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The framework of Keldysh path integral concisely describes quantum systems driven away from thermal
equilibrium, such as the two-photon driven Kerr oscillator. Within the thermodynamic limit of diverging photon
number, we map it to a Martin-Siggia-Rose-Janssen-de Dominicis path integral and obtain a purely classical,
stochastic equivalent where photon self-interaction plays the role of temperature. This perspective sheds light
on the difficulties encountered in the search for an effective thermodynamic potential to describe the bistability
of the model. It allows us to estimate the bistable tunneling rates using a real-time instanton technique leading
to an analytical expression of the phase boundary, the first to our knowledge. It opens the way to powerful
semianalytical techniques to be applied to various quantum optics models displaying bistability.
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The familiar experience of water suddenly boiling into
vapor has been a long-standing puzzle of nineteenth-century
physics. A quantitative understanding came with a pioneer
theory of particles in interaction: the van der Waals equa-
tion of state. On this basis, Maxwell formulated his famous
construction of the liquid-gas phase boundary [1]. What
seemed to be a peculiarity soon revealed itself in many in-
stances where a macroscopic number of degrees of freedom
are collectively interacting. Magnets, superconductors, or liq-
uid crystals, their variety was hiding a universal behavior,
such that one could have borrowed Poincaré’s words [2] and
declare “Condensed matter physics is the art of giving the
same name to different things.” Thermal fluctuations can be
replaced by quantum ones [3], to create disordered phases
of matter by virtue of tunneling events between degenerate
ground states, restoring symmetries that classical dynamics
had to break. In that case, the quantum vacuum replaces
thermal equilibrium. Even further, recent work has shown
that driven and dissipative quantum systems—operating far
from equilibrium—can exhibit analogous transitions [4–6].
Whether such driven-dissipative phenomena can be placed
within the same universality classes as their thermal counter-
parts and how to characterize their phase transitions remain
open and compelling questions.

Perhaps the simplest example of such a quantum driven-
dissipative model is a single photonic mode subject to
photon-photon interaction U , two-photon drive ε, and losses
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γ , summarized in the Hamiltonian

Ĥ = δâ†â + U

2
â†2â2 + ε

2
(â†2 + â2). (1)

Dissipation is described by the Lindblad jump operator L̂ =√
2γ â [7]. We work here in the frequency frame of the drive,

such that δ = ω0 − ωd , where ω0 is the mode bare frequency
and ωd is the drive frequency.

This model or its single-photon driven variant has been
extensively studied in quantum optics: It is well known to
display bistability [8], i.e., the coexistence of two stable
steady-state solutions at mean-field level, which seemed to
contradict the necessary uniqueness of the quantum ground
state. At vanishing interaction, the photon number diverges,
signaling the approach to a thermodynamic limit, and leading
to a genuine first-order phase transition across the bistable
regime, with exponentially high tunneling rates between
metastable states [9,10]. The resultant hysteresis has been
observed [11,12]. It has been proposed as a basis for critical
sensing [9,13]. Similar behavior is also reported for resonator
arrays numerically [14] and experimentally [15,16]. Yet, de-
spite decades of studies, including the discovery of analytical
solutions for the photon number at finite U [17–20], a satisfac-
tory formulation of a thermodynamic potential—which could
locate the phase boundary using Maxwell’s construction—has
proven hard to find [15,16,21–24].

Semiclassical limit. The framework of Keldysh path
integral has been recently appraised to tackle such quan-
tum driven-dissipative problems [6,21,25,26]. It especially
provides nonperturbative methods to compute bistable
tunneling times [27–30]. The partition function Z =∫
D[αc, αq, α

∗
c , α

∗
q ]eiS[αc,αq] is the key quantity from which

any observable is derived. The field αc represents the average
values accumulated by operators, while αq encodes the quan-
tum fluctuations. The Keldysh action corresponding to Eq. (1)
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for an evolution time τ is

S =
∫ τ

0
dt (α∗

c (i∂t − δ − iγ )αq + H.c.) + 2iγ |αq|2

− U

2
(|αc|2 + |αq|2)(α∗

c αq + H.c.) − ε(α∗
c α

∗
q + H.c.).

(2)

We perform a semiclassical scaling of the integration field
variables, αc → αc

√
γ /U and αq → αq

√
U/γ . It leaves the

integration measure unchanged. The quadratic term in αq

now reads 2iU |αq|2. In the U/γ → 0 limit, we can neglect
the interaction term ∝ α3

q, leaving (γ /2)|αc|2(α∗
c αq + H.c.).

It reduces the Keldysh path integral to a Martin-Siggia-Rose-
Janssen-de Dominicis (MSRJD) path integral [31–35]. To
make it more apparent, we relabel the fields as two-vectors,
�q = √

2(Re αc, Im αc), �p = √
2U (−iIm αq, iRe αq )/U . We

finally define a real-valued action S by iS = −S/U . It as-
sumes the form

S =
∫ τ

0
dt �p · �̇q − H (�q, �p), H = | �p|2 + �p · �f (�q). (3)

This action describes a classical particle of position �q subject
to a fluctuation force encoded in the pseudomomentum �p and
a deterministic force,

�f (�q) = −(γ + (δ + γ | �q/2|2)J + εM)�q, (4)

where J = (0 −1
1 0 ) and M = (0 1

1 0). Solving �f (�q) = 0 re-
produces mean-field equations. Since the action is quadratic
in �p, it can be exactly integrated, to obtain a Langevin first-
order differential equation for �q [6]. We now compute the
probability that this Langevin particle tunnels between two
positions �qi and �qf . Along the paths contributing the most
to Z , S[ �p, �q]/U is minimal. This intuition is made tangible
by a saddle-point approximation around the least action path,
q	(t ), p	(t ), which verifies

δS

δq

∣∣∣∣
p	,q	

= δS

δp

∣∣∣∣
p	,q	

= 0. (5)

The tunnel probability is approximated by p(qf , τ |qi, 0) ∝
exp(−S[�q	, �p	]/U ). In this Boltzmann-like activation factor,
the interaction energy U plays the role of an effective temper-
ature. The minimal action condition is nothing but Hamilton’s
equation of motion, �̇q = ∂ �pH = 2 �p + �f (�q) and �̇p = −∂�qH .
To compute the tunneling rate p, one has to solve these dif-
ferential equations and evaluate the action along these paths,
called instantons, by analogy with quantum tunneling.

The scenario for this first-order transition is now clear.
When U/γ → 0, this quantum driven-dissipative model re-
duces to a classical stochastic system [36], where the
interaction strength U weights the quantum fluctuations. In
the bistable regime, they trigger tunneling events between a
vacuum and a bright metastable state. At vanishing fluctu-
ations, i.e., at the thermodynamic limit [37], the tunneling
events become exponentially rare. It leads to hysteresis, and
finally to a discontinuity of 〈â〉 when the tunneling rates are
equal going from vacuum to bright state and back, or equiva-
lently when the minimal action is equal in both directions.

One could recast this MSRJD path integral into a
Fokker-Plank equation and connect with existing methods

[17,18,38,39]. The corresponding Langevin process can also
be sampled numerically, leading to the so-called truncated
Wigner approximation [39–43]. This approach benefits from
recent advances on stochastic differential solvers [44].

Ornstein-Uhlenbeck pseudopotential. We start building
physical intuition by studying simpler cases. One-dimensional
systems are simple enough to be integrated exactly. First, H
is conserved by Hamilton’s equations; in the τ → ∞ limit,
the minimal action path must obey H = 0. Two types of
trajectories are then possible: either p = 0 such that q̇ =
f ; it generates a zero-action trapping trajectory toward a
metastable state; Or p = − f ⇒ q̇ = − f , an escape tra-
jectory driven by stochastic fluctuations. Second, the force
always derives from a potential, f (q) = −U ′(q), such that
the action does not depend on the integration path, S =
U (qf ) − U (qi ). This is the typical framework of Kramer’s
theory [15,45].

In two dimensions, the situation is more intricate, since
the H = 0 condition does not entirely constrain �p. We
parametrize the constraint with a new dynamic parameter θ ,
such that

H = 0 ⇔ �p = 1
2 (eθJ − 1) �f . (6)

As a consequence, �̇q = eθJ �f . Second, the force will not in
general derive from a potential. At best, we can parametrize it
with a pure gradient part U (�q) and a pure curl V (�q) as

�f (�q) = − �∇U (�q) − J �∇V (�q). (7)

Under this decomposition, the differential equation for θ (t )
becomes

θ̇ = sin(θ )�U (�q) − (1 − cos(θ ))�V (�q). (8)

By analyzing the stationary solutions θ̇ = 0, we obtain the
minimal action path classification for 2D dynamics. The first
stationary solution θs = 0 generates a trapping trajectory,
�̇q = �f . The second stationary solution, at which the particle
follows an escape path, is found at θs = 2 arctan(�U/�V ).
Unless the force derives from a gradient (V = 0), this sta-
tionary angle now depends on �q [Figs. 1(c) and 1(d)]. This
classification can be illustrated by the Ornstein-Uhlenbeck
(OU) process [46], the stochastic process obtained if �f is at
most linear in �q, e.g., by suppressing the interaction term in
Eq. (4). The force writes

�f (�q) = −(γ + δJ + εM)�q. (9)

This expression parametrizes any 2 × 2 matrix in terms of
our model parameter, up to a rotation of the reference frame
of �q. Here, δ weights the curl part of the force: It does not
derive from a gradient. The stationary angle generating the
escape trajectory is tan θs/2 = γ /δ. We now assume that the
dynamics of θ (t ) is fast compared to �q(t ), such that θ (t ) = θs.
We can fully express �p as a function of �q. It now derives from
a pseudopotential �p = �∇P(�q) with

P(�q) = cos θν

2
�q · (ν + εMeθνJ)�q, (10)

where we used polar form γ = ν cos θν , δ = ν sin θν . The
action is now independent of the path, S = P(�qf ) − P(�qi ).
Consequently, we obtain a Boltzmann factorlike steady-state
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FIG. 1. Minimal action paths of the Ornstein-Uhlenbeck model.
(a) Escape trajectory obtained by numerical integration (pink), non-
conservative force field (blue), and equipotentials of P (black). The
steady state is obtained by solving and averaging the Langevin
dynamics (colormap). (b) Action along the instanton, using analyt-
ical expression based on Eq. (10) (pink) and numerical integration
(blue). (c) Given �f , �p and �̇q are constrained to the gray circles.
Gray arrows indicate the dynamical flow of θ (t ) [see Eq. (8)]. (d)
In a pure potential force (δ = 0), θs = π , and the escape trajectory
opposes �f .

density probability p(�q) ∝ exp(−P(�q)/U ). The situation is
illustrated in Fig. 1, where we drew the equipotential lines
of P, the nonconservative force field, and an escape mini-
mal action path in Fig. 1(a). We independently obtained the
steady state by simulation of the corresponding Langevin
dynamics, using an Euler-Maruyama integration scheme. We
furthermore confirm the validity of θ (t ) 
 θs by comparing
the action along the path computed with the pseudopotential
P and by numerical integration of the equation of motion.

Approximation schemes. Aside from special cases like the
OU process, there is no guarantee that �p derives from a gradi-
ent when θ (t ) = θs. It is especially not the case concerning
the driven-dissipative Kerr oscillator, where the force field
is given by Eq. (4). We now understand the inherent diffi-
culties of the model at hand: The nonlinear term is a pure
curl, with no associated potential, such that supplementary
approximations are required to analytically compute tunnel-
ing rates. To gain intuition, we employ numerical integration
to find minimal action escape paths connecting stable fixed
points to unstable fixed point of �f [Fig. 2(a)] [47]. Standard
approaches to this boundary value problem like the shooting
method [48] are unreliable, because the strong oscillatory
trajectory is extremely sensitive to initial conditions in the

−4 −2 0 2 4

qy

−2

0

2

q x

(a)

10−2

10−1

100

S

(b)

num.

ana.

(c)

num.

ana.

2 4 6

t/γ

−1

0

1
θ
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num.

θs

|�f |

FIG. 2. Minimal action paths of the two-photon driven Kerr os-
cillator model at δ/γ = −10 and ε/γ = 3.2. (a) Instanton escape
trajectories from the vacuum state (pink) and the bright state (blue).
The streamlines represent the nonconservative force field �f . (b)
Action along the bright state escape path, by numerical integration
(blue) and analytical ansatz (orange). (c) Action along the vacuum
state escape path, by numerical integration (pink) and analytical
ansatz (green). (d) θ (t ) along the bright state escape, by numerical
integration (blue) and value of the instantaneous stationary angle
θs( �q) (orange). (e) θ (t ) along the vacuum state escape, by numerical
integration (pink) and value of the instantaneous stationary angle
θs( �q) (green).

τ → ∞ limit. We refine it by raising the total instanton time τ

incrementally. At every step, we solve the shooting problem,
using the previous step solution as an initial guess. This allows
the algorithm to progressively adapt to the details of the force
field and to the trajectory fast oscillations. More advanced
methods have been explored in the literature (see Ref. [34] and
references therein). We observe that the condition θ (t ) = θs is
obeyed in the vicinity of the fixed points, with significant de-
viations when the trajectory crosses from one attraction basin
to another [Figs. 2(d) and 2(e)]. We thus formulate an approx-
imation amenable to analytical computations, assuming that
θ (t ) = θ (−∞); i.e., θ stays locked at the value necessary to
escape its initial trap. Equation (6) now completely determines
�p(�q). We discard its curl part, and write it as a gradient.
It should be noted that this pseudopotential, while being a
technical convenience, now depends on the initial state. The
actions computed numerically and analytically within these
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FIG. 3. Two-photon driven Kerr oscillator phase diagram. (a)
The mean-field phase diagram in detuning δ and drive amplitude ε

shows a vacuum regime (blue), a cat regime (purple), and a bistable
regime (colormap). Insets show stable (white) and unstable (black)
states, and �f aspect in each region. The colormap shows the photon
number in the bistable regime at U = 0.1γ using exact expressions.
A phase boundary appears, with an abrupt change of the photon num-
ber, separating a vacuum and a bright phase. The analytical phase
boundary obtained in Eq. (11) (pink) matches. (b) The relative dif-
ference between transition boundary predicted by instanton method
and numerically located on exact expression for photon number.

approximations are compared in Figs. 2(d) and 2(e). As ex-
pected, they match during the initial escape, but discrepancies
accumulate toward the end of the trajectory.

Finally, we test this analytical approach by computing the
phase boundary, as the locus of (δ/γ , ε/γ ) points where the
actions (and thus the escape probability) from the outer and
inner fixed points (corresponding to bright and vacuum states
respectively) are equal. We find it defined by the implicit
equation

δ(
√

ε2 − γ 2 + δ)2

4
√

ε2 − γ 2(γ 2 + δ2)
(γ 2 + (2

√
ε2 − γ 2 − δ)2)

= ε2 − γ 2 −
(

δ −
√

ε2 − γ 2 + γ

√
δ2 − ε2 + γ 2

ε2

)2

.

(11)

This line is shown in Fig. 3 on top of the numerically com-
puted phase diagram of the system within the bistable region.
The relative error between the analytical line and numeri-
cal results remains below 5% throughout. It vanishes when
δ/γ → −∞, when the particle spends the longest time escap-
ing its initial metastable point, as well as at δ/γ → 0, since
the curl part of the force field is negligible.

The onset of this first-order phase transition has been ob-
served, e.g., on circuit QED-based platforms, via heterodyne
detection of the emitted field, either in average [13] or re-
solved as a time series of tunneling events [49]. Emitted power
spectrum measurement [10] or dynamical hysteresis area law
[11,12] are also promising avenues. To our knowledge, no
comparison with a theoretically obtained boundary line has
been attempted so far on this model. The precise measure of
the line position is delicate: Close to the critical point, ap-
proaching the thermodynamic limit to obtain a sharp transition
requires vanishingly small U/γ (∼10−4 reported in Ref. [13]).
Thermal noise is then competing with quantum fluctuations
to activate the tunneling events and broadens the transition
line. Conversely, at high power, the exponentially large times
between switches dictate unpractically long integration times.

Conclusion. We have derived a classical stochastic de-
scription of the two-photon driven Kerr oscillator in the
thermodynamic limit by mapping the Keldysh path integral to
its MSRJD counterpart. This mapping reveals how quantum
fluctuations, governed by the interaction strength U , act as an
effective temperature.

Using a real-time instanton approach, we obtained an an-
alytical expression for the first-order transition line between
bright and dim phases. Our results provide a clear physical
picture of bistability in this system and explain the failure
of several previous pseudopotential approaches. Furthermore,
this framework unifies several established methods used for
driven-dissipative systems—including the truncated Wigner
and Fokker-Planck techniques—and justifies the approxima-
tions on which they rely.

The validity of the approach must be examined further
around the critical points at δ > 0, where divergingly large
fluctuations usually defeat mean-field methods. Here, they
challenge the neglect of the cubic terms in the quantum fields.
A careful simulation of the dynamical critical exponent would
offer a useful benchmark of deviation from mean-field predic-
tions.

Finally, we acknowledge that the single Kerr oscillator is a
simple test bed, amenable to brute-force diagonalization. Yet,
we believe that the method exposed here will scale favorably
to more complex systems, where similar first-order driven-
dissipative transitions are expected, e.g., driven Bose-Hubbard
arrays or driven Tavis-Cummings model from quantum optics
[38]. The separation between fast θ (t ) and slow �q(t ) variables
will prove essential for addressing truly many-body systems
by reducing the number of degrees of freedom. Together with
numerical techniques imported from classical stochastic pro-
cesses [34], it significantly broadens the toolset available to
study quantum driven-dissipative phase transitions.
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