
Highlights
Physics-Constrained Neural Closure for Lattice Boltzmann Large-
Eddy Simulation

Muhammad Idrees Khan, Sauro Succi, Hua-Dong Yao, Giacomo Falcucci

• Data-driven ML-LES closure with physics constraints and compact
neural architecture

• 9 features: strain-rate (6) and vorticity (3)

• Physics-constrained training with Π-matching, rotational equivariance,
and divergence-free SGS-force penalty

• Hybrid coupling: dissipative part via effective viscosity, anisotropic
residual via forcing; captures backscatter

• ONNX Runtime deployment in Fortran/OpenACC with batched GPU
inference

• A priori and a posteriori validation vs classical SGS models; preliminary
transfer test in channel flow without retraining
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Abstract

We present a physics-constrained, data-driven subgrid-scale (SGS) stress
closure for large-eddy simulation (LES) in the lattice Boltzmann method
(LBM). Trained on filtered–downsampled (FD) data from LBM direct nu-
merical simulation (DNS) of forced homogeneous isotropic turbulence (FHIT)
spanning multiple filter widths, a compact neural network maps nine macro-
scopic derivative inputs—six strain-rate and three vorticity components—to
the six independent components of the SGS stress tensor; a deviatoric pro-
jection is applied post-inference to obtain the traceless stress used in the
solver. Training combines a stress data loss with physics terms for SGS
energy-transfer (Π) matching, rotational equivariance under cube rotations,
and compatibility of the implied SGS forcing with the divergence-based cou-
pling.

The predicted stress is coupled to the solver through a split strategy:
a dissipative, strain-aligned contribution is represented through an effective-
viscosity projection, while the remaining anisotropic residual is applied through
a forcing term. This construction is intended to retain both backscatter (via
the effective viscosity) and non-dissipative anisotropic effects (via the resid-
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ual forcing), while remaining compatible with LBM deployment. In the cases
considered here, a priori results show good agreement with FD references
across stress components and SGS-transfer statistics, and a posteriori roll-
outs improve several energetic and statistical measures relative to static and
dynamic Smagorinsky baselines. A preliminary transfer test in turbulent
channel flow is also reported without retraining. Finally, we demonstrate
production deployment via ONNX Runtime, with throughput comparable to
a dynamic Smagorinsky baseline in the tested configuration.
Keywords: Large-eddy simulation, subgrid-scale modeling, lattice
Boltzmann method, machine learning, turbulence

1. Introduction

Large-eddy simulation (LES) is widely used to study turbulent flows at
Reynolds numbers for which direct numerical simulation (DNS) remains
prohibitively expensive. In LES, the governing equations are spatially fil-
tered and the influence of unresolved scales must be represented through the
subgrid–scale (SGS) stress. Classical SGS closures remain attractive because
of their robustness and low cost, but they often trade structural fidelity for
stability, which limits their ability to represent stress anisotropy and energy
backscatter.

Recent data-driven turbulence modeling spans anisotropic Reynolds-stress
modeling, supervised SGS closure learning, and reinforcement-learning-based
closure discovery. Tensor-valued learning of Reynolds stresses has been ex-
plored, for example, in neural-network models for anisotropic Reynolds stresses
in turbulent channel flow [1]. Supervised learning of LES closure terms
and SGS stresses has been studied extensively in continuum Navier–Stokes
LES [2], while reinforcement-learning approaches have been used to discover
SGS closures in LES [3] and wall models in wall-modeled LES (WMLES) [4].
Related data-driven closure discovery has also recently been explored in
coarse-grained lattice Boltzmann method (LBM) settings [5]. These devel-
opments motivate the present work, but most of them have been formulated
in continuum Navier–Stokes solvers rather than in LBM frameworks.

Explicit SGS-stress learning has been studied mainly in continuum Navier–
Stokes LES; its use in LBM LES remains much less explored. A key advan-
tage of LBM for LES is that stress and pressure are locally available in space
and time from the distribution functions, without requiring global pressure
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solves; this local availability motivates strong interest in LES/LBM. Whether
LBM confers additional computational advantages in training or extends to
regimes where continuum solvers fail are open questions beyond the scope of
this work. We focus instead on whether an explicit-stress ML closure can be
coupled to LBM in a stable and practical way, and what accuracy and run-
time it achieves relative to conventional viscosity-only baselines. In the cases
examined here, the coupled closure improves stress and energy-transfer statis-
tics and captures backscatter that Smagorinsky suppresses, while achieving
throughput comparable to a dynamic Smagorinsky baseline (Appendix D,
Table D.3).

These considerations lead to three questions that guide the paper:
1. Can a compact ML model predict the full SGS stress tensor accurately

enough to be useful in closed-loop LBM-LES?
2. Can that predicted stress be coupled back to LBM in a stable and

efficient way, despite the kinetic form of the solver?
3. In the test cases considered here, does such an explicit-stress coupling

provide advantages over standard viscosity-only LBM closures, partic-
ularly for anisotropy and backscatter?

A broader motivation is whether ML can learn a closure more realistic, gen-
eral, or accurate than the extended kinetic relaxation-time formulation of
Chen et al. [6].

To address these questions, we develop an explicit-stress ML closure tai-
lored to LBM. Training data are generated from LBM DNS of forced homoge-
neous isotropic turbulence (FHIT) and processed into filtered–downsampled
(FD) fields at multiple filter widths to form paired datasets of resolved fields
and exact SGS stresses. The neural network is trained on macroscopic deriva-
tive features (strain-rate and vorticity components) and predicts the six in-
dependent components of the SGS stress tensor; a deviatoric projection is
applied post-inference before coupling to the solver. The predicted stress
is then introduced through a hybrid scheme: the dissipative, strain-aligned
part is represented through a modified relaxation rate, while the residual
anisotropic part is applied through Guo forcing [7]. This split is designed to
preserve the parts of the stress that are naturally compatible with viscosity-
based LBM coupling while retaining non-dissipative contributions that would
be lost in a purely eddy-viscosity formulation.

The contributions of this work are as follows. First, we study whether
compact macroscopic derivative features provide a sufficient basis for pre-
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dicting SGS stresses in an LBM setting. Second, we introduce a hybrid
stress-splitting strategy that couples the dissipative part of the learned stress
through relaxation and the residual part through forcing, enabling stable
long-time LES in the cases examined here. Third, we assess the result-
ing model both a priori and a posteriori, by comparing LES with filtered
DNS across stress and energy-transfer p.d.f.s, energy balance, and backscat-
ter statistics. Finally, we show that the trained network can be exported to
ONNX Runtime and integrated into a production Fortran/OpenACC LBM
code with modest overhead in the tested deployment.

The remainder of the paper is organized as follows. Section 2 reviews clas-
sical SGS modeling approaches and recent ML-based closures, with emphasis
on LBM implementations. Section 3 describes the governing equations, solver
setup, feature design, and training methodology. Section 4 presents both a
priori and a posteriori validation, including ablation studies. Section Ap-
pendix D summarizes deployment and performance. Section 5 summarizes
the findings.

2. Related work

2.1. Classical SGS models
A wide range of subgrid–scale (SGS) closures has been proposed for LES.

Functional (eddy–viscosity) models approximate the deviatoric SGS stress
as τ ′

ij = −2νtSij, with the eddy viscosity νt determined from resolved fields.
Classical eddy-viscosity models such as the Smagorinsky model [8] and its
dynamic variants [9, 10] remain attractive because of their robustness and
low cost, but when constrained to nonnegative eddy viscosity they suppress
backscatter and have limited ability to represent full stress anisotropy.

Structural models attempt to reconstruct tensorial features of the SGS
stress from the resolved field. Representative examples include the scale–similarity
(Bardina) model [11] and the gradient/Clark model [12]. These approaches
can capture some non-dissipative behavior but often require additional sta-
bilization (e.g. mixed formulations combining similarity/gradient terms with
eddy viscosity [13]) to ensure numerical robustness and acceptable dissipation
levels. Despite extensive refinements, classical closures still face challenges
in universality across flow types, Reynolds numbers, filter widths, and grid
resolutions.
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2.2. ML–based SGS models
Data-driven turbulence modeling has developed rapidly across both Reynolds-

averaged and LES settings. Representative tensor-valued learning studies
showed that neural networks can be trained to predict anisotropic turbu-
lence stresses in channel flow [1], illustrating the feasibility of learning struc-
tured stress tensors rather than only scalar closure coefficients. In LES, a
substantial body of work in continuum Navier–Stokes solvers has focused on
learning SGS stresses, SGS forces, or related closure terms from resolved flow
features [2, 14–18], with a posteriori stability and generalization emerging as
central concerns. These models can represent anisotropy and backscatter
more flexibly than purely functional eddy-viscosity closures, but strong a
priori agreement does not by itself guarantee stable closed-loop LES [15, 16].

The broader ML turbulence literature also includes reinforcement-learning
approaches to closure discovery. For homogeneous isotropic turbulence (HIT),
multi-agent reinforcement learning has been used to discover turbulence clo-
sures [3]; related work has extended this perspective to wall-model discovery
in wall-bounded turbulence [4]. We cite these studies because they are im-
portant landmarks in data-driven turbulence modeling, even though their
learning objectives, solver couplings, and deployment strategies differ from
the supervised stress-regression approach adopted here.

Most explicit-SGS-stress ML studies have been developed in continuum
Navier–Stokes LES settings rather than in LBM. Across that literature, com-
mon inputs include local velocity gradients and derived tensorial quantities
such as strain rate, rotation/vorticity, and, in some cases, resolved-stress
or Leonard/test-filtered terms; some studies also employ invariant-based or
nonlocal feature representations [15, 16, 18].

A closely related example is Yang et al. [18], who predict the full SGS
stress tensor in a Navier–Stokes LES framework using strain-rate and modi-
fied Leonard-stress inputs with data-only training. We cite that work as an
important continuum-solver reference point; the distinction of the present
work lies not in predicting a full stress tensor per se, but in doing so within
LBM using derivative-only local features, physics-constrained training, and
a dissipative/residual stress split for coupling.

2.3. LBM–specific LES and learned closures
A kinetic-theory perspective on turbulence modeling in LBM was intro-

duced by Chen et al. in the extended Boltzmann kinetic equation for tur-
bulent flows [6] and further developed in their expanded analogy between
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Boltzmann kinetic theory and turbulence [19]. This kinetic-theory-based
formulation is a natural target for comparison. Within the LBM, stress and
pressure are locally available in space and time from the distribution func-
tions, which makes LBM a natural setting for LES closures that depend on
local strain-rate and related quantities. LES has most commonly been real-
ized by modifying relaxation times to represent an eddy viscosity associated
with a chosen SGS model [20–22]. This viscosity-based strategy fits naturally
within LBM and has therefore remained the dominant LES pathway. More
recent ML activity in LBM has explored data-driven tuning of relaxation
parameters and learned collision operators [5, 23]. Other recent directions
include physics-informed near-wall modeling [24] and learned kinetic opera-
tors [25–27].

Existing studies already show that machine learning is active in LBM,
including turbulence-related closures, near-wall modeling, and learned kinetic
operators [5, 23, 24, 26, 27]. Relative to the LBM studies cited above, the
present work focuses on a different question: whether the full SGS stress
tensor can be predicted from local derivative features and coupled to LBM
through a hybrid dissipative/residual split. In the present formulation, the
strain-aligned dissipative part is represented through an effective viscosity
and the corresponding stress-mode relaxation-rate modification, while the
remaining anisotropic residual is introduced through a forcing term (Guo
forcing in our implementation) [7]. This construction is intended to retain
SGS effects that are not naturally represented by a scalar eddy-viscosity
closure alone.
Positioning. Classical SGS models emphasize robustness, but often at the
cost of structural fidelity. The kinetic-theory formulation of Chen et al. [6]
provides a principled baseline; a central question is whether ML can learn
a closure that is more realistic, general, or accurate. ML closures in con-
tinuum solvers have shown that explicit stress prediction can recover richer
SGS behavior, but their coupling strategies do not transfer directly to LBM.
Existing LBM studies, meanwhile, have mostly remained within viscosity-
based or kinetic-modification paradigms. The present study is positioned at
the intersection of these lines: it examines whether a compact explicit-stress
ML closure can be coupled stably and efficiently to LBM through a dissipa-
tive/residual split, and whether that strategy improves selected a priori and
a posteriori behavior relative to standard viscosity-only baselines in the flows
considered here.
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3. Methods

This section describes the methodology for developing and deploying ML-
based SGS closure models for LBM-based LES, including the LBM formula-
tion, feature design, network architecture, training strategy, and integration
with the production solver.

3.1. Filtered Navier–Stokes equations
For reference, we introduce the usual LES definition of the SGS stress by

filtering the incompressible Navier–Stokes equations [28]. Applying a spatial
filter (·) and defining τ sgs

ij = uiuj − ūiūj, the filtered momentum equation
reads

∂ūi

∂t
+ ∂

∂xj

(ūiūj) = −1
ρ

∂p̄

∂xi

+ ν∇2ūi −
∂τ sgs

ij

∂xj

+ f̄i. (1)

We emphasize that our simulations are performed with MRT-LBM; the fil-
tered Navier–Stokes form is introduced only to define τ sgs

ij and its appearance
through −∇ · τ sgs.

3.2. MRT-LBM with Guo forcing
We use a D3Q19 multiple-relaxation-time (MRT) LBM formulation [29].

In compact form, the evolution with a body force F (Guo forcing [7]) can be
written as

fα(x + cα∆t, t + ∆t) = fα(x, t) −
[
M−1Λ (m−meq)

]
α

+ ∆t

[
M−1

(
I− Λ

2

)
mF

]
α

.
(2)

where m = Mf are moments, Λ is the diagonal matrix of MRT relaxation
rates, and mF = MΦ(F) is the forcing term in moment space. The D3Q19
discrete-velocity set and the corresponding equilibrium distribution are sum-
marized in Appendix A. Implementation and validation details of the MRT-
LBM DNS/LES solver and forcing treatment used in this work can be found
in [30]. All DNS, training-data generation, LES baselines (including dynamic
Smagorinsky), and ONNX-coupled inference rollouts were performed on an
NVIDIA A100 (80 GB) GPU. For deployment we use ONNX Runtime GPU
(v1.16.3); the reported runs used CUDA v12.2. All quantities are reported
in lattice units (lu).

7



3.3. Conventional LBM LES viscosity closure
In this conventional LBM LES approach, an eddy viscosity νt is intro-

duced through an effective viscosity

νe = ν0 + νt, (3)

τe = 1
2 + 3νe, sν = 1

τe

, (4)

where ν0 is the molecular viscosity (lu), τe is the effective relaxation time
for stress modes, and sν is the corresponding relaxation rate. For further
discussion of the viscosity-based LBM LES formulation and its numerical
implementation in FHIT, see [30]. For the static Smagorinsky baseline we
use Cs = 0.2; in figure legends, “Smagorinsky” denotes this static model and
“Dynamic” the dynamic procedure below.

3.3.1. Dynamic Smagorinsky
To benchmark the ML-LES model against a conventional dynamic eddy-

viscosity closure in periodic FHIT, we implement a Germano-type dynamic
Smagorinsky procedure in the LBM solver. The deviatoric SGS stress is
modeled as

τ ′
ij = −2νt S̄ij, νt = C ∆2 |S̄|, |S̄| =

√
2S̄ijS̄ij, (5)

where C ≡ C2
s is obtained dynamically and ∆ is the grid filter width (taken

as one lattice spacing in the baseline runs). Consistent with MRT-LBM prac-
tice, the strain-rate tensor is evaluated locally from non-equilibrium moments
rather than finite differences. Denoting mneq = m −meq and the current
stress-mode relaxation rate by sν , the baseline uses an MRT moment-based
relation S̄ij = Gij(mneq; sν).

We define a test filter (̃·) with ratio r ≡ ∆̃/∆ (taken as r = 2 in our
FHIT simulations). The Leonard stress is

Lij = ˜̄uiūj − ˜̄ui
˜̄uj, (6)

and the model tensor is formed as

Mij = ∆̃2 |̃S̄| ˜̄Sij − ∆̃2 |S̄| S̄ij. (7)
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The dynamic coefficient is computed using deviatoric contractions,

L′
ij = Lij − 1

3Lkk δij, M ′
ij = Mij − 1

3Mkk δij, C = −1
2

〈
L′

ijM
′
ij

〉
〈
M ′

ijM
′
ij

〉 ,

(8)

where ⟨·⟩ denotes a domain average appropriate for homogeneous turbulence.
The resulting eddy viscosity is combined with the molecular value as νe =
ν0 + νt and mapped to the local stress relaxation rate through τe = 1

2 + 3νe

and sν = 1/τe. In the present baseline implementation, νt is clipped to be
non-negative before updating sν [20].

3.4. ML-coupled LBM: effective viscosity and residual forcing
The ML model predicts the six independent components of the SGS stress

tensor; a deviatoric projection (trace removal) is applied post-inference to
obtain τML

ij . We define the SGS energy transfer channel as

Π = −τML
ij Sij, (9)

where Sij is the resolved strain-rate tensor and we use |S| =
√

2SijSij. We
then extract an effective viscosity contribution by dissipation matching [11]:

νeff
t = Π

|S|2
, νe = ν0 + νeff

t . (10)

In contrast to common eddy-viscosity baselines, we do not enforce non-
negativity of Π or νeff

t ; negative values (backscatter) are therefore retained
rather than suppressed by construction. We then compute the stress relax-
ation rate from the effective viscosity as sν = 1/(1

2 + 3νe). To retain non-
dissipative SGS effects, we define the dissipative projection τdiss

ij = −2νeff
t Sij

and the residual stress

τ res
ij = τML

ij − τdiss
ij . (11)

The corresponding residual force density is applied via Guo forcing [7] for
the results reported herein; the exact-difference method [31] yields similar
behavior:

Fres = −∇ · τ res, Ftotal = Fext + Fres. (12)
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Table 1: Summary of main training cases used for the reported results. Here ∆ denotes the
filter width (in grid points of the DNS), and η+ = η/∆x is the dimensionless Kolmogorov
length scale.

DNS η+ ∆ FD grid Target ν

2563 0.6 4 643 0.001
2563 1.3 8 323 0.004
1923 0.8, 1.5 6 323 0.002, 0.005

In practice we evaluate ∇·τ res using centered finite differences with periodic
boundary conditions, consistent with the LBM discretization.
Complete ML–LES LBM update. Starting from the DNS MRT-LBM evo-
lution with forcing (Eq. 2), the ML-coupled LES update is obtained by (i)
replacing the stress-mode relaxation rate inside Λ by the ML-based value
sν(νe), and (ii) using the total forcing Ftotal = Fext + Fres:

fα(x + cα∆t, t + ∆t) = fα(x, t) −
[
M−1ΛML (m−meq)

]
α

+ ∆t

[
M−1

(
I− ΛML

2

)
mFtotal

]
α

.
(13)

where ΛML equals the DNS relaxation matrix except for the stress relaxation
rate sν , which is computed from νe = ν0 + νeff

t with νeff
t = Π/|S|2 and Π =

−τML
ij Sij.
Deployment details for the ONNX-coupled inference pathway are sum-

marized in Appendix D; a step-by-step algorithm for reproducibility is given
in Algorithm 1.

By construction, the residual stress τ res is orthogonal to the strain-rate
tensor and therefore non-dissipative. Characterization of the stress split and
numerical verification of this property during a posteriori rollouts are pre-
sented in Section 4.2.1 (Figure 4c,f).

3.5. Training data, features, and preprocessing
Table 1 summarizes the main training cases. The cases are pooled into a

single dataset and split by files into train (80%), validation (10%), and test
(10%); all DNS fields are generated with the MRT-LBM solver described in
Section 3.
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For the main ML results, the model employs 9 macroscopic derivative
features: the six independent components of the symmetric strain-rate tensor

Sij = 1
2

(
∂ui

∂xj

+ ∂uj

∂xi

)
, (14)

namely Sxx, Syy, Szz, Sxy, Syz, Sxz, together with the three components of
the vorticity vector ω = ∇ × u, namely ωx, ωy, ωz. For the ML closure,
strain-rate components are evaluated locally using centered finite differences
on the velocity field, both during data preparation and at inference. To
ensure consistent input scaling across datasets generated at different filter
widths, we apply a per-simulation ∆-normalization as part of the prepro-
cessing described below.

Derivative-based features such as strain-rate and vorticity scale inversely
with the filter width, i.e., Sij, ωi ∼ U/∆. As a consequence, their numerical
magnitudes differ across datasets filtered at different resolutions, which would
otherwise introduce a spurious dependency on ∆ into the learning process.
To make the derivative inputs comparable across filter widths, we apply a
per-file (per-simulation) ∆-normalization to all derivative components:

S∗
ij = ∆(s) Sij, ω∗

i = ∆(s) ωi, (15)

where ∆(s) is the filter width (equivalently, the downsampling factor) used to
generate dataset s. In our pipeline, this multiplicative scaling is applied to
the derivative features prior to z-score standardization during training, and
the same convention is used at inference time.

During inference in LBM–LES, we run on the native lattice without down-
sampling, so ∆(s) = 1 and S∗

ij = Sij and ω∗
i = ωi.

3.5.1. Network Architecture
The core network follows a hierarchical structure: an input linear layer

mapping nine features to 64 hidden units, two hidden layers with 64 → 64
units, and an output linear layer mapping 64 → 6 units for the SGS stress
components. We use GELU (Gaussian Error Linear Unit) [32] activations
for all results reported here.

GELU(x) = x · Φ(x) = x · 12

[
1 + erf

(
x√
2

)]
, (16)
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...
...

input
Sij , ω (9)

hidden
64

hidden
64

output
τML (6)

Figure 1: Neural-network architecture for SGS stress prediction (9→64→64→6). A devi-
atoric projection is applied post-inference.

where Φ(x) is the cumulative distribution function of the standard normal
distribution. The complete model contains approximately 5,190 trainable
parameters: Layer 1 has 9× 64 weights plus 64 bias parameters, Layer 2 has
64 × 64 weights plus 64 bias parameters, and the output head has 64 × 6
weights plus 6 bias parameters, for a total of 640 + 4,160 + 390 = 5,190
trainable parameters.

3.6. Losses: data and physics
Training combines a data loss on the SGS stress with three physics-

constrained losses used for the main results:

L = LMSE + λπLπ + λeqLeq + λdivFLdivF. (17)

Here LMSE is the mean-squared error on the six SGS stress components. The
dissipation (energy transfer) channel is defined as

Π(i)
pred = c(i)T τ

(i)
pred, c(i) = [−S(i)

xx ,−S(i)
yy ,−S(i)

zz ,−2S(i)
xy ,−2S(i)

xz ,−2S(i)
yz ]T .

(18)

The dissipation-matching loss is

Lπ = MSE(Πpred, Πtrue), (19)
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which preserves natural backscatter (no enforced non-negativity hinge). The
equivariance loss Leq enforces rotational consistency under the discrete cube-
rotation group, i.e. τ(Rx) ≈ Rτ(x)RT . The divergence-free SGS-force loss
LdivF penalizes ∇·Fsgs where Fsgs = −∇·τ ′, encouraging numerical compat-
ibility with the forcing formulation. Because LdivF requires spatial deriva-
tives of the predicted stress, it is evaluated on full-grid snapshots rather than
within the shuffled batch loop; we compute it once per epoch on a subset
of training files and apply a separate gradient step, while the data loss, Π-
matching, and equivariance loss are applied per batch. For the main-results
model we use λπ = 0.4, λeq = 0.1, and λdivF = 0.05. No clipping or value-
limiting is applied to SGS-stress targets or network outputs during training,
nor to predicted stresses, Π, νeff

t , or the resulting SGS forcing during a pos-
teriori rollouts.

4. Results

This section presents a priori validation, ablation studies, and a posteriori
LES results across the parameter regimes and flow conditions considered.
Unless otherwise stated, time is reported in normalized form as t∗ = t/t0
with t0 = L0/U0 (L0 domain length, U0 = 0.043 reference velocity in lu;
t∗ = iter U0/Nx with ∆x = ∆t = 1). Statistics are computed from snapshots
with t∗ ≥ 20 where the flow is statistically stationary (Fig. 9). All ML-based
and Smagorinsky baseline results are for 1283 at ν = 0.001 (lu).

4.1. A priori validation
We assess model performance across the training parameter space using

stress-correlation metrics and physical consistency checks.
As a primary a priori metric for stress prediction accuracy, we report

the Pearson correlation coefficient between predicted and FD SGS stress
components. For each independent component k ∈ {xx, yy, zz, xy, xz, yz},
we compute

Corr(τk,pred, τk,true) = Cov(τk,pred, τk,true)
στk,pred στk,true

. (20)

We report correlations per component (and, when needed, aggregate across
components).
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Figure 2: A priori validation scatter plots for SGS stress components. Each panel compares
the predicted SGS stress component τpred

ij against the FD reference τ true
ij over a validation

dataset: FD grid 1283 (2563 DNS, ∆ = 2), ν = 0.001. The dashed line indicates y =
x. Reported values are the coefficient of determination R2 and Pearson correlation ρ
computed per component.

Figure 2 shows representative a priori scatter plots comparing predicted
versus FD SGS stress components; annotations report R2 and Pearson cor-
relation ρ for each component.

To assess whether the model reproduces the distribution of SGS energy
transfer and intermittent events [33], we also compare the probability density
function (p.d.f.) of the SGS energy transfer proxy defined from the stress
and strain-rate as

Π = −τijSij. (21)

Figure 3 compares the p.d.f. of Π from the ML prediction and the FD
reference. For completeness, we also include the a priori p.d.f. of the
static Smagorinsky baseline (evaluated on the same FD fields). The neg-
ative tail corresponds to backscatter events (net transfer from subgrid to
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Figure 3: A priori p.d.f. of the SGS energy transfer Π comparing FD reference, ML
prediction, and static Smagorinsky baseline (a priori). The ML model closely matches
FD across the peak and tails, including backscatter (negative Π) and intermittent forward
transfer (positive Π). For Smagorinsky, the non-negative eddy viscosity yields zero p.d.f.
for Π < 0 and underpredicts the positive-Π tail.

resolved scales), while positive values correspond to forward transfer. The
ML model closely matches the FD reference across the entire distribution, in-
cluding the intermittent backscatter and forward-transfer tails. In contrast,
the Smagorinsky model, by construction, enforces non-negative eddy viscos-
ity and thus yields zero p.d.f. for Π < 0 and significantly underpredicts the
probability of larger positive-Π events.

To quantify how stress-prediction accuracy varies across the training pa-
rameter space, we evaluate the model on each (∆, ν) bucket of the full
dataset from the training configurations (Table 1). Table 2 reports the
coefficient of determination R2 and macro-averaged Pearson correlation ρ
per bucket. The ∆-normalization (Section 3.5) ensures comparable feature
scaling across buckets. Performance is strongest for (∆ = 6, ν = 0.005)
and (∆ = 8, ν = 0.004), with R2 ≈ 0.80–0.84 and ρ ≈ 0.90–0.95; the
(∆ = 4, ν = 0.001) bucket, which contributes the largest sample count,
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Table 2: R2 and Pearson correlation ρ per (∆, ν) bucket on the full dataset from the
training configurations (Table 1). N is the number of samples per bucket.

∆ ν FD grid N R2 ρ

4 0.001 643 13.4M 0.696 0.838
6 0.002 323 1.7M 0.710 0.844
6 0.005 323 1.7M 0.837 0.952
8 0.004 323 1.7M 0.804 0.904

yields R2 ≈ 0.70 and ρ ≈ 0.84. This per-bucket breakdown confirms that the
model achieves consistent accuracy across the full range of filter widths and
viscosities used in training.

The results reveal a clear trend: accuracy improves with higher viscosity
and coarser filter width. At fixed ∆ = 6, increasing ν from 0.002 to 0.005
raises R2 from 0.71 to 0.84; similarly, (∆ = 8, ν = 0.004) outperforms (∆ =
4, ν = 0.001). The most challenging regime is the finest filter with lowest
viscosity (∆ = 4, ν = 0.001), which also contributes the largest sample count.
This pattern is consistent with the expectation that more dissipative flows
(higher ν) and coarser filters (larger ∆) yield more regular SGS structure
and thus more predictable stress fields.

4.2. A posteriori
4.2.1. Characterization and verification of the stress split

Figure 4 summarizes both the structure and the numerical consistency
of the proposed SGS closure during the coupled LES rollout. Panels (a)
and (b) show that a substantial fraction of the learned SGS stress is not
aligned with the strain-rate tensor and therefore cannot be represented by a
purely eddy-viscosity-based model. Panel (e) confirms that the corresponding
residual forcing is dynamically active. Panels (c) and (f) provide a discrete
verification of the formulation: the residual stress is orthogonal to the strain
rate and its explicit injection via forcing does not introduce net resolved-
scale energy transfer, with both measures remaining at machine precision.
Together, these results demonstrate a clean separation between dissipative
and anisotropic SGS contributions.

4.2.2. Robustness across collision operators
To probe robustness with respect to the collision operator, we compare a

posteriori statistics of Π obtained when the same trained network is coupled
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Figure 4: Characterization and verification of the hybrid SGS stress-splitting closure versus
normalized time t/t0. (a) Residual fraction ⟨∥τ res∥⟩/⟨∥τ ML∥⟩, quantifying the portion of
the learned SGS stress not representable by an eddy-viscosity-aligned contribution. (b)
Global stress-alignment proxy between the learned stress and its dissipative component,
computed from domain-averaged inner products and magnitudes. (c) Energy consistency:
residual dissipation Πres = −τ res

ij Sij and resolved-scale work of the residual forcing ⟨u ·
Fres⟩, with Fres = −∇ · τ res. (d) Backscatter fraction, defined as the fraction of grid cells
where Π = −τML

ij Sij < 0. (e) Mean magnitude of the residual forcing ⟨|Fres|⟩, indicating
the activity level of the explicit anisotropic SGS contribution. (f) Discrete orthogonality
shown on a logarithmic scale; both |⟨Πres⟩| and |⟨u · Fres⟩| remain at numerical noise
levels. Panels (c) and (f) demonstrate that the residual stress is non-dissipative and that
its explicit injection via forcing is energy-consistent at the discrete level. Data from a
representative FHIT rollout (1283, ν = 0.001).

to LBM with either MRT or Bhatnagar–Gross–Krook (BGK) collision opera-
tors. Figure 5 shows that both configurations closely follow the FD reference,
including the negative-Π tail (backscatter), even though the training dataset
was generated from MRT-LBM DNS.

Figure 6 summarizes a posteriori probability density function (p.d.f.)
comparisons computed from the coupled LES rollouts. Panel (a) compares
the p.d.f. of a representative SGS stress component and shows that the ML-
based closure closely follows the FD reference distribution, indicating that
the rollout reproduces the typical stress magnitudes and intermittency level
of the reference case. Panel (b) compares the p.d.f. of Π. The ML inference
remains well aligned with the FD curve across the core of the distribution
and into the tails. In contrast, the eddy-viscosity baselines (dynamic LES

17



−0.5 0.0 0.5 1.0 1.5 2.0
Psgs ×10−6

100

101

102

103

104

105

106

107

P.d
.f.

FD
MRT Inference
BGK Inference

Figure 5: A posteriori p.d.f. of Π comparing FD reference with ML inference deployed
in LBM with MRT and BGK collision operators. The BGK configuration remains statis-
tically consistent with FD, indicating transferability beyond the collision model used to
generate the training data.

and static Smagorinsky) deviate strongly from FD, with distributions biased
toward large positive Π and an essentially absent negative-Π tail due to the
strictly non-negative eddy viscosity (νt ≥ 0) used in the baseline implemen-
tations, which suppresses backscatter.

Figure 7 provides a spatial comparison of the SGS energy transfer Π at
a representative z-slice (iteration 89,000). The top row compares ML-LES
against the FD reference; the bottom row compares dynamic Smagorinsky
against the same FD reference. The ML closure reproduces the spatial struc-
ture of Π (filamentary patterns, positive and negative regions) with smaller
error than the dynamic baseline, whose error map shows larger and more
widespread discrepancies.

Figure 8 compares a posteriori Π statistics for two training objectives.
With the full objective (data loss plus physics losses; Eq. 17), the predicted
Π p.d.f. aligns closely with FD. When all physics losses are disabled and
training uses only the stress data loss LMSE, the model still reproduces the
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Figure 6: A posteriori p.d.f. comparisons: (a) representative SGS stress component dis-
tribution, and (b) p.d.f. of Π comparing FD, ML inference, and classical SGS baselines.

negative-Π tail (backscatter), but shows a noticeable deviation for positive
Π, indicating overly strong forward-transfer events.

To assess whether the closures reproduce correct global energetics in
closed-loop LES, we monitor the instantaneous energy-budget mismatch based
on the volume-averaged kinetic-energy equation, i.e. the deviation of ε from
the balance −dK/dt + ⟨f · u⟩. Figure 9 shows that the ML-coupled LES
remains significantly closer to the DNS reference (2563) than the Smagorin-
sky baselines on the 1283 grid. In particular, the dynamic Smagorinsky case
exhibits the largest imbalance, indicating that its viscosity-based dissipation
does not track the resolved energy evolution as accurately as the learned
explicit-stress closure.

The 1283 rollouts above extend beyond the exact training configuration:
the training data use FD grids of size 643 and 323 (Table 1), whereas infer-
ence runs on the native LES grid at 1283 without downsampling. To probe
stability at even larger resolutions, we run ML inference on a 5123 grid. Af-
ter an initial transient, the energy-balance error stabilizes around 10–12%
(see Appendix C), indicating that the block-based inference (Algorithm 1)
remains numerically stable and maintains approximate energy consistency at
production-scale resolutions.

As a preliminary a posteriori test of transfer beyond FHIT, we deploy
the same trained model in turbulent channel flow; the results are reported
in Appendix B.
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(b) Dynamic Smagorinsky vs FD

Figure 7: Spatial slice comparison of SGS energy transfer Π at z-slice 64/128, iteration
89,000 (time step index). In both panels, from left to right: FD (ground truth), model
prediction, and absolute error map. (a) ML-LES vs FD. (b) Dynamic Smagorinsky vs FD.
The ML closure reproduces the spatial structure of Π with smaller error than the dynamic
baseline.

5. Conclusion

We presented a physics-constrained ML-based SGS closure for LBM LES
that predicts the SGS stress tensor from local derivative features and cou-
ples it through a dissipative/residual split. The validation reported in Sec-
tions 4 and Appendix B suggests that the closure improves upon Smagorinsky
baselines in FHIT (a priori and a posteriori) and remains consistent across
MRT and BGK collision operators, transfers to channel flow without retrain-
ing, and achieves throughput comparable to a dynamic Smagorinsky baseline
when deployed via ONNX.

The main contribution is to show that an explicit-stress ML closure can
be integrated into LBM in a practical and stable way, with the split mech-
anism enabling non-dissipative SGS effects that viscosity-only closures sup-
press. Kang et al. [34] established that some cross-flow transfer from FHIT
to channel flow is possible, though only partially in their formulation. Our
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Figure 8: A posteriori Π p.d.f. from LES rollouts for two ML variants: (a) with physics
loss, (b) without physics loss.

LBM results show transfer in a formulation that uses ∆-normalized features
and a dissipative/residual stress split (Appendix B).

Validation is limited to FHIT (primary) and a preliminary channel-flow
transfer test. Future work should clarify the mechanism behind the observed
transfer through a rigorous analysis of feature-space overlap and prediction
accuracy across flow regimes, extend the assessment to additional flow classes
and Reynolds numbers, report skin-friction metrics for channel flow, and
explore multi-GPU scaling for larger problem sizes.

Appendix A. D3Q19 velocity set and equilibrium distribution

For completeness, we summarize the discrete-velocity stencil and standard
second-order equilibrium used by the D3Q19 LBM referenced in Section 3.
The D3Q19 velocity set consists of 19 discrete velocity vectors

cα = c (cαx, cαy, cαz)T , (A.1)

where c = ∆x/∆t is the lattice speed and (cαx, cαy, cαz) are the dimensionless
direction vectors. The velocity vectors are

cα = c


(0, 0, 0) α = 1,

(±1, 0, 0), (0,±1, 0), (0, 0,±1) α = 2, . . . , 7,

(±1,±1, 0), (±1, 0,±1), (0,±1,±1) α = 8, . . . , 19.

(A.2)
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Figure 9: Energy-balance error versus normalized time t/t0: | ε/(−dK/dt+ ⟨f ·u⟩)−1 | for
DNS (2563) and LES rollouts (1283). ML inference stays closest to DNS, while dynamic
Smagorinsky shows the largest imbalance.

The corresponding lattice weights are w0 = 1/3 (rest), ws = 1/18 (axial),
and wd = 1/36 (diagonal), and the lattice sound speed satisfies c2

s = c2/3.
The equilibrium distribution is taken in the standard second-order form

f eq
α = wα ρ

[
1 + cα ·u

c2
s

+ (cα ·u)2

2c4
s

− u·u
2c2

s

]
. (A.3)

All simulations reported in this work are performed in a cubic domain with
periodic boundary conditions in all three directions.

Appendix B. Transfer to channel flow

We perform an a posteriori test by deploying the same trained model
(Section 3, Table 1) in turbulent channel flow at Reτ ≈ 160. The model
was trained exclusively on forced homogeneous isotropic turbulence (FHIT);
applying it without retraining to a wall-bounded flow with strong mean shear
tests transfer to flow configurations not seen during training—a recognized
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challenge in ML-based LES [15]. Unlike prior physics-informed LBM work
for wall-bounded flows, which required neural networks trained on near-wall
data [24], our bulk-trained closure is deployed directly with wall boundary
conditions. The simulation uses the hybrid ML–LES coupling on a 1536 ×
64 × 128 grid (streamwise × spanwise × wall-normal), viscosity ν = 0.001,
and uniform streamwise forcing; statistics are time-averaged after an initial
transient.

Kang et al. [34] showed that transfer from FHIT-trained artificial neural
network (ANN) closures to channel flow is possible but limited, and argued
that this depends importantly on the model inputs, especially the inclusion
of the Leonard stress Lij. In contrast, our LBM closure transfers without
retraining, suggesting that generalization depends not only on training data
but also on representation, normalization, and solver coupling. Our ablation
without ∆-normalization gave poorer inference results, suggesting that, in
our formulation, ∆-normalization contributes to making inputs more compa-
rable across filter widths and flow regimes (Section 3). One interpretation is
that the closure depends only on local gradient information—the strain-rate
and vorticity at each point—and does not require knowledge of the global flow
geometry or wall position. It therefore approximates a local constitutive re-
lation between filtered derivatives and SGS stress, rather than a flow-specific
model. Transfer may then occur wherever the distribution of these local
features in channel flow overlaps with that encountered in FHIT, despite
the different large-scale flow structure. This interpretation remains specula-
tive; rigorous support would require a quantitative analysis of feature-space
overlap and its relation to prediction accuracy.

Figure B.10 compares the resulting mean velocity, RMS fluctuation, and
Reynolds shear stress profiles against the DNS benchmark of Kim et al. [35] at
Reτ ≈ 180; our simulation is at Reτ ≈ 160. Panel (a) shows the mean stream-
wise velocity u+ versus y+; the ML-coupled LES shows close agreement with
the benchmark and captures both the viscous sublayer and the logarithmic
region despite the slight Reynolds-number mismatch. Panel (b) shows the
RMS fluctuations u+

rms, v+
rms, and w+

rms, with good agreement across all three
components. Panel (c) shows the normalized Reynolds shear stress −⟨u′w′⟩+
versus y+ (w wall-normal in our convention); the ML closure reproduces
the benchmark profile closely across the near-wall, buffer, and logarithmic
regions.
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Appendix C. Stability at production-scale resolution

Figure C.11 shows the energy-balance error for ML inference at 5123,
referenced in Section 4. The error stabilizes after the transient, supporting
stable deployment at production-scale resolutions.

Appendix D. Implementation and computational performance

The ML model is deployed in a production Fortran/OpenACC MRT-LBM
solver using ONNX Runtime [36]. We summarize the inference pathway at
a high level for reproducibility. At each time step, the solver computes a
compact feature vector at every lattice site and evaluates the trained network
to obtain the SGS stress used by the ML–LES closure. The deployed model
uses nine macroscopic derivative features: the six independent strain-rate
components and three vorticity components, ordered as Sxx, Syy, Szz, Sxy,
Sxz, Syz, and ωx, ωy, ωz. The derivatives are evaluated on the periodic lattice
using centered finite differences, and the same preprocessing convention as
training is applied through a filter-width scaling based on the downsampling
factor ∆. In the coupled LES rollouts shown in this paper we run on the
native lattice so ∆ = 1.

Inference is executed through an ONNX Runtime session created once
at initialization and reused across time steps. The exported ONNX model
embeds z-score normalization of features and denormalization of targets in
the graph, so the solver passes raw feature values and receives physical stress
values directly. The feature tensor is assembled in Fortran and passed to the
inference engine; for GPU execution, the implementation avoids repeated
allocations by reusing persistent buffers. For larger problem sizes, the infer-
ence call can be executed in batches to cap peak memory while maintaining
throughput.

The network outputs the six independent components of the SGS stress
tensor. Before coupling to the LBM update, we enforce a deviatoric pro-
jection by removing the trace of the predicted stress so that the injected
stress is traceless by construction; the original (pre-projection) outputs can
optionally be saved for post-processing.

Algorithm 1 summarizes the per-time-step procedure for reproducibility.
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Table D.3: End-to-end performance comparison for a representative rollout to t/t0 = 40.

Closure Elapsed time (s) MLUP/s Relative diff. (MLUP/s)
Dynamic Smagorinsky LES 2929.319 71.592 –
ML–LES (ONNX inference) 2947.285 71.155 −0.61%

Algorithm 1 ML–LES inference and coupling (per time step)
Require: Resolved velocity u, density ρ; molecular viscosity ν0; filter width ∆ (unity on

native lattice)
Ensure: Updated distribution functions fα via MRT collision with ML-based closure
1: 1. Compute features at all lattice sites:
2: Using velocity ũ = u+ 1

2 ρ−1Fext (Guo half-force correction [7]), evaluate strain-rate
Sij = 1

2 (∂j ũi + ∂iũj) and vorticity ω = ∇× ũ using centered finite differences
3: Apply ∆-normalization: S∗

ij ← ∆ Sij , ω∗
i ← ∆ ωi

4: Assemble feature vector x = (Sxx, Syy, Szz, Sxy, Sxz, Syz, ωx, ωy, ωz)
5: 2. Run network inference to obtain raw stress τ raw (N = number of lattice sites):
6: if N > 200,000 then
7: run in batches of size 200,000
8: else if N > 10,000 then
9: run in batches of size 50,000

10: else
11: run full-field inference
12: end if
13: 3. Deviatoric projection: τML

ij ← τ raw
ij − 1

3 τ raw
kk δij

14: 4. Stress split (at each lattice site):
15: Π← −τML

ij Sij ; |S|2 ← 2SijSij

16: νeff
t ← Π/|S|2; νe ← ν0 + νeff

t

17: sν ← 1/( 1
2 + 3νe)

18: τdiss
ij ← −2νeff

t Sij ; τ res
ij ← τML

ij − τdiss
ij

19: 5. Coupling:
20: Fres ← −∇ · τ res (centered differences, periodic BCs)
21: Ftotal ← Fext + Fres

22: Apply MRT collision (Eq. 13) with ΛML(sν) and mFtotal

Table D.3 reports end-to-end timing for a representative rollout to t/t0 =
40 for a dynamic Smagorinsky LES baseline and the ONNX-coupled ML–
LES variant, using the same executable and hardware configuration (NVIDIA
A100 80 GB GPU; ONNX Runtime GPU v1.16.3; CUDA v12.2). The mea-
sured throughput differs by ≈ 0.6%.

The wall-clock timing in Table D.3 includes both feature computation
and inference. In our tested configuration, the ML-coupled rollout achieves
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throughput comparable to the dynamic Smagorinsky baseline.
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Figure B.10: A posteriori channel flow at Reτ ≈ 160 (ML simulation) vs DNS benchmark
at Reτ ≈ 180 [35]: (a) mean streamwise velocity u+ versus y+; (b) RMS fluctuations u+
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rms; (c) Reynolds shear stress −⟨u′w′⟩+ versus y+ (w wall-normal).
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