)*, we get Ap+D, = 0and A,u*—D,yu* =
0 and hence A, = D, =0 for z = 2,4.
Next we observe that

1, a=d #b=1¥,
Tro(Us€n,aUnUsey pUz) =4 1, a=b #ad =b
0, otherwise,
implying
TN (C5B2) = Tn(B3C2) =1
and
Tn (B3 Bo) = mar(C5C5) = 1.
By Cauchy-Schwartz, we obtain that C; = 6B5 for a unimodular constant 6; as

A (C5 B2) = e~ “1r(B3 Ba), we have that § = 1 and

0 1
V2V1*2<1 0>®'U

for a unitary v € A/. Condition (49) applied to VoV = VoVi* (V4 Vi*)* gives vB; +vCf =0
and hence B4 = —C}. Therefore,

0
AT <Z OZ> ®w
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for a unitary w € N. With this at hand, we conclude that, if V' = V;, then
Vi(eraa)V" = (VaVi") (€a,a @ IN)Va VT = Us€aqaUs @ 1,
x € [4], a,a’ € [2], completing the proof. O

It follows from [53, Lemma 9.2] that there exists a *-isomorphism 0 : Byo — By5,
such that 9(es a,0) = €35y 4o © € [4], a,a’ € [2]. For w = €4, 4,05~ €xy,a5.a),» fOT SOME

’
xz,a’,a’

x; € [4], ai,al € 2], i=1,...,k, set
w = afl(wop) = Cap.af,ar " Cay,a],a1¢

Recalling the definition (45), let S be the set of states of C?(R4,2) @max Cji (R4,2) that
factor through Hom(Ky4, Q2) ®max Hom (K4, Q2). Let 5, € S be the state given by

Skca (u @ v) = tra(mi, (gx, (qu(w)qu(v)), w0 € Cy(Rao),

where ¢, : Ci(R42) — Bago and gk, : By2 — Hom(Ky, Q2) are the quotient maps, and
let si, be the restriction of 5k, to R4 ®c Ra,2.

Corollary 5.15. The state si, is an abstract self-test for the family S.

Proof. It suffices to show that si, has a unique extension to a state ¢ : Ba 2 ®max Ba2 —
C. Fix such an extension ¢ and note that the canonical correlation I'y : Dy ® Dy —
M @ M; associated with ¢ coincides with I's, . By [8, Theorem 3.2], there exists a
tracial von Neumann algebra (A, 7) and a *-representation 7 : B4 2 — A, such that

d(u®v) =71(m(uv)), u,v € Byga.

Further, w canonically descends to a *-representation 7 : Hom (K4, Q2) — A, such that,
if (Z) : Hom(Ky4, Q2) ®max Hom(Ky4, Q2) — C is the canonical functional, arising from ¢
in view of the definition of the class S, we have that

d(u®v) =7(7(uv)), wu,v € Hom(Ky, Q).

Let p: A — Ms ® N be the *-homomorphism, arising from Theorem 5.14 (here (N, Tzr)
is a tracial von Neumann algebra). Then, for w € Hom(Ky4, Q2), we have that

P(w) = 7(7(w)) = (12 @ ™) (i, (W) @ 1) = T2, (W)
The proof is complete. O

Let C be the class of quantum models (Ha ® Hp, pa,¢p,§) of CQNS correlations,
where H4 and Hp are finite-dimensional Hilbert spaces, Ha ® Hp = p(u,)Hp(Hy)- 1s 2
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bipartite system defined by the canonical bimodule structure of H4 ® Hp, and ¢4 and
pp extend to representations 74 and g of A := By o and B := By s, respectively.

Proposition 5.16. The state s, is a self-test for C.

Proof. We will apply Theorem 4.3, see also [43, Theorem 4.12]. First we observe that
sk, 1s an extreme point in the dual (R42 ®min R472)d of R42 ®min Ra2. In fact, if
SK, = Z?Zl «;s;, where a; > 0, Zle o; = 1, then the corresponding correlations I',
are perfect strategies for quantum colouring of 4. Indeed, note that, if J = Q205 is the
maximally entangled state in C2 ® C2, then

0=Tr(Is, (€0 ® €rn)]T) = Z @i Tr(Ts, (g0 @ €5.0) T )

i=1

and hence Tr(I'y, (€, » ® €, .)J ), being non-negative, must be zero. Similar arguments
show that Tr(I's, (€z,» @ €y4)J) = 0 for all ¢ and all = # y.

Therefore s(€4,q,0' @€y b ) = D iq Ti(Ti(€x,a,0)Ti(€y 1)), where m; : Hom(Ky, Qo)
— A, are x-homomorphisms into finite dimensional algebras A; with trace 7;. By Propo-
sition 5.14,

Ti(mi(er,a,01 )iy ) = tro(Uy€a,a UsUyey pUy)

for all ¢ and hence s is extreme. The state sk, has also a unique extension to By 2 ® By 2
and hence by Theorem 4.3 it is a self-test. O

5.5. Schur products

In this subsection, whose main result is Theorem 5.17, we consider classes of no-
signalling correlations from group representations. Let G be a finite group, let 7 : G —
U(H;) and p : G — U(H),) be irreducible representations of G, and let ¢ € H, ® H, be
a unit vector. Then

u(s, t) := ((7(s) @ p(t)), ¥), s,t€G,
is a normalised positive definite function on G x G and the associated Schur multiplier
O(u) : B(A2(Q)) ® B(*(Q)) — B(*(G)) @ B(f?(G)) is the unital quantum channel
satisfying

Ou)(es.s ®@erp) =u(s st )es o @ ey (51)

if further clarity is needed, we write ©(u) = O , .. Letting By gg = 05900 gm(s™ts)
and Fy ¢ p p = O p0pr e p(t7 1), it is straightforward to verify that E := (Es s 4.4/ )s.5".9.9'
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and F = (ﬁt,t’,h,h’)t,t/,h,h/ are unitaries and hence the quadruple S ,, = (Hr ®
HP,E,ﬁ, 1Y) is a Qq-model for O(u).

A wunistochastic operator matriz (USOM) is a stochastic operator matrix E =
(Ezaaa) € Mx ® Mx ® B(H) for which there exists a unitary U : HX — HX
such that Ey /0.0 = Uy JUsr 2. A Qg-model will be called unitary if it is defined via
USOM’s (Es s.g.9')s,s",g,9' a0d (Fy 47 h.1')s,s',9,9' (s€€ Section 6.3). In particular, we have
that S := Sx ,,4 is a unitary model. If H and K are Hilbert spaces, we say that a vector
Y € H® K is marginally cyclic if

(B(H)® 1)¢ = B(H ® K) = (1& B(K)).

Let

M(u) = {Sx/pr ¢ ¢ full rank unitary model s.t. Orrp g = O(u)}.
Theorem 5.17. If v is marginally cyclic in Hr ® H, and

span{(m(s) @ p(t)) V" (n(s~ ) @ p(t ™)) i 5, € G} = BHy @ H,)  (52)
then (Hx @ H), E,F, ) is a self-test for M(u).
Proof. Suppose that (Ha ® Hp,(Es s,g,9')s,5".9.9"» (Ft,t 07 )47 107, €) is a full rank uni-
tary model for ©(u) in Qq. This means that E, ¢ g4 = Ug Uy s and Fippp =

Vi iV for some block operator unitaries (Uy s)g,s : Hg — Hf and (Vi¢)ns ¢ Hg —
HE, the reduced densities (id ® Tr)(£€*) and (Tr ®id)(£€*) have full rank, and

<(Es,s’,g,g’ & Ft,t’,h,h’)fa §> = 55,955’,9’5t,h6t’,h’ <7T(s_ls/) ® p(t_lt/)wv ¢>
In particular,
(Ussr @ Vir )€, (Us,s @ Via)€) = ((m(s") @ p(t')), (m(s) @ p(t))¥) (53)

for all s,s’,t,t" € G. We now observe that the unitaries (Uy,s)q,s and (Vi ¢)n,c are neces-
sarily diagonal. Since (under the trace-duality convention)

O(u)(X*)" = (Id® Traa) (U ® V)(X ® £ (U @ V7)),
setting pe = (id ® Tr)(££*), we have
Ou)(p' @ 1)' = ([d®@Tr)U(p ® pe)U™.

ma

Since the transformation p — O(u)(p* ® 1)" is a Dg-bimodule map, if {e;}*4 is an
orthonormal basis for H,, it follows that the Kraus operator
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(id @e))U((-) @ v/pee;)  £4(G) = 2(G)

belongs to D = Dg for each 4, j € [ma]. Hence,

Ul®pe)z®1)=(z@ 1)U(1® /p¢), z € Dg.

Since pg, and hence ,/p¢, has full rank, it follows that U(x ® 1) = (z ® 1)U, so that
U € Dg ® B(Ha). Hence, Us s = 05,5 Us s with Us := U, s € U(H4). Without loss of
generality, we may also assume U, = 1 (indeed, if not, redefine Us as U} Us, noting that
Ess g9 = U;sUeU:Ug/,s/). An analogous argument shows that Vi = 0.4V, with
Vi ==V, € U(Hp) and we may assume that Ve = 1.

Let A (resp. B) be the (unital) C*-subalgebra of B(H4) (resp. B(Hg)) generated by
{Us}seq (resp. {Vi}tiee). By the finite-dimensionality of A and B, there exist unitaries
Wa: Ha— @4 Hy ® K and Wp : Hp — @2, Hj, ® K4, such that

WaaW} = @O'A )@ I, acA,

i=1

and
BbWBf@aB a)@ I, beB,

with ¢% and O‘% irreducible representations of A and B, respectively. Fix orthonormal

bases {ei}?4 and {e{}ldjjl of K’ and K7, respectively. It follows from (53) that

<(Us’ & V%’)f? (Us ® ‘/t)g>

i
na np dy dp

=D > 2D piinil(@h(Us) @05 (V)i jins (04 (Us) @05 (Ve)igwa),

i=1 j=1 k=1 I=1

where & j ., € Hy ® H3 is the normalisation of (id ®el, @ id ®e])*¢, and
Pigni = l(id@el @ id@e]) ¢]* > 0,

and note that >, ., ;1 p; jk1 = 1. Combining (51) and (53), we obtain a convex decom-
position of the channel ©(u), which is extreme within the set of completely positive
trace preserving maps by (52) (see e.g. [35, Theorem 3]). Indeed, setting (s :=
(m(s) @ p(t))y, s,t € G, in the notation and terminology of [35], {%(s,¢)}(s,yeaxa 18
a full set of vectors by (52) and Cs 4y, (s,y = u(s™18, t71') = (Y(or,17), V(s ,))- Thus, for
every A = (4,7, k,1) € A ={(i,4,k,1) : p; j kg > 0}, we have
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((m(s") @ p(t'), (m(s) @ p(t))h)
((04(Us) ® 0 (Vir)Eiginas (04 (Us) © 05 (Vo))

It follows that
Wyt He @ Hy, 3 ((s) @ p(0)y = (0%4(Us) © 05, (Vi)&ijht € Hiy © HY,

is a well-defined isometry for each A € A. Recalling that ¢ is marginally cyclic and that 7
and p are irreducible (so span{r(s): s € G} = B(H,) and span{p(t) : t € G} = B(H,))
for any n € Hr ® H, and s € G, for suitable scalars ¢, t € G, we have

Wa(m(s) @ 1)n =Y eiWa(m(s) @ p(t))¢

teG

= a(04(Us) @ 05 (Ve)&i gk

teG

= cloh(Us) ® Iy )04 (Ue) @ o5 (Vi))Eije

teG

= c(0(Us) @ Iy Wa(1 @ p(t))

teG

= (04 (Us) ® Iy )Wan.

Thus, Wx(n(s) ® 1) = (0% (Us) ® Iy )Wa, s € G. Similarly, Wil @ p(t) = (Ipi ®
ol (Vi))Wa, t € G, so that

Wi(m(s) @ p(t)) = (64 (Us) @ 0% (Vi) W, s,t € G.

Then the unitaries oy (Us) @ 0 (V;) are respectively mapped to the unitaries 7(s) ® p(t)
under the unital completely positive map @, : B(HYy ® H]B) — B(H, ® Hp), given
by ®(T) = W;TW). Thus, the unitaries oy (Us) ® 0% (V;) belong to the multiplicative
domain M of ®,. Hence, by [12, Proposition 1.5.7], M contains the C*-algebra generated
by ¢4 (Us) ® O’jé(‘/t), which, by the irreducibility of ¢ and O’jé (and the definitions of
A and B), is equal to B(H) ® H}). So ®y : B(H}, ® H}) — B(H, ® H,) is a unital
+-homomorphism, necessarily injective by simplicity of B(HY ® H%) and surjective by
irreducibility of m and p. Hence, W), is unitary.

Moreover, the local intertwining properties above show that the maps o4 : A —

B(Hx) ® Iy, and op : B — Iy, ® B(H,), given by
oa(a) = W5(oly(a) @ I )W and op(b) = W5 (I, @ 0% (b)Wa

are irreducible representations of A and B, respectively, and are independent of \. Clearly,
04 ® op is unitarily equivalent to each 0% ® 0%, (via W) so we must have local unitary
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equivalence: o4 = o) and op Ufg, say, via W : HY — H, and Wg} : Hfé — H,. Then
Wi ® Wi = a; ;W5 for some phase ; j € T.
We now follow ideas from [43, Theorem 4.12]. Let

A ={i:pijrs >0 for some j, k, 1},

and define Ap similarly. Fix unit vectors n4a € H, and ng € H,. For i ¢ Au, let
Ti : HY ® Ky - H, ® Hy, ® K, be given by Ti(n) = na @ n, and define T% :
H}, ® K}, — H, ® H}, ® K%, for j ¢ Ap, similarly. Finally, set

mp = (@) @ @ ator).
i€EA iﬁAA
and define the isometry Ty : Hq4 — Hr ® H3"™ by
Ty = <( @ WZX®IK2) D < @ Ti})) oWy.
€A A i¢EAa

Define Hy™ and T : Hp — H, ® Hy™ similarly, and let

na np di dp 4
e =D D oiivpigrie @€ € HY™ o Hy™.

i=1 j=1 k=1 I[=1

By construction, for any a € A and b € B we have

(Ta @ Tg)(a®@b)é = ((04(a) ® op(b))y) @ £,

In particular,

(Ta ®TB)(Es,s' g, © Fr v nnr)§

= 05,905/, 01100 wTa @ Tp(U;Uy @ V" Vi )

= 05,9059/ 0t w0 ((5) "7 (s") ® p(t)"p(t')) 1) ® £
= 05,9051,g/06,100 1 (m(s71s") @ p(t7 1) ) @ €.

Thus, the model (H, ® H,, {Es,s',g,g/}7 {ﬁt,t’,h,h’}; ) is a self-test, as claimed. O
We now exhibit a class of examples satisfying the hypotheses of Proposition 5.17.

Example 5.18. Let G = S3, the symmetric group on 3 points. S3 has a two dimensional
irreducible representation 7 : S3 — U(C?) given by
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1 0 ei2‘n’/3 0 e—i2‘n’/3 0
m(e) = {O 1] , w(123) = [ 0 6i2“/3] , w(132) = [ 0 gizn/s | -

0 1 0 e—i2m/3 0 ei2m/3
m(12) = {1 O] , m(23) = |:ei27r/3 0 ] , m(13) = |:e—i27r/3 0 ] :

In the argument below, we will interpret the above matrices as rotations on the Bloch
sphere. To that end, recall that the single qubit rotation operators

R,(0) = e 137 R,(0) = e 137, R.(f) =e '3,

induce rotations of angle § € R about the z, y, and z axes, respectively, where o, oy
and o, are the 2 x 2 Pauli matrices. Then

m(123) = R,(27/3), w(132) = R,(4n/3), 7(12) = X = —iR, ().

If {eg,e1} denotes the standard basis of C2, for 6 € (0,7/2) U (7/2,7), we let {eq, fo}
denote the following y-rotated basis:

(¢0)] g 0

smf] o=y (B)er = [cffsnﬂ '

eo = Ry(0)eq = {

Let ¢ := aeg @ eq + Bfo @ fo € C2 @ C? for fixed o, f € C satisfying |a|? + |B]?> = 1 and
||? € (0,1/2). Then 9 has full Schmidt rank so is marginally cyclic. We now show that

V :=span{(n(s) @ n(t))py*(r(s @ w(t™)) : s,t € S3} = B(C? @ C?),
thereby obtaining a self-testing Q,-model for the channel O(u), where u(s,t) = ((7(s) ®

m(t))1, 1), by Proposition 5.17.
First, by irreducibility of m and the orthogonality relation ([49, Theorem III.1.1]),

Y w(s)(Im(s) = Tr()L,

SES3

so that
w(s)pn(s)* @1, 1@n(t)pn(t)" €V, s,t€q,
where p is the reduced density matrix of 1):
p = (A& TH) (") = lafeach + B2 fofs = (Tr@id) ("),
Therefore, it suffices to show that

spang {7(s)pm(s)* : s € S3} = M3(C)sq. (54)
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Recall that the space of trace-1 self-adjoint 2 x 2 matrices is affinely isomorphic to R3
via

1/2 —1
(@.y,2) & x/Jr_';yZ 156/2 RAE

with the convex subset of density operators corresponding to the unit ball. In particular,
we can visualize p as the vector r, = (2,,9p,2,) € Rﬁﬂél’ which lies on the straight
line between the points re ez and rf, s on the boundary sphere. Both these latter points
lie on the great circle in the zz-plane, and, since 6 € (0,7/2) U (w/2, ), are neither on
the z-axis, nor the ry-plane. (Recall that 7¢,es and re,cx are the North and South poles,
respectively.) Thus, the points in the unit ball associated to the rotated states

7(123)pm(123)* = R.(21/3)pR.(21/3)",
7(132)pm(132)" = R, (47 /3)pR.(4m/3)",
m(12)pm(12)* = Ry (m)pRy(m)*

are affinely independent in R3, so their affine hull yields all hermitian matrices of trace
1, and the equality (54) follows.

6. Connections with C*-envelopes

Recall that, if S is an operator system, its C*-envelope C*(S) is the unital C*-algebra,
uniquely determined up to isomorphism by the following universal property: there is a
unital complete order embedding ¢ : S — C*(S) such that C*(:(S)) = C*(S), and for
any C*-algebra A and unital complete order embedding ¢ : S — A with C*(¢(S)) = A,
there is a surjective s-homomorphism 7 : A — CZ(S) such that m o ¢ = ¢. In this
penultimate section, we show that the examples in Sections 5.1 (PVM self-tests), 5.4
(quantum graph colouring) and 5.5 (Schur product channels) are all instances of a single
phenomenon: unique state extension across

SA Qe SB g C:(SA) Pmax C:(SB)a

for pertinent operator systems S, and Sp where the latter inclusion is valid.
By contrast, general abstract self-testing concerns unique state extensions across

SA Qc SB C CZ(SA) Omax 02(83)7

the tensor product of universal C*-covers. Similar comparisons can be made when self-
testing among models which factor through C*(S4) @max C (Sp).

The observations that follow rely mainly on the work [5], but along the way we es-
tablish new dilation results for stochastic operator matrices.
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6.1. PVM’s

As mentioned in Remark 5.5, PVM self-testing fits in our general framework, where
the family of states s : C(Sx,4) @max Cii(Sy,5) = C to be self-tested is restricted to
those that factor through the quotient map

TAa®@mp : Ch(Sx.4) Omax Cs(Sy,B) = Ax, A @max Ay, B-
Note that the set of such states is precisely

(ma @7E)" (S(Ax . A Omax Ay,B)) = S(Ax 4 Omax Ay, B)-

It is well-known that

Ax A =Dy ---x1 D =C:(Sx,4),
—— —

| X| times

and similarly for Ay g, (for the latter isomorphism, see e.g. [5, Corollary 2.9]). Thus, a
state f : Sx 4 ®. Sy, = C has a unique extension to

(ma @ 7mB)*(S(CF(Sx,4) Omax CZ (Sy,B))
if and only if it extends uniquely across
Sx,4 ®c Sy, C C;(Sx,4) Qmax Ci (Sy,B),

the above inclusion being valid by [5, Lemma 3.10].
6.2. Semi-classical SOM’s

Extending the setup of Subsection 5.4, let

BX,A:MA*l"'*lMA-
| ———

| X| times

For each z € X, write {€z 4,0’ : a,a’ € A} for the canonical matrix unit system of the
x-th copy of M4, and let

Rx.a =span{e; g0 : ¢ € X,a,a’ € A},

considered as an operator subsystem of Bx 4. By [5, Corollary 2.9], the C*-algebra Bx 4
is universal for unital *-homomorphisms M4 — Dx ® A, where A is a unital C*-algebra
(see [5, Definition 2.2]), and the pair (Rx, 4, Bx,4) satisfies the hypotheses of [5, Theorem
3.8]. Hence, Cf(Rx,4) = Bx,a, and from [5, Lemma 3.10] (or [46, Lemma 2.8]),
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Rx,.a®:Ryp CCIHRx,4)Omax Co (Ry,B).

Following [53, §7.1], an SOM E € Mx ® M4 ® B(H) is called semi-classical if E =
Y wex €xa @ By with B, € (Ma @ B(H))t and Try E, = Iy, € X. In [53, Theorem
7.5] it was shown that semi-classical SOMs correspond to unital completely positive maps
Rx,4 — B(H). Moreover, the state space of Rx 4 ®. Ry, is affinely isomorphic to the
set of classical-to-quantum no-signalling correlations I' : Dx ® Dy — M4 ® Mp [53,
Theorem 7.7].

In light of the previous paragraphs, Corollary 5.15 means that the state 5x, : R42 ®c
R4, — C given by

Sy (IU) = tr?((ﬂ—/Q; ) 7TIC4)(w))7 w e 7—\)/4,2 Qe R4,2a

has a unique extension to the finite-dimensional states of C*(R4,2) ®max Cif (R4,2). Sim-
ilarly, Proposition 5.16 means that Si, is a self-test for the class of finite-dimensional
semi-classical SOM models which factor through C¥(R4,2) @max Ck (R4 2).

6.3. Unistochastic operator matrices

It is known that the entries of any SOM E = (Ey 4 4.0’) € Mx ® M4 ® B(H) can be
represented as Ey o a,ar = V", Var o for an isometry V' : HX — K4 where V = (V, 2)a.x
[53, Theorem 3.1]. When X = A, it is natural to study further the unistochastic SOM’s
(USOM’s), that is, those SOM’s for which V' can be taken unitary (see Section 5.5). In
this subsection, we show that any SOM can be dilated to a USOM, thereby establishing
a matricial version of Naimark dilation between POVM’s and PVM’s. Along the way,
we connect these notions to C*-envelopes of pertinent operator systems, as done in the
previously in this section.

Let Bx denote the universal C*-algebra generated by the elements uq , a,z € X
of a unitary matrix u = (ug,4)a,5, commonly known as the Brown algebra [11]. It was
shown in [25, Proposition 2.3] that if S is the dual operator space (Mx)*, then the
map €q.q F Ug,z, from SIX into span{u, , : a,z € X} C By is a completely isometric
isomorphism.

Recall from Subsection 5.1 the universal TRO of a block operator isometry v =
(Va,z)a,zex [53], hereby denoted simply Vx as we assume that X = A throughout this
subsection; thus, Vx is universal for the relations

Z Vg Ve = 0porl, w0 € X, (55)
acX
in that every (concrete) block operator isometry V = (vg,z)q,z, Whose entries lie in

B(H, K) for some Hilbert spaces H and K, gives rise to a unique ternary morphism
Ov : Vx — B(H) such that 6(ves) = Vau, z,a € X. Since the entries of u satisfy
the relations (55), there exists a (unique) ternary morphism ¢ : Vx — Bx such that
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©(Va,z) = Uqz- On the other hand, since v = (v44)a,x belongs to the unit ball of
Mx (Vx), the canonical completely isometric identification Mx (Vx) = CB(S;%, Vx) (see
e.g. [4, Proposition 1.5.14)), yields a complete contraction ¢’ : span{u, , : a,2 € X} —
span{vg 5 : a,x € X} satisfying ¢’ (us 4) = vq,5. Since ternary morphisms are completely
contractive, it follows that the restriction

K :span{ug , : a,x € X} — span{v, 4 : a,z € X}

of ¢’ is a complete isometry (see also [18, Proposition 4.1]). This first order isomorphism
leads to the following dilation result.

Proposition 6.1. Let H and K be Hilbert spaces, for which (Vg z)ar € Mx(B(H, K)).
There exists a Hilbert space L, isometries w1 : H — L, we : K — L and a unital
*-homomorphism m : Bx — B(L) satisfying
Va,z = WoT(Ug g)wr  and wowim(Ugz)w1 = T(Ugg)w1  ,a € X.

Proof. By the injectivity of B(H,K), we can extend x to a complete contraction
K : Bx — B(H, K). By the Haagerup-Paulsen-Wittstock representation theorem for com-
plete contractions, there exists a Hilbert space L, isometries wy : H — L, wy : K — L
and a unital *-homomorphism 7 : Bx — B(L) such that k(a) = wim(a)w, a € Bx. (We
note that this can be derived by applying the proof of [12, Theorem B.7] together with
the rectangular version of Paulsen’s off-diagonal trick [4, Lemma 1.3.15] and refer to [24,
Theorem 2.1.12] for a complete argument.) In particular,

Va,p = K(Ug,g) = Wom(Ug z)w1, ,a€ X.
Then v = (w3 ® Ix)mx (u)(wy ® Ix), where mx := (7 ® idasy ). Since
(we @ Ix)v = (waws @ Ix)mx(u)(wy & Ix)

with both (wg ® Ix)v and mx (u)(wy ® Ix) isometries, we have that mx (u)(w; ® Ix)H ®
CX Cran(wy ® Ix). O

Corollary 6.2. There exists a complete order isomorphism ¢ : Tx — span{uj ,Ua’ o :
z,2' a,a’ € X} satisfying

(V) JVar o) = Uy ylar ot z,2',a,a € X. (56)

Proof. By the universal property of v = (vq,1)a,4, there exists a (non-degenerate) TRO
morphism Vx — Bx mapping vg, to ug., £,a € X. The latter morphism induces a
unital *-homomorphism ¢ : Cx — Bx mapping v; ,vVa/ o t0 U} ,Uar o, 7,2, 0,0" € X,
where Cx = Cx x. Thus ¢|7, is a unital completely positive map satisfying (56).



66 J. Crann et al. / Advances in Mathematics 492 (2026) 110884

Represent v faithfully inside Mx(B(H, K)) for some Hilbert spaces H and K. By
Proposition 6.1, there exists a Hilbert space L, isometries wy : H — L, wy : K — L and
a unital *-homomorphism = : Bx — B(L) satisfying

Vazp = WyT(Ugg)wr  and wowim(ug z)wr = T(Uge)w1, x,a € X.

But then

Va,aVarar = WIT (U g )23 T (Uar 2 )t = WIT (Ug g Ular 2 ) W1,

for all z,2',a,a’ € X. It follows that wim(-)w; is a unital completely positive inverse to
. O

Let E be a unistochastic operator matrix acting on a Hilbert space H. When H = C,
and E is diagonal in the sense that E ;/ 4.0 = 02.4/00,0' Ez,2,a,a; We Tecover the usual
notion of unistochastic matrices. A simple application of the previous results yields the
following dilation property.

Corollary 6.3. Let H be a Hilbert space and E = (Ey 3 q,00) € Mx @ Mx @ B(H) be a
SOM. Then there exists a Hilbert space K, an isometry W : H — K and a block operator
unitary (Uaz)azex € Mx ® B(K), such that Ey 4 0,00 = WU Uar oo W.

Proof. By the universal property of 7Tx, there is unital completely positive map ¥ :
Tx — B(H) satisfying ¥(ez s/ a.0/) = Bz a0~ Let o1 span{uy; Uar o0 T, 7' 0,0" €
X} — Tx be the complete order isomorphism from Corollary 6.2. Extending the unital
completely positive map ¢ o o~! to Bx — B(H) (by injectivity of B(H)) and appealing
to a Stinespring representation of the extension yields the desired conclusion. 0O

Using results from [5], we now show that the C*-envelope of Tx is the C*-subalgebra
C*(U) of Bx, generated by the operator system

U = span{uy, ,Uq o 2 7,3 a,0" € X}
Proposition 6.4. Let X be a finite set. Then C}(Tx) = C*(U).

Proof. Throughout the proof, a unital *-homomorphism between unital C*-algebras will
simply be called a morphism. Let A be the unital C*-algebra which is universal for
morphisms Mx — Mx ® A in the sense that there exists a morphism a: Mx — Mx®A
such that, for any unital C*-algebra B and morphism 5 : Mx — Mx ® B, there is a
unique morphism A : A — B such that 8 = (id®A)a (see [5, Theorem 2.3]). Viewing
A C B(H), there exists a unitary w : CX @ H — CX ® H such that o(T) = w*(T®Iy)w,
T € Mx. Since o has range in Mx ®.A, we have that w} ,wer . € Aforallz,z2’,a,a" € X.
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Moreover, A is generated by {(p ® id)a(A) : p € M%, A € Mx} [5, Theorem 2.3], so
A= C*({w} ywar oz, 7 0,0" € X}).
If w = (Ua,3)a, is the generating matrix for Bx,

Mx9Tl—>u*(T®l)u€Mx®BX

is a morphism, so the universal property of A supplies a morphism A : A — Bx satisfying
ANw; pwar o) = W) Uar o0y T, 7" a,0" € X. Then A(A) C C*(U), necessarily.

By the universal property of Bx, there is a morphism = : Bx — B(H) such that
T(Ugp) = Wa,z, T,a € X. The restriction of 7 to C*(U) is an inverse to A, so that
C*(U) =2 A. The desired conclusion then follows from [5, Theorem 3.8]. O

It follows from the proof of Proposition 6.4 that the operator system 7x satisfies
the universal property of [5, Theorem 3.3] for unital completely positive maps My —
Myx ® Tx, so that [5, Corollary 3.11] implies

Tx @ Ty C CHTx) ®max Ci (Ty ).

Therefore, the self-testing examples from Proposition 5.17 give rise to finite-dimensional
states f : Tx ®. Ty — C which extend uniquely to finite-dimensional states of
CH(Tx) @max CX(Ty).

7. Questions

The notion of an approximate dilation S of a model S over the pair (S x,4,Sy,B) Was
defined in [56] for the case of classes of quantum models, and can be easily extended
to classes of quantum commuting models over a finitary context (Sa,Sp), where Sy =
span{f;}*_, and Sp = span{gj}ézlz given § > 0, a quantum commuting model S =
(H,pa,ppt) is said to d-dilate a quantum commuting model S = (H, ¢4, ¢p,&) if there
exist an auxiliary system H,,x and a unit vector &,ux € Haux, and a local isometry

V : H — H ® H,, such that

V¢A(fl)¢B(gj)€ O éA(fi)Q;B(gj)é?@gauxa i€ [k]h? S [l]

We say that a correlation p of quantum commuting type over (Sa,Sp) is a robust
quantum commuting self-test if there exists a model S of p such that for every e > 0
there exists § > 0 with the property that, whenever pg is a correlation arising from a
quantum commuting model S over (Sa,Sg) with ||ps — pll1 < ¢, we have that S is a
d-dilation of S, where

k l
Ips = pllr ==Y Ips(fi @ g;) — p(fi @ g;)]

i=1 j=1
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We have the following implications for a correlation p:
p is a robust self-test = p is a self-test = p is a weak self-test.

These implications show that weak self-testing is a natural concept to study, but suggest
the following initial question:

Question 7.1. Is every weak self-test a self-test?

If S is a centrally supported quantum POVM model for p € C, and S, is the reduced
model of S, then S < S, (see [43, Lemma 4.2]), which reduces the question of self-testing
of p to the study of full rank models of p. The latter was important for establishing a
number of self-testing results and allowed the application of representations of certain
algebraic relations (see e.g. [50] for a self-test of the optimal strategy of CHSH game, and
[38] for self-tests of some synchronous correlations). We therefore formulate the following:

Question 7.2. For general model S = (4 Hg, va,¢B,§), is it true that S < 5,7

We point out that, currently, we do not see how the construction of local isometries
for the dilation S < S,. can be modified to give one in the non-tensor split case.

In the definition of self-testing, an assumption is made on the existence of an auxiliary
quantum system that ampliates the ideal model for the self-test in question. What types
of auxiliary systems may arise is an interesting question in its own right. As an example,
we formulate the following:

Question 7.3. When applying our definition of self-testing to (quantum) no-signalling
correlations of quantum type (e.g. for the classes Cq and Q), do the auxiliary bimodules
arising from the dilation pre-order automatically tensor factorise into quantum spacial
systems?
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