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Geometric discretizations in hydrodynamics: from
plasma physics to thermal quasi-geostrophy

Michael Roop

Department of Mathematical Sciences
Division of Applied Mathematics and Statistics
Chalmers University of Technology and University of Gothenburg

Abstract

Many physical processes are modeled by partial differential equations (PDE), and
their efficient discretization is a challenging problem and an active field. A common
class of models arising in mathematical physics are PDEs formulated in terms of
a Lie—Poisson structure on the dual of infinite-dimensional Lie algebras, such as
the Lie algebra of vector fields. They are referred to as Euler—Arnold systems. In
the present thesis, an important subclass of such equations is addressed, namely
equations of incompressible magnetohydrodynamics (MHD) and thermal quasi-
geostrophy (TQG) on the sphere. The thesis comprises four papers.

In the first paper, a spatio-temporal discretization of MHD on the sphere is de-
veloped. The method fully preserves the underlying Lie—Poisson structure. Space
discretization is based on truncation of the Lie—Poisson structure and yields a
finite-dimensional Lie-Poisson system. Further, a structure preserving time inte-
grator is developed. This integrator exactly preserves all the Casimirs and nearly
preserves the Hamiltonian function in the sense of backward error analysis of sym-
plectic integrators.

In the second paper, the developed structure preserving discretization is ap-
plied to Hazeltine’s model of 2D turbulence in magnetized plasma and its two
limiting cases, the reduced MHD (RMHD) model and the Charney—Hasegawa—
Mima (CHM) model. Simulations reveal the formation of large-scale coherent
structures in the long time behavior of some fields, and small scales in other fields,
which indicates the presence of both inverse and direct cascades of the conserved
quantities.

In the third paper, the global model for thermal quasi-geostrophy (TQG) is
developed and its Hamiltonian structure is given. Structure preserving spatio-
temporal discretization developed for MHD is adapted for TQG, and the long
time behavior is studied.

In the fourth paper, the reduced model of axially symmetric magnetohydro-
dynamics on the three-sphere is derived and its Hamiltonian formulation is given.
The finite dimensional Zeitlin’s matrix model is extended for MHD from 2D to ax-
ially symmetric 3D flows of magnetized fluids, yielding the first discrete model for
3D magnetohydrodynamics compatible with the underlying Lie-Poisson structure.



Keywords: Magnetohydrodynamics, thermal quasi-geostrophy, geophysical
flows, Lie—Poisson structure, magnetic extension, Casimirs, Hamiltonian dynam-
ics, symplectic Runge-Kutta integrators.
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1 Introduction

Being a professional mathematician, in my work, I have to constantly
rely not on proofs, but on feelings, guesses, hypotheses; moving from
one fact to another, being driven by the special kind of inspiration
that makes one see common features in phenomena that may seem to
an outsider absolutely unrelated.

A correct guess goes hand-in-hand with a feeling that further proofs
would be completely useless, an almost painful feeling that is
unforgettable, but difficult to convey.

V.I. Arnold

The present thesis is built around two topics: turbulence and geometric numer-
ical integration. Turbulence is a complex phenomenon that is difficult to define
rigorously. The famous American physicist Richard Feynman once remarked that
"turbulence is the last, great unsolved problem of classical physics". Usually, by
turbulent behavior, one means that the velocity and the pressure of a fluid undergo
chaotic changes. In other words, if a fluid is set to motion, then sooner or later, the
regular (or laminar) flow pattern becomes irregular, involves intricate interactions
between the fluid layers. A special place in the theory of turbulence is occu-
pied by magnetohydrodynamic (MHD) turbulence, where the turbulent motions
of conducting fluids are accompanied by magnetic field fluctuations. A particular
example of a conducting fluid is an ionized gas called a plasma. Plasma, recognized
as the fourth state of matter, fills 99% of the observable Universe. However, our
understanding of the fundamental properties of its dynamics and the mathematical
models describing it is still limited.

Magnetohydrodynamical turbulence is closely related to hydrodynamical tur-
bulence in the incompressible Euler equations. The incompressible Euler equations
is a fundamental mathematical model to investigate the motion of fluids on dif-
ferent domains (with or without a boundary). Although Euler’s equations is the
simplest model describing fluids, as it often happens in mathematics, problems
with the simplest formulation may remain unsolved for centuries. This is exactly
the case of the Euler equations.

The book "Topological Methods in Hydrodynamics" by V. Arnold and B.
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Khesin [5] starts with these words: "Hydrodynamics is one of those fundamental
areas in mathematics where progress at any moment may be regarded as a stan-
dard to measure the real success of mathematical science". The incompressible
Euler equations were written as early as in 1757, but the long time behavior of their
solutions remains largely unknown. Numerous works have been devoted to under-
standing the properties of solutions to the Euler equations of hydrodynamics, both
by analytical and numerical methods. A fundamental observation was made by
V.I. Arnold in the 1960s, who discovered their geodesic nature [3, 5|. Namely, the
incompressible Euler equations constitute a geodesic flow on the group of volume
preserving diffeomorphisms of the underlying manifold (for instance, the sphere),
with respect to the right-invariant L, metric. The same formalism has been shown
to cover a large variety of equations of mathematical physics. They are referred to
as Fuler—Arnold systems. Among them are inviscid Burger’s equation, barotropic
and fully compressible Euler’s equations, magnetohydrodynamics equations, lin-
ear and non-linear Schrédinger equations, and many other [27]. Arnold’s discovery
gave rise to a new field in mathematics, geometric fluid mechanics, that opened
up new insights in such fundamental problems as stability criteria for solutions,
global existence of solutions, and turbulence of the Earth’s atmosphere.

In the present thesis, we address several examples of Euler—Arnold systems,
among them is the system of self-consistent magnetohydrodynamics equations.
This model has important applications in astrophysics, physics of plasma, and
geophysics 21, 17, 43, 18, 19]. The model describes the motion of conductive
incompressible fluids that, on the one hand, transport the magnetic field, and,
on the other hand, experience influence from the magnetic field. This leads to
an extension of the incompressible Euler model by adding the dynamics of the
magnetic field and by including the Lorentz force in the momentum conservation
law. Geometrically, the MHD system is a Lie-Poisson flow on the dual of the
magnetic extension of the Lie algebra of volume preserving diffeomorphisms group.

Resolving the long time behavior of solutions to the Euler equations is a promi-
nent problem in mathematical fluid dynamics and is essential for understanding
hydrodynamical turbulence. Many applied questions are directly related to this
problem, such as understanding the weather patterns on planets, formation of
large scale coherent structures in atmospheric motions. As there is no possibility
to create a laboratory for experiments with the atmosphere, the way is to utilize
computational facilities. The natural step then is to develop efficient numerical
algorithms to simulate the equations of hydrodynamics.

The construction of spatio-temporal discretizations of hydrodynamic equations
is a challenging problem, especially when it comes to long time simulations. The
interpretation of the Euler equations as geodesic equations on the group of volume
preserving diffeomorphisms gave a significant contribution, not only to the devel-
opment of theoretical tools for studying fluids’ motion, but also paved the way
for constructing efficient numerical methods allowing for long time simulations.



Indeed, the Hamiltonian interpretation of Arnold’s observation suggests that the
Euler equations constitute a Lie—Poisson flow on the dual of the Lie algebra con-
sisting of divergence-free vector fields. This means that the system admits many
(in fact, infinitely many) conservation laws, Casimirs. Preservation of Casimirs is
vital in long time simulations [1]|. Indeed, conservation of Casimirs restricts the set
of possible states that can be reached from a given initial state, thus affecting the
qualitative long time behavior. Therefore, one should use methods that preserve
the underlying Lie—Poisson geometry, and, in particular, Casimirs. And this is
where geometric numerical methods, another central topic of this thesis, come into
play.

The structure preserving discretizations for fluids develop in two steps. First,
one needs to discretize the equations in space. The main tool here is the theory of
Berezin—Toeplitz quantization developed in the works [6, 7, 23, 24, 25]. The main
idea is that the infinite-dimensional Poisson algebra of smooth functions is replaced
with a finite-dimensional analogue, the Lie algebra of skew-hermitian trace-free
matrices with the Lie bracket given by the scaled matrix commutator. This makes
it possible to introduce a finite dimensional approximation of the Euler equations
— the flow on skew-hermitian matrices known as the Euler—Zeitlin model [49].
Later, Zeitlin extended this approach to incompressible magnetohydrodynamics
on the flat torus [50]. One crucial benefit of this approach is that the spatially
quantized Euler’s equations constitute a Lie—Poisson flow on su(N)*, exactly as
the continuous equations represent a Lie—Poisson flow on the dual the Lie algebra
of divergence-free vector fields.

In the present thesis, we extend this approach to incompressible magnetohy-
drodynamics, as well as thermal quasi-geostrophy. The resulting quantized MHD
system constitutes a finite-dimensional Lie-Poisson flow on the dual of the semidi-
rect product Lie algebra f = su(N) x su(N)*
magnetic extension of su(N), and is a quantized counterpart of the magnetic ex-

, which is usually referred to as the

tension of the Lie algebra of divergence-free vector fields. Analogous results hold
for the global TQG model on the sphere.

The second step is to discretize the matrix flow in time in such a way that
the quantized analogues of Casimirs are exactly preserved. Such an integrator,
the isospectral symplectic Runge—Kutta method, has been developed in the works
[36, 47] for a large class of isospectral flows, including the Euler—Zeitlin model for
incompressible Euler’s equations. The main mechanism that allows for construct-
ing such methods is the discrete Lie—Poisson reduction.

In the present thesis, we use a similar approach to develop structure preserving
Lie—Poisson integrators for Lie—Poisson systems on the dual of the Lie algebra of
the form §f = gx g*, where g is a J-quadratic Lie algebra. Such Lie algebras include
all the classical Lie algebras. This extends the isospectral symplectic Runge-Kutta
integrators (IsoSRK) developed by Modin and Viviani [36, 47].

Further, the developed structure preserving discretization is used to investigate
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the long time behavior of magnetized fluids and geophysical flows. It is worth
mentioning that for the Euler equations there are many results known, in particular
those obtained in the works [36, 35, 9]. Namely, the long time behavior of the
incompressible Euler equations typically settles on a quasi-periodic motion of 2, 3,
or 4 blobs for generic initial conditions. The number of blobs is roughly determined
by the value of the total angular momentum normalized by the square root of
the enstrophy Casimir, while their motion is closely related to low dimensional
integrability of vortex blobs dynamics.

However, much less is known about the long time behavior of MHD. In par-
ticular, there are no systematic theoretical and numerical studies of the long time
behavior for Hazeltine’s model of MHD turbulence, which generalizes conventional
models, such as reduced MHD and the Charney—Hasegawa—Mima (CHM) equa-
tion. One may pose the following question: Do formations like those in the ideal
hydrodynamics appear also in the various models for reduced magnetized fluids?
In the present thesis, we fill in this gap and provide a positive answer to this
question. We reveal large scale coherent structures forming in the vorticity field
for Hazeltine’s model of turbulence in magnetized fluids. These numerical results
indicate the presence of an inverse kinetic energy cascade. At the same time, the
vorticity evolution of the reduced MHD model is drastically different: it cascades
directly and develops small scales with no visible large scale structure along with
vast amplification of the magnitude.

A separate part of this thesis addresses the large scale dynamics of a model
describing a different type of physics. Namely, we develop the global model of ther-
mal quasi-geostrophy (TQG) on the sphere via subsequent approximations to the
thermal rotating shallow water (TRSW) equations. This results in a two-field sys-
tem of equations describing the dynamics of the potential vorticity and buoyancy
(normalized density variation) sharing the same semidirect product Lie—Poisson
structure as the reduced MHD equations. This intricate connection through the
underlying geometric structures of the two theories (MHD and TQG) based on dif-
ferent physics, makes it possible to adapt the structure preserving discretization
developed for MHD to investigate the long time behavior of TQG.

This thesis consists of three introductory chapters followed by research papers.
The introductory chapters aim at presenting the necessary theoretical material
which could not have been included in the papers and which serves as a complement
to the results presented in the papers. We start with a discussion of Hamiltonian
and Lie-Poisson systems in Chapter 2 and present the geodesic and Hamiltonian
approach to fluids. Further, we give the key methods and approaches for their
discretization in Chapter 3. Chapters 2 and 3 are extended versions of those in
the author’s Licentiate thesis [41]. We proceed with a discussion of finite-mode
truncations for fluids in Chapter 4. We conclude by a summary of the papers
included in the thesis.



2 Hamiltonian and Lie—Poisson systems

Classical mechanics is one of the first attempts to formulate empirical observations
of the macroscopic world in terms of mathematical equations, and goes back to
Newton, Lagrange, Euler, and Hamilton. Later, with the development of differen-
tial geometry, this classical field got a new breath. Indeed, the modern language of
differential geometry formulates classical mechanics in an invariant and coordinate-
free way, thus deepening the understanding of underlying fundamental structures
and adding to the beauty and elegance of the field. The exposition here mainly
follows [4, 5, 30].

2.1 Preliminaries from differential geometry

We start with some preliminary notions from Riemannian and symplectic geome-
try, and Hamiltonian mechanics. As the MHD equations will be the main subject
of the present thesis, we shall provide (in a concise manner) background material
that will be used to show the Hamiltonian structure of magnetohydrodynamics,
which is the main goal of this chapter.

2.1.1 Riemannian structures and connections

Let M be a real smooth manifold of dimension dim(M) = n, C°°(M) be the space
of smooth functions on M, D(M) be the module of vector fields on M, and Q' (M)
be the module of differential 1-forms on M.

Definition 2.1. A smooth manifold M is called Riemannian, if it is equipped
with a smoothly varying field of scalar products:

9o ToM X T,M =R, (X,Y)— ¢o(X,Y), x€ M.

A smooth manifold M with a given Riemannian structure g is denoted by

The next important construction that we need is a connection. The notion
of a connection on a smooth manifold M naturally appears when it comes to
the definition of an acceleration in mechanics. Let Y € D(M) be a vector field

5t



6 Chapter 2. Hamiltonian and Lie—Poisson systems

on M that can be thought of as a velocity of a particle, and x(¢) be a path on
M. Then, to find an acceleration of a particle, one needs to compare vectors at
different points of the curve x(t), which is problematic, since they are elements
of different vector spaces. To this end, let us equip the manifold M with linear
isomorphisms A(t): Ty M — T,)M between the tangent spaces. This way
of identification of tangent spaces is called a connection. Then, taking images
Y(t) = At) (Yx(t)) € TpyM of vectors Y (t) € Ty M, we get the velocity of
variation of the vector field Y along the path x():

I Y(t)-Y(0) dY(t)
tgr(l) t At

S Tm(O)M. (2.1)
t=0

Let z(t) be the trajectory of another vector field X on the manifold M. Then,
the derivatives (2.1) at various points of M give us a vector field VxY on M, and
thus come to the notion of a covariant derivative.

Definition 2.2. A covariant derivative is a map
Vx:DM)—DM), X eDM),

that satisfies the conditions

1. Vx,4+x, = Vx, +Vx,

2. Vix = fVx, fe C®(M),

3. Vx(Y1 +Y2) = Vx (Y1) + Vx(Y2)

4. Vx(fY) = X(f)Y + fVx(Y),
where X;,Y;, X, Y € D(M), f € C>*(M).

In other words, the operator V is C°°(M)-linear with respect to its first ar-
gument and is a derivation with respect to the second one. Any connection is
determined by its covariant derivative.

The action of the covariant derivative on differential 1-forms is given by the
following expression:

(Vxa,Y)=X(a,Y) — (o, VxY),

where o € Q'(M), X,Y € D(M), and brackets (-, -) stand for the natural pairing
between 1-forms and vector fields.

By means of the Leibniz rule one can expand the action of the covariant deriva-
tive Vx to tensor fields of higher ranks. In particular, if g is a metric tensor on
a smooth manifold M, then the action of the covariant derivative Vx(g) is given
by the formula:

(Vz9)(X,Y) = Z(g(X,Y)) — g(VzX,Y) — g(X,VzY),
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where X,Y,Z € D(M).
For a connection on a tangent bundle one can define a vector field

T(X,Y)=VxY —-VyX — [X,Y],
where X,Y € D(M). The map
T:D(M)xD(M)— D(M)
is called the torsion tensor of a given connection.

Definition 2.3. A connection on a tangent bundle is called symmetric, if its
torsion tensor is trivial.

It is well known that there is a unique symmetric connection on a Riemannian
manifold, which is also metric, that is Vxg = 0 for any X € D(M), and it is called
the Levi—Civita connection.

Further on, for the scalar product g(X,Y") of vector fields X, Y in terms of the
metric g we will use the notation (X,Y),, as well as X - Y. For the Lie derivative
along some vector field X, we will use the notation Lx. The Lie derivative Ly
shows an infinitesimal change of a tensor field along the flow generated by the
vector field X. Also, we will need some properties of the Levi—Civita connection.

Lemma 2.1. Let V be the Levi—Civita connection, associated with the metric g,
and let u,v,w € D(M). Then,

(w,V(v-u))g = (Vyv,u) g+ (v, Vyu),. (2.2)
Proof. Since V is the Levi-Civita connection, V,,g = 0:
w(g(va u)) = g(vwva u) + g(v, un) = <Vw’l), u>g + <v7 ku>g'

Using the definition of the gradient (df)(w) = (w, V f), and putting f = g(v,u) =
v - u, one can write down the left hand side as

w(g(v,u)) = (d(v - u))(w) = (w, V(v - u)),.

U
Corollary 2.1. Putting w = v in (2.2), we get
(v, Vyu)g = (v, V(v-u)g — (Vyv,u),. (2.3)
Corollary 2.2. Putting u=v in (2.2), we get
1
(w,V[v|*)g = Vv, v)g + (v, Vav) g & (0, Vyv)g = §<w, V]v[*)g- (2.4)
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Using the metric g one can define the flat operator, b: D(M) — Q' (M), X°(-) =
g(X,), and its inverse f: QY (M) — D(M), called sharp operator.

Lemma 2.2. Let V be the Levi-Civita connection, and v € D(M). Then,
(Vov)’ = Ly’ — %d|v|2.
Proof. Let Y € D(M) is an arbitrary vector field on M. We need to prove that
T = (Vo) (¥) = (L") () + 5 (dlof) (V) = 0.
Let us use the formula of the action of the Lie derivative on 1-forms:
(Loo”)(Y) = (0" (Y)) = 0 ([0,Y]) = v(9(v,Y)) = g(v,[v,Y]).
Therefore,
J=9(Vou,Y) —v(g(v,Y)) + g(v,[v,Y]) + %(d|v|2)(Y) (2.5)
Taking into account that the torsion of V is trivial, that is
V.Y = Vyv =[v,Y],

we reduce (2.5) to the form

T = gV, Y) = o(g(v, Y)) + 900, 90¥) — g0, Vo) + 5Y (gl0,0))
Since Vg = 0, then v(g(v,Y)) = g(V,0,Y) + g(v,V,Y), and

T = 90, Vyv) + $¥ (g(0,0).

Finally, using the property of the Levi-Civita connection (2.4), J = 0. U

2.1.2 Hamiltonian mechanics

Let M again be a real smooth manifold of even dimension dim(M) = 2n, and
let 2 be a non-degenerate closed 2-form on M. Then, the pair (M, () is called a
symplectic manifold.

Theorem 2.1 (Darboux). Let (M,Q) be a symplectic manifold. Then, in the
neighborhood of z € M, there exist local coordinates (q1,...,qn,P1,---,Pn), called
canonical coordinates, such that

Q= idpz /\dqz‘.

=1
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This means that all symplectic manifolds locally look similar (there are no local
invariants).

Definition 2.4. Let (M7,;) and (Ma, 23) be two symplectic manifolds, and let
p: My — My be a C*°-map. Then ¢ is called a symplectic map, or a symplecto-
morphism, if ¢ is a diffeomorphism, if ¢*(Qs) = Q4.

Definition 2.5. Let (M, 2) be a symplectic manifold. A vector field X € D(M)
is called Hamiltonian, if there is a function H: M — R, such that

Lxﬂ = dH,

where 1: D(M) x QF(M) — QF=1(M) is the contraction of a vector field and a
differential form, that is (for k£ = 2) (tx2) (V) = Q(X,Y) for any Y € D(M).

A Hamiltonian vector field with Hamiltonian H is denoted by Xp.
To compute the flow generated by the vector field Xz, one needs to solve the

system
z= XH(Z),
that in canonical coordinates (q1,...,qn,P1,--.,Pn) can be written as
OH OH
G = —, pi=——o. 2.6
" Opi ’ 9g; (2:6)

The equations (2.6) are called canonical, or Hamiltonian.

Proposition 2.1. Let Xy be a Hamiltonian vector field with the Hamiltonian H.
Then,
Lx, Q=0.

Proof. Using the Cartan formula Lx =tx od +dotx, we get
LXHQ = LXHdQ + d (LXHQ) = d(dH) =0.
O

This property of Hamiltonian vector fields means that Hamiltonian flows are
symplectic.
In canonical coordinates, a Hamiltonian vector field can be written as

“/O0H O OH 0
Xy = . .
" Z (52% 0q;i  Ogq; 31%)

=1

Let F, G be two smooth functions on a symplectic manifold (M, 2). Then, one
can define a Poisson bracket of functions F' and G by

(F,G} (2) = UXp(2), Xa(2), z€ M.
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Proposition 2.2. Let p; be the flow of a Hamiltonian vector field Xy . Then,
pi {F, G} ={p F, 0 G} (2.7)
for all F,G € C*°(M).
Differentiating the expression (2.7) by ¢ at t = 0, we get
Xu({F,G}) ={Xu(F),G} +{F, Xu(G)}. (2.8)
Further, from the definition of the Poisson bracket, we have
{F, G} = (1x-9) (Xg) = (dF)(Xe) = Xa(F),

which implies that
{{FvG}7H} =X ({FaG})

Using (2.8), we get

{({F.G} Hy ={Xu(F),G} +{F, Xu(G)} = {{F. H} , G} + {F.{G, H}},
which is the Jacobi identity.
Theorem 2.2. The Poisson bracket {-,-} has the following properties:

o skew-symmetry

{F7G}:_{G7F}7

o Leibniz rule

{F.GH} ={F.G} H+ G{F, H},
e Jacobi identity

({F,G},HY + {{G,H} ,F} + {{H,F},G} = 0.

Remark 2.1. The properties in Theorem 2.2 can serve as a definition of the Poisson
bracket. Indeed, a set of smooth functions C°°(M) can be endowed with a bilinear,
skew-symmetric operation {-, -} satisfying the Jacobi identity. The pair (M, {-,-})
then becomes a Poisson manifold.

Remark 2.2. A Poisson manifold is a more general object than a symplectic man-
ifold. Indeed, any smooth manifold, not necessarily even-dimensional, can be
endowed with a Poisson bracket. At the same time, any symplectic manifold is
also a Poisson manifold, where the Poisson structure is induced by the symplectic
form.
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In canonical coordinates, a Poisson bracket can be written as

" (OH OF OH OF
FH! = — — .
{5 1) Z (32% 0q;  Og; 3]%)

i=1
Finally, in terms of the Poisson bracket, the canonical equations (2.6) take the

form

F={FH},

where F' is any canonical coordinate function.

Among all Hamiltonian systems, a special place is occupied by integrable Hamil-
tonian systems, i.e., such Hamiltonian systems that can be solved explicitly. The
following important theorem gives the integrability conditions for Hamiltonian
systems, as well as provides a constructive method of integrating them:

Theorem 2.3 (Liouville, Arnold). Let H = Fy, F5 ..., F, be independent func-
tions on a symplectic manifold (M, Q) in involution, i.e.

{Fi,Fj}ZO, i,jzl,...,n,

then the trajectories of the Hamiltonian system (2.6) lie on an invariant n-dimensional

manifold
M; ={Fi(p,q) =11,...,Fu.(p,q) = I,} C (M,Q),
where I; € R.
There exist canonical coordinates (I1,...,In,¢1,...,0n), such that the sym-

plectic form ) has its canonical form

Q= idll /\ngi,

=1

and Hamilton’s equations take their simplest form

If, in addition, M7 is compact and connected, then it is diffeomorphic to the
n-torus T".

The canonical coordinates (I1,...,I,,1,...,p,) are called action-angle vari-
ables. Note that for Hamiltonian systems it is enough to have only n independent
integrals in involution to find a solution, contrary to general type system of ODEs,
for which 2n integrals would be needed.
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2.1.3 Liouville-Arnold integrability as a particular case of
Lie—Bianchi integrability

In the previous section, integrability of Hamiltonian systems was discussed, which
culminates in the Liouville-Arnold integrability theorem. However, while the
Liouville-Arnold theorem guarantees the existence of action—angle variables, it
does not provide a constructive algorithm of finding the angle variables. It turns
out that the Liouville-Arnold integrability of Hamiltonian systems can be seen
as a particular example of the Lie-Bianchi integrability theorem of general type
(systems of ) ODEs. Indeed, one may ask the following question: given a system of
ODEs, what are the conditions for it to be solved by quadratures? The answer is
provided in the framework of the geometric theory of differential equations origi-
nated from the works of the Norwegian mathematician Sophus Lie. In this section,
we briefly discuss its main ideas and show how to construct the angle variables for
integrable Hamiltonian systems. Even though it is not used in the thesis directly,
it feels important to put the Hamiltonian systems setting in a larger framework of
general type ODEs. We refer to the monographs [29, 46] for a more comprehensive
discussion.
We start with the simplest case, which is an ODE of the first order:

F(t,u,i) = 0. (2.9)

We observe that the object (2.9) can naturally be thought of as a manifold in the
space of 1-jets J' ~ R3(t,ug,u;), where the coordinates uy and wu; stand for the
unknown function and its derivative:

5:{F(t,u0,u1) :0} C Jl.

The geometric image of a solution to the ODE (2.9) is a curve I'Y = {ug = f(¢)},
where f(t) is a function solving the equation F'(¢, f(t), f'(t)) = 0. One can intro-
duce the first prolongation T'' C € in the following way: 't = {ug = f(t), u1 = f'(t)}.
It is more natural to think of solutions as prolonged curves I'!, because I'! lies on
the equation manifold £. However, one would want to have a description of I'" in
terms of extrinsic objects on the ambient space J*.

Let us think of I'! C &£ as of a trajectory of a certain field of directions on &£.
This field of directions is obtained by intersecting two planes at every point 6 of
J1. One of them is naturally the tangent plane Ty&, and the other one is called
the Cartan plane. The role of the Cartan plane Cy C J! is to sort solution curves
't out of all curves on £. In terms of the canonical coordinates (¢, ug,u;) of J1,
the Cartan distribution C is defined as

PN Guy ot T Mo /-
The dual way to define the distribution C is as a kernel of the Cartan 1-form w:

w=duyg —u1dt, C = ker(w).
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Now we define the field of directions on &:
0—lg, log=Co NTHE, Iy :ker(w|g)g,
and give a geometric generalization of a smooth solution to (2.9).

Definition 2.6. A curve I'! C £ is said to be a (generalized) solution to the ODE
£, if and only if I'! is an integral curve of lg.

Remark 2.3. The definition 2.6 is indeed a generalization of a smooth solution to
(2.9) to a multivalued solution. To see this, we assume that £ can be resolved with
respect to the highest derivative, i.e. uy = f(t,ug). Then, w|e = dug — f(t, ug)dt.
Let 't = {ug = h(t), uy = h/(t)} be a (locally) smooth solution. Then, (w|¢)|r1 =
h'(t)dt — ' (t)dt = 0, which means that the classical (smooth) solution I'! lies in
the kernel of w|g, so any classical solution is also a generalized one in the sense
of definition 2.6 (the correspondence principle is fulfilled). However, the kernel
contains also objects of the form ¢ = h(ug), so that solutions might not be graphs
of functions globally.

The concepts introduced above for a first order ODE are straightforwardly
generalized to the case of a k-th order ODE F'(t,uq,...,ux) = 0. Indeed, we
define the Cartan forms on the k-jet space J*¥ ~ RF*2(t, ug, ..., uy):

wo = dug — uqdt,
(2.10)
wi—1 = dug—1 — ugdt,
and the Cartan distribution

C = ker(wo) N...N ker(wk_1),

and we define the solution T'* C &€ to & = {F(t,uq,...,ux) =0} as an integral
curve of C|g.

Summarizing, solutions to a k-th order ODE are associated with the Cartan
distribution C, i.e. the differential 1-forms (2.10), and therefore the process of
finding solutions to ODEs is now "geometrized" to finding integral manifolds of
Cartan forms restricted to the equation manifold £. However the following ques-
tion remains open: what are the conditions for integrability of the distribution C¢?
In other words, what are the conditions for integrability of a k-th order ODE?

The answer to the integrability question is given in terms of symmetries. Intu-
itively, symmetries are transformations that leave the set of solutions to an ODE
invariant, i.e., that map solutions to solutions. We observe that the construc-
tion responsible for solutions is the Cartan forms, therefore it is natural to define
symmetries as transformations leaving the Cartan distribution invariant.
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Definition 2.7. A transformation ®: J& — J* 0 — ®(0) is called symmetry, if
o*(C) =C.

Since the Cartan distribution is defined as a kernel of the Cartan forms, it
means that the symmetry transformation @, (one-parameter group of diffeomor-
phisms of J*) has to preserve the kernel of Cartan forms:

7 (wj) = Z Ca(T)Wa-

Let X be an infinitesimal generator of ®,. Differentiating the above expression
with respect to 7 at 7 =0, we get

Lx(w;) = Zﬁawa < Lx(wj)ANwoAN...Nwk—1 =0 on &, (2.11)
which is called the Lie equation for the unknown X.

All symmetries X, Xs,... form a Lie algebra Sym(€) with respect to a com-
mutator of vector fields. Clearly, any vector field in the Cartan distribution X € C
is a symmetry. Such symmetries do not provide new solutions, they move a
solution along itself. In other words, Cartan planes are transported along the
same solution curve. Such symmetries are called characteristic and form an ideal
Char(€) C Sym(&). Taking the quotient shm = Sym(E)/Char(E), one gets the Lie
algebra of shuffle symmetries.

Let cf; be the structure constants of sym, ie. [X;, X;] = 3, ¢; Xy We are
now in position to formulate the Lie—Bianchi integrability theorem (for a modern
proof, we refer to [29, Ch. 1]).

Theorem 2.4 (Lie-Bianchi). Let sym = (X1, Xs,..., X%) be a k-dimensional
commutative Lie algebra of shuffle symmetries of the k-th order ODE &, i.e.
[Xi, X;] = 0,¢f; =0. Then, £ is integrable by quadratures.

Remark 2.4. The condition for the Lie algebra to be commutative can be lifted, and
instead we only need solvability of shm. In that case, the integrability algorithm
presented below will be different.

The Lie-Bianchi theorem also provides a constructive method of finding the
integrals for an integrable ODE £.

1. First, we construct a matrix 4 as A;; = wf (X;), where w¢ are restrictions of
the Cartan forms on the ODE £. In what follows, we will omit the superscript
standing for the restricted forms and will assume that everything is restricted

to £.

2. Next, we construct new forms wy, ...,w,_1 as follows:

Wo wo
— AL

Wr—1 Wk—1
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and the new forms fulfill w;(X;) = d;;.

3. In the case of a commutative Lie algebra sym, the new forms w; are closed,
and therefore locally exact, i.e. there exist smooth functions Hy,..., Hx_1
on &, such that w; = dH;.

4. The solution curve is found then as an intersection of level sets of the func-
tions H;:
" ={Hy=Cy,...,Hy_1 = Cr_1} CE.

The constants Cy, ..., Ck_1 are usually referred to as integration constants.

Let us make a connection to the integrability of Hamiltonian systems. A
Hamiltonian flow is a flow on a symplectic manifold (M, $2) with local coordi-

nates (q1,---,qn,P1,---,Pn). Suppose that we know n independent commuting
integrals H = Hy,...,H, € C>°(M), such that {H;, H;} = 0. The corresponding
Hamiltonian vector fields X, ,..., Xy, also commute, i.e. [XHZ,,XHJ.] = 0. Let

L€ be the invariant Lagrangian manifold given by the level sets of Hamiltonians:
Lc:{Hl :Cl,...,Hn:Cn} C M.

The vector fields Xy, ,..., Xy, are independent, because Hi, ..., H, are indepen-
dent. Therefore { Xy, } form a basis on L¢. We observe that the set of vector fields
XH,,..., Xy, are symmetries of the Hamiltonian flow on L¢ generated by the
vector field Xy = Xp,, due to the vanishing commutators [Xp,, Xpg,] = 0, and
Xmw,,...,Xn, are transversal to Xy. This means that the Hamiltonian flow has
a commutative Lie algebra of shuffle symmetries of dimension n — 1. Thus we find
ourselves exactly in the framework of the Lie-Bianchi integrability theorem, which

implies the existence the 1-forms w§,...,w!, originating from the Cartan forms
for equations (2.6), such that w{(Xp,) = d;;, and therefore the forms wsg, ..., wy,
are locally exact, i.e. w{ =dp§, i = 2,...,n, for some functions ¢{ on L°. Finally,

according to the Lie-Bianchi theorem, solution to the corresponding Hamiltonian
system is given by

lecl,...,Hn:cn, QOQZCQ,...,QOn:Cn. (212)

Indeed, 2n — 1 constraints (2.12) on the 2n-dimensional manifold M define the
trajectory of the vector field X .

2.2 Lie—Poisson systems

One of the most fundamental examples of a Poisson structure is the Lie—Poisson
bracket on the dual g* of the Lie algebra g. Hamilton’s equations written in
terms of a Lie-Poisson structure are called Lie—Poisson systems. Through the
momentum map, they are closely related to the Hamiltonian equations on T*G,
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where G is a Lie group (not necessarily finite-dimensional) for the corresponding
Lie algebra g. The process of passing from Hamilton’s equations on T*G to the Lie—
Poisson equations on g* is called Lie—Poisson reduction, and the inverse process is
called Lie—Poisson reconstruction. In this section, we address the main properties
of such systems.

2.2.1 Adjoint and coadjoint representation

Let G be a Lie group, and g be its Lie algebra.

Definition 2.8. The map
Ag: G =G, Ay h— ghg™!
for g, h € G is called an inner automorphism.

From now on, we will use the notation F|,: TG — Tp ()G for the derivative
of amap F: G — G.

Definition 2.9. The differential of the inner automorphism at the unit element
e of the group G

Adg: g — g, Adg(u) = ((Ag)sle)u, ueg,
is called the group adjoint operator.

The property Ady, = Ady,Ad), implies that adjoint operators form a represen-
tation of the group G in its Lie algebra g, called the adjoint representation.

By differentiating Ad, at the group unit element e, on gets the adjoint repre-
sentation of the Lie algebra g:

d
ad = Ad..: g — End(g), ad, = o t OAdg(t),

where ¢(t) is a curve on G passing through the unit element e € G with the tangent
vector v € T.G = g.

The following formula allows to express the ad operator in terms of the Lie
bracket |-, -] on g:

ad, (w) = [v,w], v,w € g.

Using the pairing (-, -) between g and g*, one can define the coadjoint operator:
Ad,:g" — g%, Adj:aw— Ady(a), (Adg(a),v) = (o, Adyv),

for any v € g, a € g*, g € G.
As Ady;, = Adj,Ady, operators Ad, form an antirepresentation of the group G
in its coalgebra g*.
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Definition 2.10. The set of all points Ad;oz, g € G, is called the coadjoint orbit
of a:

O, = {Adja | g€ G}.
The dual operator for ad, the operator of the coadjoint representation is
ad;: g* = g%, (ad,a,w) = (o, ad,w),
for any v,w € g, a € g*.

Example 2.1. Now we will illustrate the constructions introduced above for the
group F' = G x g*, which is called the magnetic extension of GG. This group will
be central in the context of incompressible magnetohydrodynamics.

We define the group F' = G X g* as a set of pairs

F=A{(¢,a) |9 €G,acg’}

with the group multiplication

(¢,a) - (¥,b) = (¢¢, Adya +b),

and (e,0) being the unit element.
It can easily be verified that the inverse element is (¢,a) ™" = (¢~!, —Ad}-1a).
Then, the formula for the inner automorphism is

A(¢,a) (7/}7 b) = (¢,CL) ) (djv b) ’ (¢7 a)il = (¢, Cl) : (w, b) . (¢71, —Ad;_1a) =

I i i (2.13)
= (¢¢¢ 7Ad¢¢fla+Ad¢71b— Ad¢71a).

The Lie algebra of the group F' is f = g x g*. Let us look for the adjoint
operator on f in the form ad(vya)(w,g) = (&,7n), where v,w,§ € g, a,b,n € g*.
Then, if the group elements (¢, a) and (¢, b) are generated in the neighborhood of
the unit element as

Y =e+tw+o(t), b:ti)—i—o(t), weg, beg,
p=e+sv+o(s), a=sa+o(s), veEg, acg,

differentiating the first component in (2.13), we get

d d

:& R

Sl 6w = vw—wv = [o,u]

s=0

£

t=0

Further, for the second component we get

Adjy-1a+ Ad)1b— Ad)j1a = sAd} a+tAdS_,,b— sAd}_,,a

e—sv+tw e—sv e—svr
Differentiating above expression, we get

d d

= 2| o (Adigat Adj b Adj ) = adjd - adjb.

s=0

Ui

t=0
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Finally, we can write (we remove tildes, as it is not essential):
ad(y,q)(w,b) = ([v,w],ady,a — adyb).

Let us now obtain the expression for the coadjoint operator. To that end, we
need to specify what the dual §* is. We will identify the dual f* with f itself,

f*:{(S,a)\EEg,aeg*},

with the pairing (-, -) defined as

«(57 CL), (777 b)» = <b7 £> + <CL, 77>7 (57 a) S (777 b) €¥,

where (-, -) is the standard pairing between g and g*.
Using the definition of the coadjoint operator, we get

(ot oy (€,1), (1, 0)) = (1), 8oy (0, D)) = {(€,), ([0r 0], alfya — ad3B)) =
= (0, [v,w]) + (adya — adyd, &) = (n, adyw) + (@, adw§) — (b,ad,§) =

= (adyn — adga,w) + (b,adev) = (adyn — adga,w) + (b,adev) =

= <<(ad§v, ad;n — adZa) , (w,b))).

Finally, we arrive at the following formula for the coadjoint operator:

ad?ma)(w, b) = ([w,v],ad;b — ad} a).

2.2.2 Momentum maps and Lie—Poisson reduction

It is well known that the dynamics of a mechanical system with symmetries can
be reduced to the dynamics on a manifold of smaller dimension, obtained as a
quotient manifold by the symmetry group action. In the context of geometric
mechanics, this observation can be formalized via the notion of a momentum map.

Definition of the momentum map

Let (M,{-,-}) be a Poisson manifold and let G be a Lie group acting on it:
O:GxM—M, (g,2)—Py(z)eM (2.14)

for any z € M and g € G.
Let us also assume that the action ® is canonical, i.e.

O {F1, Fo} = {®,F, ®, F, } (2.15)

for any Fy, Fy € C°(M).
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Let g be the Lie algebra of the Lie group G. Then, the action (2.14) is in-
finitesimally generated by the vector field £y € D(M) induced by an element

e

TM 5 6u(z) = 5| e(t)), (2.16)

We observe that
@)1 (€nr) = (Adyg),, (2.17)

Differentiating (2.17) at the neighborhood of the unit element, g(t) = e+tn+o(t?),
we get an infinitesimal formulation of (2.17):

[Eas ] = =[& M), (2.18)

which implies that the map & — &)/ is a Lie algebra antihomomorphism.
Condition (2.15) implies that

Ev ({F1, Fo}) = (& (F1), Fo} + {F1, & (FR) ) (2.19)

that, however, does not mean that &;; is necessarily Hamiltonian. We will require
that & is globally Hamiltonian, i.e.

Ev = X

for some J(§) € C°(M).

Infinitesimal formulation of a canonical action (2.15) yields that we have a
canonical Lie algebra action g > & — &y € D(M), where &)y satisfies (2.19).

Definition 2.11. Let a Lie algebra g act canonically on a Poisson manifold M.
Suppose there is a linear map J: g — C*° (M), such that

Xy =&m

for all £ € g. The map pu: M — g* defined by

for all £ € g and 2z € M, is called a momentum map.

It is important to specify the construction of a momentum map for a subalge-
bra. Let h C g be a subalgebra, and assume that the action of g is canonical on
M. Then, b also acts canonically on M. Assume also that pugy be the momentum
map associated to the action of g. Then, action of h also admits a momentum
map pp: M — h* defined by

Ho(2) = pg(2)ly 2 € M. (2.20)
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To show that, let us take n € h. Then, since the g action admits a momentum
map, and since also 7 € g, we have gy = Xj_(,;). Therefore, putting Jy (1) = J4(n)
for all n € h we define the induced h-momentum map. This is equivalent to

(y(2),m) = (g(2),m)

for all z € M, n € g, which proves (2.20).

Thus in order to get a momentum map for a subalgebra action, one should
compute the momentum map for an ambient algebra, and then project to the
subalgebra.

Example 2.2. We will illustrate the concept of a momentum map and how to
compute it again on the semidirect product group example, but at this time we
will take the magnetic extension of one of the matrix Lie groups SU(N), so that
the group (previously denoted by G) is F' = SU(N) x su(N)*. This group plays
an important role in quantized MHD dynamics (see Paper I for more details).

Following the previous notation, we will specify the manifold M to be the total
space of the cotangent bundle of F',i.e. M =T*F =T* (SU(N) x su(N)*). First,
we clarify what T*F is:

T°F = {(Q,m,P,a) | Q € SU(N), P € T5(SU(N)), m € su(N)*,ox € su(N)} .
Consider the left action of F' on T*F:
(G,u) - (Q,m, P,a) = (GQ, Adju+m, (G~")TP,a) (2.21)

for (G,u) € F.

In order to find the corresponding momentum map (associated in this case to
the left action) p: T*F — §*, let us consider the infinitesimal action of F' on T*F'.
To that end, let (G, u) be close to the unit element:

G=1+1tE+o0(t?), ¢&esu(N),
uw=041tn+o(t?), nesu(N)*,

thus, an infinitesimal generator is (£, ) € su(/V) x su(N)*. Then, the infinitesimal
left action will be

(G,u) - (Q,m, P,a) = (Q + t&Q + o(t?),tAdgn + m + o(t?), P — t&TP + o(t?), ) .

Differentiating above expression by ¢ at t = 0, we get a vector field on M = T*F"

oJ oJ 0J 8J>

g = P — (== == = _Z7
gT F (§Q7AdQ777 §P70) <8P’80é, 8@7 om

Solving this system of equations for the Hamiltonian J, we find

J = tr (PYQ) + tr (oTQ'n( Q1)) = (i, (&, 1)),
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and finally
p:TF =, p(Q.m, Pa) = (PQ',QaQ ™),

where we also used the pairing between su(N) and su(N)* via the Frobenius inner
product:
(A,B) =tr(ATB), A€ su(N)*, B € su(N). (2.22)

Note that we have not used so far that we work on a subalgebra su(N) C
gl(N,C). In particular, formula (2.22) does not guarantee that PQ € su(N). As
was discussed above, to get the final formula for the momentum map, we need
to use an appropriate projector for (2.22) for the first component. That is not
necessary for the second component, as it is an element of su(N) already. The
only simplification me can make is to put @~ ! = Q. Finally, the formula for the
momentum map takes the form:

PQT — QPT, QQQT) _ (2.23)

u(@m. Py = (74

Lie—Poisson structure on g* and Lie—Poisson reduction

Especially important is the case when the manifold M coincides with the total
space of the cotangent bundle of the group G acting on it (exactly as in the
previous example), M = T*G.

First, one can consider the two natural actions of G on T*G, left and right,
that are the cotangent lifts of left or right action of G on itself. Then, identifying
the set of smooth functions C'*°(g*) with the set of left (right) invariant functions
on T*G, one can obtain the Lie—Poisson bracket on g*:

{F.G}y (m) =+ <m, [g—i %1 > : (2.24)

where m € g*, F, G € C*°(g*), and the variational derivative 0 F'/dm € g is defined
as

d

de e=0

OF
F — (w, 27 d
(m + ew) <w,5 >, wEg

The sign + in (2.24) is chosen to be + for right-invariant functions, and — for
left-invariant.
The system of equations

F(m(t)) = {H,F}, (m(1)) (2.25)

is called a Lie—Poisson system. The Hamiltonian function H € C°°(g*) is the
conserved quantity, along with Casimir functions, i.e. functions C € C*(g*),
such that {C,-}_ = 0. Casimir functions are conserved quantities of (2.25) for
any choice of the Hamiltonian function H and play an important role in structure
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preserving numerical integration of (2.25), as their preservation by the numerical
method is crucial for the long time dynamics.

Let us obtain a coadjoint representation of (2.25). For simplicity, we will choose
the sign + and omit it. One the one hand, using the chain rule, we get

F(m(t)) = <m g—i>

On the other hand,

SH 6F SF . JF
{H,F}=<m, l%,%]>=<m,adm%>=<ad%m,%>,

which implies that

m = ad%ﬁH m. (2.26)
Integrating (2.26) in time, we get

which drives us to a conclusion that the Lie—Poisson system (2.26) evolves on
the coadjoint G-orbit of m(0) € g*, where the Casimir functions are constant.
However, it is not always that Casimir functions completely define the coadjoint
orbit.

A remarkable observation is that codajoint orbits can be endowed with the
symplectic structure.

Theorem 2.5. Let G be a Lie group and let O C g* be a coadjoint orbit. Let also
X, Y € g. Then, there exist a symplectic form w on O defined as

w(adym, adim)(m) = (m, [X, Y]) (2.27)
for allm € g*.

The symplectic form (2.27) is called Kirillov-Kostant-Souriau form. It is worth
noting that (2.27) uses the identification T,,g* ~ g* for all m € g*.

Finally, we conclude that the dual g* is foliated by coadjoint orbits, each of
which is a symplectic manifold, symplectic leaf.

Let us now establish relations between the Hamiltonian dynamics on 7*G and
the Lie—Poisson dynamics on g*. To this end, we will assume that the Hamiltonian
function H on T*G is left (right) invariant. Let also pr and g be the momentum
maps for the right and left action of G on T*G respectively. Then, the Lie—Poisson
reduction theorem says that the momentum map pug (1r) reduces the Hamiltonian
dynamics with the left (right) invariant Hamiltonian on 7*G to the Lie-Poisson
dynamics (2.25) with the Hamiltonian H~ (H™) satisfying H = H™ o ug (H =
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Htopur). If Fy is a flow of Xy on T*G, then the corresponding flows Fti of Xpy+
are related to F} as

where oy € T/ G.

Inversely, having a Lie-Poisson system (2.26), one can lift the Hamiltonian
H by means of left (right) momentum map, thus obtaining right (left) invariant
Hamiltonian H = H o up (or H = H o pg). Then, equations (2.26) become
canonical equations on T*G with respect to H. This process is called Lie—Poisson
reconstruction.

Poisson property of the momentum map

Now we approach perhaps one of the most important property of the momentum
map, which is the Poisson property.

Let us return to (2.18). Using that both maps £ — &y and H — Xy are Lie
algebra antihomomorphisms, we obtain

Xi(em) = €, nlp = —[§p,np] = —[XJ(§)>XJ(77)] = X{7(¢),J(n)}> (2.28)

for all £,m € g.
Note that (2.28) does not necessarily imply that

J((&n) ={J (&), J(n)} (2.29)

Momentum maps that satisfy (2.29) are called infinitesimally equivariant.

Theorem 2.6. Let i: M — g* be an infinitesimally equivariant momentum map
for a left Hamiltonian action on a Poisson manifold M, then, p is a Poisson map:

W AR, P}, = {p" Fi,p" Fa},

that s
{Fl,FQ}+ O’LL = {Fl O/L,FQ OM}’

for all Fy, Fy € C*(g*).
To prove the Poisson property, we will need the following

Lemma 2.3. Let pu: M — g* be an infinitesimally equivariant momentum map.
Then,

oF
XFo,u = XJ(5F/6m) = <%>M7

for any F € C*>(g*).
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Proof. Let us take any H € C*(g*), and let C*°(M) > p*(F) = F o u be the
pullback of F'. Then,

X (H) = —Xpg (12 (F)) = —(d(* (F)), Xir) = — (" (AF), Xsg) =
(AP (Xa)) = <u* Xn), —f;>

where in the last equality we used that p.(Xg) € D(g*) can be identified with g*
element. Further,

Kyr(ry(H) = = <“*(XH)’ 555_51> T <d (J (%)) ’XH> )

=Xy (J (g—i)) = Xysr/5m)(H).

Now we have all necessary ingredients to prove the Poisson property.

Proof of Theorem 2.6. Let z € M, and m = u(z) € g*. Then,
0F 0H 0F 0H
W AR HY, = (R ) = (), 5 50 ) = (55 ) ) =

= () () = omon (4 (55) ) 0 =30 (0 (55 ) -
= —Xyr/sm)(H o p)(2) = =Xpou(H o p)(2) = {Fop,Hop},

which finalizes the proof. O

2.3 Geodesic equations on Lie groups

It was Euler himself who realized the basic concepts about fluid motion: it is a free
motion of a large number of impenetrable particles in some fixed domain. In 1761,
Euler [11] outlined a path toward understanding fluid dynamics, which, in modern
terms, can be seen as follows: first, find a suitable configuration space M (i.e.,
sort out ’'possible’” motions from ’impossible’ ones); second, formulate Newton’s
equations on M (i.e., select the one motion governed by mechanical principles).
As one can see, already Euler had done a huge conceptual step forward to the
modern understanding of fluids.

The next milestone in fluid mechanics (though it was not the main motivation)
was the development of mechanics on finite-dimensional Lie groups originated from
a 1901 two-page paper written by Poincaré [40]. Geometric mechanics allows to
interpret motions of many mechanical systems as flows on finite-dimensional Lie
groups, which serve as a configuration manifold for the corresponding mechanical
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system. A prominent example is the rigid body with a fixed point, for which
the group SO(3) is the configuration space. If the rigid body is free (no fixed
points), the group becomes SE(3). Another example is the Kirchhoff equations
[28] describing a rigid body in a fluid.

Finally, in 1966, "standing on the shoulders of giants", Arnold [3] saw further
than others: he realized that a leap from the finite-dimensional theory of Poincaré
to infinite dimensions, along with Euler’s concept of impenetrable particles, was
possible, and formulated the incompressible Euler equations of hydrodynamics as
Newton’s equations on the group Diff,, (M) of volume-preserving diffeomorphisms,
and thus making a significant progress in Euler’s program 200 years later since the
moment it was established.

It is hard to overestimate the importance of Arnold’s discovery. His approach
turned out to be universal: it has been shown to cover a wide variety of equations of
mathematical physics ranging from incompressible and compressible fluids, magne-
tohydrodynamics, geophysical fluid dynamics, to Schrédinger and Camassa—Holm
equations, optimal transport. Today, we refer to them as to Fuler—Arnold equa-
tions. It gave a new breath to classical problems of fluid mechanics, such as
stability of fluid motion, and well-posedness of the Euler equations [10].

Here, we discuss in detail the geodesic approach to fluids developed by Arnold.

2.3.1 Incompressible Euler’s equations

Let (M, g) be a compact Riemannian manifold, x4 be the volume form associated
with the metric g. If (z1,...,x,) are local coordinates on M, then  is

p=1/|det(gij(x))|dzr A ... Adxy.

Let Diff (M) be the group of diffeomorphisms of M, n € Diff(M). We will assume
that the manifold M is filled with an infinite number of particles of some liquid
(gas). If at the moment ¢ = 0 a particle is located at the point z € M, then at the
current time moment it is located at the point n(z). Let us define the tangent to
Diff (M) space at the point n € Diff(M) in the following way:

T,Diff (M) = {V € C*(M,TM) | V(z) = T,oyM, z € M} .

Here, C>°(M, T M) stands for the functions on M with values in the tangent space
TM. Similarly to the finite-dimensional case, the Lie algebra g of the Lie group
Diff (M) is defined as a tangent space at the neutral element e € Diff (M) of the
group, e(x) =z, x € M:

g =T.Diff(M) = {V € C®(M,TM) | V(z) = TysyM = T, M, z € M} = D(M).

Thus, the Lie algebra g of the Lie group Diff (M) is a Lie algebra of vector fields
on M.
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The metric g on the manifold M induces an L2-type metric on Diff (M) in the
following way:

G,(U,V) = /g(U(x), V(z))p, U,V eT,Diff(M), ncDiff(M).  (2.30)

The physical interpretation of this metric is as follows: if V(z) is the velocity
of a particle at the point 7n(z), and the manifold M is filled with particles of the
fluid, then %Gn(V, V') gives us the total kinetic energy of all the particles of the
fluid.

It is known from physics that the motion of incompressible fluids is described
by divergence-free vector fields, but the Lie algebra g that we constructed contains
all vector fields. This means that one has to restrict the configuration space of
incompressible fluids to the group Diff,, (M) of diffeomorphisms that preserve the
volume element:

Diff,, (M) = {n € Diff (M) | n* () = p} .
Let us compute the corresponding Lie algebra g = T.Diff ,(M). Let n(t) C
Diff,, (M) be a curve on a Lie group Diff, (M) that goes through the neutral
element e € Diff ,(M), and let v = 7(0). Let us use that 7)(t) preserves the volume
form p:

Oy g =pe Gl @) =0
Since the left hand side of the equality is, by definition, the Lie derivative of u
along the vector field v, we have

0= Lyp = (div(v))p & div(v) = 0.

So the Lie algebra g of the Lie group of diffeomorphisms of M preserving the
volume element consists of divergence-free vector fields on the manifold M, which
means that the group Diff (M) is a suitable configuration space for incompressible
fluids:

g =1.Diff (M) =D,(M) ={ve DM) | div(v) = 0}.

Let a curve v: [0, 1] — Diff ,(M) be a geodesic of the metric (2.30), that is an
extremal of the functional

1

Sszmmwazja /mwmwmm (2.31)
0

0 M

If one chooses the unit velocity parametrization of the curve (¢), that is G(¥,%) =
1, then extremizing the length functional (2.31) is equivalent to extremizing the
energy functional

S:

DN |

/GWWM#=;/&/QW@%%MM- (2.32)
0 0

M
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This can be shown by means of the Cauchy-Schwarz inequality

(@)1 < llell el

where ¢(t),¥(t) € C|0, 1], and scalar product is given by
1
(vl = [ wluloat
0

Indeed, if one puts ¢(t) = \/G(¥,7%), and 1(t) = 1, then one gets
S§? <28,

with the equality if and only if ¢ = 1), that is G(¥,) = 1. This means that finding
extremals for (2.31) and (2.32) becomes equivalent, if G(¥,%) = 1.

It is worth noting that from the mechanical viewpoint the functional (2.32)
is the action functional for an incompressible fluid with the kinetic energy (La-

grangian)
1

£63:3) = 5 [ 96@). @ (2.3

M

Lemma 2.4. The Lagrangian (2.33) is right-invariant with respect to the group
Dift,, (M), that is

L(y,7) = L(Yon,yon), neDiff,(M). (2.34)

Proof. 1t is sufficient to prove that the metric (2.30) is right-invariant, that is
GUon,Von)=G(U,V) for any n € Diff,,(M):

GU on,Von) = /g«Uon)(x),Won)(x))u: /<g<U, V) omp =

M M f
2/(f077)?7*u= / fuz/fuzG(U,V),
M n(M) M
where we used the change of variables formula and the fact that n*u = p. O

Note that the Riemannian metric (2.30) extended to the entire group Diff (M)
is not right-invariant with respect to Diff (M), but only with respect to its subgroup
Diff,,(M). Thus, compressible fluids, for which the configuration space is Diff (M),
is an example of a dynamical system on a Lie group where the symmetry group
is smaller than the configuration space. It is important, because it means (in
light of the Poisson reduction) that in the case of compressible Euler equations,
it is impossible to reduce the dynamics of the fluid to the dynamics on the Lie
algebra D(M) of vector fields on M. One has to introduce also the time-dependent
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density. However, it is still possible to find a configuration space for compressible
fluids in a way that it serves also as a symmetry group (in other words, the entire
configuration space is a symmetry group of the metric). This approach is based on
introducing semidirect product Lie groups, and they often arise in the description of
systems with broken symmetries. Examples of such systems include compressible
fluids, and the two systems addressed in this thesis: magnetohydrodynamics and
thermal quasi-geostrophic equations.

Let us turn back to functional (2.32). Since the Lagrangian is right-invariant,
one can write (putting n = v~1 in (2.34)):

1

1
1 IR 1
25/dﬁ/ g(yoy~ ! yony 1)u=§/dt/g(v,v)u, (2.35)
0

M 0 M

where v = Yo~y ! € g.
Taking the perturbation of the velocity v — v, using that the curve v(t) is a
geodesic, i.e.

d
de

as well as Corollaries 2.4, 2.3, and Lemma 2.2, one gets the weak formulation of

S(ve) =0,

e=0

the incompressible Euler equation (see [34] for details):
1
/ 0+ Vyv,u)p2dt, forallueg (div(u)=0).
0

Since vector field u is divergence-free, but v + V,v, in general, not, one cannot
claim that 9+ V,v = 0. We will use the following result (Helmholtz decomposition
of vector fields):

Theorem 2.7 (Helmholtz decomposition). Let M be a compact manifold (possibly,
with a boundary) and let u be a C-vector field on M. Then, there exist a Ct-vector
field v and C?-function f, such that

u=v+Vf, div(v) =0, v|lsgm =0.

Components v and V f are L?-orthogonal to each other:

(0,Vf) 1z = / (Vf - v)p=0.

M

Using the Helmholtz decomposition, we get
v+ Vv =—=Vp.

Thus, the following theorem is proved:
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Theorem 2.8 (Arnold, [3]). Let v: [0,1] — Diff ,(M) be a geodesic of the Rie-
mannian metric (2.30). Then, the vector field

u(t) =4(t) oy~ ()
satisfies incompressible Euler’s equations

U+ Vyv=—-Vp, div(v)=0.

2.3.2 Newton’s equations on Diff(M)

In this section, we will discuss a general formula for Newton’s equations on the
group of diffeomorphisms Diff (M) of some Riemannian manifold (M, g), as well
as their Hamiltonian version. We will use this formula to show universality of
Arnold’s approach to fluids. Namely, by choosing an appropriate potential energy
function, we will show that the general form of Newton’s equations transforms to
Burger’s equation, barotropic Euler’s equations, and shallow water equation. Let,
as before, dim(M) = n, and p be the Riemannian volume form.

Let us start with the well-known Newton’s equations on finite dimensional
manifolds. If (M, g) is a Riemannian manifold, and V is the Levi-Civita connection
for the metric g, then, Newton’s second law of mechanics ("acceleration=force")
takes the form

Vi = —VU(q). (2.36)

where U(q) is the potential energy of a particle, and ¢(t) € M is a curve on M. If
the manifold M is flat, then (2.36) becomes § = —VU(q).

Let us now, following Arnold, make a leap from finite to infinite dimensions.
Let Dens(M ) be the space of smooth densities on M (by densities we mean either
probability densities, that is positive smooth functions of n variables having the
same total volume, or volume forms, which is equivalent). The group of diffeo-
morphisms Diff (M) is fibered over Dens(M) in the following way: a fiber over
p is a subgroup Diff, (M), while a fiber over the volume form fi consists of all
diffeomorphisms ¢, such that ¢.u = fi, or, equivalently, Jac(p~ )y = i (Due
to the Moser’s theorem diffeomorphisms from the group Diff (M) act transitively
on densities [39]). In other words, two diffeomorphisms ¢; and @9 belong to the
same fiber, if ¢1 = 9 0 ¢ for some ¢ € Diff,,(M). Analogously to (2.36), one can
introduce Newton’s equations on the infinite-dimensional group Diff (M).

Definition 2.12. Newton’s equations on the group Diff (M) are equations of the
form

Vip=-V9Ul(p),

where U: Diff(M) — R is the potential function, V¢ is the covariant derivative,
associated with the metric G.



30 Chapter 2. Hamiltonian and Lie—Poisson systems

We shall consider potentials that depend on ¢ via density: U(y) = U(p), where
p=Jac(p™!), ie. pup = pp.
Theorem 2.9 ([44, 45]). Newton’s equations on the group Diff (M) can be written
in the form

, 65U
Voo =— (VE) o, (2.37)

where V is the covariant derivative, associated with the metric g, and g 1s the

variational derivative of the potential U.

Formula (2.37) allows to express Newton’s equations on Diff (M) in terms of
differential geometric operations on M.

Hamiltonian form of Newton’s equations

In this section, we will get several equations of fluid mechanics as Hamiltonian sys-
tems on T*Diff (M). To this end, we first identify the cotangent space T, Diff (M)
with the dual to the space of vector fields: D*(M) = T;iDiff (M), which consists
of differential 1-forms with values in densities:

D*(M) = QY (M) ® Dens(M).

The natural pairing between ¢ € T,Diff (M) and m = a®@ p € T;Diff (M) is given
by the formula

(m, )y = /%mplm = /(L¢o¢1a)u.
M

M
The Lagrangian on TDiff (M) is of the form

£(p, ) = 3Gl ) ~ Tlpup) (2.38)

It is known that the transition from the Lagrangian formulation to the Hamiltonian
one is performed by means of the Legendre transformation:

m:Ub®Q, Wherev:gbocp_l, 0 = P«

where v* € QY (M), v°(u) = g(v,u), u € D(M).

Lemma 2.5. The Hamiltonian corresponding to the Lagrangian (2.38) is

H(g,m) = 5 (m,0) + Tlpup).

Theorem 2.10 ([27]). The Hamiltonian form of equations (2.37) is

1 65U
m=—L,m+d —wl]?2 = — (. >® « M,
<2|| 59(90 1) | ® e (2.39)

p=vop,

where m = v” ® @, .
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Remark 2.5. Equations (2.39) can be obtained by using the Poisson form of the
canonical equations
F={H,F},

where F'(g,m) = (m,u)+(0,0), u € D, § € C°(M), and {F, G} is the Lie-Poisson
bracket on T*Diff (M), that is generally given by

{F.G} (&) = <£, [Z—? %} > ¢ € T*Diff(M).

In our case it has the form

0G OF G
{F,G}(g,m)—<Q,L$5—Q—L£5—Q>+<m,l)gl%>. (2.40)

Let us now obtain equations (2.39) in a more familiar form, the velocity—density
formulation. First, we get the flow equation on densities. We use that pu =
0ot = (pF) " u, which implies that u = ¢} (pu). Differentiating this expression
with respect to ¢, putting ¢ = 0 and using that ¢; is the flow of v, we get

0= 5 Gioei) = (5010 et + i) it

Let us now use the formula

d * *
&tha = ¢ (Lyar).

One has to take into account that in the expression %gof(p) the dependence on
t is present in two places: p depends on t, and the flow itself is evaluated at the
point t. So,

d * * [ s * * [ -
AL (p) = ¥i(p) + i (Lvp) = ¢i(p+ Lyp).
Let us turn back to (2.41):
0= i (p+ Lup)o; (1) + of (pLop) = @3 (pp + Ly (pp)),

which implies that
p+ div(pv) = 0. (2.42)

Equation (2.42) is the well-known continuity equation of fluid mechanics reflecting
the conservation of mass. We note that for incompressible fluids, i.e. for those
with p = const, equation (2.42) reduces to div(v) = 0.

Further, since m = v” ® o, then

= p’ @ p+ p’ D p. (2.43)
Consider the action of the Lie derivative on m in more details:

Lym = Ly(v" ® pp) = (Lyv”) @ ppu +0° @ Ly (pp) = p(Lyv") @ p+ div(pv)o” @ pu.
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Using the equation for m in (2.39) and (2.43), one can write

1 SsU
pi’ @ p+pv’ O p = —p(Lyv”) @ p—div(pv) v’ @ p+pd | S J@p—p (d= | @p.
N—_—— 2 (5@
b

Simplifying, we get

1 U

Using the result Lemma 2.2, one can write (2.44) as follows:

Using that the volume form p is non-degenerate and applying the sharp operator
f we get
_ U

Consider a few particular cases of equation (2.45).

Example 2.3 (Burgers equation). In case of U = 0 equation (2.45) takes the form
of the Burgers equation
v+ V,v=0.

Example 2.4 (Barotropic Euler equations). Barotropic fluids are fluids with the
pressure function depending solely on the density p: P = P(p). The potential
energy U(p) is

where ®(p) is related to P(p) as: ®” = p~!P’. Thus, equation (2.45) becomes

O+ Vv =—p 'VP(p).

N |—

Example 2.5 (Shallow water equations). In case U(p) = % [ p?u we get the
M

shallow water equations:
v+ Vy,v+4+ Vp=0.

2.3.3 Incompressible MHD as a Lie—Poisson system

Here, we use the abstract constructions introduced previously to show the Hamil-
tonian structure of incompressible magnetohydrodynamics. Namely, we show
that the system of self-consistent incompressible magnetohydrodynamics is a Lie—
Poisson system on the dual imh™ of the semidirect product Lie algebra imbh =
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D, (M) x (Q4(M)/dQ°(M)). Informally speaking, the first component is respon-
sible for the velocity field, and the second one stands for the magnetic field.
The system reads

v+ Vv =—-Vp—+curlB x B,

B=1L,B,

(2.46)
div B =0,
dive = 0.

Here, B(t,x) is the divergence-free magnetic field, v(¢,z) is the divergence-free
velocity field, p(t, x) is a pressure function, L, denotes the Lie derivative along the
vector field v(t,z), and V,v is the covariant derivative of the vector field v along
itself, x € M.

We start with the configuration space for MHD, which is the magnetic extension
of the Lie group of volume-preserving diffeomorphisms Diff,, (M ):

IMH = Diff,(M) x (Q(M)/d2°(M)),

where the subscript i stands for the Riemannian volume form on M for the given
Riemannian metric g on M.
The corresponding Lie algebra of the Lie group IMH is

imh = Dy, (M) x (Q'(M)/dQ°(M)) ,
and its dual is
imh* =D (M) & D, (M) ~ D, (M) & Q% (M).

Magnetic fields B € D, (M) can be identified with closed differential 2-forms g €
Q% (M) by the following way:
Lph = p.

In other words,
imW:{mu&|m:v%theDAM”.

The pairing between imbh and imb™ is given as follows:

((v,0). (m.B)) = [+ [(na)n = (B.a) + (m.v)

M M

The energy of a charged fluid is a sum of its kinetic energy and the energy of a
magnetic field, and therefore the Hamiltonian of an incompressible charged fluid
has the following form:

1
1= [ (P +187)
M
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The Lie-Poisson equations on imh™ are
F={H,F},

where the expression for the Lie-Poisson bracket {-, -} is given by (2.24) interpreted
accordingly. Indeed, for any (m, B) € imh*

0G OF 0G

Taking F(m,B) = (m,u) + (B,0) for some u € D,(M) and 0 € D; (M) ~
QY (M) /dQ° (M), we get

F = (m,u) + (B,0) = {H,F} = (m, Lyu) + (B, L,B) — (B, L,0), (2.47)
where B = B® ® . We will need a number of lemmas.
Lemma 2.6. (m, Lyu) = —(L,m,u).
Proof.

—(L,m,u) = —/Lu(Lvm) = —/Lu ((vab) Qut+’® L,,}u>

M M
Since L,pu = (div(v))u = 0, we get

~(Em) =~ [ (L") (W= [ (0(g(0,0)) = gl losul)) =

M M

= /g(v,Lvu)u—/v(g(v,u))uz (m, Lyu) —/v(g(u,’v))u-

M M M

Let us consider the last integral in more details.

[ vtatuenn = [ Luow.wpmn = [ Lutoo.wm — [ oo, L=

M M M M
~ [ divtege = [ eyt wu=o.
M oM
since v is tangent to the boundary. O

Lemma 2.7. (B, L,B) = (LB, u).
Proof.
<B7LuB> = /LB(LuBb):u = / (B(g(B,u)) - g(B, [B,U])) n= _<Bv LBu>

M M
(2.48)
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by the same reasons as in the previous lemma.

(LB, u) / (LsB)(u)ys = / B(B* (u))p — / B (B, ul)ji = —(B, Lyu), (2.49)

M M M

where we used the same ideas as in the previous lemma. Finally, from (2.48) and
(2.49), we get (B, L,B) = (LB, u). O

Lemma 2.8. (B, L,0) = —(L,B,¥0).
Proof.

<B;Lv9> = /LB(LUH)N = /(Lve)(B):u = /(U(O(B)) - ‘9([U7B])):u = _<LUB79>'

M

O

Using results of these three lemmas, we can write down (2.47) as follows:
(m,u) + (B, 0) = —(L,m,u) + (LB, u) + (L,B,0),
and we conclude that incompressible MHD equations are

m=—L,m+ LB,
B =L,B, (2.50)
divB =0, div(v) = 0.

It is important to get the first equation in terms of the velocity field v. To this
end, let us take the first equation in (2.50) and apply the sharp operator f:

il
(1 + Lym — LpB)f = (@b + Lo’ — LBBb) @ p.
Using the result of Lemma 2.2, we get
f
(LM) — Vo + VP

for some function P (¢, ).
One can verify that

i
(LBBb> = cwlB x B + V|BJ?,
and finally we end up with

U+ Vv + VP = curlB x B, (2.51)

for some function P(¢,z), and (2.51) now coincides with the first equation in
(2.46).
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3 Numerical methods for Hamiltonian and
Lie—Poisson systems

The basic idea that stands behind the geometric numerical integration is to pre-
serve the properties of an exact equation by a numerical method. For example, if
some equation (or system of equations) has conservation laws, then the numerical
method that is used to solve this equation approximately, must preserve those con-
servation laws. More generally, if there are geometric structures underlying a PDE,
then the method must preserve these structures. The importance of preserving
the geometrical properties is outlined in the first chapter of the book [15], where
numerous examples that demonstrate a better reliability of geometric integrators
are provided.

Here, we discuss some approaches to construction of geometric integrators for
Hamiltonian and Lie—Poisson systems.

3.1 Motivation for structure preservation

Let us start with a demonstration of the superiority of geometric integrators over
non-geometric ones when applied to a Hamiltonian system. We show that preser-
vation of conserved quantities (such as, for example, the Hamiltonian) of the exact
flow provides a more accurate qualitative long time dynamics. As an example, we
will use Hamilton’s equations for molecular dynamics.

Consider the model describing interaction between particles in some medium
(for example, liquid or gas) on the plane. Assume that there are N particles
located at positions q; = (¢}, ¢?) and having momenta p; = (p},p?), i =1,...,N.
Then, the Hamiltonian will have the form

N N
Il +> > Vllai — ;). (3.1)

i=1 j>i

N
H(p,q)zz

N | —

where the interaction potential V' (r) is the Lennard—Jones potential

Vi) =~ - 2

12 r6’

37
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We will simulate the Hamiltonian dynamics

. _OH . 0H
Ql - 8}71, pl - 8(]17

i=1,...,N,

with the Hamiltonian given by (3.1) using the forward Euler method, which is a
non-symplectic first order method, and Stérmer—Verlet method, which is a sym-
plectic method of order 2. For a system of ODEs y = f(y), y € R, the forward
Euler method is formulated as

Yn+1 = Yn + hf(Yn),
and the Stormer—Verlet method as (for a Hamiltonian system)

h
Pnt1/2 = Pn — §Hq(pn+1/27Qn)a

(Hp(pn+1/27Qn) + Hp(pn+1/27Qn+1)) )

h
Pn+1 = Pn41/2 — §Hq(pn+1/27 qn+1)-

dn+1 = Qn+ 5

First, we provide simulation results obtained by the forward Euler method
with the step size h = 0.01. One can see from Fig. 3.1 that the forward Euler

1e42 Temperature, forward Euler 1e42 Energy, forward Euler

2.04 2.04

1.51 1.5

1.0 A 1.0 A

0.5 0.5

00 —mM—F—F— 0.0 1

Fig. 3.1. Simulation results for molecular dynamics with N = 36 molecules. Tem-
perature (left) and energy (right) for the forward Euler method with the step size
h = 0.01.

method produces absolutely incorrect results with energy and temperature being
of magnitude 10%? after a certain time moment.

Further, we provide simulation results obtained by the Stormer—Verlet method
with the step size h = 0.02. The Stormer—Verlet method performs much better
even for a larger step size h = 0.02 compared to the forward Euler method. Energy
is nearly conserved up until a certain time moment ¢ ~ 10, where one observes a
jump in temperature and higher oscillations in energy. This indicates the presence
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Temperature, Stérmer-Verlet Energy, Stormer-Verlet

14 1 —74.900 A
12 A —74.925 A
10 4 —74.950
s ~74.975 A
—75.000 A

6
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4
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2]
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04

T T T T T T T T — —75.100 1 T T T T T T T T
00 25 50 75 100 125 150 17.5 20.0 00 25 50 75 100 125 150 175 20.0

t t

Fig. 3.2. Simulation results for molecular dynamics with N = 36 molecules. Tem-
perature (left) and energy (right) for the Stormer—Verlet method with the step size
h = 0.02.

of a phase transition — a transformation of a medium from liquid to gas phase
(or vice versa).

Clearly, symplectic integrator provides much more reliable results compared to
the forward Euler scheme that blows up even for a smaller time stepping.

3.2 Symplectic integration of Hamiltonian systems

As was outlined previously, one of the main properties of Hamiltonian systems

OH OH
q; = , P = — , 1=1,...,n, 3.2
opi 0q; (3.2)

is symplecticity.

Let (p(®), ¢(*)) be the values of unknowns p(t), q(t) at the discrete time moment
tr. If ®p: (p®), B — (p*+1) ¢(++1)) is a numerical scheme for (3.2) with A
being the time stepping, then the condition for it to be symplectic can be expressed
as

dp™ A dg®) = dptEtD A dgt+D, (3.3)

so the canonical symplectic form 2 = dp A dq is invariant under ®,.
Given a Butcher tableau

1| a1 aiz2 -+ Q1s
Co | Q21 Q22 --- Q2s
Cs agsq A g2 e Ags

bi by bs
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S

with ¢; = > j=1 @ij, the corresponding s-stage Runge-Kutta method for an ODE
(system of ODEs) y = f(t,y) is defined as

Uni1 =Yn + 0D bikiy ki=f|ta+chyn+hY aijk; |, i=1...,s.
i=1 j=1

(3.4)

Theorem 3.1 ([42]). If bja;; + bja;; = bb; for all j =1,...,s, then the Runge-
Kutta method (3.4) is symplectic.

The simplest example of a symplectic Runge-Kutta method is the implicit
madpoint method:

_h o _ h o

g™ =q- > Hp (P, @), ¢ =g+ 2 Hp (P, @),
(3.5)

W 5o M5 e ki) _ s D s

P =0+ ¢(D, ), P =P—5 (D, q).

One can show symplecticity of the midpoint method (3.5) by checking the equality
(3.3). One the one hand,
h? h?

dp™ A dg"™) = dg A dp — - Hyp (B, @) Hyq (5, 3)dG A dp — - Hp,y (5, §)dp A . (3.6)

One the other hand, using the left part of the method, we get

_ o R? . R N
dp™ Y A dg" Y = dg A dp — - Hyp (5, @) Hyq (5, 9)AG A dp — —-Hy, (5, @)dp A dg.
(3.7)

Clearly, the right hand sides of (3.6) and (3.7) coincide.

3.3 Geometric integration of Poisson systems

For Poisson systems the problem of finding an integrator that respects the un-
derlying geometric properties is more complicated. In particular, a symplectic
Runge-Kutta scheme, in general, does not yield a Lie-Poisson integrator when
directly applied to a Lie—Poisson system.

Existing approaches to constructing Lie—Poisson integrators include, for in-
stance, splitting methods [32, 33]. They are used if the Hamiltonian can be de-
composed into a sum of integrable Hamiltonians. The other approach is to use
the constrained integrator RATTLE [8]. One lifts the equations on g* to T*G
and then solves a constrained Hamiltonian system. Most of the methods result in
computationally expensive and complicated schemes, involving exponential maps
and group to algebra maps.
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In the framework of the Lie—Poisson reduction described in the previous chap-
ter, it is natural to develop a discrete Lie—Poisson reduction. The idea is to utilize
the properties of the momentum map p: T*G — g*, such as the Poisson property,
and symplecticity of the Runge-Kutta scheme [36]. Indeed, having a discrete sym-
plectic map provided by the symplectic Runge-Kutta integrator, that is also left
(right) invariant, one reduces it to a Lie—Poisson integrator on g*. The integrators
obtained via the discrete Lie—Poisson reduction (see, for example, [36] and Paper
I of the present thesis)

are formulated explicitly on g*;

do not require computation of expensive maps (matrix multiplication is the
most expensive operation);

are applicable for any Hamiltonian function;

have the Lie—Poisson properties intrinsically encoded.

3.3.1 Constrained Hamiltonian systems

Here, we discuss various approaches to construct structure preserving integrators
for constrained Hamiltonian systems, i.e. Hamiltonian systems on manifolds. The
main difference compared to Hamiltonian systems on R?? is that now we require
not only symplecticity from the numerical flow, but also the flow to be confined
to a manifold.

An important example of constrained Hamiltonian systems is Poisson systems,
and, in particular, Lie-Poisson systems, that play an important role in classical
mechanics and mathematical physics, as it is seen from the previous chapter.

Let (q1,...,qq4) € R? be the position coordinates. Assume that the dynamics
of a mechanical system evolves not on the entire R? but on its submanifold given
by constraints

RY> Q= {g(q) =0} = {91(¢) =0,...,gm(q) = 0},

where m < d is the number of constraints, and therefore the dimension of @ is

dim(Q) =d —m.

The Hamiltonian function is adjusted by adding the Lagrange multipliers (Aq, . ..

H(p,q,\) = H(p,q) + g(q)" A,

and Hamilton’s equations in this case are

G=Hy(p,q), p=—Hqp,q)—G(@)" A, g(q) =0, (3.8)

where

0(g1,-- > 9m)
Glq) = 57—
(Q) a(qla cee 7(]d)
is the Jacobian of ¢(q).

s Am):
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Example 3.1 (Spherical pendulum). Consider a mechanical system that consists

of a point mass m on a massless rod of the length [ that can rotate around a fixed

point O € R? in the presence of the gravitational field. The Hamiltonian of such

system is

p? +p3 +p3
2m

where g is the free-fall acceleration, and the dynamics is evolving on the sphere

given by the constraint
0=g(q) =df +a3+q5—°.

Let us obtain the expression for A(p,q), which we will later plug into (3.8).
This process is called an index reduction. To that end, let us differentiate the
constraint g(q) = 0 with respect to time subject to (3.8). We get

o=%@mw»=0@q=m@m@ﬂ»

Differentiating second time, we get

0

Oza—q

(G(q)Hp)Hp + GHppHg + GHPPGT)"
Assuming that the matrix GH,,G” is invertible, one can express A = A(p,q).
Inserting A\(p, ¢) into (3.8), we get

G=Hp(p,q), p=—Hyp,q)—G(a)" Mp,q), (3.9)

which is a Hamiltonian system on the cotangent bundle of Q:
M =T"Q = {(p,q) € TR ~R*| g(q) = 0, G(q)H,(p,q) = 0}

It is worth mentioning that equations (3.9) no longer have a structure of canon-
ical equations on R2¢, because of the presence of the term with \(p, ¢). However,
we can still apply the symplectic Euler method to (3.9).

One can see from Fig. 3.3 that the symplectic Euler method implemented with-
out projection to () does not preserve the energy of the system. Also, numerical
flow is drifting away from the manifold.

If we use the projection to @, i.e. replace the combination ¢f + ¢3 + ¢35 in the
method with %, we still observe the energy drift (much smaller values on much
larger time scale), but the method is nearly staying on the manifold @, see Fig. 3.4.

From the simulations, one can conclude that the index reduction is not com-
patible with symplecticity.
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Energy variation, h = 0.03 Drift from manifold, h = 0.03
0.0030 - 0.0001
0.0025 —0.001 1
0.0020 —0.0021
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0 5 10 15 20 25 30 0 5 10 15 20 25 30

Fig. 3.3. Energy drift (left) and drift from the manifold (right). Symplectic Euler
method (no projection) does not preserve energy and is not constrained to the manifold.

Energy variation, h = 0.03 Drift from manifold, h = 0.03
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0.0004 1
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Fig. 3.4. Energy drift (left) and drift from the manifold (right). Symplectic Euler
method (with projection) does not preserve energy, but nearly preserves the manifold.

Symplectic first order method

Here, we will not follow the index reduction process. Instead, we will discretize
the system

¢=Hy(p,q), p=—Hyp,q) —G(a)"A
along with constraints
9(¢) =0, G(q)Hp(p,q) =0
first by an implicit in p and explicit in ¢ step

P =pn — h(Hy (D, qn) + G(gn) T At1),
An+1 = qn + th(ﬁ» Qn)a (310)
0=9(qns1)
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with unknowns p, ¢n+1, Ant1. This already implies that ¢,11 € Q. Now, using
projection we force the variable p to be in T,Q:

Pn+1 = P hG(Qn—i-l)T:un—i-la

(3.11)
0= G(Qn+1)Hp(pn+1a Gn+1),

with unknowns py,41, tnt1-

The method (3.10)-(3.11) is symplectic and has convergence order 1. Simu-
lation results in Fig. 3.5 show that the method nearly preserves the energy and
exactly preserves the manifold.

Energy variation, h = 0.01 le-16 Drift from manifold, h = 0.01

0.030

0.025 4

0.020

0.015

0.010

0.005 A

0.000 A

—0.005 -

0 10 20 30 40 50 0 10 20 30 40 50
t t

Fig. 3.5. Energy drift (left) and drift from the manifold (right).

SHAKE and RATTLE

The methods SHAKE and RATTLE, originally developed for molecular dynamics,
are of second order and are symmetric and symplectic.
Consider a separable Hamiltonian

1 _
H(p,q) = §pTM 'p+Ul(q),

with constant mass matrix M. The corresponding Newton equation is

Mg =-Uy(q) = G(@)" X, g(g) =0. (3.12)

SHAKE

A straightforward extension of the Stormer—Verlet scheme gives the following dis-
cretization for (3.12), called SHAKE:

dn+1 — 2Qn + dn—1 = _h2M_1(U(Qn) + G(Qn)T)‘n),

0= g(qn+1)- (313)
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RATTLE

Formulation of SHAKE as in (3.13) may lead to accumulation of round-off errors.
Its modification to a one-step method called RATTLE is formulated for general
Hamiltonians as follows:

. h .
D =DPn — _(Hq(pa Qn) + G(Qn)TAn)v

2
h - ~
dn+1 = Q4n + §(Hp(pv Qn) + Hp(pa Qn—l—l))a
0= g(qn+1), (3.14)

_ h N
DPnt+1 =D — §(Hq(p, Gnt1) + G(@n+1)" fin),

0 = G(Gn+1)Hp(Prt1:nt1)-

Simulation results shown in Fig. 3.6 show that the method nearly preserves the
Hamiltonian with variations of magnitude ~ 10=* (compared to ~ 10~2 for the
symplectic method from the previous section), and also exactly preserves the man-
ifold.

Energy variation, h = 0.01 le—16 Drift from manifold, h = 0.01

0.0002 - 44
0.0000 -
—0.0002 -
—0.0004

—0.0006 -

—0.0008 -

—0.0010 -

0 10 20 30 40 50 0 10 20 30 40 50
t t

Fig. 3.6. Energy drift (left) and drift from the manifold (right).

3.3.2 Poisson systems as constrained Hamiltonian systems

Let F' and G be smooth functions on a smooth manifold M with local coordi-
nates y = (y1,.-..,Yn). Let us define a bilinear operation on the space of smooth
functions on M as follows:

g_gbijwﬁ — (VF)"B(y)VG, (3.15)

FGY =
) dy;

1,j=1

where B = (b;;(y)) is a smooth matrix-valued function called structure matriz. If

the matrix B has the following properties
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e Skew-symmetry: b;; = —bj;

e Fulfils the identity

(&blk + cycle over (i, j, k)) =0,
=1 oyl

then the bracket (3.15) becomes a Poisson bracket.
The corresponding equations

y = B(y)VH(y) (316)
for some function H(y), are called Poisson equations.

Example 3.2. 1. If B=J !, where

0 —I
J =
()
then y = J 'V H — these are the canonical Hamilton’s equations.

2. If by (y) = >0y cijk, then the corresponding equations (3.16) are called
Lie—Poisson equations.

There are special types of conserved quantities C(y) of (3.16) that are first
integrals of (3.16) for any choice of the Hamiltonian function. They are called
Casimirs and satisfy

VC(y)" B(y) = 0.

It turns out that any constrained Hamiltonian system can be seen as a Poisson
system. Indeed, let us rewrite equations (3.8) as follows:

i=J1 (VH + i )\Z-(x)Vgi(sc)> (3.17)

with z = (p,q) € M, where the manifold M is defined as
M ={z | c(z) = 0}

with c(z) = (9(q), G(¢)Hp(p, 0))-
Let y € R?(@=™) ~ M be the local coordinates on M, so that z = x(y).

Rewriting (3.17) in terms of new coordinates y we obtain

X(y)y=J" (VxH(x(y)) +) Ai(x(y))Vgi(x(y))> ,

=1
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where X (y) = 0x/0y is the Jacobian of x(y). Multiplication by X (3)7J from the
left allows one to get rid of the contribution with Lagrange multipliers, and we
finally get the Poisson form of (3.17):

= (X@)TIX@W) " X@)VH(x()).

\ AN

Ble) v, K(y)

where K (y) = H(x(y))-

This important observation, that constrained Hamiltonian systems can be
treated as Poisson systems, can be seen the other way around as well: having
a Poisson system one can relate it to some constrained Hamiltonian system. This
drives to the idea of constructing Poisson integrators for Poisson systems out of
corresponding integrators for constrained Hamiltonian systems.

But let us first clarify what we mean exactly by a Poisson integrator. To that
end, let us list the main properties of the flow ¢;(y) of a Poisson system.

e ©.(y) is a Poisson map, i.e.

e (1) B ()" = Blp(y))-

In particular, for B = J~! it reduces to the symplecticity of a canonical
Hamiltonian flow.

e ©:(y) respects the Casimirs, i.e. C(y¢(y)) = const.

In light of the above properties of ¢;(y) it is natural to say that a numerical
method y; = @, (yo) is said to be a Poisson integrator, if ®j, is a Poisson map and
if it preserves the coadjoint orbits (and therefore, the Casimirs).

The following Lemma based on the above mentioned relation between con-
strained Hamiltonian and Poisson systems provides a strategy of finding a Poisson
integrator.

Lemma 3.1. An integrator ©1 = Wy(xzg) for a Hamiltonian system on M is
symplectic if and only if the integrator y1 = ®p(yo) is a Poisson integrator.

Example 3.3 (Rigid body). As an example of a Poisson system (in fact, Lie—
Poisson) we will consider the rigid body dynamics, which is given by the Poisson
equations (3.16) with y = (y1,y2,%3)T representing the angular momentum,

0 —ys ¥ 1 Ca 2
Y2 N 0 k=1

where I, I5, I3 are moments of inertia.
We see that the entries of the matrix B(y) are linear functions in y;, and
therefore the rigid body dynamics is an example of a Lie—Poisson system.
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The corresponding constrained Hamiltonian system is

Q=PD™,
P = —QA, (3.18)
OZQTQ_Ia

where D = diag(dy, ds, d3) with
Iy =dy+d3, Ip=d3z+dy, I3=di+do,

A is a symmetric matrix representing Lagrange multipliers, and the vector y =
(y1,¥2,y3) is reconstructed from (P, Q) via the matrix Y = QT P a follows:

0 —Ys Y2
y3 0 —y | =2skew(Y)=Y - Y7,
—Y2 U1 0

Let us apply RATTLE to (3.18). This results in the following method (P, Qq) —
(P1, Q1) for integrating the rigid body equations:

h
Py =P — §Q0A0,
Q1 =Qo+hP D', Q7Q1=1,

h _ -
Pi=Pys = 5QiA, QTAD™ +D7IPIQL=0.

3.3.3 Discrete Lie—Poisson reduction

In Sect. 2.2.2, we showed that Hamiltonian systems on 7™ F' invariant with respect
to the lifted cotangent action of F' on T*F can be reduced to Lie-Poisson flows
on f* confined to a coadjoint orbit O. As any symmetry reduction, this allows to
work with systems of smaller dimension and thus simplifies the analysis. From the
perspective of geometric integrators, however, the inverse process of Lie—Poisson
reconstruction is more important. Indeed, the problem of discretizing Poisson
flows is more delicate than that of canonical Hamiltonian systems, so a natural
question arises: can one find a correspondence between a given Poisson system and
some canonical Hamiltonian system? For general Poisson flows, we have shown
the possibility to relate them to constrained Hamiltonian systems (hence reducing
the problem to the already solved one). In light of the Lie—Poisson reduction,
the natural canonical Hamiltonian system for a Lie-Poisson equation on §* is the
reconstructed right (left) invariant Hamiltonian system on 7% F. Then, one can
apply a symplectic integrator for this Hamiltonian system, and using the Lie—
Poisson reduction map it back to §*, see Fig. 3.7.

Since the Lie—Poisson reduction works for right (left) invariant symplectic
maps, the symplectic integrator must also fulfill the equivariance property, i.e.
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n |(@no f)(a)
f(a)of_\o T*F
j ;
a 0/_\0
®n T a,(a)
%
K H ;
: 17
. . fr= T*F/F

Fig. 3.7. Discrete Lie-Poisson reduction (figure taken from Paper I). Symplectic
equivariant method ®,: T*F — T*F descends to a Lie-Poisson method ¢y : f* — f*.

commutation with the F-action on 7™ F. Summarizing, we can formulate the fol-
lowing theorem that allows to construct Lie-Poisson integrators for Lie-Poisson
systems out of symplectic integrators for Hamiltonian systems:

Theorem 3.2. If &),: T*F — T*F is a symplectic left (right)-invariant integra-
tor, then its reduction ¢y : f* — §* is a Lie-Poisson integrator.
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4 Finite-mode approximations for 2D flu-
ids

The motion of two-dimensional ideal (magnetized) fluids is governed by the equa-
tions with infinite number of conserved quantities called Casimirs. The dynamics
is confined to the coadjoint orbits, where the Casimirs are constant, endowed with
a symplectic structure, and the corresponding flows (governed by the Euler or
MHD equations) are symplectic diffeomorphisms of these orbits. This rich geo-
metric structure of phase space motivates the development of finite-dimensional
approximations consistent with the aforementioned geometry. Such finite-mode
truncations were produced by V. Zeitlin on the flat torus T? in the works [48, 50]
and are referred to as sine-bracket truncations, and on the sphere S? in [49]. In
this chapter, we review the key concepts that stand behind these discretizations.

4.1 Geometry of 2D magnetized fluids

The system of MHD equations (2.46) discussed previously admits a vorticity for-
mulation on simply connected two-dimensional domains M:

{a): {w, 0} +1{0,j}, w=Ayp, (4.1)

0=1{0,vy}, j= A0,

where {-,-} is the Poisson bracket on M, and w is the vorticity, ¢ is the stream
function, 6 is the magnetic potential, and j is the current density. From the Stokes
theorem, it follows that [ 1w = 0, and without loss of generality, one can assume

also wa = 0.

The system (4.1) can be written in the Hamiltonian form
F = [F, HJ,

where F' is an observable of the fields w and 0, where [-, -] is the semidirect product
Lie—Poisson bracket (see [20, 22, 38|):

rai- [} o ({50 (G o

o1
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and H(w,#) is the Hamiltonian:

1

H=5 [ (V0P +190P) n= =3 [ o+ (43)

A direct computation shows that the following quantities are Casimirs for (4.2):

¢ = [ fom T~ [ waonm (4.4

for arbitrary smooth functions f: R -+ Rand g: R = R, i.e,, [Cf, J] = [Z, T] =0
for any functional 7.
In the case of the trivial magnetic field, § = 0, system (4.1) reduces to

w={w, ¥}, w=AY, (4.5)

which is the vorticity formulation of the incompressible Euler equation on M, and
the Lie—Poisson bracket (4.2) becomes

r.el= [ o550 e (16)

and the Hamiltonian becomes

1
7= [ @om (4.7)
M
and the Casimirs become
Cm=/ whu, m=1,2,..., (4.8)
M

where we have made the choice of an arbitrary function f to be the monomials.

The Hamiltonian structures underlying the equations of ideal (magneto)- hy-
drodynamics imply the existence of an infinite collection of conserved quantities.
This rises a natural question: is there a discrete approximation of equations (4.1)
and (4.5) consistent with the aforementioned structures?

In what follows, we discuss the concepts of finite-mode approximations for the
Euler equation (4.5) and the Lie-Poisson structure (4.6). Once these concepts are
understood for the Euler equations, further generalizations for MHD are discussed.

4.2 Zeitlin’s equations on T?

4.2.1 Euler’s equations in the Fourier space

We start with the discussion of the so-called naive truncations of the Euler equa-
tions (4.5) on the flat torus T? = S x S! (doubly periodic rectangle). Let
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m = (my,mg) € Z%, Z2 = 72\ (0,0) and x = (z1,72) € T?. Then, decomposing
the fields w and v in the basis exp(i(m - x)) as

w(t,x) = 3 wm(t) exp(i(m - x)),

mGZg
. (4.9)
vt == X = el )
meZzZ3

and inserting them into (4.5), we get the following dynamical system for the Fourier
coefficients wp (t):

bm = Y [k 72(k X M)W pmw_k, (4.10)
kez3

where k x m = kymo — komyg.

Remark 4.1. Summation in (4.9) is done over all the modes except the origin,
because the corresponding Fourier coefficient wpg = 0, which follows from fT2 w =
0.

Doing the same with the Hamiltonian yields

1 WrW_k
H=; > o (4.11)
kez2

For the Casimirs (4.8), the computations are less obvious, so we formulate it as a
proposition.

Proposition 4.1. The Casimirs (4.8) take the following form in the Fourier space:

Cn = > WmWmy o Wmy, N =12, (4.12)

mj+---4+mup=0
Proof. Inserting (4.9) into (4.8), we get

/1_2 (Z W, exp(i(my; - X))) e (Z Wiy exp(i(my - X))) dx =

muys

N
/ g Wm, Wmy *** Wmy €XP | 1 g m; | -x | dx.
T my j=1

mi,ms,...,

Since the functions exp(i(m - x)) integrate to zero over T? if m # (0,0), then
the only non-trivial contributions to the sum will come from the terms with
Z;\Ll m; = 0, which implies the assertion. O

The next step is to get the expression for the fluid bracket (4.6).
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Proposition 4.2. The fluid bracket (4.6) in the Fourier space takes the following
form:

oF 0G

Owm &uk

[F,G] =47" > wism(k x m)—

k,meZ?2

for F = F(wm), G = G(wm), m € Z2.

(4.13)

Proof. Let us take two functionals F'(w) and G(w). One can view these functions
as those depending on the Fourier coefficients, i.e. F(w) = F (3, wmei(m'x)) =

F(w). Using the inverse Fourier transform

wm:/TgweXp( i(m - x))dx,

and the chain rule

OF &um: Z oF

exp(—i(m - x)),

&um dw Owm
meZ?2
we get
OF 3G
[F,G] :/ ( Z wm exp(—i(m’ - x > Z Z
T2 \mrezz mez2 kez? Duon Dusc (4.14)
{exp(—i(m - x)), exp(—i(k - x))} dx.
For the Poisson bracket of the exponential functions, we get
{exp(—i(m - x)), exp(—i(k - x))} = (k x m) exp(—i((k + m) - x)).
Hence, (4.14) becomes
[F,G] = Z Wm 8(11 gci (k x m) /rZ exp(i((m’ —k —m) - x))dx =
m’,m,keZ? N by
47726(m’ k—m)
OF 0G
> 4r’wiim(k x m)— o Bor = [F,d].
m,keZ?
O

Summarizing, we have now obtained all the key ingredients of the Hamiltonian
formulation of the Euler equations (4.5) in the Fourier space: the equations them-
selves (4.10), the Hamiltonian (4.11), the Casimirs (4.12), and the Lie-Poisson
structure (4.13). Let us now give the Euler—Arnold interpretation of (4.10).

We start with an abstract Lie algebra L, i.e., a vector space with a Lie bracket
[-,-]. The first key ingredient of a general Euler—Arnold equation is the Lie algebra
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structure. If Ly, Lo, ... is a basis in £, then the structure constants Cikj of L are
defined as

[Li, L] =Y CE L.
k
Let now L* be its dual. Then, one can introduce a Lie—Poisson structure
of dg
) - Ok NEE

1,5,k

f,9 € C(L). (4.15)

The second key ingredient is the inertia operator I: £ — L£* usually provided by
the metric tensor ¢g" and defining the energy

1 ii
H = 5 Z g J wiwj.
.’j
And finally, the Euler—Arnold equations on L£* take the form:

w; = Z glefjwlwk. (4.16)
Jrk,l

One can check that H = 0 along the trajectories of (4.16).

Let now £ be the algebra of smooth functions on T2. The basis is given by
¢n = exp(i(n - x)). The structure constants are obtained by taking the Poisson
bracket of the basis functions:

[0, Pm] = (M X N)Pnym = Z Crlfm¢ka (4.17)
kez?

with the structure constants
Ck = (mxn)s(k —n—m). (4.18)

To make a connection between (4.16) and (4.10), we need to choose the metric
tensor as follows:
g =5k +1)|k| 72 (4.19)
We thus arrive at the following result.

Theorem 4.1. The FEuler equations in the Fourier space (4.10) have the form
of the Euler—Arnold equation (4.16), with the structure constants (4.18) and the
metric (4.19). In terms of the Lie—Poisson bracket in the Fourier space (4.13),
they take the form Wy = [wm, H], with the Hamiltonian (4.11) preserved by the
flow (4.10). The quantities (4.12) are Casimirs of the bracket (4.13).

One can perform the naive truncation of equations (4.10) by simply running
the frequencies k and m over a box k,m € ([-N, N| x [-N, N])\ (0,0) = B rather
than over Z2. This results in (2N + 1)? dimensional dynamical system:

bm =Y _ k| 7?(k X M)wiimw_k, mEB. (4.20)
keB

Equations (4.20) are problematic in several aspects:
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1. equations (4.20) are not Hamiltonian, as the truncation of the bracket (4.13)
fails to fulfill the Jacobi identity,

2. the Casimirs (4.12) are not preserved, except for Cs,

3. some of the variables wiim are outside of the summation box B.

4.2.2 Sine-bracket approximation for the Euler equations

The sine-bracket approximation is a way to overcome the mentioned difficulties of
equations (4.20) and to construct a self-consistent truncated analog of the Euler
(and MHD) equations, which is itself an Euler-Arnold equation on the dual of a
suitable Lie algebra. The key idea behind the sine-bracket approximation is to
truncate the equations (4.10) along with modifying the structure constants (4.18)
(and consequently, the Lie-Poisson structure (4.15) on L£*), while keeping the
metric tensor (4.19) unchanged. Naturally, in order to recover the Euler equations
when sending the truncation parameter N — oo, the modified structure constants
must converge to the original ones. This will result in a new Euler—Arnold equation
(4.16) that approximates the original one (4.10).

Let us fix some odd number N and consider the box By = [-(N —1)/2, (N —
1)/2]? \ (0,0). One observes that since the vorticity field w(t,x) is real-valued,
some conditions must be imposed on the complex Fourier coefficients wy,. Indeed,
w(t,x) = w(t,x) implies w_p, = Wm, which is the reality condition.

As shown in [13, 12] (see also [5, Ch. I.11] and [48]) commutation relations in
the matrix Lie algebras s[(N, C) approximate those in the infinite-dimensional Lie
algebra of divergence-free vector fields D,,(T?) realized (in 2D) as the algebra of
functions on T2, given by (4.17). Indeed, consider the following two matrices in
sl(N,C):

0 1 0

0 0 1 0
F =diag(l,e,...,e" Y, H= Do ) ,

o 0 ... ... 1

1 0

where ¢ is a primitive root of N-th degree of unity, e.g. € = ¢*™/N. The matrices
F and H fulfill the identities F¥ = HY =1 and HF =¢FH.
Define (N? — 1) matrices Jm, m = (my,ms) € By by the following way:

Jm — gmlmg/Qleng_

Then, the matrices Jp, span s[(N,C) and obey the commutation relations

2
[Ty Jon] = 21 - sin (W) Tntrns
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as well as JI, = J_n.
Introducing a new basis Ly, = (iN/47)Jm, we get commutation relations

N . (2
(L, Lm] = 5 sin (W) Lnin =
ck = Esin (W) d(k —n—m),

nm 27T

(4.21)

approximating (4.17) and (4.18) respectively, as N — oc.

Taking the Euler—Arnold equations (4.16) with structure constants (4.21) and
metric (4.19), we get the system of equations referred to as sine-Euler equations,
or Euler—Zeitlin equations on T2:

: o N . 27k xm)
m = k|72 — _— k- 4.22
m= 3 7y, sin (270 ) e (022

It is possible to write equations (4.22) in a compact matrix form. Introducing
the matrices

W= > wmlm, P=-) wdlkl *Lig, (4.23)
me By keBo

and using the commutation relations (4.21), one can rewrite equations (4.22) as a
matrix ODE

W =W, P). (4.24)

We further observe that

. ¥ .
Wi= 3 omLl,= Y wom (%Jm) =Y wom (—%J_m) =W,

meBy meBy m¢eBg

which implies that W € su(N), as well as P € su(N). Furthermore, the right
hand side of (4.24) coincides with the coadjoint action of su(NN) on its dual.

The matrix formulation of the Euler—Zeitlin equations on T? not only resembles
the form of the original Euler equations (4.1), but also makes it possible to iden-
tify the Casimir invariants as traces of powers of W, as well as the Hamiltonian
function:

cN =tr(w™), HY = —%tr(WP), m=1,2,...,N. (4.25)

Remark 4.2. 1. In order for the Casimirs and the Hamiltonian (4.25) to con-
verge to the original counterparts (4.7) and (4.8), as N — oo, one needs an
appropriate multiplier depending on N in front of (4.25). Here, we omit the

discussion about convergence, as it is proved with all necessary details for
the case of the sphere in Paper I.
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2. Looking at the original fields w and 1 in (4.9) and at their respective matrix
analogues in (4.23), one observes the following correspondence: the basis
functions exp(i(m - x)) are formally replaced with the basis matrices Ly,
and the Poisson bracket {-,-} is replaced with the matrix commutator [-,-].
To this reason, the sine-Euler equations are sometimes called quantized Fu-
ler equations, following the analogy of transition from classical physics to
quantum physics.

We conclude this section with a summary of all the key results about the

sine-Euler equations.

Theorem 4.2. The sine-FEuler equations (4.22) are a Lie—Poisson flow on the

dual of the Lie algebra su(N), with the Casimir functions and Hamiltonian given
by (4.25).

4.2.3 Sine-bracket approximation for MHD

To get the sine-truncation for the MHD equations, one needs the Fourier expan-

sions for the magnetic potential 6(¢,x) and the current density j(¢,x), in addition
to (4.9):
0(t,x) = Y Om(t)exp(i(m - x)),

J(t,%x) == ) u(t)im|® exp(i(m - x)).

Further, similarly to the Euler equations, we construct two matrices © € su(V)
and J € su(N) as follows:

O= > Omlm, J=-) 6lk’Ly,

me By keBy

and the corresponding sine-MHD equations for the modes (W, 0m) take the form

W=[W,P|+[0,J], ©=[0,P], W,0,J,P csu(N). (4.26)
Equations (4.26) have conservation laws, the Casimirs, given by
cY =tr(@™), IN =tr(We™), m=1,2,3,...,N, (4.27)

as well as the Hamiltonian

1 1
HY = —§tr(WP) — §tr(@J). (4.28)
The Lie-Poisson formulation for the sine-MHD equations (4.26) can also be
given on the dual of a suitable Lie algebra. This Lie algebra is called the magnetic
extension of su(N) and is the semidirect product of the algebra itself and its dual.

We summarize all the above observations in the following theorem:
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Theorem 4.3. The sine-MHD equations (4.26) are a Lie—Poisson flow on the
dual f* of the Lie algebra f = su(N) x su(N)*. The quantities (4.27) are Casimirs
for (4.26), and the Hamiltonian (4.28) is conserved by the flow.

4.2.4 Discrete Laplacian

When constructing the sine-approximations for the Euler equations and MHD, we
kept the metric tensor (4.19) from the corresponding Fourier transformed equations
on Z2. In general, any tensor that converges to (4.19), as N — 400, would be
suitable. There is, however, a natural choice of the metric tensor ¢¥! coming from
the matrix version of the Laplace operator. We observe that the Laplace operator
A is generated from the basis functions and their Poisson brackets:

([d—1.—1,[P1,1, Dnl] + [P-1.1, [P1,-1, Pn]]) = —0[*¢n. (4.29)

N —

A¢n =

The matrix Laplacian Ay : su(N) — su(N) can be constructed by replacing the
basis functions in (4.29) with the basis matrices Ly:

1
AnLy = 5 ([L=1,—1,[L11, Lal] + [L-11, [L1,—1, La]]) =

_ % (%)2 [SmZ (%”(nl _ n2)> + sin? (%(nl + nz)ﬂ L.

Therefore, the choice for the metric tensor (g™V)®* could be

L) o (o) oo (B )]

Clearly, (¢™V)™k — g™k in (4.19) as N — oo.

(g™)™ =6(n+k)

4.3 Zeitlin’s equations on S?

In the case of the 2-sphere 52, one follows the same steps as in the previous section,
with the difference that the L? orthogonal basis on the sphere is provided by the
spherical harmonics Y; ,, (¥, ¢), with ¥ € [0,7], ¢ € [0,27) and ¢ = 0,1,2,...,
m = —Il,...,l. We decompose the vorticity function in the spherical harmonics
basis w(t,d,¢) = >, wh™(1)Yy.m (9, #) and insert the decomposition into the
Euler equations (4.5), which yields the following dynamical system for the modified
coefficients wy , = i(—1)™w"~™ (the indices ¢, £, ¢" Tun all the way up to +00):

m/ (,L)e/ _m/(,(_)g// m!! ﬁ” 1
Z Z gl /2 ) Wm £'m’>» (4-30)

/ / é// "
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where ’yf;;’?};;n, are the structure constants of the Lie algebra of divergence-free
vector fields D, (S5?) on S? realized as a Lie algebra of functions on S? with the
Lie algebra structure being the Poisson bracket:

. g//m//
1 {Sfé,ma Yvﬁ’,m’} = ﬂyém,é’m’yve”:m” .

1 17
2 m

Similar to the case of the torus T2, there exists a representation of the algebra
of skew-hermitian matrices u(N) (or su(N) if one removes w® to keep the fields

zero-mean) with structure constants approximating 75,7%1;1, see for details [24, 25].
The matrices

N w-v2-m it ¢ T
_(_ - —mi 2 2

(Tim) oy = (=1) 20+ 1 (—m1 m ) :

with (:::) standing for the Wigner 3j-symbol, are called matriz harmonics. They

form a basis in u(N), with the structure constants FEm

omo'me » arising from the

commutation relations,
N N . (N)g//m// N
[Tgm, Tglm/] — E fém,ﬁ’m’ Tgum//,
Z//m//

and given by the formula

(LM — (1= (1)~ 20+ )20 + 1)(207 1 1)

Imf'm
(E f/ E”) { g f’ g// }
X _ _ — )
m m/ m// N2 1 N2 1 N2 1

where {:::} is the Wigner 6j-symbol.

Under a suitable normalization [24], the structure constants fg(n]\lf )f, o of su(N)
tend to those of D, (S?).

Truncating the equations (4.30) at some level N and modifying the structure
(N)Ellmll

f m 0'm’

approximating the Euler equations on the sphere:

constants ’yf;;%l,lm, > , we get the system of the FEuler—Zeitlin equations

N—-1N-1 £ e’

Gom==3 5 S 3 @) 1) et

0 =10"=1m'=—¢ m!'=—p"
(4.31)

Similar to the case of the flat torus, we introduce the matrices

N-1 ¢
W=> Y whmTy, P=Ay W),

=1 m=—/¢

and rewrite the equations (4.31) in a compact matrix form:

W =[W,P], W=AxP, W,P €su(N). (4.32)
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The operator Ay: su(N) — su(N) is called the Hoppe-Yau Laplacian, see
[25]. It is comstructed from the double brackets of matrix harmonics 77, and
its eigenvalues coincide with those of the Laplace operator A on the sphere, i.e.
ANTH = —£(+1)T) . We thus obtain the same dynamical system for the Euler
equations on the sphere, as for that on the flat torus. The difference lies in the
bases of su(N) that are used to reconstruct the corresponding fields w(t,x) on
T2 and w(t,?, ¢) on S2, and also in the discrete Laplacian Ay. We conclude this
section with the theorem summarizing the Hamiltonian nature of equations (4.32).

Theorem 4.4. The Euler—Zeitlin equation (4.32) constitute a Lie—Poisson flow
on the dual of the Lie algebra su(N). The quantities
47

CWZX:Wtr(Wm), m=1,2,...,N

are Casimirs for (4.32), and the quantity

2
oY = Wﬂtr(WP)

is the Hamaltonian.

The analogous truncation of MHD on the sphere, which we call MHD-Zeitlin
equations, is discussed in detail in Paper 1.

Since their derivation, the structure preserving finite-mode truncations have
drawn a lot of attention. In particular, the problem of finding a suitable time
integrator for the sine-Euler and the Euler—Zeitlin equations perfectly fits the realm
of geometric numerical integration, and a fast integrator for them was developed
by McLachlan [31] and later by Modin and Viviani [36]. The difference in the
statistical behavior between simulations of turbulence by standard methods and
sine-truncations was studied in [2, 16, 26]. Convergence of the sine truncations on
the torus was proved in [14], and on the sphere in [37].
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5 Summary of included papers

5.1 Paper I

In Paper I, we develop a spatio-temporal discretization for MHD on the sphere
that fully preserves the underlying Lie-Poisson geometry. This includes extension
of the Euler—Zeitlin model to MHD resulting in a finite-dimensional Lie-Poisson
system, and further discretization in time leading to a Lie-Poisson integrator for
semidirect product Lie algebras.

First, we use the vorticity formulation of MHD (2.46) on the sphere S? in terms
of four scalar fields, two vorticity fields w and § for the velocity and magnetic fields
respectively, and two stream functions 1 and 6:

Proposition 5.1. The vorticity formulation for incompressible MHD equations
(2.46) is
{w={w,w}+{9,ﬁ}, w = Ay, 6.1)
6= {0,0}, 8= A0,

where {-,-} is a Poisson bracket on S2.
Then, based on Berezin-Toeplitz quantization, we provide a spatially discrete

analogue of (5.1), which is a Lie-Poisson system on the dual of the semidirect
product Lie algebra {* = su(N) x su(N)*:

. (5.2)

W = [W, M| + [0, My],
@ = [@7 Ml]a

where W, 0 € su(N), M; = AW, My = AxO, and Ay : su(N) — su(N) is the
Hoppe—Yau Laplacian.

Proposition 5.2. System (5.2) is a Lie—Poisson flow on the dual §* of the Lie
algebra § = su(N) x su(N)*:

J =ad}, J,
where J = (©,W1) € *, M = (My, M}) € §, with the Hamiltonian
1
H(W,0) = 5 (tr(WTMy) + tr(0TMy)) . (5.3)

63
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The functions

ey () = T (f(0)), I (W.0) = T r(Wg(e)) (5.4)

for arbitrary smooth functions f and g, are Casimirs for (5.2).

Further, we develop discrete Lie—Poisson reduction for semidirect products that
can be summarized in the diagram Fig. 3.7.

Proposition 5.3. The canonical equations on T*F

Q - _M1Q7
P =M P+2MIQa, (5.5)
& =0,

with right-invariant Hamiltonian H=Ho i, where
1
M, =AW, My,=ANO, H(W,0)= 3 (tr(WTM) + tr(OTMy))

are reduced to the Lie—Poisson system on §*

W = [W,M] + [0, M), ©=[0,M], (5.6)
by means of the momentum map (2.23).

We use the implicit midpoint method (3.5) as a symplectic scheme on 7™ F' and
prove that it descends to a Lie-Poisson integrator on {*, and arrive at the main
result.

Theorem 5.1. The implicit midpoint method (3.5) for the Hamiltonian sys-
tem (5.5) descends to a Lie—Poisson integrator ¢n: §* — f*, ¢p: (Wy,0,) —
(W1, ©nt1) for the Lie—Poisson flow (5.2). The method is given explicitly by
the following formulas:
R A B2 . . -

0, =06 - §[®,M1] - ZMl@Ml’

®n—|—1 = @n + h[éa M1]7
h
5l
Wit1 = W, + h[W, Mi] + h[O, Ms],

2

_ . o~ - h2 /- . . o .
W =W = (W, Mi] = 516, M) — = (M1WM1 + Mo®M, + M1®M2> ,

(5.7)
where My = A (W), My = An(0).
The integrator (5.7) preserves the Casimirs (5.4):

tl"(f(@n)) = tr(f(@n-f—l))a
tr(Wng(0n)) = tr(Wn119(Oni1))
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Numerical simulations confirm that the method has all the properties indicated
in Theorem 5.1. Variations of the Casimir functions shown in Fig. 5.1 indicate
their exact preservation, as the magnitude 10~1° is the tolerance of the fixed point
iterations. Also, we observe near preservation of the Hamiltonian function in

Fig. 5.2.

le-16 Spectrum of © variation le-16 Cross-helicity variation

0.5

0.0

0 1000 2000 3000 4000 5000 6000 7000 0 1000 2000 3000 4000 5000 6000 7000
t t

Fig. 5.1. Variation of the smallest eigenvalue of © (left), and cross-helicity tr(WO)
(right) for incompressible MHD equations. The order 1076 of the magnitude of the
variation indicates the exact preservation of the Casimirs.

Hamiltonian variation

0.00005 1

0.00000 1

—0.00005 1

—0.00010 1

0 1000 2000 3000 4000 5000 6000 7000
t

Fig. 5.2. Variation of the Hamiltonian for incompressible MHD equations. Absence
of drift indicates nearly preservation of the Hamiltonian.

5.2 Paper II

In Paper II, we apply the structure preserving discretization for MHD developed
in Paper I to study the dynamics of magnetized fluids given by Hazeltine’s model
[21, 17, 18, 19], as well as its two limiting models, reduced MHD (RMHD) and
the Charney—Hasegawa—Mima (CHM) model. Hazeltine’s equations generalize the
MHD system (5.1):

w:{w7w}+{97j}> W:A%/),
0=1{0,0} —a{0,x}, j = A6. (5.8)
x={evk+1{0,5},
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where w and 6 have the same meaning as before, x is the normalized deviation of
particle density from a constant equilibrium value, and « is a constant parameter.
The Zeitlin equations for (5.8) are

‘. 1

Q = ﬁ[QaP]a

0= %[@,P — aR], (5.9)
1 1

\R_ f_i[R7P] + ﬁ[@,c]],

where R € su(N) is the matrix for the field x, P € su(N) is the matrix for the
field ¢, J € su(N) is the matrix for the field j, Q =W — R, h =2/v/N? — 1.

Proposition 5.4. System (5.9) is a Lie—Poisson flow on the dual §* of the Lie
algebra

f=su(N) ® (su(N) x su(N)*)
with the Casimir invariants

ey = T (f0), Iy = Tu(Rg©), PV = Tuw(h@),  (5.10)

for arbitrary smooth functions f,g,k, and the Hamiltonian
2 (wt i i
H:Wtr(W P+0O'J—aR'R). (5.11)
A structure preserving integrator for (5.9) is given by
~ E ~ ~ 52 ~ o~ o~
0, =0 - 5[@’M] — ZM@M’
Ont1 = O, +¢[6, M],
2

= PQP,

~ E ~ ~

Qn—l—l - Qn +€[Q7P]a

- £~ o~ €~ ~ €2/ _—_
Rn:R—E[R,M]—§[@,J]—Z(MRM+J®M+M@J),
Rpi1 = Ry +€[R, M] + €[, J],

where M = P — aR and ¢ = dt/h is the physical time step length 6¢ > 0. Similar
to the integrator (5.7), the scheme (5.12) preserves the Casimirs (5.10) and nearly
preserves the Hamiltonian (5.11).

Typical snapshots of simulations for Hazeltine’s equations are shown in Fig.
5.3. They indicate presence of the inverse kinetic energy cascade, which is shown
in energy spectral diagrams, see Fig. 5.4.
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w field, t =0 w field, t = 36

w field, t = 120 w field, t = 562

2.0
15
1.0
0.5
0.0
-0.5

-1.0

Fig. 5.3. Hazeltine: Evolution of the vorticity w(t) field. Smooth randomly generated
initial vorticity distribution evolves into vortex blob configuration on the small scale
background noise.

E(E)/Emam
1071 —— kinetic
W, ¢=3 and £13 slopes
1073+ |
1 —5 [l Ll A ......|\:~ i N
0 10° 10! 102

Fig. 5.4. Hazeltine: Kinetic energy spectrum of the final state at 7" = 562. The
spectrum has a broken line shape with the scaling [ =3 for the low frequency part, and
[~1:3 for the high frequency part.

5.3 Paper III

In Paper III, we derive the global model of thermal quasi-geostrophy (TQG) on the
sphere from the thermal rotating shallow water (TRSW) equations. The obtained
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TQG model reads:

(G={q. ¢} +{b.j},
b={bv}, 515
S 2 5.13
q= (A—’W2)1/J+R—'lé — phy + pb,
(J = h1 — p.

where ¢ is the potential vorticity, b is the buoyancy, v is the Lamb parameter, and
Ro is the Rossby number.
Conserved quantities for (5.13) are Hamiltonian

_1 _2_:“ . ) 21 _2_M _
H—2/<q ro T H b)) (A —yu?) (q ro T b)>dxdy+

5’2

1 2
+ /bhldxdy = 5/ <q — R—'Ié + pu(hy — b)) Ydxdy + /bhldxdy,
52 52 52

(5.14)

as well as Casimir invariants

Cy = /f(b)dq;dy, T, = /qg(b)dxdy, (5.15)
S2 S2

where f and g are arbitrary smooth functions. One observes similarities between
the TQG (5.13) and RMHD (5.1) models. Indeed, they share the Hamiltonian
formulation in terms of the semidirect product Lie—Poisson bracket. This allows
to utilize the methods developed in Paper I to study the global TQG dynamics.
Large-scale flow patterns revealed intricate dynamic interplay between potential
vorticity, buoyancy, and bathymetry, which is shown in Fig. 5.6 and Fig. 5.5.

Fig. 5.5. Adopted bathymetry profile (left) and final distribution of the buoyancy
(right). The buoyancy aligns with the bathymetry.

5.4 Paper IV

In paper IV, we extend the matrix approach to MHD from two dimensions to
axially symmetric flows on the three-sphere S2. The key idea is to make use of



5.4. Paper IV 69
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Buoyancy b, t = 10 Buoyancy b, t = 14

Fig. 5.6. Buoyancy dynamics. From an initially smooth field, mushroom-like dipole
structures form and roll up asymmetrically under the influence of rotation and the
interaction with the bathymetry. Circulation is induced via the buoyancy-bathymetry
interaction and turbulence is generated which eventually aligns with the bathymetry.

the Hopf fibration and is summarized as follows: the quotient of the action of the
Hopf field on S2 is the two-dimensional sphere S?, and therefore if one assumes
the S'-symmetry, generated by the Hopf field, of solutions to MHD on 52, one
gets the symmetry reduced version of three-dimensional MHD on the two-sphere.

The system of self-consistent MHD describes the evolution of a divergence-free
velocity field u(t, x) and magnetic field B(t, z) on a three-dimensional Riemannian
manifold (M, g) > x:

1+ Vyu=—Vp+curlB x B,
B = curl(u x B),
divB =0,

divu = 0,

(5.16)

where p(t, x) is the pressure function, V,u is the covariant derivative of the vector
field u along itself. The term curlB x B represents the Lorentz force, and the
second equation in (5.16) reflects the frozenness of the magnetic field into the
fluid.
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The S'-symmetry reduced version of equations (5.16) is

AY = {A¢, ¥} + {6, A} +2{q, ¥} + 2{&, p},
p=Ap, v} +{&a} +2{¥,&},

¢ ={q, ¢} +{& p},

£={¢ v},

where q, 1, p,& € C*°(S?), and {-,-} is the Poisson bracket on S2.
The system (5.17) admits a Hamiltonian formulation outlined in the following
theorem.

(5.17)

Theorem 5.2. The system of azisymmetric MHD equations on S® defined in
(5.17) is a Lie—Poisson system on the dual F* of the Lie algebra

F = (2u(S%) x C=(5)) x (2u(S?) x C>(5))",

with the Hamiltonian given by

_ 1 2y, L _ 2
= [ wav—fu- [ cac- (5.15)

Proposition 5.5. The quantities
- [ (av—ppu ¢r= [ fou n= [ @n K= [ e

are Casimir invariants for the system of azisymmetric MHD equations on S° de-
fined in (5.17). The energy (5.18) is also conserved by the flow (5.17).

Further, a matrix version of equations (5.17) is developed:

. 1 1 2 2

Pz[PM+Q%@+[ ]
| ' (5.19)
Q:ﬁ[Qv\Il] ﬁ[ , P,
= 1
L ::£[:,\I/],

where U, Q, P,Z € su(N), and Ay : su(N) — su(N) is the Hoppe—Yau Laplacian.
The Hamiltonian formulation for (5.19) is given as well:

Theorem 5.3. The axisymmetric MHD-Zeitlin equations (5.19) are Lie—Poisson
on the dual F* of the Lie algebra F = (su(N) x su(N)) x (su(N) x su(N))*, with
the Hamiltonian function given by

2 2
oY = —Nwtr (T(ANT) — Q%) — Nﬂtr (E(ANE) — P?). (5.20)
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Proposition 5.6. The following quantities are Casimir invariants for (5.19):

IV = —tr(E(AnY) - PQ), Cf = v (f(E),
4 4
N = T(PhE), K = t(Qs(E)).

for arbitrary functions f,g,h.
The Hamiltonian (5.20) is also conserved by the flow.

Further, a structure preserving time integrator for (5.19) is developed, and
its preservation properties are shown in numerical simulations, for example, in
Fig. 5.7.

x10~14
10 B - AAl
— Alo
— Als
05 B — A)\4
— AlXs
v W M‘ » ‘*‘ ¥
00F R4 B g, YN
o1 T
_0.5 — | | | | | | time
0 100 200 300 400 500

Fig. 5.7. Preservation of the eigenvalues A1,..., A5 of the matrix E € su(N) with

N = 5. The magnitude 10~* of the variation AX; = X;(t) — X;(0) of the eigenvalues
shows that the spectrum of Z is preserved up to machine precision.
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Chapter 5. Summary of included papers
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